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Preface

Kro a7 He ramenmuk npsimon,

He kpoBenbmuk, He KopabenbuK, —
JlBypymHUK 51, C IBOWMHOW AYIIOL,

S HOUM mpyT, A HHA 3ACTPEJLIINK.

O. Maugensmram. I'pudensras ona.

Who am 1?7 Not a straightforward mason,

Not a roofer, not a shipbuilder, —

I am a double agent, with a duplicitous soul,

I am a friend of the night, a skirmisher of the day.
O. Mandelshtam. The Graphite Ode.

1. What is the object of study in this book?

The main unifying theme of the two volumes of this book is the notion of ind-
coherent sheaf, or rather, categories of such on various geometric objects. In this
section we will try to explain what ind-coherent sheaves are and why we need this
notion.

1.1. Who are we? Let us start with a disclosure: this book is not really about
algebraic geometry.

Or, rather, in writing this book, its authors do not act as real algebraic geome-
ters. This is because the latter are ultimately interested in geometric objects that
are constrained/enriched by the algebraicity requirement.

We, however, use algebraic geometry as a tool: this book is written with a view
toward applications to representation theory.

It just so happens that algebraic geometry is a very (perhaps, even the most)
convenient way to formulate representation-theoretic problems of categorical na-
ture. This is not surprising, since, after all, algebraic groups are themselves objects
of algebraic geometry.

The most basic example of how one embeds representation theory into algebraic
geometry is this: take the category Rep(G) of algebraic representations of a linear
algebraic group G. Algebraic geometry allows us to define/interpret Rep(G) as the
category of quasi-coherent sheaves on the classifying stack BG.

The advantage of this point of view is that many natural constructions asso-
ciated with the category of representations are already contained in the package
of ‘quasi-coherent sheaves on stacks’. For example, the functors of restriction and

xi
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coinductiorﬂ along a group homomorphism G’ - G are interpreted as the functors
of inverse and direct image along the map of stacks

BG' - BG.

But what is the advantage of this point of view? Why not stick to the explicit
constructions of all the required functors within representation theory?

The reason is that ‘explicit constructions’ involve ‘explicit formulas’, and once
we move to the world of higher categories (which we inevitably will, in order to
meet the needs of modern representation theory), we will find ourselves in trouble:
constructions in higher category theory are intolerant of explicit formulas (for an
example of a construction that uses formulas see point (III) in Sect. below).
Rather, when dealing with higher categories, there is a fairly limited package of
constructions that we are allowed to perform (see Chapter 1, Sects. 1 and 2 where
some of these constructions are listed), and algebraic geometry seems to contain a
large chunk (if not all) of this package.

1.2. A stab in the back. Jumping ahead slightly, suppose for example that we
want to interpret algebro-geometrically the category g-mod of modules over a Lie
algebra g.

The first question is: why would one want to do that? Namely, take the
universal enveloping algebra U(g) and interpret g-mod as modules over U(g). Why
should one mess with algebraic geometry if all we want is the category of modules
over an associative algebra?

But let us say that we have already accepted the fact that we want to interpret
Rep(G) as QCoh(BG). If we now want to consider restriction functor

(1.1) Rep(G) — g-mod,

(where g is the Lie algebra of G), we will need to give an algebro-geometric inter-
pretation of g-mod as well.

If g is a usual (=classical) Lie algebra, one can consider the associated formal
group, denoted in the book exp(g), and one can show (see Volume II, Chapter 7,
Sect. 5) that the category g-mod is canonically equivalent to QCoh(B(exp(g))),
the category of quasi-coherent sheaves on the classifying stackE| of exp(g). With
this interpretation of g-mod, the functor is simply the pullback functor along
the map

B(exp(g)) — BG,

induced by the (obvious) map exp(g) — G.

Let us now be given a homomorphism of Lie algebras « : g’ - g. The functor
of restriction g-mod — g’-mod still corresponds to the pullback functor along the
corresponding morphism

(1.2) B(exp(g')) 2% B(exp(g)).

What we call ‘coinduction’ is the functor right adjoint to restriction, i.e., it is the usual
representation-theoretic operation.

20One can (reasonably) get somewhat uneasy from the suggestion to consider the category of
quasi-coherent sheaves on the classifying stack of a formal group, but, in fact, this is a legitimate
operation.
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Note, however, that when we talk about representations of Lie algebras, the natural
functor in the opposite direction is induction, i.e., the left adjoint to restriction.
And being a left adjoint, it cannot correspond to the direct image along
(whatever the functor of direct image is, it is the right adjoint of pullback).

This inconsistency leads to the appearance of ind-coherent sheaves.

1.3. The birth of IndCoh.

What happens is that, although we can interpret g-mod as QCoh(B(exp(g))),
a more natural interpretation is as IndCoh(B(exp(g))). The symbol ‘IndCoh’ will
of course be explained in the sequel. It just so happens that for a classical Lie
algebra, the categories QCoh(B(exp(g))) and IndCoh(B(exp(g))) are equivalent
(as QCoh(BG) is equivalent to IndCoh(BG)).

Now, the functor of restriction along the homomorphism a will be given by the
functor

(fa)' : IndCoh(B(exp(g"))) - IndCoh(B(exp(g)));
this is the !-pullback functor, which is the raison d’étre for the theory of IndCoh.

However, the functor of induction g’-mod — g-mod will be the functor of IndCoh
direct image

(1.3) (fa):°°" : IndCoh(B(exp(g"))) ~ IndCoh(B(exp(g))).

which is the left adjoint of (f,)'. This adjunction is due to the fact that the
morphism f, is, in an appropriate sense, proper.

Now, even though, as was mentioned above, for a usual Lie algebra g, the
categories
QCoh(B(exp(g))) and IndCoh(B(exp(g)))

are equivalent, the functor (f,)PdCoh of is as different as can be from the
functor

(fa)«: QCoh(B(exp(g'))) - QCoh(B(exp(g)))
(the latter is quite ill-behaved).

For an analytically minded reader let us also offer the following (albeit some-
what loose) analogy: QCoh(-) behaves more like functions on a space, while
IndCoh(-) behaves more like measures on the same space.

1.4. What can we do with ind-coherent sheaves? As we saw in the example
of Lie algebras, the kind of geometric objects on which we will want to consider
IndCoh (e.g., B(exp(g))) are quite a bit more general than the usual objects on
which we consider quasi-coherent sheaves, the latter being schemes (or algebraic
stacks).

A natural class of algebro-geometric objects for which IndCoh is defined is that
of inf-schemes, introduced and studied in Volume II, Part I of the book. This
class includes all schemes, but also formal schemes, as well as classifying spaces of
formal groups, etc. In addition, if X is a scheme, its de Rham prestackﬂ X4r is an
inf-scheme, and ind-coherent sheaves on Xgr will be the same as crystals (a.k.a.
D-modules) on X.

3The de Rham prestack of a given scheme X is obtained by ‘modding’ out X by the groupoid
of its infinitesimal symmetries, see Volume II, Chapter 4, Sect. 1.1.1 for a precise definition.
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Thus, for any inf-scheme X we have a well-defined category IndCoh(X’). For
any map of inf-schemes f : X’ — X we have functors

findCoh . 1ndCoh(X") - IndCoh(X)

and
f':IndCoh(X) - IndCoh(X").
Moreover, if f is propelﬂ, then the functors (4 ') form an adjoint pair.

Why should we be happy to have this? The reason is that this is exactly the
kind of operations one needs in geometric representation theory.

1.5. Some examples of what we can do.

(I) Take X’ to be a scheme X and X = Xggr, with f being the canonical projection
X — Xgr. Then the adjoint pair

fIndCoh: 1 dCoh(X) 2 IndCoh(Xggr) : f'
identifies with the pair
indp_mod : IndCoh(X) 2 D-mod(X) : indp_mod,

corresponding to forgetting and inducing the (right) D-module structure (as we
shall see shortly in Sect. for a scheme X, the category IndCoh(X) is only
slightly different from the usual category of quasi-coherent sheaves QCoh(X)).

(IT) Suppose we have a morphism of schemes ¢g:Y — X and set

Yar g X4r.

The corresponding functors
fIndCoh . 1) dCoh(Yar) - IndCoh(X4gr) and f': IndCoh(Xg4r) — IndCoh(Yag)
identify with the functors
g+ Dmod : Dmod(Y") » Dmod(X) and gh,,,,q : Dmod(X) - Dmod(Y")
of D-module (a.k.a. de Rham) push-forward and pullback, respectively.

Note that while the operation of pullback of (right) D-modules corresponds to
I-pullback on the underlying O-module, the operation of D-module push-forward is
less straightforward as it involves taking fiber-wise de Rham cohomology. So, the
operation of the IndCoh direct image does something quite non-trivial in this case.

(III) Suppose we have a Lie algebra g that acts (by vector fields) on a scheme X.
In this case we can create a diagram

B(exp(g)) <= Bx (exp(s)) = Xar,
where Bx (exp(g)) is an inf-scheme, which is the quotient of X by the action of g.
Then the composite functor
(f2)™90 o (£,)' : TndCoh(B(exp(g))) - ndCoh(Xan)
identifies with the localization functor
g-mod - Dmod(X).
4Properness means the following: to every inf-scheme there corresponds its underlying re-

duced scheme, and a map between inf-schemes is proper if and only if the map of the underlying
reduced schemes is proper in the usual sense.
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This third example should be a particularly convincing one: the localization
functor, which is usually defined by an explicit formula

M~Dx ® M,
U(g)

is given here by the general formalism.

2. How do we do we construct the theory of IndCoh?

Whatever inf-schemes are, for an individual inf-scheme X, the category IndCoh(X’)
is bootstrapped from the corresponding categories for schemes by the following pro-
cedure:

(2.1) IndCoh(X) = Zhn}( IndCoh(Z).
Some explanations are in order.

2.1. What do we mean by limit?

(a) In formula , the symbol ‘lim’ appears. This is the limit of categories, but not
quite. If we were to literally take the limit in the category of categories, we would
obtain utter nonsense. This is a familiar phenomenon: the (literally understood)
limit of, say, triangulated categories is not well-behaved. A well-known example of
this is that the derived category of sheaves on a space cannot be recovered from the
corresponding categories on an open cover. However, this can be remedied if instead
of the triangulated categories we consider their higher categorical enhancements,
i.e., the corresponding oco-categories.

So, what we actually mean by ‘limit’, is the limit taken in the co-category of
oo-categories. That is, in the preceding discussion, all our IndCoh(-) are actually
oo-categories. In our case, they have a bit more structure: they are k-linear over
a fixed ground field k; we call them DG categories, and denote the co-category of
such by DGCat.

Thus, co-categories inevitably appear in this book.

(b) The indexing (oo)-category appearing in the expression ([2.1)) is the (oo)-category
opposite to that of schemes Z equipped with a map Z — X to our inf-scheme X.
The transition functors are given by

(Z' % 7) € Schyy ~ IndCoh(Z) - IndCoh(Z").

So, in order for the expression in (2.1) to make sense we need to make the
assignment
(22)  Z~MdCoh(Z), (Z'% Z)~ (IndCoh(Z) < IndCoh(Z"))
into a functor of co-categories
(2.3) IndCohg,, : (Sch)°® - DGCat .

To that end, before we proceed any further, we need to explain what the DG
category IndCoh(Z) is for a scheme Z.

For a scheme Z, the category IndCoh(Z) will be almost the same as QCoh(Z).
The former is obtained from the latter by a renormalization procedure, whose
nature we shall now explain.
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2.2. Why renormalize? Keeping in mind the examples of Rep(G) and g-mod,
it is natural to expect that the assignment (2.2]) (for schemes, and then also for
inf-schemes) should have the following properties:

(i) For every scheme Z, the DG category IndCoh(Z) should contain infinite direct
sums;

(ii) For a map Z' Lz , the functor IndCoh(Z) EiN IndCoh(Z") should preserve
infinite direct sums.

This means that the functor (2.3)) takes values in the subcategory of DGCat,
where we allow as objects only DG categories satisfying (1)E| and as l-morphisms
only functors that satisfy (ii)lﬂ

Let us first try to make this work with the usual QCoh. We refer the reader
to Chapter 3, where the DG category QCoh(X) is introduced for an arbitrary
prestack, and in particular a scheme. However, for a scheme Z, whatever the DG
category QCoh(Z2) is, its homotopy category (which is a triangulated category) is
the usual (unbounded) derived category of quasi-coherent sheaves on Z.

Suppose we have a map of schemes Z’ R Z. The construction of the !-pullback
functor
f':QCoh(Z) - QCoh(Z")
is quite complicated, except when f is proper. In the latter case, f', which from
now on we will denote by f“QC°" is defined to be the right adjoint of

f+:QCoh(Z") - QCoh(Z).

The only problem is that the above functor f>QC°" does not preserve infinite
direct sums. The simplest example of a morphism for which this happens is

f : Spec(k) — Spec(k[t]/t?)
(or the embedding of a singular point into any scheme).

The reason for the failure to preserve infinite direct sums is this: the left adjoint
of f4QC°h ‘ie. f., does not preserve compactness. Indeed, f, does not necessarily
send perfect complexes on Z' to perfect complexes on Z, unless f is of finite Tor-
dimensio

So, our attempt with QCoh fails (ii) above.

2.3. Ind-coherent sheaves on a scheme. The nature of the renormalization
procedure that produces IndCoh(Z) out of QCoh(Z) is to force (ii) from Sect.
‘by hand’.

As we just saw, the problem with fQ€°" was that its left adjoint f. did not
send the corresponding subcategories of perfect complexes to one another. However,

f+ sends the subcategory
Coh(Z") c QCoh(Z")

5Such DG categories are called cocomplete.

6Such functors are called continuous.

7We remark that a similar phenomenon, where instead of the category QCoh(Spec(k[t]/t2)) =
k[t]/t?>-mod we have the category of representations of a finite group, leads to the notion of
Tate cohomology: the trivial representation on Z is not a compact object in the category of
representations.
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to

Coh(Z) c QCoh(Z2),
where Coh(-) denotes the subcategory of bounded complexes, whose cohomology
sheaves are coherent (as opposed to quasi-coherent).

The category IndCoh(Z) is defined as the ind-completion of Coh(Z) (see Chap-
ter 1, Sect. 7.2 for what this means). The functor f, gives rise to a functor
Coh(Z") - Coh(Z), and ind-extending we obtain a functor

fndCoh . 1ndCon(Z') —» IndCoh(Z).

Its right adjoint, denoted f' : IndCoh(Z) — IndCoh(Z’) satisfies (ii) from
Sect. 2.2

Are we done? Far from it. First, we need to define the functor
findCoh: IndCoh(Z') - IndCoh(Z)

for a morphism f that is not necessarily proper. This will not be difficult, and will
be done by appealing to t-structures, see Sect. below.

What is much more serious is to define f' for any f. More than that, we need
f' not just for an individual f, but we need the data of to be a functor of
co-categories as in . Roughly a third of the work in this book goes into the
construction of the functor ; we will comment on the nature of this work in
Sect. 2.5l and then in Sect. Bl below.

2.4. In what sense is IndCoh a ‘renormalization’ of QCoh? The tautological
embedding Coh(Z) < QCoh(Z) induces, by ind-extension, a functor

Uy : IndCoh(Z) —» QCoh(Z2).

The usual t-structure on the DG category Coh(Z) induces one on IndCoh(Z).
The key feature of the functor W is that it is t-ezact. Moreover, for every fixed n,
the resulting functor

IndCoh(Z)*™™ —» QCoh(Z)*™"
is an equivalenceﬂ The reason for this is that any coherent complex can be approx-
imated by a perfect one up to something in Coh(Z)<™" for any given n.

In other words, the difference between IndCoh(Z) and QCoh(Z) occurs ‘some-
where at —oco’. So, this difference can only become tangible in the finer questions
of homological algebra (such as convergence of spectral sequences).

However, we do need to address such questions adequately if we want to have a
functioning theory, and for the kind of applications we have in mind (see Sect.
above) this necessitates working with IndCoh rather than QCoh.

As an illustration of how the theory of IndCoh takes something very familiar
and unravels it to something non-trivial, consider the IndCoh direct image functor.

In the case of schemes, for a morphism f: Z’ — Z, the functor
fidCoh: 1hdCoh(Z’) —» IndCoh(Z)
does ‘little new’ as compared to the usual

£+ : QCoh(Z") - QCoh(Z).

8But the functor ¥ is an equivalence on all of IndCoh(Z) if and only if Z is smooth.
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Namely, indc"h

makes the diagram

is the unique functor that preserves infinite direct sums and

IndCoh(2')*™" 2 QCoh(Z)>™"

findCoh l l Fu

IndCoh(Z)>" —22 QCoh(Z)>"

commute for every n.

However, as was already mentioned, once we extend the formalism of IndCoh
direct image to inf-schemes, we will in particular obtain the de Rham direct image
functor. So, it is in the world of inf-schemes that IndCoh shows its full strength.

2.5. Construction of the !-pullback functor. As has been mentioned already,
a major component of work in this book is the construction of the functor

IndCohgy, : (Sch)°P — DGCat
of (Z3).

We already know what IndCoh(Z) is for an individual scheme. We now need

to extend it to morphisms.

For a morphism f:Z' — Z, we can factor it as
(2.4) 7475
where f1 is an open embedding and f5 is proper. We then define

f':IndCoh(Z) — IndCoh(Z")
to be
fiofs.

where
(i) f5 is the right adjoint of (fy)mdCeh;
(ii) fi is the left adjoint of (f,)indCen,

Of course, in order to have f' as a well-defined functor, we need to show that
its definition is independent of the factorization of f as in . Then we will have

to show that the definition is compatible with compositions of morphisms. But this
is only the tip of the iceberg.

Since we want to have a functor between oco-categories, we need to supply the
assignment
!
f~f
with a homotopy-coherent system of compatibilities for n-fold compositions of mor-
phisms, a task which appears infeasible to do ‘by hand’.

What we do instead is we prove an existence and uniqueness theorem... not
for , but rather for a more ambitious piece of structure. We refer the reader
to Chapter 5, Proposition 2.1.4 for the precise formulation. Here we will only say
that, in addition to , this structure contains the data of a functor

(2.5) IndCoh : Sch — DGCat,
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IndCoh
Z ~IndCoh(Z), (Z' EA Z) ~ (IndCoh(Z") I IndCoh(Z2)),
as well as compatibility between (2.3) and (2.5)).

The latter means that whenever we have a Cartesian square

’

i
(2.6) fll jf

zZ, —2 . 7

there is a canonical isomorphism of functors, called base change:

(27) (fl)indCOh ° (g’)! ~ g! ° findCOh~

2.6. Enter DAG. The appearance of the Cartesian square (2.6 heralds another
piece of ‘bad news’. Namely, Z] must be the fiber product
Zl X Z,.
z

But what category should we take this fiber product in? If we look at the

example
pt X pt —— pt

| |

pt A,
(here pt = Spec(k), A' = Spec(k[t])), we will see that the fiber product pt X pt

cannot be taken to be the point-scheme, i.e., it cannot be the fiber product in the
category of usual (=classical) schemes. Rather, we need to take

t x pt = Spec(k ® k
pt x pt = Spec( 2 )

where the tensor product is understood in the derived sense, i.e.,
k ® k=k[e], deg(e)=-1.
k[t]

This is to say that in building the theory of IndCoh, we cannot stay with
classical schemes, but rather need to enlarge our world to that of derived algebraic
geometry.

So, unless the reader has already guessed this, in all the previous discussion,
the word ‘scheme’ had to be understood as ‘derived schemeﬂ (although in the main
body of the book we say just ‘scheme’, because everything is derived).

However, this is not really ‘bad news’. Since we are already forced to work
with oo-categories, passing from classical algebraic geometry to DAG does not add
a new level of complexity. But it does add a lot of new techniques, for example in
anything that has to do with deformation theory (see Volume II, Chapter 1).

Moreover, many objects that appear in geometric representation theory nat-
urally belong to DAG (e.g., Springer fibers, moduli of local systems on a curve,
moduli of vector bundles on a surface). That is, these objects are not classical, i.e.,

9Technically7 for whatever has to do with IndCoh, we need to add the adjective ‘laft’=‘locally
almost of finite type’, see Chapter 2, Sect. 3.5 for what this means.
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we cannot ignore their derived structure if we want to study their scheme-theoretic
(as opposed to topological) properties. So, we would have wanted to do DAG in
any case.

Here are two particular examples:

(I) Consider the category of D-modules (resp., perverse) sheaves on the double
quotient
NG/,

where G is a connected reductive group, G((t)) is the corresponding loop group
(considered as an ind-scheme) and I c G((t)) is the Iwahori subgroup. Then
Bezrukavnikov’s theory (see [Bez]) identifies this category with the category of
ad-equivariant ind-coherent (resp., coherent) sheaves on the Steinberg scheme (for
the Langlands dual group). But what do we mean by the Steinberg scheme? By
definition, this is the fiber product

(2.8) N x N,

where N is the Springer resolution of the nilpotent cone. However, in order for this
equivalence to hold, the fiber product in (2.8)) needs be understood in the derived

sense.

(IT) Let X be a smooth and complete curve. Let Pic(X) be the Picard stack of X,
i.e., the stack parameterizing line bundles on X. Let LocSys(X) be the stack param-
eterizing 1-dimensional local systems on X. The Fourier-Mukai-Laumon transform
defines an equivalence

Dmod(Pic(X)) ~ QCoh(LocSys(X)).

However, in order for this equivalence to hold, we need to understand LocSys(X)
as a derived stack.

2.7. Back to inf-schemes. The above was a somewhat lengthy detour into the
constructions of the theory of IndCoh on schemes. Now, if X is an inf-scheme, the
category IndCoh(X) is defined by the formula (2.1]).

Thus, informally, an object F € IndCoh(X) is a family of assignments
(Z35 X)~ Fz, e IndCoh(Z)

(here Z is a scheme) plus

(Z' % Z) € Sebyx ~ ['(Fra) = Fra,
along with a homotopy-coherent compatibility data for compositions of morphisms.
For a map ¢g: X’ — X, the functor
g': IndCoh(X) - IndCoh(X")

is essentially built into the construction. Recall, however, that our goal is to also
have the functor

gdCeh: TndCoh(X") — IndCoh(X).
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The construction of the latter requires some work (which occupies most of
Volume II, Chapter 3). What we show is that there exists a unique system of such
functors such that for every commutative (but not necessarily Cartesian) diagram

Z’;,)X’

b
zZ — > x
with Z, Z’ being schemes and the morphisms ¢,¢" proper, we have an isomorphism

IndCoh -/\IndCoh _, ;-IndCoh IndCoh
g)(' © (Z )* - Z* ° f

where i14C°N (resp., (i")dCoh) i the left adjoint of i (resp., (i')').

Amazingly, this procedure contains the de Rham push-forward functor as a
particular case.

3. What is actually done in this book?

This book consists of two volumes. The first Volume consists of three Parts and
an Appendix and the second Volume consists of two Parts. Each Part consists of
several Chapters. The Chapters are designed so that they can be read independently
from one another (in a sense, each Chapter is structured as a separate paper with
its own introduction that explains what this particular chapter does).

Below we will describe the contents of the different Parts and Chapters from
several different perspectives: (a) goals and role in the overall project; (b) practical
implications; (c¢) nature of work; (d) logical dependence.

3.1. The contents of the different parts.
Volume I, Part I is called ‘preliminaries’, and it is really preliminaries.
Volume I, Part IT builds the theory of IndCoh on schemes.

Volume I, Part III develops the formalism of categories of correspondences; it is
used as a ‘black box’ in the key constructions in Volume I, Part II and Volume II,
Part I: this is our tool of bootstrapping the theory of IndCoh out of a much smaller
amount of data.

Volume I, Appendix provides a sketch of the theory of (oo,2)-categories, which, in
turn, is crucially used in Volume I, Part III.

Volume II, Part I defines the notion of inf-scheme and extends the formalism of
IndCoh from schemes to inf-schemes, and in that it achieves one of the two main
goals of this book.

Volume II, Part II consists of applications of the theory of IndCoh: we consider
formal moduli problems, Lie theory and infinitesimal differential geometry; i.e.,
exactly the things one needs for geometric representation theory. Making these
constructions available is the second of our main goals.
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3.2. Which chapters should a practically minded reader be interested
in? Not all the Chapters in this book make an enticing read; some are downright
technical and tedious. Here is, however, a description of the ‘cool’ things that some
of the Chapters do:

None of the material in Volume I, Part I alters the pre-existing state of knowledge.

Volume I, Chapters 4 and 5 should not be a difficult read. They construct the
theory of IndCoh on schemes (the hard technical work is delegated to Volume I,
Chapter 7). The reader cannot avoid reading these chapters if he/she is interested
in the applications of IndCoh: one has to have an idea of what IndCoh is in order
to use it.

Volume I, Chapters 6 is routine. The only really useful thing from it is the functor
Tz :QCoh(Z) - IndCoh(Z2),

given by tensoring an object of QCoh(Z) with the dualizing complex wz € IndCoh(Z).
Extract this piece of information from Sects. 3.2-3.3 and move on.

Volume I, Chapter 7 introduces the formalism of correspondences. The idea of the
category of correspondences is definitely something worth knowing. We recommend
the reader to read Sect. 1 in its entirety, then understand the universal property
stated in Sect. 3, and finally get an idea about the two extension theorems, proved in
Sects. 4 and 5, respectively. These extension theorems are the mechanism by means
of which we construct IndCoh as a functor out of the category of correspondences
in Volume I, Chapter 5.

Volume I, Chapter 8 proves a rather technical extension theorem, stated in Sect.
1; we do not believe that the reader will gain much by studying its proof. This
theorem is key to the extension of IndCoh from schemes to inf-schemes in Volume
II, Chapter 3.

Volume I, Chapter 9 is routine, except for one observation, contained in Sects. 2.2-
2.3: the natural involution on the category of correspondences encodes duality. In
fact, this is how we construct Serre duality on IndCoh(Z) and Verdier duality on
Dmod(Z) where Z is a scheme (or inf-scheme), see Chapter 5, Sect. 4.2, Volume
I, Chapter 3, Sect. 6.2, and Volume II, Chapter 4, Sect. 2.2, respectively.

Volume I, Chapter 10 introduces the notion of (oo,2)-category and some basic
constructions in the theory of (o0, 2)-categories. This Chapter is not very technical
(mainly because it omits most proofs) and might be of independent interest.

Volume I, Chapter 11 does a few more technical things in the theory of (oo,2)-
categories. It introduces the (oo, 2)-category of (o0,2)-categories, denoted 2-Cat.
We then discuss the straightening /unstraightening procedure in the (oo, 2)-categorical
context and the (oo,2)-categorical Yoneda lemma. The statements of the results
from this Chapter may be of independent interest.

Volume I, Chapter 12 discusses the notion of adjunction in the context of (oo,2)-
categories. The main theorem in this Chapter explicitly constructs the universal
adjointable functor (and its variants), and we do believe that this is of interest
beyond the particular goals of this book.

Volume II, Chapter 1 is background on deformation theory. The reason it is in-
cluded in the book is that the notion of inf-scheme is based on deformation theory.
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However, the reader may find the material in Sects. 1-7 of this Chapter useful
without any connection to the contents of the rest of the book.

Volume II, Chapter 2 introduces inf-schemes. It is quite technical. So, the prac-
tically minded reader should just understand the definition (Sect. 3.1) and move
on.

Volume II, Chapter 3 bootstraps the theory of IndCoh from schemes to inf-schemes.
It is not too technical, and should be read (for the same reason as Volume I,
Chapters 4 and 5). The hard technical work is delegated to Volume I, Chapter 8.

Volume II, Chapter 4 explains how the theory of crystals/D-modules follows from
the theory of IndCoh on inf-schemes. Nothing in this Chapter is very exciting, but
it should not be a difficult read either.

Volume II, Chapter 5 is about formal moduli problems. It proves a pretty strong
result, namely, the equivalence of categories between formal groupoids acting on
a given prestack X (assumed to admit deformation theory) and formal moduli
problems under X.

Volume II, Chapter 6 is a digression on the general notion of Lie algebra and Koszul
duality in a symmetric monoidal DG category. It gives a nice interpretation of
the universal enveloping algebra of a Lie algebra of g as the homological Chevalley
complex of the Lie algebra obtained by looping g. The reader may find this Chapter
useful and independently interesting.

Volume II, Chapter 7 develops Lie theory in the context of inf-schemes. Namely,
it establishes an equivalence of categories between group inf-schemes (over a given
base X) and Lie algebras in IndCoh(X’). One can regard this result as one of the
main applications of the theory developed hereto.

Volume II, Chapters 8 and 9 use the theory developed in the preceding Chapters
for ‘differential calculus’ in the context of DAG. We discuss Lie algebroids and
their universal envelopes, the procedure of deformation to the normal cone, etc.
For example, the notion of n-th infinitesimal neighborhood developed in Volume
II, Chapter 9 gives rise to the Hodge filtration.

3.3. The nature of the technical work. The substance of mathematical thought
in this book can be roughly split into three modes of cerebral activity: (a) making
constructions; (b) overcoming difficulties of homotopy-theoretic nature; (¢) dealing
with issues of convergence.

Mode (a) is hard to categorize or describe in general terms. This is what one
calls ‘the fun part’.

Mode (b) is something much better defined: there are certain constructions that
are obvious or easy for ordinary categories (e.g., define categories or functors by an
explicit procedure), but require some ingenuity in the setting of higher categories.
For many readers that would be the least fun part: after all it is clear that the thing
should work, the only question is how to make it work without spending another
100 pages.

Mode (c) can be characterized as follows. In low-tech terms it consists of
showing that certain spectral sequences converge. In a language better adapted for
our needs, it consists of proving that in some given situation we can swap a limit
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and a colimit (the very idea of IndCoh was born from this mode of thinking). One
can say that mode (c) is a sort of analysis within algebra. Some people find it fun.

Here is where the different Chapters stand from the point of view of the above
classification:

Volume I, Chapter 1 is (b) and a little of (c).
Volume I, Chapter 2 is (a) and a little of (c).
Volume I, Chapter 3 is (c).

Volume I, Chapter 4 is (a) and (c).

Volume I, Chapter 5 is (a).

Volume I, Chapter 6 is (b).

Volume I, Chapters 7-9 are (b).

Volume I, Chapters 10-12 are (b).

Volume II, Chapter 1 is (a) and a little of (c).
Volume II, Chapter 2 is (a) and a little of (c).
Volume II, Chapter 3 is (a).

Volume II, Chapter 4 is (a).

Volume II, Chapter 5 is (a).

Volume II, Chapter 6 is (c) and a little of (b).
Volume II, Chapter 7 is (c) and a little of (a).
Volume II, Chapters 8 and 9 are (a).

3.4. Logical dependence of chapters. This book is structured so that Volume
I prepares the ground and Volume II reaps the fruit. However, below is a scheme of
the logical dependence of chapters, where we allow a 5% skip margin (by which we
mean that the reader skips certain thingﬂ and comes back to them when needed).

3.4.1. Volume I, Chapter 1 reviews oo-categories and higher algebra. Read it only
if you have no prior knowledge of these subjects. In the latter case, here is what
you will need in order to understand the constructions in the main body of the
book:

Read Sects. 1-2 to get an idea of how to operate with co-categories (this is a
basis for everything else in the book).

Read Sects. 5-7 for a summary of stable co-categories: this is what our QCoh(-)
and IndCoh(-) are; forget on the first pass about the additional structure of k-linear
DG category (the latter is discussed in Sect. 10).

Read Sects. 3-4 for a summary of monoidal structures and duality in the context
of higher category theory. You will need it for this discussion of Serre duality and
for Volume I, Chapter 6.

Sects. 8-9 are about algebra in (symmetric) monoidal stable co-categories. You
will need it for Volume II, Part II of the book.

10These are things that can be taken on faith without compromising the overall understanding
of the material.
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Volume I, Chapter 2 introduces DAG proper. If you have not seen any of it
before, read Sect. 1 for the (shockingly general, yet useful) notion of prestack. Every
category of geometric objects we will encounter in this book (e.g., (derived) schemes,
Artin stacks, inf-schemes, etc.) will be a full subcategory of the oo-category of
prestacks. Proceed to Sect. 3.1 for the definition of derived schemes. Skip all the
rest.

Volume I, Chapter 3 introduces QCoh on prestacks. Even though the main
focus of this book is the theory of ind-coherent sheaves, the latter theory takes a
significant input and interacts with that of quasi-coherent sheaves. If you have not
seen this before, read Sect. 1 and then Sects. 3.1-3.2.

3.4.2. In Volume I, Chapter 4 we develop the elementary aspects of the theory of
IndCoh on schemes: we define the DG category IndCoh(Z) for an individual scheme
Z, construct the IndCoh direct image functor, and also the !-pullback functor for
proper morphisms. This Chapter uses the material from Volume I, Part I mentioned
above. You will need the material from this chapter in order to proceed with the
reading of the book.

Volume I, Chapter 5 builds on Volume 1, Chapter 4, and accomplishes (mod-
ulo the material delegated to Volume I, Chapter 7) one of the main goals of this
book. We construct IndCoh as a functor out of the category of correspondences. In
particular, we construct the functor . The material from this Chapter is also
needed for the rest of the book.

In Volume I, Chapter 6 we study the interaction between IndCoh and QCoh.
For an individual scheme Z we have an action of QCoh(Z) (viewed as a monoidal
category) on IndCoh(Z). We study how this action interacts with the formalism of
correspondences from Volume I, Chapter 5, and in particular with the operation of
l-pullback. The material in this Chapter uses the formalism of monoidal categories
and modules over them from Volume I, Chapter 1, as well as the material from
Volume I, Chapter 5. Skipping Volume I, Chapter 6 will not impede your under-
standing of the rest of the book, so it might be a good idea to do so on the first
pass.

3.4.3. Volume I, Part II develops the theory of categories of correspondences. It
plays a service role for Volume I, Chapter 6 and Volume II, Chapter 3, and relies
on the theory of (o0, 2)-categories, developed in Volume I, Appendix.

3.4.4. Volume I, Appendix develops the theory of (oo,2)-categories. It plays a
service role for Volume I, Part III.

Volume I, Chapters 11 and 12 rely on Volume I, Chapter 10, but can be read
independently of one another.

3.4.5. Volume II, Chapter 1 introduces deformation theory. It is needed for the
definition of inf-schemes and, therefore, for proofs of any results about inf-schemes
(that is, for Volume II, Chapter 2). We will also need it for the discussion of formal
moduli problems in Volume II, Chapter 5. The prerequisites for Volume II, Chapter
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1 are Volume I, Chapters 2 and 3, so it is (almost)lﬂ independent of the material
from Volume I, Part II.

In Volume II, Chapter 2 we introduce inf-schemes and some related notions
(ind-schemes, ind-inf-schemes). The material here relies in that of Volume II, Chap-
ter 1, and will be needed in Volume II, Chapter 3.

In Volume II, Chapter 3 we construct the theory of IndCoh on inf-schemes.
The material here relies on that from Volume I, Chapter 5 and Volume II, Chapter
2 (and also a tedious general result about correspondences from Volume I, Chapter
8). Thus, Volume II, Chapter 3 achieves one of our goals, the later being making the
theory of IndCoh on inf-schemes available. The material from Volume II, Chapter
3 will (of course) be used when will apply the theory of IndCoh, in Volume II,
Chapter 4 and 7-9.

In Volume II, Chapter 4 we apply the material from Volume II, Chapter 3 in
order to develop a proper framework for crystals (=D-modules), together with the
forgetful/induction functors that related D-modules to O-modules. The material
from this Chapter will not be used later, except for the extremely useful notion of
the de Rham prestack construction X ~ XyR.

3.4.6. In Volume II, Chapter 5 we prove a key result that says that in the category
of prestacks that admit deformation theory, the operation of taking the quotient
with respect to a formal groupoid is well-defined. The material here relies on that
from Volume II, Chapter 1 (at some point we appeal to a proposition from Volume
I, Chapter 3, but that can be avoided). So, the main result from Volume II,
Chapter 5 is independent of the discussion of IndCoh.

Volume II, Chapter 6 is about Lie algebras (or more general operad algebras)
in symmetric monoidal DG categories. It only relies on the material from Volume I,
Chapter 1, and is independent of the preceding Chapters of the book (no DAG, no
IndCoh). The material from this Chapter will be used for the subsequent Chapters
in Volume II, Part II.

3.4.7. A shortcut. As has been mentioned earlier, Volume II, Chapters 7-9 are de-
voted to applications of IndCoh to ‘differential calculus’. This ‘differential calculus’
occurs on prestacks that admit deformation theory.

If one really wants to use arbitrary such prestacks, one needs the entire machin-
ery of IndCoh provided by Volume II, Chapter 3. However, if one is content with
working with inf-schemes (which would suffice for the majority of applications),
much less machinery would suffice:

The cofinality result from Volume II, Chapter 3, Sect. 4.3 implies that we can
bypass the entire discussion of correspondences, and only use the material from
Volume I, Chapter 4, i.e., IndCoh on schemes and !-pullbacks for proper (in fact,
finite) morphisms.

3.4.8. Volume II, Chapters 7-9 form a logical succession. As input from the pre-
ceding chapters they use Volume II, Chapter 3 (resp., Volume I, Chapter 5 (see
Sect. above), Volume II, Chapter 1 and Volume II, Chapters 5-6.

H\Whenever we want to talk about tangent (as opposed to cotangent) spaces, we have to use
IndCoh rather than QCoh, and these parts in Volume II, Chapter 1 use the material from Volume
I, Chapter 5.
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Introduction

In describing the contents of Volume I we will use some terminology pertaining
to higher category theory, derived algebraic geometry and the (derived) category
of quasi-coherent sheaves. The reader is referred to the part of this book, called
Preliminaries, where the relevant notions are surveyed.

1. Ind-coherent sheaves

The goal of Volume I is to set up the machinery of ind-coherent sheaves on (de-
rived) schemes, in order to apply it in Volume II and describe algebro-geometrically
categories and functors that naturally arise in representation theory.

1.1. How do ind-coherent sheaves arise? We start the development of the
theory of ind-coherent sheaves in Chapter 4. The idea is the following:

Given a (derived) scheme X (assumed almost of finite type), the usual DG
category QCoh(X) of quasi-coherent sheaves on X can be realized as the ind-
completion of its full subcategory QCoh(X)Pf of perfect objects.

The category IndCoh(X) is defined to be the ind-completion of another sub-
category of QCoh(X ), namely Coh(X) that consists of objects that are cohomolog-
ically bounded (i.e., have non-zero cohomologies only in finitely many degrees) and

all of whose cohomologies are coherent as sheaves on the classical scheme underlying
X.

The first question is: why should we consider such a thing? In the next few
subsections we will try to provide an answer.

1.1.1.  One motivation for the theory of ind-coherent sheaves is to have a robust
theory of Grothendieck-Serre duality. In particular, we would like to have a well
behaved exceptional inverse image functor for arbitrary maps of schemes (as well
as more general prestacks). Moreover, for the needs of representation theory, we
would like to study O-modules on algebro-geometric objects much more general
than schemes. In fact, we want to consider all prestacks (locally almost of finite
type). A particularly important class of prestacks is that of inf-schemes, a notion
that will be introduced in Volume II. The theory of ind-coherent sheaves addresses
both of these concerns.

To simplify the discussion, let X be an ind-scheme, i.e., a filtered colimit of
schemes

X =colim X,

where the transition maps X; —> X ; are closed embeddings.

Xxix
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We would like to have a version of the category of O-modules on X which
is the colimit of the corresponding categories on the X;’s, where the transition
functors are given by taking direct images with respect to the f; ;’s. Le., morally,
an O-module on X is a union of its submodules supported on the X;’s.

Let us try to interpret the category of O-modules as QCoh(-) and see what
we get. If we apply the definition, we obtain

QCoh(X) ~ lim QCoh(X,), (i = j) ~ (QCoh(X;) 1% QUoh(X,)),

i.e., our category on X is the limit of the corresponding categories on the X;’s with
respect to pullbacks (rather than the colimit of the same categories with respect to
pushforwards).

So, the category that we seek on X is not the usual QCoh(X'). Let us, however,
try something else: let us try to ‘force’ the definition as a colimit, while still using
QCoh(-) on the X;’s as building blocks. ILe., consider the category
(11)  colim QUoh(X,), (i)~ (QCoh(X:) 2" QCoh(X))).

The above gives a well-defined category, but the problem is that it may be quite
ill-behaved. Namely, one can formally rewrite the above colimit as a limit,

1,QCoh

lim QCoh(X;), (i j) ~ (QCoh(X;) "~ QCoh(X;)),

1,QCoh
where f; ’JQCO

potential bad behavior of the functors f;

is the functor right adjoint to (f; ;).. The problem is caused by the
QCoh
; .

1.1.2. Let us isolate the problem. Let f: X — Y be a closed embedding (or, more
generally, a proper map). We have the usual direct image functor

f+: QCoh(X) - QCoh(Y),
and it follows formally from Lurie’s Adjoint Functor Theorem that this functor
admits a right adjoint, denoted
fHQCh: QCoh(Y) - QCoh(X).

The trouble is, however, that the above functor f“QC°" may be ill-behaved.
Technically, ‘ill-behaved’” means that it may fail to be continuous (i.e., preserve
colimits).

One can ask further: why is non-contuniuty a problem? The answer to this
is that the world that we would like to work in is that of DG categories that are
cocomplete, and continuous functors between them. The reason for the latter is that
in this world we have a well-defined operation of tensor product of DG categories

(1.2) C,D~CoD.
I.e., this is the world in which we can really ‘do algebra’, which is exactly what
we want to do in Volume II, with a view to applications to representation theory.

In addition, it is this world in which it is most convenient to talk about duality,
which will be discussed in the sequel.



1. IND-COHERENT SHEAVES XXX1

1.1.3. Now, the obstruction to the functor f"QC°" being continuous is that its
left adjoint, namely, f, does not preserve compactness, i.e., it does not necessarily
send QCoh(X )P to QCoh(Y)Pef. However, it does send Coh(X) to Coh(Y), by
virtue of properness. Therefore, the right adjoint to the corresponding functor

findCeh: IhdCoh(X) — IndCoh(Y"),
denoted
f':IndCoh(Y) - IndCoh(X)
1s continuous.
So, replacing QCoh(-) by IndCoh(-) fixes the bug of non-continuity of f»Q¢°h,
1.1.4. In particular, returning to the case of an ind-scheme X', we can define

1.3
( ) (f;.;)mdCon
IndCoh(X) := colimIndCoh(X;), (i - j) ~ (IndCoh(X;) ~ ">  IndCoh(X})),

and thus obtain a reasonable category, which we can also write as

(1.4) lim QCoh(X;), (i— j)~ (IndCoh(X}) & IndCoh(X;)),

The above category matches exactly the needs of representation theory and one
that we will use.

1.2. What does the theory of ind-coherent sheaves consist of ? Let us now
take X to be a general prestack (locally almost of finite type). We would like to
define the category IndCoh(X') that reproduces the answer given above in the case
when X is an ind-scheme. However, we no longer expect that IndCoh(X) could be
written as a colimit. But we can try to approach IndCoh(X) as a limit, so that in
the case of ind-schemes, we recover .

Thus, we would like to define

(1.5) IndCoh(X) := XlimX IndCoh(Xj;),

where the limit is taken over the category of all schemes (almost of finite type)
mapping to X, and where the transition functors IndCoh(X;) - IndCoh(X;) are
given by

- fé,j
(X; Tiyg X;) ~ (IndCoh(X;) —> IndCoh(Xj).

But we now face a new problem: the maps f; ; are no longer closed embeddings
(or proper); they are arbitrary maps between schemes (almost of finite type). So,
we need the definition of the functor

f':IndCoh(Y) - IndCoh(X)

in the case of an arbitrary map X Ly.

Moreover, in order for the limit (1.5)) to make sense in the world of higher
categories, we need the assignment

X ~ IndCoh(X), (X% Y) ~ (IndCoh(Y) % IndCoh(X))
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be a functor from the category opposite to that of schemes almost of finite type to
that of DG categories and continuous functors:

(1.6) IndCoh, . (Schat)*® — DGCateon; -

1.2.1. The problem is that for an arbitrary map f, the functor f' is not adjoint to
anything. However, we can factor f as a composition f1 o fo, where fy is an open
embedding, and f; is a proper morphism, and define

! ! 1
fr=Ffaofi,
where f} is the right adjoint to (f1)4°" and f} is just restriction.

If we were to realize this idea, we would have to show that the above definition of
f' does not depend on the factorization f as f; o fo, and moreover that it upgrades
to a functor . This can be handled explicitly if our target was an ordinary
category (rather than DGCateont), but in the world of higher categories we will
have to extract using the (somewhat constrained) toolbox of constructions
that produce functors from already existing ones.

1.2.2.  Suppose, nevertheless, that we have constructed the functor (1.6). We may
(and do) want more, however: for a schematic map between prestacks g : X - )
we want to have the direct image functor

gindCeh : IndCoh(X) - IndCoh(Y),

determined by the requirement that for a scheme Y and a map fy : Y — ), for the

Cartesian square
fx

X — X
o
y I, Y,
we have an isomorphism of functors
) F o gl 90 = (09 o .

In order for this to happen, at the very least, we need an analogous property
for maps between schemes. L.e., we want that for a Cartesian diagram of schemes

x ., x

q |s

y'L,Y

)

there exists a canonical isomorphism of functors

(1 8) ,f)'/ ogIndCoh ~ (gl)lndCoh ° f"X

However, in order for the isomorphisms (|1.8) to give rise to (1.7)), the isomor-
phisms ([1.8]) themselves must be functorial with respect to compositions of the
maps f and g.

Such a functoriality is easy to spell out in the world of ordinary categories, but
it becomes a non-trivial problem when we are dealing with higher categories (more
precisely, when the target category, which in our case is DGCatcont, is a higher
category).
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1.2.3. This brings us to the idea of the category of correspondences, discussed
below, and to which we devoted Part III of this volume.

In Chapter 5 we prove the existence and uniqueness of IndCoh as a functor
out of the category of correspondences. Moreover, it turns out that this extended
formalism (rather than just the functor ) is a very natural way to construct
the functor itself.

So, the formalism of correspondences is not only needed in order to extend
IndCoh to prestacks, but a necessity for the construction of the !-pullback on
schemes.

1.3. Before we pass to the discussion of the formalism of correspondences, let us
mention the role of Chapter 6 of this volume. In that Chapter, we undertake a
systematic study of the relationship between QCoh(-) and IndCoh(-), when both
are viewed as functors

(Schag )°P - DGCateont -

The upshot is that both have a natural symmetric monoidal structure, where

the symmetric monoidal structure on (Sch,g )°P is given by the Cartesian product
of schemes, and on DGCatcont by (1.2)).

Moreover, there is a natural transformation between the above two functors,
denoted Y. For an individual scheme X, the corresponding functor

Tx : QCoh(X) - IndCoh(X),
given by tensoring the dualizing object wx € IndCoh(X) by an object of QCoh(X).

2. Correspondences and the six functor formalism

For our purposes, the main function of the category of correspondences is to
encode all of the data of Grothendieck’s six functor formalism.

Let C be an (o0,1)-category with Cartesian product, and let S be a target
(o0, 1)-category. The role of the category of correspondences Corr(C) is to encode
a ‘bivarant’ functor from C to S. The example that one should keep in mind
is C = Sch,g, S = DGCateont and the functor in question is IndCoh, where we
consider both the !-pullback and *-push forward. Namely, we will see that functors
Corr(C) — S will exactly correspond to such ‘bivariant’ functors.

The Cartesian product on the category C induces a symmetric monoidal struc-
ture on the category Corr(C). Moreover, the data of a (right-lax) symmetric
monoidal structure on a functor @, : Corr(C) — S, in particular induces a com-
mutative algebra structure on @, (c) for every object ¢ € C. In the example
where C = Sch,g, S = DGCateone and the functor in question is IndCoh, this
gives IndCoh(X) a symmetric monoidal structure for each scheme X. Moreover,
as will be explained in Sect. [2:4] one also recovers Grothendieck-Serre duality for
IndCoh(X) from the symmetric monoidal structure on the functor from correspon-
dences.

Additionally, the (oo, 2)-categorical enhancement Corr(C)%“2t of the category

of correspondences is used to encode the various relations between the pullback
and pushforward functors as well as the tensor structure, such as the fact that
for IndCoh, the !-pullback is the right adjoint to *-pushforward for a proper map.
In this way, the (oo,2)-category of correspondences encodes the full six functor
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formalism (the other three functors, when they exist, are adjoint to the pullback,
pushforward and tensor functors). The reader is referred to Part III, Introduction,
Sect. 2 for a general discussion of the six functor formalism and its relation to the

category of correspondences. For the time being, we will focus on the parts relevant
to IndCoh.

2.1. Why do correspondences arise? Suppose that we are given functors
$:C—Sand ' :CP S,

(not necessarily related to each other by any sort of adjunction) that agree on
objects, and for every Cartesian square

’ @0
c, — €

(2.1) yl lg

’ a1
g —— ¢

we are given an isomorphism of maps ®(cg) - ®(c})
(1) 0 ®(5) = ®(S") 0 ' (ax).
We want to encode this data by a functor Corr(C) — S.

2.1.1. If C is an ordinary category, it is easy to say what Corr(C) should be.
Namely, its objects are the same as those of C, but now morphisms from cg to ¢;
are diagrams

g
Cp,1 — Co

(2.2) fl

Ci,
and the compositions are given as follows: the composition of (2.2)) and

Clog — C;

|

Ca,

is the diagram
Cpo2 — Co

|

Ca,
where cp2=¢cy2 X € 1.
C1

A bivariant functor as above defines a functor out of the category Corr(C) by
setting
Peorr(€) = P(c) = Q!(c)
at the level of objects, and for a morphism ({2.2)), the corresponding map
®(co) » (c1)

is given by ®(8) o ®'(a). The isomorphisms (2.1)) ensure that @, respects com-
positions.
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2.1.2. However, if C is a higher category, we cannot just define Corr(C) by speci-
fying the objects, morphisms and compositions. Instead, we need to invent a device
which would produce the desired (oo, 1)-category from the (rather limited) list of
procedures that produce (oo, 1)-categories from the existing ones. Moreover, the
(00, 1)-category Corr(C) should exactly encode what it means for the isomorphisms
to be compatible with the compositions of vertical and horizontal morphisms.

