RANDOM WALKS ON GROUPS AND SUPERLINEAR-DIVERGENT
GEODESICS

KUNAL CHAWLA, INHYEOK CHOI, VIVIAN HE, AND KASRA RAFI

ABSTRACT. In this paper, we study random walks on groups that contain superlinear-divergent
geodesics, in the line of thoughts of Goldsborough-Sisto. The existence of a superlinear-divergent
geodesic is a quasi-isometry invariant which allows us to execute Gouézel’s pivoting technique.
We develop the theory of superlinear divergence and establish a central limit theorem for random
walks on these groups.

1. INTRODUCTION

Classical limit laws in probability theory concern the asymptotic behaviour of the random
variable

Zn=8+&+ -+ &

for i.i.d. random variables &1, &o, ... on R. As a non-commuting counterpart, Bellman, Furstenberg
and Kesten initated the study of random walks on a matrix group G ([Bel54], [Kes59], [FK60],
[Fur63]). Given a probability measure p on G, the random walk generated by u is a Markov chain
on G with transition probabilities p(x,y) := p(x~ly). Our goal is to understand the n-th step
distribution

Zn:gl"'gn

where g; are independent random variables distributed according to pu.

There are several generalizations of Bellman, Furstenberg and Kesten’s theory of non-commuting
random walks: random walks on Lie groups (cf. [BQIL6|] and the references therein); random
conformal dynamics ([DKO07]); subadditive and multiplicative ergodic theorems due to Kingman
[Kin68] and Oseledec [Ose68|, respectively (see their generalizations [KLO06], [GK20] that incor-
porates random processes on isometries and non-expanding maps on a space) to name a few. In
geometric group theory, there is a strong analogy between rank-1 Lie groups and groups with a
non-elementary action on a Gromov hyperbolic space X ([MT18]). Given a basepoint o € X,
the sample path (Z,0),>0 on X tracks a geodesic and the displacement d(o, Z,0) at step n
grows like a sum of i.i.d. random variables with positive expectation. From this one can de-
rive a number of consequences, such as exponential bounds on the drift ([BMSS22, [(Gou22]),
limit laws ([KM99, [Bjo10l [GS2T) [Goul7, [Horlg|), and identification of the Poisson boundary
(IMTT8| [Kai00, [CFET22]). If the G-action on X is compatible with the geometry of G in a suit-
able sense, one can transfer these results on X to G. One of the most successful results in this
direction is due to Mathieu and Sisto [MS20], who proved a central limit theorem for random walks
on acylindrically hyperbolic groups. We refer the readers to [Osil6] and [BHS19] for examples of
acylindrically hyperbolic groups and hierarchically hyperbolic groups.

Although the notion of acylindrical hyperbolicity captures a wide range of discrete groups,
acylindrical hyperbolicity of a group is not known to be quasi-isometry invariant or even com-
mensurability invariant. This is because there is no known natural way to transfer a group action
through a quasi-isometry. To overcome this, the second author proposed a theory for random
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walks using a group-theoretic property that does not involve hyperbolic actions, namely, possess-
ing a strongly contracting element [Cho22]. Nevertheless, this theory is still not invariant under
quasi-isometry.

Meanwhile, certain hyperbolic-like properties are known to be quasi-isometry invariant, such as
existence of a Morse quasi-geodesic. Hence one can expect that many consequences of hyperbolicity
should hold under quasi-isometry invariant assumptions. To address this, Goldsborough and Sisto
[GS21] developed a QlI-invariant random walk theory for groups. Given a bijective quasi-isometry f
from a group G to a group H, the pushforward of the random walk from G to H is not necessarily a
random walk, but only an inhomogeneous Markov chain. Nonetheless, if one—equivalently both—
groups are non-amenable, the induced Markov chain satisfies some sort of irreducibility, which
the authors call tameness. At this moment, Goldsborough and Sisto require that G acts on a
hyperbolic space X and contains what they call a ‘superlinear-divergent’ element g, that is, any
path must spend a superlinear amount of time to deviate from the axis of g (see section [2| for
the definition). Goldsborough and Sisto observed that along a random path arising from a tame
Markov chain on GG, some translates of the superlinear-divergent axis are aligned on X, and such
alignment is also realized on the Cayley graph of G. As a consequence, they established a central
limit theorem for random walks on H, which is only quasi-isometric to G.

In the setting of Goldsborough and Sisto, still, G is required to possess an action on a hyperbolic
space. Our purpose is to remove this assumption and establish a central limit theorem for groups
satisfying a Ql-invariant property, without referring to a hyperbolic space.

Theorem A. Let G be a finitely generated group with exponential growth, and suppose that G has
a superlinear-divergent quasi-geodesic v : Z — G. Let (Z,)p>1 be a simple random walk on G.
Then there exist constants A,o > 0 such that

dx (0, Z,0) — An
ovn

Note that we only assume existence of a superlinear-divergent quasi-geodesic, as opposed to a
superlinear-divergent element. This makes our setting invariant under quasi-isometry; see Lemma
In addition, our proof only uses the classical theory of random walks and does not refer to
tame Markov chains.

This theorem applies to groups that are not flat but not of rank 1 either. For example, we can
construct a superlinear-divergent element in any right-angled Coxeter group (RACG) that contains
a periodic geodesic with geodesic divergence at least r3:

— N(0,1) in distribution.

Proposition 1.1. Let Wt be a Right-angled Coxeter group of thickness k > 2. Then any Cayley
graph of T contains a periodic geodesic o which is (f,0)-divergent for some 6 > 0 and f(r) = r*.
In particular, simple random walks on Wt satisfy the central limit theorem.

By f = r* we mean that f > cr® for some sufficiently small ¢ > 0. The proof of this lemma is
Appendix [A] Such RACGs can be produced following the method in [Lev22], and [BHS17] shows
that there is an abundance of such groups.

Lastly, let us mention the relationship between superlinear-divergence and the strongly contract-
ing property, which is a core ingredient of the second author’s previous work [Cho22]. In general,
a superlinear-divergent axis need not be strongly contracting and vice versa. Hence, the present
theory and the theory in [Cho22] are logically independent. We elaborate this independence in

Appendix [B]

Outline of the paper. Our main idea is to bring Gouézel’s recent theory of pivotal time con-
struction for random walks [Gou22]. Here, the key ingredient is a local-to-global principle for
alignments between quasigeodesics. Lacking Gromov hyperbolicity of the ambient group, we es-
tablish such a principle among sufficiently long superlinear-divergent geodesics (Proposition .
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For this purpose, in Section [2] we continue to develop the theory of superlinear-divergent sets af-
ter Goldsborough and Sisto [GS21I]. In Section [3] we discuss alignment of superlinear-divergent
geodesics. In Section[d] we estimate the probability for alignment to happen during a random walk.
This yields a deviation inequality (Lemma that leads to the desired central limit theorem.
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2. SUPERLINEAR-DIVERGENCE

For this section, let X be a geodesic metric space. For points z,y € X, we will use the notation
[z,y] to mean an arbitrary geodesic between z and y (note: not unique in general). If « is a
quasi-geodesic, and z,y € «, we use [x,y]|, to denote the quasi-geodesic segment from z to y
along «. Throughout, all paths are continuous maps from an interval into X.

We adopt the definition in [GS21]. For a set Z C X and constants A, B > 0, we say a map
m=m7y:X — Zis an (A, B)—coarsely Lipschitz projection if

Vo,y € X, d(n(z),7(y)) < Ad(z,y) + B
and
Vze Z, d(n(z),z) < B.
We say that a map 7 is coarsely Lipschitz if it is (A, B)-coarsely Lipschitz for some A, B > 0. Note

that a coarsely Lipschitz projection is comparable to the closest point projection: for any z € X
we have

d(z,m(x)) < 211612 (d(x, z2)+d(z,7(2)) + d(w(z),ﬂ(x)))
< 211612 (d(z,z) + B + (Ad(z, z) + B))

IN

(A+1)d(z, Z) + 2B.
We say a function f: R}, — Ry is superlinear if it is concave, increasing, and

lim M—

T—00 I

Definition 2.1 (cf. [GS21] Definition 3.1]). Let Z be a closed subset of a geodesic metric space X,
let 0 >0 and let f : Ry — Ry be superlinear. We say that Z is (f,0)—divergent if there exists an
(A, B)—coarsely Lipschitz projection 7z : X — Z such that for any R > 0 and any path p outside
of the R—neighborhood of Z, if the endpoints p_ and p4 of the path p satisfy

d(rz(p-),wz(p+)) > 0

then the length of p is at least f(R).
We say that Z is superlinear-divergent if it is (f, 8)—divergent for some constant > 0 and a
superlinear function f: Ry — R,.

The following lemma shows that the existence of a superlinear-divergent quasi-geodesic in a
group G is a quasi-isometry invariance.



4 KUNAL CHAWLA, INHYEOK CHOI, VIVIAN HE, AND KASRA RAFI

Lemma 2.2. Let X be a geodesic metric space containing a superlinear-divergent subset Z, and
let $: X =Y be a quasi-isometry. Then ¢(Z) is also superlinear-divergent.

Proof. Let Z C X be (f,0)-divergent with a coarsely Lipschitz projection 7. Let ¢ : X — Y
be a (¢, Q)-quasi-isometry. Then 7z pushes forward to a coarsely Lipschitz projection m4(z) =

pomzogp .

Note that the pullback under ¢ of a continuous path in Y may not be a continuous path in X.
But by the taming quasi-geodesics lemma (Lemma IIT.H.1.11 of [BH99]), we can find a continuous
path within the (¢ + Q)-neighborhood of ¢~!(p) with the same endpoints.

Fix R > 0. Suppose p is a path in Y outside of a R—neighborhood of ¢(Z), and suppose the
endpoints p_ and py satisfy

d(mg(z)(p-)s To(z) (P+)) > 0,
where 6/ = g0 + Q. Then let p’ be a continuous path in the (¢ + Q)-neighborhood of ¢~1(p) with
endpoints p’ € ¢~ (p_)and p/, € ¢ (py). It follows that p’ is outside of the (% —q— QQ)f
neighborhood of Z. Moreover, the endpoints have projections bounded by
dz(mz(p), m(p})) > 0.

Superlinear divergence of Z lets us conclude that
R
) > £ (2 -a-20).

so ly (p) > g(d) where

1 x

g(x) = —f (—q—%?) -Q

q q

is a superlinear function. O

Corollary 2.3. Suppose a finitely generated group G contains a superlinear-divergent bi-infinite
quasi-geodesic v : R — G. Let H be a finitely generated group quasi-isometric to G. Then H also
contains a superlinear-divergent bi-infinite quasi-geodesic.

