
We now consider the Gross-Pitaevskii equations

i@t -� +
1
"2 (| |

2 - 1) = 0, 0 < "⌧ 1

for  : D⇥ [0,T) ! C, where D is bounded open sunset of R2 with @D smooth.

Notation: For v ,w 2 C, we will write
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Given v 2 C, we will sometimes write v1 = Re(v) and v2 = Im(v). Note that
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Physical quantities:
I energy density
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1
2
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4"2 .

I mass density | |
2.

I current, or momentum density

j( ) := (i ,r ) = vector with kth component (i ,@k ).

If one writes  = ⇢ei�, then j( ) = ⇢2r�.
I The vorticity
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The quantities introduced above all satisfy conservation laws. We will write these in
differential form.
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= r · j( ).
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j( ) = 2r · (r ⌦r )-r
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⇤

d

dt
!( ) = r?(r · (r ⌦r ))

Here r ⌦r is the 2 ⇥ 2 matrix whose (k, `) entry is (@k ,@` ).
We will write

E"( ) :=

Z

D

e"( ).

We will always consider situations where 0 < "⌧ 1 and

E"( ) 6 C |log✏| and thus k | |
2 - 1kL2 6 "|log✏|1/2 ⌧ 1.



Our goal is to prove a theorem decribing dynamocs of point vortices in solutions of
(GP)".
Main tools: theorems that describe connections between energy and vorticity.
A first such theorem states that vorticity concentration can be deduced from control
over energy.

Theorem
Assume that  2 H1(⌦;C), that a = (a1, . . . , aM) 2⌦M satisfies

⇢a := min
�
{|ai - aj |, i 6= j}[ {dist(ai ,@D}

�
> ⇢0 > 0

and that di = ±1 for i = 1, . . . ,M. Suppose further that
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E"( ) 6 M⇡ log
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Then there exists "0,↵ > 0 (depending on M,⇢0,C) and points ⇠1, . . . ,⇠M 2⌦
such that
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Here
kµkF := sup

�Z
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�µ : � 2 W 1,1
0 (D), Lip(�) 6 1

�
.



First: if  2 C1(D;C) and O is a subset of D with @O Lipschitz, and if in addition
| | > 0 on @O, then we define

deg( ;@O) :=
1

2⇡

Z

@O

j( )

| |2
· ⌧

where ⌧ is the unit tangent to @O, oriented according to the standard left(?)-hand
rule, that is, counterclockwise if O is simply connected.

Lemma
Assume that  2 C1(D;C) and that B1, . . . ,BK are balls such that

S := {x 2 D : | (x)| 6 1
2
} ⇢

[

k

Bk .

Then

k!( )-⇡
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k=1
dk�⇠k kF 6 C("+

X
rk)E"( )

where
rk is the radius of Bk , dk = deg( ;@(Bk \D)),

and ⇠k is any point in Bk \D (for example the center, if it belongs to D).

Since for us, it will always be the case that E"( ) ⇡ |log✏|, the lemmaprovides a
good estimate if

P
rk ⌧ |log✏|-1.
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Lemma
Assume that  2 C1(D;C) and that Br (x) ⇢ D is a ball such that r > " and

d = deg( ;@Br ) 6= 0.

Then Z

@Br

e"( )dH1 > �"( r

|d |
),

where

�"(s) := min
m2[0,1]
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for a suitable constant C .
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Lemma
Define

⇤"(s) :=

Z s

0
�"(r) dr

Then the following hold.

1. ⇤"(r + s) 6⇤"(r) +⇤"(s)

2. � 7! 1
�⇤"(�) is nonincreasing, and is always bounded by 1

C" .

3. ⇤"(r) > ⇡ log r
" - C for all r > 0.

4. If  2 H1(D;C) and

| | > 1
2

in BR \ Br (a), deg( ;@Br (a)) = d 6= 0

then Z
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e"( ) dx > d
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At this point, to convey the spirit of the proof, I am sweeping certain technical details
under the carpet.

“Lemma" (not 100% correct as stated!)
Assume that  2 C1(D;C). Then there exist closed balls B0

k , k = 1, . . . ,K such that

S := {x 2 D : | (x)| 6 1
2
} ⇢

[

k

B0
k

r0k := radius of kth ball > " for all k

B0
k \ S 6= ; for all k

Z

B0
k \D

e"( ) > r0k
C"

> r0k
�
⇤"(�) for all k and all � > 0.

Let’s pretend the lemma is correct, then see what one can do with it.
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Proposition
Assume that  2 C1(D;C), and for the balls B0

k found above, let

�0 := min

�
r0k
|d0

k |
: B0

k ⇢ D}

�
d0
k := deg( ;@B0

k }

Then for every � > �0, there exist closed balls Bk(�), k = 1, . . . ,K(�) such that

S := {x 2 D : | (x)| 6 1
2
} ⇢

[

k

Bk(�)

rk(�) > �dk(�) for all k such that Bk(�) ⇢ D.

Z

Bk (�)\D

e"( ) > rk(�)

�
⇤"(�) for all k.

and

� 7! R(�) :=
X

k

rk(�) is a continuous nondecreasing function
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