We introduce and study such a device in Chapter 7 of this volume.

2.2. How to construct functors out of a category of correspondences?
Once the category Corr(C) is constructed, we would like to describe a mechanism
that produces functors out of it (and thereby gives rise to bi-variant functors with
all the necessary compatibilities).

2.2.1. Here is a construction, a generalization of which will be one of our basic
tools. Let us start with a functor

d:C S,
where S is the (oo, 1)-category 1-Cat. Suppose that for every 1-morphism cg ER cy
in C, the corresponding map in 1-Cat, i.e., a functor between (oo, 1)-categories,
®(co) ~ @(c1),
admits a right adjoint.
Then the operation of passage to the right adjoint adjoint defines a functor
' :CP > 8.
Suppose now that the following condition holds: for a Cartesian diagram ,
the natural transformation
B(8") 0 @' (ag) > @' (1) 0 B()
that arises by adjunction from the isomorphism
D(a1) o B(B) = @(B) o ©(axg),
is an isomorphism.

In this case we do expect that the functors (<I>7<I>!) comprise the datum of a
functor
Dop; : Corr(C) — S.
And this turns out to indeed be the case.
Let us denote the subcategory of functors Funct(C,S) satisfying the above
properties by Funct(C,S)B¢ (here ‘BC’ stands either for ‘Beck-Chevalley’ or ‘base
change’). Thus, we obtain a functor

(2.3) Funct(C,S)¢ - Funct(Corr(C),S), S=1-Cat.
However, the functor (2.3) is not an equivalence, and it is not quite adequate
for our purposes, for two reasons.

2.2.2. For one thing, we would like to ‘upgrade’ (2.3) (by modifying the right-
hand side) to make it an equivalence, in order to be more robust and suitable for
applications.

But more importantly, for now, the above is just wishful thinking: we would
not even be able to construct the functor (2.3]) unless we make a sharper claim.
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2.3. The 2-categorical enhancement. To make the sought-for sharper claim,
we notice that our discussion was specific to the target (oo, 1)-category being 1-Cat,
in that we used the notion of ‘adjoint’ 1-morphism.

However, this is not specific just to 1-Cat, but rather is an artifact of a richer
structure on the totality of (oo, 1)-categories: namely that 1-Cat is the (oo,1)-
category underlying a canonically defined (oo, 2)-category, denoted 1- Cat.

Thus, one expects to find a construction analogous to (2.3)), where S is (the
(00, 1)-category underlying) an (oo, 2)-category. And such a construction is indeed
possible, and can be sharpened to an equivalence, once we understand Corr(C)
differently:

Namely, we should enhance Corr(C) itself to an (oo, 2)-category, denoted Corr(C)2at,
2.3.1. If C was an ordinary category, then Corr(C)*C2*
2-category, where we introduce 2-morphisms as follows:

would be an ordinary

For a morphism ¢y — c1, given by (2.2)), and another one, given by

7

7 «
Co1 — Co

4
Ci1,

the set of maps between them is that of commutative diagrams

Ci.

When C is a genuine (oo, 1)-category, we construct Corr(C)? 2 using a device
that we call ‘Segal categories’.

2.3.2.  Thus, in order to have an adequate theory of categories of correspondences,
one has to venture into the (so far, not so well explored) world of (o0, 2)-categories.
Once we do this, we will have a naturally defined map

Funct(Corr(C)*“*S) - Funct(C,S),

whose essential image is Funct(C,S)BC, i.e., we obtain the sought-for equivalence

(2.4) Funct(C, S)BC ~ Funct(Corr(C)* ' S),

refining ([2.3)).
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2.3.3. In addition to defining the (oo, 1)-category Corr(C)*“?" and also the (o0, 2)-
category Corr(C)%“2t in Chapter 7 we prove an extension theorem, that allows
us to construct IndCoh as a functor out of the category of correspondences to
DGCateont-

In Chapter 8 we prove two more extension theorems that allow us to extend a
functor from one category of correspondences to a larger one. These theorems will
be applied in Volume II to extending IndCoh from schemes to inf-schemes.

2.4. Correspondences and duality. The formalism of functors out of Corr(C)
is also an efficient way of encoding the idea of duality.

2.4.1. Note that the Cartesian product on C makes Corr(C) into a symmetric
monoidal category. Moreover, every object ¢ € Corr(C) is canonically self-dual.
Namely, the unit and co-unit maps are given by the diagrams

C —_—> %

|

cXCcC

and
c —— cXxc¢

l

*,

where * denotes the final object of C, and ¢ — ¢ x ¢ is the diagonal map.
2.4.2. Suppose that we are given a functor

Dopp : Corr(C) - S,
where both S and ®.,,, are equipped with symmetric monoidal structures.

Then we obtain that for any ¢ € C, the corresponding object ®corr(c) € S is
canonically self-dual.

2.4.3. Applying this observation to the IndCoh functor, we will obtain that Serre
duality is a formal consequence of the existence of IndCoh as a functor out of
the category of correspondences. Namely, we obtain that for X € Sch,g, the DG
category IndCoh(X) is equipped with a canonical identification

(2.5) D5 : IndCoh(X) =~ IndCoh(X)",
where IndCoh(X)" is the dual category, i.e., Functcont (IndCoh(X), Vect).
At the level of compact objects, the equivalence gives rise to an equivalence
DS : Coh(X)°P ~ Coh(X),
which is the usual Serre duality.

A similar reasoning leads to Verdier duality for D-modules, which will be de-
veloped in Volume II.
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3. The appendix on (o0,2)-categories

As mentioned above, in order to establish, or even formulate, the isomorphism
(2.4), one needs to venture into the world of (oo, 2)-categories.

Some of the foundations of the theory of (oo, 2)-categories can be found in the
existing literature. However, the theory developed so far does quite meet our needs.
For this reason, we have decided to include an appendix consisting of Chapters 10—
12, which lays out this theory the way we would like to see it (albeit, omitting some
proofs).

3.1. Setting up the theory. We approach (oo, 2)-categories by imitating the
complete Segal space approach to (oo, 1)-categories.

3.1.1. Namely, we recall that the datum of an (oo, 1)-category C is completely
recovered from the datum of the simplicial space Seq,(C) that sends [n] € A to
the space of strings of objects of C

(3.1) Cp > C1 =~ ... > Cp.

Thus, we obtain a functor
Seq, : 1-Cat — SpcAop,
which is fully faithful, and one can explicitly describe its essential image.

3.1.2. We would like to define (o0,2)-categories similarly. Namely, we wish to
define the (o0, 1)-category 2-Cat as a certain full subcategory in 1-Cat®”. How-
ever, one immediately runs into the following dilemma: if S is an (oo, 2)-category
(whatever this notion is), there are two possibilities of what the (oo, 1)-category of
length n strings objects could be.

In both cases, the objects of our category are strings as in (3.1)), where the
arrows are 1-morphisms. But there is a choice involved in how we define morphisms
between such objects. In one case, we ask for diagrams

(3.2) o — 1 ey e
YaYLarde

where the slanted arrows stand for 2-morphisms.
In the other case, we ask for diagrams
T 2N
Co \ﬁ Ci--- Cp—1 “/ Cp.
N AT N

Le., these are the same as diagrams (3.2, but with the vertical 1-morphisms
being isomorphisms.
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3.1.3. What we obtain is that, whatever the (o0, 1)-category 2-Cat is, it is equipped
with two functors

Seq, : 2-Cat - 1-Cat®”
(corresponding to the second kind of 1-morphisms on n-simplices), and
SeqS™ : 2-Cat - 1-Cat®”,

(corresponding to the first kind of 1-morphisms on n-simplices), both of which are
supposed to be fully faithful, with an explicitly described essential image.

We take the first realization (i.e., one with Seq,) as the definition of 2-Cat,
which by [BarS] is known to be equivalent to various other notions of (co,2)-
category that appear in the literature. We prove that the other realization (i.e.,
one with Seq?™") has the expected properties. This done in Chapter 10 of this
volume.

In turns out that the first realization is more convenient for taking the theory
off the ground, while the second one is necessary for our treatment of adjunctions,
as described below.

3.1.4. In Chapter 11 we study some basic constructions associated with (oco,2)-
categories, namely, the straightening/unstraightening equivalence (generalizing the
familiar construction in the context of (oo, 1)-categories), and the Yoneda embed-
ding.

3.2. Adjunctions. The main reason we need to develop the theory of (oo,2)-
categories is to have a theory of adjunctions, adequate for establishing the equiva-
lence (|2.4]).

3.2.1. Let S an (oco,2)-category. Then for a I-morphism « : sy — s, there is a
notion of what it means to admit a right adjoint.

If S is an ordinary category, if a right adjoint of a 1-morphism exists, it is
uniquely defined up to a canonical isomorphism. More generally, if FF : I - S
is a functor, and if for every arrow iy — ¢ in I, the corresponding 1-morphism
F(ig) - F(i1) admits a right adjoint, we can canonically construct a functor

G:I? - §,

which is the same as F at the level of objects, but which at the level of morphisms
is obtained from F' by replacing each F(ig) — F(i1) by its right adjoint. In this
case we will say that G is obtained from F by passing to right adjoints.

Let Funct(I,S)¥ be the full subcategory of Funct(I,S) consisting of those func-
tors F : I - S such that for every l-morphism iy — 47 in I, the corresponding
I-morphism F(ig) - F(i1) admits a right adjoint. Let Funct(I°?,S)%® be the cor-
responding full subcategory of Funct(I°P,S) (replace ‘right’ by ‘left’). Then the
assignment F'— G defines an equivalence

(3.3) Funct(I,S)” ~ Funct(I°P,S)*.



x1 INTRODUCTION

3.2.2. The same assertions — canonicity of the adjoint for an individual morphism
and the equivalence ([3.3)) — remain true in the context of (oo, 2)-categories, but it
is a non-trivial task to formulate, and subsequently prove them.

We develop the theory of adjunctions in Chapter 12. We show that for any I
there exists an (oc0,2)-category, I, equipped with a pair of functors
I I 1P,
such that for any target (oo,2)-category S, restrictions along the above functors
define equivalences

(3.4) Funct(I, S)® < Funct(I¥,S) > Funct(I°P,S)*.

Moreover, it turns out that the equivalences (3.4)) are precisely suited for es-
tablishing the equivalence (12.4)).

The construction 001f> I% is based on the ‘second’ realization of 2-Cat as a full
subcategory of 1-Cat® ", i.e., one using the functor Seq®™*
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Why do we need these preliminaries?
0.3. None of the contents of Part I is original mathematics.

Chapter 1.1 is a review of higher category theory and higher algebra, mostly
following [Lul] and [Lu2].

Chapter 1.2 is a review of the basic definitions of derived algebraic geometry (de-
rived schemes, Artin stack and general prestacks), mostly following [TV1l, [TV2].

Chapter 1.3 is a review of the basics of quasi-coherent sheaves (there are no
deep theorems there, so one can say that it is mostly folklore).

0.4. We wish to emphasize that by no means do these chapters supply a self-
contained exposition of elements of the theory required for the rest of the book.
Our goal is rather to give the reader a concise account of the most ubiquitous
structures, in order to enable him/her to start reading the subsequent chapters.

Our hope is that once he/she gets started, he/she will gradually acquire the
ability to look up or reconstruct the necessary bits of foundational material.

1. oo-categories and higher algebra

1.1. Let us accept the inevitable: when we talk about algebraic geometry, we
need to speak in the language of categories.

For one thing, geometric objects (such as schemes and their generalizations)
form a category. But even more importantly, the flora to be found on these geo-
metric objects (sheaves of various sorts) consists of categories: there is no way to
develop the theory of sheaves without using categories.

Since the introduction of the categorical language to the study of algebraic
geometry by Grothendieck in the 1950’s, and up until the late 2000’s, the methods
of usual (=ordinary) category theory sufficed for most purposes. People used either
the abelian category of quasi-coherent sheaves or its derived category, which is a
triangulated category.

However, there are some instances where triangulated categories are not enough.
Perhaps the main example of this is the failure of gluing: one cannot glue the de-
rived category of quasi-coherent sheaves on a scheme from just knowing it on an
open cover.

Now, the problem of inadequacy of triangulated categories becomes even more
acute in the context of derived algebraic geometry (DAG). So, having accepted the
inevitability of categories for usual algebraic geometry, we now have no choice but
accept the inevitability of co-categories if we want to work in DAG. This is further

3
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reinforced by the fact that the geometric objects themselves (derived schemes or,
more generally, prestacks) now form an co-category.

1.2. In Chapter 1, Sects. 1 and 2 we give a concise review of the basics of co-
categories.

We mostly focus on the syntax: how to use the language of co-categories. In
other words, the reader does not have to be familiar with a particular model for
oo-categories, be it topological categories, simplicial categories, or the model that
is now most widely used in the literature — Joyal’s quasi-categories, animated by
Lurie in [Lu0].

We introduce the key notions of Cartesian/coCartesian fibration, Yoneda, limit/colimit,
cofinality, left/right Kan extension, adjunction for functors.

1.3. In Chapter 1, Sects. 3 and 4 we give the first taste of higher algebra. We
introduce the notions of monoidal oco-category and of associative algebra inside a
monoidal co-category. We also introduce the corresponding commutative notions.

We also introduce the corresponding notions of module (that is, a module cat-
egory for a given monoidal co-category, and the notion of module for an associative
algebra).

We then proceed to the discussion of duality. We discuss the notion of left /right
dualizability of an object in a monoidal co-category, and the related notion of
dualizability of left/right module over an algebra.

1.4. In Chapter 1, Sects. 5, 6, 7 we discuss the notion of stable oco-category.

Stable co-categories are the higher categorical replacement of triangulated cat-
egories, i.e., this is where we really do algebra.

An operation that will play a key role in the book is that of the Lurie tensor

product of (cocomplete) stable co-categories, which gives the totality of the latter,
denoted, 1-Cat>™P! 4 structure of symmetric monoidal co-category.

1.5. In Chapter 1, Sects. 8 and 9 we supply a framework for “really doing alge-

bra”:

We talk about (symmetric) monoidal stable co-categories, i.e., associative (resp.,
St,cocmpl

commutative) algebra objects in the symmetric monoidal category 1-Cat_;

1.6. Finally, in Chapter 1, Sect. 10 we introduce the notion of DG category, i.e.,
a differential graded category that is equipped with a linear structure over a fixed
ground field k of characteristic 0.

2. Basics of derived algebraic geometry

In Chapter 2 we begin to discuss derived algebraic geometry proper, i.e., we
introduce the oo-category of the corresponding geometric objects.
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2.1. We start with the category of (derived)ﬂ affine schemes over our ground field
k, denoted Schaﬂ, which is, by definition, the category opposite to that of connective
commutative DG algebras over k.

In Chapter 2, Sect. 1 we introduce the most general class of geometric objects:
prestacks. The oco-category of the latter is simply that of functors

(Sch*™)°P - Spe,

where Spc is the co-category of spaces (a.k.a. co-groupoids). Le., a prestack is just
something that has a Grothendieck functor of points.

All other geometric objects that we will consider (schemes, Artin stacks, etc.)
will be prestacks. For example, a scheme (resp., Artin stack) will be a prestack
with certain properties (as opposed to additional pieces of structure).

In later Chapters of the book we will be interested in yet another particular
class of prestacks, namely, inf-schemes.

2.2. In Chapter 2, Sect. 2 we will introduce the descent condition with respect
to the Zariski, étale or faithully flat topology. We call prestacks that satisfy the
descent condition stacks.

We study how the descent condition interacts with the basic properties that a
prestack can possess (such as being locally of finite type).

2.3. In Chapter 2, Sect. 3 we introduce what is, arguably, the main object of
study in derived algebraic geometry: (derived) schemes.

According to what was said above, we do mot introduce schemes as locally
ringed spaces. Rather, we define schemes as prestacks that satisfy a certain condi-
tion. The condition in question is that to admit an open covering by affine schemes,
and Zariski descent.

2.4. In Chapter 2, Sect. 4 we introduce the hierarchy of k-Artin stacks, k > 0. We
should say that we call a k-Artin stack for a particular & may diverge from elsewhere
in the literature (for example, for us, a 0-Artin stack is a stack that is a (possibly
infinite) disjoint of affine schemes). However, the union over all k produces the
same class of objects. The advantage of our particular system of definitions is that
it makes inductive proofs of various properties of k-Artin stacks very simple.

We should also point out that from the point of view of our hierarchy of k-Artin
stacks, schemes are a red herring. They are more general than 0-Artin stacks, but
are a tiny particular case of 1-Artin stacks.

3. Quasi-coherent sheaves
In Chapter 3 we introduce what is perhaps the main object of study of cate-

gorical (derived) algebraic geometry: quasi-coherent sheaves.

1Henceforth the adjective ‘derived’ will be dropped, because everything will be derived.
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3.1. In Chapter 3, Sect. 1 we start with the functor

QCohy,a + (Sch®)°P » DGCateons, S =Spec(A) ~ A-mod, (S’ ER S) ~ f*.

We apply the procedure of right Kan extension along the (Yoneda) embedding
Sch®® & PreStk and thus obtain a functor

QCohp, sty : PreStk®® — DGCateons -

Thus, for any prestack ) we have a well-defined DG category QCoh()) and
for a morphism f:Y’ - Y we have a pullback functor f*: QCoh()) — QCoh()").

3.2. Note, in particular, that if Z is a scheme, we obtain a category QCoh(Z2).
This definition of QCoh of a scheme is equivalent to any other (reasonable) defini-
tion. However, we note that we do not approach it via first considering all sheaves
of O-modules in Zariski topology, and then passing to a subcategory. Instead, we
directly glue QCoh(Z) from affines.

A similar feature of our approach to the definition of QCoh(-) is also present
in the case of Artin stacks.

3.3. In Chapter 3, Sect. 2 we study the functor of direct image for quasi-coherent
sheaves
f+ : QCoh(Y') = QCoh(Y)
for a morphism f:)’ - Y. By definition, f, is the right adjoint of f*, and it exists
for abstract reasons (the Adjoint Functor Theorem).
For a general morphism f, the functor f. is very badly behaved. For example, it
fails to satisfy base change. However, by imposing some additional assumptions on

f one can ensure that it is reasonable. One such assumption is that f is schematic
quasi-compact.

3.4. In Chapter 3, Sect. 3 we study the natural right lax symmetric monoidal
structure on the functor QCohp,.gp- Concretely, this structure amounts to (a
compatible family of) functors

QCoh()1) ® QCoh(Y2) — QCoh(Y1 x V), V1,Vs € PreStk.
We study the question of when the above functor is an equivalence.

The symmetric monoidal structure on QCohp, ¢ induces a symmetric monoidal
structure on the category QCoh()) for an individual prestack ) € PreStk.

We study how various properties of a prestack ) reflect in properties of QCoh())
(compact generation, dualizability, rigidity).



CHAPTER 1

Some higher algebra

Introduction

This Chapter is meant to provide some background on oco-categories and higher
algebra (the latter includes the notions of (symmetric) monoidal co-category, (com-
mutative) algebras in a (symmetric) monoidal co-category, and modules over such
algebras).

0.1. Why (o0, 1)-categories? At this point in the development of mathematics
one hardly needs to make a case for co-categories. Nonetheless, in this subsection
we explain why they necessarily appear in this book. I.e., why we cannot remain
in the world of, say, triangulated categories (if we talk about ‘linear’ categories).

0.1.1. In fact, there are two separate (but related) reasons that force one to work
with co-categories, rather than triangulated ones: eztrinsic and intrinsic.

The extrinsic reason has to do with the behavior of the totality of oo /triangulated
categories, and the intrinsic reason has to do with what is going on within a given
oo /triangulated category.

We begin by discussing the extrinsic reason, which we believe is more funda-
mental.

0.1.2. The extrinsic reason has to do the with the operation of limit of a diagram
of oo (resp., triangulated) categories.

An example of a limit is gluing: imagine that you want to glue the oo /triangulated
category of quasi-coherent sheaves on a scheme X from an affine cover.

Below we will explain why the above operation of gluing along an open cover
unavoidably appears in the theory that we are trying to build. However, taking
that on faith, we arrive at the necessity to work with co-categories: it is well-known
that triangulated categories do not glue well.

For example, given a scheme/topological space X with an action of an alge-
braic/compact group G, there is no known way to define the G-equivariant derived
category of sheaves on X while only using the derived category of sheaves as an
input: all the existing definitions appeal to constructions that take place at the
chain level.

But once we put ourselves in the context of oco-categories, everything works
as expected. For example, given a prestack ) (i.e., an arbitrary functor from the
category of affine schemes to that of co-groupoids), one can define the category
Shv(Y) of sheaves on Y as the limit

lim Shv(S),
S,y:5—-Y

7
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where the limit is taken over the category of affine schemes over ). As a tiny
particular case of this, we can take Y = X /G and recover the G-equivariant derived
category on X.

0.1.3. We now explain the intrinsic reason why one is often forced to work with
co-categories.

It also has to do with...—suspense—...the operation of taking a limit (or colimit),
but now within our given oo /triangulated category C.

But here, in a sense, we will not say anything new. A basic example of limit is
the operation of fiber product of objects

C1 X Ca.
c

When working in a triangulated category, we usually want to interpret the
latter as the (shifted by [-1]) cone of the map

cpdce >,

and we arrive to the familiar problem that cones are not well-defined (or, rather,
that they do not have a functorial description).

Of course, one can say that cones exist, even though they are not canonical.
But this non-canonicity prevents one from defining more general homotopy colimits,
e.g., geometric realizations of simplicial objects, and without that, one cannot really
do algebra, of the kind that we will be doing in Volume II, Part II of this book
(operads, Lie algebras and Lie algebroids, etc.)

For example, in a monoidal triangulated category, one cannot form the tensor
product of a right module and a left module over an associative algebra.

0.2. The emergence of derived algebraic geometry and why we need
gluing. We shall first explain why derived algebraic geometry enters our game
(that is, even if, at the start, one tries to work in the world of usual schemes).

We will then see how objects of derived algebraic geometry necessitate a gluing
procedure.

0.2.1. Let us consider the pattern of base change for the derived category of quasi-
coherent sheaves. Let us be given a Cartesian diagram of (usual) schemes

X, 2, X,

W

v, -2, Y,

Then from the isomorphism of functors
(f2)x © (gx)« = (gv )« 0 (f1)~
one obtains by adjunction the natural transformation

(0.1) (g9v)* o (f2)s = (f1)x 0 (9x)"

The base change theorem says that (0.1)) is an isomorphism. The only problem
is that this theorem is false.
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More precisely, it is false if X; is taken to be the fiber product Y; X X5 in
2

the category of usual schemes: consider the case when all schemes are affine; X; =
Spec(A;) and Y; = Spec(B;), and apply (0.1) to

A2 € Ag—mod = QCOh(XQ)

We obtain the map
B ® AQ — Al,
B>

where the tensor product is understood in the derived sense, while the right hand
side is its top (i.e., 0-th) cohomology.

To remedy this problem, we need to take A; to be the full derived tensor

product B g@ Ay, so that A; is no longer a plain commutative algebra, but what
2
one calls a connective commutative DG algebra. The spectrum of such a thing is,

by definition, an affine derived scheme.

0.2.2. Thus, we see that affine derived schemes are necessary if we wish to have
base change. And if we want to do algebraic geometry (i.e., consider not just affine
schemes), we need to introduce the notion of general derived scheme.

We will delay the discussion of what derived schemes actually are until Chap-
ter 2. However, whatever they are, a derived scheme X is glued from an open
cover of affine derived schemes U; = Spec(A4;), and let us try to imagine what the
oo /triangulated category QCoh(X) of quasi-coherent sheaves on X should be.

By definition for each element of the cover we have
QCoh(U;) = A;-mod,

i.e., this is the category of A;-modules. Now, whatever X is, the oo/triangulated
category QCoh(X) should be obtained as a gluing of QCoh(U;), i.e., as the limit
of the diagram of categories

QCOh(UlO ﬂ...ﬂUin), n:(),l,...

Thus, we run into the problem of taking the limit of a diagram of categories,
and as we said before, in order to take this limit, we should understand the above
diagram as one of co-categories rather than triangulated ones.

0.3. What is done in this Chapter? This Chapter (with the exception of
Sect. E[) contains no original mathematics; it is mostly a review of the foundational
works of J. Lurie, [Lul] and [Lu2].

Thematically, it can be split into the following parts:

0.3.1. Sects. are a review of higher category theory, i.e., the theory of (oo, 1)-
categories, following [Lull, Chapters 1-5].

In Sect. [I| we introduce the basic words of the vocabulary of (oo, 1)-categories.
In Sect. 2] we discuss some of the most frequent manipulations that one performs
with (oo, 1)-categories.
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0.3.2. In Sects. we review the basics of higher algebra, following [Lu2, Chapter
4].

In Sect. [3] we discuss the notions of (symmetric) monoidal (oo, 1)-category, the
notion of associative/commutative algebra in a given (symmetric) monoidal (oo, 1)-
category, and the notion of module over an algebra.

In Sect. [@] we discuss the pattern of duality in higher algebra.

0.3.3. In Sects. [5{{7] we discuss stable (o0, 1)-categories, following [Lu2, Sects.
1.1, 1.4 and 4.8] with an incursion into [Lull, Sect. 5.4].

In Sect. [5| we introduce the notion of stable (oo, 1)-category.

In Sect. [6] we discuss the operation of Lurie tensor product on cocomplete stable
(00, 1)-categories.

In Sect. [7] we discuss the notions of compactness, compact generation and ind-
completion (we do this in the context of stable categories, even though these notions
make sense more generally, see [Lull Sect. 5.3]).

0.3.4. In Sects. [8H10| we start discussing algebra.

In Sect. [8] we specialize the general concepts of higher algebra to the case
of stable categories. IL.e., we will discuss stable (symmetric) monoidal categories,
module categories over them, duality for such, etc.

In Sect. |§| (which is the only section that contains some original mathematics)
we introduce the notion of rigid monoidal category. By a loose analogy, one can
think of rigid monoidal categories as Frobenius algebras in the world of stable
categories. These stable monoidal categories exhibit particularly strong extrinsic
finiteness properties: i.e., properties of module categories over them.

Finally, in Sect. we introduce the notion of DG category. This will be the
world in which we will do algebra in the main body of this book.

0.4. What do we have to say about the theory of oo-categories? The
theory of co-categories, in the form that is amenable for use by non-experts, has
been constructed by J. Lurie in [Lul]. It is based on the model of co-categories as
quasi-categories (a.k.a., weak Kan simplicial sets), developed in the foundational

work of A. Joyal, [Jo.

0.4.1. The remarkable thing about this theory is that one does not really need to
know the contents of [Lul] in order to apply it.

What Lurie’s book provides is a syntax of allowed words and sentences in the
the theory of oco-categories, and ensures that this syntax can be realized in the
model of quasi-categories.

0.4.2. In Sect. [l] we make an attempt to summarize this syntax. However, we are
not making a mathematical assertion here: our grammar is incomplete and suffers
from circularity (e.g., we appeal to fiber products before introducing limits).

The task of actually writing down such a syntax appears to be a non-trivial
problem on its own. It seems likely, however, that in order to do that, one has to
completely disengage oneself from viewing objects of a (higher) category as a set.
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The latter would be desirable in any case: the simplical set underlying an oo-
category is a phantom; indeed, we never use it for any ‘yes or no’ questions or when
we need to compute something.

0.4.3. In Sect. 2] we assume that we know how to speak the language of oo-
categories, and we introduce some basic tools that one uses to create new oo-
categories from existing ones, and similarly for functors.

These have to do with the operation of taking limits and colimits (within a
given oo-category or the totality of such), and the procedure of Kan extension.

0.4.4. Our tool-kit regarding oco-categories is far from complete.
For example, we do not define what filtered/sifted co-categories are.

And, quite possibly, there are multiple other pieces of terminology, common in
the theory of co-categories, that we use without being aware of not having intro-
duced them. Whenever this happens, the reader should go back to [Lull, and find
the definition therein.

0.4.5. What about set theory? As is written in [Lull Sect. 1.2.15], one needs to
make a decision on how one treats the sizes of our categories, i.e., the distinction
between ‘large’ and ‘small’ categories.

Our policy is option (3) from loc.cit., i.e., we just ignore these issues.

One reason for this is that the mention of cardinals when stating lemmas and
theorems clutters the exposition.

Another reason is that it is very difficult to make a mistake of set-theoretic
nature, unless one makes a set-theoretic argument (which we never do).

So, we will assume that our reader will not be conflicted about cutting his/her

own hair, and live in the happy cardinal-free world.

0.5. What do we have to say about higher algebra? Nothing, in fact, beyond
what is written in [Lu2l Chapter 4]. But we need much less (e.g., we do need general
operads), so we decided to present a concise summary of things that we will actually
use.

0.5.1. We start by discussing associative and commutative structures, i.e., monoidal /symmetric
monoidal co-categories and associative/commutative algebras in them. In fact, it
all boils down to the notion of monoid/commutative monoid in a given co-category.

The remarkable thing is that it is easy to encode monoids/commutative monoids
using functors between oco-categories. This idea originated in Segal’s foundational
work [Seg], and was implemented in the present context in [Lu2, Chapter 4].

Namely, the datum of a monoid in an co-category C is encoded by a functor
F: A% - C,
that satisfies the following condition: F([0]) = *, and for every n = 1,...., the map
F(ln)~ 1 R(0))
is an isomorphism, where the i-th map F([n]) = F([1]) corresponds to the map

[1] > [n], 0~i-11~4.
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For example, the binary operation is the map

F([2]) -~ F([1])
that corresponds to the map
[1]-[2], 0~0,1~2.

Similarly, the datum of a commutative monoid is encoded by a functor
F :Fin, - C,
where Fin, is the category of pointed finite sets.

Once we take this point of view, the basic definitions of higher algebra roll out
quite easily. This is what is done in Sect. [3]

0.5.2. In Sect. [ we discuss the notion of duality. It appears in several flavors: the
notion of left /right dual of an object in a monoidal co-category; the notion of dual
of module over an algebra; and also as the notion of adjoint functor.

It is easy to define what it means for an object to be dualizable.

However, the question of canonicity of the dual is trickier: in what sense is the
dual uniquely defined? I.e., what kind of duality datum specifies it uniquely (i.e.,
up to a contractible space of choices)?

In fact, this question can be answered precisely, but for this one needs to work
in the context of (oo,2)-categories. And we actually do this, in Chapter 12, in
the framework of discussing the notion of adjoint 1-morphism in a given (oo,2)-
category.

The upshot of loc.cit. is that the dual is canonically defined, and one can
specify (albeit not too explicitly) the data that fixes it uniquely.

0.6. Stable co-categories. In the main body of the book we will be doing algebra
in DG categories (over a field k of characteristic 0). There are (at least) two routes
to set this theory up.

0.6.1. One route would be to proceed directly by working with (ordinary) cate-
gories enriched over the category of complexes of vector spaces over k.

In fact, this way of approaching DG categories has been realized in [Dr]. How-
ever, one of the essential ingredients of a functioning theory is that the totality of
DG categories should itself be endowed with a structure of co-category (in order to
be able to take limits). But since the paper [Dr] appeared before the advent of the
language of co-categories, some amount of work would be needed to explain how to
organize DG categories into an co-category.

The situation with the operation of tensor product of DG categories is similar.
It had been developed in [FG], prior to the appearance of [Lu2]. However, this
structure had not been formulated as a symmetric monoidal co-category in language
that we use today.

So, instead of trying to rewrite the constructions of [Dr] and [FG] in the lan-
guage of (symmetric monoidal) co-categories, we decided to abandon this approach,
and access DG categories via a more robust (=automatic, tautological) approach
using the general notion of stable co-category and the symmetric monoidal structure
on such, developed in [Lu2].
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0.6.2. The definition of stable co-categories given in [Lu2] has the following huge
advantage: being stable is not an additional piece of structure, but a property of
an oo-category.

As a consequence of this, we do not have to labor to express the fact that
any stable oo-category is enriched over the oo-category Sptr of spectra (i.e., that
mapping spaces in a stable co-category naturally lift to objects of Sptr): whatever
meaning we assign to this phrase, this structure is automatic from the definition

(see Sect. |0.6.5)).

0.6.3. Given a stable co-category, one can talk about t-structures on it. We count
on the reader’s familiarity with this notion: a t-structure on a stable category is
the same as the t-structure on the associated triangulated category.

In terms of notation, given a stable co-category C with a t-structure, we let
CSO cC> CZO

the corresponding full subcategories of connective/coconnective objects (so that
C>0 is the right orthogonal to C<?). We let

<0 >0
C*® {— Cand C > C*
be the corresponding right and left adjoints (i.e., the truncation functors).

We let
C(? — CSO A CZO
denote the heart of the t-structure; this is an abelian category.

We will also use the notation

C =uC"andC'= u C>".
n>0 n>0
We will refer to C~ (resp., C*) as the bounded above or eventually connective
(resp., bounded below or eventually coconnective) subcategory of C.

0.6.4. The Lurie tensor product. One of the key features of the co-category of stable
categories 1 —Catsg;ftocmpl (here we restrict objects to be cocomplete stable categories,
and morphisms to be colimit-preserving functors) is that it carries a symmetric

monoidal structureﬂ which we call the Lurie tensor product.

Another huge advantage of the way this theory is set up in [Lu2, Sect. 4.8] is
that the definition of this structure is automatic (=obtained by passing to appro-
priate full subcategories) from the Cartesian symmetric monoidal structure on the
oo-category 1-Cat of all co-categories.

The intuitive idea behind the Lurie tensor product is this: if A and B are
associative algebras, then the tensor product of A-mod and B-mod should be (A ®
B)-mod.

IThe existence of the Lurie tensor product is yet another advantage of working with stable
oo-categories rather than triangulated ones: one cannot define the tensor product for the latter.
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. . St,cocmpl
0.6.5. Spectra. The symmetric monoidal structure on 1-Cat__ leads to a very
concise definition of the co-category Sptr of spectra. Namely, this is the unit object

- St - . . .
in 1-Cat o™ with respect to its symmetric monoidal structure.

In particular, every (cocomplete) stable co-category C is automatically a mod-
ule over Sptr. Thus, for any two objects cg,c1 € C, we can consider their relative
internal Hom

Hoirﬂc,sptr(coa c1) € Sptr.
This is the enrichment structure on C with respect to Sptr, mentioned earlier.

0.6.6. In Sect.[7] we study a class of cocomplete stable categories that are particu-
larly amenable to calculations: these are the compactly generated stable categories.
This material is covered by [Lull Sect. 5.3], and a parallel theory in the framework
of DG categories can be found in [Dx].

The main point is that a compactly generated stable category C can be obtained
as the ind—completiorﬂ of its full subcategory C¢ of compact objects. The ind-
completion procedure can be thought of as formally adjoining to C¢ all filtered
colimits. However, we can also define it explicitly as the category of all exact
functors

(C%)°P - Sptr.

The advantage of compactly generated stable categories is that the data in-
volved in describing colimit-preserving functors out of them is manageable: for a
compactly generated C and an arbitrary cocomplete D we have

Functex,cont (C, D) ~ Functe, (C¢, D).

St,cocmpl

0.6.7. Asin a symmetric monoidal co-category, given an object C € 1-Cat’ ¢

we can ask about its dualizability.

It is a basic fact that if C is compactly generated, then it is dualizable. More-
over, its dual can be described very explicitly: it is the ind-completion of (C¢)°P.

In other words, CY is also compactly generated and we have a canonical equiv-
alence

(0.2) (C¥)° = (C°)°P

0.6.8. Categorical meaning of Verdier duality. The equivalence is key to the
categorical understanding of such phenomena as Verdier duality. Indeed, let X be
a scheme (of finite type), and consider the cocomplete stable co-category Dmod(X)
of D-modules on X.

The subcategory (Dmod(X))€ consists of those objects that have finitely many
cohomologies (with respect to the usual t-structure) all of which are coherent D-
modules. Denote this subcategory by Dmod (X )con.

The usual Verdier duality for D-modules defines a contravariant auto-equivalence
DY (Dmod (X )eon)®? = Dmod(X ) con-

2Ind—completion is another operation that requires having a stable category, rather than a
triangulated one.
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Now, the above description of duality for compactly generated stable co-categories
implies that we can perceive Verdier duality as an equivalence

DY (Dmod(X))Y ~ Dmod(X),
which reduces to D}/{”dier at the level of compact objects.

We also obtain a more functorial understanding of expressions such as “the
Verdier conjugate of the *-direct image is the !-direct image”. The categorical
formulation of this is the fact that for a morphism of schemes f : X — Y, the
functors

far,+ : Dmod(X) - Dmod(Y") and f': Dmod(Y) - Dmod(X)

are each other’s duals in terms of the identifications DYrdier and Dyerdier,

Proposition [7.3.5

0.6.9. In Sect. [§] we discuss stable monoidal co-categories, and algebras in them.
This consists of studying the interaction of the concepts introduced in Sect. [3| with
the Lurie tensor product.

see

Let us give one example. Let A be a stable monoidal co-category, and let M
be a stable module category over A. Let A be an algebra object in A.

On the one hand we can consider the (stable) co-category A-mod(M) of A-
modules in M. On the other hand, we can consider A as acting on itself on the
left, and thus consider

A-mod := A-mod(A).
The action of A on itself on the right makes A-mod into a right A-module category.

Now, the claim is (this is Corollary [8.5.7)) that there is a canonical equivalence

A-mod(M) ~ A-mod ® M.

0.6.10. Rigid monoidal categories. In Sect. [9] we discuss a key technical notion of
stable rigid monoidal co-category.

If a stable monoidal co-category A is compactly generated, then being rigid is
equivalent to the combination of the following conditions:
e (i) the unit object in A is compact;
e (ii) the monoidal operation on A preserves compactness;
e (iii) every compact object of A admits a left and a right dual.

For example, the category of modules over a commutative algebra has this
property.

From the point of view of its intrinsic properties, a rigid monoidal category can
be as badly behaved as any other category. However, the oo-category of its module
categories satisfies very strong finiteness conditions.

For example, given a rigid symmetric monoidal co-category A, we have:

(i) Any functor between A-module categories that is lax-compatible with A-actions,
is actually strictly compatible;

(ii) The tensor product of A-module categories is equivalent to the co-tensor prod-
uct;
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(iii) An A-module category is dualizable as such if and only if it is dualizable as a
plain stable category, and the duals in both senses are isomorphic.

0.6.11. DG categories. We can now spell out our definition of DG categories:

Let Vect be the co-category of chain complexes of k-vector spaces. It is stable
and cocomplete, and carries a symmetric monoidal structure. We define the oo-
category DGCatcont to be that of Vect-modules in 1-CatSt:coempl,

cont

The stable monoidal category Vect is rigid (see above), and this ensures the
good behavior of DGCatcont.

1. (o0,1)-categories

In this section we make an attempt to write down a user guide to the theory
of (o0,1)-categories. In that, the present section may be regarded as a digest of
[Lull Chapters 1-3 and Sect. 5.2], with a view to applications (i.e., we will not
be interested in how to construct the theory of (oo, 1)-categories, but, rather, what
one needs to know in order to use it).

The main difference between this section and the introductory Sect. 1 of [Lul]
is the following. In loc.cit. it is explained how to use quasi-categories (i.e., weak
Kan simplicial sets) to capture the structures of higher category theory, the point
of departure being that Kan simplicial sets incarnate spaces.

By contrast, we take the basic concepts of (oo, 1)-categories on faith, and try to
show how to use them to construct further notions. In that respect we try to stay
model independent, i.e., we try to avoid, as much as possible, referring to simplicial
sets that realize our (oo, 1)-categories.

The reader familiar with [Lul] can safely skip this section.
1.1. The basics. In most of the practical situations, when working with (oo, 1)-

categories, one does not need to know what they actually are, i.e., how exactly one
defines the notion of (oo, 1)-category.

What one does use is the syntax: one believes that the notion of (oo, 1)-category
exists, and all one needs to know is how to use the words correctly.

Below is the summary of the few basic words of the vocabulary. However, as
was mentioned in Sect. this vocabulary is flawed and incomplete. So, strictly
speaking, what follows does nothing more than introduce notation, because circu-
larity appears from the start (e.g., we talk about full subcategories and adjoints).

The reference for the material here is [Lull Sect. 1.2].
1.1.1.  We let 1-Cat denote the (o0, 1)-category of (oo, 1)-categories.

1.1.2.  'We let Spc denote the (o0, 1)-category of spaces. We have a canonical fully
faithful embedding
Set = Spc,
which admits a left adjoint, denoted
S 7'('0(8).
In particular, for any S € Spc, we have a canonical map of spaces S — mo(S).

We denote by * € Set c Spc the point space.
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1.1.3. We will regard Spc as a full subcategory of 1-Cat. In particular, we will
regard a space as an (oo, 1)-category, and maps between spaces as functors between
the corresponding (oo, 1)-categories.

We will refer to objects of the (oo, 1)-category corresponding to a space S as
points of S.

The inclusion Spc < 1-Cat admits a right adjoint, denoted C — CSP¢; it is
usually referred to as ‘discarding non-invertible morphisms’.

1.1.4. For an (oo, 1)-category C, and objects ¢y, c1 € C, we denote by Mapsa(co,c1) €
Spc the corresponding mapping space.

1.1.5. We let 1-Catorqn denote the full subcategory of 1-Cat formed by ordinary
categories.

This inclusion admits a left adjoint, denoted C + C°™", (Sometimes, C*" is
called the homotopy category of C and denoted Ho(C).) The objects of C°" are
the same as those of C, and we have

Homgoran (€g, €1) = o (Maps(co,€1)) .

Warning: we need to distinguish the (oo, 1)-category 1-Catoran (Which is in fact a
(2,1)-category) from the ordinary category (1-Cat)°*" = Ho(1-Cat).
1.1.6. A map ¢ :cy — ¢y in C (i.e., a point in Mapsc(co,c1)) is said to be an
isomorphism if the corresponding map in C°™" i.e., the image of ¢ under the
projection

Mapsc(co,c1) = o (Mapsc(co, 1)) = Homgoran (co, €1),
is an isomorphism.
1.1.7. For a pair of (o0,1)-categories C and D, we denote by Funct(D, C) the
(00, 1)-category of functors D — C.

We have
Funct(*,C) ~ C
and
Maps, ., (D, C) = (Funct(D, C))**.

A functor F': C - D is said to be an equivalence if it is an isomorphism in
1-Cat, i.e., if it induces an isomorphism in (1-Cat)°*® (which implies, but is much
stronger than asking that Fordn : Cordn — Perdn he an isomorphism in 1-Catordn)-

1.1.8. For a diagram of categories
Cl — C - (;qll7
we can form their fiber product

c’ X C" e1-Cat.

For C' = C" = %, C = 8§ € Spc, and the maps * > S « * corresponding to a
particular point s € S, we will denote by Q(S) the loop space of S with base point
57

*.

Q(s):*é
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For (S, s) as above, the homotopy groups 7;(S, s) are defined inductively by
mi(S,8) = mi-1((S)).

1.1.9. The (oo, 1)-category 1-Cat carries a canonical involutive auto-equivalence
(1.1) Cr~ C°P.
1.1.10. For n =0,1,... we let [n] denote the ordinary category 0 - 1 - ... > n.
We have [0] = *, this is the point-category.

We let A denote the full subcategory of 1-Caterdn, spanned by the objects [n].

The category A carries a canonical involutive auto-equivalence, denoted rev:
it acts as reversal on each [n], i.e.,

rev:i e n—i.
(Note that rev acts as the identity on objects of A.)

1.2. Some auxiliary notions. In this subsection we introduce some terminology
and notation to be used throughout the book.

1.2.1. A functor between (oo, 1)-categories F': D — C is said to be fully faithful if
for for every di,ds € D the map

Mapsp(di,d2) = Mapsg(F(dy), F(ds))
is a isomorphism in Spc.

A map of spaces F' : Sy — S is said to be a monomorphism if it is fully faithful
as a functor, when Sy and S; are regarded as (oo, 1)-categories.

Concretely, F' is a monomorphism if 7mo(F') is injective, and for every point
S0 € Sp, the induced map 7;(Sp, so) = 7 (S1, F(sg)) is an isomorphism for all ¢ > 0.

1.2.2. Let C be an (oo,1)-category. Then to every full subcategory C' of cordn
one can attach an oo-category C’. It has the same objects as C’ and for c1,co € C’,
we have

Mapsq: (€1, ¢2) = Mapss(cy, ¢2).
We shall refer to (oo, 1)-categories arising in the way as full subcategories of C.

A fully faithful functor is an equivalence onto a full subcategory.

1.2.3. A full subspace of a space S is the same as a full subcategory of S, considered
as an (oo, 1)-category. Those are in bijection with subsets of mo(S).

A connected component of S is a full subspace that projects to a single point
in 7y (S).

1.2.4. A functor between (oo, 1)-categories F': D — C is said to be I-fully faithful
if for for every di,ds € D the map

Mapsp (di,dz) - Mapsc (F(d1), F(dz))
is a monomorphism in Spc.

If D and C are ordinary categories, a functor between them is 1-fully faithful
if and only if it induces an injection on Hom sets.
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1.2.5. A functor between (oo, 1)-categories F' : D — C is said to be I-replete
if it is 1-fully faithful, and for every di,ds € D, the connected components of
Mapsa(F(d1), F(dz)) that correspond to isomorphisms are in the image of Mapsp (dy,ds).

It is not difficult to show that a functor is 1-replete if and only if it is 1-fully
faithful and DSP¢ — CSP¢ is a monomorphism.

1.2.6. Let C be an ordinary category. By a I-full subcategory we shall mean the
category obtained by choosing a sub-class C’ of objects in C, and for every ci,c; €
C’ a subset Homg, (c1,¢2) ¢ Homg(cy,cz), such that Homeg, (c1,cz) contains all
isomorphisms and is closed under compositions.

Let C be an (oo, 1)-category. Then to every 1-full subcategory C’ of C°'" one

can attach an (oo, 1)-category C’. It has the same objects as C'. For ci,cq € C’,
we have

Mapsa (1, c2) = Mapsa(c1, ¢2) o o1 )Homé,(cl,@).
cordn \€1,C2

We shall refer to (oo, 1)-categories arising in the way as 1-full subcategories of C.
1.2.7. In the above situation, for any D € 1-Cat, the resulting functor

Funct(D, C’) - Funct(D, C)
is 1-replete. Ie., if a functor D — C can be factored through C’, it can be done in
an essentially unique way.

Vice versa, if F': D - C is a functor and the corresponding functor Dordn
Cordn factors (automatically uniquely) through a functor D°'" — C’, then F gives
rise to a well-defined functor D - C’.

In the above situation, the functor D — C’ is an equivalence if and only if F" is
1-replete and D' - C’ is an equivalence.

In particular, a 1-replete functor is an equivalence onto a uniquely defined 1-full
subcategory.

1.2.8. A functor F' : D - C is said to be conservative if for a morphism « €
Mapsp (do,d;) the fact that F(«) is an isomorphism implies that « itself is an
isomorphism.

1.3. Cartesian and coCartesian fibrations. Now that we have the basic words
of the vocabulary, we want to take the theory of (oo, 1)-categories off the ground.
Here are two basic things that one would want to do:

(1) For an (oo, 1)-category C, define the Yoneda functor C x C°? - Spc.
(2) For a functor F : D — C we would like to talk about its left or right adjoint.

It turns out that this is much easier said than done: the usual way of going
about this in ordinary category theory uses the construction of functors by spec-
ifying what they do on objects and morphisms, something that is not allowed in
higher category theory.

To overcome this, we will use the device of straightening/unstraightening, de-
scribed in the next subsection. In order to explain it, we will first need to introduce
the key notion of Cartesian/coCartesian fibration.

The reference for the material in this subsection is [Lull, Sect. 2.4].
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1.3.1. Cartesian arrows. Let F: D - C be a functor between (oo, 1)-categories.

We shall say that a morphism d % d; in D is Cartesian over C if for every d’ € D,
the map

Mapsp (d’,dg) - Mapsp(d’,d;) Mapsc(F(d'), F(dy))

X
Mapsc (F(d’),F(d1))
is an isomorphism in Spc.
1.3.2. Cartesian fibrations. A functor F : D — C is said to be a Cartesian fibration
if for every morphism ¢y — c¢; in C and an object d; € D equipped with an

isomorphism F(d;) ~ ¢y, there erists a Cartesian morphism dg — d; that fits into
a commutative diagram

F(do) F(dy)
Nl lN
c¢ —— ci.

1.3.3. Cartesian fibrations in spaces. We shall say that a functor F': D - C is a
Cartesian fibration in spaces if it is a Cartesian fibration and for every c € C, the
(00, 1)-category
D.:=D X {c}
is a space.
An alternative terminology for ‘Cartesian fibration in spaces’ is right fibration,
see [Lull Sect. 2.1].

1.3.4. CoCartesian counterparts. Inverting the arrows, one obtains the parallel no-
tions of coCartesian morphism, coCartesian fibrations and coCartesian fibrations
in spaces (a.k.a. left fibration).

1.3.5. Over- and under-categories. Given a functor F' : I - C consider the corre-
sponding over-category and under-category

Cr:=C Funct([1] xI,C F
IF Func:(I,C) e ([ ]X ’ )Func?(I,C){ }

and

Cp,={F Funct([1] xI,C C
Fl { }Func?(I,C) e ([ ]X ’ )FunC?(I,C) ’

where the functors
Funct([1] x I, C) - Funct(I, C),
are given by evaluation at the objects 1 and 0 in [1], respectively, and the functor
C - Funct(I, C)
corresponds to
C ~ Funct(*, C) - Funct(I, C).
For future use we mention that when I = * and F' is given by an object ¢ € C,
we will simply write C. for C;p and C; for C,p, respectively.
The forgetful functors
C/p—>Cand Cp)—>C

are a Cartesian and a coCartesian fibrations in spaces, respectively.
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1.3.6. Note that we have the following canonical isomorphism of spaces: for ¢y, c; €
C

(1.2) Funct([1],C) e {co,c1} ~ Mapsa(co,c1),

where the left-hand side, although defined to be an (oo, 1)-category, is actually a
space.

In particular, for ¢, c’ € C, we have
(Cle)er = Mapsg(c’,¢) and (Cej)er = Mapsg(c,c’).
(we remind that the superscript ¢’ means taking the fiber over c’).
Taking C = 1-Cat, from we obtain

(1.3) Funct([1],1-Cat) x {Cy, C1} = (Funct(Cy, Cy))5Pe.