‘We now establish basic consequences of superlinear divergence of a geodesic. In part, superlinear-
divergent geodesics are “constricting” (in the sense of [ACTI15] and [Sisl8]) up to a logarithmic
error. This will be formulated more precisely in Lemma [2.6

Lemma 2.4. For each superlinear function f and positive constants A, B, K,0,q,Q, there exists
a constant Ko > 1 such that the following holds.

Let Z be an (f,0)—divergent subset of X with respect to an (A, B)—coarsely Lipschitz projection
7wz, and let o [0, M] — X be a geodesic in X such that

d(mza(0), mza(M)) > 6 and  d(a(0),Z) > K.
Then there exists t € [0, M] such that
d(wza(O),ﬂza(t)) <6+ B,
and either )
d(a(t),Z) > K - d(a(0), Z) or  d(a(t),Z) < o -d(a(0), Z).

Proof. Let A, B be the coarsely Lipschitz constants of wz. Choose K’ > 1 large enough such that
for all t > K,

@ZK(K+5B+9+1)(A+1).

Let
7 :=inf {¢t € [0, M] : d(rza(0), mza(t)) > 6}.
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By the (A, B)-coarse Lipschitzness of 7z, we have
d(rza(0), mza(t)) <6+ B

for all ¢ € [0,7]. We now take Ky = K'K. For convenience, let d; := d(«a(t),Z) for each t.
The desired conclusion holds if d; < do/K = K’ for some t € [0,7]; suppose not. Under this
assumption, we show that d, > Kdy. By superlinear-divergence of Z,

l(a([0,7])) > f <Cfl§) >K(K+5B+0+1)(A+1)- (ig) > (K +5B+60+1)(A+1)dy.

Note also, since « is a geodesic,
(a([0,7])) < d(a(0),7z(a(0))) + d(mz((0)), mz((7))) + d(mz((7)), (7))
< ((A+1)do+2B)+ (0 + B) + [(A+ 1)d, + 2B].

Combining these, we have

1
d; > m[(K+5B+9+1)(A+1)d0—5B— (A+ 1)dy — 0]
1
> -
> Kdy+ (5B +0) <d0 A+1>
ZKd()v
where the final inequality is due to dy > Ko = KK’ >1>1/(A+1). a

The following lemma is a technical calculation that will be used in the proof of Lemma [2.6
to examine the behaviour of a sequence of points along a geodesic whose projections are making
steady progress.

Lemma 2.5. Let 7z : X — Z be an (A, B)—coarsely Lipschitz projection onto a subset Z of X
and let K > 0. Suppose x,z € X, y € [z, 2] satisty

d(ﬂ'z(l‘),ﬂ'z(y)) < K,
d(rz(y),7z(2)) < K, and

d(z,7), d(z,7Z) < ﬁd(y,Z).
Then we have d(y, Z) < 2K + 16B.
Proof. Suppose to the contrary that d(y, Z) > 2K + 16B. First, the assumption tells us that
(A+ 1)d(z,Z) + 2B < %d(y,Z) +2B < id(y,Z).
This forces
(e, ) > dly, () — d(a, 77 (2) 2 d(y, Z) ~ (A+ Vd(z, 2) ~ 2B > 2d(y, 7)
and similarly d(y,z) > 2d(y, Z), which leads to

d(w,z) = d(z,y) + d(y,z) = 5d(y, Z).

N W

Meanwhile, note that

d(y,Z) + 2K.

N | =

d(z,z) < d(z, 7z (2)) + d(rz(2),72(2)) + d(7z(2), 2) <
Hence, we have
S, 7) <

which contradicts the assumption. |

d(y, Z) + 2K,

N | =
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FIGURE 1. A geodesics whose endpoints project sufficiently far apart onto a
superlinear-divergent set Z must enter and exit a small neighborhood of Z near
the projections.

The following is the main lemma.

Lemma 2.6. Let Z be an (f,0)-divergent subset of X. Then, for any § > 0, there exists K1 > 0
such that the following holds. For any x,y € X, if

d(mz(x),mz(y)) > d6(logd(z, Z) + logd(y, Z)) + K1,

then there exist a subsegment [py,py| of [x,y] and points q.,q, € Z such that:

(1) d(pa:a q:v)’ d(py’ qy) < Kl

(2) d(gz,7z(x)) < dlogd(z,Z) + K1,

(3) dlay,7z(y)) < dlogd(y, Z) + K,

(4) the segment [py,py] is in the Ki-neighbourhood of Z.

Roughly speaking, parts (1), (2) and (3) state that the geodesic [x,y] will enter the K;—
neighbourhood of Z exponentially quickly from both sides and part (4) states that it stays near Z
in the middle (See Figure [1)).

Proof. Let (A, B) be the coarsely Lipschitz constants for 7. Let K/ = 8(A+1) + exp(eJrTB), let
K" = Ko(K') be as in Lemma[2.4] and let
K1 =(2A+3)(K"+20+4B) + 5B+ 0 + log K.

If [x,y] entirely lies in the (K" + 26 4+ 4B)-neighborhood of Z, we can take p, = z, p, = v,

Gz = 7z(x) and gy = 72(y).
If not, we analyze the subsegments of [z, y] outside of the (K" + 26 + 4B)-neighborhood of Z.
Let [2/,4'] be an arbitrary connected component of

[z, y] \ Nk yograp(Z) := {p €lr,y] :d(p, Z) > K" +20 + 4B}.
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We will take a sequence of points {z; }i=o,... a on [/, '], associated with a sequence of real numbers
{ri = d(zi, Z)}i=0,...m (Figure . We construct the sequence recursively. Start by choosing
xo := 2’, then recursively choose z;11 € [z;,y] such that

d(ﬂz(l‘i), WZ($i+1)) <6+ B.

and either

Ti+1 Z K’T‘i or Ti41 S T‘i/K,.
Such ;41 must exist when d(7z(z;),7z(y")) > 0 + B, due to Lemma The process terminates
at step M when

d(nz(zpn),mz(y)) <0+ B or ry < K" 420+ 4B.

We first observe that, by Lemma for any 4, we cannot simultaneously have

ri > K'ri_q and ri > K'riy1.

Hence, the only possibilities for the sequence is either:
(i) r; keeps decreasing,
(ii) r; keeps increasing, or
(iii) r; decreases at first and then keeps increasing.
We will apply this observation in two cases depending on the endpoints of [/, 3/].
Case 1. One (or both) of the endpoints is x or y.
WLOG, consider the case ' = x. We will show that these segments enter the K;—neighbourhood
of Z exponentially quickly. Then we will choose p, to be the entrance point.
We first see that the sequence will not persist until y. Choose index j such that

If the minimum satisfies

r; > K" +20 + 4B,
then the sequence persists until y. In this case, the sequence decreases until the minimum, then
keeps increasing until the end. It terminates when

d(rz(zm), m2z(y)) <0+ B,
and the index satisfies

M >

Z md(ﬂz(@aﬂz(y)) -1

Moreover,

LV

™ To > KM

Combining the three inequalities above we have
log K>

10gd(y,Z) + 10gd($, Z) - 210g7"j > d(ﬂz(l‘),ﬂz(y)) 0 +B

—log K.

Hence,
d(wz(m), Wz(y)) < 6(10g d(z, Z) + log d(y, Z)) +log K',
a contradiction. Hence, the sequence {r;}; keeps decreasing as in Figure|l} and it terminates when
rv < K 420+ 4B.
Choose p, = z; and take g, € Z such that
d(ps,qz) < K" 420 + 4B.
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This choice of p, and ¢, guarantees that

d(7z(Pz); @z) < d(m2(pe), 72(qx)) + d(72(42), 4z)

< (Ad(ps,q.) + B) + B
< Kj.
Moreover, we have
K™ <ro/ry,
which implies
M < logrg — logras

log K’
So
d(mz(pa), mz(x)) < (0 4+ B)M < dlogd(z, Z),
and consequently
d(gz, 7z (2)) < dlogd(z, Z) + K
as desired. We may apply the same argument to choose p, € [z,y] and ¢, € Z such that
d(py,qy) < K1 and  d(qy,7z(y)) < dlogd(y, Z) + K.

Case 2. The endpoints 2’ and y’ both belong to the closure of Ngy29145(Z).

These are segments between our choice of p, and p,. We show that they are within the K-
neighbourhood of Z.

In this case,

d',2)=d(y’,Z)=K"+20+4B <d(p,Z) (Vpe€[2',y]).

Observe that r; cannot decrease as first since [z, 3] lies outside the (K" + 260 +4B)-neighbourhood
of Z. But r; also cannot keep increasing, because d(z’, Z) = d(y’, Z). So the process must stop at
the very beginning, that is,

M=0 and  d(mz(z"),7z(y")) <6+ B.
Then we have
d(a',y') < d(2',mz(2")) + (0 + B) + d(r2(y'), )
(A+1)d(z',2) +2B) + (0 + B) + ((A+ 1)d(y', Z) + 2B)
2(A+1)(K" +20 +4B) + 4B + (0 + B).
From this, we deduce that [z’,4'] lies in the K;—neighborhood of Z. O

IN

The next lemma helps us strengthen Lemma to a statement about Hausdorff distance.

Lemma 2.7. Let K, M, M’ be positive constants and o : [0, M] — X and 8 : [0,M'] — X be
(g, Q)—quasi-geodesics. Suppose that « is contained in a K-neighborhood of B and

d(a(0), B(m)) < K, d(a(M),(n)) < K
hold for some 0 <m <n < M'. Then we have
Attaus (@, Blimn)) < K + Q + 6¢°Q + 2K ¢°.

Proof. Let us define a map h from [0, M] to [0, M']. For each t € [0, M] let h(t) € [0, M'] be such
that d(a(t), B(h(t))) < K. Without loss of generality, set sg := m and sp; := n. This map is
well-defined, and is a (¢?, K + 2¢Q)—quasi-isometric embedding of [0, M] into R. Indeed, note that

|h(t) = h(t")| < qd(B(h(1)), B(h(t'))) + @
< qd(a(t),a(t')) + 2K + qQ
<Pt -]+ K +2¢Q
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and
[t —1'| < qd(a(t), o(t) + qQ
< qd(B(h(t)), B(h(t))) + 2K + qQ
< Pht) — h(t)| + K + 2¢Q.

From the very definition, it is clear that o and S(h(]0, M])) are within Hausdorff distance K.
Next, as h is a Ql-embedding of [0, M] into R that sends 0 and M to m and n, its image h([0, M])
is 2gQ-connected and h([0, M]) is contained in

[s —6¢°Q — 2Kq*, t + 6¢°Q + 2K ¢*].

In particular, h([0, M]) and [m,n] are within Hausdorff distance 6¢°Q + 2K¢*. By applying 3, we
deduce that B(h([0,M])) and S|}, ., are within Hausdorff distance 6¢°Q + 2K¢° + Q. Combining
all these, we conclude that

dHaus(avﬁhm,n]) S K+Q+6q6Q+2K(]5 O

Corollary 2.8. In the setting of Lemma assume that Z is a (q,Q)—quasi-geodesic. Then for
some constant Ko depending on f,0,q,Q,9,

dHaus([pwapy]a [QxaQyHZ) < Ks.

