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The pizza mix-up. [5 marks]

Twelve friends sit equally spaced around a round table. In the centre is a giant
pizza, cut into twelve equal slices, on a rotating tray. Each friend has chosen a
different slice, and one slice is directly in front of each friend.

By coincidence, not one friend has their chosen slice in front of them.

Prove that the tray can be rotated so that at least two friends simultaneously
have their chosen slices in front of them.

Twelve friends and slices

Solution. For each friend, record how many places the tray must rotate clockwise to bring their chosen slice in
front of them. There is exactly one such number among 0, 1, . . . , 11.

Since nobody has their chosen slice in the given arrangement, none of these numbers is 0. Thus the twelve
friends are assigned to just eleven possible rotations, 1, 2, . . . , 11.

By the pigeonhole principle, two friends require the same rotation. Rotating the tray by that many places
brings both of their chosen slices in front of them at the same time. □