1-Cat x1-Cat

1.3.7. For future reference we introduce the following notation. For a functor
F :[1] - C that sends 0 —» cg and 1~ ¢; we we will denote by

C

co//c1
the fiber product

Funct([2],C
unc ([ :|’ )Functz[l]’c) "

where * - Funct([1], C) corresponds to the initial functor F, and Funct([2],C) —
Funct([1],C) is given by precomposition with

[1]>[2], 0~0, 12

This is the (oo, 1)-category, whose objects are diagrams
€y > € — Cy,

where the composition is the map cg — c1, specified by F'.

1.4. Straightening/unstraightening. Straightening, also known as the Grothendieck
construction, is the higher-categorical counterpart to the fact that the datum of a
Cartesian (resp., coCartesian) fibration of ordinary categories D — C is equivalent

to the datum of a functor from C°P (resp., C) to the category of categories.

It is hard to overestimate the importance of this assertion in higher category
theory: it paves a way to constructing functors C — 1-Cat.

The reason being that it is usually easier to exhibit a functor D — C and then
check its property of being a Cartesian/coCartesian fibration, than to construct a
functor C - 1-Cat.
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1.4.1. Fix an (oo, 1)-category C. Consider the category
l—Cat/C .

Note that its objects are pairs (D; D £ C).

Let coCart;c (resp., 0-coCart;c) be the full subcategory of 1-Cat;c whose
objects are those (D, F'), for which F is a coCartesian fibration (resp., coCartesian
fibration in spaces).

Let (coCart /C)strict be the 1-full subcategory of coCart,c, where we allow as
1-morphisms those functors D; — Dy over C that send coCartesian arrows to
coCartesian arrows. We note that the inclusion

(coCart ¢ )strict N 0-coCart ;g = 0-coCart ¢
is an equivalence.

1.4.2. Straightening/unstraightening for coCartesian fibrations. The following is
the basic feature of coCartesian fibrations (see [Lull Sect. 3.2]):

There is a canonical equivalence between (coCart/C)strict and Funct(C,1-Cat).
Under the above equivalence, the full subcategory
0-coCart/c c (coCart)c)strict
corresponds to the full subcategory
Funct(C, Spc) c Funct(C, 1-Cat).
1.4.3. Explicitly, for a coCartesian fibration D — C, the value of the corresponding
functor C - 1-Cat on c € C equals the fiber D. of D over c.

Vice versa, given a functor

$:C—1-Cat, c~ P(c), (cg EA c1)~ ®P(cp) 2, d(cy),

the objects of the corresponding coCartesian fibration D — C are pairs (c€ C,d €
®(c)), and morphisms

Mapsp ((co,do € ®(cp)), (c1,d1 € (c1)))
are pairs consisting of f € Mapsg(co,c1) and g € Mapsgc,)(®s(do),d1).
1.4.4. One defines the (oo, 1)-categories
0-Cart)c c (Cart;c)strict € Cart;c c 1-Cat g
in a similar way.

Note that the involution (L.1)) defines an equivalence 1-Cat;c — 1-Cat;cop that
identifies

()-coCart/C = O-Cal't/cop, (Cocart/C)Strict = (Cart/cop)strict and Cocart/c = Cart/CDp .
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1.4.5. Straightening/unstraightening for Cartesian fibrations. From Sect. and
using the involution (1.1) on 1-Cat, one obtains:

There is a canonical equivalence between (Cart;c )strics and Funct(C°P,1-Cat).
Under the above equivalence, the full subcategory
0-Cart)c c (Cart/c)strict
corresponds to the full subcategory
Funct(C°?, Spc) c Funct(C°P, 1-Cat).

Explicitly, for a Cartesian fibration D — C, the value of the corresponding

functor
C°? > 1-Cat

on c € C still equals the fiber D, of D over c.

1.5. Yoneda. In this subsection we will illustrate how one uses straightening/unstraightening
by constructing the various incarnations of the Yoneda functor.

1.5.1.  For an (oo, 1)-category C, consider the (oo, 1)-category Funct([1], C), equipped
with the functor

(1.4) Funct([1],C) - Funct(*, C) x Funct(*,C) ~ C x C,
given by evaluation on 0,1 € [1].

We can view the above functor as a morphism in the category (Cart/c)smct
with respect to the projection on the first factor.

1.5.2.  Applying straightening, the above morphism gives rise to a morphism in
the (oo, 1)-category Funct(C°P,1-Cat) from the functor

C = Cc/
to the functor with constant value C € 1-Cat.
1.5.3.  For any triple of (oo, 1)-categories we have a canonical isomorphism
Funct(E, Funct(E’, D)) ~ Funct(E x E', D) ~ Funct(E’, Funct(E, D)).
In particular, taking E' = [1] and a fixed F': E > D and d € D, using (1.2),

we obtain that the datum of a morphism in Funct(E,D) from F to the constant
functor with value d is equivalent to the datum of a map

E - D/d,
whose composition with the projection D/q - D, is identified with F.

1.5.4. Thus (taking E = C°° and D = 1-Cat), we can view the datum of the
morphism in Sect. as a functor from C°P to 1-Catc.

It is easy to check that the latter functor factors through
0-coCart;c c 1-Cat)c .
1.5.5.  Applying straightening again, we thus obtain a functor
C°P > Funct(C, Spc),

hence a functor
Yong : C°? x C — Spe.
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1.6. Enhanced version of straightening/unstraightening. In this subsection
we will discuss a version of the straightening/unstraightening equivalence that takes
into account functoriality in the base (oo, 1)-category C.

1.6.1. Consider the (o0, 1)-category Funct([1],1-Cat). Note that its objects are
triples
F

D-C.

Let
Funct®“**([1],1-Cat) c Funct([1],1-Cat)

be the full subcategory whose objects are those D £ C that are coCartesian fibra-
tions.

Let
Funct®“™*([1], 1-Cat)spict © Funct®**([1],1-Cat)
be the 1-full subcategory, where we only allow as morphisms those commutative
diagrams

D1LD2

| |~

G
Cc, —- C,
for which the functor Gp sends morphisms in D; coCartesian over C; to morphisms
in Dy coCartesian over Cs.

Evaluation on 1 € [1] defines a functor
(1.5) Funct®“*([1],1-Cat)sirie; - 1-Cat.
The functor is a Cartesian fibration.
1.6.2.  An enhanced version of the straightening/unstraightening equivalence says:

The functor 1-Cat®® — 1-Cat corresponding to the Cartesian fibration (L.5)) is
canonically isomorphic to the functor

C ~ Funct(C,1-Cat).

1.6.3. Again, by applying the involution D ~ D°P  we obtain a counterpart of
Sect. [[L6.2] for Cartesian fibrations:

The functor 1-Cat®® — 1-Cat corresponding to the Cartesian fibration
Funct® ™ ([1],1-Cat)gtrics — 1-Cat
is canonically isomorphic to the functor

C ~ Funct(C°,1-Cat).
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1.7. Adjoint functors. In this subsection we will finally introduce the notion of
adjoint functor, following [Lull Sect. 5.2.1].

However, this will not be the end of the story. We will not describe the datum
of an adjunction as pair of a unit map and a co-unit map that satisfy some natural
conditions (because in the context of higher categories, there is an infinite tail of
these conditions).

We will return to the latter approach to adjunction in Sect. and more
fundamentally in Chapter 12: it turns out that it is most naturally described in the
context of (oo, 2)-categories.

1.7.1. Let F : Cy - C; be a functor. Using (1.3]), we can view F as a functor
[1] = 1-Cat. We now apply unstraightening and regard it as a coCartesian fibration

(1.6) C - [1].

We shall say that F' admits a right adjoint if the above functor (|L.6]) is a bi-
Cartesian fibration, i.e., if it happens to be a Cartesian fibration, in addition to
being a coCartesian one.

In this case, viewing (1.6]) as a Cartesian fibration and applying straightening,
we transform (1.6 into to a functor

(1.7) [1]°P - 1-Cat.

The resulting functor C; - Cy (obtained by applying the equivalence (1.3)) to
the functor (1.7))) is called the right adjoint of F, and denoted F¥. By construction,
FF is uniquely determined by F.

1.7.2. Inverting the arrows, we obtain the notion of a functor G : Dy — Dy,
admitting a left adjoint. We denote the left adjoint of G by G*.

By construction, the data of realizing G as a right adjoint of F' is equivalent to
the data of realizing F as a left adjoint of G: both are encoded by a bi-Cartesian
fibration

E - [1].

By construction, for ¢y € Cy and ¢; € C; we have a canonical isomorphism in
Spc
Mapsc, (co, FR(cl)) ~ Mapsg, (F(co),c1).

1.7.3. Let us be in the situation Sect. but without assuming that (1.6)) is bi-
Cartesian. Let C] c C; be the full subcategory consisting of those objects ¢; € Cy,
for which there exists a Cartesian morphism

Co = C1
in C, covering the morphism 0 — 1 in [1].
Let €’ c C be the corresponding full subcategory of C, so that
Cl, =Cy and C} = CJ.
The functor
C'~[1]
is now a Cartesian fibration. Applying straightening, we obtain a functor F'F :
Cll g Co.
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1.7.4. We will refer to F'" as the partially defined right adjoint of F. By con-
struction, we have a canonical isomorphism

Mapsg, (F(co),c1) = MapSCO(CO,F'R(cl)), coeCy, c1eCy.

The original functor F' admits a right adjoint if and only if C} = C;.

1.7.5. Inverting the arrows, in a similar way we define the notion of partially
defined left adjoint of F'.

2. Basic operations with (oo, 1)-categories

In this section we will assume that we ‘know’ what (oo, 1)-categories are, as
well as the basic rules of the syntax of operating with them. I.e., we know the
‘theory’, but what we need now is ‘practice’.

Here are some of the primary practical questions that one needs to address:
(Q1) How do we produce ‘new’ (oo, 1)-categories?
(Q2) How do we construct functors between two given (oo, 1)-categories?

Of course, there are some cheap answers: for (Q1) take a full subcategory of
an existing (oo, 1)-category; for (Q2) compose two existing functors, or pass to the
adjoint of a given functor. But in this way, we will not get very far.

Here are, however, some additional powerful tools:
(A1) Start a diagram of existing ones and take its limit.
(A2) Start with a given functor, and apply the procedure of Kan extension.

These answers entail the next question: how to we calculate limits when we
need to?

This circle of ideas is the subject of the present section. The material here can
be viewed as a user guide to (some parts of) [Lull, Chapter 4 and Sect. 5.5].

2.1. Left and right Kan extensions. Let us say that at this point we have
convinced ourselves that we should work with (oo, 1)-categories. But here comes a
question: how do we ever construct functors between two given (oo, 1)-categories?

The difficulty is that, unlike ordinary categories, we cannot simply specify what
a functor does on objects and morphisms: we would need to specify an infinite tail
of compatibilities for multi-fold compositions. (Rigorously, we would have to go
to the model of (o0, 1)-categories given by quasi-categories, and specify a map of
the underlying simplicial sets, which, of course, no one wants to do in a practical
situation.)

Here to our rescue comes the operation Kan extension: given a functor ® : D —
E and a functor F': D — C, we can (sometimes) canonically construct a functor
from C - E.

A particular case of this operation leads to the notion of limit/colimit of a
functor D - E (we can think of such a functor as a diagram of objects in E,
parameterized by D).

By taking E to be 1-Cat, we arrive to the notion of limit of (o0, 1)-categories,
which in itself is a key tool of constructing (oo, 1)-categories.
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The reference for this material is [Lull Sect. 4.3].

2.1.1. Let F : D - C be a functor between (co,1)-categories. For a (target)
(00, 1)-category E, consider the functor

Funct(C, E) » Funct(D, E),
given by restriction along F' (i.e., composition with F').

Its partially defined left (resp., right) adjoint is called the functor of left (resp.,
right) Kan extension along F, and denoted LKEp (resp., RKEp).

2.1.2. If C = x, the corresponding left and right Kan extension functors are the
functors of colimit (resp., limit):

co}lgm : Funct(D,E) - E and li[I)n : Funct(D,E) — E.

We record the following piece of terminology: colimits over the category A°P are
called geometric realizations, and limits over the category A are called totalizations.

2.1.3. In general, for ® : D — E, suppose that for every given c € C, the colimit

(2.1) colim @
DxC/c
C

exists. Then LKE(®) exists and (2.1)) calculates its value on c.

Similarly, suppose that for every given c, the limit

(2.2) lim @,
DxCg/
[¢]

exists. Then RKEr(®) exists and (2.2)) calculates its value on c.
2.1.4. Note that by transitivity,
colim @ ~ colim LKEr(P)
D C

and
h]I)nq) o h(r:n RKER(®).

2.1.5. To an (oo, 1)-category C one attaches the space
(2.3) |C| := colim ,

C
where * is the functor C — Spc with constant value *.

The assignment
Cr~|C|
is the functor left adjoint to the inclusion Spc < 1-Cat. This procedure is usually

referred to as inverting all morphisms. In particular, for S € Spc c 1-Cat, we have
a canonical isomorphism in Spc

S| = S.

An (oo, 1)-category C is said to be contractible if |C| is isomorphic to *.
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2.1.6. Let C be an (oo, 1)-category and let ® : C — Spc be a functor. Then it
follows from Sect. that there is a canonical equivalence

cogmq) ~|Cgl,

where Cg — C is the coCartesian fibration corresponding to ®.
2.1.7. Here is a typical application of the procedure of left Kan extension:
Let C be an arbitrary (oo, 1)-category that contains colimits. We have:

LEMMA 2.1.8. Restriction and left Kan extension along * — Spc define an
equivalence between the subcategory of Funct(Spc, C) consisting of colimit-preserving
functors and Funct(*,C) ~ C.

We note that the inverse functor in Lemma [2.1.8]is explicitly given as follows:
it sends c € C to the functor Spc - C, given by

(S €Spc) — (co}gimcs € C),

where cs denotes the constant functor S - C with value ¢, where S is considered
as an (oo, 1)-category.

2.2. Cofinality. Many of the actual calculations that one performs in higher cat-
egory theory amount to calculating limits and colimits. How does one ever do
this?

A key tool here is the notion of cofinality that allows to replace the limit/colimit
over a given index (oo, 1)-category, by the limit/colimit over another one, which is
potentially simpler.

TIterating this procedure, one eventually arrives to a limit/colimit that can be
evaluated ‘by hand’. Sometimes, at the end our limit/colimit will be given just by
evaluation (or a manageable fiber product/push-out). Sometimes, it will still be a
limit /colimit, but in the world of ordinary categories.

The reference for the material here is [Lull Sect. 4.1].

2.2.1. A functor F': D - C is said to be cofinal if for any c € C, the category
D X Ce

is contractible.

We have:

LEMMA 2.2.2. The following are equivalent:
(i) F: D — C is cofinal;
(ii) For any ®: C —» E, the natural map

colljimq) oF - colcimCI)

is an isomorphism, whenever either side is defined;

(i") Same as (ii), but we take E = Spc (in which case, the colimits are always
defined);

(ii”) Same as (ii’), but we only consider the Yoneda functors ¢ » Mapsg(co,c) for
Co € C,’
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(iii) For any functor ® : C°P? - E, the map

lim ® — lim ® o F°P
Cop Dop

is an isomorphism, whenever either side is defined;
(iii”) Same as (iii), but we take E = Spc (in which case, the limits are always
defined);
(iv) For any ® : C - E and any functor ®' : C —» E that sends all morphisms to
isomorphisms, the map

Mapspynet(c,g) (2, @) = Mapsp,ney(p,g) (P o F, @ 0 F)

is an isomorphism.

2.2.3. For example, any functor that admits a left adjoint is cofinal. Indeed, in
this case, the category D X C., admits an initial object, given by

c— FoFE(c).

2.2.4. Let D —» C be a coCartesian fibration. We note that in this case for any
c € C, the functor
D.->DxC,
C

is cofinal. Hence, we obtain that for ® : D - E, the value of LKEr(®) at c € C is
canonically isomorphic to

colim ®.
D.

Le., instead of computing the colimit over the slice category, we can do so over
the fiber.

Similarly, if D - C is a Cartesian fibration, then for ® : D — E, the value of
RKEgR(®) at c € C is canonically isomorphic to

lim ®.
D¢

2.3. Contractible functors. The contents of this subsection can be skipped on
the first pass. It is included in order to address the following question that arises
naturally after introducing the notion of cofinality:

Let F: D — C be a functor. For ®,®" € Funct(C, E), consider the restriction

map
(2.4) MapSFunct(C,E)((I)v ') - Mapspypet(p,E) (PoF, "o F).
The condition that (2.4) be an isomorphism for any ® and @’ that take all
morphisms to isomorphisms is equivalent to the map
D[~ [C]|
being an isomorphism in Spc.

According to Lemma the condition that (2.4) be an isomorphism for any
®’ that takes all morphisms to isomorphisms is equivalent to F' being cofinal.

We will now formulate the condition that (2.4]) be an isomorphism for all pairs
®, @', Ie., that the restriction functor

Funct(C, E) - Funct(D, E)
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be fully faithful.

2.3.1. Forc,c’ € Cand a morphism ¢ > ¢/, consider the (oo, 1)-category Factorp («):
((CagDrg@yce) = foh

I.e., this is the category, whose objects are
(HED7C£F(E) L, y0B~a).

We shall say that F is contractible if for any ¢ > ¢/, the category Factorp (o)
is contractible.

2.3.2.  We have:

LEMMA 2.3.3. The following conditions are equivalent:
(i) F is contractible;
(i) F°P : D°P — C°P is contractible;
(ii) For any E, the restriction functor
Funct(C, E) - Funct(D, E)

is fully faithful;
(ii") Same as (ii) but E = Spc;
(iii) The unit of the adjunction

® > RKEp(®oF), & eFunct(C,E)
is an isomorphism for any E and ®;
(iii’) Same as (iii), but E = Spc;
(iv) The counit of the adjunction

LKEp(®o F) > ®, & ¢Funct(C,E)
is an isomorphism for any E and ®;
(iv’) Same as (iv), but E = Spc;
(iv?) Same as (iv’), but ® are taken to be the Yoneda functors ¢ — Mapss(co,c).

2.3.4. We also note:

LEMMA 2.3.5. Let F': D — C be a Cartesian or coCartesian fibration. Then it
is contractible if and only if it has contractible fibers.

2.4. The operation of ‘passing to adjoints’. Let
i Ci, iel
be an I-diagram of (oo, 1)-categories. In this subsection we will discuss the proce-

dure of creating a new diagram, parameterized by I°P, that still sends i to C;, but
replaces the transition functors by their adjoints.

This procedure generalizes the situation of Sect. in the latter our index
category I was simply [1].
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2.4.1. Let
Cril—1-Cat, i Ci (i0Sin)m (C Lo cil)
be a functor, where I € 1-Cat. Let
(2.5) C-1
be the coCartesian fibration corresponding to Ci.

Fo
Assume that for every morphism (ig = 41 ) € I, the resulting functor C;, —> C;,
admits a right adjoint. In this case the coCartesian fibration (2.5) is bi-Cartesian.

2.4.2. Viewing ([2.5)) as a Cartesian fibration, and applying straightening, we trans-
form (2.5)) into a functor

Cf, :I°° - 1-Cat.
On this case, we shall say that Cfip is obtained from Cy by passing to right
adjoints.

By construction, the value of Cf‘zp on ¢ € I is still C;. However, for a morphism
19 > 11 in I, viewed as a morphism i; — ¢ in I°P, the corresponding functor

Ci, » Gy,
is (F,)E.
2.4.3. Similarly, by inverting the arrows, we talk about a functor
D%, : JP - 1-Cat
being obtained from a functor Dy : J — 1-Cat by passing to left adjoints.

For J = I°P, the datum of realizing Dy as obtained from Cj by passing to right
adjoints is equivalent to the datum of realizing Cy as obtained from Dy by passing
to left adjoints: both are encoded by a bi-Cartesian fibration

E-1

2.5. Colimits in presentable (oo, 1)-categories. As was mentioned in the in-
troduction, the primary reason for working with (oo, 1)-categories is the fact that
the operation of limit of a diagram of (oo, 1)-categories is well-behaved (as opposed
to one within the world of triangulated categories).

But here comes a problem: while limits are, by definition, adjusted to mapping
to them, how do we ever construct a functor out of an (oo, 1)-category, defined as
a limit? However, quite an amazing thing happens: in a wide class of situations, a
limit in 1-Cat happens to also be the colimit (taken in a slightly different category).

The pattern of how this happens will be described in this subsection.
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2.5.1. We let 1-Catp,s c 1-Cat be the 1-full subcategory whose objects are pre-
sentable (oo, 1)-categories contain colimitsEl, and where we allow as morphisms func-
tors that preserve colimits.

We have the following basic fact:

LEMMA 2.5.2 ([Lul], Proposition 5.5.3.13).
(a) The (o0,1)-category 1-Catpys contains limits and colimits.

(b) The inclusion functor
1-Catp,s = 1-Cat

preserves limits.

2.5.3. Here is a version of the Adjoint Functor Theorem:

THEOREM 2.5.4 (|[Lul], Corollary 5.5.2.9).

(a) Any morphism in 1-Catp,s, viewed as a functor between (oo, 1)-categories, ad-
mits a right adjoint.

(b) If C and D are objects in 1-Catp,s, and G :D — C is a functor that preserves
limit&ﬂ then this functor admits a left adjoint, which is a morphism in 1-Catp,s.

2.5.5. Let

CI I->1 —Catprs
be a functor.

By the Adjoint Functor Theorem and Sect. there exists a canonically

defined functor

CE, :I°° > 1-Cat,
obtained from the composition

I ASN 1-Catpys = 1-Cat

by passing to right adjoints.
2.5.6. Let C, denote the colimit of Cy in 1-Catpys.

Let I’ be the category obtained from I by adjoining a final object *. The
functor Cy canonically extents to a functor
CI/ : I, i ].—Catprs,
whose value on = is C,.
By the Adjoint Functor Theorem and Sect. there exists a canonically
defined functor
Cffop :T'°P - 1-Cat,
obtained from the composition

/ CII
I' — 1-Catp,s = 1-Cat

by passing to right adjoints, and whose restriction to I°P is the functor Cft,.

3Presentability is a technical condition of set-theoretic nature (see [Lull Sect. 5.5.]), which
is necessary for the Adjoint Functor Theorem to hold. However, following our conventions (see
Sect. , we will omit the adjective ‘presentable’ even when it should properly be there.

“One also needs to impose a condition of set-theoretic nature that G be accessible, see [Lull
Defn. 5.4.2.5] for what this means.
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Note that the category I'°P is obtained from I°P by adjoining an initial object.
In particular, we obtain a canonically defined functor
(2.6) C. —lim CE,.
op

We have the following fundamental fact, which follows from [Lull Corollary
5.5.3.4]:

PROPOSITION 2.5.7. The functor (2.6) is an equivalence.

The equivalence of Proposition [2.5.7] will be used all the time in this book. We
emphasize that it states the equivalence
colim C; ~ lim C;,
iel ielop
where the colimit in the left-hand side is taken in 1-Catp,s, and the limit in the

right-hand side is taken in 1-Cat.

2.5.8. In the setting of Proposition for i € I, we will denote by ins; the
tautological functor
Ci d C*.

In terms of the identification
~ 13 R
C, = 1Ilg£l Ciop,
the functor ins; is the left adjoint of the tautological evaluation functor
ev;: 1110r[1>1 Cfip - C;.
Thus, we can restate Proposition by saying that each of the functors ev;
admits a left adjoint, and the resulting family of functors
(ev))!:C;y - llim CE,
op
gives rise to an equivalence
colim Cy — lim C¥,,,
I Top
where the colimit in the left-hand side is taken in 1-Catp,.

2.6. Limits and adjoints. In this subsection we will discuss two general results
about the interaction of limits of (oo, 1)-categories with adjunctions and with limits
within a given (oo, 1)-category. We will use them in multiple places in the book.

2.6.1. Let
I-1-Cat, i~ C;

be a diagram of (oo, 1)-categories. Set

C = lim Ci~
iel

Let
A-C, awc”

be a functor, where A is some other index category. Consider the corresponding
functors

ev;

A-C—C;, ar~cl
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Suppose that for each 7, the limit
EEIB cl =c;eC;
exists. Assume also that for every 1-morphism i — j in I, the corresponding map
F; j(c;) = ¢ happens to be an isomorphism.
We claim:
LEMMA 2.6.2. Under the above circumstances, the limit

limec®=ceC
ae

exists and the natural maps ev;(c) — ¢; are isomorphisms.

2.6.3. Let now I be an (oo, 1)-category of indices, and let be given a functor
d;
I - Funct([1],1-Cat), i~ (D; — C,).
Assume that for every i, the corresponding functor ®; admits a right adjoint.
Assume also that for every map i — 7 in I the natural transformation
D R R _ C
Fijo ()" = (2;)" o Fyj
is an isomorphism, where FP] (resp., FF]) denotes the transition functor C; - C;
(resp., D; = Dj).

Set
D :=1limD; and C :=1lim C;.
iel iel

We claim:

LEMMA 2.6.4. The resulting functor ® : D — C admits a right adjoint, and for
every i the natural transformation

eV:»3 o’ - @f{ ° evzc

is an isomorphism.

3. Monoidal structures

This section is meant to be a user guide to some aspects of Higher Algebra,
roughly Sects. 4.1-4.3, 4.5 and 4.7 of [Lu2].

We discuss the notion of monoidal (oo, 1)-category; the notion of module over
a given monoidal category, the notion of associative algebra in a given monoidal
category, and the notion of module over an algebra in a given module category.

At the end of this section, we discuss monads and the Barr-Beck-Lurie theorem.
A reader who is familiar with [Lu2] can safely skip this section.
3.1. The notion of monoidal (o0, 1)-category. In this subsection we introduce

the notion of monoidal (co,1)-category. The idea is very simple: a monoidal (oo, 1)-
category will be encoded by a functor from the category A°P to 1-Cat.
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3.1.1. Recall the category A, see Sect. [[.1.10}
We define a monoidal (oo, 1)-category to be a functor
A®: A°" 5 1-Cat,

subject to the following conditions:

o AP([0]) = =;

e For any n, the functor, given by the n-tuple of maps in A
(3.1) [1]>[n], Omilei+l, i=0,..,n-1,

defines an equivalence

A®([n]) > A®([1]) x ... x A®([1]).

3.1.2. If A® is a monoidal (oo, 1)-category, we shall denote by A the underlying
(00, 1)-category, i.e., A®([1]).

Sometimes, we will abuse the notation and say that “A is a monoidal (oo, 1)-
category”. Whenever we say this we will mean that A is obtained in the above way
from a functor A®.

3.1.3. The map
[1]-1[2], 0~0,1~2
defines a functor
AxA—-A.

This functor is the monoidal operation on A, corresponding to A®. Unless a
confusion is likely to occur, we denote the above functor by

aj,as — a; ® as.

The map [1] = [0] defines a functor * — A; the corresponding object is the
unit of the monoidal structure 15 € A.

3.1.4. We let 1- Cat™°" denote the (0, 1)-category of monoidal (oo, 1)-categories,
which is by definition a full subcategory in Funct(A°P,1-Cat).

The involution (-)°P of (1.1) on 1-Cat induces one on Funct(A°P,1-Cat), and
the latter preserves the full subcategory 1-Cat™M°™. At the level of underlying
(o0, 1)-categories, this involution acts as A — A°P.

In other words, the opposite of a monoidal (oo, 1)-category carries a natural
monoidal structure.

Recall the involution rev on the category A; see Sect. [[.1.10] This involution
also induces one on Funct(A°P,1-Cat), and the latter preserves also preserves
1- CatMen,

This is the operation of passing to the monoidal (oo, 1)-category with the re-
versed multiplication,

A Arev-mult
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3.1.5. An example: endo-functors. Let C be an (o0, 1)-category. We claim that
the (o0,1)-category Funct(C, C) acquires a natural monoidal structure. Indeed,
we define the functor

(3.2) Funct(C,C)® : A°® —» 1-Cat
as follows: it sends [n] to

Cart/[n]op 1-Cat ><.>.<.><1—Cat{c o X C},

where the functor
Cartp,jop = Cart/,,. e ~ 1-Cat x ... x 1-Cat
is given by restriction along
(xu...ux) = ([n]°P)5PC - [n]°P.
By Chapter 10, Corollary 2.4.4, we have

Cart[170» {C x C} ~ Funct(C, C),

X
1-Cat x1-Cat

and the functor (3.2)) is easily seen to satisfy the conditions of Sect.

REMARK 3.1.6. The fact that (3.2)) is well-defined as a functor follows from the
enhanced straightening procedure, see Sect.

3.1.7. Unstraightening defines a fully faithful embedding
1-CatMen o (coCart)aep )stricts
denoted
A® > A®AT
Its essential image is singled out by the condition in Sect.
3.2. Lax functors and associative algebras. In this subsection we introduce
the notion of associative algebra in a given monoidal (oo, 1)-category.

The method by which we will do it (following [Lu2l, Sect. 4.2]) will exhibit the
power of the idea of unstraightening.

3.2.1. We introduce another (oo, 1)-category, denoted (1—CatM°“)right_1ax

non-untl

It will have the same objects as 1—CatM°n, and will contain the latter as a 1-full
subcategory.
The idea of the category (1- CatMon)right_laxnon_‘mtl is that we now allow functors

Ay — A; such that the diagrams
AgxAg —— Ag

| |

A1><A1 —_— A1

no longer commute, but do so up to a natural transformation.
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3.2.2. Namely, we let (1-Cat™™),ignt-1ax

whose objects are those lying in the essential image of 1-Cat
allow as morphisms functors

be the 1-full subcategory of coCart;acp,
Mon

non-untl

, and where we

A?,A"P - A?,AOP
that map morphisms in A(? A" that are coCartesian over morphisms in A°P of the
form to morphisms in A?’Aop with the same property.
Such a functor will be called a right-lax monoidal functor.

3.2.3. Passing to the opposite categories, one obtains the notion of left-lax monoidal
functor. The next assertion follows by unwinding the definitions:

LEMMA 3.2.4. Let AY and A be a pair of monoidal (oo, 1)-categories, and let
F:Ai2A:G

be a pair of adjoint functors of the underlying plain (oo, 1)-categories. Then the
datum of left-lax monoidal functor on F is equivalent to the datum of right-lax
monoidal functor on G.

3.2.5. Let %® be the point category, equipped with a natural monoidal structure,
i.e., *®([n]) = * for any n.

Given a monoidal (oo, 1)-category A®, we define the notion of associative al-
gebra in A® to be a right-lax monoidal functor

ABAT L AP = (BAT | AOAT

We denote the (oo, 1)-category of associative algebras in A® by AssocAlg(A)
(suppressing the ® superscript). We let

0blv pgsoc : AssocAlg(A) - A
denote the tautological forgetful functor.

Given A®A™ ¢ AssocAlg(A), we denote by A its underlying object of A, i.e.,
the value of A®A" on the object [1] € A°P.

3.2.6. Let A be an associative algebra in A. Then we obtain, tautologically, an
associative algebra AreV-mult jn Arev-mult 'with the same underlying object of A as
a plain (oo, 1)-category.

3.3. The symmetric(!) monoidal case. In this subsection we explain the mod-
ifications necessary in order to talk about symmetric monoidal (oo, 1)-categories,
and commutative algebras inside them.

3.3.1. The definitions involving monoidal categories and associative algebras in
them can be rendered into the world of symmetric monoidal (o0, 1)-categories and
commutative algebras, by replacing the category A°P by that of finite pointed sets,
denoted Fin,. We replace the condition in Sect. by the following one:

o A®({#}) = *;
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e For any finite pointed set (* € I) and any ¢ € I — {*}, we have the map
(xeI)— (xe{*xui}) given by i » i and j — * for j # 4. We require that
the induced map

A®(>(-EI)—> _ IH{ }A®(>ee{>(-ui}).

be an equivalence.

We let, 1- Cat>™M°" denote the (oo, 1)-category of symmetric monoidal (oo, 1)-
categories.

Given A € 1-Cat®™M°" we let ComAlg(A) denote the (oo,1)-category of
commutative algebras in A. We let

oblvioy : Com(A) — A
denote the tautological forgetful functor.
3.3.2. Note that we have a canonically defined functor
(3.3) A°® - Fin, .

At the level of objects this functor sends [n] — (0 € {0,...,n}). At the level of
morphisms, it sends a non-decreasing map ¢ : [m] - [n] to the map ¢ : {0,...,n} -
{0,...,m} defined as follows:

For i € {0,....,n} we set ¢ (i) = j if there exists (an automatically unique)
j€40,...,m} such that ¢(j —1) <i < ¢(j), and ¢(i) = 0 otherwise.

Using the functor we obtain that any object of commutative nature (e.g.,
symmetric monoidal (oo, 1)-category or a commutative algebra in one such) gives
rise to the corresponding associative one (monoidal (oo, 1)-category or associative
algebra in one such).

3.3.3.  Any (o0, 1)-category C that admits Cartesian productﬂ has a canonically
defined (symmetric) monoidal structure. Namely, we start with the functor

(3.4) (Fin, )P - 1-Cat,

given by

*€l)~ Funct(l,C X *},
( ) ( ) Funct({*},C) { }

where {*} — Funct({x}, C) is given by the functor that maps * to the final object.

Now, the condition that C admits Cartesian products implies that the functor
(3.4]) satisfies the assumption of Sect. Hence, we obtain a well-defined functor

(3.5) Fin, — 1-Cat,
obtained from ([3.4) by passing to right adjoints. It is easy to see that the functor

(3.4) satisfies the assumptions of Sect. thereby giving rise to a symmetric
monoidal structure on C.

In particular, we can talk about commutative (and if we regard C just as a
monoidal category, also associative) algebras in C. These objects are called com-
mutative monoids (resp., just monoids). We denote the corresponding categories
by

ComMonoid(C) and Monoid(C),

5Including the empty Cartesian product, i.e., a final object.
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respectively.

Dually, if C admits coproducts, it has a coCartesian symmetric monoidal struc-
ture.

3.3.4. In particular, we can consider the (oo, 1)-category 1-Cat equipped with the
Cartesian symmetric monoidal structure.

Commutative (resp., associative) algebras in 1-Cat with respect to the Carte-
sian structure, i.e., commutative monoids (resp., just monoids) in 1-Cat are the
same as symmetric monoidal (resp., monoidal) (oo, 1)-categories, see Chapter 9,
Sect. 1.3.3.

3.3.5. Let A be a symmetric monoidal (oo, 1)-category. In this case, the (oo, 1)-
category AssocAlg(A) acquires a symmetric monoidal structure, compatible with
the forgetful functor AssocAlg(A) — A, see [Lu2l Proposition 3.2.4.3 and Example
3.2.4.4].

3.3.6. Furthermore, the (oo,1)-category ComAlg(A) also acquires a symmetric
monoidal structure, and this symmetric monoidal structure equals the coCartesian
symmetric monoidal structure on ComAlg(A), see [Lu2l, Proposition 3.2.4.7].

In particular, every object A € ComAlg(A) has a natural structure of commu-
tative algebra in ComAlg(A), and hence also in AssocAlg(A).

3.4. Module categories. In this section we extend the definition of monoidal
(00, 1)-categories to the case of modules.

3.4.1. Let A" be the 1-full subcategory of 1-Cateran, where we allow as objects
categories of the form
[n]=(0->1->..->n), n=0,1,..
and
] =(0>1->..>n->+), n=0,1..
As 1-morphisms we allow:
e Arbitrary functors [n] — [m];
e Functors [n] — [m]*, whose essential image does not contain +;

e Functors [n]" — [m]* that send + to +, and such that the preimage of +
is +.

3.4.2. Given a monoidal (oo, 1)-category A®, a module for it is a datum of exten-
sion of the functor
A®:A°P 5 1-Cat,
to a functor
AP®: ATOP 5 1-Cat,
such that the following condition holds:
e For any n >0, the functor
AT2([n]") > A®([n]) x AZ2([0]),
given by the morphisms
[n] > [n]", i~iand [0]" > [n]", Opn,+e +,

is an equivalence.
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3.4.3.  We will think of the (oo, 1)-category
M := A®([0])
as the (oo, 1)-category underlying the module.
Note that A*®([1]") identifies with A x M. The map
[0]" = [1]*, 0~ 0,++~ +,
defines a functor
AxM - M,
which is the functor of action of A on M.

Unless a confusion is likely to occur, we denote the above functor by

a,ma®m.

3.4.4. Welet 1-Cat™*" denote the (o0, 1)-category of pairs of a monoidal (oo, 1)-
category equipped with a module, which is a full subcategory in

Funct(A*°P,1-Cat).

For a fixed A® € 1-Cat™°", we let
A-mod:=1-Cat™™  x  {A®}.

1- CatMen
This is the (oo, 1)-category of (left) A-module categories.

3.4.5. Replacing A by A™"™!t we obtain the (oo, 1)-category of right A-module
categories, denoted A-mod".

If C is an (oo, 1)-category with a structure of A-module category, then C°P
acquires a structure of A°’-module category.

3.4.6. Let C be an (oo, 1)-category. Recall that Funct(C, C) acquires a natural
monoidal structure (see Sect. [3.1.5). The same construction as in loc.cit. shows
that C is naturally a module category for Funct(C, C).

In addition, for any D, the category Funct(D, C) (resp., Funct(C, D)) is nat-
urally a left (resp., right) module over Funct(C, C).

3.5. Modules for algebras. In this subsection we will explain that, given a
monoidal (oo, 1)-category A, an A-module M and A € AssocAlg(A), we can talk
about A-modules in M.

The idea is the same as that giving rise to the definition of associative algebras:
we will use unstraightening.

3.5.1. Parallel to Sect. we define the (oo, 1)-category (1- CatMon” )right-lax
Thus, given two pairs (A1, M), (As,Ms) we can talk about a pair of functors
FAlg:Al _>A2 and Fmod:Ml _)M27

non-untl

where Fyj, is a right-lax monoidal functor, and Fjeq is right-lax compatible with
actions.

In particular, for a fixed A, and M,N € A-mod we can talk about right-lax
functors M — N of A-modules.
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3.5.2. Passing to opposite categories, we obtain the corresponding notion of left-
lax functor. The following is not difficult to obtain from the definitions (see also
[Lu2l Corollary 7.3.2.7]):

LEMMA 3.5.3. Let A be a monoidal (o0, 1)-category, and let M,N € A-mod.
Let

F-M=2N:G
be a pair of adjoint functors as plain (oo, 1)-categories. Then the structure on F of
left-lax functor of A-modules is equivalent to the structure on G of right-lax functor
of A-modules.
3.5.4. Consider the point-object
«*® ¢ 1-CatMon”

Given A™® € 1-CatM*™" with the corresponding A, M we let AssocAlg + mod(A, M)

denote the resulting category of right-lax functors
)(_+,® N A+’®.

This is, by definition, the category of pairs A € AssocAlg(A) and M € A-mod(M).
The fiber of the forgetful functor
(3.6) AssocAlg + mod(A, M) — AssocAlg(A)
over a given A € AssocAlg(A) is the category of A-modules in M, denoted A-mod(M).

3.5.5. The forgetful functor (3.6) is a Cartesian fibration via the operation of
restricting the module structure.

If M admits geometric realizations, then the functor (3.6) is also a coCartesian
fibration via the operation of inducing the module structure.

3.5.6. Note that we have a naturally defined functor
A" > A [n]e[n],[n]"~ [n+1].
Restriction along this functor shows that for any A® e 1-Cat™°", the underly-
ing (o0, 1)-category A is naturally a module for A®.
Thus, we can talk about the category
A-mod := A-mod(A)
of A-modules in A itself.

3.5.7. For example, taking A equal to 1-Cat with the Cartesian monoidal struc-
ture, and A being an associative algebra object in 1-Cat, i.e., a monoidal (oo, 1)-
category O, the resulting (oo, 1)-category

O-mod = O-mod(1-Cat)

is the same thing as what we denoted earlier by O-mod, i.e., this is the (oo,1)-
category of O-module categories.
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3.5.8. Similarly, we obtain the (oo, 1)-category A-mod” of right A-modules, i.e.,
A—mOdT . Arev-mult_mod(Arev-mult).
Tensor product on the right makes A-mod into a right A-module category, and
tensor product on the left makes A-mod” into a left A-module category.

3.5.9. By a pattern similar to Sect. for A € AssocAlg(A), the object A€ A
has a natural structure of an object of .A-mod (resp., A-mod").

3.6. The relative inner Hom.
3.6.1. Let A be a monoidal (co,1)-category, and let M an A-module (oo,1)-
category.

Given two objects mg, m; € M, consider the functor
A°? - Spc, awr~ Mapsy(a®mp,m;y).
If this functor is representable, we will denote the representing object by
Hom , (mp,m;) € A.
This is the relative inner Hom.

3.6.2. In particular we can take M = A, regarded as a module over itself. In this
case, for ag,a; € A, we obtain the notion of usual inner Hom

Hom , (ag,a;) € A.
3.6.3. For example, let us take A =1-Cat, equipped with the Cartesian monoidal
structure. Then for Cgy, C; € 1-Cat, the resulting object
Hom,; ,:(Cop,C1) € 1-Cat
identifies with Funct(Cy, Cy).

3.6.4. Let A€ A be an associative algebra. Following Sect. [3.5.8] we consider the
(00, 1)-category A-mod” as a (left) module category over A.

Thus, for two objects Mg, M1 € A-mod”, it makes sense to ask about the
existence of their inner Hom as an object of A. We shall denote it by

HOimA,A(Mo,M1)
3.6.5. Assume now that A is symmetric monoidal, and that A is a commutative
algebra in A. In this case, for M, N € A-mod, the above object

HOmA,A(M,/\/’) €A
naturally acquires a structure of A-module.

3.6.6. Let A be again a monoidal (oo, 1)-category, and let M be an A-module
(00, 1)-category.

Let m € M be an object. Suppose that the relative inner Hom object Hom 4 (m, m) €
A exists.

Then Hom , (m, m) has a natural structure of associative algebra in A. This
is the unique algebra structure, for which the tautological map

Hom, (m,m) ® m - m

extends to a structure of Hom , (m, m)-module on m, see [Lu2, Sect. 4.7.1].
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3.7. Monads and Barr-Beck-Lurie.

3.7.1. Let C be an (o0, 1)-category. Recall that Funct(C, C) has a natural struc-
ture of monoidal category, and C that of Funct(C, C)-module, see Sects. and
0.4.0l

By definition, a monad acting on C is an associative algebra 4 € Funct(C, C).
3.7.2. Given a monad A, we can consider the category A-mod(C). We denote by
oblv 4 : A-mod(C) - C

the tautological forgetful functor.
The functor oblv 4 admits a left adjoint, denoted
ind4: C - A-mod(C).
The composite functor
oblv4oind4: C - C

identifies with the functor
e~ A(c),

where we view A as an endo-functor of C, see [Lu2| Corollary 4.2.4.8].

3.7.3. Recall now that for any (oo, 1)-category D, the (oo, 1)-category Funct(D, C)
is also a module over Funct(C, C), see Sect.

One can deduce from the construction that for a given G € Funct(D,C), a
structure on G of A-module, i.e., that of object in

A-mod(Funct(D, C))

is equivalent to that of factoring G as

oblv 4

D - A-mod(C) -7 C.
3.7.4. Let G be a functor D - C. It is easy to see that if G admits a left adjoint,
then the inner Hom object

Homp,,ct(c,c) (G, G) € Funct(C, C)
exists and identifies with G o GL (see [Lu2, Lemma 4.7.3.1].).
Note that according to Sect. [3.6.6]

A= G o GY e Funct(C, C)

acquires a structure of associative algebra.

By the above, the functor G canonically factors as

oblv 4

Genh
D — A-mod(C) -7 C.
DEFINITION 3.7.5. We shall say that G is monadic if the above functor
G : D - A-mod(C)

is an equivalence.



44 1. SOME HIGHER ALGEBRA

3.7.6. Here is the statement of a simplified version of the Barr-Beck-Lurie theorem
(see [Lu2, Theorem 4.7.3.5] for the general statement):

PROPOSITION 3.7.7. Suppose that in the above situation both categories C and
D contain geometric realizations. Then the functor G is monadic provided that the
following two conditions hold:

(1) G is conservative;

(2) G preserves geometric realizations.

PROOF. By assumption, the functor G°™! is conservative. Hence, it suffices to
show that G°"! admits a left adjoint, to be denoted F*" and that the natural
transformation

(3.7) oblv 4 — oblv 4 0 Ge" o Feub » (7 o frenh
is an isomorphism.

It is clear that the (a priori partially defined) left adjoint F°"! is defined on
objects of the form ind 4(c) for ¢ € C, and by transitivity F**® oind 4 = G¥. The
corresponding map

(3.8) oblv 4 oind 4 - G o F™ o ind 4
is the tautological isomorphism oblv 4 o ind 4 - G o G¥.

Now, every object of A-mod(C) can be obtained as a geometric realization of
a simplicial object, whose terms are of the form ind 4(c) for ¢ € C. Hence, the fact
that F°"! is defined on such objects implies that it is defined on all of A-mod(C).
Given that is an isomorphism, in order to deduce the corresponding fact for
, it suffices to show that both sides in preserve geometric realizations.

This is clear for the right-hand side in (3.7)), since G preserves geometric re-
alizations. The fact that oblv 4 preserves geometric realizations follows from the
fact that the functor

A®-~GoGr

has this property.
O

3.7.8. Here is a typical situation in which Proposition [3.7.7] applies. Let A be a
monoidal (oo, 1)-category, A € Assoc(A), and M € A-mod. Then the forgetful
functor

oblv 4 : A-mod(M) - M
is monadic, and the corresponding monad on M is given by
m~ A®m.

Consistently with Sect. [3.7.2] we denote the corresponding left adjoint M —
A-mod(M) by ind 4.
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4. Duality

In this section we will discuss the general pattern of duality. It will apply to
the notion of dualizable object in a monoidal (oo, 1)-category, dualizable module
over an algebra, and also to that of adjoint functor.

The material in this section can be viewed as a user guide to (some parts) of
[Lu2| Sects. 4.4 and 4.6].

4.1. Dualizability. In this subsection we introduce the notion of dualizability of
an object in a monoidal (oo, 1)-category.

4.1.1. Let A be a monoidal (oo, 1)-category. We shall say that an object a€ A is
right-dualizable if it is so as an object of A°T™,

Le., a admits a right dual if there exists an object a¥'f* € A equipped with
1-morphisms

R co-unit unit R
a®a” —> 1p and 14 — a" e a,
such that the Composition

id ® unit
(4.1) a ‘" aga"fea

co-unit ® id
—
projects to the identity element in mo(Maps, (a,a)), and the composition
(4.2) al BB Qv g g @ gV R IO VR
projects to the identity element in mo(Maps, (a¥F,a" %)),

Similarly, one defines the notion of being left-dualizable.

If A is symmetric monoidal, then there is no difference between being right or
left dualizable.

4.1.2. Let us be given a € A that admits a right dual. Consider the corresponding
data

co-unit
V,R

(4.3) (" a®a A)-

We obtain that for any a’ € A, the composite map

co-unit

Maps, (a’,a""%) > Maps, (a®a’,a®a"®) “°5" Maps, (a®a’,14).
is an isomorphism.
From here, we obtain that the data of (4.3)) is uniquely defined.

Similarly, the data of

uni

(4.4) (a1, 2 av P ga)
is uniquely defined.

Furthermore, we can fix both (4.3)) and (4.4) uniquely by choosing a path
between (4.1) with id, or a path between (4.2)) with id,v.z.
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4.1.3. A convenient framework for viewing the notions of right or left dual is that
of adjunction of 1-morphisms in an (oo, 2)-category, developed in Chapter 12: the
datum of a monoidal (oo, 1)-category is equivalent to that of an (oo, 2)-category
with a single object.

In particular, it follows from Chapter 12, Sect. 1, that given an object a € A
that admits a right dual there exists a canonically defined a¥*®*, equipped with the
data of and , as well as paths connecting with id, and with
idyv,r. These data are fixed uniquely by requiring that they satisfy a certain infinite
set of compatibility conditions, specified in loc.cit.

Thus, we can talk about the right dual of an object a € A.

A similar discussion applies to the word ‘right’ replaced by ‘left’. By construc-
tion, the datum of making a’ the right dual of a is equivalent to the datum of
making a the left dual of a’.

4.1.4. Let Aright-dualizable (poqp, - Aleft-dualizable) jopote the full subcategory spanned
by right (resp., left) dualizable objects. Applying Chapter 12, Corollary 1.3.6 we
obtain that dualization defines an equivalence of monoidal (oo, 1)-categories

(Aright—dualizable)op ~ (Aleft—dualizable)rev—mult.

For a morphism ¢ : a; — a; we denote by ¢V"® (resp., ¢*'L) the corresponding

. V,R V,R v,L v,L
morphism ay”"" - a;"" (resp., a;” —a;"").

If A is symmetric monoidal we denote

Aright—dualizable . Adualizable — Aleft—dualizable

For a morphism ¢ : a; — az we let ¢¥ : aj — ai denote its dual.

4.1.5. Consider A as a module over itself, and for two objects a;,as € A recall the
notation

Hom, (a;,a2) € A
(see Sect. [3.6.1). Le., this is an object of A (if it exists) such that

Maps, (2’,Hom 4 (a1,a3)) ~ Maps, (2’ ® a;,az).

Assume that a; € A is left dualizable. Then it is easy to see that Hom , (a1, as)
exists and we have a canonical isomorphism

Hom, (a;,a2) :=a2 ® a{’L.

LEMMA 4.1.6. Let A be a monoidal (o0, 1)-category.

(a) Suppose that the functor Mapsy (1a,—) is conservative. Then if a € A is right
dualizable, then the functor a’ — a’ ® a commutes with limits.