As another corollary of Lemma [2.6] we can replace a superlinear-divergent quasigeodesic on X
with a superlinear-divergent geodesic.

Corollary 2.9. Let v be a bi-infinite (f,0)—divergent quasigeodesic on a proper space X. Then
there exists a bi-infinite (f',0")—divergent geodesic v' such that dpaus(v,7') is finite. Specifically,
fl(x) = fla—C), 0 =0+ 2C where C is the constant Hausdorff distance between v and +'.

Proof. Let v : Z — X be an (f,0)—divergent (¢, Q)—quasigeodesic on X. Let K; be the constant
given by Lemma [2.6] for Z = v and J§ = 0. For each sufficiently large n, we note that

d(my(y(n)), 7y (v(=n))) = d(v(n),y(=n)) — 2B > %n -Q-2B>K,.

Lemma tells us that there exists a subsegment [p_,,p,] of [y(—n),v(n)] and j_,, jn € Z such
that

d(p-n,7(G-n)) < K1, d(pn,v(jn)) < Ki,
d(Y(G-n);v(=n)) < d(¥(j-n), T (v(=n))) + d(7 (y(=n)),7(-n)) < K1 + B,

d(y(Gn), (1)) < d(Y(Gn), my (v(1))) + d(my (v(n)), ¥ (n)) < K1 + B,
and such that [p_,,pn] € Nk, (7). By Lemma [D—n,Pn] and ¥([j_n, jn]) are within Hausdorff
distance K7 + Q + 6¢°Q + 2K ¢®. For simplicity, let C = K7 + Q 4+ 6¢°Q + 2K ¢°. Note also that

Jon<-n+qK1+B)+Q<0<n—q(K1+B)—Q < jn

for large enough n. In conclusion, [p_,,p,] contains a point p that is C—close to v(0). Moreover,
the distance

d(7(0), pn) > d(7(0),7(jn)) — 2K1 — B
grows linearly, and likewise so does d(v(0),p—,). Using the properness of X and Arzela-Ascoli,
we conclude that the sequence {[p_,,pn]}n>1 converges to a bi-infinite geodesic 4/, within a K;—
neighborhood of 7. By Lemma again, we have dpaus(7y,7) < C.
It remains to declare a coarsely Lipschitz projection 7, onto 4’ and show that +" is (f’,6')-
divergent with respect to m,/. Since diaus(7y,7’) < C, we can define 7,/ (2) to be a point on 4’ such
that

Ay (), m(2)) < C.
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Any path p outside of the R—neighborhood of 4’ is outside of the (R — C')—neighborhood of ~.
Moreover, if the endpoints p_ and p; of p satisfy that

Ay (p )y (p) > 04 2C,
then by the construction of ./,
d(7 (p-), 7y (p+)) > 6.
Superlinear divergence of - implies that the length of p is at least f(R — 2C). This concludes the
proof. O

2.1. Convention. From now on, we fix a finitely generated group G with exponential growth
which contains a superlinear-divergent bi-infinite geodesic v : R — G: this is a Ql-invariant
property thanks to Corollary and Corollary

3. ALIGNMENT

In this section, we define the alignment of sequences of (subsegments of) superlinear-divergent
geodeiscs. The key lemma is Lemma [3.3] which promotes alignment between consecutive pairs to
global alignment of a sequence.

Definition 3.1. Given paths v1,...,vn : Z — G, integers m; < n; and subpaths v, := ~v;([mq, ni)),
we say that (vy,...,vy) is K—-aligned if:
(1) 7y, (vi_y) lies in 'yi((—oo,mi + K]), and
(2) Ty (3s) lies im (s — K, +00)).
Note that 7; can be a single point. We will construct linkage words using K-aligned paths,
starting with the following lemma.

Lemma 3.2. Given a superlinear function f, positive constants 8, A, B and 0 < €, < 0.1, there
exists a constant K3 = K3(f,0, A, B,¢,n) such that the following holds.

For i = 1,2, let ~; be an (f,0)—divergent geodesic with respect to a (A, B)—coarsely Lipschitz
projection my, : X — 7;, and let v = ~;([ms,n;]) be a subpath of v;. Let z € X, and let D > K3
be a constant such that:

(1) diam(y; Uy Uz) <D ;

(2) |ng —ma| > elog D;

(8) (v1,7%) is (nelog D)—aligned and (v4, z) is (2nelog D)—-aligned.
Then (1, z) is (2nelog D)—aligned.

Proof. We will assume that D is much larger than the constants K; and K, that appears during
the argument. For i = 1,2, denote x; = v(m;) and y; = y(n;). Suppose for contradiction that
Ty, (2) lies in 1 ((—o0,my — 2nelog D)) as in Figure 3] This implies that

€
(o, (42). 7, (2) 2 nelog D > 7 (log d(ya, 1) + logd(z,m)) + K,

where K is the constant given in Lemmataking 0 =ne/3. By Lemma there exist a subseg-
ment [py, p2] of [z, y2] and time parameters s, ¢ of y; such that d(p1,71(s)) < K1, d(p2, 11(t)) < K1
and
€
d(1(s), 7, () < % logd(z,m) + Ko,

€
AN (1), 7, (y2) < 7 logd(yz, ) + Ko,

In particular, we have

— €
s < (0 (2) + (% logdlyz,m) + K0 )

5
<ni— gnelogD.
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Y2

32 = 2(ma) Y2 = ya(nz)

/x3 aG Y3 = )’3("3)\
Vs

FIGURE 2. The segments satisfy (v1,7%) is (nelogn)-aligned and (v4,7%) is
(2nelog n)—aligned.

FIGURE 3. If m,, (2) lies in 71 ((—o0,n1 — 2nelog(n))), then the geodesic [ya, 2]
would fellow travel ] then ~4, causing a contradiction.

A similar calculation shows that ¢ > n; — %ne log D. Now let K5 be the constant in Corollary
so that 1 ([s,t]) and [p1, p2] are within Hausdorff distance K of each other. In particular, for
p':=v1(n1 — L.5nelog D) € ~1([s, t]), we have a point p € [p1,p2] C [z, y2] such that d(p,p’) < Ks.
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Let us now investigate the relationship between [p, yo] and ~5. First, the coarse Lipschitzness
of 7, tells us that

A(T, (D), Ty, (y2)) 2 (70, (D), y2) — A7, (9'), T () — d(Y2, 7y, (y2))
> d(my, (p'),y2) — AKy — 2B.

Since ., (p') € 7, (7}) is contained in v, ((—o0, mo + nelog D)), we deduce that
€
(74, (P), ™y, (y2)) > (n2 —mo) —nelog D — AK> — 2B > %(log d(p;72)) + K.

Again, by Lemmathere exist a subsegment [p}, p5] C [p, 2] and time parameters s',t’ of v with
d(p1,72(s")) < Ki, d(ph,72(t')) < K and

€
d(ya(8'), 0y (p)) < g—q log d(p, 72) + K1,

d(72(t), 7, (y2)) < K1
This means that
d(py,py) = (70, (P), Ty (Y2)) — d(2 ('), Ty (y2)) — d(72(5"), Ty ()
= d(p1,72(5") = d(p5, 72(t"))
> (n2 —mso) —nelogD
q
> gr]e log D.

1
Q- gnelogD — 4K,

Hence, [y2, ph] is longer than Znelog D. But on the other hand,

d(ps, y2) < d(ph, 2 (') + d(v2(t'), 7, (y2)) + d(y2, 7y, (y2)) < 2K1 + B.

This is a contradiction for sufficiently large D. O

Proposition 3.3. Let f be a superlinear function, ,A,B > 0, 0 < ¢,7 < 0.1 and let K3 be the
constant given in Lemma . Letx,y € X, and fori=1,...,N, ~; be an (f,8)—divergent geodesic
with respect to a (A, B)—coarse-Lipschitz projection and let v, = v;([mi, ni]) be a subpath of ;. Let
D > K3 be a constant such that:

(1) diam(yj U...U~k) < D;

(2) |n; —m;| > elog D for each i, and

(3) (z,71,---,7N,Yy) is (nelog D)—aligned.
Then for each i, (x,7.,y) is (2nelog D)—aligned.

Proof. This follows inductively from lemma|3.2] Fixing ¢ < j, we show that
Ty, (’7;) € %((—OO, m; + 2nelog D])
If i = j — 1, immediately by assumption we have
7, (75) € 7i((—00,m; 4 nelog D]) C ~;((—o00, m; + 2nelog D).
Now assuming
Toyia (V5) € Vi1 ((—00, mig1 + 2nelog D),

since (7;,7i+1) are (nelog D)-aligned, the triple (7;,7vit1,7;) satisfies the assumptions in lemma
B2l We conclude that

T, (77) € Yi((—00, m; + 2nelog D).
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Applying the same argument to 7., (7;), 7, (&), and m, (;) shows that

oy, (i) € 5 ([n; — 2nelog D, 400))

o, () € Y5 (=00, m; + 2nelog DJ), and

Ty, (73) € ([ — 2nelog D, +00)). O
Lemma 3.4. Given a superlinear function f, positive constants 0, A, B and 0 < €, < 0.1, there
exists constants Ky = K4(f,0, A, B,e,n) and C = C(A) such that the following holds.

Let o and (B be (f,0)-divergent geodesics with respect to (A, B)—coarsely Lipschitz projections.
Let o and B’ be their subsegments with beginning points x1 and xa, respectively, such that:

(1) D :=diam(a’ U ') > Ky;
(2) diam(a') > elog D, and
(3) (&/,xz2) and (x1,0") are nelog D—-aligned.

Then (o, 8") is (Cnelog D)-aligned.

Proof. Let o = a([m1,n1]) and 8’ = B([ma, na]). Denote 1 = a(my), y1 = a(ny), za = B(ma2),
ya = B(n2). Let C' =16(A+ 1) + 1 and C = (C")? + 2. We first show that

mg(a’) C B((—o0,ma 4+ C'elog D)) C B((—o00, ma + Celog DJ).
Suppose to the contrary that for some point a € o', the projection
ms(a) € B([m2 + C'elog D, +00)).

