We now consider the Gross-Pitaevskii equations

iatxp—mp+é(|xp|2—1)xp:0, 0<e<1

for P : D x [0, T) — C, where D is bounded open sunset of R? with 0D smooth.
Notation: For v, w € C, we will write

(v,w) := Re(vw) = %(vv‘v+ vw).

Given v € C, we will sometimes write vi = Re(v) and v» = Im(v). Note that

A Vi w
(iviw) = (w,iv) = —(iw,v) = —(v,iw) = ( 1) ( 1) :det< . 1 )
Vo %) V2. W2

Physical quantities:

» energy density
(Jp[* —1)3

42

ec () = 2|V +

» mass density [1]2.

» current, or momentum density

j(W) := (ip, V) = vector with kth component (i, 0, ).
If one writes P = pe'®, then j({) = p32V .
» The vorticity

0(P1,2)

0(x1, x2)

- O

W) == 3V j(1h) = det Vi =



The quantities introduced above all satisfy conservation laws. We will write these in
differential form.

o

a—tee(ll)) =V - (0, V).
d W2

dr 2 V-ji().
d

— () =2V (Vb ® V) — V[2ec (B) + (i, )]
—w(P) =VHV- (VP RVY))

Here V1 ® V1 is the 2 X 2 matrix whose (k, £) entry is (9,1, 0, ).
We will write

E(0) = | ec)

D

We will always consider situations where 0 < ¢ < 1 and

E. (V) < Cllog €] and thus || [W|2 — 1|2 < elloge|'? « 1.



Our goal is to prove a theorem decribing dynamocs of point vortices in solutions of
(GP)e.

Main tools: theorems that describe connections between energy and vorticity.

A first such theorem states that vorticity concentration can be deduced from control
over energy.

Theorem
Assume that \p € H1(Q:C), that a = (a1,...,am) € QM satisfies
Ps := min ({|a,- — ajl, i # j} U {dist(a;, aD}) > po >0

and that d; = £1 fori = 1,..., M. Suppose further that

M

1

| (P) — Zdi5a,-||EF < 1—Opa,
i=1

1
E. (V) < I\/ITtIogE + C.

Then there exists g, « > 0 (depending on M, po, C) and points &1,...,&Epm € Q
such that

M
fw (W) =Y didg,llg < e
i—1

Here

||u||3f:=SUP{LDd>u b e WEX(D), Lip(d) <1}.



First: if p € C1(D;C) and O is a subset of D with 9O Lipschitz, and if in addition
W] > 0 on 00, then we define

wath01- 1], 18 <

where T is the unit tangent to 00, oriented according to the standard left(?)-hand
rule, that is, counterclockwise if O is simply connected.

Lemma
Assume that \p € C1(D;C) and that By, ..., Bk are balls such that
0
1
S:={xeD:p §}CUBk o

Then

K

lwp) =7 ) dide,lly < Cle+ ) rn)Ee (W)

k=1 -

where (ot tan s2b dy :0 £ B0 *?)

ri is the radius of By, dy =deg(;0(BcND)),
and &y is any point in By N D (for example the center, if it belongs to D ).

Since for us, it will always be the case that E. (1) = |log €|, the lemmaprovides a
good estimate if ) r, < |log e|t



Lemma
Assume that \p € C1(D;C) and that B,(x) C D is a ball such that r > ¢ and

AR —
d = deg(; 3B,) # 0. Il=0 o~ DB
Then
p
J ec ()dI = AL (L),
B, |d|
where
2 1 — m2)2 . Cem? : >C7T£
Ae(s) := min <m7t+( m) ){51 4s° I.fS/Cig
me(0,1] s Ce o ifs < =5
for a suitable constant C. % ¢ -
g
\ J LD

£ Y ros



Lemma

Define . )
NAe(s) = Jo Ae(r) dr ’ \S \
= » g\ L)
Then the following hold. 3 A?C(‘) 5 €
— L Ae(r+5s) < Aclr) + Ac(s) lei

2. O %/\E (o) is nonincreasing, and is always bounded by Cls

3. Ae(r) >2mlogs —C forallr>0.

4. Iftl)EGl(@;(C) and 28

Wl >3 in B\ By(a),  deg(h;0B,(a)) =d #0

then



3Ll - /\96;3)5

At this point, to convey the spirit of the proof, | am sweeping certain technical details
under the carpet.

“Lemma" (not 100% correct as stated!)
Assume that \p € C1(D:C). Then there exist closed balls B,?, k=1,..., K such that

1
Si={xeD: E}CUB,(
rY := radius of kth ball > ¢ for all k
=

BP NS #0 for all k

o
o

J’ eg(tb)Zr—k>r—k/\e(0') for all k and all o > 0.
BOND

0
(¢2)
Q

Let's pretend the lemma is correct, then see what one can do with it.

Tdes ) A day (+,38)30 = SBQ@% > %
) A X > E,) s

SN

Br\gy \3;



. -
?j d ) U g v:!.}

Proposition % S

Assume that \ € C1(D;C), and for the balls B,? found Bove, let

0
Sy elegd) 2 60 min{—k:BE c@}} df = deg(; 9BY)

-

Then for every 0 > 0g, there exist closed balls B,(o), k=1, ..., K (o) such that

} | JBk(o)
k wé“’i(g’i)'c
N}

- (o) > odg(0o) for all k such that Bx(o) C D.

—— - a0 A5

N|

S:={xeD:P(x)] <

¢

J ec (1) > ”‘(GG)/\s(a) for all k.
Bi(o)ND
<0 X vila s ¢d.0q)
and
o— R(o) := Z r. (o) is a continuous nondecreasing function
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