(b) Let I be an index category, and suppose that the functor ® : Ax A — A preserves
colimits in each variable indexed by I. Assume also that the functor Mapsy (1a,-)
preserves colimits indexed by I. Then for any a € A that is left or right dualizable,
the functor Maps  (a,—) preserves colimits indexed by 1.
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PROOF. For (a), we rewrite the functor a’ —» a’ ® a as a’ = Hom, (a"'F,a’),
so it is sufficient to show that the latter functor preserves limits. Since the functor
Mapsa (1a,—) commutes with limits and is conservative (by assumption), it is
enough to show that the functor

a’ > Maps s (1a, (Hom, (2", a")))
preserves limits. However, the latter functor is isomorphic to Maps, (a¥'#,a’).
For (b) we give a proof when a is left-dualizable. Indeed, the functor
a’ — Mapsy (a,a’)
is the composition of the functor
a’ > Hom, (a,a’) ~a’ @ a”,

followed by the functor Mapsa (1a,-).
U

4.1.7. Let A be an associative algebra in A, and a € A an A-module, which is
left-dualizable as a plain object of A.

In this case, the left dual a¥'” of a acquires a natural structure of right A-
module.

The corresponding action map a"* ® A - a¥" is explicitly given by

id_v,r ®id 4 ® unit co-unit®id_y, 1,
a'led " = a'"leAdgawa’l >a"legawa’ — T avl,

where the middle arrow is given by the action map A® a — a.

More generally, for any A-module a and a’ € A for which Hom, (a,a’) € A
exists, the object Hom 4, (a,a’) is naturally a right A-module.

4.2. Tensor products of modules. In this subsection we will make a digression
and discuss the operation of tensor product of modules over an associative (resp.,
commutative) algebra.

4.2.1. Assume now that A contains geometric realizations that distribute over the
monoidal operation in A. We claim that in this case there exists a canonically
defined functor

A-mod” x A-mod - A, N, M HN%M,
see [Lu2, Sect. 4.4].
Indeed, it is uniquely defined by the following conditions:

o It preserves geometric realizations in each variable;
e It is a functor of A-bimodule categories;

o It sends
(AxAeAmod” x A-mod) — (A€ A),
in a way compatible with the homomorphisms

Ax A S Hom | a vevomu (Ax A, AxA) and Ax A™V ™M 5 Hom | vevomane (A, A).
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4.2.2. Let now A be a symmetric monoidal (oo, 1)-category. In this case, the
(00, 1)-category

AssocAlg + mod(A) := AssocAlg + mod(A, A)
has a natural symmetric monoidal structure, so that the forgetful functor
(4.5) AssocAlg + mod(A) — AssocAlg(A)
is symmetric monoidal, see [Lu2l, Proposition 3.2.4.3].

4.2.3. Assume now that A contains geometric realizations that distribute over the
monoidal operation in A. In this case (4.5 is a coCartesian fibration.

4.2.4. Let now A be a commutative algebra in A, viewed as a commutative algebra
object in AssocAlg(A), see Sect.

Combining with the above, we obtain that the (oo, 1)-category A-mod acquires
a canonically defined symmetric monoidal structure (thought of as given by tensor
product over A), see [Lu2, Theorem 4.5.2.1].

4.3. Duality for modules over an algebra. In this subsection we will discuss
the notion of duality between left and right modules over a given associative algebra.

4.3.1. Let A be a monoidal (oo, 1)-category, and A an associative algebra in A.
Let N' and M be a right and left A-modules in A. A duality datum between N
and M is a pair of morphisms

unit : 1 —>N§M
and

co-unit : M @N — A,

Arcv— mult

the latter being a map of A® -modules, such that the composition

id ® unit co-unit ® id

M — M®(N§M):(M®N)§>M — AE%M:M
projects to the identity element in mo(Maps, (M, M)), and the composition
N W e M)e N =N e (MaN) ET Ve A= N

projects to the identity element in 7o (Maps s (N, N)).
Thus, it makes sense to talk about dualizable left or right A-modules.

The discussion in Sect. [f.1.2]regarding the canonicity of the dual and the duality
data applies mutatis mutandis to the present setting.

4.3.2. Consider A-mod” as a A-module category. Let M and A be a pair of
objects of A-mod”. Assume that M is dualizable, and let M" € A-mod denote its
dual. In this case, it is easy to see that the object

HomAﬁA(M7N) €A
exists and identifies canonically with N/ g MY

In particular, we obtain that in the situation of Lemma a), the functor
NN ® MY

preserves I-limits.
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4.3.3. Assume now that A is symmetric monoidal and A is commutative. Recall
that in this case, the (o0,1)-category A-mod itself carries a symmetric monoidal
structure.

In this case, the duality datum between M and A in the sense of Sect. [.3:1] is
equivalent to the duality datum between them as objects of A-mod as a symmetric
monoidal (oo, 1)-category.

Furthermore, in this case, if M is dualizable, the isomorphism

Homp 4(M,N) :NQMV

upgrades to one in the category A-mod.

4.4. Adjoint functors, revisited. We will now make a digression and discuss
the point of view on the notion of adjoint functor parallel to that of the dual
object. (This is, of course, more than an analogy: the two are part of the same
paradigm—the notion of adjunction for 1-morphisms in an (oo, 2)-category.)

The reference for the material here is [Lull, Sect. 5.2].
4.4.1. Let
F:Cy=2Ci:G
be a pair of functors between (oo, 1)-categories.
An adjunction datum between F' and G is the datum of natural transformations
(4.6) unit : Idg, » G o F and co-unit: F o G - Id¢,,

such that the composition

id o unit co-unitoid

(4.7 F ' — FoGoF — F
maps to the identity element in mo(Mapspynet(cy,c,) (£ F)), and the composition

unitoid id o co-unit

(4.8) G — GoFoG — F
maps to the identity element in mo(Mapspynct(c,,co) (G5 G))-

4.4.2. Given F (resp., G) that can be complemented to an adjunction datum, the
discussion in Sect. applies as to the canonicity of the data of (G, unit, co-unit)
(resp., (F,unit, co-unit)).

4.4.3. Suppose that F and G are mutually adjoint in the sense of Sect. Then
F and G can be canonically equipped with the adjunction datum; moreover there
exists a canonical choice for a path between (resp., ) and the identity
endomorphism of F' (resp., G).

Vice versa, a functor F' (resp., G) that can be complemented to an adjunction
datum admits a right (resp., left) adjoint in the sense of Sect.
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5. Stable (o0, 1)-categories

In this section we study the notion of stable (oo,1)-category. This is the oo-
categorical enhancement of the notion of triangulated category.

The main point of difference between these two notions is that stable categories
are much better behaved when it comes to such operations as taking the limit of a
diagram of categories.

Related to this is the fact that given a pair of stable categories, we can form
their tensor product, discussed in the next section.

5.1. The notion of stable category. In this subsection we define the notion of
stable (o0, 1)-category.

In a way parallel to abelian categories, the additive structure carried by (oo, 1)-
categories is in fact not an additional piece of structure, but rather a property of
an (oo, 1)-category.

The material here follows [Lu2l Sect. 1.1].
5.1.1. Let C be an (oo, 1)-category. We say that C is stable if:
e It contains fiber products and push—outsﬂ

e The map from the initial object to the final object is an isomorphism; we
will henceforth denote it by 0;

e A diagram
cp —— €1

I

Cy —> C3

is a pullback square if and only if it is a push-out square.

Clearly, C is stable if and only if CP is.
5.1.2. Let C be a stable category. For ¢ € C we will use the short-hand notation
c[-1] and c[1] for
Q(c):=0x0and 3(c):=0u0,
respectively. It follows from the axioms that the functors [1] and [-1], which are
a priori are mutually adjoint, are actually mutually inverse.

Consider the homotopy category Ho(C) of C, i.e., in our notation Cerdn Then
Cordn has a structure of triangulated category: its distinguished triangles are images
of fiber sequences

Cp > C2 = C3,
ie.,
C1 ~ 0 x Co.
c3

The map c3[-1] - ¢ comes from the tautological map

Ou0—-cy~0xcs.
C3 C3

6Including the empty ones, i.e., a final and and an initial objects.
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5.1.3. A functor between stable categories is said to be ezact if it preserves pull-
backs (equivalently, push—outs)m

We let 1-Cat®* denote the 1-full subcategory of 1-Cat, whose objects are stable
categories and whose morphisms are exact functors.

It is clear that the inclusion functor
1-Cat>* - 1-Cat
preserves limits.
5.1.4. For a pair of stable categories C and D, let
Functex (C, D)
denote the full subcategory of Funct(C,D) spanned by exact functors. We have
(Functe (C, D))Spc = Maps; a5t (C, D).

The (oo, 1)-category Functe,(C,D) is itself stable.

5.1.5. We shall say that a stable category is cocompleteﬂif it contains filtered colim-
its. This condition is equivalent to the (seemingly stronger) condition of containing
arbitrary colimits, and also to the (seemingly weaker) condition of containing direct
sums.

We let 1-CatSh Pl ¢ 1-Cat> be the full subcategory of 1-Cat’* spanned by
cocomplete stable categories.

5.1.6. Let C and D be a pair of cocomplete stable categories, and let F': D - C
be an exact functor.

We shall say that F'is continuous if it preserves filtered colimits. This condition
is equivalent to the (seemingly stronger) condition of preserving arbitrary colimits,
and also to the (seemingly weaker) condition of preserving direct sums.

We let

1 _Cat(Sxt),r;:tocmpl c1 _CatSt,cocmpl

denote the 1-full subcategory where we restrict morphisms to continuous functors.

5.1.7. Let C and D be a pair of stable categories. Consider the stable category
Functex(C, D). If D is cocomplete, then Functe,(C,D) is also cocomplete (this
follows from the definition of cocompleteness via direct sums).

Assume now that C and D are cocomplete. We let
Functex cont (C,D) ¢ Functex (C, D)
be the full subcategory spanned by continuous functors. We have

(Functex,cont (C, D))SPC - Mapsl_catSt‘ctocmpl (C,D).

The (oo, 1)-category Functex cont (C, D) is stable and cocomplete. The inclusion
Functex cont (C, D) = Functex(C,D)
is continuous.

7Including the empty one, i.e. the 0 object.
8When talking about cocomplete categories we will always assume that they are presentable.
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5.1.8. Let C be any (o0, 1)-category that contains coproducts. We equip C with
the coCartesian symmetric monoidal structure. Then the forgetful functor

oblvcomalg
iy

ComAlg(C) C

is an equivalence, see [Lu2l Corollary 2.4.3.10]. (Informally, every object ¢ € C has
a uniquely defined structure of commutative algebra, given by cuc — c).

Let now C be stable. In this case, the coCartesian symmetric monoidal struc-
ture coincides with the Cartesian one. Hence, we obtain that the forgetful functor

(5.1) ComMonoid(C) oblVeemptonoid (g
is an equivalence, where the notation ComMonoid(-) is as in Sect.

Let ComGrp(C) ¢ ComMonoid(C) be the full subcategory of group-like ob-
jectsﬂ The following assertion is immediate (it happens at the level of the under-
lying triangulated category):

LEMMA 5.1.9. For a stable category C, the inclusion ComGrp(C) — ComMonoid(C)
is an equivalence.

5.1.10. Let now F be a functor C — D, where C is stable and D is an (oo, 1)-
category with Cartesian products. Assume that F' preserves finite products. We
obtain that F' canonically factors as

oblvcomarp

C - ComGrp(D) — D,
where oblvcomarp denotes the tautological forgetful functor.

5.2. The 2-categorical structure. In the later chapters in this book (specifi-
cally, for the formalism of IndCoh as a functor out of the category of correspon-
dences), we will need to consider the (oo, 2)-categorical enhancement of the totality
of stable categories.

We refer the reader to Chapter 10, Sect. 2, where the notion of (oo, 2)-category
is introduced, along with the corresponding terminology.

This subsection could (and, probably, should) be skipped on the first pass.

5.2.1. The structure of (o0, 1)-category on 1-Cat naturally upgrades to a structure
of (o0,2)-category, denoted 1-Cat, see Chapter 10, Sect. 2.4.

We let 1- Cat® be the 1-full subcategory of 1- Cat, where we restrict objects
to stable categories, and 1-morphisms to exact functors.

We let
1- CatSt,cocmpl c1- CatSt

be the full subcategory where we restrict objects to be cocomplete stable categories.

Let

St 1 1
1- Catco,nctocmp c1l- CatSt,cocmp

be the 1-full subcategory, where we restrict 1-morphisms to exact functors that are
continuous.

9A (commutative) monoid in an (oo, 1)-category is said to be group-like, if it is is such in the
corresponding ordinary category.
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5.2.2. Explicitly, the (oo, 2)-category 1-Cat is defined in Chapter 10, Sect. 2.4
as follows:

The simplicial (o0, 1)-category Seq, (1- Cat) is defined so that each Seq,, (1 - Cat)
is the 1-full subcategory of Cart;[,,)or, where we restrict 1-morphisms to those func-
tors between (oo, 1)-categories over [n]°P that induce an equivalence on the fiber
over each i € [n]°P.

Then
Seq,, (1- Cat5" Py ¢ Seq,, (1- CatS" P!y ¢ Seq,, (1- Cat®")

cont

are the full subcategories of Seq,,(1-Cat) defined by the following conditions:

We take those (oo,1)-categories C equipped with a Cartesian fibration over
[n]°P for which:
e In all three cases, we require that for every ¢ = 0, ..., n, the (oo, 1)-category
C; be stable, and in the case of 1-Cat>" P! and 1- Cat5"“™! that
it be cocomplete;
e In all three cases, we require that for every ¢ = 1,...,n the corresponding

functor C;_; - C; be exact, and in the case of 1- Cat2h ™! that it be
continuous.

5.2.3. By construction, we have:
Maps, o, st.cocmpt (D, C) = Functey,cont (D, C), C,D¢ 1-CatStcoemp!
cont

cont

and
Maps; . cast (D, C) = Functe (D, C), C,D e 1-Cat™t.

5.3. Some residual 2-categorical features. The (o0,2)-categories introduced
in Sect. allow to assign an intrinsic meaning to the notion of adjunction of
(various classes of) functors between (various classes of) stable categories.

We will exploit this in the present subsection.

We note, however, that, unlike Sect. the constructions here are not esoteric,
but are of direct practical import (e.g., the notion of exact monad).

5.3.1. According to Chapter 12, Sect. 1, it makes sense to ask whether a 1-
morphism F: C - D in 1- Cat> (resp., 1- CatS"<“™! 1_Cat>" P!y admits a
right adjoint 1-morphism within the corresponding (oo, 2)-category.

The following results from Theorem a):

LEMMA 5.3.2. Let F: C = D be a morphism in 1- Cat>tcocmP!,

cont

(a) The right adjoint of F always exists as a 1-morphism in 1- Cat3»ccmP!,

(b) The right adjoint from (a), when viewed as a functor between plain (oo,1)-
categories, is the right adjoint F® of F, when the latter is viewed also as a functor
between plain (oo, 1)-categories.

(¢) The right adjoint of F ezists in 1-Catou™P if and only if FE preserves

cont
filtered colimits (equivalently, all colimits or direct sums).

(d) If a 1-morphism in 1- CatS" ™! wdmits a left adjoint (as a plain functor),

then, this left adjoint is automatically a 1-morphism in 1- CatS5co™P!,
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5.3.3. In particular, to any functor

CI I1 _CatSt,cocmpl

cont

one can associate a functor
C{Ep STOP 1_CatSt,cocmpl7
obtained by passing to right adjoints.
The following is a formal consequence of Lemma [2.5.2] and Proposition [2.5.

COROLLARY 5.3.4.

(a) The (o0, 1)-category 1-Cat>5 ™ contains limits and colimits, and the functor

St,cocmpl St,cocmpl
1-Cat_ ¢ - 1-Cat

preserves limits.
(b) Let Cyp : I - 1-Cat’"™! pe o functor and let C, denote its colimit in

cont

1-CatSheompl - Lop R, 100 » 1-CatSt P! pe the functor obtained from Cp
St,cocmpl

by passing to right adjoints. Then the resulting map in 1-Cat
C. - limCE,
Top
is an isomorphism.

5.3.5. Given C e 1-CatS"*™! we can consider the monoidal (oo, 1)-category

(5.2) Maps, st cocmp! (C,C),

s
con

which is equipped with an action on

Maps, _CatStcoempl (D, ),

co

for any D € 1-Catiu5°P! see Chapter 9, Sect. 4.1.1 where the general paradigm
is explained.

In particular, we can talk about the (oo, 1)-category of exact continuous monads
acting on C, which are by definition associative algebra objects in the monoidal

(00, 1)-category (5.2).

5.3.6. Given a monad A, we can consider the (oo, 1)-category
A-mod(C)

in the sense of Sect. B.7.2]

The category A-mod(C) is itself an object of 1-Cat>°! and the adjoint
pair

ind4 : C 2 A-mod(C) : oblv 4

St,cocmpl
cont

takes place in 1- Cat

For a 1-morphism G' € Maps, ;st.coempt (D, C) the datum of action of A on G
cont
is equivalent to that of factoring G as

oblv 4o G, @b e Maps, ., st.coempt (D, A-mod(C)).
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5.3.7. Let G : D — C be as above, and assume that it admits a left adjoint G*
as a plain functor. Recall (see Lemma [5.3.2) that GT is then automatically a

St,cocmpl

cont . Consider the corresponding monad

A:=GoGE,
see Sect. so that G gives rise to a 1-morphism in 1- Cat" P!
G : D - A-mod(C).

1-morphism in 1- Cat

The following is an immediate consequence of Proposition [3.7.7F

COROLLARY 5.3.8. Suppose that G does not send non-zero objects to zero. Then
G s an equivalence.

5.4. Generation.
5.4.1. Let C be an object of 1-Cat>"“°™P! " A collection of objects {cq} is said to
generate if

Mapsc(ca[-i],¢) = *, Va, Vi=0,1,... = ¢=0,
where [~i] denotes the shift functor on C, i.e., the i-fold loop functor Q2.
5.4.2. The following is tautological:

LEMMA 5.4.3. Let D be a (not necessarily stable) (oo, 1)-category, and let F :
D - C be a functor that admits a right adjoint, and whose essential image is
preserved by the loop functor. Then the essential image of F generates C if and
only if its right adjoint FT is conservative.

5.4.4. We have the following basic statement:

PROPOSITION 5.4.5. A collection {c.} of objects generates C if and only if C
does not properly contain a cocomplete stable subcategory that contains all c,,.

PROOF. Let C’ be the smallest cocomplete stable full subcategory of C that
contains the objects of the form ¢,. The inclusion ¢ : C’' = C admits an (a priori
non-continuous) right adjoint, denoted +%. Set C” := ker(:).

The inclusion
cc”
admits a left adjoint j~, given by

¢~ coFib(s 0B (c) = ¢).

By definition,
ceC"’" o ce(C) < Mapsg(ca[-i],c) =0, Va, Vi=0,1,....

Now it is clear that the inclusion ¢ is an equivalence if and only if 5% is zero if
and only if C” =0.
O
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5.4.6. Finally, we have:

PROPOSITION 5.4.7. Let F': D — C be a continuous functor. Then its essential

image generates the target (i.e., C) if and only if for any continuous functor G :
C - C" with Go F =0 we have G = 0.

ProOOF. We first prove the ‘only if” direction. Assume that the essential image
of F generates C, and let G : C — C’ be such that F oG = 0. Since G is continuous
it admits a (possibly discontinuous) right adjoint G, and it suffices to show that
GT = 0. Since F is conservative, it suffices to show that F¥ o G® = 0. However,
the latter identifies with (G o F')®, which vanishes by assumption.

We now prove the ‘if” direction. Let C’ ¢ C be the full subcategory, generated
by the essential image of F' (i.e., the smallest stable cocomplete subcategory of
C that contains the essential image of F'). Let (C",2,7) be as in the proof of
Proposition [5.4.5

Being a left adjoint, 5 preserves colimits. Hence, the fact that C is cocomplete
implies that C” is cocomplete (and 7 is continuous).

Now, by the construction of C’, the composition F o 7% is zero. Hence, 7* =0,
i.e., 7 is an equivalence.
O

St,cocmpl

6. The symmetric monoidal structure on 1-Cat_ ;

In this section we will discuss some of the key features of the (oo, 1)-category

1—Cat§£’rftocmp1: the symmetric monoidal structure, given by tensor product of stable

categories, which we call the Lurie tensor product, and the notion of dualizable
stable category.

In the process we will encounter the most basic stable category—that of spectra.
This section can be regarded as a user guide to [Lu2l 1.4 and 4.8].
6.1. The Lurie tensor product. In this subsection we introduce the Lurie tensor
product.

It is quite remarkable that one does not have to work very hard in order to
characterize it uniquely: for a pair of stable categories C; and C, and a third one
D, the space of exact continuous functors

C,oCy—->D

is a full subspace in
Maps; _cat (C1 x Ca, D)

that consists of functors that are exact and continuous in each variable.

L.e., one does not need to introduce any additional pieces of structure, but
rather impose conditions.
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6.1.1. Consider the coCartesian fibration
1-Cat™" ™ - Fin,,
corresponding to the Cartesian symmetric monoidal structure on 1-Cat.

We let

St, 1 i Fi
(1_Catcon(icocmp )®,F1n* c I—Catx’ in,

be the 1-full subcategory, where:
e We restrict objects to those
(I,%), (iel-{*})~ (C;e1-Cat),
where each C; is stable and cocomplete;

o We restrict morphisms to those
. F;
d)(Iv*)_)(JV(')u (.76‘]_{*})'_)( HCZ—;C])V
ie¢~1(4)
where each F} is exact and continuous in each variable.
THEOREM 6.1.2. The composite functor (1-CatS:<™PhY®Fine  Rin_ s g co-
Cartesian fibration, that lies in the essential image of the fully faithful functor

1- CatsymMon - (CoCart/Fin* )strict .

This theorem is a combination of [Lu2l Propositions 4.8.1.3, 4.8.1.14 and
4.8.1.18].

6.1.3. It follows from Theorem that the (oo,1)-category 1-CatSlcomPl of

cont
stable categories acquires a symmetric monoidal structure. We will refer to it as

the Lurie symmetric monoidal structure.
The corresponding monoidal operation, denoted
(Ciyiel) SICZ-
is the Lurie tensor product.

6.1.4. By construction, for D € 1-Cat>"*™! the space of exact continuous func-
tors

®C;,-D

i€l
is the full subspace in the space of functors

II C'L -D
iel

that are exact and continuous in each variable.

It follows from the above description and Proposition that the monoidal
operation:

{Ci}~ & C;

L. . t I\ . .
preserves colimits (taken in 1-CatS ™!y in each variable.
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REMARK 6.1.5. A remarkable aspect of this theory is that Theorem [6.1.2] is
not very hard. The existence of the tensor product _®ICi follows from the Adjoint
1€

Functor Theorem. The fact tat the canonical functor
Ci®(C®C3)>C19Cy0C5
follows by interpreting exact continuous functors
Ci®(Cy®C3)—>D
as exact continuous functors

Cy®C3 — FunCtex,cont(ClvD)’

6.1.6. By construction, we have a tautological functor
(6.1) nc; » o C,,

iel iel
which is exact and continuous in each variable.

For c; € C;, we let
Kc;, € ® C;
i iel

denote the image of the object (x¢;) € 'H]Ci under the functor (6.1)).

6.1.7. Note that for C,D € 1-Cat>u™P! the object

cont

Functex cont (D, C) €1 _CatStcocmpl

cont

(see Sect. [5.1.7)) identifies with the inner Hom object
Hom, . fg,nctoumpl(D, C).

t

St 1 - .
Le., for E e 1-Cat_,’ ™" we have a canonical isomorphism

Mapsl_catfgiiocmpl (E®D,C) ~ Mapsl_catféftocmpl (E, Functex cont (D, C)).

St,cocmpl

cont . For future use, we

note that the structure of symmetric monoidal (oo, 1)-category on 1-Caty. P!
canonically extends to that of symmetric monoidal (oo, 2)-category on the 2-categorical
enhancement, of 1-Catm™P! e 1-CatSh°™P! (see Chapter 9, Sect. 1.4 for
the notion of symmetric monoidal structure on an (oo, 2)-category).

Indeed, we start with the 2-coCartesian fibration 1-Cat®¥™ - Fin, that
defines the Cartesian symmetric monoidal structure on 1- Cat.

Note that

6.1.8. The symmetric monoidal structure on 1-Cat

)I—Cat

(1—Cat®’Fin’* ~ 1-Cat®Fine

We let

cont

®,Fin,
(1 _ CatSt,cocmpl)

be the 1-full subcategory of 1- Cat® ™ that corresponds to

®,Fin .
1 kl *
(1-Cathm™) ™ e 1-Cat®Fi

cont
One checks that the composite functor

(1 _ CatSt,cocmpl

®,Fin,
cont )

- 1-Cat®"" - Fin,
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is a 2-coCartesian fibration, and as such defines a symmetric monoidal structure on
the (OO, 2)-Categ0ry 1- Catst,COCmpll

cont

6.2. The (o0,1)-category of spectra. The symmetric monoidal structure on

1-CatSh°P! Jeads to a concise definition of the (oo, 1)-category of spectra, along

with (some of) its key features.

6.2.1. The (o0, 1)-category Sptr of spectra can be defined as the unit object in the
St,cocmpl

symmetric monoidal (oo, 1)-category 1-Cat_,,;

Let 1gpt, denote the unit object in Sptr. This is the sphere spectrum.
6.2.2. Recall the setting of Lemma We obtain that the object 1gp¢, € Sptr
gives rise to a functor
Spc — Sptr.
We denote this functor by 3.

6.2.3.  The functor X* has the following universal property (see [Lu2l, Corollary
1.4.4.5]):

LEMMA 6.2.4. For C e 1-CatS" ™! restriction and left Kan extension along

X% define an equivalence between Functex cont (Sptr, C) and the full subcategory of
Funct(Spe, C) consisting of colimit-preserving functors.

The above lemma expresses the universal property of the category Sptr as the
stabilization of Spc.

6.2.5. Combining Lemmas and we obtain:

COROLLARY 6.2.6. For C € 1-Cat>" ™! restriction and left Kan extension
along

{1sptr} = Sptr
define an equivalence
Functex,cont (Sptr, C) ~ C.

6.2.7. The functor 3*° admits a right adjoint, denoted 2°°. By Sect. [5.1.10] the
functor 2 canonically factors via a functor

(6.2) Sptr - ComGrp(Spc),

followed by the forgetful functor

oblvcomarp

ComGrp(Spc) —  Spc.

The functor °° preserves filtered colimits.

6.2.8. The stable category Sptr has a t-structure, uniquely determined by the
condition that an object S € Sptr is strictly coconnective, i.e., belongs to Sptr™°, if
and only if Q% (S) = *; see [Lu2l Proposition 1.4.3.6].

The t-structure on Sptr is both left and right complete. This means that for
S e Sptr the canonical maps

S~ lim77"(8) and colim7="(S) - S

are isomorphisms.
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6.2.9. The restriction of the functor (6.2 to the full subcategory of connective
spectra

Sptr<’ c Sptr
defines an equivalence
(6.3) Sptr<" - ComGrp(Spc);
see [Lu2, Theorem 5.2.6.10] (this statement goes back to [May] and [BoV]).

6.2.10. Let C be an object of 1-Cat>"<°“™P! " Gince Sptr is the unit object in the

cont
St,cocmpl

cont , our C has a canonical structure of

symmetric monoidal category 1-Cat
Sptr-module category.

For cg,cq € C, consider the corresponding relative inner Hom object
msptr(co,cl) € Sptr
see Sect. B.6.11
We will also use the notation
Mapsc(co,c1) == Homg i, (co, 1) € Sptr.
Le., for S € Sptr we have

Mapsg¢, (S, Mapsc(co,c1)) = Mapsa (S ® co, ¢1).

By adjunction, we have

Mapsa(co, 1) ~ Q7 (Mapsa(co,c1)).

6.3. Duality of stable categories. Since 1 —Catfé;ftocmpl has a symmetric monoidal

structure, we can talk about dualizable objects in it, see Sect. Thus, we arrive
at the notion of dualizable cocomplete stable category. In the same vein, we can talk

about the datum of duality between two objects of 1-Cats: P!,

These notions turn out to be immensely useful in practice.
6.3.1. By definition, a duality datum between C and D is the datum of a morphism
€:C®D — Sptr and p: Sptr > D® C,
such that the composition

c'“¥cepec ¥ C

is isomorphic to Ide, and the composition

D" DpeceD"D

is isomorphic to Idp.
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6.3.2. Let C and D be dualizable objects in 1-Cat5 ™! and let C¥ and DY
denote their respective duals.

For a continuous functor F' : C - D, we denote by FY : DY - CV the dual
functor (see Sect. 4.1.4). Explicitly, F'V is given as the composition

v [Lc®Ide Idcv ®F®Ide Idcv ®ep
— — —

D C'eCoD" C'eD oDV Cv.

By Sect. and Sect. we have the canonical isomorphisms
Functeyx cont (C, D) ~ C¥ ® D ~ Functex,cont (D", C").
6.3.3. Let us again be in the situation of Sect. [5.3.3] Assume that all the objects

C; are dualizable, and that the right adjoints of the transition functors C; — C;
are continuous.

By applying the dualization functor (see Sect. [4.1.4]), from
Ci:I-1 -Catfg;;""mpl,

we obtain another functor, denoted

VvV ., yop St,cocmpl . v
fop 1 I7P = 1-Cat_ ¢ , i=C;.

We claim:

PROPOSITION 6.3.4. Under the above circumstances, the object C, is dualizable,
and the dual of the colimit diagram

colIim C;—>C,
is a limit diagram, i.e., the map
(C.)Y = lim Cop
Iop
is an equivalence.

The rest of this subsection is devoted to the proof of this proposition.

6.3.5. We will construct the duality datum between colIim Ci and lllgl Clop-

The functor
€: (collim CI) ® (llim C}/up) - Sptr
is given as follows:
Since
(colim Ci) ® ( lim CV) ~ colim (Cl- ® ( lim CV-)) ,
iel jelop 7 iel jelop 7
the datum of € is equivalent to a compatible family of functors

jelop

C;® ( lim C]V) — Sptr, el
The latter are given by

Cie ( lim C CieC) S Sptr,

Idci ®ev,;
—
jelop

where ev; denotes the evaluation functor li%n Ci/ - Cy.
jelor
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6.3.6. Let us now construct the functor
1 : Sptr — (111r£1 C\I/op) ® (colIim CI) .

For this we note that the functor Cy,, is obtained by passing to right adjoints

from a functor I — 1 —Catf’f)’nctocmpl, which in turn is given by passing to right adjoints

in Cj, and then passing to the duals.
Hence, by Corollary the limit lllgl Clop can be rewritten as a colimit.

St,cocmpl
cont

Hence, for any D € 1-Cat the natural map

D ® (lim CV-) - lim (D®CY)
jelop J jeIop J
is an equivalence.

Hence,
(lim Cv») ® (colim CZ-) ~ lim (CY ® (colim C,)) .
jelop J i€l jelop J i€l
Therefore, the datum of  amounts to a compatible family of functors
Sptr - C} ® (colim Ci) , jeL
iel

The latter are given by
nay v Idcj ®ins; v .
Sptr - C;eC; — Cj ®(cothi)7

i€l

where ins; denotes the insertion functor C; — colim C;.
i€l

6.3.7. The fact that the functors € and p constructed above satisfy the adjunction
identities is a straightforward verification.

6.4. Generation of tensor products.
6.4.1. Let C; and Cs be objects of 1-Cat><°“™P! and consider their tensor prod-
uct

C,®C,.
We have the following basic fact:

PRrOPOSITION 6.4.2. Let F; : D; - C;, © = 1,2 be continuous functors, such
that their respective essential images generate the target. The essential image of
the tautological functor

®101XCQ—>01®C2, C1 XCg > C1 KCo
generates the target.
ProOF. Let C’ be the smallest cocomplete stable full subcategory of C :=

C; ® C, that contains the objects of the form ¢ ® cs. Recall the notations in the
proof of Proposition [5.4.5

Being a left adjoint, 7* preserves colimits. Hence, the fact that C is cocomplete
implies that C” is cocomplete.
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We need to show that C” = 0, which is equivalent to the functor 7~ being zero.
By the universal property of C; ® Cs, the latter is equivalent to the fact that the
composition

L
C;xCy»C®Cy=C15C”
maps to the zero object of C”.
However, the latter composition factors as
L
CixCy—>C' & C L,

while 9% o ¢ is tautologically 0.

In addition, we have:

PROPOSITION 6.4.3. Let F; : D; - C;, i = 1,2 be continuous functors, such that
their respective essential images generate the target. Then the same is true for

Fi®F,:D; Dy - Cy @ Cs.
PROOF. By Proposition[5.4.7} it is enough to show that for a continuous functor
G:C;®Cy—> C,,

if the composition G o (F} ® Fy) is zero, then G = 0. Thus, we have to show that
for a fixed c; € Cq, the functor

G(C1 ®—)ICQ Yol

is zero. By Proposition it suffices to show that G(c; ® Fa(dz)) = 0 for any
d; € Ds. le., it suffices to show that the functor

G(— ®F2(d2)) : Cl g C,
is zero (for a fixed dg € Dy).

Applying Propositionagain, we obtain that it suffices to show that G(F1(d;)®
F5(dy)) is zero for any d; € Dy. However, the latter is just the assumption that
GO(F1®F2)=O.

|

6.4.4. Consider the following situation: let C;, ¢ = 1,2 be objects of 1 —Catff,;ftocmpl,
and let
A; € AssocAlg(Functex cont (Ci, Ci))

be a monad acting on C.
Consider the monad
A1 ® Ay € AssocAlg(Functex cont (C1 ® C2,Cq ® C2)).

The tautological action of A; on oblv 4, € Functey cont(A;-mod(C;),C;) in-
duces an action of A; ® Ay on

oblv 4, ®0oblv 4, € Functex cont (A1-mod(C1)®A2-mod(Cz), A;-mod(C1)®Az-mod(Cs)).
Hence, by Sect. the functor oblv 4, ® oblv 4, upgrades to a functor
(6.4) A;-mod(Ci) ® A2-mod(Csz) - (A; ® Az)-mod(C; ® Ca).

We claim:
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LEMMA 6.4.5. The functor (6.4) is an equivalence.
PRrROOF. The left adjoint of oblv 4, ® oblv 4, is provided by
ind4, ®ind4,,

and hence, the canonical map from 4; ® A, to the monad on C;®Cs, corresponding
to oblv 4, ® oblv 4,, is an isomorphism.

Hence, by Corollary [5.3.8] it suffices to show that the functor oblv 4, ® oblv 4,
is conservative. By Lemma [5.4.3] this is equivalent to the fact that the essential
image of

iIldA1 ® iIldA2

generates the target. This is true for each ind 4, (since oblv 4, are conservative),
and hence the required assertion follows from Proposition [6.4.2
O

7. Compactly generated stable categories

Among all stable categories one singles out a class of those that are particularly
manageable: these are the compactly generated stable categories.

One favorable property of compactly generated stable categories is that they
are dualizable with a very explicit description of the dual.

Another is that the tensor product of two compactly generated categories can
also be described rather explicitly.

The material in Sects. and [7.2]is based on [Lull, Sect. 5.3].
7.1. Compactness. The notion of compactness is key for doing computations in a

given stable category: we usually can calculate the mapping spaces out of compact
objects.

For a related reason, compactly generated stable categories are those that we
know how to calculate functors from.

7.1.1. Let C be an object of 1-Cat>°“™P! An object ¢ € C is said to be compact
if the functor

Mapsc(c,—) : C - Spe
preserves filtered colimits.
Equivalently, ¢ is compact if the functor
Mapsa(c,-): C - Sptr
preserves filtered colimits (equivalently, all colimits or direct sums).

We let C° c C denote the full subcategory spanned by compact objects. We
have C¢ € 1-Cat*.

7.1.2.  'We give the following definition:

DEFINITION 7.1.3. An object C € 1-Cat>°“™P! s sqid to be compactly gener-
ated of it admits a set of compact generators.
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71.4. Let F: C —» D be a morphism in 1-Cat5"°“™!and assume that C is
compactly generated.

In this case one can give an easy criterion for when the right adjoint FE of
F, which is a priori a morphism in 1-Cat3*““™! (see Lemma [5.3.2)), is in fact a

: : St, 1
morphism in 1-Cat_ """

Namely, we have the following (almost immediate) assertion:

LEMMA 7.1.5. Under the above circumstance, FT is continuous if and only if
F sends C° to D°.

7.2. The operation of ind-completion. In the previous subsection we attached
to a cocomplete stable category C its full subcategory consisting of compact objects.

In this subsection we will discuss the inverse procedure: starting from a non-
cocomplete stable category Cy we will be able to canonically produce a cocomplete
one by ‘adding all filtered colimits’. This is the operation of ind-completion.

7.2.1. Let Cg be an object of 1-Cat>". Consider the following (oo, 1)-categories:
(1) The full subcategory of Funct(Cy, Spc) that consists of functors that pre-
serve fiber products.

(2) The full subcategory of Funct(Cy, ComGrp(Spc)) that consists of functors
that preserve fiber products.

(3) The full subcategory of Funct(Cy,Sptr) that consists of functors that
preserve fiber products, i.e., Functe,(Co, Sptr).

The functors

oblvcomarp

<0
Sptr — Sptr=? ~ ComGrp(Spc) —  Spc
define functors (3) = (2) = (1).
We have (see [Lu2, Corollary 1.4.2.23]):

LEMMA 7.2.2. The above functors (8) = (2) = (1) are equivalences.

7.2.3. For Cy € 1-Cat™, we define the (o0, 1)-categpry
Ind(Cy) := Functex ((Cp)°P, Sptr).
According to Sect. Ind(Cy) is stable and cocomplete. Yoneda defines a
fully faithful functor

We have (see [Lull 5.3.5] and [Lu2| Remark 1.4.2.9])

LEMMA 7.2.4.
(1) The essential image of (7.1) is contained in Ind(C°)°.

(1') The essential image of (7.1) generates Ind(CP). Moreover, any object of
Ind(C°) can be written as a filtered colimit of objects from Cj.

(17) Any compact object in Ind(C°) is a direct summand of one in the essential
image of (7.1)).
(2) For C e 1-CatS“™P! restriction along (7.1) defines an equivalence

Functey cont (Ind(CY), C) - Functe, (C°, C).
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(3) Let C be an object of 1-Cat>"°™P! " and let CO c C be a full subcategory that
generates C. Then the functor Ind(C°) — C, arising from (2), is an equivalence.

(3") For a compactly generated C € 1-Cat>*°™P! the functor Ind(C¢) - C is an
equivalence.

7.2.5. Note that point (2) in Lemma says that the assignment

provides a functor 1-Cat>* - 1-Cat 5! Jeft adjoint to the inclusion

1-CatSteoempl o 1 _CatSt

cont

7.2.6. Let us return to the setting of Sect. Assume that each of the cate-
gories C; is compactly generated, and that each of the functors C; - C; preserves
compactness.

In this case, the functor Cy: T — 1-Cat3:°™P! gives rise to a functor

C§:1-1-Cat™, i~ CE.

We have a tautological exact functor
colIim Ci - C,,

where the colimit in the left-hand side is taken in 1-Cat®". Using Lemma 2),

. . . St 1
we obtain a morphism in 1—Catco;ftocmp

(7.3) Ind (collim Cf) - C,.

Since the functor (|7.2) is a left adjoint, it preserves colimits. Hence, combining
with Lemma [7.2.43’), we obtain:

COROLLARY 7.2.7.
(a) The functor (7.3)) is an equivalence.
(b) The category C, is compactly generated by the essential images of the functors

ins;

C;->C;, — C,.

REMARK 7.2.8. Note that in the present situation, the assertion of Corol-
lary becomes particularly obvious. Namely, we have

C. ~Ind (quilm Cf) = Functey ((cqlilm Cf) P Sptr) ~
1€ 1€

~ Functex (colilm (CHP, Sptr) : hIm Functex ((C5)°P, Sptr) ~
1€ 1el°opP
~ lim Ind(CY) ~ lim C;.
ielop ielop
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7.3. The dual of a compactly generated category. One of the key features
of compactly generated stable categories is that they are dualizable in the sense of
the Lurie symmetric monoidal structure. Moreover, the dual can be described very
explicitly:

(Ind(Cyp))" ~ Ind((Co)").

As was mentioned in the introduction, the latter equivalence provides a frame-
work for such phenomena as Verdier duality: rather than talking about a con-
travariant self-equivalence (on a small category of compact objects), we talk about
the datum of self-duality on the entire category.

7.3.1. Let C € 1-Cat>“MP! he of the form Ind(Cg) for some Cy € 1-CatSt.
In particular, C is compactly generated, and any compactly generated object of
1-CatStomPl ig of this form.

The assignment
(c,c" € Cp) » Mapsc(c,c’)
defines a functor
(Co)*® x (Co) — Sptr,
which is exact in each variable.
Applying left Kan extension along
(Cp)°? x (Cp) = Ind((Cp)°?) x Ind(Cy),

we obtain a functor

Ind((Cy)°?) x Ind(Cyp) — Sptr,
which is exact and continuous in each variable. Hence, it gives rise to a functor
(7.4) Ind((Cy)°?) ® Ind(Cy) — Sptr.

PROPOSITION 7.3.2. The functor (7.4) provides the co-unit map of an adjunc-
tion data, thereby identifying Ind(Cqg) and Ind((Cy)°P) as each other’s duals.

The proof given below essentially copies [Lu2l, Proposition 4.8.1.16].

PRrOOF. We have
Functex,cont (Ind(Cy), Sptr) = Functe, (Co, Sptr) ~ Ind((Co)°P).
Hence, it suffices to show that for D € 1-CatS4“°“™P! the tautological functor
Ind((Cy)°?) ® D - Functex cont (Ind(Cyp), D)
is an equivalence.

Thus, we need to show that for E € 1-Cat5“°“™P!  the space of continuous
functors
Functex cont (Ind(Cy), D) - E,

which is is the same as the space of continuous functors
Functex (Co,D) - E,
maps isomorphically to the space of continuous functors
Ind((Cp)®)® D - E,
while the latter identifies with the space of exact functors
(Co)°? - Functex cont (D, E).
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We will use the following observation:

LEMMA 7.3.3. For Fi,Fy € 1-Cat®" Pl the passage to the right adjoint
functor and the opposite category defines an equivalence

Functex cont (F1, F2) = Functex cont ((F2)°P, (F1)°P).
Applying the lemma, we rewrite
Maupsl_Catfsl,jctocmpl(Fumctex(CO7 D),E) ~ Mapsl_catfz;&ocmpl (E°P, (Functex (Cg,D))°P) ~
~ Maps, g, sucocmst (EP, Functex ((Co)*?, D)) =
~ Maps; _qagst.coempt ((Co)°P, Functex cont (E°F, DP)) =~
= Maps;_ggystcoempt ((Co)®P, Functex cont (D, E)) ,

as required.
O

7.3.4. Let F: Cy— Dy be an exact functor between stable categories. Set
C:=Ind(Cy), D :=Ind(Dy).

Let F': C - D be the left Kan extension along Cy — C of the composite
functor

Co 2Dy - D.
We can also think about F' as being obtained from Fy by applying the functor
Ind : 1-CatSt — 1-CgtStcocmpl

cont

Note that according to Proposition [7.3.2] we have a canonical identification
CY ~Ind((Cp)°?) and DY ~ Ind((Dg)°P).
Consider the functor
(Fo)?: (Co) = (Do)°",
and let
prfake-op . v _, v

denote its ind-extension.

PROPOSITION 7.3.5. The functor F™%°P is the dual of the right adjoint FT of
F. Le.,
Ffake—op ~ (FR)V.

REMARK 7.3.6. The functor Ffke-°P ig in no sense the opposite of F; the latter
would be a (not necessarily continuous) functor
C°? - D°P,
However, the two agree on the full subcategory
C°P 5 (Cy)? c CY,

which they both map to
D°P 5 (Dg)°? c DY.
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PrROOF. We need to show that the functor
Ffake-0p®IdD

(7.5) C'xD-C'®D — °D"eD > Sptr

identifies with
dev R €
(7.6) C'xD-C' oD <% Cc'eC S Spir.

Both functors are left Kan extensions from their respective restrictions to
(Co)°? x Dg € Ind((Cp)°?) x Ind(Dg) ~ C" x D,
and are uniuquely recovered from their respective compositions with Q° : Sptr —
Spc.
The functor (Cy)°P x Dy — Spc obtained from is

Fy)°PxId Yon
(Co)°? x Dy (e (Do) x Dy —>" Spe,

which we can further rewrite as

°op XIdD

(Co)°P x Dy » CP xD " 5P por D 2P e,
where the first arrow is obtained from the embeddings Cy — C and Dy — D.
The functor (Cp)°P x Dy — Spc, obtained from (7.6)), is

(Cp)? x Dg — C°? x D - Funct(C,Spc) x D - Funct(C, Spc) x C - Spc,

where the first arrow is obtained from the embeddings Cy - C and Dy — D,
respectively, the second arrow is obtained from the Yoneda embedding for C, the
third arrow from F%, and the last arrow is evaluation.

Thus, it suffices to see that the functors

F°PxIdp Yonp
CPxD — D°®°xD — Spc

and

IdFunct(C,SpC) xF
—

R
C°? x D - Funct(C, Spc) x D Funct(C, Spc) x C - Spc,

are canonically identified. However, the latter fact expresses the adjunction between
F and FE.
O

7.4. Compact generation of tensor products. In this subsection we will dis-
cuss a variant of Proposition [6.4.2]in the compactly generated case. This turns out
to be a more explicit statement, which will tell us ‘what the tensor product actually
looks like’.

7.4.1. Let us be given a pair of compactly generated stable categories C and D.
We claim:

PROPOSITION 7.4.2.
(a) The tensor product C® D is compactly generated by objects of the form co®dy
with cg € C¢ and dg € D°.
(b) For cg,dg as above, and c € C, d € D, we have a canonical isomorphism
Mapsc(co, €) ® Mapsp(do,d) ~ Mapscegp(co ®dg, crd).

The rest of this subsection is devoted to the proof of this proposition.
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7.4.3. To prove the proposition we will give an alternative description of the tensor
product C ® D.

Set
C =Ind(Cyp) and D = Ind(Dy).

Note that we have a canonically defined functor
(7.7)  C®D - Functex,cont (C’ ® DY, Sptr) — Funct((Cyp)°? x (Dg)°?, Sptr),
defined so that the corresponding functor

C x D - Funct((Cp)°? x (Dg)°?, Sptr)
is given by
(c,d) = ((co,do) = Mapsc(co, c) ® Mapsp(do,d)).
7.4.4. By construction, the essential image of is contained in the full subcat-
egory
Functpiex ((Co)°® x (Dg)°P, Sptr) c Funct((Cq)°P x (Dg)°P, Sptr)

that consists of functors that are exact in each variable.

Denote the resulting functor
(7.8) C ® D — Functpiex ((Cp)°P x (Dg)°P, Sptr)
by hcp-

7.4.5. We claim that the functor hc p is an equivalence. Indeed, this follows from
the interpretation of ([7.8)) as the composition

C ® D ~ Functex cont (CY, D) ~ Functex ((Cp)°P, D) ~
~ Functey ((Cp) P, Functe, ((Dg)°?, Sptr)) =~ Functpi.ex ((Co)°P x (Dg)°?, Sptr).

7.4.6. Now, an analog of Yoneda’s lemma for hc p says that for cg € Cp and dg €
Dy, and any F € Functp;_ex ((Co)°Px(Dg)°P, Sptr) we have a canonical isomorphism

Mapsgyncty, .. ((Co)orx(Do)er Sptr) (P, p(co®do), ) = F(co x do).

This implies that the objects
hC7D(C0 do) € Functbi_ex((CO)OP X (DQ)OP, Sptr)

are compact, generate Functpiex((Co)°P x (Dg)°P, Sptr), and

MaPSFuncty;. o ((Co)orx(Do)or sptr) (Re,p(co®do), hep(c®md)) ~
~ Mapsc(co, ) ® Mapsp(do,d).

8. Algebra in stable categories

In this section we apply the theory developed above to study stable monoidal

‘ . .\ . . . St 1
categories, which are by definition associative algebra objects in 1-Cat_ """,

Our particular points of interest are how the behavior of modules over stable
monoidal categories interacts with such notions as the Lurie tensor product, duality
and compactness.
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8.1. Modules over a stable monoidal category. We consider the symmetric
monoidal category 1-Cat25%°™P! Our interest in this and the next few sections

are associative and commutative algebra objects A in 1-Cat>5%°P! We will refer

to them as stable monoidal (resp., symmetric monoidal) categories.

In this subsection we summarize and adapt some pieces of notation introduced
earlier to the present context.

8.1.1. Note that the 1-fully faithful embedding 1-Cat>“<“™P! _ 1_Cat induces
1-fully faithful embeddings

AssocAlg(l—CatSt’Cocmpl) - 1-CatM°™ and ComAlg(l—CatSt’cocmpl) - 1-CatSymMon

cont cont

respectively.

Le., a monoidal (resp., symmetric monoidal) cocomplete stable category is a
particular case of a monoidal (symmetric monoidal) (oo, 1)-category.

So, we can talk about right-lax functors between monoidal (resp., symmetric
monoidal) cocomplete stable categories.

In particular, given A, we can talk about associative (resp., commutative)
algebras in A.

8.1.2. Given A, following Sect. we can consider the corresponding (oo, 1)-
category of A-modules in 1-Cat>" ™! j e A-mod(1-Cat>" P! for which we

cont cont
will also use the notation
dSt,cocmpl

A-mod;;;

Note that A- mod3" ™! is a 1-full subcategory in A-mod, the latter being
the (oo, 1)-category of module categories over A, when the latter is considered as

a plain monoidal (oo, 1)-category.

Namely, an object M € A-mod belongs to A-mod>" ™" if and only if M is
a cocomplete stable category, and the action functor

AxM-M
is exact and continuous in each variable.
A morphism F : My - M; in A-mod belongs to A-mod>" ™" if and only

if, when viewed as a plain functor, F' is exact and continuous.
8.1.3. We have a pair of adjoint functors

inda : 1-Catso ™ 2 A-mod>5 P! : oblv,,

St,cocmp

oot !is given by tensor product with A.

and the corresponding monad on 1-Cat

The functor oblva preserves limits (being a right adjoint), and also colimits
(because A ® — does).