Then we have

Y

d(mg(w1), mp(a)) > (C = 1)nelog D

Z (Cl* 1)776(10gd(1175)+10gd(aa5))+K1a

16A

where Ky > 0 is the constant as in Lemma taking § = 157(C" — 1)ne. Then there exists a
subsegment [py, ,Palla C [T1,0]la C [T1,91]]a, and points g, , ¢, on 3 such that

d(pzl 9 QIl)a d(pru qa) < Kl

Ay, m5(21)) < (1514(0’ — 1)776) logd(z1, 8) + K3

1
d(qa; mp(a)) < (16A(C’ - 1)?76) logd(a, B) + K.
Then by Corollary there is a point pl,, € [ps,, Pa]la close to z2. The point p), is chosen to be pg,

if ¢z, € B((ma,00)), or the point where the Hausdorff distance K is attained if ¢,, € B((—o0, ma)).
The distance is bounded by

d(x2,p,,) < max ((1;14(0/ - 1)77€> logd(z1, B) + 2K, K2>

1
<[ —(C'" -
< <16A(O 1)) nelog D 4+ O(1)
= (14;:1) nelog D + O(1),

where K> is the constant in Corollary and O(1) is the implied constant. Projecting to « gives
that

d(ﬂ'a(xg),p;l) < d(ﬂ'a(xg),ﬂ'a(p;l)) + B < (A+ 1)gnelog D + O(1).
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On the other hand, since (¢/,x2) is (nelog D)—aligned,

d(ma(22),0},) > d(y1,p,,) — nelog D

d(
> d(pa,pl,) — nelog D
> d(x2,mg(a)) — d(x2,py,) — d(ns(a), pa) — nelog D

c' -1
> (= — — —
> <qC’77610gD> 2( T6A nelogD) nelog D — O(1)
> (14(A+1) — 1)nelog D — O(1)

contradicting the previous inequality when D is sufficiently large.
We now show that

Ta(B') C a(n1 — Celog D, 00)).
Suppose the contrary that for some point b € 8’ the projection
T (b) € a((—o00,n1 — Celog D)).
We will discuss in two cases. If
Ta(b) € a((m1,n1 — Celog D)) C «
then the previous calculation shows that
m5(ma (b)) € B((—00,m2 + C'nelog D).

This shows that (74 (b), [z2,b]|s,) and (b, [ (D), y1]|c) are (C'nelog D)—-aligned. Moreover, diam([z2, b]|gU
[Ta (D), y1]]la) < D. So the exact same calculation as before shows that

Ta([z2,0]]5) C a((—00, ma(b) + C"%elog D)) C a((—o00,n1 — 2elog D)).
This contradicts that
Ta(2) € a((ny — nelog D, 0)).
The remainder case is when 74(b) € a((—o0,m1)). We will show that this is impossible assuming

7 < min <q+12q2, A‘f{;@) and o is long. In this case,

(o (B),ma(22)) 2 - (1= n)elog D

1
> (2+A)nelogd(b sa) +logd(zz, @) — K7,

where K is the constant in Lemma [2.6| choosing 6 = 2+A) ne. Then by Lemma there are
points p.,, pp € [22,b] such that

1

d(Pzy,y1) < oy AnelogD+K1,and
1

d(py, 1) < 2+AnelogD+K1.

Then

A
d(mg(z1),pp) < 2+AnelogD+O(1).
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But on the other hand, mg(x1) € B((—o00, m2 + nelog D]) implies that

d(mg(z1),pp) > d(x2,pp) — nelog D
> d(pﬂczvpb) —ne IOgD
> d(z1,y1) — d(w1,pp) — d(y1, P, )€log D

>elogD —

2
log D —nelog D — O(1
5+ 7elos D~ nelog D — O(1)

>

I 1).
2+Ar]e ogn + O(1)

The last step is due to n < 1/3. This is a contradiction. ]

We now construct linkage words. These play the role of Schottky sets in [BMSS22] [Gou22] We
use the notation B(g,R) := {h € G : d(g,h) < R} to mean the ball of radius R around g, and
S(g,R) :={h € G:d(g,h) = R} to mean the sphere of radius R around g.

Lemma 3.5. Let v: R — G be a (f,0)—divergent quasi-geodesic and let € > 0. For K sufficiently
large, the following holds. For each m € 7Z, there exists a subset S C G with 100 elements such
that for each pair of distinct elements a,b € S, we have

(1) lal,|b| = K and |ba™|,|a=1b] > 0.5K;
(2) 7 (7(0)a™t) and 7, (v(0)a='b) € B(v(0),eK), and
(3) 7y (v(m)a) and my(y(m)ab~") € B(y(m),eK).

Proof. Let Ko = Ko(0.1¢, f) be as in Lemma [2.6]
Let A > 1 be the growth rate of G. For n large enough, we have
A" < #8(id, n) < AF01On
We consider the sets
01 :={g € 8(id, K) : d(7(0), 7(7(0)g)) = 0.5eK};,
Oy :={g € S(id, K) : d(y(m), 7y (y(m)g)) > 0.5eK },
We will argue that both of these sets are much smaller than S(id, K), and use a certain subset
of S(id, K) \ (O1 U O3) to construct our set S.

To show that O, are relatively small, let us now consider a word a with |a] = K and
d(my(v(0)a™1),7(0)) > 0.5eK. Then since

d(m,(7(0)a™ 1), 7, (7(0))) > 0.5¢K — B > Ko + 0.1elog B + 0.1elog K,
Lemma asserts that there exist p € [y(0),v(0)a™!] and ¢ € v such that d(p,q) < K, and
d(p, 7 (7(0)a™1)) < log|a| + K;. In this case, we have
d(p,7(0)a™") = d((0),7(0)a™") — d(v(0),p)

< la| = d(y(0), , (v(0)a™")) + d(p, 7y (v(0)a™"))

< K —0.5eK +log K + K.
In summary,

a”t=(0)""q) - (@ 'p) - (P 1(0)a™t)

where, as in figure [4]

e v(0)"tqg =~(0)"1y(k) for some k between —2¢K — Q and 2qK + Q;
e |¢g!p| < Ko, and
e [p1y(0)at < (1 —0.5¢)K +log(1.5K) + Kp.
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y(0)a!

1

FIGURE 4. Decomposing a™" as a concatenation of well-controlled paths.

For large enough K, the number of such elements is at most
BQK A A(1+0416)(1—0.46)K S 5QK)\(1—0.3€)K

Hence, the cardinality of
A:={(g1,...,9100) € S(id, K)** : g; € Oy for some i € [1,100]}

is at most 100 - (#50)% - 3QKA1+0-3)<K e pick some index i which satisfies the given condi-
tion and draw the rest of the elements from S(id, K). This is exponentially small compared to
(#8(id, K))'*.
By a similar logic,
B:={(g1,...,9100) € S(id, K)** : g; € Oy for some i € [1,100]}

is exponentially small compared to S(id, K)%°.

Finally, we observe that for each h € S(id, K), there are at most
#B(h,0.5K) < \1+9)0-5K
elements g such that [¢g7'h| > 0.5K.
Hence, we deduce that the cardinality of

C:={(g1,---,9100) € 5390 d(gi, g4) < 0.5Kfor some i #j}

is at most 100-99-2- 06K . (48 (id, K)*°, which is exponentially small compared to (#8(id, K))"°.
Given these estimates, we conclude that for sufficiently large K,

S(id, K)'*°\ (AUBUC)

is nonempty.
Letting (g1,.-.,g100) be one of its elements, we claim that the choice S = {g;,i = 1,...,100}
satisfies the conditions of the lemma.
Note in particular that g; ! g; # id since its norm is at least 0.5K. We observe that:
(1) gi’s are all distinct;
(2) |gi| = K for all 1 <4 < 100;
(3) |gig;1|, lg; 1 g;] > 0.5K for each i # j;
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(4) 7,(7(0)g; ") € B(v(0),0.5¢K) and 7., (y(m)g:) € B(y(m),0.5¢K) for each 1 < i < 100.

It remains to show that d(y(0), 7, (’y(O)g;lgj)) < eK for each i # j. Suppose not; then for large
enough K we have

d(my(7(0)g; ), 7y (7(0)g; ' g;)) = €K — 0.5eK
> 2elog K > elog |gi| + elog(|gi| + |g5]) + Ko

> elogd(y,7(0)g; ") + elog d(v,7(0)g; g;) + Ko
By Lemma there exists p € [v(0)g; *,7(0)g; *g;] such that
d(p, my(7(0)g; ")) < elogd(y,7(0)g; ') + 2K2 < elog K + 2Ky,
and d(v(0),p) < 0.6eK. Here, we have
d(p,¥(0)g;"") = d(7(0),7(0)g; ") = d((0),p) = K — 0.6¢K,

and
d((0),7(0)g; 'g;) < d(~(0),p) + d(p,¥(0)g; " (9;)
< 0.6eK + [d((0)g; ', 7(0)g; g;) — d(v(0)g; ", p)]
< 0.6eK + 0.6eK.
But this contradicts |g; 'g;| > 0.5K. O

Given a translate of v, we can naturally define the projection

Ty (2) = gmy (g7 ).

Since G acts by isometries, this is an (A, B)-coarse Lipschitz projection so long as 7, is as
well. The following lemma describes projections between translates of superlinear-divergent quasi-
geodesics.

Lemma 3.6. Let o and S be (f,0)-divergent quasi-geodesics and let 0 < € < m. Then there
exists Kg > 0 such that the following holds. Suppose a € G and i € Z satisfy that
(i) la| > Ks;
(ii) m5(B(0)a™") € B(B(0), elal); and
(iti) mo(a(i)a) € B(a(i), €lal).
Then for each j € Z, mo(a(i)aB(0)71B(4)) is within distance €log |j| + 2|a| from a(i).

Proof. For simplicity, we denote and parameterize the translate of S

B'(j) = a(i)aB(0) "' B(j).
Let v : [0, M] — G be a geodesic connecting «(i) and §’(j), see Figure [5| The projection of (%)
onto 8’ is near «a(i)a:
d(a(i)a, mg (a(i)) = d(B(0),75(8(0)a™")) < elal.

