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The two-button calculator. [5 marks]

A calculator starts by displaying 1. It has only two buttons: one adds 7
to the displayed number, and the other doubles it. You may press the
buttons in any order, as many times as you like.

Can the calculator ever display 2026? Justify your answer.

Hint: Work modulo 7.

1

+7 ×2

Solution. No. We claim that the displayed number always has remainder 1, 2, or 4 modulo 7. This holds
initially, since the display starts at 1.

Adding 7 leaves the remainder unchanged. Doubling sends the three possible remainders around the cycle

1 7−→ 2 7−→ 4 7−→ 1 (mod 7).

Thus either button preserves the set of possible remainders, so the claim holds after any number of presses.

But 2026 = 7 · 289 + 3 has remainder 3 modulo 7. Therefore the calculator can never display 2026. □