8.1.4. Let F: M — N be a morphism in A- modit)’nctocmpl, and suppose that F,
when viewed as a plain functor between (oo, 1)-categories, admits a right adjoint,
FE,

Then, according to Lemma FF has a natural structure of right-laz functor
between A-module categories.
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8.1.5. According to Sect.|3.5.1, given A € AssocAlg(1-Cat5-“™) M e A-modSh P!

cont cont

and A € AssocAlg(A), we can consider the (oo, 1)-category
A-mod(M).

8.2. Inner Hom and tensor products.
8.2.1. According to Sect. for a given A € AssocAlg(1-Cat>" Py and a pair

cont

. 3¢, 1 . . L
of objects M, N € A-mod_, """, we can consider their relative inner Hom

St,cocmpl
Homl_Catfg;;ocmpl,A(M, N) e 1-Cat_ .

‘We will use the notation

St, 1
Functa (M, N) := HOml_Catf(t);::tocmpl,A(M’N) € 1-CatSteocmpl

cont

We have:
(Functa (M, N))®>° = Maps , moatceemet (M, N).

8.2.2. By Corollary evaluation at 15 defines an equivalence of stable cate-
gories.
Functa (A, M) ~ M.

8.2.3. According to Sect. in the case N = M, the object Functa (M, M)
has a natural structure of associative algebra, i.e., a structure of stable monoidal
category.

8.2.4. According to Sect. if A is a stable symmetric monoidal category,

then for M, N € A-mod>"°“™P" a5 above, the object Functa (M, N) has a natural

cont
St,cocmpl . . St,cocmpl
oot , i.e., lifts to A-mod_ ;¢ .

8.2.5. According to Sect. [4.2.1] for a given A € AssocAlg(1-CatS:°P) we have
a well-defined functor

Arev—mult_ mOdSt,cocmpl % A- mOdSt,cocmpl = I_CatSt,Cocmpl, N, M~ N® M.
A

structure of A-module in 1-Cat

cont cont cont

LEMMA 8.2.6. For M and N as above, the image of the tautological functor of
stable categories
N®M+N§M

generates the target.
ProOOF. The object N % M can be calculated as the geometric realization of

a simplicial object of 1—Cat§£;&oempl with terms given by N ® A®" @ M (see [Lu2]
Theorem 4.4.2.8]). By Corollary this geometric realization can be rewritten
as a totalization (taken in 1-Cat>"“°“™P!) of the corresponding co-simplcial object.

By Lemma [5.4.3] we need to show that the functor of evaluation on 0-simplices

NfM»N@M

is conservative. However, this follows from the fact that every object in A admits
a morphism from [0]. O
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8.2.7. According to Sect. if A is an object of ComAlg(1-Cat5h5°™P!)  then

cont
the operation of tensor product of modules extends to a structure of symmetric

monoidal (oo, 1)-category on A-mod5: ™!,
8.2.8. According to Sect. given a right A-module M and a left A-module
N, we can talk about the data of duality between them.

According to Sect. if A is symmetric monoidal, a datum of duality be-
tween M and N in the above sense is equivalent to that in the sense of objects of

St,cocmpl . .
A-mod; as a symmetric monoidal (oo, 1)-category.

8.3. The 2-categorical structure. The material in this subsection is an exten-
sion of that in Sect. it will be needed in later Chapters in the book.

8.3.1. Let A be a stable monoidal category. We claim that the structure of (oo, 1)-
category on A- modfé;ftocmpl can be naturally upgraded to that of (oo,2)-category,
to be denoted

cont

2-Cat
(A— modSt,cocmpl) )

Namely, we define the corresponding simplicial (oo, 1)-category

Seq, ( (A- mOdSt,cocmp1)2 -Cat )

cont
as follows.

St,cocmpl 2-Cat .
We let Seq,, ((A— mod_ P ) ) be the full (o0, 1)-category in

cont
A-mod . Seq,,(1-Cat) c A-mod . Cart[p0p

singled out by the following conditions:

We take those (o0, 1)-categories C, equipped with an action of A (regarded as
a monoidal (oo, 1)-category), and a Cartesian fibration C — [n]°P for which:

e We require that for every i =0, ...,n, the (o0, 1)-category C; be stable and
cocomplete;

e For every i = 1,...,n the corresponding functor C;,_; - C; be exact and
continuous;

e For every i, the action morphism A x C; - C; be exact and continuous
in each variable;

e The action functor A x C — C should be a morphism in (Cart/[n]op)strict.
8.3.2. One checks that the object

2-Cat op
Seq, ((A— modSt’Cocmpl) ) € 1-Cat®

cont
defined above indeed lies in the essential image of the functor
Seq, : 2-Cat — 1-Cat®™

and thus defines an object

2-Cat
(A— modSt’Cocmpl) € 2-Cat,

cont

St,cocmpl

whose underlying (oo, 1)-category is A-mod,;
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8.3.3. By construction, for M, N € A-mod5" ™' we have

Maps( )Z—Cat(M,N) = Functa (M, N).

St,cocmpl
A-mod

8.3.4. Finally, we note that by repeating Sects. [£.2.4)and [£.2.2] we obtain that if A
)2 -Cat

is a stable symmetric monoidal category, then the (o0, 2)-category (A— modfg;ftocmpl

acquires a natural symmetric monoidal structure.

8.4. Some residual 2-categorical features. The material in this subsection is
an extension of that in Sect. (.3l

8.4.1. Let F: M — N be a morphism in A-mod>"“™P! and suppose that F,

cont
when viewed as a plain functor between (oo, 1)-categories, admits a right adjoint,

FR._ According to Sect. the functor F® has a natural structure of right-laz
functor between A-module categories.

It follows from the definitions that FT is a strict functor between A-module
dSt,COcmpl)2_Cat

categories if and only if F', when viewed as a 1-morphism in (A— mod_

admits a right adjoint.
8.4.2. Limits and colimits. Let I be an index category, and let

. St,cocmpl
Cr:I- A-mod) .

Denote

L . St,cocmpl
C, = colllm CieA-mod_; .

Assume that for every arrow ¢ — j in I, the corresponding 1-morphism C; — C;
admits a right adjoint. Then, the procedure of passage to right adjoints (see Chapter
12, Corollary 1.3.4) gives rise to a functor

R . yop St,cocmpl
Ciop : I > A-mod .

The following results from Proposition [2.5.
COROLLARY 8.4.3. The canonically defined morphism

C* — lim Clop
Iopr

- - o ) st, 1
is an equivalence, where the above limit is taken in A-mod_, """

8.4.4. Let C be an object of A-mod>"°“P!. Then in the way parallel to Sect.|5.3.5]

cont
we can consider the monoidal (oo, 1)-category

(8.1) Maps, _ modStcoempl (C,0C),
which is equipped with an action on

MapSA_ modf(tn,jctocmpl (D7 C),

St,cocmpl
for any D € 1-Cat_ .

In particular, we can talk about the (oo, 1)-category of A-linear monads acting
on C, which are by definition associative algebra objects in the monoidal (oo,1)-

category (8.1)).
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Given an A-linear monad B, we can consider the (oo, 1)-category
B-mod(C)
in the sense of Sect. 3.7.2]
The category B-mod(C) is itself an object of A-mod5" ™" and the adjoint
pair

indp : C 2 B-mod(C) : oblvg

dSt,cocmpl

takes place in A-mod., ;

For a 1-morphism G € Maps, st .coempi (D, C) the datum of action of B on
cont
G is equivalent to that of factoring G as

oblvg o G, G ¢ Maps, __st.coempt (D, B-mod(C)).

Let G : D —» C be as above, and assume that it admits a left adjoint G.
The functor G¥ acquires a natural left-lax functor between A-module categories.
Assume, however, that this left-lax structure is strict. Then

B:=GoGF

acquires a natural structure of A-linear monad. The functor G gives rise to a

. . St,cocmpl
1-morphism in A-mod_

G™ : D - B-mod(C).

8.5. Modules over an algebra. In this subsection we will start combining the
general features of modules over algebras with the specifics of dealing with cocom-
plete stable categories.

8.5.1. Let A be an object of AssocAlg(1-Cat>5™P) | Fix also M € A- modS"c“™P!
and A € AssocAlg(A).

Consider the category A-mod(M). Recall that we have a pair of adjoint func-
tors

indg: M 2 A-mod(M) : oblv 4,
where oblv 4 is monadic, and the corresponding monad on M is given by

m- AQm.

8.5.2.  Suppose that we have two such triples (A1, M;j,4;) and (Ay, My, As). By
Sect. [4.2.4] we can regard A; ® A, as an object of AssocAlg(1-Catol<°“™P!) and

cont

AR A € AL ® Ay

has a natural structure of object in Assoc(A; ® Ay).

St,cocmpl
dcont .

Furthermore, M; ® M5 has a natural structure of object of (A;®A3)- mo
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8.5.3. Suppose that in the above situation, the A;-module structure on M; (resp.,
Ajs-module structure on M) has been extended to a structure of module over
Ay @ ATV (resp. Ay ® A), where A is yet another monoidal stable category.

In this case, we can form M; j?i M, which is a module over A; ® A,. In

addition, A;-mod(Mj) (resp., As-mod(Msy)) is a right (resp., left) module over A,
so we can form

Aj-mod(M;) ® Ag-mod(Msy).

We have a canonically defined functor

Ai-mod(M;y) % As-mod(M3) - M; % Mo,

on which A; ® As acts as a monad. Hence, we obtain a functor

(8.2) Ai-mod(M;) % As-mod(Ms) - (A1 ® Az )-mod(M; % Mo,).

PROPOSITION 8.5.4. The functor (8.2) is an equivalence.
Proor. Follows in the same way as Lemma from Corollary O

Here are some particular cases of Proposition [8.5.4]

8.5.5. First, let us take A = Sptr. In this case, Proposition says that the
functor

Al-mod(Ml) ® AQ—mOd(Mg) - (Al Ag)-mod(Ml ® Mg)
is an equivalence. Note this is also a corollary of Lemma [6.4.5]

8.5.6. Let us now take Ay = A, A; = A and M; = A with its natural structure of
A-bimodule. Take Ay = Sptr, Ay = 1gp, and My =t M € A- modfg;ftocmpl. Thus,
from Proposition we obtain:

COROLLARY 8.5.7. The functor

A-mod ® M - A-mod(M)

is an equivalence.

8.5.8. Let now take (Aj,.A1,Ms) = (A, A, A) as above, and let
(Ag ./42 M) _ (Amult—rev Amult—rev Amult—rev).
We obtain:
COROLLARY 8.5.9. The functor

A-mod ® A-mod” - (Ar A™ VY mod(A)

is an equivalence.
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8.5.10. Let A be a stable symmetric monoidal category. Recall the Cartesian
fibration

AssocAlg + mod(A) — AssocAlg(A),
of (4.5)), and the corresponding functor

(8.3) (AssocAlg(A))? -» 1-Cat, A+~ A-mod.

It follows from Proposition that (8.3) upgrades to a symmetric monoidal
functor

(AssocAlg(A))°P — A-modSt:coempl

cont

8.6. Duality for module categories.
8.6.1. Consider A as an associative algebra object in the monoidal category 1-Cat>5:c™P!,
Hence, it makes sense to talk about duality between left and right A-modules, see

Sect. 311
8.6.2. From Corollary we will now deduce:

COROLLARY 8.6.3. The left A-module category A-mod” is naturally dual to the
right A-module category A-mod.

Proor. We will construct explicitly the duality datum. The functor
co-unit : A-mod”(A) ® A-mod(A) - A
corresponds to the functor of tensor product
A-mod"(A) x A-mod(A) - A
of Sect. 4211
The functor
unit : Sptr - A-mod(A) ® A-mod"(A)
is constructed as follows. Under the identification

A-mod(A) ® A-mod”(A) = (A ATy m6d(A)

of Corollary [8.5.9] it corresponds to the object
A€ (Am AT ) mod(A).

COROLLARY 8.6.4. For M € A-mod there is a canonical equivalence

Functa (A-mod”, M) ~ A-mod(M).

8.7. Compact generation of tensor products.
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8.7.1. Let A be a monoidal stable category, and let M and N be a left and a right
A-modules, respectively.

Assume that the monoidal operation A ® A — A admits a continuous right
adjoint, and that so do the action functors A@ M - M and N® A - N.

We will prove:

PRrROPOSITION 8.7.2. Under the above circumstances, the right adjoint to the
tautological functor
N®M»N§M

15 continuous.

PRrOOF. The category N % M is given as the geometric realization of the sim-

plicial category ‘
i»N®A®” @M,

Hence, applying Corollary [5.3.4] it is enough to show that the functor
A% - 1-CatSieomPl - ] N@ A" @ M

cont ’

has the property that it sends every morphism in A°P to a 1-morphism in 1 - Catfé;ftocmpl

that admits a continuous right adjoint. However, this follows from the assumption
on the monoidal operation on A and the action functors.
O

8.7.3. Combining with Lemma [8.2.6| and Proposition [7.4.2] we obtain:

COROLLARY 8.7.4. Assume that A, My, My are compactly generated, and that
the functors
AA-A AeM->-M, No®A->N

preserve compact objects. Then the functor
N®MaN§M

sends compact objects to compact ones. In particular, N?M 18 compactly generated.

8.8. Compactness and relative compactness.
8.8.1. Let A be a stable monoidal category, and let M be an object of A- mod>!:<°“™mP!,

cont

For an object m € M consider the functor
(8.4) M- A, m'~ Hom,(m,m").

DEFINITION 8.8.2. We shall say that m is compact relative to A if the functor
(8.4) preserves filtered colimits (equivalently, all colimits or direct sums).

8.8.3. The following is immediate:

LEMMA 8.8.4.
(a) Suppose that A is compactly generated, and that the action functor AxM — M
sends A°x M€ to M€. Then every compact object in M is compact relative to A.

(b) Suppose that 1o € A is compact. Then every object in M that is compact
relative to A is compact.
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8.8.5. Let us now take M = A. Tt is clear that if a € A is left-dualizable (see
Sect. for what this means), then it is compact relative to A: indeed

Hom 4 (a,a’) ~a' ®a””,
while the monoidal operation on A distributes over colimits.
We have the following partial converse to this statement:

LEMMA 8.8.6. Suppose that A is generated by left-dualizable objects. Then
every object of A that is compact relative to A is left-dualizable.

PROOF. To show that an object a € A is left-dualizable, it suffices to show that
for any a’ € A, the natural map

(8.5) a’® Hom, (a,14) ~ Homy (a,a’)
is an isomorphism.

Let a € A be compact relative to A. By assumption, both sides in (8.5)) preserve
colimits in a’. Hence, it suffices to show that is an isomorphism for a’ taken
from a generating collection of objects of A. We take this collection to be that
left-dualizable obejcts. However, is an isomorphism for any a, provided that
a’ is left-dualizable.

O

9. Rigid monoidal categories

This section contains, what probably is, the only piece of original mathematics
in this chapter—the notion of rigid monoidal category. These are stable monoidal
categories with particularly strong finiteness properties.

9.1. The notion of rigid monoidal category.
9.1.1. Let A be a stable monoidal category. Let multa denote the tensor product
functor A®@ A - A.

DEFINITION 9.1.2. We shall say that A is rigid if the following conditions hold:

e The object 15 € A is compact;
e The right adjoint of multa, denoted (multa)®, is continuous;

e The functor (multa)®: A - A® A is a functor of A-bimodule categories
(a priori it is only a right-lax functor);

A tautological example of a rigid stable monoidal category is A = Sptr.

9.1.3. An example. Let A be a commutative algebra object in the stable symmetric
monoidal category Sptr. Then the stable (symmetric) monoidal category A-mod is
rigid.

More generally, let A be a rigid symmetric monoidal category, and let A be a

commutative algebra in A. Then the stable (symmetric) monoidal category .A-mod
is rigid.
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9.1.4. Here is the link to the more familiar definition of rigidity:

LEMMA 9.1.5. Suppose that A is compactly generated. Then A is rigid if and
only if the following conditions hold:

e The object 1A is compact;
e The functor multa sends A° x A€ to A°;
e Every compact object in A admits both a left and a right dual.

PrOOF. First, the fact that A, and hence A® A, is compactly generated implies
that mults preserves compactness if and only if (mult )® is continuous.

Assume that every compact object in A admits a left dual. We claim that in
this case, every right-lax functor between A-module categories F': M — N is strict.
Indeed, it suffices to show that for every m ¢ M and a € A°, the map

a® F(m) - F(a®m)
is an isomorphism. However, the above map admits an explicit inverse, given by
F(agm)—-a®a"’®F(agm)->a® F(a""®a®m)—>a® F(m).
Suppose, vice versa, that A is rigid. Let us show that every object a € A°
admits a left dual. For that end, it suffices to show that the functor
a’~a®a A-A

admits a right adjoint, and this right adjoint is a strict (as opposed to right-lax)
functor between left A-modules. However, the right adjoint in question is given by

(multp)® Id @ Maps (a,—-

A®A

The situation with right duals is similar.

)A®Sptr:A.

9.1.6. As a corollary, we obtain:

COROLLARY 9.1.7. Let A be rigid and compactly generated. Then an object of
A is compact if and only if it is left-dualizable and if and only if it is right-dualizable.

9.2. Basic properties of rigid monoidal categories. A fundamental property
of a rigid monoidal category (and one that entails the multiple properties of its
modules) is that it is canonically self-dual when viewed as a plain stable category.

Moreover, this self-duality interacts in a very explicit way with many operations
(such as the monoidal operation on A or monoidal functors between rigid monoidal
categories).

9.2.1. Suppose that A is rigid. In this case, it is easy to see that the data of

c:A®AMIA A Mapsa(la~) Sptr
and
u:SptrgA (m%)RA@)A
define an isomorphism
A—AVF=AY

We denote the above isomorphism by ¢4 .
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9.2.2. An ezample. Consider again the example from Sect. The co-unit of
the above self-duality data on A-mod is given by

Mapsp (1a,-)
—

A-mod ® A-mod — A-mod Sptr.

9.2.3. Let us regard A as a bimodule over itself. Then, according to Sect.
AV also acquires a structure of A-bimodule. It is easy to see that the isomorphism
da:A—>AY

is compatible with the left A-module structure.

LEMMA 9.2.4. Suppose that A is compactly generated. Then the equivalence
(AS)°P > A°, induced by da, identifies with a > a* %,

PROOF. We need to construct a functorial isomorphism
Mapsa (6a(a),a’) ~ Maps, (a”%,a"), a’eA.
By definition,
Maps, (¢a(a),a’) =e(a’®a) ~ Maps, (1a,a’ ® a),

while Maps  (a¥'f,a’) also identifies with Maps, (14,2’ ® a), as required.

9.2.5. The following is obtained by diagram chase:

LEMMA 9.2.6. Let A be a rigid monoidal (oo, 1)-category. Then:
(a) The following diagram commutes:

(multa )Y
_—

AV AV AY

PA T I dARPA

(multa)®

A —— A®A
commutes.

(b) Let F : Ay - As be a monoidal functor between rigid monoidal (oo, 1)-categories.
Then its right adjoint FT is continuous and the following diagram commutes:

F\/
Ay —— A

ba, I I(Zﬁ'Al

R
A, A,

9.2.7. Tt is clear that A is rigid if and only if A™v"™"¢ is. Reversing the multipli-
cation on A we obtain another identification A - AV, denoted ¢ prev-mui.
We have ¢ prev-muie = pa © 0, Where pa is an automorphism of A.

It is easy to see, however, that ¢ is naturally an automorphisnﬂ of A as a
monoidal (oo, 1)-category.

If A is symmetric monoidal, then @A is canonically isomorphic to the identity
functor.

10We are grateful to J. Lurie for pointing this out to us.
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Unwinding the definitions, we obtain:

LEMMA 9.2.8. Suppose that A is compactly generated. Then pa is induced by
the automorphism
a— (av,L)v,L
of A°.
9.3. Modules over rigid categories. It turns out that modules over rigid monoidal
categories exhibit some very special features:

e For a A-module M, the action map actam : A ® M - M admits a
continuous right adjoint, and this right adjoint identifies with the dual of
acta v with respect to the self-duality on A;

e Any right-lax (or left-lax) functor between A-module categories is strict;

e The tensor product of modules over A is isomorphic to the co-tensor
product;

e An A-module is dualizable if and only if it is such as a plain stable cat-
egory, and the stable category underlying the dual of an A-module M
identifies with the dual of M as a plain stable category.

9.3.1. Throughout this subsection we let A be a rigid monoidal category. Let M
be an A-module. Let
actaAm:A®M->M

denote the action functor.

LEMMA 9.3.2. The action functor acta m admits a continuous right adjoint,
which is given by the composition

n®Idn IdA®actA,M

(9.1) M= SptroM "2 Ao AeM  ~Z5MM A @ M.

PROOF. We construct the adjunction data as follows. The composition

9.1 t
M 22 A oM “IAM M

identifies with

1A ®Idn (multa ) *@ldnm multa ® Idn acta,m

M=~SptreM "—" AoM — AAM — T AM — M,

which, by virtue of the (mult 4, (mult s )?)-adjunction, admits a canonically defined
map to

1a®IdMm acta,m

M=~SptreM "— " A@M — M,
the latter being the identity map on M.
The composition
ta, 19-1)
AeM M MED A oM

identifies with

1a®Ida ®Idym (multa)?®Ida ® Idy
E— —

AAM

Ida ® multa ® Idnm Ida ®acta M
—>

AAM — AeoM,

A@M =~ SptreA oM

-A®ARA’M
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and the latter, in turn identifies with

(multA)R®IdM Ida ® acta ™

AoM — AAeoM — Ao M,

which by adjunction receives a map from

Ida ®1A®IdM Ida ® acta M

A@M =~ A ® SptreM AAeoM — Ao M,
while the latter is the identity functor on A ® M.

Combining with Proposition [8.7.2] we obtain:

COROLLARY 9.3.3. For a left A-module M and a right A-module N, the right
adjoint to the tautological functor

NeM->N % M
18 continuous.
Combining with Lemma [8.8.4] we obtain:
COROLLARY 9.3.4. Let M be an A-module category. Then an object m € M 1is
compact relative to A if and only if it is compact.
9.3.5. We also claim:

LEMMA 9.3.6. Any right-lax or (left-lax) functor between A-module categories
18 strict.

REMARK 9.3.7. Note that if A is compactly generated, the assertion of Lemmal9.3.6
has been established in the course of the proof of Lemma

PRrROOF. Let F': M — N be a right-lax functor between A-module categories.
We need to show that the (given) natural transformation from

IdA QF acta,N

(9.2) AeM AN "TAN N
to
(9.3) AoM N MmN

is an isomorphism. We will construct an explicit inverse natural transformation.

We consider two more functors A ® M — N. One is

(9.4)
AoM 1A®IdA®IdM Ao AeM (multA)RniI)dA@IdM Ao AoAoM IdA®IdA_@;actA,M
SAgAeM UL L g A g NI L g NI N,
The other is
(9.5)
AoM 1A®IdA®IdM Ao AeM (multA)IE)dA®IdM Ao AoAoM IdA®IdA_®;actA,M
1d t t
SAgAeM TS AeM AT Ao NTIAYN.

The unit of the (multa,multa™)-adjunction gives rise to a natural transfor-
mation from (9.3) to (9.4). The right-lax structure on F' gives rise to a natural
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transformation from (0.4) to (0.5). Finally, the co-unit of the (multa, mults’)-
adjunction gives rise to a natural transformation from (9.5) to (9.2). Combining,
we obtain the desired natural transformation from (9.3) to (9.2)).

The case of a left-lax functor is treated similarly.
O

9.4. Duality for modules over rigid categories—the commutative case. In
this subsection we will show that the theory of duality for modules over a rigid
category is particularly transparent.

9.4.1. Recall (see Sect.4.1.7)) that if A is a stable monoidal category, and M is a
left (resp., right) A-module, and M is dualizable as a plain stable category, then
MY is naturally a right (resp., left) A-module.

More generally, if M is a left (resp., right) A-module, and C is a stable category,
then Functex cont (M, C) is naturally a right (resp., left) A-module.

9.4.2. For the duration of this subsection we let A be a rigid symmetric monoidal
category, so that there is no distinction between left and right modules.

Recall that in this case, the automorphism pa of A is canonically the identity
map. So, AV identifies with A as an A-bimodule.

9.4.3. We claim:

PROPOSITION 9.4.4. Let M be an A-module. Then M is dualizable as an A-
module if and only if M is dualizable as a plain stable category. In this case, the
dual of M as a A-module identifies canonically with MY with its natural A-module
structure.

PROOF. Let first A be any stable monoidal category such that the underlying
stable category is dualizable. We consider A" equipped with a natural structure of
bimodule over A, see Sect.

Note that if M is an A-module and C € 1-Cat>u“™P! e have

cont

(9.6) Functa (M, C ® A") ~ Functex cont (M, C),
as right A-modules.

Assume that M is dualizable as a left A-module. In this case, from we
obtain that for any C,D € 1-Cat>"“°“™P! the functor

cont

D ® Functex cont (M, C) = D ® Functex cont (M, D ® C)
is an equivalence. Hence, M is dualizable as a plain stable category.

Let us now restore the assumption that A be rigid. The dual of M as a A-
module is given by Functa (M, A). Using the equivalence A ~ AY and , we
obtain the stated description of the dual of M.

It remains to show that if M is dualizable as a plain stable category, then it is
dualizable as an A-module. For that it suffices to show that the functor

St,cocmpl St,cocmpl
N ~ Functa (M,N), A-mod_ .} - 1-Cat, .,
St,cocmpl

preserves sifted colimits and the operation of tensoring up by an object of 1-Cat
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We note that Functa (M, N) is given as the totalization of the co-simplicial
category with terms

M’ ® (AY)®" ® N.
Now, by Lemma the transition maps in this cosimplicial category are
continuous functors, and hence, by Corollary the above totalization can be

rewritten as a geometric realization. This implies the required assertion.
|

9.4.5. Digression: the co-tensor product.

Let O be an associative algebra in a symmetric monoidal category O. Note that in
this case we can regard O™ also as an associative algebra in O. Furthermore,
the category of O-bimodules in O identifies with

(0 ® O™ mod.

Let M and N be a left and a right O-modules in O, respectively. We regard
MN as a (0@ O™t module in O.

We let
o
MeoNeO
denote the object
Homo’o®orev-nlult (O, Me N),
provided that the latter exists.

9.4.6. Applying this to O = 1-CatStcoempl 414

cont

O = A € AssocAlg(1-Catihoomphy,

cont

we obtain the notion of co-tensor product of A-module categories.
9.4.7. We claim:

ProprOSITION 9.4.8. Suppose that A is rigid. Then for A-modules M and N,

. . . . St 1
we have a canonical isomorphism in 1-Cat """

A
M®N:N§M.

PROOF. First we note that the assumption that A is rigid implies that A ®
Arev-mult s also rigid. Consider A as a module over A ® A™V"™ From Propo-
sition it follows that the dual of A as a module over A ® A™V-™ jdentifies
with A.

Hence,

A
M ® N := Functpgarev-mus (A, M@ N) ~ A ® MeN)~NoM,
A®Arev-mult A

as required.
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9.5. Duality for modules over rigid categories—the general case. In this
subsection we will explain the (minor) modifications needed to generalize the results
from Sect. to the case when A is just a rigid monoidal category (i.e., not
necessarily symmetric monoidal).

These modifications will amount to a twist by the automorphism A of A.

9.5.1. In what follows, for a right A-module N, we denote by N, the A-module,
with the same underlying category, but where the action of A is obtained by pre-
composing with the inverse of the automorphism @ of A.

9.5.2. Then we have the following variant of Proposition (with the same
proof):

PROPOSITION 9.5.3. Let M be a left A-module. Then M is dualizable as a left
A -module if and only if M is dualizable as a plain stable category. In this case, the
dual of M as a right A-module identifies canonically with (M"),.

As a corollary we obtain:

COROLLARY 9.5.4. Let M (resp., N) be a dualizable left (resp., right) A-
module. Then N %M € 1-Cat>tcomPl i qualizable, and its dual is given by

cont
(M), ;?NV.

ProoOF. Follows from the fact that for any stable monoidal category A, if M
is a dualizable left A-module with dual L, and N is a right module, dualizable as a
plain stable category, then the tensor product N % M is dualizable with dual given
by

LeN".
A

O

9.5.5. We will now consider the co-tensor product of modules over A. We have
the following variant of Proposition [0.4.8 with the same proof:

PROPOSITION 9.5.6. Suppose that A is rigid. Then for a left A-module M and

: L N St !
a right A-module N, we have a canonical isomorphism in 1-Cat_ o """

A
M®N=~N, ® M.
10. DG categories

10.1. The (oo, 1)-category of vector spaces.

10.1.1. Throughout this book we will be working over a ground field k£ of char-
acteristic 0. To k we can attach the (oo, 1)-category Vect of complexes of vector
spaces over k.

This is the derived co-category attached to the abelian category of vector spaces,
in the sense of [Lu2l Sect. 1.3.2].

This (oo, 1)-category is endowed with a t-structure, and the corresponding
abelian category Vect? is the usual abelian category of vector spaces over k.

The (oo, 1)-category Vect is stable and cocomplete.
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REMARK 10.1.2. Starting from an abelian category with enough projectives A,
the definition in [Lu2l, Sect. 1.3.2.7] produces the ‘bounded above’ derived (oo, 1)-
category D~(A). In the case of A = Vect”, one recovers the entire Vect as the right
completion of Vect™ with respect to its t-structure. IL.e., Vect is the unique stable
category equipped with a t-structure such that its bounded above part is Vect™ and
for any V e Vect, the tautological map

. <
colimm="(V) -V
n
is an isomorphism.

The construction of the derived (oo, 1)-category D~ (A) given in [Lu2l Sect.
1.3.2.7] appeals to an explicit procedure called ‘the differential graded nerve’. We
have no desire to reproduce it here because this construction appeals to a particular
model of (o0, 1)-category (namely, quasi-categories): the explicit knowledge of what
it is does not usually add any information of practical import. What is important
to know is that the homotopy category of D~(A), i.e., (D~(A))°™", is the usual
triangulated bounded above derived category of A.

The good news, however, is that the derived (oo, 1)-category D~(A) can be
characterized by a universal property, see [Lu2l, Theorem 1.3.3.2] or the less heavy
looking [Lu2l, Proposition 1.3.3.7].

10.1.3. We let

Vect'd ¢ Vect,
denote the full subcategory of finite complexes of finite-dimensional vector spaces
over k.

The corresponding abelian category (Vectf'd' )9 is that of usual finite-dimensional
vector spaces over k.

We have
Vect!d = Vect®,
and Vect is compactly generated by Vect™ 4,
10.1.4. The fact of crucial importance is that the stable category Vect carries a

symmetric monoidal structure uniquely characterized by the following conditions
([ILu2, Theorems 4.5.2.1 and 7.1.2.13)):

e It is compatible with the (usual) symmetric monoidal structure on Vect® c
Vect.

e The monoidal operation Vect x Vect — Vect preserves colimits in each
variable.
The second of the above conditions means that Vect is a commutative algebra
. . St,cocmpl
object in 1-Cat .

cont

10.1.5. The symmetric monoidal structure on Vect induces one on its full subcat-
egory Vect" .

Every object in the symmetric monoidal category Vect™® is dualizable. Hence,
by Sect. [£:1.4] the functor of dualization defines an equivalence

(Vectf'd')‘)p - Vect!d- .

From Lemma [9.1.5] we obtain:
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COROLLARY 10.1.6. The stable symmetric monoidal (oo, 1)-category Vect is
rigid.

10.2. The Dold-Kan functor(s).
10.2.1. Since Sptr is the unit object in the symmetric monoidal (oo, 1)-category

1-CatSh°™P! e have a canonically defined symmetric monoidal functor

(10.1) Sptr - Vect.
This functor admits a right adjoint, denoted

Dold-Kan®Pt
Vect — Sptr.

The functor Dold-Kan®P™ is continuous (e.g., by Lemma ).

10.2.2. The functor Dold-Kan®P" has the following additional property: it is ¢-
exact (i.e., compatible with the t-structures).

Sptr

In particular, Dold-Kan restricts to a functor

<0 Dold-Kan®°omGrp

Vect™ — ComGrp(Spc),
where we recall that ComGrp(Spc) identifies with Sptr<C.

10.2.3. The composition

<0 Dold-Kan©omGrPp oblvcomarp
- —_—

Vect ComGrp(Spc) —  Spec,

or, which is the same
Q% o Dold-Kan®P"

is the usual Dold-Kan functor

<0 Dold-Kan
—

Vect Spc

The functor Dold-Kan preserves filtered colimits and all limits. In addition,
Dold-Kan commutes with sifted colimits (because the forgetful functor oblvcomarp
does, see Volume II, Chapter 6, Sect. 1.1.3).

For V € Vect*" we have
7;(Dold-Kan(V)) = H*(V), i=0,1,..

10.2.4. By construction, the functor Dold-Kan is the right adjoint to the compo-
sition

(10.2) Spc Z Sptr Vect.

In terms of the equivalence of Lemma the above functor ((10.2) corre-
sponds to the object k € Vect, and can be thought of as the functor of chains with
coefficients in k.

S Cu(S, k).
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10.3. The notion of DG category. In the rest of this chapter we will develop the
theory of modules (in 1-Cat®") over the (symmetric) monoidal categories Vect!d"
and Vect.

However, the entire discussion is equally applicable, when we replace the pair
Vect™d ¢ Vect by

(A°cA),

where A is a rigid symmetric monoidal category that satisfies the equivalent con-
ditions of Lemma [0.1.5

10.3.1.  We let DGCat™™°“™P! denote the full subcategory in the (oo, 1)-category
Vect"d -mod = Vect"® - mod(1-Cat)

see Sect. [3.5.7|for the notation), consisting of those Vect"4-modules C, for which:
( g

e C is stable;
e The action functor Vect!'d xC — C is ezact in both variables.

10.3.2. The identification (Vect™9)°P ~ Vect™d induces an involution
CrHC®

on DGCat™en-coempl,

10.3.3.  We let DGCatcont denote the (oo, 1)-category

St,cocmpl |_ St,cocmpl
Vect-mod_, := Vect-mod(1-Cat] ).

By unwinding the definitions, we obtain:

LEMMA 10.3.4.
(a) The functor
DGCateons - DGCatmon-coempl

given by restriction of action along Vect!d & Vect is 1-replete, i.e., is an equiva-
lence on a 1-full subcategory.

(b) An object of DGCat™ ™ °“™P! Jies in the essential image of the functor from (a)
if and only if the underlying stable category is cocomplete.

(¢) A morphism in DGCat™™ ™! peteen objects in the essential image of DGCateont
comes from a morphism in DGCateopny if and only if the underlying functor between
the corresponding stable categories is continuous.

The (o0, 1)-category DGCateons will be the principal actor in this book.

We introduce one more notion: we let DGCat ¢ DGCat " °°“™P! he the full sub-
category equal to the essential image of the functor DGCateon; — DGCat™on-cocmpl

Thus, DGCatcoyt is a 1-full subcategory of DGCat with the same class of objects
(i.e., cocomplete DG categories), but in the latter we allow non-continuous functors.
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10.3.5. Let C,D be two objects of DGCat™™°“™P! By Sect. [3.6.5] we can asso-
ciate to them an object

Hom, iyt veerta (D, C) € Vect™® - mod(1-Cat).

It is easy to see, however, that Hom; ¢ yecr-a (D, C) belongs to the full sub-
category

DGCat™*"mP! ¢ Vect!d - mod(1-Cat).
‘We will use the notation:

Functy, (D, C) := Hom; ¢4 veerr-a (D, C).

This is the DG category of exact k-linear functors from D to C. We have
(Funct (D, C))Spc = Mapspgaggnon-coempt (D, C).
Note that if C is cocomplete, then so is Funct, (D, C), i.e., in this case it is an
object of DGCat.

10.3.6. Let now C, D be two objects of DGCatcont. By Sect.[8:2.1] we can consider
the object

Homl _Cat(s:f);lctocxnpl7vect(D, C) = Functvect(D, C) € DGCatcont .

‘We will use the notation:

Functy cont (D, C) := Functyec (D, C).

This is the DG category of continuous exact k-linear functors D to C. We have

(FunCtk,cont(Dv C))Spc = MapSDGCatcont (D,C).
By construction, we have a map in DGCatcont:
(10.3) Functy cont (D, C) - Funct, (D, C),

which is fully faithful at the level of the underlying (oo, 1)-categories.

10.3.7.  Let C be an object of DGCat™°“™P! For a pair of objects co,c; € C we
introduce the object
Maps,, c(co,c1) € Vect

by
(10.4) Mapsyee (V; Mapsy, c(co,c1)) ~ Mapsg(V ® co,c1), Ve Vect™d-
It is easy to see that Maps;, c(co,c1) always exists.
10.3.8. If C e DGCat, then we have a canonical isomorphism
Mapsy, c(co,c1) = Homy, (o, c1),
i.e., the isomorphism holds for V € Vect (and not just Vect™").
Finally, we note that we have

Mapsc(co, c1) = Dold-Kan®P*" (Mapsy c(co,c1)).
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10.3.9. The 2-categorical structure. According to Sect. the structure of (o0,1)-
category on DGCatcont can be naturally upgraded to a structure of (oo, 2)-category.

We denote the resulting (oo,2)-category by DGCatz(;Stat. By Sect. [8.3.3] we
have
Mapspcaz-cat (D, C) = Funct,cont (D, C).

We also note (see Lemma that if a morphism in DGCat¢qopns, when viewed
as plain stable categories, admits a continuous right adjoint, then the initial 1-
morphism admits a right adjoint in the (oo, 2)-category DGCatEc;Stat.
10.4. The symmetric monoidal structure on DG categories.
10.4.1. According to Sect. the (oo, 1)-category DGCatons is equipped with
a symmetric monoidal structure. We will denote the corresponding monoidal oper-
ation by

C,D~C ® D.

Vect

For ce C and d € D we let denotebycdeC ® D the image of cxd e CxD

Vect
under the tautological functor

CxD-C ® D.
Vect
10.4.2. In particular, given C,D € DGCaton, we can talk about the datum of
duality between them, the latter being the datum of functors

p:Vect 5 C @ Dand D @ C — Vect
Vect Vect

such that the corresponding identities hold.

10.4.3.  According to Proposition[9.4.4] a DG category C is dualizable as an object
of DGCatoyy if and only if it is dualizable as a plain stable category.

Moreover, again by Proposition [0.4.4] the datum of duality between C and D
as DG categories is equivalent to the datum of duality between C and D as plain
stable categories.

10.4.4. Explicitly, if
C ® D — Vect

Vect
is the co-unit of a duality in DGCat¢opt, then the composition

Dold-Kan®P*
CeD~C ® D - Vect T Sptr
ect

St,cocmpl

is the co-unit of a duality in 1-Cat__;

In fact, for any C € DGCatcont, the composed functor

Dold-Kan®Pt*
—

Functy, cont (C, Vect) - Functex cont (C, Vect) Functex cont (C, Sptr)

is an equivalence, see the proof of Proposition [9.4.4]

10.4.5. Finally, we mention that according to Sect. [8:3:4] the above symmetric
monoidal structure on the (oo, 1)-category DGCat,opnt naturally upgrades to a sym-
metric monoidal structure on the (oo, 2)-category

DGCat2Cat

cont
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10.5. Compact objects and ind-completions.

10.5.1.  Let C be an object of DGCat. We note that, according to Corollary[9.3.4]
an object ¢ € C is compact if and only if it is compact relative to Vect, i.e., the
functor

Maps,, o(c,-), C - Vect

preserves filtered colimits (equivalently, direct sums or all colimits).

Alternatively, the equivalence of the two notions follows from the fact that the
functor

Dold-Kan®P" : Vect — Sptr
is continuous and conservative.

10.5.2. The full subcategory C¢ c C is preserved by the monoidal operation

Vect!d xC - C.

Hence, C¢ naturally acquires a structure of object of DGCat™°"¢cmP!,

10.5.3. Vice versa, let Cgy be an object of DGCat™®"*°“™P! - Consider the corre-
sponding object

Ind(Cy) = Functe, ((Co)°P, Sptr).
The action of Vect™® on Cy defines an action of Vect™® on Ind(Cy) by
Sect. 1.1

By Lemma [10.3.4|(b), since Ind(Cy) is cocomplete, we obtain that Ind(Cy) is
an object of DGCat.

10.5.4. By construction, the tautological functor
Cp — Ind(Cy)
is a functor of Vect"d-module categories.
For C € DGCatcopnt, the equivalence
Functex,cont (Ind(Cp), C) = Functex (Co, C)

is a functor of bimodule categories over Vect™ . Hence, combining with Lemma/|10.3.4{c),
we obtain an equivalence

(10.5) Functy, cont (Ind(Cyp), C) ~ Functy (Cy, C).

In other words, we obtain that the ind-completion of Cy as a plain stable
category is also the ind-completion as a DG category.



10. DG CATEGORIES 93

10.5.5.  We claim that the DG category Ind(Cy) can also be described as Functy ((Cg)°P, Vect).
More precisely:
LEMMA 10.5.6. The functor

Sptr
Functy ((Cp)°P, Vect) — Functex((Co)°P, Vect) Dold-Kan™ Functey ((Co)°P, Sptr) = Ind(Cy)

is an equivalence.

ProoF. By (10.5)), we have
Functy ((Cp)°P, Vect) ~ Functy, cont (Ind((Cyp)°?), Vect),
which by Sect. identifies with
(Ind((Co)°"))" =~ Ind(Co),

as required.
O

10.5.7. It follows from Corollary that if C and D are compactly generated

DG categories, then the same is true for C V® D. Moreover, objects of the form
ect

cedeC ® D, ceC®deD?

Vect

are the compact generators of C V® D.
ect

In addition, the following is obtained by repeating the proof of Proposition[7.4:2}

ProrosiTION 10.5.8. For cg,c € C and dg,d € D with cqg,dg compact, we have
a canonical isomorphism

Mapsy, ¢(co,€) %Mapsk,D(dOa d) ¥ Mapsy, ¢ ¢ p(co do, c % d).

Vect

10.6. Change of notations. In the main body of the book, the only stable cat-
egories that we will ever encounter will be DG categories. For this reason we will
simplify our notations as follows:

e For C e DGCat™™ P! and ¢y,¢; € C we will write Mapsg(co,c1)
instead of Maps; c(co,c1) (i-e., our Mapsc(—,~) is an object of Vect,
rather than Sptr; the latter is obtained by applying the functor Dold—KanSp“)

e For C,D e DGCat™ ™! e will write Funct(D, C) instead of Funct (D, C);

e For C,D e DGCat we will write Functcont (D, C) instead of Functy cont (D, C);

e For C,D e DGCat we will write C ® D instead of C V® D;
ect

)

e For C,D ¢ DGCat and c € C,d € D we will write c ®d instead of c %1 d.






CHAPTER 2

Basics of derived algebraic geometry

Introduction

This Chapter is meant to introduce the basic objects of study in derived alge-
braic geometry that will be used in the subsequent chapters.

0.1. Why prestacks? The most general (and, perhaps, also the most important)
type of algebro-geometric object that we will introduce is the notion of prestack.

0.1.1.  Arguably, there is an all-pervasive problem with how one introduces classical
algebraic geometry. Even nowadays, any introductory book on algebraic geometry
defines schemes as locally ringed spaces. The problem with this is that a locally
ringed space is a lot of structure, so the definition is quite heavy.

However, one does not have to go this way if one adopts Grothendieck’s lan-
guage of points. Namely, whatever the category of schemes is, it embeds fully
faithfully into the category of functors

(Sch®)°P _ Set,

where Sch™® is the category of affine schemes, i.e., (Schaﬁ)Op is the category of
commutative rings.

Now, it is not difficult to characterize which functors (Sch*)°P - Set corre-

spond to schemes: essentially the functor needs to have a Zariski atlas, a notion
that has an intrinsic meaning.

0.1.2. This is exactly the point of view that we will adopt in this Chapter and
throughout the book, with the difference that instead of classical (=usual=ordinary)
affine schemes we consider derived affine schemes, where, by definition, the cate-
gory of the latter is the one opposite to the category of connective commutative
DG algebras (henceforth, when we write Sch™
and denote the category of classical affine schemes by ClSchaﬁr).

we will mean the derived version,

And instead of functors with values in the category Set of sets we consider the
category of functors

(0.1) (Sch*™)°P - Spe,
where Spc is the category of spaces (a.k.a. co-groupoids).

We denote the category of functors (0.1)) by PreStk and call its objects prestacks.
Le., a prestack is something that has a Grothendieck functor of points attached to
it, with no further conditions or pieces of structure.

Thus, a prestack is the most general kind of space that one can have in algebraic
geometry.

95
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All other kinds of algebro-geometric objects that we will encounter will be
prestacks, that have some particular properties (as opposed to extra pieces of struc-
ture). This includes schemes (considered in Sect. , Artin stacks (considered in
Sect. , ind-schemes and inf-schemes (considered in Volume II, Chapter 2), formal
moduli problems (considered in Volume II, Chapter 5), etc.

0.1.3. However, the utility of the notion of prestack goes beyond being a gen-
eral concept that contains the other known types of algebro-geometric objects as
particular cases.

Namely, there are some algebro-geometric constructions that can be carried out
in this generality, and it turns out to be convenient to do so.

The central among these is the assignment to a prestack ) of the category
QCoh(Y) of quasi-coherent sheaves on Y, counsidered in the next Chapter, i.e.,
Chapter 3. In fact, there is a canonically defined functor

QCohp, sty : (PreStk)°P - DGCateont, Y+ QCoh()).

The definition of QCohp, g is actually automatic: it is the right Kan extension
of the functor
QCohfurr : (Sch™)°P - 1-Cat
that attaches to
Spec(A) = S € Sch™®
the DG category
QCoh(S) := A-mod
and to a map f:S" - S the pullback functor f*: QCoh(S) — Coh(S").
In other words,

(0.2) QCoh(Y) = lim QCoh(S).
(S5)e((Sch?™) 3 )op

So an object F € QCoh(}) is a assignment
(S5 Y) ~ Fs,y € QCoh(S),

f *
(8" > 8) ~ Foryor = [ (Fsy),
satisfying a homotopy compatible system of compatibilities for compositions of mor-
phisms between affine schemes.

Note that the expression in involves taking a limit in the oco-category
1-Cat. Thus, in order to assign a meaning to it (equivalently, the meaning to the
expression ‘homotopy compatible system of compatibilities’) we need to input the
entire machinery of co-categories, developed in [Lul]. Thus, it is fair to say that
Lurie gave us the freedom to consider quasi-coherent sheaves on prestacks.

Note that before the advent of the language of co-categories, the definition of
the (derived) category of quasi-coherent sheaves on even such benign objects as
algebraic stacks was quite awkward (see [LM]). Essentially, in the past, each time
one needed to construct a triangulated category, one had to start from an abelian
category, take its derived category, and then perform some manipulations on it in
order to obtained the desired one.
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As an application of the assignment
Y ~ QCoh(Y)

we obtain an automatic construction of the category of D-modules/crystals (see
Volume II, Chapter 4). Namely,

D-mod()) := QCoh(Y4r),
where YVqr is the de Rham prestack of ).

0.1.4. Another example of a theory that is convenient to develop in the generality
of prestacks is deformation theory, considered in Volume II, Chapter 1. Here, too, it
is crucial that we work in the context of derived (as opposed to classical) algberaic
geometry.

0.1.5. As yet another application of the general notion of prestack is the construc-
tion of the Ran space of a given scheme, along with its category of quasi-coherent
sheaves or D-modules. We will not discuss it explicitly in this book, and refer the
reader to, e.g., [Ga2].

0.2. What do we say about prestacks? The notion of prestack is so gen-
eral that it is, of course, impossible to prove anything non-trivial about arbitrary
prestacks.

What we do in Sect. [1}is study some very formal properties of prestacks, which
will serve us in the later chapters of this book.

0.2.1. The notion of n-coconnectivity. As was said before, the category PreStk is
that of functors (Sch*™)°P - Spe, where

(Sch*™)°P := ComAlg(Vect=?).

Now, arguably, the category ComAlg(VectSO) is complicated, and it is natural
to try to approach it via its successive approximations, namely, the categories

ComAlg(Vect> ™<%)
of connective commutative DG algebras that live in cohomological degrees > —n.

We denote the corresponding full subcategory in Sch®™ by <"Sch®T: we call its
objects n-coconnective affine schemes. We can consider the corresponding category
of functors

(*"Sch*™)°P - Spc
and denote it by *"PreStk.

The oo-categories <"PreStk and <"Stk are related by a pair of mutually adjoint
functors

(0.3) ="PreStk 2 PreStk,

given by restriction and left Kan extension along the inclusion <"Sch®T o Sch?
respectively, with the left adjoint in (0.3)) being fully faithful.

Thus, we can think of each *"PreStk as a full subcategory in PreStk; we referred
to its objects as n-coconnective prestacks. Informally, a functor in is n-
coconnective if it is completely determined by its values on m-coconnective affine
schemes.

The subcategories <" PreStk form a sequence of approximations to PreStk.
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0.2.2. Conwvergence. A technically convenient condition that one can impose on a
prestack is that of convergence. By definition, a functor ) in (0.1]) is convergent if

for any S € Sch®? the map
V(8) » mY(S),

is an isomorphism, where <" S denotes the n-coconnective truncation of S.

Convergence is a necessary condition for a prestack to satisfy in order to admit
deformation theory, see Volume II, Chapter 1, Sect. 7.1.

0.2.3. Finite typeness. Consider the categories <"Sch® and <"PreStk. We shall say
that an object S € <"Sch™® (resp., J € <"PreStk) is of finite type (resp., locally of
finite type) if the corresponding functor takes filtered limits of affine schemes
to colimits in Spc.

It follows tautologically that an object YV € <"PreStk is locally of finite type if
and only if the corresponding functor ([0.1]) is completely determined by its values
on affine schemes of finite type.

Now, the point is that, as in the case of classical algebraic geometry, the con-
dition on an object Spec(A) = S € <"Sch™ to be of finite type is very explicit:
it is equivalent to HY(A) being finitely generated over our ground field, and each
H™"(A) (where i runs from 1 to n) being finitely generated as a module over H(A).

Thus, objects of <"PreStk that are locally of finite type are precisely those that
can be expressed via affine schemes that are ‘finite dimensional’.

0.2.4. Inserting the word ‘almost’. Consider now the category PreStk.

We shall say that a prestack is locally almost of finite type if it is convergent,
and for any n, the functor < in (0.3) produces from it an object locally of finite
type.