Then there exists ¢ € [0, M] such that y(t) € B(a(i)a,2¢|al). If d(8'(j), a(i)a) < 2€|al, simply
take t = M so that y(t) = 8'(4). And if d(B'(j),a(i)a) > 2€|al, we obtain such ¢t by applying
Lemma 2.6l Notice

d(mg (a(i)a), ms (B'(7)))
>d(a(i)a, B'(4)) — d(e(i)a, 7z (a(i)a)) — d(mp (8'(4)), B(7)))
>2¢la| — €la| —
>e(log d(B'(4), 8) + log d(e(i), B)) + K1,
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B'(j) = a(i)aB(0)~B(j)

FIGURE 5. The geodesic [a(i), 8/(j)] comes near 5(0).

where K is the constant from Lemma taking 6 = e. The last inequality holds when |a| is
sufficiently large. Then Lemma implies that for some ¢,

d(v(t), ai)a) < d(y(t), 7 (i) + d(mp (i), (i)a)
< (elog |a| + K1) + €la]
< 2¢lal

for sufficiently large |a|. Note that

t=d(7(0),7(t)) < d(a(i), a(i)a) + 2e|a| < glal.
Now if
d(7a(7(0)), ma(v(M))) > €elog(|j] + |al)
> €(log d(7(0), @) + log d(v(M), @) — K1,
where K is the constant from [2.6| taking § = e. Then there exists 7 € [0, M] such that
d(v(1), ma(v(M))) < elog(|j] + |al) + Ky

and (o, is contained in the Kj-neighborhood of a. Notice that 7 cannot be larger than ¢,
otherwise «(t) is Kj1—close to «; let p € a be the point such that d(y(t),p) < K;. Then when |a]
is sufficiently large,

d(a(i), ma(a(i)a)) = d(a(i), p) — d(ma(ali)a), p)
> d(a(i)a, a(i))) — d(a(i)a, q) — (Ad(p, a(i)a) + 2B)
> la| — (A+1)(2¢|a|] + K1) — 2B > €lal.
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This is a contradiction, so we must have 7 < t. We then have
d(ma(a(i)aB(0) 7' B(4)), ali) < d(ma(v(M)),¥(7)) +d(v(7),7(0))
< clog(ljl +|al) + K1 + Sl
< elog|j| + 2lal.

4. PROBABILISTIC PART

In this section, fixing a small enough € > 0, we study the situation where a random path (id =:
Zo, Z1, - .., Zy) is seen by a superlinear-divergent direction, or to be precise, where (Z;, ..., Z; . log n)
is (a part of) an (f, #)—divergent quasigeodesic and

(Zd7 (ZZ) Zi-i—la ] Zi+€ logn)v Zn)

is e2-aligned for some i < n. We will prove in Corollary and Lemma that this happens for
an overwhelming probability.

To make an analogy, consider a random path (id =: Zy, Z1, ..., Z,) arising from a simple random
walk on the Cayley graph of a free group F» ~ (a, b). Here, we similarly expect that Z,, = id is not
desirable and (id, (Z;, Zi+1), Zy) is aligned for some i < n. In fact, the alignment happens for all
but exponentially decaying probability. A classical argument using martingales can be described
as follows:

(1) construct a ‘score’ that marks the progress made till step i;
(2) prove that at each step i, it is more probable to earn a score rather than losing one.
(3) sum up the difference at each step and use concentration inequalities to deduce an expo-
nential bound.
Here, the score at step i should be determined by information up to time ¢. Moreover, when the
score grows, the recorded local progresses should also pile up. To realize these features on a general
Cayley graph other than tree-like ones, we employ the concatenation lemma proven in Section [3}

4.1. Combinatorial model. In the sequel, let v be an (f, #)—divergent geodesic on G with v(0) =
id and € > 0 be a small enough constant. Let us fix some constants:

e K3=Kj (f,9,q,Q,A7B,e37e) be as in Lemma
e K is larger than K5 = K5 (%qe‘l) and the twice of Kg = Kg (0.164) given by Lemma

and respectively;
e Ny is a threshold such that

e'n > 10(K + K3 + logn)

for all n > Ng.

After multiple applications of our alignment lemmas, the power on ¢ will weaken, which is why we
start with e*.

Throughout this section, we will consider the following combinatorial model. Fix wg, w1, -- € G.
Now given a sequence of 3—tuples s; = (a;, b;, ¢;) € S, we consider a word of the form

Wi = wg - a1y(elogn)byy(elogn)ey - wy - - - apy(elog n)bry(elog n)cy - wy.
To ease the notation, let us also define
Vie = Wi—iar,  Up = Wi—1aiy(elogn)by,

We also denote
s = (a17bl7cl7 ...7ak,bk,0k).
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We will argue that for most choices of s € S3¥ a certain subsequence of

(Zda Vl’Y|[O,elogn]7 U17|[O,elogn] ceey Uk717|[0,elogn]7 Wk:)

is well-aligned. In section we will derive from this a deviation inequality (Lemma , and
deduce a central limit theorem.

To show well-alignment, we argue analogously to [BMSS22 [Gou22, [Cho22], by keeping track
of times in which the random walk may travel along different translates of ¥|(g c10gn], and arguing
that at most of these times, most directions of the random walk do not backtrack. To implement
we need the following lemma We remark that for the rest of the paper, whenever we discuss
alignment of a sequence of points and geodesic segments, the only segments used are translates of

’7‘ [0,elogn]-

Proposition 4.1. Let g € G and let n be an integer greater than Ny and |g|. Let S be the subset
of S§(id, K) described in Lemmafor m = elogn. Then for any distinct a,b € S, at least one of

(Yl10,c10g ) V(elogn)ag)  and  (V|o.c10gn), ¥(€logn)bg)
is €*log n—aligned. Likewise, at least one of
(a_lg;’}’|[0,elogn]) , and (b_1g7’7|[(),elogn])
is €*log n—aligned.

Proof. We prove the first claim only. Let t € Z be such that v(¢t) = 7y (y(elogn)ag). If ¢ is greater
than (1 — €3)logn, we deduce that (7[jo,c10gn], 7(€logn)ag) is €* log n-aligned as desired. Let us
deal with the remaining case: we assume

(4.1) t € (—oo, elogn — ¢*logn].
Consider two translates of :

n=a"'y(elogn)"'y  and 4 =b""y(elogn) 'y,
and their subpaths

M =Nlerogn  and Y=
Let 74 be the reversal of +.
By the definition of ¢, (’y(e logn)ag, it,e10g n]) is automatically O-aligned, or equivalently, (g,7)

is O-aligned. Next, since a and b are chosen from S, the subset of S(id, K') as described in Lemma
we have that

[0,elogn]-

Ty (y(elogn)ab™") is within B (y(elog n),0.164|ab_1|)
and

7y (y(elogn)ba™") is within B (y(elogn),0.1e*jab™"|).
Moreover, we have

lba™t| > 0.5K > K.
By plugging in a = v and 8 = 7 (i.e., 8(t) = v(elogn — t) for each ¢ € Z), we can apply Lemma
3.6l The required assumptions are
3 (B(O)(bail)*l) =7y (y(elogn)ab™")
€ B (v(elogn),0.1e*|ab™"|) = B (5(0),0.1¢* |[ab~"

),

o (a(elogn),ba™") = m, (y(elogn),ba™") € B (y(elogn), 0.1¢* ’ab_1|) .

As a result, for each j € Z we have

and

d(wv('y(elog n)ab~ y(elogn) " ty(4)), v(elogn)) < 0.1e¢*log|j — elogn| + 2|ab™}|.
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In other words, we have

7, (75) € 71 ((elogn — 0.1e* log(elogn) — 2K, +00)).
Similarly we deduce that

Ty, (71) € 72 ((elogn — 0.1e* log(elog n) — 2K, 4+00)).
We conclude that (v],74) is (0.1e*log(elogn) + 2K )-aligned.

We now let D = |g| 4+ 2elogn + 2K + K3; note that
D > diam(g~ U~) Us).
Moreover, the lengths of 7| and 74 are at least €*logn and we have
e*logn > 3 log D.

Finally, (g,7},75) is (0.1e*1og m + 2K )-aligned, hence 0.2¢* log D-aligned. Lemmanow tells us

that (¢~*,75) is €* log D-aligned. This implies that (7|jo,m],7(m)bg) is *log n—aligned as desired.
(]

Following Boulanger-Mathieu-Sert-Sisto [BMSS22] and Gouézel [Gou22|, we define the set of
pivotal times Py (s) inductively. We will suppress the notation Py := Pj(s) when it is unambiguous,
and the remaining notation follows from the beginning of this section. First set Py = () and zg = id.
Given Py C{1,...,k— 1} and 2;_1 € G, Py and z; are determined by the following criteria.

(A) When (zk,l, VY] [0, 1og n]» Uk'y|[0,elogn]7Wk) is €3 logn—aligned, we set P, = Py_1 U {k}
and zp = U.

(B) Otherwise, we find the maximal index m € Py such that (Vi,7[[0.c10gn]s Wk) is e3logn—
aligned and let P, = P,_1N{1,...,m—1} (i.e., we gather all pivotal times in Py_1 smaller
than m) and zp = V,,. If such an m does not exist, then we set P, = () and z;, = id.

Given input wo, w1, . .., ws, € G and s € S3* this algorithm outputs a subset Py(s) of {1,...,k}.
Our first lemma tells us that Py(s) effectively records the alignment.

Lemma 4.2. The following holds for all n > Ny.

Let P, = {i(1) < ... <i(M)} and suppose that €log (Jwg| + - - - + |wi| + kelogn) < logn. Then
there exist g1,...,g9Nn = 2 such that (Vi(1)7 Uiy -« - Vi, Ui(M)) is a subsequence of (g1,...,9N)
and

(id, 917|[0,610gn]7 s 39N7|[0,elogn]a Wk)
is €2 log n—aligned.
Proof. We induct on k. If we added a pivot, P, = Py_1 U {k}, there are two cases:
(1) Py—1 = 0. Then (id, Viy|[0,c10g n]> UrV[0,c 10g n]>» Wi) is (€3 log n)-aligned, with z;, = Uy, as
desired.
(2) Py = {i(1) < ... < i(M — 1)} is nonempty. Then there exist gi,...,gn such that
(Vi(1), ce, Vi(M_l)) is a subsequence of (g1,...,9n), gy = 2k—1 and
(ida 91’7|[0,510gn]1 v 79N’7|[0,elogn]7 kal)
is €2 log n—aligned. Moreover,
(Zkflv Vk'Y'[O,elog nls Uk7|[0,elog n]» Wk)

is (€®logn)-aligned. Here, since (2x—17|[0,e10gn]; Wik—1) is € log n-aligned,

(zk—17[0.c10g n)> Wr—1ar) = (2k—17[0,c 1og n]> Vi)

is also (e3logn + AK + B)-aligned. Now Lemma asserts that for large enough n,
(zk=17[0,c10g n]> VeV |[0,e 1og n]) 18 € log n—aligned. As a result,

(id, g17lj0,e108 1] - - - » INV]0,e 10g n]> VeV [0,e10g n]» UkV0.e 10g n)> W)
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is €2 log n—aligned, with z; = Uy,.

Now suppose we backtracked: P, = Pr_1 N{1,...,m — 1} for some m € Py_;. Letting M =
#Pj;_1, so that #P, = M + 1, our induction hypothesis tells us that there exist gi,...,gn such
that (Vi1y, Usrys - - - V1), Uiar+1)) 18 a subsequence of (g1,...,gn) and

(ida 917|[O,elogn]a s 7gN7|[O,elogn]a Wk—l)
is €2 logn—aligned. Moreover, we have that (Vicm+1)71[0,e10g n]s Wi) is €3 log n—aligned by the cri-
terion. It follows that
(Zd7 gl’yl[O,elog nly- s ‘/i(M+1)7|[O,elogn]7 Wk)
is €2 log n—aligned, with 2z, = V;,, = Vi(m+1), as desired. (Il

Next, we have

Lemma 4.3. Let us fixr aj,b1,¢1,...,ak, bk, ¢k and drow agi1, bg41,Ck1 in 53 according to the
uniform measure. For n € N sufficiently large, the probability that #Pyy1 = #Px + 1 is at least
9/10.

Proof. We need to choose a1, bxy1,crr1 in S3 such that

(Zka Vk+17|[0,elogn]a Uk+17 [0,elog n]aWk+1)

is €2 log n—aligned. By Proposition there are at least 99 choices of a1 such that
(2K, Vit17[0,e 10g 1))

is €3 log n—aligned.
Likewise, there are at least 98 choices of byy1 such that both
Vi, Urt170[0,e 108 m]) and (Vi+171j0,e1og n)> Uk+1)
are €*logn—aligned. From lemma for sufficiently large n, this tells us there are at least 98
choices of by 41 such that (Viy17][0,c10gn]s Uk+17][0,c10gn]) 18 ¢* log n—aligned.

Finally, there are at least 99 choices of ¢4 such that (Uk+17|[07510g L Wk+1) is € log n—aligned.

99 98 99 9
We are done as 1355 - 155 * 160 > 16- |

Given a sequence s = (a;,b;,c;)¥ |, we say that another sequence s’ = (af, b, ci)F_, is pivoted
from s if they have the same pivotal times, (a;, ¢;) = (aj,¢)) for all { =1,...,k, and b; = b; for all

I except for [ € Pi(s). We observe that being pivoted is an equivalence relation.

Lemma 4.4. Given s = (a;,b;,c;)%_ and a pivotal time £ € Py (s), construct a new sequence s'
by replacing by with another b, € S such that

(25717 V27|[0,510gn], U[Y'[O,elogn]a WZ)
is €3 log n—aligned. Then s is pivoted from s.

Proof. We need to show that both sequences s and s’ have the same set of pivotal times. Before
time ¢, the sequences are identical, so that P;(s) = P;(s’) for j < £. By our choice of b}, we know
that the time £ is added as a pivot, and so z; = U;. Now we induct on j > ¢: suppose that all
pivotal times in P;_1(s) are still in P;_1(s’).

To determine Pj(s), either we added a new pivotal time j or we backtracked. In the former
case, we have that (zj,l, Vivlio,etogn)» Uj7|[07610gn],Wj) is €3 log n—aligned. Since G acts on itself
by isometries, this happens if and only if the sequence

(Zé(zé_l)zj—hZé(zé_l)‘/j’Y“O,elogn];Zé(zz_l)Uj’YhO,elogn]aZé(zg_l)wj)

is €3 log n—aligned. But this is the same as requiring that

(Z;'—la Vj',7|[07elogn]a UJI’Y [0,elogn]7WJ/’)
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is €% log n-aligned, so that j € P;(s’).
In the latter case, we found the maximum M such that (Varylp.ciogn), W) is €3 log n—aligned.
Since ¢ € Py(s), we know that M > ¢. Hence this is the same as requiring that

(zé(zgl)VM’y‘[Oflogn],Zé(zgl)wk) = (V&V‘[O.elogn],wlé)

is €3 log n—aligned. Therefore j € Py(s'). a
Now fixing w;’s, we regard Wy, as a random variable depending on the choice of

(a17b17cl7 e 7ak7bk7ck>7

which are distributed according to the uniform measure on S3*.

Fixing a choice s = (ay,...,cr), let Ex(s) be the set of choices s’ that are pivoted from s. Since
being pivoted is an equivalence relation, the collection of & (s)’s partitions the space of sequences
53k We claim that most of these equivalence class are large: at pivotal times ¢ € P, one can
replace b, with one of many other b,’s while remaining pivoted.

Lemma 4.5. Lets = (a1,b1,¢1,...,ak,bg, cr). We condition on E;(s) and we draw (ag41, bg+1, Ck+1)
according to the uniform measure on S3. Then for all j > 0,

Jj+1
P (#Pis1(5', sk41) < #Pu(s") = 7 | (8, s111) € Ex(s) x %) < (110> .

We remark that the conditional measure P(-|E;(s) x S3) on S3++1) is the same as the uniform
measure on E(s) x % € §3*+D) hecause P(-) is the uniform measure on a finite set.

Proof. We induct on j > 0. The j = 0 case is lemma We prove it for j = 1. Suppose that we
made some choice of sg11 := (@r41,bk+1, ck+1) that lead to backtracking. We must show that for
such an sgy1,

P (#Pns1(8', sk41) < #Pu(s)) — 1|8 € Ex(s)) < 1—10

To this end, we examine the final pivot s;. By Lemma [{.4] we can replace b, with any distinct
by € S such that

(Zf—ly ‘/Z’Y“O,elogn]a Uf7|[0,elogn]a W@)

is €*log n—aligned. There are at least 98 choices of such a by, by Proposition
Likewise, there are at least 98 choices of b, # by such that (Ug(o,c10gn], Wk) 18 ¢* log n—aligned.
From Lemma [3:2] we know that

(Ve

is €3 log n—aligned. For this choice of s’, we have Pyi1(s’) = Py(s’) N{0,...,£ — 1}. In particular,
#Pyi1 = #P, — 1. Hence

4 1
PP < #7118 < (155) < (1)

To handle the induction step for 7 > 2, the same argument works, except we condition not only
on siy1 but also on the final j pivotal increments which resulted in backtracking. O

[0,elog n]» Wk)

Corollary 4.6.
P(#P, <k/2) < (1/10).
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4.2. Random walks. Recall that G contains an (f,)-superdivergent (g, Q)—quasigeodesic v :
Z — G with v(0) = id.

Let u be a probability measure on G whose support generates G as a semigroup. Passing to a
convolution power if necessary, assume that p(a) > 0 for all @ in our finite generating set A C G.
Let (Z,)n>1 be the simple random walk generated by p, and let « € (0,1). We can define

p = min{u(a),a € A},
/100

log(1/p)’
so that pclo8” = p=/100 Then for any path 7 of length 100elogn and any k € Z, we have
P((gkt1s- - - s Gk+100elogn) =1) = n~ .

Also recall that for any three points o, z,y € G we can define the Gromov product, given by

(5:9)o = 5 (d(0,2) +d(0,4) — d(z,)).
We now have:
Lemma 4.7. For any 0 < o < 1, there exist K > 0 such that for each x € B(id,2n) we have
P [(x, Zn)id = n30‘)] < Ke ™/K,
Proof. First, we would like to find a nice decomposition of our random walk, which will allow us

to analyze the sample paths using our combinatorial model in section
Let \; be i.i.d. distributed according to the uniform measure on the subset S’ C G° defined by

S":={(a,7,b,7,¢) s a,b,c € S,7' = y(elogn)}.

Then the evaluation A; = a-7'-b-+'-c is distributed according to the measure pg*~"*pug*~" *pug,
where pg is uniform over S.

Let N = 3K + 2elogn. By our choice of p, for each a,b,c € S we have u*N (ay'by'c) > p
Then we can decompose

N

pN =10" (s * v % ps x ' x pg) + (1 — 10N ),
for some probability measure v.

Now we consider the following coin-toss model, Let p; be independent 0-1 valued random vari-
ables, each with probability 10° - p?v of being equal to 1. Also let &; be i.i.d. distributed according

to v. We set
gi _{ & otherwise.
Then (g1 - - gn)n has the same distribution as (Zx,,), because each g; is distributed according
to pu*V.
Hoeffding’s inequality tells us that

3a
< 2(0.5n2)?2
P pi>050% 0| >1—2exp <—(n;l)) > 1 - 2exp(—0.5n).
=1

3a
After tossing away an event of probability at most 2 exp(—0.5n%), we assume 2?21 pi > 0.5n%.
To apply the analysis of our combinatorial model, we condition on the values of p;, £; and only
keep the randomness coming from the 7;’s. Let

i(1) <i(2) <...<i(M)
be the indices in [1,7n3%] where p; = 1. Then we can write

bt Z, = wp - a1vy(elogn)biy(elogn)ey - wy -« - apy(elogn)bay(elogn)ens - way,
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where
wy=2x""g1 - "IN (i(1)—-1)—1)

W1 = gNi(1)+1 " "IN (i(2)—1)—1>

WM = gNi(M)+1 """ 9n
and a;,b;,c; are i.i.d.s distributed according to the uniform measure on S. As in the previous
section, we set s = (a1,by,c1,...,an, b, car). By Lemmald.6] the set of pivots Pp(s) is nonempty
with probability at least 1 — (1/10)™ > 1 — (1/10)%""". By Lemma for any pivotal time
i € Pp(s) we have

(id, 2™ Zn(i—1)V]erogn: 2 Zy) = (id, (@ Zngim1ys -8 Zn(i—1)tetogn), T Zn)

is elogn—aligned. Lemma implies that [id, x~'Z,] passes through the Kj—neighborhood of
(gc_lZN(i,l)7 ...,x7 ZN). In other words, [z, Z,] passes through the (Ni + K)-neighborhood of
id, which is within the n3*-neighborhood of id when n is large. O

Corollary 4.8. For any a > 0, there exists K' such that for each 0 < m < n we have
E [(id, Zn)%, ] <0 + Ke™™"/K .n <nb* + K’

m

The following lemma states that our deviation inequality (Corollary implies a rate of con-
vergence in the subadditive ergodic theorem.
Lemma 4.9. Let
1 )
L= lim —Ed(id, Zy)).

Then

L %E[d(id, Z)] = o (%) .