The class of prestacks locally almost of finite type will play a central role in

this book. Namely, it is for this class of prestacks that we will develop the theory
of ind-coherent sheaves and crystals.

0.3. What else is done in this Chapter?
0.3.1. In Sect. |2| we introduce a hierarchy of Grothendieck topologies on Sch?f:
flat, ppf, étale, Zariski. Each of the above choices gives rise to a full subcategory

Stk c PreStk

consisting of objects that satisfy the corresponding descent condition. We refer to
the objects of Stk as stacks.

The primary interest in Sect. [2]is how the descent condition interacts with the
conditions of n-coconnectivity, convergence and local (almost) finite typeness.

0.3.2. In the rest of this Chapter we discuss two specific classes of stacks: schemes
and Artin stacks (the former being a particular case of the latter).

The corresponding sections are essentially a paraphrase of some parts of [TV1),
TV2] in the language of co-categories.
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0.3.3. In Sect. [3| we introduce the full subactegory Sch c PreStk of (derived)
scheme

Essentially, a prestack Z is a scheme if it is a stack and admits a Zariski atlas
(i.e., a collection of affine schemes S; equipped with open embeddings S; - V).

We will not go deep into the study of derived schemes, but content ourselves
with establishing the properties related to m-coconnectivity and finite typeness.
These can be summarized by saying that a scheme is n-coconnective (resp., of
finite type) if and only if some (equivalently, any) Zariski atlas consists of affine
schemes that are n-coconnective (resp., of finite type).

0.3.4. In Sect. [d] we introduce the hierarchy of k-Artin stacks, k = 0,1,2.... Our
definition is a variation of the notion of a k-geometric stack defined by Simpson in
[Sim| and developed in the derived context in [TV2].

For an individual k£, what we call a k-Artin stack may be different from what
is accepted elsewhere in the literature (e.g., in our definition, only schemes that are
disjoint unions of affines are 0-Artin stacks; all other schemes are 1-Artin stacks).
However, the union over all k produces the same class of objects as in other defini-
tions, called Artin stacks.

The definition of k-Artin stacks proceeds by induction on k. By definition, a
k-Artin stack is an étale prestack that admits a smooth (k — 1)-representable atlas
by affine schemes.

As in the case of schemes, we will only discuss the properties of Artin stacks
related to m-coconnectivity and finite typeness, with results parallel to those men-
tioned above: an Artin stack is n-coconnective (resp., of finite type) if and only
if some (equivalently, any) smooth atlas consists of affine schemes that are n-
coconnective (resp., of finite type).

1. Prestacks

In this section we introduce the principal actors in derived algebraic geometry:
prestacks.

We will focus on the very formal aspects of the theory, such as what it means
for a prestack to be n-coconnective (for some integer n) or to be locally (almost)
of finite type.

1.1. The notion of prestack. Derived algebraic geometry is ‘born’ from connec-
tive commutative DG algebras, in the same way as classical algebraic geometry (over
a given ground field k) is born from commutative algebras. Following Grothendieck,
we will think of algebro-geometric objects as prestacks, i.e., arbitrary functors from
the co-category of connective commutative DG algebras to that of spaces.

1Henceforth we will drop the adjective ‘derived’.
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1.1.1. Consider the stable symmetric monoidal Vect, and its full monoidal sub-
category Vect=". By a connective commutative DG algebra over k we shall mean
a commutative algebra object in Vect=’. The totality of such algebras forms an
(00, 1)-category, ComAlg(Vect<C).

REMARK 1.1.2. Note that what we call a ‘connective commutative DG algebra
over k’ is really an abstract notion: we are appealing to the general notion of
commutative algebra in symmetric monoidal category from Chapter 1, Sect. 3.3.

However, one can show (see [Lu2, Proposition 7.1.4.11]) that the homotopy
category of the oo-category ComAlg(Vecth) is a familiar object: it is obtained
from the category of what one classically calls ‘commutative differential graded
algebras over k concentrated in degrees < 0’ by inverting quasi-isomorphisms.

1.1.3.  'We define the category of (derived) affine schemes over k to be
Sch*® := (ComAlg(Vect=))°P.

1.1.4. By a (derived) prestack we shall mean a functor (Sch®®)°P — Spe. We let
PreStk denote the (o0, 1)-category of prestacks, i.e.,

PreStk := Funct((Sch*™)°P Spe).

1.1.5. Yoneda defines a fully faithful embedding
Sch*® < PreStk.
For S € Sch™ and Y ¢ PreStk we have, tautologically,

MapSPreStk(Svy) = y(S)

1.1.6. Let f : Y1 - )V, be a map of prestacks. We shall say that f is affine
schematic if for every S € (Schaﬂ)/yw the fiber product S 5 V1 € PreStk is repre-

sentable by an affine scheme.

1.2. Coconnectivity conditions: affine schemes. Much of the analysis in de-
rived algebraic geometry proceeds by induction on how many negative cohomolog-
ical degrees we allow our DG algebras to live in. We initiate this discussion in the
present subsection.

1.2.1. For n >0, consider the full subcategory
Vect> =0 ¢ Vect<? .

This fully faithful embedding admits a left adjoint, given by the truncation
functor 727", It is clear that if V/ — V/ is a morphism in Vect*’ such that

72(V{) - 727"(V/) is an isomorphism, then
(Ve Ve) - (V] @ Vs)

. . . <
is an isomorphism for any V5 € Vect<C.

>-n,<0

This implies that the (oo, 1)-category Vect acquires a uniquely defined
symmetric monoidal structure for which the functor 727" is symmetric monoidal.
It follows from the symmetric monoidal version of Chapter 1, Lemma 3.2.4 that
the embedding

(1.1) Vect> <0 & Vect <
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has a natural right-laz symmetric monoidal structure.
1.2.2. In particular, the functor (|1.1) induces a fully faithful functor
(1.2) ComAlg(Vect> ™<%) - ComAlg(Vect="),

whose essential image consists of those objects of ComAlg(VectSO) that belong to

Vect™ ™= when regarded as plain objects of Vect=.

The functor ([1.2)) admits a left adjoint
(1.3) 727" : ComAlg(Vect=") - ComAlg(Vect>"=<")

that makes the diagram

2-n

ComAlg(Vect=") ——— ComAlg(Vect> <)
oblvcomalg l lObvaOmAlg
Vect=Y T Vect2=<0
commute.

1.2.3.  We shall say that S € Sch?f is n-coconnective if S = Spec(A4) with A lying
in the essential image of (1.2). In other words, if H™*(A) =0 for ¢ > n.

We shall denote the full subcategory of Sch*f spanned by n-coconnective ob-
jects by <"Sch™f.

1.2.4. For n =0 we recover
Agenaf .= <0gepafl
the category of classical affine schemes.
1.2.5. The embedding <"Sch®® < Sch*? admits a right adjoint, denoted
S =S,
and given at the level of commutative DG algebras by the functor .

Thus, <*Sch®? is a colocalization of Sch*T

calization functor

. We denote the corresponding colo-

Sch®® - =nSch?T o SchT
by S~ 757(S).
REMARK 1.2.6. We choose to notationally distinguish objects of <nSch™™ and

their images in Sch?t, Doing otherwise would cause notational clashes when talking
about descent conditions.

1.2.7.  We will say that S € Sch®T is eventually coconnective if it belongs to <*Sch*T
for some n.

We denote the full subcategory of Sch?ft spanned by eventually coconnective
objects by <*Sch?f.

1.3. Coconnectivity conditions: prestacks.
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1.3.1.  Consider the (o0,1)-category
<"PreStk := Funct(($"Sch*™)°P Spe).

Restriction defines a functor
(1.4) PreStk — ="PreStk,
that we will denote by Y — <"Y.
1.3.2. The functor admits a fully faithful left adjoint, given by the left Kan

extension
LKEgnSChafoSChaff : “"PreStk — PreStk.

Thus, *"PreStk is a colocalization of PreStk. We denote the resulting colocal-
ization functor

PreStk - <"PreStk — PreStk
by Y = 7="(Y).

REMARK 1.3.3. The usage of the symbol 7= may diverge from other sources’
conventions: the latter use 7" to denote the corresponding truncation of the Post-
nikov tower, whereas we denote the latter by the symbol P, see Sect. below.

Tautologically, if ) is representable by an affine scheme S = Spec(A), then the
above two meanings of 75" coincide: the prestack 7<"*())) is representable by the
affine scheme 75"(S).

1.3.4. We shall say that ) € PreStk is n-coconnective if it belongs to the essential
image of the functor LKE<, g jat_ gopate-

For example, an affine scheme is n-coconnective in the sense of Sect. [[.2.3] if
and only if its image under the Yoneda functor is n-coconnective as a prestack.

We will often identify <" PreStk with its essential image under the above functor,
and thus think of *"PreStk as a full subcategory of PreStk.

1.3.5. We will say that ) € PreStk is eventually coconnective if it is n-coconnective
for some n. We shall denote the full subcategory of eventually coconnective objects
of PreStk by <*PreStk.

1.3.6. Classical prestacks. Let n = 0. We shall call objects of <°PreStk ‘classical’
prestacks, and use for it also the alternative notation “'PreStk.

We will also denote the corresponding restriction functor ) + 1, and the
corresponding colocalization functor

PreStk - “'PreStk — PreStk
by Y = 7(Y).
1.3.7. The right Kan extension. The restriction functor
Y ") : PreStk - <"PreStk
admits also a right adjoint, given by right Kan extension.

This functor lacks a clear geometric meaning. However, it can be explicitly
described: by adjunction we have

(RKEsngepttosenst (V) (5) = V(7" (9)).-
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1.4. Convergence. The idea of the notion of convergence is that if we perceive a
connective commutative DG algebra as built iteratively by adding lower and lower
cohomologies, we can ask whether the value of a given prestack on such an algebra
to be determined by its values on the above sequence of truncations.

Convergence is a necessary condition if we want to approach our prestack via
deformation theory (see Volume II, Chapter 1, Sect. 7.1).

1.4.1. Le S be an object of Sch™®. Note that the assignment
n7"(S)

is naturally a functor

Z7° > (Sch™™) 5.
1.4.2. Let Y be a prestack. We say that ) is convergent if for S € Sch®? | the map

V(8) > m Y(r¥(S))

is an isomorphism.
1.4.3. Since for every connective commutative DG algebra A, the map

A- lirrln =" (A)
is an isomorphism, we have:

LEMMA 1.4.4. Any prestack representable by a (derived) affine scheme is con-
vergent.

REMARK 1.4.5. As we shall see in the sequel, all prestacks ‘of geometric nature’,
such as (derived) schemes and Artin stacks (and also ind-schemes), are convergent.

Here is, however, an example of a non-convergent prestack: consider the prestack
that associates to an affine scheme S = Spec(A) the category (A-mod)SP¢, i.e., this
is the prestack

(Sch®Tyop QCCE?]“&“ 1-Cat i Spe,
where QCohg, .« is as in Chapter 3, Sect. 1.1.2.
1.4.6. We have:
PROPOSITION 1.4.7. A prestack Y is convergent if and only if, when as a functor
(Sch*™)°P - Spe,
it is the right Kan extension from the subcategory <oQch™ ¢ S
PrROOF. We claim that the functor of right Kan extension along
<°Sch? ¢ Sch™
is given by sending
Z" € Funct((*°Sch™)°P_ Spc) ~ Z € Funct((Sch™™)°P, Spe),
with
Z(S) = 1171312'(73"(5)).
Indeed, a priori, the value of Z on §' is given by

3 4 !
Jm 2 ),
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where the limit is taken over the category opposite to (<*° Schaff) /s- Now, the
assertion follows from the fact that the functor

720 > (= Sch‘”“cf)/s7 n e 7="(9)

is cofinal.

1.4.8. Let “°"VPreStk c PreStk denote the full subcategory of convergent prestacks.
This embedding admits a left adjoint, which we call the convergent completion and
denote by

y s COIlVy.

According to Proposition [I.4.7] we have:
conv
y ~ RKE(“’SCha“HSChaH (y|<ooschaff).

Explicitly,
COY(S) = 117?1 V(T="(5)).

1.4.9. Consider the canonical map

colim7="(Y) - .

Tautologically, )y € PreStk is convergent if and only if for every ), the map
Maps(Y, V1) — Maps(co}limTS”(y),yl) = li7rln Maps(7="(¥), 1)
is an isomorphism.
REMARK 1.4.10. Note that the left Kan extension functor
LKE<.gpatt,genatt = PreStk — PreStk
does not map into “°"VPreStk.

1.5. Affine schemes of finite type (the eventually coconnective case). We
will now introduce the notion of what it means for a (derived) affine scheme to
be of finite type. This generalizes the usual notion of being of finite type over a
field. As in classical algebraic geometry, finite typeness puts us in the context of
finite-dimensional geometry.

1.5.1. We say that an object S = Spec(A) € <Sch™ is of finite type if HO(A) is of
finite type over k, and each H~*(A) is finitely generated as a module over H°(A).

Let < Sch?tff denote the full subcategory of <eoGch?f consisting of affine schemes
of finite type.
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1.5.2. Denote by <"Schi the intersection <*Schi n<"Sch®.

The following theorem is proved by induction on n using deformation theory
(but we will not do it here, but see [Lu2, Proposition 7.2.5.31]):

THEOREM 1.5.3.
(a) The objects of (S"Schi )P are compact in (S*Sch*T)eP,

(b) For every object S € <"Sch™™, the category opposite to (S”Sch?tﬂ)s/ is filtered,
and the map

Soe(snSchff) g,
is an isomorphism.

REMARK 1.5.4. We note that the filteredness assertion in Theorem b) is
casy: it follows from the fact that the category (S"Schif) sy has fiber products.

1.5.5. By [Lull, Proposition 5.3.5.11], the assertion of Theorem is equivalent
to the following:

COROLLARY 1.5.6. We have a canonical equivalence:
nSch® ~ Pro(*"Schi).

1.5.7. Since S"Sch?tﬁ' is closed under retracts, using [Lull, Lemma 5.4.2.4], from
Corollary [I.5.6] we obtain:

COROLLARY 1.5.8. The inclusion (S"Schif)oP ¢ ((5"SchT)op)e of Theorem(a)
is an equality.

1.6. Prestacks locally of finite type (the eventually coconnective case).
In this subsection we will make precise the following idea: a prestack is locally of
finite type if and only if it is completely determined by its values on affine schemes
of finite type.

1.6.1. Let Y be an object of <"PreStk for some n. We say that it is locally of finite
type if it is the left Kan extension (of its own restriction) along the embedding

(S"Sch?tff)OID B (S"Schaﬂ)(’p.
We denote the resulting full subcategory of <"PreStk by <"PreStks.
1.6.2. 1In other words, we can identify <"PreStky; with the category of functors
(="Sehy™) > Spe,
and we have a pair of mutually adjoint functors
<"PreStkyy, 2 <"PreStk,

given by restriction and left Kan extension along <*Schi! — <"Sch™® respectively,
where the left Kan extension functor is fully faithful.

1.6.3. Now, using [Lull, Proposition 5.3.5.10], from Corollary we obtain:

COROLLARY 1.6.4. An object Y € ="PreStk belongs to <"PreStky, if and only
if it takes filtered limits in <"Sch® to colimits in Spc.
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1.6.5. Combining Corollaries [I.6.4] and [.5.8] we obtain:

LEMMA 1.6.6. Let S be an object of <"Sch™. It belongs to <"SchiT if and only
if the prestack that it represents belongs to <"PreStkig.

1.6.7. Evidently, the restriction functor <"PreStky; < <"PreStk commutes with
limits and colimits. The functor

LKE<ngcpattengepart : “"PreStky, - =" PreStk,
being a left adjoint commutes with colimits.
In addition, we have the following:
LEMMA 1.6.8. The functor LKESWSCh?tff‘_)gnSChaff commutes with finite limits.

PrOOF. This follows from Corollary indeed, the condition of taking
filtered limits in <*Sch™® to colimits in Spc is preserved by the operation of taking

finite limits of prestacks.
O

1.7. The ‘locally almost of finite type’ condition. In Sect.[I.6] we introduced
the ‘locally of finite type’ condition for n-coconnective prestacks. In this subsection
we will give a definition crucial for the rest of the book: what it means for an
object of PreStk to be locally almost of finite type (=laft). This will be the class
of prestacks for which we will develop the theory of ind-coherent sheaves.

1.7.1. We say that an affine (derived) scheme S is almost of finite type if <S is of
finite type for every n.

Le., S =Spec(A) is almost of finite type if H°(A) is of finite type over k, and
each H™*(A) is finitely generated as a module over HY(A).

Let Schgg denote the full subcategory of Sch?t consisting of affine schemes
almost of finite type.

1.7.2. We say that Y € PreStk is locally almost of finite type if the following con-
ditions hold:

(1) Y is convergent.
(2) For every n, we have ")) € <"PreStks

We denote the corresponding full subcategory by

PreStkyas ¢ PreStk.

By Lemma we have

Sch* = Sch™® N PreStkyaf; .
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1.7.3. In particular, if ) € PreStky.g, then ©1Y is an object of “PreStk locally of
finite type, i.e., it is a classical prestack locally of finite type.

REMARK 1.7.4. Note that by Remark [1.4.10] the left Kan extension functor
does not send <"PreStks, to PreStky.g: the resulting prestack will satisfy the second
condition, but in general, not the first one.

However, if Y € PreStk is obtained as a left Kan extension functor of an object
of *"PreStk that belongs to <"PreStkys, then its convergent completion “*VY will
belong to PreStkj,s, see Corollary below.

1.7.5. We claim:
PROPOSITION 1.7.6. Restriction along <""Sch?tff o Sch?*f defines an equivalence
PreStkg — Funct((<°Schi®)P Spe).
The inverse functor is given by first applying the left Kan extension along
<°Qehil o <gch™|
followed by the right Kan extension along
<°Geh®f o Seh?

PrOOF. By Proposition [1.4.7] it suffices to show that the following conditions
on a functor
<Sch® - Spe
are equivalent:
(i) It is a left Kan extension along <®Schi’ — <*Schf;

i) Its restriction to any $"Sch®? is a left Kan extension along <"Schil — <ngch?f
ft
First, it is clear that (i) implies (ii): indeed, the diagram
Funct(<*SchiT Spe) RLUN Funct (< Sch®®, Spc)

| |

Funct(<"Schi | Spe) IRLLN Funct(<"Sch™®, Spc)

is commutative.

Vice versa, let ) satisfy (ii). We need to show that for any S € <*Sch" the
map

(1.5) cgligly(S') - Y(9)
is an isomorphism, where the colimit is taken over the index category
o al op
((< SChftﬂ)S/)

However, cofinal in the above index category is the full subcategory consisting of
those S — S’, for which S’ € S"Sch?tff; indeed the embedding of this full subcategory
admits a left adjoint, given by S’ — 7<"(S").

Hence, the colimit in (1.5 can be replaced by
colim Y(9")
S-S’
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taken over ((S"Sch?tﬂ) S/)Op. However, the latter colimit computes

LKESn Sch?tff_,s'n Schaff (Sny) .

1.7.7. We note:

COROLLARY 1.7.8. The composite functor

HCOI!Vy

PreStk > ¥ €0 PreStk

LKEgn gopaff . gonatf
—

"PreStkyg, = “"PreStk
takes values in PreStkyag; .

Proor. By Proposition it suffices to show that the composition of the
functor in the corollary with the identification

convpreStk ~ Funct(<°Sch™, Spe)

lands in the full subcategory spanned by functors obtained as a left Kan extension
from

“*Sehf o “<Sch™".
However, the above composition is given by left Kan extension along

nQehif o <°geh™

1.7.9. By combining Lemma and Proposition we obtain:

COROLLARY 1.7.10. The subcategory PreStky.¢ ¢ PreStk is closed under finite
limits.

1.8. Truncatedness.

1.8.1. For k =0,1,..., let Spc,;, c Spc denote the full subcategory of k-truncated
spaces. l.e., it is spanned by those objects & € Spc such that each connected
component S” of S satisfies

m(8") =0 for I > k.

For example, for k = 0, we have Spc_j = Set.
1.8.2. The embedding
Spc.;, = Spc
admits a left adjoint.
The corresponding localization functor
Spc — Spcgy, — Spc
will be denoted P.g.

REMARK 1.8.3. The (oo, 1)-category Spc.y, is actually a (k+1,1)-category. Le.,
the mapping spaces between objects are k-truncated.
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1.8.4. For S € Spe, the assignment k — P (S) is a functor
(27°)°P > Spe,
called the Postnikov tower of S.
It is a basic fact that the natural map

S - lillgn P (S)
is an isomorphism.

1.8.5. For a fixed n, and an integer k = 0,1,... we will say that ) € "PreStk is
k-truncated if, as a functor

(S”Schaﬁ)op - Spc,

it takes values in the full subcategory of Spc.; c Spc of k-truncated spaces.

1.8.6. For example, if ) € <"PreStk is representable, i.e., is the Yoneda image of
S e <"Sch®® | then Y is n-truncated.

This reflects the fact that ComAlg(Vect> ™=") is an (n + 1, 1)-category, which,
in turn, formally follows from the fact that Vect> <" is an (n + 1, 1)-category.

REMARK 1.8.7. In the sequel, we will see that for any (derived) scheme, its
restriction to <*Sch®™ is n-truncated as an object of <"PreStk.

Similarly, for a k-Artin stack, its restriction to <"Sch®T is (n + k)-truncated as

an object of *"PreStk.

1.8.8. Another example. To any object I € Spc we can attach the corresponding
constant prestack C:

K(S):=K, SeSch.
If K is k-truncated, then K is k-truncated.

1.8.9. Let ="PreStk;, c <"PreStk denote the full subcategory of k-truncated prestacks.
This embedding admits a left adjoint. The corresponding localization functor

<"PreStk - *"PreStk.;, - <"PreStk

will be denoted P.;. Explicitly,
(P(M))(S) = Per(V(S)), S e="Sch™T.

The full subcategory <"PreStke;, c *"PreStk is actually a (k + 1, 1)-category.

1.8.10. When n = 0 and k = 0, the (ordinary) category “'PreStkey is that of
presheaves of sets on clgeh™f

When n = 0 and k = 1, we shall call objects of “'PreStke; ‘ordinary classical
prestacks’. Le., “PreStke; is the (2,1)-category of functors from the category of
classical affine schemes to that of ordinary groupoids.
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2. Descent and stacks

The object of study in this section is the notion of stack—the result of the
interaction of the general notion of prestack with a given Grothendieck topology
(flat, ppf, étale or Zariski) on the category of affine schemes; see [TV2] Sect. 2.2.2].

Specifically, we will be interested in how the stack condition interacts with
n-coconnectivity and the finite typeness.

2.1. Flat morphisms. In this subsection we will introduce the crucial notion of
flatness for a morphism between (derived) affine schemes. Knowing what it means
to be flat, we will give the definition of what it means to be an open embedding,
étale, smooth, ppf, etc.

2.1.1. Let usrecall, following [TV2], the notion of flatness for a morphism between
(derived) affine schemes:

A map Spec(B) — Spec(A) between affine schemes is said to be flat if H°(B)
is flat as a module over H°(A), plus the following equivalent conditions hold:

e The natural map

H°(B) w2 H'(A) - HY(B)

is an isomorphism for every 1.
e For any A-module M, the natural map

HYB) ® HY(M)->H'(BeoM
()HO(A) (M) (A )

is an isomorphism for every i.
e If an A-module N is concentrated in degree 0 then so is B % N.

2.1.2. Note in particular that if S” — S is flat, then

SesnSch* = 9 esngch?f .

The following assertion is easily established by induction:

LEMMA 2.1.3. For a map S’ - S between affine schemes, S’ is flat over S if
and only if each =S’ is flat over <™S.

2.1.4. Let f:S58 — S be a morphism of affine schemes. We shall say that it is pp]ﬂ
(resp., smooth, étale, open embedding, Zariski) if the following conditions hold:

(1) The morphism f is flat (in particular, the base-changed (derived!) affine
scheme

cl /
7US) X S
is classical and thus identifies with 7°(S"));

(2) The map of classical affine schemes °'S” — IS is of finite presentation (resp.,
smooth, étale, open embedding, disjoint union of open embeddings).

For future reference, we quote the following basic fact that can be proved using
deformation theory (see [TV2] Corollaries 2.2.2.9 and 2.2.2.10]):

2ppf:plat de présentation finie= flat of finite presentation
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LEMMA 2.1.5. For a given S € Schaff, the operation of passage to the underlying
classical subscheme defines an equivalence between the full subcategory (Schaﬂ)/s

spanned by S’ L S with f étale and the full subcategory of (CISchaﬂ)/cls spanned by

g L g with f étale. Furthermore, f is an open embedding (resp., Zariski) if
and only if f is.

2.1.6. We say that a morphism is f:S” - S is a covering with respect to the flat
(resp., ppf, smooth, étale, Zariski) topology, if it is flat (resp., ppf, smooth, étale,
Zariski), and the induced map of classical affine schemes 'S’ — I3 is surjective.

Thus, the category Sch™™ acquires a hierarchy of Grothendieck topologies: flat,
ppf, smooth, étale and Zariski.

2.1.7. The property of a morphism to be flat (resp., ppf, smooth, étale, open
embedding, Zariski) is obviously stable under base change.

Moreover, the property of a morphism f : S — S to be flat (resp., ppf, smooth,
étale, open embedding) it itself local with respect to any of the above topologies on

S.

In addition, the property of a morphism f : S’ - S to be flat (resp., ppf,
smooth, étale, Zariski) is local with respect to the flat (resp., ppf, smooth, étale,
Zariski) topology on S’

REMARK 2.1.8. For obvious reasons, the property of a morphism to be an open
embedding is not Zariski-local on the source. And the property of a morphism to
be Zariski is not étale-local on the target.

2.1.9. Let f:Y1 — Y2 be an affine schematic morphism in PreStk (see Sect.
for what this means).

We shall say that it is flat (resp., ppf, smooth, étale, open embedding, Zariski)
if for every S e (Sch®T) /s, the corresponding map

S X yl - S
Y2
(of affine schemes(!)) is flat (resp., ppf, smooth, étale, open embedding, Zariski).

2.2. Digression: the Cech nerve.
2.2.1. Let Fin denote the category of finite sets.

Let C be an arbitrary oo-category with Cartesian products. Then to an object
c € C we can attach a functor

Fin®® - C, I~ cl.
In terms of the Yoneda embedding, this functor is uniquely characterized by

Mapsg(c/,c’) = Mapsg,,. (I, Mapsg(c’,c)), ¢ eC'.

Composing with the functor A — Fin, we obtain a functor

A°P - C.
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2.2.2. Let now D be an oco-category with fiber products, and d € D an object. Set
C:=Djq,
so that Cartesian products in C are the fiber products in D over d.
Given an object ¢ € D;q we thus obtain a functor
A > D)q - D.
It is called the Cech nerve of the morphism ¢ — d, and denoted c*/d.
2.2.3. Thus, we have c’/d =c,

1
d= .
c'/ cxc

In general, the object ¢*/d € Funct(A°P, D) is an example of a groupoid object
of D; see [Lull, Sect. 6.1.2] for what this means.

2.3. The descent condition. In this subsection we will impose the descent con-
dition that singles out the class of stacks among all prestacks.

This discussion here is not specific to the category Sch®. Tt is applicable to
any oo-category (with fiber products) equipped with a Grothendieck topology. So,
we can view this subsection is a summary of some results from [Lull Sect. 6] and
[TV1].

2.3.1. Let ) be a prestack. We say that it satisfies flat (resp., ppf, smooth, étale,
Zarski) descent if:
* V(@) ={*}
e Y sends disjoint unions of affine schemes to products, i.e., the map
V(S1uS2) = Y(S1) x Y(S2)
is an isomorphism;
o Whenever
f:S" > S eSch*®
is a flat covering, the map
Y(S) = Tot(¥(5"/5))

is an isomorphism, where 5’*/S is the Cech nerve of the map f.

2.3.2. In what follows we will assume that our topology is chosen to be étale.
However, the entire discussion equally applies to the other cases, i.e. flat, ppf,
smooth or Zariski.

We shall call prestacks that satisfy the above descent condition stacks, and
denote the corresponding full subcategory of PreStk by Stk.

As in the case of classical algebraic geometry, one shows that if an object of
PreStk satisfies étale descent, then it satisfies smooth descent.

2.3.3. We say that a map Yy — )s in PreStk is an étale equivalence if it induces
an isomorphism

Maps(Yz,Y) - Maps(V1,Y)
whenever ) € Stk.
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2.3.4. The inclusion
Stk = PreStk

admits a left adjoint making Stk a localization of PreStk.

Concretely, the functor PreStk — Stk is universal among functors that turn
étale equivalences into isomorphisms, see [Lull Sect. 6.2.1].

We will denote by L the corresponding localization (=sheafification) functor,
i.e., the composition
PreStk — Stk — PreStk.

Tautologically, a map Yy — )s is an étale equivalence if and only if L();) —
L()%») is an isomorphism.

2.3.5.  We have the following assertion (see [Lull, Corollary 6.2.1.6 and Proposition
6.2.2.7):

LEMMA 2.3.6. The functor L is left exact, i.e., commutes with finite limits.

2.3.7. Let f:)Y1 - Yo be a morphism in PreStk.

We say that f is an étale surjection if for every S € Sch®® and an object

ya € Y2 (.5) there exists an étale cover ¢ : " — S, such that ¢*(y2) € V2(S”) belongs
to the essential image of f(S’): V1(S") = Va(5').

The following is [Lull Corollary 6.2.3.5]:

LEMMA 2.3.8. Let Y1 — Yo be an étale surjection. Then the induced map
V5 [ Valprestk = Vo

is an étale equivalence, where V3 [Vs is the Cech nerve of f, and | - |prestk denotes
geometric realization taken in the category PreStk.

Note that the assertion of Lemma [2.3.8| can be reformulated as the statement
that if Y1 - )5 is an étale surjection, then the map

[L(V7/Y2) stk = [L(V1)* [ L(V2) st = LT [Valpresti) = L(V2)
is an isomorphism.
2.3.9. Finally, we have:
LEMMA 2.3.10. For Y e PreStk, the unit of the adjunction
Y- L)
is an étale surjection.

2.4. Descent for affine schemes. In this subsection we state (without proof)
the standard, but crucial, fact that affine schemes are in fact stacks, and discuss
some of its corollaries.

As in the previous subsection, the results stated in this subsection here hold
also for the flat, ppf and Zariski topologies.

3For this proposition the reader should use the version of |[Lul] available on Lurie’s website
rather than the printed version.
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2.4.1.  'We have the following basic fact (see [TV2] Lemma 2.2.2.13)):

PROPOSITION 2.4.2.
(a) The image of the Yoneda embedding Sch®™ < PreStk belongs to Stk.
(b) Let
y —— )

L

f

S — 9

be a pullback diagram in Stk with S,S’ € Sch*™.  Assume that V' also belongs to
Sch®® ¢ PreStk and the morphism f is an étale covering. Then Y € Sch®T .
2.4.3. As a corollary, we obtain:

COROLLARY 2.4.4. Let f: Y1 — Yo be an affine schematic morphism in PreStk.
Then the morphism L(Y1) - L()s) is also affine schematic.

PROOF. We need to show that for S € Sch™® and a map S — L()%), the fiber
product SL(>3<} )L(yl) belongs to Sch™®. By Proposition [2.4.2(b), it suffices to show
2

that that the fiber product S’ L(>3<} )L(yl) belongs to Sch®” for some étale covering
2
map S’ - S with " € Sch*?.

However, by Lemma [2.3.10], we can choose S’ — S so that the composition
S" - S - L(Ys) factors as S" = Yo - L()2). Since the functor L commutes with
fiber products (by Lemma [2.3.6)), we have

! L ~ L(S' .
S L(>3<}2) (Y1) (S 3>}<2 Y1)

Now, by assumption, S’ 3>}< V1 € Sch™™ and
2
S’ LS’
)>;<2 Y- L( )>;<2 Vi)

is an isomorphism by Proposition a)

2.4.5. The same proof also gives:

COROLLARY 2.4.6. Let f : Y1 — Yo be affine flat (resp., ppf, smooth, étale,
open embedding). Then so is L(Y1) — L(Ys).

2.5. Descent and n-coconnectivity. In this subsection we will study how the
étale descent condition interacts with the operation of restriction and left Kan
extension to the (full) subcategory <"Sch®™ c Sch™®,

Again, the entire discussion is applicable when we replace the word ‘étale’ by
‘flat’, ‘ppf’ or ‘Zariski’.
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2.5.1. Let us denote by <"Stk the full subcategory of <" PreStk consisting of objects
that satisfy descent for étale covers S; — S € nGeh,

We obtain that <"Stk is a localization of *"*PreStk. Let <L denote the corre-
sponding localization functor

MPreStk - <"Stk - <"PreStk.

The analog of Lemma [2.3.6] equally applies in the present context.

2.5.2. The sheafification functor *"L on truncated objects can be described explic-
itly as follows (see [Lull, Sect. 6.5.3]):

We have the following endo-functor, denoted
(2.1) Vet
of *"PreStk.

Namely, for J € <"PreStk, the value of I* on S € ”Sch®T is the colimit over
all étale covers S’ — S of Tot(Y(S5'*/S)).

Now, if Y is (k - 2)-truncated for k = 2,3, ..., then the value of L(}) on S ¢

sngeh®f g
.
Y (S),

where Y*" denotes the k-th iteration of the functor (2.1).

In particular, since the colimit involved in its description is filtered, we obtain:

LEMMA 2.5.3. The functor <"L : "PreStk — <"PreStk sends k-truncated objects
to k-truncated ones.

2.5.4. The following results from the definitions:

LEMMA 2.5.5.
(a) The restriction functor PreStk — *"PreStk sends Stk to <"Stk.
(b) The functor
LKE<ngcpatt o, gopatt <"PreStk — PreStk

sends étale equivalences to étale equivalences.

2.5.6. Note now that the right Kan extension functor along <*Sch*? < Sch®f:
RKE<ngopatt,gopate © <"PreStk — PreStk

tautologically sends <" Stk to Stk. This implies that the restriction functor ) ~ <)
sends étale equivalences to étale equivalences.

Thus, from Lemma [2.5.5] we obtain:
COROLLARY 2.5.7. For Y € PreStk we have:
SLEY) = (L)),
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2.5.8. Right Kan eztensions from <°Gch®T. Let ) be a functor
(<°Sch™™)°P - Spe,
which we can think of as a compatible family of objects )/, € <"PreStk. Let
Y = RKEcoogpati,gepart (V') € PreStk.
LEMMA 2.5.9. Assume that for all n, V), € <"Stk. Then Y belongs to Stk.

ProOF. Follows from the description of the functor RKE wgyast
in the proof of Proposition [T.4.7}

L.Schaft given

O
From here we obtain:

COROLLARY 2.5.10. Suppose that )Y € PreStk belongs to Stk. Then so does
convy'

2.6. The notion of n-coconnective stack.
2.6.1. Note that the functor

LKE.gopattgepart : -~ PreStk — PreStk
does not send ="Stk to Stk. Instead, the left adjoint to the restriction functor
<"Stk < Stk is given by the composition

<nStk < <"PreStk > PreStk —> Stk;
we denote this composite functor by LLKE.. gt gepat -

2.6.2. The above left adjoint is easily seen to be fully faithful. Hence, we can
identify ="Stk with a full subcategory of Stk. We shall denote by 75" : Stk — Stk
the resulting colocalization functor
V> FLKE g ot L gapatt (5").
By definition, 75" ~ L o 757,
2.6.3.  We shall call objects of Stk that belong to the essential image of “LKE<gupatr,gopate

n-coconnective stacks. L.e., ) € Stk is n-coconnective as a stack if and only if the
adjunction map

() -y
is an isomorphism.

Le., the functor “LKE.,gafgopes identifies the category <"Stk with the full
subcategory of PreStk spanned by n-coconnective stacks.

We shall refer to objects of <0Stk =: ©!Stk as ‘classical stacks’, and also denote
L <0 _. Ll

REMARK 2.6.4. We emphasize again that, as subcategories PreStk, it is not
true that *"Stk is contained in <"PreStk. That is to say, that a n-coconnective
stack is not necessarily n-coconnective as a prestack.

Note, however, that we do have an inclusion
Stk n*"PreStk c *"Stk

as subcategories of PreStk.



2. DESCENT AND STACKS 117

2.6.5. We shall say that a stack is eventually coconnective if it is n-coconnective
for some n.

2.7. Descent and the ‘locally of finite type’ condition. In this subsection
we will study how the descent condition interacts with the condition of being of
finite type.

The entire discussion is applicable if we replace the étale topology by the ppf,
or Zariski one.

However, the flat topology (without the finite type condition) would not do:
we need finite typeness for the validity of Lemma [2.8.2

2.7.1. Let n be a fixed integer. We can consider the étale topology on the category
S”Schr}"tlcf. Thus, we obtain a localization of <" PreStk;; that we denote <"NearStkig.

We shall denote by <"L¢; the corresponding localization functor
SnPreStklft d S”NearStklft - S"PreStklft .

As in Lemma we have:

LEMMA 2.7.2. The functor <"Lg : <"PreStkiy — <"PreStkiy sends k-truncated
objects to k-truncated ones.

2.7.3. Consider the restriction functor for S"Sch?tff o <nGeh? e,

"PreStkyy, < “"PreStk.

It is clear that it sends <"Stk to <"NearStkjs. By adjunction, the functor of left
Kan extension
LKES"SCh?tffHSnSChaff : S"PreStklft — *"PreStk

sends étale equivalences to étale equivalences.
Moreover, we claim:
LEMMA 2.7.4. The functor of right Kan extension
RKE<ngepart o sngenar * <"PreStkg, — <" PreStk
sends <"NearStks to <"Stk.
PROOF. For Y € *"PreStks the value of RKEcgepatro,sngapare (V) on S € snGep?

is given as
li S
dim Y(So),
where the limit is taken over the category opposite to (S"Sch?tﬁ) /S
Let S — S be an étale cover. We need to show that the map from SlimSy(SO)
0>

to the totalization of the cosimplicial space whose m-simplices are given by

Y(55");

lim
is an isomorphism.
However, this follows from the fact that the functor

(*"Schiy')s > ("Schiy) ygsmys),  So v S5 = So x (S™/S),

is cofinal. O
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From Lemma [2.7.4] we obtain:

COROLLARY 2.7.5.

(a) The restriction functor <"PreStky < <"PreStk sends étale equivalences to étale
equivalences.

(b) For Y € *"PreStk we have:
SnL(y)Ensch?jf = Sant(y|5"Sch‘§ff)'

2.7.6. Let us return to the functor
LKEgnSCh?tff(_)gnSChaff : SnPl‘eStklft — <"PreStk.

It is not clear, and probably not true, that this functor sends *"NearStky to
s"Stk. However, as we have learned from J. Lurie, there is the following partial
result, proved below:

PROPOSITION 2.7.7. Suppose that an object Y € <"PreStkyg is k-truncated for
some k (see Sect. , and that Y € <"NearStkyg. Then the object

LKESn Sch?tff_,va Schaff (y)
of *"PreStk belongs to <"Stk.

2.7.8. In what follows we shall use the notation
Snstklft = <"Stk ﬂS”PreStklft .

We shall refer to objects of the subcategory <"Stkyy of *"Stk as ‘n-coconnective
stacks locally of finite type’.

‘We have the inclusion
S”Stklft (= S"NearStklft .

Thus, Proposition 2.7.7] says that the essential image of this inclusion contains all
truncated objects.

2.7.9. As a corollary of Proposition and Lemma we obtain:

COROLLARY 2.7.10. For Y € <"PreStks;, which is truncated, the natural map

LKES'!L Sch?tff._,gn Schaff (Sant (y)) d Sn[/ (LKEgn Schefitff <n Scha“ (y))

is an isomorphism.

2.8. Proof of Proposition
2.8.1. The proof will use the following assertion:

Let f:571 = S5 be an étale morphism in <nSch® . Consider the category of Carte-

sian diagrams
S —— 5]

I

Sy —— S}
with S5, 57 € S"Sch}ﬁ;ﬂ: and f’ is étale. Denote this category by fx. We have the
natural forgetful functors

(2.2) {Sy - Sb, 5% € <"Schi} « fr — {51 - S!, 51 € <"Schiy.
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LEMMA 2.8.2. Both functors opposite to those in are cofinal.
PRrROOF. We first show that the functor opposite to
fee = {S1 — S}, ) e <"Scha}
is cofinal.

Both categories in question are filtered: the above categories (before passing to
the opposite) admit fiber products. Hence, it is enough to show that for any S; - S
with S € S"Sch‘fitﬂr, there exists an object of fy such that the map S; - S| factors
as 81 - S] — S{. For n =0 this a standard fact in classical algebraic geometry, and
for general n, it follows by induction using deformation theory (specifically, Volume
II, Chapter 1, Proposition 5.4.2(b)).

To prove the assertion concerning
fio > {So — S5, 85 € <"Sch},
we note that the corresponding fact holds for n = 0, i.e., in classical algebraic
geometry.

Consider the following diagram

f ft - C]f ft

l |

{S2 > 55,55 € <"Schi"} ——— {19, > S}, 55 o € ISchfy" }.

By Lemma [2.1.5] this is a pullback diagram. In addition, the bottom horizontal
arrow is a Cartesian fibration. Hence, the cofinality of the functor opposite to the

right vertical arrow implies the corresponding fact for the left vertical arrow.
|

REMARK 2.8.3. An assertion parallel to Lemma|2.8.2lremains valid if we replace
the word ‘étale’ by ‘ppf’, but the proof is more involved.

2.8.4. Let Y’ be an object of <" NearStkys;, and let ) be its left Kan extension to an
object of "PreStk. Let f:S; - Ss be an étale cover. To prove Proposition m
we need to check that the map

(2.3) Y(82) = Tot(Y(51/52))
is an isomorphism.
For S ¢ S”Schaﬁ, the value of Y on S is calculated as
. A A
Cé)_l)lg[ly (S,

where the colimit is taken over the category opposite to (S"Schiﬂ) s/- Recall that
according to Theorem b), the above category is filtered. This implies that if
V' is k-truncated, then so is ).

Hence, we can replace Tot in , which is a limit in Spc over the index
category A, by the corresponding limit, denoted TotSk, in the category Spc,,, over
the index category A=F of finite ordered sets of cardinality < k + 1.
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2.8.5. We rewrite the left-hand side in ([2.3)) as
colim V'(S3).

’ 1 < aff
S2—55,85€<"Schiy

Applying Lemma for the — functor, we rewrite the right-hand side in
(2.3) as

Tot=<F ((C})li)my(S{' /Sg)) .

The category (fg)°P is filtered, as it contains push-outs. Since Tot<* is a
finite limit, we can commute the limit and the colimit in the above expression, and
therefore rewrite it as

colim (Tot ((1°/55)) -
£t op
By the descent condition for )’ the latter expression is isomorphic to %?Ii)m Y(S%).
£t )P
Applying Lemma for the < functor, we obtain that
colim Y(S3) ~ colim V'(S5),
s

(fee)oP 2— 84,85 e<nSchaff

as required.

2.9. Stacks locally almost of finite type.
2.9.1. Recall the full subcategory PreStki.s; ¢ PreStk. In this subsection we will
perceive it as the category

Funct ((<°°Sch'}1§cf)°p7 Spc),
see Proposition [I.7.6]

2.9.2. Consider the étale topology on the category <"°Sch?tﬁ. Thus, we obtain a
localization of PreStki.s that we denote NearStkyag;.

Let us denote by Li.g the corresponding localization functor

PreStk.s — NearStkjase — PreStkiag -

2.9.3. Consider the functor
PreStk — PreStkjaz
given by restriction along
<°Schtl o < Seh o Sch™

It is clear that this functor sends Stk to NearStkj.;. Moreover, as in Corol-

lary and Corollary we obtain:
LEMMA 2.9.4. For Y € PreStk we have:

L(y)|<°°SCh?tff = Llaft (y|<°°SCh?tff )
From Proposition and Lemma we obtain:



3. (DERIVED) SCHEMES 121

COROLLARY 2.9.5. Let Y be an object of NearStky.s, thought of as an object
of PreStk via
NearStki.g € PreStk)a.s ¢ PreStk

(see Proposition. Suppose that for eachn, the restriction <Y of Y to <"Schi
18 kn-truncated for some k, € N. Then ) € Stk.

2.9.6. In what follows, we will denote the intersection
Stk nPreStky,g

by Stkiase. We shall refer to objects of the subcategory Stki.s; c Stk as ‘stacks
locally almost of finite type’.

We have an evident inclusion

Stkiyag € NearStky,g .

Corollary [2.9.5]says that the essential image of Stky,g in NearStki,g, contains all
objects ), such that for every n, the restriction <) of Y to S”Schf”tff is truncated.

3. (Derived) schemes

In this section we introduce the basic object of study in derived algebraic
geometry—the notion of (derived) schemeﬁ

We investigate some basic properties of schemes: what it means to be n-
coconnective and locally (almost) of finite type.

3.1. The definition of (derived) schemes. Our approach to the definition of
(derived) schemes (or more general algebro-geometric objects) is that they are
prestacks that have some specific properties. I.e., we never need to introduce addi-
tional pieces of structure.

In the case of (derived) schemes, the relevant properties are descent and the
existence of a Zariski atlas.

3.1.1. Recall the notion of an affine open embedding, see Sect.
Following [T'V2] Sect. 2.2], we say that an object Z € PreStk is a scheme if:

(1) Z satisfies étale descent;

(2) The diagonal map Z — Z x Z is affine schematic, and for every T ¢
(Schaﬂ)/ZXZ, the induced map of classical schemes (T S Z) - °r
is a closed embedding;

(3) There exists a collection of affine schemes S; and maps f; : S; > Z (called
a Zariski atlas), such that:

e Each f; (which is affine schematic by the previous point) is an open
embedding;

e For every T ¢ (Schaﬂ)/z, the images of the maps (T % S;) = T
cover °IT.
We shall denote the full subcategory of Stk spanned by schemes by Sch.

4In the main body of the text we drop the adjective ‘derived’: everything is derived unless
specified otherwise.
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REMARK 3.1.2. One can show that the étale descent condition can be replaced
by a weaker one: namely, it is sufficient to require that Z satisfy Zariski descent.
In addition, it is not difficult to see that schemes as defined above actually satisfy
flat descent.

REMARK 3.1.3. Our definition gives what is usually called a separated scheme.
The non-separated case will be covered under the rubric of Artin stacks, discussed
in the next section.

3.1.4. We shall say that a scheme Z is quasi-compact if the classical scheme “'Z
is. Equivalently, this means that Z admits a Zariski cover by a finite collection of
affine schemes.

3.1.5. Tt follows from the definition that if (.5; 5 Z) is a Zariski atlas, then the
map

?
is an étale (and, in fact, Zariski) surjection.
Hence, from Lemma [2.3.8] we obtain:

LEMMA 3.1.6. Let Z be a scheme. For a given Zariski atlas uS; - Z, we have
Z = L(|(J5:)* ) Zlpresix)-

3.1.7. The following results from Lemma [2.1.5

COROLLARY 3.1.8.

(a) Given a Zariski morphism of affine schemes S' - S, for T — S, the datum of
its lift to a map T — S’ is equivalent to the datum of a lift of 'T - 'S to a map
cl clqr

T-<5".
(b) Let Z' - Z be an affine Zariski map, where Z',Z € Sch. Then for T — Z with
T e Schaff, the datum of a lift of f to a map f':T — Z' is equivalent to the datum
of a lift of I : 1T - 7 to a map f' : T - 7',

REMARK 3.1.9. Both points in Corollary remain valid if we replace the
word ‘Zariski’ by ‘étale’.

3.2. Construction of schemes. In this subsection we will prove an assertion
that provides a converse to Lemma [3.1.6

3.2.1. First, we claim:

PROPOSITION 3.2.2. Let Z be an object of Stk, equipped with a collection of
affine open embeddings S; — Z, where S; € Sch*f . Suppose that °'Z is a classical
schemfﬂ and U'S; — 7 is its Zariski atlas. Then:

(a) Z is a scheme;
(b) The maps u Si = Z form a Zariski atlas of Z.
1€

5Following; our conventions, when talking about classical schemes, we impose the hypothesis
that they be separated.
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PRrROOF. We only have to show that the diagonal map Z — Z x Z is affine
schematic. This is equivalent to showing that for any T,U € (Schaﬂ) /7, the fiber
product T' x U is an affine scheme.

Consider the fiber products S; ET. By assumption, these are affine schemes,

and the map
[} Sz xT —-T
i 'z
is a Zariski covering. Therefore, by Proposition b), it suffices to show that

the fiber products
S;xT xU
z z
are affine schemes. However,
SixTxU=~(S;xT) x (S;xU).
zZ  z z 7S z
O

3.2.3. Let S* be a groupoid-object of PreStk (see [Lull Sect. 6.1.2] for what this
means).

Denote
Z = L(|S*)).
We claim:
PROPOSITION 3.2.4. Assume that S° and S are of the form
S%=u S5 and ST = U Sj,
iel jeJ
where SO and S} are affine schemes, and the maps S* = S° are comprised of open

embeddings S} — S?. Assume, moreover, that ©Z is a classical scheme and that
uelSY <17 s its Zariski atlas. Then:
3

(a) Z is a scheme;
(b) The maps u SY — Z form a Zariski atlas of Z.
1€

ProoF. By Proposition [3.2.2] it is enough to show that each of the maps
S? - Z is an affine open embedding. By Corollary it suffices to show that
the each of the maps

57 = 15°]

is an affine open embedding.

Fix a map T — |S*|. By definition, such a map factors as T — S° — |S°|. Hence,
we have
T x S)~T x 8% x S
1S°| 50 s
Thus, it suffices to show that each of the maps S° I; | 59 —» S0 is an affine open
embedding.
We have

SO x 87~ (8% x 8% x SY.
|5°] ELRE
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Now,
S x §0~ gt
EN

and the assertion follows from the assumption on the map S* — S°.

3.2.5.  Combining Proposition [3:2.4 with Lemma [2.1.5 we obtain:

COROLLARY 3.2.6. Let Z be a scheme. Then the operation of passage to the
underlying classical subscheme defines an equivalence between the full subcategory
Sch,z spanned by Z' A Z with f affine Zariski and the full subcategory of ClSCh/ch

spanned by Z' ~i> Iz with f affine Zariski. Furthermore, f is an open embedding
if and only if f is.