Proof. Note that by the definition of the Gromov product, we have

2k k 2kt
E(d(id, Zus)] = 3 E [d(Znii—1), Zui)] —23 S E [(ani(t_l))7 Zus)z, |-
=1

i=1 t=1

Also by corollary [£.§]
E |:(Zn2i(t71))7 Zn2it)Zn(2it,1>:| < 2(n2i*1)6a +K'

and we also know that E[d(Z,,;—1), Zni)] = E[d(id, Z,)] for any i € N. Hence for any sufficiently
small « > 0, we have

k
2% E[d(id, Z,,5x)] — E[d(id, Zn)]‘ < 2 D 2k (2(n2 )5 + K7

As k — oo the quantity 27% E[d(id, Z, o+ )] converges to L. Picking o < 1/12, we can send k — oo
and divide by n to conclude. (Il

We now prove the CLT (Theorem [A)). It is essentially the same argument as [MS20], but with
a different deviation inequality as input.
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Proof. We claim that for any € > 0, there exists N sufficiently large, such that the sequence
1
—=(d(id, Zni) — Eld(id, Zn
m( (id, Zwy) — E[d(id, Zny)))

converges to a Gaussian distribution up to an error at most € in the Lévy distance.
Indeed, the sequence

1, .
{\/E (d(id, Zy) — E[d(id, Z))) }M

is eventually e—close to a distribution X (in the Lévy distance) if and only if its N—jump subse-
quence {ﬁ(d(id, Zny) — Eld(id, Zny)]) },~, 15 as well. Moreover, from Lemma we know
e Eld(id, Zn1) = LNk 4 o(1/V'NE).
To show the claim, we first take a sequence
0=1i(0) <i(l) <...<i(2llos2kly =k
such that i(t + 1) — i(t) = 1 or 2 for each ¢. The easiest way is to keep halving the numbers, i.e.,

i(2'k) = V(Z (k—1)) 42—1'(2 (k + 1))J

for each ¢ and odd k. Let T be the collection of i(t)’s such that i(t + 1) — i(t) = 2.
Then,

g (. Zn) ~ Eld(id. Z,)]) = Ty~ T~ Iy

where
I z’“: 1 {d(zwl), Zni) — Bld(Zni-1), Zm)]}
= vk VN
I = — Z ((ZNW)’ ZNGi(t)+2) Zniy1) — BUZNi(t)s ZN (it +2) 2, )}) ;
\/m teT R N(i(t)+1
and

2 UOg2 k*lJ 2Llog2 k]—t—1

I3 = TNE z; l}: ((ZNztl, N2t (142)) Zyt 1) — B [(thuZNzt(z+2))ZN2t(l+1)} )
= -1

We claim that for sufficiently large N € N, Iy and I5 are small (in terms of the Lévy distance).
Then the only non-negligible term I; is a sum of i.i.d random variables, normalized to converge to
a Gaussian as k — oo.

The second summation I5 is the sum of at most k independent RVs whose variance is bounded
by

4 6o
N <3N,

Hence, the second summation has variance at most 12N~ and
P(|I5] > N~%) < 12N8~1
by Chebyshev.
Now for each ¢,
ollogy k] —t—1

I3y = Z ((Zszla N2t (142)) Z gt 1) — E[(ZNZthZNQf(l+2))ZN2t(l+1)])
=1

R
ol
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is the sum of at most k/2¢ independent RVs whose variance is bounded by ﬁ -3(N2%)5«. This

means that I3, has variance at most 12N6@~1 . 2(6a=1t " anq
P(|I3;t| 2 N—Ozz—ozt) S 12N8O¢—12(8a—1)t

by Chebyshev.
Summing them up, we have

I, + Z Iz < N7 Z 2ot
t t
outside a set of probability N8>~! Do 2(8a=1)t These are small, regardless of the range of t. More
precisely, by setting o = 1/10, we deduce that
|12 + Is| = O(N~V10)
outside a set of probability O(N~1/19), ending the proof. O

We now prove the CLT for random walks with finite p-th moment for some p > 2. It suffices to
show that Corollary .8 holds for such random walks.
For some ¢ > 0, let E be the event that >_"_; |g;| is at least n?. We note the following inequality

n 2 n P
E [no(—2) (Z |gi|> Iy lgil>ne SE[(Z Igil>]
i=1 =1
n p
< & (n el )

n
< wPE [z w]
=1
<P E|g].

This implies that

2
n
E <Z|gz> lg| < Cnh=ale=2),
i=1
ptl

By taking ¢ > pr2> We can keep this bounded.
Now on the event E°, we argue as in Lemma We remark that the only place we used the
finite support assumption was to invoke Lemma In particular, we needed

elog (Jwo| + + -+ + |wg| + kelogn) <logn,

where w;. However, on the event E°, this assumption is still met, replacing € with €/q if necessary.
Then we may still apply lemma Hence, we get

E((id, Z,)%, | < n°* + Ke /% < 2p%> 4 K’
Given this estimate, we get:

Theorem 4.10. Let p be an admissible measure on G with finite p-moment for some p > 2, and
(Zn)n be the random walk on G generated by p. Then there exist constants A\, o such that

dx (o, Zn0) — Ln
ovn

— N(0,1).
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APPENDIX A. RIGHT-ANGLED COXETER GROUPS

Let T' = (V, E) be a finite simple graph. We can define the Right-angled Coxeter group by the
presentation

Wr = (v € V|2, [v,w], (v,w) € E).
In this appendix we show the following

Lemma A.1. Let Wt be a Right-angled Coxeter group of thickness k > 2. Then any Cayley graph
of T contains a periodic geodesic o which is (f,0)~divergent for some 6 > 0 and f(r) > r*.

We only need to slightly modify the proof of Theorem C given in [Lev22]. They show that
a RACG of thickness at least k has divergence at least polynomial of degree k + 1. To do this,
they construct a periodic geodesic vy such that for any path x with endpoints on v and avoiding
an r-neighbourhood of 4’s midpoint, any segment of x with projection at least some constant has
to have length at least r*. By integrating they get 7**1. For completeness, we include the proof
below.

Proof. Since the claim is quasi-isometry invariant, we work on the Davis complex Y. We modify
the proof of Theorem C of [Lev22], borrowing their notation and terminology. Take the word w
in the proof, so that ¢ is a bi-infinite geodesic which is the axis of w, and set p; = w'. Since the
Davis complex is a CAT(0) cube complex, the nearest point projection 7 : X — o is well-defined
and 1-Lipschitz.

Let & : [0,t] — Zr be a path whose projection has diameter at least 2|w|, which is disjoint from
the |w|r-neighbourhood around some w’. As the projection of x has length at least 2|w|, we can
find some points p;, py such that

7(k(0)) < pj < pr < m(K(t))

. . . _ y k
in the orientation on o. Here pj;,pr = w’, w”.

For the rest of the proof, we follow [Lev22]. For some j < i < k, let H; (resp. K;) be the
hyperplane dual to the edge of o which is adjacent to p; (resp. p;11) and is labeled by sg (resp.
Sn). As hyperplanes separate Y and do not intersect geodesics twice, it follows that H; (resp.
K;) intersects k. Let e; (resp. f;) be the last (resp. first) edge of x dual to H; (resp. K;). Let 7;
(resp. 7;) be a minimal length geodesic in the carrier N(H;) (resp. N(K;)) with starting point p;
(resp. pi+1) and endpoint on e; (resp. f;). Let o; be the subpath of x between v; Nk and 7; N k.
As w is a I'-complete word, no pair of hyperplanes dual to ¢ intersect. By our choices, a; N o
is either empty or a single vertex for all ¢« # j. Let D; be the disk diagram with boundary path
Yioun; !3; where f3; has label w—'. For each 0 < i < r — 2, we observe the following:

(1) The path ~; is reduced.
(2) By Lemma 7.2, no (k — 1)—fence connects ; to 7, Uin any disk diagram with boundary

path y;a;n; ' B;.
w|(r)).

(3) The path «; does not intersect the ball By, (
Thus we can apply [Lev22, Theorem 6.2] to D; by setting, in that theorem,

Y=, a=a; n=n" B=p, and L=k—1R=|w|(r—i).
We conclude that for r large enough
i > C'(Jw](r)").

As «a; is a subsegment of p, we are done. O
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APPENDIX B. SUPERLINEAR-DIVERGENCE AND STRONGLY CONTRACTING AXIS

In this section, we give two constructions that illustrates the logical independence between
superlinear divergence and strongly contracting property. We first recall the notion of strongly
contracting geodesics.

Definition B.1 (Strongly contracting sets). For a subset A C X of a metric space X and € > 0,
we define the closest point projection of x € X to A by

ma(z) = {a€ A:dx(z,a) =dx(z, A)}.
A is said to be K-strongly contracting if:

(1) ma(z) #0 for all 2 € X and
(2) for any geodesic n such that n N Nk (A) = 0, we have diam(rwa(n)) < K.

Lemma B.2. There exists a finitely generated group G containing an element whose axis is strongly
contracting but not superlinear-divergent.

Proof. Let G be the group constructed by Gersten in [Ger94]:
G = (z,y,t|tat™" =y, zy = yx).

The group G naturally acts on the universal cover of its presentation complex, which is a CAT(0)
cube complex. Recall that the presentation complex of G is defined as follows: start with a single
0-cell, attach a 1-cell for each of the three generators x,y,t, and attach a 2—cell for each of the
relations [z,y] and tzt~'y~!. Let X be the universal cover of this complex, which Gersten shows
is CAT(0) [Ger94, Prop. 3.1].

The induced combinatorial metric on X is isometric to the word metric with respect to {xz,y,t}.

Let g = tx and v be a path connecting (...,id,t, tz, tzt, (tz)?,...). Then ~ is a g-invariant
geodesic, and v does not bound a flat half-plane (the cone angle of v at its each vertex is 37/2).
Hence, 7 is rank-1 and we can conclude that g is strongly contracting.

Meanwhile, by [Ger94] Theorem 4.3], G has quadratic divergence. Given an appropriate action
of G on a hyperbolic space, we would be able to conclude from [GS21, Lemma 3.6] that v is
not superlinear-divergent. Since we do not assume a hyperbolic action, we instead present a
modification of Goldborough-Sisto’s argument.

Suppose that there exists an (A, B)—coarsely Lipschitz projection 7, : G — 7, a constant § > 0
and a superlinear function f such that « is (f,6)-divergent with respect to m,. Up to a finite
additive error, we may assume that 7, takes the values {(zz)*: i € Z}.

Let e = and let n be a sufficiently large integer. We claim:

)

Claim B.3. If a point p € G\ B(id,n) satisfies d(p,) < en, then 7, (p) = (tz)* for some |i| > 0.5n.

Proof of Claim[B-3. First, from d(p,v) < en and the coarse Lipschitzness of ., we deduce
d(p,my(p)) < (A+1)en + 2B.

Hence, we have

d(id,m,(p)) > d(id,p) — d(p, my(n)) > n — (A+1)en — 2B > 0.5n

and the claim follows. O

Next, we let
a, = (tz)(lfe)nyﬂenJ’bn — (m)f(lfe)nyﬂenJ
and let n be an arbitrary path in G \ B(id,n) connecting a,, and b,. Let m,m’ € Z be such that
my(an) = (tz)™ and 7 (by) = (tz)™. We then have

d((tx)", my(an)) < d((tx)", an) + d(an, 7y(an)) < (A+2)en + 2B < 0.5n.
It follows that m > n — 0.5n > 0.5n. Similarly, we deduce m’ < —0.5n.
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We examine the two connected components of 7\ N, () as well as nN N, (7). Each component
of 7 N Nen(7y) attains values of 7, (-) in

{(tz)" : i < —0.5n} or {(tz)" :i > 0.5n},

by Claim but not in both (by the coarse Lipschitzness of . ). Meanwhile, the endpoints of 7
attain values of 7, (-) in {(tz)" : i < —0.5n} and {(tx)* : i > 0.5n}, respectively. As a result, there
exists a subsegment 1’ of 1, as a component of 1\ Ne, (), such that

(') € {(tx)" 1 i > 0.5n} and 7, (n'7) € {(tx)" 1 i < —0.5n}.
It follows that the length of n’ is at least (n/f) - f(en). Since 7 is longer than 1, we deduce
that an arbitrary path in G \ B(id,n) connecting a,,b, € B(id,n) is longer than (n/0) - f(en).

When n increases, this contradicts the quadratic divergence of G. Hence, we deduce that 7 is not
superlinear-divergent. ]

Lemma B.4. There exists a proper geodesic metric space X that contains a superlinear-divergent
geodesic v that is not strongly contracting.

Proof. Let X = H? and v be a bi-infinite geodesic v on X with respect to the standard Poincaré
metric ds3. Let o € v be a reference point on vy and let proj., be the closest point projection onto ~y
with respect to ds3. For each x € X, let  be the (directed) distance from z to v and let 7 be the
(directed) distance from o to proj,(z). Since (r,7) is an orthogonal parametrization of X, there
exists a continuous coefficient Fj such that

ds? = dr? + Fy(z)dr?
holds at each point 2 € X. We note that Fy(z) ~ e*"® for some x > 0 (due to the Gromov

hyperbolicity of (X, ds2)) and Fy(z) > 1.
We will now define a new metric ds? as follows. For each i > 0 and j € Z let

Lj={(rm):r=4"2j+i<7T<2j+i+1},

S = U Ii,j~

>0, jEZ
Let x : R? — [0, 1] be a smooth function that takes value 0 on S and 1 on R?\ Ny 1(S). We finally
define

and let

F(z) := Fo(z) - x(r(z), 7(z)) + (1 = x(r(z),7(x)))
and
ds? := dr? + F(x)dr>.

First, proj, is still the closest point projection with respect to ds?. Indeed, the shortest path from
x € X to vy is the one that does not change in the value of 7. As a corollary, the K-neighborhoods
of v with respect to the two metrics coincide.

Let i be a positive integer and let 2,y € X be such that r(z) = r(z) = 42" and 7(z) = 0,
7(y) = 2i. We first consider a path n connecting x to y while passing through Nk (7). Then the
total length is at least 2 - (424i — K). Next, we take a piecewise geodesic path 7’ that goes like:

(T”r) _ (4247‘,70) . (424i’ 1) . (4241‘—1’ 1) . (4241‘,—1’2) .
— @) - (@) - (D) - (4

P ) — e — (42 20).
Then the total length is 2(42" —42”")42i. Note also that i does not intersect Ny (7). We conclude
that the geodesic connecting x to y does not touch Nk (). Note also that the projection is larger
than 2i. By increasing 4, we conclude that ~ is not K—strongly contracting for any K > 0.
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Meanwhile, it is superlinear-divergent. To see this, suppose a path 7 lies in X \ Ng(v) and
satisfies () > 4. Then 7, (n) contains [2k, 2k + 2] for some integer k, and by restricting the path
if necessary, we may assume 7~ (1) = y([2k, 2k + 2]).

If r(n) ever takes two values among {42i i >0}N[R, +00), say 42" and 42™ for some m < m’,
then the total variation of r(n(t)) is at least

4272 = 42" (42— 1) > R2)2.

Consequently, we have [(n) > 0.5R2. ‘ A
If not, (1) takes at most one value 42" among {4%" : j > 0}. If i is even, then

F(n(t)) = Fo(n(t))
for ¢ such that 7(n(t)) € [2k + 1.1, 2k + 1.9]. Since
Fy(n(t)) > ™) > sk,
we have
l(n) > /F(n) dr(n) > " x 0.8 = 0.8"F,

Similarly, we have I(n) > 0.8¢*® when i is odd. This concludes that v is superlinear-divergent. [

Finally, we remark that superlinear divergence is invariant under quasi-isometry but the notion
of strongly contracting is not. For example, let X be the Cayley graph of a group G equipped with
the word metric associated to some finite generating set S and let Z be a superlinear-divergent set
in X. Then changing the generating set changes the metric in X by a quasi-isometry, and hence,
7 is still a superlinear-divergent set. But if v is a strongly contracting geodesic in X it may not
be strongly contracting with respect to the new metric.

As an explicit example, it was shown in [SZ22, Theorem C] that each mapping class group
admits a proper cobounded action on a metric space X such that all pseudo-Anosov elements have
strongly contracting quasi-axes in X. To contrast, it was shown in [RV21] Theorem 1.4] that the
the mapping class group of the five-times punctured sphere can be equipped with a word metric
such that the axis of a certain pseudo-Anosov map in the Cayley graph is not strongly contracting.

REFERENCES

[ACT15] Goulnara N. Arzhantseva, Christopher H. Cashen, and Jing Tao. Growth tight actions. Pacific J. Math.,
278(1):1-49, 2015.

[Bel54] Richard Bellman. Limit theorems for non-commutative operations. I. Duke Math. J., 21:491-500, 1954.

[BH99] Martin R. Bridson and André Haefliger. Metric spaces of mon-positive curvature, volume 319 of
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1999.

[BHS17] Jason Behrstock, Mark F. Hagen, and Alessandro Sisto. Thickness, relative hyperbolicity, and randomness
in Coxeter groups. Algebr. Geom. Topol., 17(2):705-740, 2017. With an appendix written jointly with
Pierre-Emmanuel Caprace.

[BHS19] Jason Behrstock, Mark Hagen, and Alessandro Sisto. Hierarchically hyperbolic spaces II: Combination
theorems and the distance formula. Pacific J. Math., 299(2):257-338, 2019.

[Bjo10] Michael Bjorklund. Central limit theorems for Gromov hyperbolic groups. J. Theoret. Probab., 23(3):871—
887, 2010.

[BMSS22] Adrien Bounlanger, Pierre Mathieu, Cagr1 Sert, and Alessandro Sisto. Large deviations for random walks
on hyperbolic spaces. Ann. Sci. Ec. Norm. Supér. (4), 2022.

[BQ16] Yves Benoist and Jean-Francois Quint. Random walks on reductive groups, volume 62 of Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in
Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer,
Cham, 2016.

[CFFT22] Kunal Chawla, Behrang Forghani, Joshua Frisch, and Giulio Tiozzo. The poisson boundary of hyperbolic
groups without moment conditions. arXiv preprint arXiv:2209.02114, 2022.



32

[Cho22]
[DK07]
[FK60]
[Fur63]
[Ger94]
[GK20]
[Goul7]
[Gou22]
[Gs21]
[Hor18]
[Kai00]

[Kes59]
[Kin68]

[KLO6]
[KM99]
[Lev22]
[MS20]
[MT18]
[Ose68]

[Osil6]
[RV21]

[Sis18]
[SZ22]

KUNAL CHAWLA, INHYEOK CHOI, VIVIAN HE, AND KASRA RAFI

Inhyeok Choi. Random walks and contracting elements I: Deviation inequality and limit laws. arXiv
preprint arXiw:2207.06597v2, 2022.

Bertrand Deroin and Victor Kleptsyn. Random conformal dynamical systems. Geom. Funct. Anal.,
17(4):1043-1105, 2007.

H. Furstenberg and H. Kesten. Products of random matrices. Ann. Math. Statist., 31:457-469, 1960.
Harry Furstenberg. Noncommuting random products. Trans. Amer. Math. Soc., 108:377-428, 1963.

S. M. Gersten. Quadratic divergence of geodesics in CAT(0) spaces. Geom. Funct. Anal., 4(1):37-51,
1994.

Sébastien Gouézel and Anders Karlsson. Subadditive and multiplicative ergodic theorems. J. Eur. Math.
Soc. (JEMS), 22(6):1893-1915, 2020.

Sébastien Gouézel. Analyticity of the entropy and the escape rate of random walks in hyperbolic groups.
Discrete Anal., (7), 2017.

Sébastien Gouézel. Exponential bounds for random walks on hyperbolic spaces without moment condi-
tions. Tunis. J. Math., 4(4):635-671, 2022.

Antoine Goldsborough and Alessandro Sisto. Markov chains on hyperbolic-like groups and quasi-
isometries. arXiv preprint arXiw:2111.09837, 2021.

Camille Horbez. Central limit theorems for mapping class groups and Out(F). Geom. Topol., 22(1):105—
156, 2018.

Vadim A. Kaimanovich. The Poisson formula for groups with hyperbolic properties. Ann. of Math. (2),
152(3):659-692, 2000.

Harry Kesten. Symmetric random walks on groups. Trans. Amer. Math. Soc., 92:336-354, 1959.

J. F. C. Kingman. The ergodic theory of subadditive stochastic processes. J. Roy. Statist. Soc. Ser. B,
30:499-510, 1968.

Anders Karlsson and Frangois Ledrappier. On laws of large numbers for random walks. Ann. Probab.,
34(5):1693-1706, 2006.

Anders Karlsson and Gregory A. Margulis. A multiplicative ergodic theorem and nonpositively curved
spaces. Comm. Math. Phys., 208(1):107-123, 1999.

Ivan Levcovitz. Characterizing divergence and thickness in right-angled Coxeter groups. J. Topol.,
15(4):2143-2173, 2022.

Pierre Mathieu and Alessandro Sisto. Deviation inequalities for random walks. Duke Math. J.,
169(5):961-1036, 2020.

Joseph Maher and Giulio Tiozzo. Random walks on weakly hyperbolic groups. J. Reine Angew. Math.,
742:187-239, 2018.

V. I. Oseledec. A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dynamical sys-
tems. Trudy Moskov. Mat. Ob3é., 19:179-210, 1968.

D. Osin. Acylindrically hyperbolic groups. Trans. Amer. Math. Soc., 368(2):851-888, 2016.

Kasra Rafi and Yvon Verberne. Geodesics in the mapping class group. Algebr. Geom. Topol., 21(6):2995—
3017, 2021.

Alessandro Sisto. Contracting elements and random walks. J. Reine Angew. Math., 742:79-114, 2018.
Alessandro Sisto and Abdul Zalloum. Morse subsets of injective spaces are strongly contracting. arXiv
preprint arXiv:2208.13859, 2022.

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ
Email address: kc7106@princeton.edu

JUNE E HUuH CENTER FOR MATHEMATICAL CHALLENGES OF KIAS, SEOUL, SOUTH KOREA
Email address: inhyeokchoi48@gmail.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ON
Email address: vivian.he@mail.utoronto.ca

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ON
Email address: rafi@math.toronto.edu



	1. Introduction
	Outline of the paper
	Acknowledgement

	2. Superlinear-Divergence
	2.1. Convention

	3. Alignment
	4. Probabilistic part
	4.1. Combinatorial model
	4.2. Random walks

	Appendix A. Right-angled Coxeter Groups
	Appendix B. Superlinear-divergence and strongly contracting axis
	References