Further, combining with Proposition [2.4.2b), we obtain:

COROLLARY 3.2.7. In the circumstances of Corollary[3.2.6, the scheme Z' is
affine if and only if the classical scheme “'Z' is affine.

And finally:

COROLLARY 3.2.8. A scheme Z is affine if and only if the classical scheme °'Z
is affine.

3.3. Schemes and n-coconnectivity. In this subsection we study the question
of how the notion of scheme interacts with the notion of n-coconnective stack.

3.3.1. Replacing the category PreStk by <"PreStk in the definition of the notion
of scheme we obtain a category that we denote by <"Sch.

For n = 0 we recover the category of classical (separated) schemes.

3.3.2. We claim:
PROPOSITION 3.3.3. Any object of <"Sch is n-truncated as an object of <"*PreStk.

PROOF. Let Z be an object of <"Sch and let us be given a map fy: T - Z,
where T' € <"Sch™. We will show that the space of maps T' — Z that restrict to fy
is n-truncated.

Fix a Zariski atlas u.S; > Z. Consider the induced Zariski cover ClT;Si of 9T.

Since T is quasi-compact, we can replace the initial index set by its finite subset,
denoted I, so that

U CIT X S’L s CIT
iel zZ

is still a cover.
By Lemma [2.1.5] there exists a canonically defined Zariski cover 'ul T,=T' -T
1€

such that
U CIT « Sz _ CITI.
iel Z
Now, the datum of a map f : T — Z that restricts to fy is equivalent to the
datum of a point of

Tot(Maps(T"* /T, Z) " { fo}lergrejerr).

X
aps(CIT"/ClT,Z)
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We now claim that the above cosimplicial space is n-truncated simplex-wise.

Indeed, by Corollary b), for every m > 0, the corresponding space of m-
simplices is the product over the set of (m + 1)-tuples (ig, ..., %) of elements of T
of

Maps(T;, x ... x T;, . Siy) x {fotlar, « . xar, -
UT T m? 0 MapS(CITiOCf(T"'CFTCITim7Si0) lOClT.”clT im

Now, the assertion follows from the fact that mapping spaces in <"Sch? are

n-truncated, by Sect.
O

3.3.4. It is easy to see that the restriction functor for <*Sch®® < Sch*" sends Sch
to *™Sch (replace the original Zariski cover S; by <"S;).

We claim:

PROPOSITION 3.3.5.
(a) The functor
LLKES-,LSChaff,_)SChaff : *"Stk — Stk
sends ="Sch to Sch.
(b) If Z is an object of <"Sch with a Zariski atlas |2|SZ- - 7, then

US; = “LKE.ngpatt oy gopert (£)
K3
is a Zariski atlas.

PROOF. Follows from Proposition
O

3.3.6. We shall call a scheme ‘n-coconnective’ if it is n-coconnective as an object
of Stk.

We obtain that the functor LLKE.,g e, gt identifies the category <"Sch
with that of n-coconnective schemes.

We emphasize that an n-coconnective scheme is not necessarily n-coconnective
as a prestack, but it is n-coconnective as a stack.

3.3.7.  We have the following characterization of n-coconnective schemes:

PROPOSITION 3.3.8. For Z € Sch the following conditions are equivalent:
(i) Z is n-coconnective.

Z €<"Sch.

(iil) Z admits a Zariski atlas by affine schemes belonging to <nGeh®

PROOF. The implication (i) = (iii) is Proposition b). The implication
(if) = (iii) is tautological. We will now show that (iii) implies both (i) and (ii).

(ii) For every Z' € Sch equipped with an affine open embedding Z' — Z, we have
€

Assume first that Z admits a Zariski atlas consisting of affine schemes in
<nSch®®. Then we can write Z as

(3.1) L(colign Sa),
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for some diagram of objects S, € <"Sch*?, see Lemma Concretely, the colimit
in question is the geometric realization of the Cech nerve of the given atlas.

In particular, coliAm S, € *"PreStk. And hence, Z € *"Stk.
ae

For any affine open embedding Z’ — Z, the pullback of this atlas gives a Zariski
atlas for Z’ with a similar property. This implies that in this case Z’" also belongs
to *"Sch.

O

3.4. Schemes and convergence.
3.4.1. We claim:

PROPOSITION 3.4.2. A scheme, regarded as an object of PreStk, is convergent.

PROOF. Let Z be a scheme and let us be given a map fy : 9T — Z, where
T € Sch™®. We will show that the datum of a lift of fotoamap f:T - Z is
equivalent to the datum of a compatible family of lifts f,, : <"T — Z.

Let uS; - Z and u T; =T’ - T be as in the proof of Proposition W
A i€l

As in loc.cit., the datum of a map f: T — Z that restricts to fy is equivalent
to the datum of a point of
Tot(Maps(T'*/T, Z clpre o
(Maps(T™/T, 2) pe(elTve [T, 2) {fo}lerrrejar).
The datum of a compatible family of maps f, is equivalent to the datum of a
point of

Tot (lim Maps(*"T"*[*"T, Z) {fo}

(clT/o/clT Z) (‘ITI./(‘IT)

Now, we claim that the restriction map
32) M T°|T, Z e e
(3.2)  Maps(T"/ )Maps(deu/de) {fo}agrear -

- h}vrn Maps(gnT"/S"T, Z) (clT/o/clT ) {fOHClT"/ClT

is an isomorphism simplex-wise.

Indeed, by Corollary b), for every m > 0, the spaces of m-simplices in the
two sides in (3.2]) are products over the set of (m +1)-tuples (ig, ..., % ) of elements
of I of

MapS(Tio ;(, ;sz)S ) MapS(ClTl >< X x CIsz Si) {fOHClTiOdXT...deClTim

and

lim Maps(*"T;, x ... x <"T; S, x foler ar

n ( L " np Tm ) ZO)Maps(ClTi X 1>< arT, Si, { }| Tlocle'“chT Tipn 0
T C.

respectively.

Now, the required isomorphism follows from the fact that each
Maps(T;, o x T Siy) = lim Maps(*"T;, x ... x ="T;

A 7
m? n <nT <nT m?

Sio)

is an isomorphism (the convergence of S;, as a prestack).
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3.4.3.  We have the following partial converse to Proposition [3.4.2}

PRrROPOSITION 3.4.4. Let Z be an object of “™PreStk, such that for every n,
the corresponding object <"Z € <"PreStk belongs to <"Sch. Then Z € Sch.

PROOF. Let uS; - °'Z be a Zariski atlas of ®Z. By Corollary [3.1.8(b), for
every i we have a compatible family of open embeddings

Si,n g SnZ.

Set
S; = colim S; p,,

where the colimit is taken in Sch?. By construction, we have S; ,, = <"*S;, and the
convergence property of Z implies that we have a well-defined map S; - Z.
We claim now that Z is a scheme with uS; - Z providing a Zariski atlas.
1

Indeed, this follows from Proposition [3.2.2
O

3.5. Schemes locally (almost) of finite type.
3.5.1. We shall denote by <"Schyg and Schy.g the full subcategories of Stk, given
. Sch n*"Stkis and Schn Stkiag,
respectively.
We will denote by
S"Schg € *™Schy and Schas © Schyag
the full subcategories corresponding to quasi-compact schemes.

3.5.2.  We have:
PROPOSITION 3.5.3. For Z € *"Sch (resp., Z € Sch) the following conditions

are equivalent:
(i) Z € ="Schyg (resp., Z € Schyag );
(ii) For an affine open embedding Z' — Z with Z' € <"Sch (resp., Z' € Sch), we have
Z'" € <"Schyy, (resp., Z' € Schyag );
(iil) Z admits a Zariski atlas consisting of affine schemes from S"Sch?tff (resp.,
Sch?f).

PROOF. Since schemes are convergent (see Proposition [3.4.2)), it suffices to
treat the case of Z € <"Sch.

Assume first that Z admits a Zariski atlas consisting of affine schemes from
<nSch2® . Write

Z ~="L(colim S,),
acA

where S, € <"Schif.

Using Corollary [2.7.10), we obtain that Z lies in the image of the functor
LKE<ngepatt,sngenett, 1€, it belongs to <"Stkg.
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Assume now that Z belongs to <"Stkys;. We will show that if we have an affine
open embedding Z’ — Z, then Z’ € <"Stkyg.

Let T be an object of <*Sch*T. We need to show that the map
(3.3) colim Z'(T,) - Z'(T)

is an isomorphism, where a runs over the (filtered) category (S”Sch?tﬂ)T/.

The map Z'(S) - Z(S) is a monomorphism for any S € <*Sch™". Hence, since

colim Z(T,) - Z(T)

is an isomorphism, we obtain that is a monomorphism, by filteredness.
Hence, it remains to show that any map T'— Z’ can be factored as
T-T,— 7,
where T, € <*Schi.
Consider the composite morphism
EEARA

and let T' - T, — Z be its factorization with T} € S”Sch?tff, which exists because Z
is locally of finite type.

Now set T, =T, % AR

3.6. Properties of morphisms.
3.6.1. Let f:); — )V, be a morphism in PreStk. We say that f is schematic if for
any S € Sch* and S — Y5, the Cartesian product

S x W
V2
is representable by an object of Sch.

The class of schematic maps is tautologically stable under base change. In
addition, we claim that the composition of schematic maps is schematic. This is
equivalent to the next assertion:

PROPOSITION 3.6.2. Let Z be a scheme and let Z' — Z be a schematic map.
Then Z' is also a scheme.

PROOF. It is clear that Z’ satisfies étale descent.

Let uS; > Z be a Zariski atlas of Z. By assumption, each .S; % Z' is a scheme.
(2

Let

(] Tj - Sz X Z’
jeJ; Z

be its Zariski atlas. We claim that
I_I( [N} T])%USZEZ,—>ZI

i jed;

provides a Zariski atlas for Z’.
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Indeed, this is true at the classical level. Hence, by Proposition [3.2.2} it suffices
to show that each of the maps

Tj_)SiEZ,_)Z,

is an affine open embedding. However, this is evident, since T; — 5; % Z' is such by

construction, and S; % Z' - 7' is such being a base change of an open embedding.
O

3.6.3. The next assertion follows from Proposition [3.4:4}

LEMMA 3.6.4. Let f: Y, = Y5 be a map in “°"VPreStk. To test the property of
f of being schematic (resp., schematic flat/ppf/smooth/étale) it is enough to do so
on affine schemes S belonging to <eogep If, moreover, V1,Ys € PreStky.g, then
it is enough to take S € <°Schif,

3.6.5. Since the properties of a morphism in Sch®® of being flat /ppf/smooth /étale/
Zariski are local in the Zariski topology of the source, they transfer to the corre-
sponding notions for morphisms in Sch:

A morphism Z" - Z between schemes is flat/ppf/smooth/étale/Zariski if and
only if for some (equivalently, any) Zariski atlas u S} - Z', each of the composite
K3

maps S, - Z (which is now a schematic affine map of prestacks) has the corre-
sponding property.

Thus, by base change, we obtain the notion of a schematic flat /ppf/smooth/étale/
Zariski morphism in PreStk.

3.6.6. The following is obtained by reduction to the affine case:

LEMMA 3.6.7. Let Z' 5 7/ % 7" be morphisms between schemes. Assume that
f s surjectiveﬂ and flat (resp., ppf, smooth, étale, Zariski). If go f is flat (resp.,
ppf, smooth, étale, Zariski), then so is g.

4. (Derived) Artin stacks

In this section we introduce the notion of k-Artin stack, £ =0,1,.... As in the
case of schemes, k-Artin stacks are prestacks with some particular properties (but
no additional structure).

Our definition is a variation of the definition of k-geometric stacks ot geometric
k-stacks in [TV2]. Although for an individual k, our definition will be different
from both these notions from [T'V2], the union over all k produces the same class
of objects for all three classes of objects.

We also note that from the point of view of (our version of) the hierarchy of
k-Artin stacks, schemes (which are, beyond doubt, a natural object of study) are
a red herring: the category of schemes properly contains the category of 0-Artin
stacks and is properly contained in the category of 1-Artin stacks. As a related
phenomenon, we completely bypass the other important notion: that of algebraic
space.

6Surjective:surjective at the level of underlying classical schemes.
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As in the previous sections, we will only be interested in only the most formal
aspects of the theory: the notions of n-coconnectivity, finite typeness and conver-
gence.

4.1. Setting up Artin stacks. For k > 0, we will define a full subcategory of Stk
spanned by objects that we refer to as k-Artin stacks.

In setting up Artin stacks the choice of étale topology is no longer arbitrary.
It is made in order to make our system of definitions as simple as possible; see,
however, Remark [£.1.4] below.

4.1.1. We start with k = 0. We shall say that an object ) € Stk is a 0-Artin stack
if it is of the form L(uS;), where S; € Sch™®. In particular,

StkO-Am c Sely .

4.1.2. To define the notion of k-Artin stack for k£ > 1 we proceed inductively.

Along with this notion, we will define what it means for a morphism in PreStk
to be k-representable, and for a k-representable morphism what it means to be flat
(resp., ppf, smooth, étale, surjective). These notions have an obvious meaning in
the case of k =0.

We will inductively assume the following properties:

e Any (k- 1)-Artin stack is a k-Artin stack;

e Any morphism that is (k — 1)-representable, is k-representable;

e A (k-1)-representable morphism is flat (resp., ppf, smooth, étale, surjec-
tive) if and only if it is such when viewed as a k-representable morphism;

e The class of k-representable (resp., k-representable + flat /ppf/smooth/étale/surjective)
morphisms is stable under compositions and base change.

It will follow inductively from the construction that the class of k-Artin stacks
is closed under fiber products.
4.1.3. Suppose the above notions have been defined for k' < k.

We say that ) € Stk is a k-Artin stack if the following conditions hold:

(1) The diagonal map Y — Y x Y is (k — 1)-representable.

(2) There exists Z € Stk® DA™ and a map f: Z > Y (which is a (k- 1)-
representable by the previous point), which is smooth and surjective.
We shall call the pair f : Z - ) a (smooth) atlas for ). Note that we can
always choose an atlas with Z e Stk?™4rtn,

REMARK 4.1.4. Here we quote two fundamental results of Toén (|[To, Theorem
2.1]). One says that Artin stacks as defined above actually satisfy ppf descent.
Another says that if we require ppf descent, but instead of requiring a smooth
atlas, we only require a ppf atlas, we still arrive at the same class of objects.
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4.1.5. We will say that ) € Stk is an Artin stack if it is a k-Artin stack for some
k.

We let Stk* A (resp., Stk™™™) denote the full subcategory of Stk spanned by
k-Artin (resp., Artin) stacks.

Note that in our definition, schemes are 1-Artin stacks:

Sch c Stk A

4.1.6. We say that a morphism f :Y; — )s in PreStk is k-representable if for
every S - )Y, with S € Sch®® the fiber product S 3>;< Y, is a k-Artin stack in the
2

above sense.

4.1.7. Let Y be a k-Artin stack mapping to an affine scheme S. We shall say that
this map is flat (resp., ppf, smooth, étale, surjective) if for some atlas Z - Y, the
composite map of Z — S (which is (k- 1)-representable) is flat (resp., ppf, smooth,
étale, surjective). Note that Lemma [3.6.7)implies by induction that if this condition
holds for one atlas, then it holds for any other atlas.

4.1.8. We shall say that a k-representable morphism f : ) — Vs is flat (resp., ppf,
smooth, étale, surjective) if for every S — Yo with S € Schaﬁ, the map

S X yl - S
Y2
is flat (resp., ppf, smooth, étale, surjective).

4.1.9. Quasi-compactness and quasi-separatedness. Let Y be a k-Artin stack. We
say that ) is quasi-compact if there exists a smooth atlas f:.S — ) with S € Sch®f.

For a k-representable morphism ); — )s in PreStk, we say that it is quasi-
compact, if its base change by an affine scheme yields a quasi-compact k-Artin
stack.

For 0 < k' < k, we define the notion of k’-quasi-separatedness of a k-Artin stack
or a k-representable morphism inductively on &'

We say that a k-Artin stack ) is 0-quasi-separated if the diagonal map ) —
YxY is quasi-compact, as a (k—1)-representable map. We say that a k-representable
map is 0-quasi-separated if its base change by an affine scheme yields a 0-quasi-
separated k-Artin stack.

For k' > 0, we say that a k-Artin stack ) is k’-quasi-separated if the diagonal
map Y — Y x ) is (k' —1)-quasi-separated, as a (k—1)-representable map. We shall
say that a k-representable map is k’-quasi-separated if its base change by an affine
scheme yields a k’-quasi-separated k-Artin stack.

We shall say that a k-Artin stack is quasi-separated if it is k’-quasi-separated
for all k', 0 < k' < k. We shall say that a k-representable map is quasi-separated if
its base change by an affine scheme yields a quasi-separated k-Artin stack.

4.2. Verification of the induction hypothesis.
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4.2.1. Tautologically, the class of representable maps is stable under base change.
Moreover, diagram chase shows:

LEMMA 4.2.2.

(a) Let a morphism f : Y1 — Vo in PreStk be k-representable. Then the diagonal
morphism Y, - W1 )>}< V1 is (k —1)-representable.
2

(b) Any map between k-Artin stacks is k-representable.
4.2.3. We claim that the class of k-representable maps is stable under composi-
tions. This is equivalent to the following assertion:

PROPOSITION 4.2.4. Let f:Y' — Y be a k-representable map in PreStk where
Y is a k-Artin stack. Then so is )'.

Proor. Consider the diagonal J' — Y’ x Y’  and factor it as
y'—>y'3<;y'—>y'><y'.
Since f is k-representable we obtain that
V=Y <)
y
is (k - 1)-representable (by Lemma a)). Now, )’ % V' > Y xYis (k-1)-
representable, being a base change of JJ - )V x ).

We now need to construct a smooth atlas for )'. Let Z — ) be a smooth atlas
for Y with Z e Stk 2™, By assumption, each Z§y’ is a k-Artin stack. Choose a

smooth atlas 2’ - Z 3<; YV'. We claim that the composite map
Z/ N Z % yl N yl
y

provides a smooth atlas for ). Indeed, this map is smooth and surjective, being
the composition of Z’ — Z (which is smooth and surjective by assumption) and
Z 3<] Y’ - Y' (which is smooth and surjective, being a base change of Z - )).

(]

4.2.5. We claim that that the composition of representable flat /ppf/smooth /étale/surjective
maps is itself a flat/ppf/smooth/étale/surjective map. This is equivalent to the fol-
lowing;:

PROPOSITION 4.2.6. Let Y’ — Y be a k-representable flat (resp., ppf. smooth,
étale, surjective) map, where Y is a k-Artin stack, equipped with a flat (resp., ppf,
smooth, étale, surjective) map to S € Sch*®. Then the composite map Y’ — S is flat
(resp., ppf. smooth, étale, surjective).

PROOF. The required property tautologically holds for the atlas constructed

in the proof of Proposition
O

4.3. Descent properties.
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4.3.1. The following results from the definitions:

LEMMA 4.3.2.
(a) If f: Z > Y is an atlas of a k-Artin stack, then it is an étale surjection.

(b) If Y1 = Vs is a k-representable morphism, which is étale and surjective, then it
is an étale surjection.

COROLLARY 4.3.3. Let Y be a k-Artin stack and let f : Z — Y be a smooth
atlas. Then the natural map

L(|Z°|Ylprestk) = |Z2° Vs = Y

is an isomorphism, where the subscript Stk (resp., PreStk) indicates that the geo-
metric realization is taken in Stk (resp., PreStk).

COROLLARY 4.3.4. Let Y be a k-Artin stack. Then for any n, the restriction
<"y e <" PreStk is (n + k)-truncated.

PROOF. We prove the assertion by induction. The assertion for k£ = 0 is a
particular case of Proposition Assume now that the assertion is valid for
k' <k.

Note that the geometric realization of a m-truncated groupoid object in Spc
is (m + 1)-truncated. Combining this with Lemma we obtain that it suffices
to show that the simplicial prestack Z°/Y has the property that for every n its
restriction <*(Z°*/Y) is (n + k — 1)-truncated.

However, each simplex of <(Z*/)) belongs to Stk*"D-A™ "and the assertion
follows from the induction hypothesis.
(Il

4.3.5.  We will now prove an (amplified) converse to Corollary Let Y* be a
groupoid-object of Stk (see [Lull Sect. 6.1.2] for what this means).
Set
Y= ¥*stk = L(|Y*[prestk)

be its geometric realization. We have
(41) yl ~ yO éyo

(indeed, this tautologically holds before sheafification, and then use the fact that
the functor L preserves fiber products).

We claim:

PROPOSITION 4.3.6.

(a) Assume that in the above situation V! and Y° are k-Artin stacks, the maps
V! =)0 are smooth and the map Y' - Y° x Y0 is (k - 1)-representable. Then Y is
a k-Artin stack.
(b) Let

y — )

L

f

S — 5
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be a Cartesian square in Stk with S, S’ € Sch*® and the morphism f being smooth
and surjective. Then if V' is a k-Artin stack, the so is ).

(¢c) Suppose that a morphism f : Y1 — Yo in PreStk is k-representable (resp.,
k-representable and flat/ppf/smooth/étale/surjective). Then so is the morphism
L(f): L) = L(J2).

REMARK 4.3.7. By Remark statement (b) of the above lemma can be
strengthened: one can relax the condition that the morphism f be ppf instead
of smooth. I.e., Artin stacks satisfy ppf descent, and not just smooth descent.
Statement (a) can be strengthened accordingly, by requiring that the maps Y* = )
be ppf instead of smooth.

REMARK 4.3.8. The above proposition allows to construct the familiar exam-
ples of algebraic stacks. For example, if G is a smooth group-scheme acting on
a scheme X, we consider ! := G x X as a groupoid acting on Z° := X, and the
resulting 1-Artin stack ) is what we usually refer to as X /G.

ProOF oF PROPOSITION [4.3.6l We prove all three assertions by induction on
k. The base case is k = 1, which we will establish together with the induction
step. We note that statements (b) and (c¢) make sense for k = 0, and hold due to

Proposition [2.4.2(b) and Corollary respectively.
We begin by proving point (a).

Let us show that the diagonal morphism of ) is (k- 1)-representable. By point
(c) for k-1, it suffices to show that the map

|y'|PreStk - |y'|PreStk X D).lPreStk
is (k —1)-representable. Fix a map S = |V°*|prestk X |V*|prestk With S € Sch*®. Such
a map factors through a map S — Y° x V. Hence,
|V*|prestk = S (°x %) x |V*|prestk =

x X
[V Prestk x|V |Prestk YOxY0 [V [Presti x|V |Presti

x (yo x yo):S x YL
YOxY0 [V*|presti YOxyo0

~

A similar argument shows that the map YO - Y is smooth and surjective.
Hence, if Z - ) is a smooth atlas for Z°, then the composition Z - Y° - V! is a
smooth atlas for V.

Let us now prove point (b).

Let V* be the Cech nerve of the map )Y’ — Y. In particular YO =Y is a k-Artin
stack. The maps Y!' = )° are affine schematic and smooth, being base-changed
from S’ - S. In particular, V! is also a k-Artin stack. The map Y50 Y0 g
(k — 1)-representable since the diagonal morphism of )’ is (k — 1)-representable.

Since )’ — Y is an étale surjection, we have Y ~ L(|V°|prestk), by Lemmas

b) and Applying point (a) we obtain that Y is a k-Artin stack, as
desired.

Finally, let us prove point (c).

Let us be given a map S — L()s). We need to show that the fiber prod-
uct S L(>3<; ) L(Y1) is a k-Artin stack (resp., a k-Artin stack, whose map to S is

2

flat /ppf/smooth/étale/surjective).
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Since Yo — L())) is an étale surjection, we can find an étale covering S’ —» S
so that the composition S” - S — L()») factors as S — Vo - L(}s). Consider the

Cartesian square
S x L) «—— 8 x L)1)

L(Y2) L(Y2)
S — S’

By point (b), it suffices to show that S'L(>3<; )L(yl) is a k-Artin stack (the properties
2

of the map S’ (>< )L(yl) — S’ imply the corresponding properties of the map
LYy

2

S L(>)<;2) L(Y1) = S by Corollary [2.4.6])

However, since the functor L commutes with fiber products, we have

S’ L ~ L(S’ ,
1 POV =T )

where
L(SI X 3)1) ~ S x i,
Va2 V2
since S’ 3>}< V1 is a k-Artin stack by assumption.
2
O

COROLLARY 4.3.9. Let Y be an object of Stk, and let f: Z - Y be a (k-1)-
representable, smooth and surjective morphism, where Z is a k-Artin stack. Then
Y is a k-Artin stack.

ProoF. Apply Proposition a) to the Cech nerve of the map Z — ).
O

4.4. Artin stacks and n-coconnectivity.
4.4.1. Replacing the category Sch by <"Sch in the above discussion, we arrive to
the definition of the category S"Stk*-A1n,

It is clear that the restriction functor under <"Sch — Sch sends Stk* 2™ to
gnStkk:—Artn'

4.4.2. We claim:

PROPOSITION 4.4.3.

(a) The functor
LLKEgnSChaff‘_)SChaff : *"Stk — Stk

sends SStkF AT ¢ Grgk-Artn,
(b) If Z - Y is a smooth atlas for an object Y € <"Stk* A1 then
LLKEgn Schaff'—> Schaff (Z) _)L LKEgn SChaff'—> Schaff (y)
is a smooth atlas.
PRrROOF. We will prove the proposition by induction on k, assuming its validity
for k" < k. We note that the assertion for a given k" implies the following;:

(i) If Y1 — Y is a k'-representable (resp., k'-representable and flat/smooth) map
in <"PreStk, then the induced map in PreStk

LLKEgnSChaff,_) Schaff (yl ) — LLKEgn,SChaff‘_) Schaff (yg)
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is also k'-representable (resp., k'-representable and flat /smooth).

(ii) If we have a Cartesian diagram in <ngkh -Artn

Vi —— W
(4.2) l l
Yy ——— Vo
with the vertical arrows flat, then the diagram
PLKE<ngeparro, geporr (V1) PLKEgepart o, senart (V1)

(4.3) l l

LLKEgnSChaff,_) Schaff (yé) LLKEgnSChaff‘_) Schaff (yg)

is Cartesian as well.

Let us now carry out the induction step.

Let Y be an object of <"Stk* A" By Corollary for a given smooth atlas
Z > Y, we can write Y as |Z°|sngtk, where Z° is the Cech nerve of Z - ), In
particular, Z* is a groupoid object in <"Stk(k~1)-Artn,

By (ii) above, the simplicial object of Stk given by

LLKEgnSChaff haff (Z.)

— Sc!

is a groupoid object. Moreover, by (i) above, it satisfies the assumption of Propo-

sition a). Hence,
V= |LLKEgnschaff,_)Schaff (2%)]

is an object of StkF-Artn,

Furthermore, )’ is n-coconnective as a stack, whose restriction to <*Sch iden-
tifies with ). Therefore,

V' = FLKE g gty gepatt (V).
0

4.4.4. We shall say that an object of Stk® AT ig n-coconnective if it is n-coconnective
as an object of Stk. From Proposition we obtain:

COROLLARY 4.4.5. The functor “LKE<.g s, goatr 45 an equivalence from
<nStkR AN 4o the full subcategory of Stk¥ AT spanned by n-coconnective k-Artin
stacks.

Warning: We emphasize again that being n-coconnective as a stack does not imply
being n-coconnective as a prestack.
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4.4.6. We will now characterize those k-Artin stacks that are n-coconnective:
PROPOSITION 4.4.7. Let Y be a k-Artin stack. The following conditions are

equivalent:

(i) Y is n-coconnective.

(i) There exists an atlas f: Z - Y, where Z € <"Stk0-Arn,

(iii) If Y' = Y is a k-representable flat map, then Y’ is n-coconnective as a stack.

ProOF. We argue inductively on k, assuming the validity for k&’ < k.

The implication (i) = (ii) follows from Proposition b).

Let us show that (ii) implies (i). By Corollary it suffices to show that
the Cech nerve of the atlas Z — Y consists of (k — 1)-Artin stacks that are n-
coconnective. However, this follows from the implication (i) = (iii) for k£ — 1.

The implication (iii) = (ii) is tautological: the assumption in (iii) implies that
for any smooth atlas Z — Y, the scheme Z is n-coconnective.

Finally, the implication (i),(ii) = (iii) follows by retracing the construction of

the atlas in the proof of Proposition
(Il

4.4.8. Artin stacks and convergence. We will now prove:

ProproOSITION 4.4.9.
(a) Any k-Artin stack, viewed as an object of PreStk, is convergent.
(b) Let Y € “™ PreStk be such that for any n, we have <"} € nGtkF AT Then Y
is a k-Artin stack.
PROOF. We proceed by induction on k. For k = 0, point (a) follows from Propo-
sition and point (b) follows by repeating the argument of Proposition
We first prove point (a), assuming the validity of both (a) and (b) for &’ < k.
Let f: Z — Y be a smooth atlas ). By Corollary we have:
NERVAYRYI

Consider the induced map *Vf : ©°™Z — ™y We claim that “°™f is (k-1)-
representable, smooth and surjective. Indeed, for S — ™) with S € Schaﬂ, for
every n, we have

gn(S « convZ) ~SnG y Sngz. Snstk(k—l)-Artn )
(‘,Onvy S?Ly
Hence, S X coMvZ ig a (k—1)-Artin stack by the induction hypothesis. Moreover,

nv y

since each *"S x <"Z is smooth and surjective over =S, by Lemma [2.1.3] we

<n

obtain that S x °°™Z is smooth and surjective over S.

convy)

In particular, by Lemma b), we obtain that “™Z — ™Y is an étale
surjection, and hence

Convy ~ |COHVZ./C0nVy|Stk.
However, we claim that the map of the cosimplicial objects
Z./y N COHVZ./COHVy
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is an isomorphism. Indeed, for every m, we have

Convzm/convy ~ COnV(zm/y)
where Z™ /Y is a (k—1)-Artin stack, and hence Z™/Y — ™V (Z™/)) is an isomor-
phism by the induction hypothesis.

To prove point (b) we will need to appeal to deformation theory. Choose a
smooth atlas Zy — Y with Zg € “Stk®*™ Then deformation theory (see Volume
IT, Chapter 1, Sect. 7.4) implies that we can we can construct a compatible system
of objects Z,, € <ngek?-A™ o quipped with smooth maps Z,, — <").

Set Z := colim Z,,, where the colimit is taken in “°™VPreStk. By the case of k =0,

we have Z € StkO‘Artn, and since ) is convergent we have a canonically defined map
Z =Y. Set Y*:=Z*/Y. By Lemma [2.5.9] we have ) € Stk. Hence, the map

Vst = Y
is an isomorphism.
Thus, by Proposition a), it suffices to show that the map
=z X Z->Zx2Z

is (k—1)-representable and its composition with either of the the projections ZxZ —
Z is smooth. By the induction hypothesis and Lemma [2.1.3] it suffices to show that
the map

Zn<><yZn = S"Z<xyS”ZzS"(Z§Z) > SNZx D)~ I x " = Ly x Zp

has the corresponding properties. However, this follows from the fact that the map
Z, ==Y is (k - 1)-representable and smooth.
O

4.5. Artin stacks locally almost of finite type.
4.5.1. The goal of this subsection is to establish the following:

PROPOSITION 4.5.2. Let Y be an object of Stk ™A™ (resp., <P Stk*-A1)  The
following conditions are equivalent:
(i) Y € StKkias (7”65])., Ve SnStklft);
(ii) Y admits an atlas f: Z - Y with Z € Stkoi™ (resp., Z € <*Stk™);

J

(iii) For a k-representable ppf morphism Z — Y with Z € G0-Artn (resp., Z €
S”StkO'Artn), we have Z € Stk?a'f‘?”n (resp., Z € S”Stk?f;A't“),

(iv) For a k-representable ppf morphism Y’ — Y, we have Y’ € Stkyag (resp., V' €
S”Stklft)

We will call k-Artin stacks satisfying the equivalent conditions of the above
proposition ‘k-Artin stacks locally almost of finite type’.

Since we know that k-Artin stacks are convergent, it is enough to treat the case
of Ve SnStkk —Artn_
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4.5.3. The proof of the proposition proceeds by induction, so we are assuming that
all four conditions are equivalent for k' < k.

The implications (iii) = (ii) and (iv) = (iii) are tautological. The construction
of the atlas in Proposition shows that (ii) and (iii) imply (iv).

4.5.4. Implication (ii) = (¢). By Corollary we have
~="L(|2°]Y

<nPreStk ) .

First, the implication (i) = (iv) for k — 1 implies that the terms of the Cech
nerve of the atlas Z — Y consist of objects of <"Stkjs. Hence, we can rewrite the
expression for ) as

“"Lo LKES"Schg“ cengehot (Vlsn Schaff )-

However, by Corollary the restriction y|gnsch?tff is (n + k)-truncated.
Hence, applying Proposition [2.7.7] we obtain that

SnL o LKESnSCh&f‘tff“_)SnSChaff (y
t

<n Sch?tff) =~ LKESn SCh?tff —»<nGchaff (y <n Sch?tff)
(i.e., no sheafification is necessary).

Thus, ), viewed as an object of " PreStk, lies in the essential image of LKEgnSCh?tff,_)gnSChaff,
i.e., belongs to <"PreStks;.

4.5.5. Implication (i) = (iii). (J.Lurie)

It is easy to see that we can assume that Z =S is an affine scheme. Let us be
given a ppf map f:S - Y. We wish to show that S € <"Schi.

Since Y € "PreStkyg, there exists T € <*Sch®?, such that f factors as
sty

Consider the Cartesian square:

’

TxS —2 - 8
Y

7| |

T —2 ..

Since the map f is ppf, sois f’. Let Z' — T;}S be an atlas with Z’ € <"Stk0-Ar,
We obtain that Z’ is ppf over T. Since T is of finite type, we obtain that Z’ €

SngHll;ATn

Since T 3<; Se S"S‘ck(k*l)'Arm7 by the induction hypothesis, we obtain that

T 3<; Se S"Stkl(fli_l)'Arm c <"PreStkyy .

Consider now the maps

s g, gl 9,
N y



140 2. BASICS OF DERIVED ALGEBRAIC GEOMETRY

where the last map if the projection on the second factor. The composition is the
identity map on S. Hence, S is a retract of T ; S as an object of *"PreStk. Since

the subcategory <"PreStkys ¢ <" PreStk is stable under retracts, we obtain that
S € <"PreStkyg, n<"Sch™ .
Now, the assertion that S € <*Schi® follows from Lemma



CHAPTER 3

Quasi-coherent sheaves on prestacks

Introduction

0.1. What is (derived) algebraic geometry about? Arguably, the object of
study of (derived) algebraic geometry is not so much the geometric objects (i.e., the
most general of which we call prestacks, see Chapter 2), but quasi-coherent sheaves
on these geometric objects.

This Chapter is devoted to the definition and the study of the most basic
properties and structures on quasi-coherent sheaves.

0.1.1. Having at our disposal the theory of oco-categories, the definition of the
category of quasi-coherent sheaves on a prestack is very simple.

First, if our prestack is an affine scheme S = Spec(A), then
QCoh(S) := A-mod,
i.e., this is the DG category of A-modules.
For a general prestack ), we define QCoh()) to be the limit of the categories
QCoh(S) over the category of pairs
(0.1) (S eSch™, y:5-Y).

Le., an object F € QCoh()) is a of assignments for every (S,y) as above of
Fs.y € QCoh(S) and for every g: 5" — S and y' ~ yog we are given an isomorphism
Fsry = 9" (Fsy)

These isomorphisms must satisfy a homotopy-coherent system of compatibilities for
compositions of morphisms between affine schemes.

We note that the above limit takes place in the co-category DGCateons, SO we
really need to input the entire machinery of [Lul]. We also note that it is important
that we work with DG categories rather than triangulated categories: limits of the
latter are known to be ill-behaved.

0.1.2.  Assume for a moment that ) is a (derived) scheme. Then Proposition [1.4.4]

shows that in considering the above limit, it is enough to consider those
(Siy:85->Y)

for which s is an open embedding. I.e., we glue the category QCoh(Y) from the

corresponding categories on its open affine subschemes.

Note that this is not how most textbooks define the category QCoh on a (de-
rived) scheme. The more usual way is to consider all sheaves of O-modules in
the Zariski topology, and then pass to the subcategory consisting of objects with
quasi-coherent cohomologies.

141
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By contrast, our definition avoids any mention of sheaves that are non quasi-
coherent. We regard it as an advantage: in a sense non quasi-coherent sheaves do
not fully belong to algebraic geometry.

0.1.3. Generalizing from schemes to Artin stacks, we show that if ) is an Artin
stack, when considering the limit over the category of pairs , we can replace it
by its full subcategory where we require that the map y be smooth (note that since
Y is an Artin stack, it makes sense to talk about a map to it from an affine scheme
being smooth).

Moreover, we can replace the latter category by its 1-full subcategory where
when considering morphisms

(9:8"= 8,y ~yog),
we only allow those g that are themselves smooth.

So, when considering QCoh on an Artin stack, we do not have to consider maps
that are non-smooth.

0.1.4. Another possible approach to the definition of QCoh would have been as
the derived category of an abelian category.

Although it is true that for any prestack ), the category QCoh()) carries a
canonical t-structure, the derived category of its heart is not at all equivalent to
QCoh(Y). This equivalence fails already for affine schemes that are not classical.

What one can show, however, is that when ) is a classical algebraic stack, then
the bounded below part of QCoh()) is equivalent to the bounded below part of
D(QCoh(Y)%).

0.2. What is done in this Chapter beyond the definition? So far, we only
have the functor

QCohp stk : PreStk® - DGCateont

that sends a prestack ) to the category QCoh(Y) and a morphism f: )Y’ — ) to
the pullback functor
f*:QCoh(Y) » QCoh(Y").
The rest of this chapter is devoted to exploring some very basic properties of

QCoh.

0.2.1. In Sect. for a morphism f : )’ — Y between prestacks we study the
functor

f+ : QCoh(Y') - QCoh(Y),
right adjoint to f* (which exists by the Adjoint Functor Theorem since f* is con-
tinuous).

In general, the functor f, is ill-behaved. For example, it does not have the base
change property (see Proposition b) for what this means). In particular, for
F' e QCoh()"), we cannot explicitly say what is the value of f,(F’) on S 2 V.

However, the situation is much better when f is schematic quasi-compact (i.e.,

the base change of f by an affine scheme yields a quasi-compact scheme). In this
case, the direct image functor does have the base change property.
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0.2.2. 1In Sect.[3 we show that the functor
QCohp, stk : PreStk®? - DGCateont

has a natural right-lax symmetric monoidal structure, where the symmetric monoidal
structure on PreStk°? is induced by the Cartesian symmetric monoidal structure
on PreStk, and on DGCateops, it is given by the Lurie tensor product.

Concretely, this means that for )y, )s € PreStk we have a canonically defined
functor

(0.2) QCoh(Y1) ® QCoh(Y2) = QCoh (Y1 x Vs),
given by the external tensor product of quasi-coherent sheaves
Fi1,Fa e F1R Fa,

We give criteria for when the functor (0.2) is an equivalence. For example, a
sufficient condition is that the DG category QCoh()) (or QCoh()%:)) be dualizable.

0.2.3. The symmetric monoidal structure on the functor QCohp, gy induces a
symmetric monoidal structure on QCoh(}Y) for an individual ).

We study how various conditions on QCoh()) (such as being dualizable, rigid
or compactly generated) interact with each other.

Finally, we study the following question: let

y——

|

VI — )

be a pullback diagram of prestacks. Under what conditions is the tautological
functor

QCoh(1) @  QCoh(Y") ~ QCoh(Y)

an equivalence?

1. The category of quasi-coherent sheaves

In this section we define the functor QCoh* that maps PreStk°® to DGCateont.
We study its basic properties: behavior with respect to n-coconnectivity and finite
typeness, descent and t-structure.

We then show that in the case of Artin stacks, QCoh agrees with the more
familiar definition of (the derived category of) quasi-coherent sheaves.

1.1. Setting up the theory of quasi-coherent sheaves. The basic input we
feed into the theory of QCoh is the fact that the assignment A — A-mod is a functor
from (AssocAlg(Vect))°P to 1-Cat.
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1.1.1. Recall that according to Chapter 1, Sect. 3.5.5 we have a canonically defined
functor

(AssocAlg(Vect))°? - DGCateont, A~ A-mod

Composing with the forgetful functors
ComAlg(Vect=?) — ComAlg(Vect) — AssocAlg(Vect)
we obtain the functor

(1.1) (ComAlg(Vect="))°P - DGCatcons -

1.1.2.  We use the functor (1.1)) as the initial input for QCoh.

Namely, we interpret (1.1]) as a functor

(1.2)  QCohgyatr : Sch™ - DGCateon,
S~ QCoh(S), (5% 5 ~ (QCoh(S) L QCoh(S")).
We will now use the fact that the structure of (oo, 1)-category on DGCateont

can be canonically extended to a structure of (oo,2)-category, denoted DGCatggStat
(see Chapter 1, Sect. 10.3.9).

Note that for an individual morphism f: S — S in Sch®®, the functor
QCoh(S) > QCoh(S")
admits a left adjoint in DGCat2:5*" denoted f*.

cont

Hence, applying Chapter 12, Corollary 1.3.4, by passing to left adjoints, from
QCohg =t We obtain a functor

(1.3)  QCoh i : (Sch™)°P — DGCateont,

S~ QCoh(S), (52 8") ~ (QCoh(S") L5 QCoh(S)).

1.1.3. Finally, we define the functor
QCOh;’reStk : PrestkOP - DGcatcont

to be the right Kan extension of the functor QCohg .« of (L.3) along the fully
faithful embedding

(Sch®)°P o PreStkP.

For an individual ) € PreStk we denote the value of QCohp, g on it by
QCoh(Y). For a map f : V' — ¥ we denote the corresponding 1-morphism in
DGCateont by

/7 - QCoh(Y") ~ QCoh(Y).
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1.1.4. By definition, for an individual Y € PreStk, we have

(1.4) QCoh(Y) = lim QCoh(S),
(S5Y)
where the limit is taken over the category opposite to (Schaﬂ) /Y-

Thus, we can think of an object F € QCoh()) as an assignment
(S > Y) ~ Fs,y € QCoh(S),

f a *
(8" > 8) € (Sch™) 3 ~ (Foryor = [ (Fs)) € QCoh(S"),
satisfying a homotopy-coherent system of compatibilities for compositions of mor-
phisms in (Schaﬂ)/y.

1.2. Basic properties of QCoh.

1.2.1. Quasi-coherent sheaves and m-coconnective prestacks. Assume that ) is n-
coconnective (see Chapter 2, Sect. 1.3.3), i.e., that when we view ) as a functor
(Scha“cf)Op — Spc, it is a left Kan extension along the embedding

<Sch* < Sch* .

We have:

LEMMA 1.2.2. Under the above circumstances, the natural map
QCoh(Y) - lim QCoh(S)
(Sﬂ,y)e((SnSChaff)/y)op
is an equivalence.
Proor. Follows from (1.4), since the fact that ) is n-coconnective exactly
means that the functor
(SnSChaH)/); - (SChaH)/y

is cofinal.
O

In other words, the above lemma says that if ) in n-coconnective, in the defini-
tion of quasi-coherent sheaves, it is enough to consider only those affine DG schemes
mapping to ) that are themselves n-coconnective.

In particular, if ) is a classical prestack, it is sufficient to consider only classical
affine schemes mapping to Y.
1.2.3. Quasi-coherent sheaves on stacks locally of finite type.

Let Y € PreStk be n-coconnective as above, and assume, moreover, that it is locally
of finite type (see Chapter 2, Sect. 1.6). Le., Y|cngypatt is the left Kan extension
along the embedding

nGehif o <ngep

LEMMA 1.2.4. Under the above circumstances, the natural map

QCoh(Y) - lim QCoh(S)
(S5Y)e((37Sch2ff) ))op

is an equivalence.
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PROOF. Follows from Lemma [T.2.2} since the fact that )V being locally of finite
type exactly means that the functor

(*"Sch™) y » (<"Sch™™) )y,

is cofinal.
O

Le., for n-coconnective prestacks locally of finite type, in the definition of quasi-
coherent sheaves, it is enough to consider only those affine DG schemes mapping
to Y that are themselves n-coconnective and are of finite type.

1.2.5. Non-convergence. We note, however, that for S € Sch™! the functor
QCoh(S) - lim QCoh(*"S)

is mot necessarily an equivalence. The simplest counterexample is provided by

S = Spec(k[n]) with deg(n) = -2.

This means, in particular, that for ) € PreStkj.s we cannot express QCoh())
in terms of the categories QCoh(S) with S € Sch?f .

1.3. Descent. In this subsection we will discuss a fundamental feature of the
functor QCoh”, namely, that it satisfies flat descent.

1.3.1. Recall what it means for a functor (Sch®T)°P - Spc to satisfy descent with
respect to a given topology, see Chapter 2, Sect. 2.3.1.

We note, however, that this notion make sense when we replace the target
category Spc by any oco-category.

We observe, however, that the notion of descent when the target is some oco-
category C is expressible in terms of descent with values in Spc:

LEMMA 1.3.2. Let F': (Scha“cf)Op — C be a functor. Then it satisfies descent if
and and only if for every c € C, the functor

Mapsg(c, =) o F : (Sch*™)°P - Spe

satisfies descent.

1.3.3.  The following assertion is a version of Grothendieck’s flat descent (see [Lu5),
Proposition 2.7.14]):

THEOREM 1.3.4. The composite functor

(Sch*™ep QO DGCateons — 1-Cat

satisfies descent with respect to the flat (and hence, ppf, étale, Zariski) topology.

Since the forgetful functor

DGCateont — 1-Cat

preserves limits (see Chapter 1, Lemma 2.5.2(b)), we obtain:

COROLLARY 1.3.5. The functor

QCohf s : (Sch™)°P — DG Cateon

satisfies descent with respect to the flat (and hence, ppf, étale, Zariski) topology.
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1.3.6. Combining Corollary [I.3:5] with Chapter 2, Sect. 2.3.3, we obtain:

COROLLARY 1.3.7. Let f:Y' — Y be a map in PreStk that is an equivalence
for the flat topology. Then

f*:QCoh(Y) - QCoh(Y")
is an equivalence.
From this, we obtain, tautologically:

COROLLARY 1.3.8. For Y € PreStk, the canonical map Y — L(Y) induces an
equivalence:

QCoh(L(Y)) - QCoh(Y).

1.3.9. The last corollary has a two-fold significance:

First, to specify a stack we may often have to start from a prestack given
explicitly, and then apply the functor L. Corollary implies that in order to
calculate the category QCoh of the resulting stack we can work with the initial
prestack.

Secondly, we obtain that for the purposes of QCoh, we will lose no information
if we work with the subcategory Stk rather than all of PreStk.

1.3.10. From Chapter 2, Lemma 2.3.8, we obtain:

COROLLARY 1.3.11. Let Y1 — Yo be a surjection in the flat topology. Then the
natural map

QCoh()s) — Tot (QCoh (Y5 /I2))

is an equivalence.

1.3.12. Quasi-coherent sheaves on n-coconnective stacks. Recall the notion of n-
coconnective stack, see Chapter 2, Sect. 2.6.3.

Note that if ) is n-coconnective as a stack, then this does not mean that its is n-
coconnective as a prestack. However, combining Corollary and Lemma|1.2.2
we obtain:

COROLLARY 1.3.13. Let Y be an n-coconnective stack. Then the natural map

QCoh(Y) - lim QCoh(S)
(S3Y)e((57Sch?t) 1y, )or

is an equivalence.

1.4. Quasi-coherent sheaves on Artin stacks. The point of this subsection is
that when ) is an Artin stack, in order to recover QCoh()), instead of considering
all affine schemes mapping to ), it is enough to consider only ones that are smooth
over Y.
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1.4.1. Let Y be an k-Artin stack (see Chapter 2, Sect. 4.1). We claim that in this
case, there is a more concise expression for QCoh()).

Let (Sch*™) /y,sm denote the full subcategory of (Sch®™) Jy consisting of those
S % Y, for which y is smooth (as a (k — 1)-representable map).

Let ((Sch™)gn) ;v be the 1-full subcategory of (Sch™™) /y,sm> Where we restrict
maps f: S’ — S to also be smooth.

We claim:
PROPOSITION 1.4.2.
(a) The natural map

QCoh(Y) - lim QCoh(S)
(Sg’y)e((SChaff)/y,sm)Op

is an equivalence.
(b) The natural map

QCoh(Y) - lim QCoh(S)
(S3P)e(((Sch™)om) /y)°P

is an equivalence.

PROOF. Assume by induction that both statements are true for k¥’ < k. The
base case of k = 0 is obvious: in this case our ) is a disjoint union of affine schemes.

We are going to construct a map

(1.5) lim QCoh(S) - QCoh(Y),
(SEY)e(((Sch™ ) )y )P

inverse to the composition
QCoh(Y) - lim QCoh(S) — lim QCoh(S).
(S5Y)e((Sch™*) /1y om)°P (S3P)e(((Sch™)em) y)°P
Let f : Z - ) be a smooth atlas, where Z is a (k — 1)-Artin stack. By
Corollary [1.3.11} the map
QCoh(Y) — Tot (QCoh(Z°*/Y))
is an equivalence. Thus, the datum of a map in (1.5) is equivalent to a map
(1.6) lim QCoh(S) — Tot (QCoh(Z2*/Y)).
(SEY)e(((Sch™)arm) /)P
Note that the expression in the LHS of (1.6)) equals the value on Y of
RKE((SChaH)Sm)Op%((stkk'A”’“)sm)(’p (QCohgchaff |(Schaff)sm).

In the above formula, (Sch™®)., (resp., (Stk*"™).,) denotes the 1-full subcate-

gory of Sch™ (resp., Stk" ") where we restrict 1-morphisms to be smooth maps.

The validity of point (b) for k-1 is equivalent to the fact that the map

RKE((genatr). . yor - ((stkts-D-artn),yon (QCONG patt |(seporry,, ) =
g QCOhgchaff |(Stk(k—1) -Areny

is an isomorphism.
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Hence, by the transitivity of the operation of the right Kan extension, we can
rewrite the LHS of (1.6) as

lim QCoh(Z").
(Z/5Y)e(((StkE=D-Artn) ) 1y )op
Now, the required map

lim QCoh(Z2") » Tot (QCoh(Z°/¥))
(Z5P)e((StTD AR )y )op

is given by restriction, since Z°/Y is a simplicial object in (StkF~D-Artn)
]

1.4.3. Assume now that Y = Z € Sch. Let (Schaff)z,opelrl denote the full subcate-
gory of (Schaﬂ) /2, that consists of those z : § - Z for which 2 is an open embedding.
Note that morphisms in this category automatically consist of open embeddings.

Then as in Proposition [[.4:2] we prove:
PROPOSITION 1.4.4. The natural map

QCoh(Z) — lim QCoh(S)
(522)e((Sch™™) /2 0pen) P

is an equivalence.

1.5. The t-structure. For any prestack ), the category QCoh()) comes equipped
with a t-structure. When ) is an Artin stack, this t-structure is quite explicit.

1.5.1. Let Y be an arbitrary prestack. We claim that the category QCoh())
carries a canonical t-structure. Namely, we declare that an object F € QCoh(Y)

belongs to QCoh(Y)<0 if for any S € Sch*® and S % Y, the corresponding object
Fs., € QCoh(S) belongs to QCoh(S)<C.

This indeed defines a t-structure (see [Lu2, Proposition 1.2.1.16]):

Since the subcategory QCoh())=C is stable under colimits, by the Adjoint Func-
tor Theorem, the embedding

QCoh(Y)=? - QCoh(Y)
admits a right adjoint.
For a general prestack there is not much that one can say about this t-structure.

1.5.2. An example. Let ) be an affine scheme Spec(A). We have QCoh(Y) =
A-mod, while

(A-mod)? ~ (H°(A)-mod)?,
so heart of the t-structure depends in this case only on the underlying classical
affine scheme.
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1.5.3.  Assume now that ) is a k-Artin stack. In this case one can give an explicit
description of the t-structure on QCoh()) in terms of an atlas:

ProprosITION 1.5.4.
(a) Let Y be a k-Artin stack and let f; : S; = Y be a smooth atlas, where S; € Sch*f |
Then an object F € QCoh(Y) belongs to QCoh(Y)= (resp., QCoh(Y)>°) if and
only if each f7(F) belongs to QCoh(S;)=° (resp., QCoh(S;)>°).
(b) Let w:Y1 = Vs be a flat map between k-Artin stacks. Then the functor
7*: QCoh(Ys) —» QCoh()1)

15 t-exact.

REMARK 1.5.5. Since for an atlas f;:S; > Y and Z =u.S;, the functor

QCoh(Y) - Tot(QCoh(Z*/Y)

is an equivalence, we obtain that point (a) is a particular case of point (b).

PrROOF. We will argue by induction, assuming that both statements are true
for k' < k. Let us first prove point (a). It is enough to show that the functor f* is
compatible with the truncation functors.

Denote as above Z = u S;. Let F be an object of QCoh()), and let

Flzesy € QCoh(Z°/Y)
be the corresponding object. We claim that
1> TSO(}"|Z./3;) and i — T>0(.7:|Z./y)

both belong to QCoh(Z*/Y). This follows by the induction hypothesis from the
fact that the face maps in the simplicial stack Z*/Y are flat.

It is clear that the object F' ¢ QCoh(Y) that corresponds to 7<U(F]|z+/y)
belongs to QCoh())=°.

We claim now that the object F” € QCoh())) that corresponds to 77°(F
belongs to QCoh())>". Indeed, for F"” € QCoh(Y)<’, we have

Homqoon(y) (F", F') = Tot (Homqeon(ze /vy (F" | 209, 7 (Flze9))) »
and the right-hand side vanishes, since F"”'| 74/ € QCoh(Z*/Y)=.

z4/)

Let us now prove point (b). By point (a), we can assume that Y, is an affine
scheme T' (replace the initial Yy by its atlas). So, we are dealing with a flat map
7w from an affine scheme T to a k-Artin stack ) = Vs, Let f; : S; = ) be an atlas
with S; € Sch*®. Consider the Cartesian square:

y

"

T T V.
Again, by point (a), it is sufficient to show that the functor
f*om*: QCoh(Y) - QCoh(T X S;)
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is exact. However, f/*o* ~7'* o
t-exact by the induction hypothesis.

*, and f is t-exact by point (a), and 7' is
(]

1.5.6. Proposition has the following corollary:

COROLLARY 1.5.7. Let Y be an Artin stack.

(a) The t-stucture on QCoh(Y) is compatible with filtered colimits, i.e., the trun-
cation functors on QCoh()) are compatible with filtered colimits (or, equivalently,
the subcategory QCoh(Y)>° is closed under filtered colimits).

(b) The t-structure on QCoh(Y) is left-complete and right-complete , i.e., for
F € QCoh(Y), the natural maps
F = limm>"(F)
neN
colim =" (F) - F
neN
are isomorphisms, where T denotes the truncation functor.

Proor. Follows from Proposition b) and the fact that both assertions
are true for affine schemes, using the following lemma;:

LEMMA 1.5.8. Let
I - DGCateont, 1+ C;
be a diagram of DG categories and continuous functors. Assume that each C; is

endowed with a t-structure, and all of the transition functors F;; : C; — C; are
t-ezact. Set C = lir}l C,. Then:
1€

(a) The category C acquires a unique t-structure such that the evaluation functors
ev; : C - C; are t-exact;

(b) If the t-structure on each C; is compatible with filtered colimits, then so is the
one on C.

(c) If the t-structure on each C; is right-complete, then so is the one on C.

(d) If the t-structure on each C; is left-complete, then so is the one on C.
O

ProOF OF LEMMA [L5.8 Only the last point is potentially non-obvious (be-
cause the transition functors F; ; : C; - C; are not assumed to preserve limits).
However, it follows from Chapter 1, Lemma 2.6.2.

O

2. Direct image for QCoh

So far we only know how the form the pullback of quasi-coherent sheaves for a
map between prestacks. However, in order to have a richer theory, we should also
develop the operation of direct image.

In general, the functor of direct image is quite ill-behaved. But there are
exceptions: notably, when our morphism is schematic and quasi-compact. Or when
one deals with Artin stacks and restricts oneself to the eventually coconnective
(=bounded below) subcategory.
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2.1. The functor of direct image. Recall that the functor QCoh” for affine
schemes was obtained by passing to left adjoints from QCohgat, the latter being
functorial with respect to the operation of direct image.

For prestacks we apply an inverse procedure: to get QCohp,.g;x We pass to
right adjoints in QCohp,sty-

2.1.1. Let f:)Y; - V> be a morphism in PreStk, and consider the corresponding
functor

f*:QCoh(¥2) -~ QCoh(J1).

Applying Lurie’s Adjoint Functor Theorem (see Chapter 1, Theorem 2.5.4), we
obtain that the above functor f* admits a discontinuous right adjoint, denoted

[+ : QCoh(Y1) - QCoh()%).

REMARK 2.1.2. In fact, using Chapter 12, Corollary 1.3.4, we obtain that the
assignment

Y~ QCoh(Y), (V15 I) ~ (QCoh(I1) L5 QCoh(I%)) e DGCat

extends to a functor
QCoh : PreStk — DGCat,
whose restriction to Sch®® ¢ PreStk is the composition of the functor QCohgx of

(1.2) with the forgetful functor DGCatcont - DGCat.

2.1.3. Let

(2.1) f’l fl
vy —2 W

be a Cartesian square in PreStk. By adjunction, we obtain a natural transformation,
known as the base change morphism

(2.2) g ofi— fiog™
However, in general, (2.2)) is not an isomorphism.

The simplest counter-example is provided by Vs = pt, Y} = Al and Y; be a
countable disjoint union of copies of pt.

REMARK 2.1.4. The failure of the isomorphism ([2.2) says that in general, the

functor f, is difficult to calculate. Concretely, for F ¢ QCoh();) and (S 3 V) ¢
(Schalcf)/y2 we do not have an explicit expression for (f.(F))s,, € QCoh(S).

2.2. Direct image for schematic morphisms.
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2.2.1.  Above we saw that the direct image functor for a general morphism between
prestacks does not have good properties. However, the situation improves consid-
erably if we consider the class of schematic quasi-compact morphisms, see Chapter
2, Sect. 3.6.1 and 4.1.9 for what this means:

PROPOSITION 2.2.2. Let f:Y1 — Vo be a morphism of prestacks. Assume that
f is schematic and quasi-compact.

(a) The functor f, is continuous.

(b) The base change property is satisfied, i.e., for any diagram (2.1)), the map (2.2))
is an isomorphism.

PRrooOF. Note that in order to prove point (b), it is enough to consider the case
when
Vb = Zy € Sch™™ ¢ Schye,
where the super-script “q¢” means quasi-compact. In this case Y| =: Z; is also an
object of Schyc, by Chapter 2, Proposition 3.6.2.

Note that from the transitivity of the procedure of right Kan extension, for a
prestack ), the map

QCoh(Y) - QCoh(Z)

lim
(Z_’y)e((SChqc)/j})Op
is an equivalence.

Note also that the functor
(Zy = Va) €Schye)jy, ~ Zo 3>}<2 V1 €Schge)y,
is cofinal. Indeed, it admits a left adjoint given by
(Z1 = V1) = (Z1 > V1~ Vo).
Hence, the functor

QCoh()1) — QCoh(Z, 3 Y1)

lim
(Z2-Y2)e((Schqe ),y )P
is an equivalence.

Hence, applying Chapter 1, Lemma 2.6.2 and 2.6.4, we obtain that it suffices
to prove that the functor f, is continuous for a morphism between quasi-compact
schemes

Wtz
and that the natural transformation is an isomorphism when all the prestacks
involved are quasi-compact schemes

W’LW

AR

g 9 7
Applying Chapter 1, Lemma 2.6.2 and 2.6.4 again, and using the fact that the
functor QCoh™ satisfies Zariski descent, we can assume that Z and Z’ are affine.

We will prove the assertion by induction on the number of affines by which we can
cover W.
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The base of the induction thus is when W (and hence also W”) is affine. In
this case, the functor f, is the same functor as in , and hence is continuous.
To check the isomorphism , it is enough to do so in the generator of QCoh(Z2),
i.e., on Oz, and this is a tautology.

Let now W = U; u Usy; denote Uy 2 :=U; V>[</ U,. Denote

Ji= floy, fo= floes fre= flu,-

By the induction hypothesis, we can assume that the assertion of the proposi-
tion holds for the morphisms fi, fa, f1,2. However, it is easy to see that the functor
f+ can be explicitly described as

]:'_’(fl)*(‘ﬂm)( (f2)«(Fluz),

X
f1,2)*(]:|U1y2)

and this implies the required assertion for f,.
O

REMARK 2.2.3. The following strengthening of Proposition [2.2.2]is established
in [DrGall Corollary 1.4.5]:

Instead of requiring that f: Y1 — )» be schematic quasi-compact, it suffices to
ask that the base change of f be an affine scheme yields a QCA algebraic stack, see
[DrGall Definition 1.1.8] for what this means.

2.2.4. Let us denote by PreStkeh qc the 1-subcategory of PreStk where we restrict
1-morphisms to be schematic and quasi-compact.

Consider the functor

* . * . o
QCohp st : QCohp,esix |PreStksch,qc-qs o (PreStksen,qc )™ = DGCateont -

sch,qc-gs

Combining Proposition a) and Chapter 12, Corollary 1.3.4 for the target
(o0, 2)-category DGCat?: %% we obtain that by passing to right adjoints we can

cont >
obtain from the functor QCohp, gk a canonically defined functor

sch,qec-qs
QCOhPreStksch‘qc,qs : PreStksch qc = DGCateons -
By construction, the restriction of QCohp gt to Sch®™ is the functor

sch,qc-qgs

QCohg . of (2).

2.3. Direct image for a map between Artin stacks. Let f:); - ) be a
map between Artin stacks. In general, the functor f. : QCoh();) — QCoh()s) will
still be discontinuous. But the situation improves if one restricts one’s attention to
the bounded below subcategory.
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2.3.1. Let f:)1 — Yo be a map between Artin stacks. Assume that 7 is quasi-
compact and quasi-separated (see Chapter 2, Sect. 4.1.9 for what this means).

We have:

PROPOSITION 2.3.2.

)20

(a) The restriction fi|qcon(y,)z0 maps to QCoh(32)*", and commutes with filtered

colimits.
(b) Let

’

Vi 2y

f 'l 1)‘
Vo —— YV,
be a Cartesian square, where the morphism g is flat. Then the diagram of functors

%

g9

QCoh(Y;)* «—— QCoh(h)*

fil lf*

QCoh(M)* L — QCoh()»)*

s commautative.

PROOF. Let f be k-representable. We argue by induction on &, assuming that
the assertion is true for k' < k. We will prove point (a); point (b) is proved similarly.

The base of the induction (i.e., the case of k = 0) follows from Proposition a).

Let
Z -V
be a smooth (or even flat) atlas with Z € Sch. Let f¢ denote the composition

7Y = L v
By Corollary for F € QCoh(Y1), we have:
Fo(F) = Tot (£2(Flze9,)) -

Note that each f; is (k — 1)-representable, quasi-compact and quasi-separated.

By the induction hypothesis, for 7 € QCoh());)>, each term of the co-simplicial
object
(2.3) i [o(Flzip,)
is in QCoh()2)2°. Hence, so is Tot (f5(F|z+/y,))-

Recall that the t-structure on QCoh(Y%) is right-complete (see Corollary[1.5.7((b)).

Hence, in order to show that that f.|qgcon(y,)=0 commutes with filtered colimits, it
is enough to do so for its composition with the truncation functor

75 : QCoh()y) - QCoh(Y,)="

for every m > 0.

Note, however, that since the terms of f2(F]|ze/y,) belong to QCoh(2)*’, we

have
7 (Tot (£1(Flzepp))) = 7 (Tot=" (£1(Flzep1)))
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where Tot™*! denotes the limit over the subcategory AS™*! c A.

Now, Tot="" is a finite limit, and hence it preserves filtered colimits.
|

2.4. Classical algebraic stacks. In this subsection for Y a classical algebraic
stack, we relate the category QCoh()) to some (potentially) more familiar notion.

2.4.1. According to [Lu2l Sect. 1.3.3], for any cocomplete stable co-category C,
equipped with a left and right complete t-structure, there is a canonically defined
functor

D(C?%) - C,
where D(-) denotes the derived stable oo-category, attached to a given abelian

category, see [Lu2l Sect. 1.3.2]. In general, this functor is very far from being an
equivalence.

In particular, for any Artin stack ) we obtain a canonical t-exact functor

D(QCoh(Y)¥) - QCoh(Y).

2.4.2.  Assume now that ) is a quasi-compact and quasi-separated algebraic stack
(i.e., a 1-Artin stack), and assume that it is classical (see Chapter 2, Sect. 4.4.4)
for what this means.

PROPOSITION 2.4.3. Under the above circumstances, the functor D(QCoh(Y)%)* —
QCoh(Y)* is an equivalence.

REMARK 2.4.4. The above proposition implies that, under the specified as-
sumptions, the category QCoh()) identifies with the left-completion of D(QCoh())?).
We do not know what are the general conditions that guarantee that D(QCoh())?)
itself is left-complete. For example, this is true for quasi-compact schemes. It is
also easy to see that this is true for algebraic stacks of the form Z/G, where Z is a
quasi-projective DG scheme and G an algebraic group acting linearly on Z (recall
that we are working over a field of characteristic 0).

PROOF OF PROPOSITION [2.4.3] The proof will follow from the following gen-
eral lemma:

LEMMA 2.4.5. Let C be a DG category equipped with a t-structure compatible
with filtered colimits, and which is right-complete. Assume that for every object
c € CY there exists an injection ¢ — cq, where cq is an injective object in C°, and
such that Homg(c', co[n]) =0 for n >0 and all ¢’ € C¥. Then the natural functor

D(C(?)+ N C+
is an equivalence.

We apply this lemma to C = QCoh(Y). Let f:S — Y be a map, where S is
a classical affine scheme. Since the diagonal morphism of ) is affine, the map f

itself is affine. Hence, by Proposition a), if Fs € QCoh(S)Y, then f.(Fs) €
QCoh())?. Moreover, by Proposition b), if f is flat and Fg € QCoh(S)? is
injective, we have

Homqcon(yy (F', f«(Fs)[n]) =0, ¥ F" € QCoh(Y)?, Vn>0.
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If F is an object of QCoh())?, let f : S — ) be a flat atlas with S ¢ Sch®?. Since

Y was assumed classical, S is classical as well. Choose an injective f*(F) < Fg,
and F embed into fi(Fg).

O

REMARK 2.4.6. The same proof shows that (the homotopy category of) D(QCoh())?)*
identifies with the eventually coconnective part of the quasi-coherent derived cate-
gory of ) as defined in [LM].

3. The symmetric monoidal structure

In this section we will study the symmetric monoidal structure on QCoh™ as
a functor, and the symmetric monoidal structure on QCoh(}) as a category for a
given prestack ).

3.1. The symmetric monoidal structure on QCoh as a functor. In this
subsection we return to the setting of Sect. [[.I] We will show that the functor
QCohp s, has a natural right-laz symmetric monoidal structure.

3.1.1. First, according to Chapter 1, Sect. 8.5.10, the functor
A A-mod, (AssocAlg(Vect))°? - DGCatcont

has a natural symmetric monoidal structure, where AssocAlg(Vect) is viewed as
a symmetric monoidal category via the operation of tensor product of algebras,
and DGCatcont is viewed as a symmetric monoidal category via the Lurie tensor
product.

Composing with the forgetful functors
ComAlg(Vect=?) - ComAlg(Vect) - AssocAlg(Vect),
we obtain that the functor
(3.1) (ComAlg(Vect="))°P - DGCateoni, A+ A-mod

has a natural symmetric monoidal structure. Note that according to Chapter 1,
Sect. 3.6.6, the symmetric monoidal structure on (ComAlg(Vect="))°P is Cartesian.

3.1.2.  Thus, we obtain that the functor
QCohgysrr : Sch™ — DG Cateont

has a naturally defined symmetric monoidal structure, where Sch®" is endowed with
the Cartesian symmetric monoidal structure.

Applying Chapter 9, Sect. 3.1 (in the simplest case of vert = horiz = adm = all,
co-adm = isom) we obtain that the functor

QCohf a1 (Sch™™)°P — DG Catcont

also acquires a symmetric monoidal structure, where the symmetric monoidal struc-
ture on (Sch‘r’"cf)Op is induced by the Cartesian symmetric monoidal structure on
Sch?.



158 3. QUASI-COHERENT SHEAVES ON PRESTACKS

3.1.3. Finally, applying Chapter 9, Sect. 3.2 (in the simplest case of vert = adm =
isom) we obtain that the functor

QCohp stk : PreStk®? - DGCateont

acquires a right-lax symmetric monoidal structure, where the symmetric monoidal

structure on (Schaﬁ)of’ is induced by the Cartesian symmetric monoidal structure
on PreStk.

3.1.4. In concrete terms, the meaning of the above construction is that for Yy, s €
PreStk we have a canonically defined functor

(3.2) QCoh(Y;) ® QCoh(Ys) - QCoh(V; x Vs),

denoted
.7:1,.7:2 [ .7:1 .7:2.

By construction, the functor (3.2) is an equivalence if Y1, )5 € Sch?f,
3.1.5.  The functor (3.2)) can be explicitly described as follows.

(3.3)  QCoh(¥1)®QCoh(Iy) =| lim QCoh(S))|®| lim QCoh(Sy) |,

Y1

S1->W1 5,3y,
whereas
QCoh(Y; xYo)~ lim  QCoh(S).
SEY1x Vs
However, the functor
(Sch®™) 3, x (Sch®™™)y, = (Sch®) )y, 51,85 = Si x S
is cofinal, so we can rewrite

(34) QCoh(y1 X yg) ~ " lim v QCOh(Sl) ® QCOh(Sg)

51>Y1,52>Y2

Now, the map (3.2) is the tautological map from (3.3) to (3.4)) (swapping the
limit with the tensor product).

3.1.6. We claim:

PROPOSITION 3.1.7. Assume that Yy is such that the category QCoh())),
viewed as an object of DGCatcont, s dualizable. Then for any Yo, the functor
(13.2) is an equivalence.

PROOF. We need to show that the map from (3.3]) to (3.4) is an isomorphism.

We can write it as a composition

QCoh()y) ® ( lim QCoh(S’g)) - lim QCoh();) ® QCoh(S3) ~
5,3y, S BV,

~ lim (( lim QCoh(Sl))®QCoh(52))—’

5,3y, 518y,

5By, \s51 8y,

- lim (lim (QCoh(Sl)®QCoh(52))).
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The first arrow is an isomorphism since tensoring with a dualizable category
commutes with limits (see Chapter 1, Sect. 4.3.2). The third arrow is an isomor-

phism for the same reason, as QCoh(S) for an affine scheme S is dualizable.
O

3.2. The symmetric monoidal structure on QCoh of a prestack. In this
subsection we will use the right-lax symmetric monoidal structure on the functor
QCohp s to construct a symmetric monoidal structure on each QCoh(Y) for
Y € PreStk.

3.2.1. Being right-lax symmetric monoidal, the functor QCohp, g sends commu-
tative algebra objects in PreStk®® to commutative algebra objects on DGCatcont .

However, since the symmetric monoidal structure on PreStk°" is coCartesian,
the forgetful functor

ComAlg(PreStk°?) — PreStk?
is an equivalence (see [Lu2, Corollary 2.4.3.10]).

‘We obtain that the functor QCoh;reStk naturally lifts to a functor
PreStk® — ComAlg(DGCateont) = DGCatoy ™

cont

3.2.2. In other words, for any ) € PreStk, the DG category QCoh()) acquires a
canonical symmetric monoidal structure, explicitly given by

.7:1,.7:2 > F Q@ Fy = (diagy)*(]-'l .7:2).

Furthermore, for a morphism f:)” — ) in PreStk, the functor
f*:QCoh(Y) - QCoh(Y")
is naturally symmetric monoidal.
3.2.3. Consider again the direct image functor
f+: QCoh(Y") — QCoh(Y).

Being a right adjoint to a symmetric monoidal functor, the functor f. is right-
lax symmetric monoidal (this is the commutative version of Chapter 1, Lemma
3.2.4).

In particular, for F € QCoh(Y), F' € QCoh()’), we have a canonically defined
map

(3.5) F o f(F) = f(f(F)eF)),
called the projection formula map.

In general, the map (3.5)) is not an isomorphism. However, as in Proposi-
tion 2:2.2] one shows:

LEMMA 3.2.4. Assume that f is schematic quasi-compact. Then the map (3.5)
is an isomorphism.
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3.2.5. Let f:Y — ) be again a map between prestacks. Since the functor f,
is right-lax (symmetric) monoidal, it maps algebras in QCoh()’) to algebras in

QCoh(Y).
In particular, the object
£.(Oy) = A€ QCoh()
has a natural structure of commutative algebra.

Moreover, by Chapter 1, Sect. 3.7.3, the functor f, naturally factors as

oblv 4

QCoh(Y") » A-mod(QCoh(Y)) —" QCoh(Y).

In general, the above functor
(3.6) QCoh(Y") - A-mod(QCoh()))
is mot an equivalence.

3.2.6. Let
Vi —— N

AR
g
Vg —— Vo
be a Cartesian square of prestacks.

Note that we have a canonical map:

(3.7) QCoh(V1) 8 QCoh(YL) - QCoh()).

oh(
In general, the functor (3.7) is not an equivalence. Here is a counter-example:
Take Y1 = Vs = pt, and ) = pt /A, where A is an abelian variety. Then Y, 3;))2 ~
A, while
QCoh(pt/A) ~ H-mod,

where H = (T'(A,04))Y is an algebra with respect to convolution, and is isomorphic
to Sym(H'(X,04)"[1]). So

Vect 2 dVect ~ Sym(H' (X, 04)"[2])-mod.

3.3. The quasi-affine case.
3.3.1. We shall say that an object X € Sch is quasi-affine if it quasi-compact and
admits an open embedding into an affine scheme.

We shall say that a morphism f: Y’ — ) in PreStk is quasi-affine if its base
change by an affine scheme yields a quasi-affine scheme.



3. THE SYMMETRIC MONOIDAL STRUCTURE 161

3.3.2.  We claim:

PROPOSITION 3.3.3. Let f:Y' — Y be quasi-affine. Then the functor (3.6) is
an equivalence.

PROOF. Let first f be arbitrary. We note that we have a canonical homomor-
phism of monads acting on QCoh(Y).

A®—— f,of".
Assume now that f is schematic and quasi-compact. In this case, by Lemmal[3:2.4]
the above map of monads is an isomorphism. Hence, in order to prove the propo-

sition, it remains to show that the functor f, satisfies the hypothesis of the Barr-
Beck-Lurie theorem, see Chapter 1, Proposition 3.7.7.

Now, since f was assumed schematic quasi-compact, the functor f, commutes
with all colimits, by Proposition 2.2.2(a). Thus, it remains to show that f. is
conservative. By Proposition b), the latter assertion reduces to the case when
Y € Sch*f

Thus, it remains to show that the functor of global sections on QCoh of a
quasi-affine scheme X is conservative. Let j: X < S be an open embedding, where
S e Sch™™. Since the functor of global sections over S is conservative, it remains to
show that the functor j,. is fully faithful.

However, we claim that j, admits a left inverse, namely, j*. Indeed, this follows
from Proposition b) for the Cartesian square

g

X s

3.3.4. Here is another favorable feature of quasi-affine maps:

PROPOSITION 3.3.5. Assume in the situation of Sect. the map [ (and
hence f') is quasi-affine. Then then map (3.7) is an equivalence.

PROOF. By Proposition [3.3.3]
QCoh(¥1) = f;(Oy;)-mod(QCoh(Y3)).
Now, again by Proposition and Chapter 1, Corollary 8.5.7,
QCoh() @ QCoh(¥}) = £.(Oy,)}mod(QCoh(3) | @ QCoh(Yy) =
= 9" (f+(Oy,))-mod(QCoh(}y)).
Finally, by Proposition ),

fe(Oyr) = g* (f.(Oy,))
as algebras in QCoh()3).
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3.4. When is QCoh rigid?
3.4.1. Recall the notion of rigid stable monoidal category, Chapter 1, Sect. 9.1.

The following assertion provides a partial converse to Proposition [3.1.7

PROPOSITION 3.4.2. Let Y be a prestack, such that the diagonal map diag,, is
schematic and quasi-compact, and such that the object Oy € QCoh(Y) is compact.
Then the following conditions are equivalent:

e (i) The functor QCoh(Y) ® QCoh(Y’) - QCoh(Y x V') is an equivalence
for any Y'.

e (ii) The functor QCoh(Y) ® QCoh(Y) - QCoh(Y x ) is an equivalence.

e (iii) The category Y is rigid as a stable monoidal category.

e (iv) The category QCoh(Y) is dualizable.

PRrROOF. The implicatios (i) = (ii) is tautological, and the implication (iii) =
(iv) follows froom Chapter 1, Sect. 9.2.1.

The implication (iv) = (i) is the content of Proposition It remains to
show (ii) = (iii).

Given (i), we can identify the map multéc,p(yy (We are using the notation of
Chapter 1, Sect. 9.1.1) with

(diagy)" : QCoh(Y x ¥) » QCoh(Y).

The fact that it satisfies the assumptions of loc. cit. follows from Proposition b).
O

3.4.3. Let f:); = Yo be a map between prestacks, such that both QCoh();) and
QCoh()s) are rigid. From Chapter 1, Lemma 9.2.6(2) we obtain:

LEMMA 3.4.4. The functor f. : QCoh(Y1) — QCoh()s) is continuous, and
under the identifications

QCoh(¥;)" = QCoh(V;),
we have f, =~ (f*)V.

3.5. Passable prestacks.

3.5.1. We shall say that a prestack ) is passable if
(1) The diagonal morphism of Y is quasi-affine;
(2) Oy € QCoh(Y) is compact;
(3) The category QCoh(Y) is dualizable.

For example, any stack which is perfect (see Sect. [3.7.1)) below is passable. In
particular, any quasi-compact scheme is passable when viewed as a prestack.

By Proposition we obtain that if ) is passable, then QCoh()) is rigid as
a monoidal category.
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3.5.2.  We are going to show that passable prestacks are adapted to having the
map in (3.7) an equivalence:
Let Y be a passable prestack. Let ); and ), be prestacks mapping to ).

PROPOSITION 3.5.3. If under the above circumstances QCoh(Y1) is dualizable
as a category, the natural functor

QCoh()) oc ﬁoz) QCoh(Ys) - QCoh()y % V2)

is an equivalence.
PrROOF. By Chapter 1, Propositions 9.4.4 and Sect. 4.3.2, the rigidity of
QCoh(Y) and the fact that QCoh());) is dualizable imply that the operation

C~QCoh()1) ® C
QCoh(N) | &

preserves limits.
This allows to replace )V, by S € Sch*®. But then the map S — ) is quasi-

compact and quasi-affine, and we find ourselves in the situation of Proposition|3.3.5
O

3.6. The perfect subcategory.
3.6.1. Recall the notion of dualizable object in a symmetric monoidal category,
see Chapter 1, Sect. 4.1.

For a prestack ), we let
QCoh(Y)Pf c QCoh(Y)
denote the full subcategory consisting of dualizable objects.

For a map f : Y’ — Y, the functor f*: QCoh(Y) - QCoh()’) clearly sends
QCoh(Y)Pet to QCoh(Y")Pert.

Thus, we obtain a well-defined functor
(3.8) Y > QCoh(Y)Pf,  PreStk° — 1-Cat.

3.6.2. We have the following basic assertion:

LEMMA 3.6.3. Let
I-1-CatM" i A,

be a functor, and denote A :=1lim A;. Then an object a € A is left dualizable if and
only if evi(a) € A; is dualizable for every i.

As a corollary we obtain:

COROLLARY 3.6.4.
(a) An object F € QCoh(Y) is perfect if and only if for every (S >Y) e (Schaﬁ)/y,
the corresponding Fs,, € QCoh(S) is perfect.
(b) The functor (3.8]) maps isomorphically to the right Kan extension to its restric-
tion to Sch®T.

Moreover, combing with Theorem we obtain:

COROLLARY 3.6.5. The restriction of the functor (3.8) to Sch®® satisfies flat
descent.
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3.6.6. Perfectness and compactness. Let S be an affine DG scheme. We recall the
following (this is a particular case of Chapter 1, Corollary 9.1.7):
LEMMA 3.6.7. For M € QCoh(S) the following conditions are equivalent:
(i) M is compact;
(ii) M is dualizable as an object of the symmetric monoidal category QCoh(S).

‘We now claim:

PROPOSITION 3.6.8.

(1) Suppose that the diagonal morphism of Y is schematic and quasi-compact. Then
any compact object of QCoh(Y) is perfect.

(2) Suppose that Oy € QCoh(Y) is compact. Then any perfect object of QCoh(Y)
is compact.

PRrROOF. Point (2) follows from Chapter 1, Lemma 8.8.4: dualizability implies
compactness in any symmetric monoidal stable category in which the unit is com-
pact.

To prove point (1), taking into account Lemma we have to show that the
functor F — f*(F) for f:S - Y with S affine, sends compact objects to compact
ones. However, this is true, since the right adjoint of f*, i.e., the functor f, is

continuous, by Proposition [2.2.2(a).
O
3.6.9. Finally, we note:
PROPOSITION 3.6.10. The functor
S > QCoh(S)P,  (Sch®™)°P - 1-Cat
is convergent.

PROOF. By definition, we need to show that for S € Sch™?| the family of func-
tors
F—F

given by restriction, defines an equivalence

QCoh(S)P* - lim QCoh(*"S)Pe

S’!LS,

However, we claim that more is true: namely, the functor

QCoh(S)™ - lirlln QCoh(*"S)~

is an equivalenceﬂ Indeed, its inverse is given by sending a compatible family
Fn € QCoh(*"S)~ to
lim (4p, )« (Fn),

where i,, denotes the tautological map =S — S.

3.7. Perfect prestacks.

1Note, however, that the corresponding fact is false for all of QCoh.
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3.7.1. Following [BEN], we shall say that a prestack } is perfect if

(1) The diagonal morphism of Y is affine;
(2) The functor Ind(QCoh(Y)Pe) - QCoh(Y) is an equivalence.

3.7.2. By Proposition the above conditions can be reformulated as follows:

(1) The diagonal morphism of Y is affine,
(2) Oy € QCoh(Y) is compact,
(3) QCoh(Y) is compactly generated.

3.7.3. Since every compactly generated category is dualizable, we obtain that every
perfect stack is passable, see Sect. for what this means.

3.7.4. Ezamples. In [BEN], following the arguments of [T'T] and [Ne], it is shown
that any quasi-compact scheme, considered as a prestack, is perfect.

Moreover, in [BEN] it is shown that if Y is of the form X /G, where G is an
algebraic group and X is a scheme endowed with a G-equivariant ample line bundle,
then Y is perfect (under our assumption that the ground field k is of char. 0).
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Introduction

1. Ind-coherent sheaves vs quasi-coherent sheaves

One of the primary goals of this book is to construct the theory of ind-coherent
sheaves as a theory of O-modules on prestacks that exists alongside the theory of
quasi-coherent sheaves.

We shall now try to explain what we mean by a ‘theory’, and highlight the
formal features that the two theories have in common and those that set them
apart.

1.1. For us QCoh is ultimately a functor
QCohp st ¢ (PreStk)°P — DGCateont -

Le., it is a functorial assignment
(X € PreStk) ~ (QCoh(X) € DGCateont) and (X %> V) ~ (f* : QCoh(Y) —» QCoh(X)).

Moreover, the functor QCohp,.g has a natural right-lax symmetric monoidal
structure, where PreStk is a symmetric monoidal category with respect to the
Cartesian product, and DGCatcopnt is symmetric monoidal category with respect to
the ® tensor product of DG categories.

NB: Here it is of crucial importance that we work with DGCateont (and not DGCat):
the operation of tensor product of DG categories is only functorial with respect to
continuous (i.e., colimit preserving) functors.

Thus, for X, € PreStk, we have a well-defined functor
(1.1) QCoh(X) ® QCoh(Y) - QCoh(X xY), F,G—FrG.
1.2. The functor (|1.1)) is an equivalence if X and ) are schemes (in fact, it is an
equivalence of just one of them is a scheme).

The functor QCohp, g has the following features:
(i) If x ER Y is a schematic and quasi-compact morphism between prestacks, the
above functor f* admits a continuous right adjoint

f+ : QCoh(X) —» QCoh()).
Moreover, if
x . x

f'l lf
y 2y

169
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is a Cartesian diagram of prestacks with vertical maps being schematic, the natural
transformation of functors

gy © fe = fiogx, QCoh(X) = QCoh(Y')
that arises by adjunction from the isomorphism of functors
(f)ogy=gxof
is an isomorphism.

(ii) If X = X e Sch, then the functor

QCoh(X) & QCoh(X) ~ QCoh(X x X) ¥ QCoh(X) "5 Veet

defines the counit of a duality, thereby giving rise to an equivalence
D3V : QCoh(X)" - QCoh(X).
In the above formula I'( X, -) is the functor (px). : QCoh(X) - QCoh(pt) =

Vect, where px is the tautological projection X — pt.

1.3. Here is what the theory of IndCoh will do. First and foremost it will be a
functor
IndCohp, gy, * (PreStkiag)°P = DGCateont -

Le., it is a functorial assignment

(X € PreStkyag) ~ (IndCoh(X) e DGCateont) and (X EA V) ~ (f': IndCoh(Y) - IndCoh(X)).

As in the case of QCoh, the functor IndCoh!PreStklaft has a natural right-lax
symmetric monoidal structure.

If we work over the ground field of characteristic 0 (which is our assumption
throughout), then the corresponding functor

(1.2) IndCoh(X) ® IndCoh()) - IndCoh(X xY), F,G— FrG.
is an equivalence if either X or ) is a scheme.

Already here, there is one piece of difference from the case of QCoh: the functor
is guaranteed to be an equivalence on a far larger class of algebro-geometric
objects. Namely, it suffices to require that X (or Y) be an inf-scheme. We refer the
reader to Volume II, Chapter 2 where it is explained what inf-schemes are. Here
we will just say that this is a class of prestacks that includes formal schemes and
de Rham prestacks of schemes, and is closed under fiber products.

1.4. Here are some features of the functor IndCoh!PreStklaﬁ:
(i) I x A Y is a schematic (more generally, inf-schematic) morphism between
prestacks, we have a well-defined continuous functor

fir4Ceh s IndCoh(X') ~ IndCoh(Y),

and if if
y 9 L x

7 |

y 2y
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is a Cartesian diagram of laft prestacks with vertical maps being schematic (more
generally, inf-schematic), then we are given an isomorphism of functors

(1.3) gy o [ = (f)4%N o gy, QCoh(X) = QCoh(Y").

However, unlike the case of QCoh, for a general f, the functor f™d¢° is not

the adjoint of f' on either side. In particular, the isomorphism (1.3 does not come
by adjunction from some a priori defined map. So, (1.3) is really an additional
piece of data.

That said, if f is an open embedding, it is stipulated that f™4€°" should be the
right adjoint of f', and in this case, the map — in (1.3)) should come by adjunction
from the isomorphism

(f") egy=gxof.
Also, it is stipulated that if f is proper, then f4€°h should be the left adjoint
of f', and in this case, the map <« in should come by adjunction from the
isomorphism

() oy =gl f-

(if) If X = X € Sch (more generally, X can be an inf-scheme), then the functor

]

AX FIndCoh(X’_)
IndCoh(X) ® IndCoh(X) ~ IndCoh(X x X) - IndCoh(X) — " Vect

defines the counit of a duality, thereby giving rise to an equivalence
D3 : IndCoh(X )" — IndCoh(X).
In the above formula T™4C°R (X ) is the functor
(px )€ IndCoh(X) - IndCoh(pt) = Vect,

where px is the tautological projection X — pt.

1.5. To summarise, we can say that the category IndCoh(X) and the functor
IndCoh 5 gyaranteed to be better behaved on a larger class of objects and mor-
phisms (than QCoh and f).

But the nature of the relationship between pullbacks and push-forwards for
IndCoh is quite different from that of QCoh.

Finally, we should say that there will exist a natural transformation

" " Tprestky g |
QCOhPreStk |PFEStk1aft = QCOhPreStklaft IndCOhPreStklaft

as (symmetric monoidal) functors
(PreStkyas; )°® - DGCateont -
The corresponding functor
T x : QCoh(X) - IndCoh(X)
will, of course, not be an equivalence in general. However:

(a) If X = X € Schag, then YTx is an equivalence if and only if X is a smooth
classical scheme.

(b) If X = Xqgg, for X € Sch,y , the functor Tx,, is always an equivalence.
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2. How to construct IndCoh?

One should say that it is quite a long way to construct IndCoh having the
above pieces of structure: it will take us all of Part IT and Volume II, Part I of the
book to do so. Here we will outline the strategy of how this is done.

2.1. In Chapter 4 we begin by constructing the category IndCoh(X) for an indi-
vidual object X € Sch,g.

We start with the usual category QCoh(X) and consider its (non-cocomplete)
subcategory Coh(X) c QCoh(X) consisting of bounded complexes with coherent
cohomologies. We let IndCoh(X) to be the ind-completion of of Coh(X).

We obtain that IndCoh(X) is a compactly generated category, equipped with
a t-structure and a tautologically defined t-exact functor

U x : IndCoh(X) - QCoh(X)

that induces an equivalence on the eventually coconnective subcategories, i.e., the
corresponding functors

IndCoh(X)*™"™ - QCoh(X)>™"
are equivalences for any n.

Thus, IndCoh(X) begins life as a ‘small modification’ of QCoh(X)-the two
categories only differ at —co. But once we construct IndCoh as a full-fledged theory,
it will be quite different from QCoh, as was explained in Sect. [I] above.

2.2. Having defined the category IndCoh(X) for an individual object X € Schag;
we proceed to defining the *-push forward functor

fIndCeb: 1ndCoh(X) — IndCoh(Y)
for a morphism f: X — Y between schemes.

The functor fm4€°h ig essentially inherited from QCoh: it is uniquely deter-
mined by the requirement that it should be left t-exact and make the diagram

ImdCoh(X) —2— QCoh(X)

fixdeolx j{ J{f*

IndCoh(Y) —2 QCoh(Y)
commute.

Furthermore, we show that the assigment

X ~ IndCoh(X), (X L Y)~ fndCon
naturally extends to a functor

(2.1) IndCohgen, ., @ Schag, = DGCateont -

aft
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2.3. Our subsequent task is to construct the !-pullback functors for IndCoh,
equipped with base change isomorphisms (1.3|) against *-push forwards.

When a map X A Y is proper, we define f' to be the right adjoint of fmdcoh

and when it is an open embedding, we define f' to be the left adjoint of fIndcoh,

In each of these cases, base change against *-push forwards is a property and not
an additional piece of structure, because the corresponding map in one directiorﬂ
comes by adjunction from a tautological isomorphism.

For a general f, we decompose it as a composition
(22) f=rfiof
with f; an open embedding and f» a proper map, and we wish to define f' to be

f5o fi. The challenge is to show that definition is canonically independent of the
decomposition (2.2]), and that it is functorial with respect to compositions of maps.

Furthermore, we need to show that f' thus defined is equipped with base change
isomorphisms , and that these isomorphisms are compatible with compositions
etc. However, before proving these compatibilities, we need to formulate them
in the oco-categorical level, and this brings us to the paradigm of the category of
correspondences.

2.4. In Chapter 5 we introduce, following a suggestion of J. Lurie, an (o0,2)-

category, denoted Corr(Schyg )ProPe".

Its objects are X € Schug. The (oo, 1)-category of morphisms between X, and
X1 has as objects diagrams

9
Xo1 — X

/|
X;.
and as morphisms (i.e., 2-morphisms in Corr(Sch,g )P P°") diagrams

S
XG4

where h is proper and the superscripts ‘s’ and ‘t’ stand for ‘source’ and ‘target’,
respectively.

This (o0, 2)-category is equipped with 1-fully faithful functors
(2.3) Schag, = Corr(Schag )PP « (Schag )P

IBut the direction of the map is different for proper maps and open embeddings.
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2.5. We refer the reader to the introduction to Chapter 5, where it is explained
that a proper way to encode IndCoh equipped with both functorialities (!-pullback
and *-pushforward) is a functor

(2.4) IndCohorr(Schyy, yorover : Corr(Schas )PP — DGCateont,
whose restriction to Schag (under the functor — in (2.3) is the functor
IndCohgeh,,, : Schas, > DGCateont

of (2.1), and whose restriction to (Schag )P (under the functor « in (2.3)) is the
functor
IndCoh!SC}laft : (Schag )P - DGCateont,

encoding the !-pullback.

Thus, in order to construct the theory of IndCoh on schemes, we need to extend
the functor (2.1) to a functor (2.4). We prove in Chapter 5, Theorem 2.1.4 that
such an extension exists and is unique.

2.6. Having thus constructed the theory of IndCoh on schemes, we need to extend
it to prestacks, so that is satisfies (i) from Sect.

This is done by the procedure of right Kan extension on the suitable categories
of correspondences.

The extension from schemes to inf-schemes (resp., allowing inf-schematic maps
between prestacks instead of schematic ones) requires quite a bit more work, and
will be the subject of Volume II, Part I of the book.

2.7. Finally, we show that the functor IndCohcgrr(sch,g )erover has a natural sym-
metric monoidal structure.

From here we formally deduce the Serre duality structure on IndCoh(X) for
X € Schyug, mentioned in (ii) from Sect.

2.8. By the construction of IndCoh(X) for a scheme X, it carries an action of
the (symmetric) monoidal category QCoh(X).

In Chapter 6 we formulate and prove how this structure is compatible with the
functor IndCohcopy(Sch g yorover Of (2.4)).

One consequence of this compatibility is the canonically defined natural trans-
formation

Tschye : QC0hGy, . — IndCohgy,

that right-Kan-extends to the natural transformation
T preSthyar, : QCOh;rcStkla“ - IndCOh!Pms,tklaft
mentioned in Sect. [[.5
NB: for a scheme X we have a pair of functors
IndCoh(X) 2 QCoh(X) and QCoh(X) = IndCoh(X).
We will show that these functors are mutually dual, where we identify
QCoh(X)" ~ QCoh(X) and IndCoh(X)" ~ IndCoh(X)

via the functors D%V and D$E™, respectively.
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We note also that whereas the functor
Tx : QCoh(X) — IndCoh(X)
is defined for any prestack X, the functor ¥y is not; the latter is really a feature
of schemes (or, more generally, Artin stacks). So, the functor Ux that was so

necessary for the initial stages of the development of IndCoh in a sense loses its
significance further along the development of the theory.






CHAPTER 4

Ind-coherent sheaves on schemes

Introduction

In this Chapter we initiate the study of ind-coherent sheaves, which is the main
subject of this book. Here we will define and study the category IndCoh(X') for X
being a scheme (assumed almost of finite type), and its basic functorality properties
for maps of schemes.

In subsequent Chapters will be extend the definition IndCoh to a much wider
class of algebro-geometric objects, namely, prestacks locally almost of finite type.
The latter will allow us to create a paradigm that contains both D-modules and
O-modules.

0.1. Why IndCoh? The basic question is: why bother with IndCoh? L.e., why is
the usual QCoh not good enough?

0.1.1. There are multiple reasons for why one would like to have the theory of
IndCoh. Here are two mutually related reasons that can be spelled out already for
schemes.

(i) For a proper morphism f : X — Y between schemes, the functor of !-pullback,
right adjoint to the *-direct image, is not necessarily continuous when viewed as a
functor
QCoh(Y) —» QCoh(X).

But it is continuous, when viewed as a functor IndCoh(Y") - IndCoh(X). Since
for various reasons, explained elsewhere in the book, we wanted to stay within the
world of cocomplete categories and continuous functors, the above phenomenon
was, for us, the main reason to introduce and study IndCoh.

(ii) Many categories that naturally arise in geometric representation theory are
IndCoh(X) (for some scheme X ), and not QCoh(X). A remarkable set of examples
of this are the categories appearing on the spectral side of the geometric Langlands
theory (see, e.g., [Bezr] ot [AG]). A baby example of this would be the Koszul
duality that says that the category A-mod for

A=k[€], deg(§)=2
is equivalent to IndCoh(X), where X = pt X pt. This is while QCoh(X) is the
subcategory of A-mod consisting of objects on which the generator £ acts locally

nilpotently.

0.1.2. We should emphasize, however, that one should not be tempted to think
that IndCoh is a ‘better object’ than QCoh. In fact, both categories are needed
and they interact in interesting ways, see Chapter 6.

177
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0.1.3.  'We would also like to mention that the category IndCoh(X) has appeared
significantly before the present book (and its predecessor [Gal]). Namely, if X is
classical, it was introduced in the work of H. Krause [Kx], and it was subsequently
studied by him and his collaborators.

Specifically, in loc.cit., IndCoh(X) appeared as the category of injective com-
plexes on X.

0.1.4. In this chapter we start from (i) mentioned above, and develop the theory
of IndCoh for schemes so that the !-pullback for a proper morphism is continuous.

In Chapter 5, Sect. 2.1 we will expand the functoriality of IndCoh by showing
that it admits !-pullbacks for arbitrary (i.e., not necessarily proper) morphisms, and
that these l-pullbacks satisfy base change against *-push forwards. The difficulty
here is that base change is not a property but an extra piece of structure, and
one needs to introduce a new categorical device, the category of correspondences to
account for itfl]

0.1.5. Having defined !-pullbacks for arbitrary morphisms, we will be able to define
IndCoh(X), where X is now an object of PreStkj.s, see Chapter 5, Sect. 3.4. We
should emphasize that, whereas in the case of schemes IndCoh can be thought of
as a small modification of QCoh, for general prestacks the two categories are very
different. The former is functorial with respect to the !-pullback, and the latter is
functorial with respect to the *-pullback.

For a map f: X — ) between prestacks we will have the !-pullback functor
f':IndCoh(Y) — IndCoh(X).

However, for a general f there is no conceivable way to define the *-push forward
functor from IndCoh(X') to IndCoh()) so that it satisfies base change against the
l-pullback.

That said, in Volume II, Part I of the book we will single a class of morphsisms,
called inf-schematic, for which the push-forward functor f™4°°h is defined and has
the desired base change property.

This will allow to extend the formalism of IndCoh as a functor out of the cate-
gory of correspondences from schemes to inf-schemes (these are algebro-geometric
objects that include formal schemes as well as de Rham prestacks of schemes). In
this way we will obtain a convenient formalism that allows to treat D-modules and
O-modules within the same framework.

0.2. What is done in this chapter?
0.2.1. In Sect. |l] we introduce IndCoh(X) for a scheme X. We show that it is
endowed with a t-structure and a t-exact functor

U : IndCoh(X) - QCoh(X),

which induces an equivalence on the eventually coconnective subcategories, i.e., the
induced functor IndCoh(X)* - QCoh(X)* is an equivalence.

Thus, IndCoh(X) is only different from QCoh ‘at —co’. So, one can say that
the whole point here is convergence, i.e., convergence of spectral sequences.

1The idea of the category of correspondences was suggested to us by J. Lurie.
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0.2.2. In Sect.[2] we introduce the direct image functor
IndCoh ; IndCoh(X) - IndCoh(Y)
for a morphism f: X — Y between schemes.
This functor is ‘inherited’ from QCoh via the equivalence ¥ : IndCoh(-)* —
QCoh(-)*.
We then extend the assignment
X ~ IndCoh(X), [~ fndCeh

*

to a functor
Sch - DGCateopt -

0.2.3. In Sect. 3| we study the functor of (the usual) *-pullback
fmdCel 1 dCoh(Y) - IndCoh(X)

for a morphism f : X - Y. This functor is supposed to be the left adjoint of
IndCoh

However, there is a caveat: the functor f4¢°"* is only defined for morphisms

f that are of finite Tor amplitude. A functor that is defined for all morphisms is
introduced in Sect. [5} this is the l-pullback.

It is fair to say that QCoh is well-adapted to the *-pullback and IndCoh is
well-adapted to the !-pullback. (But if f is of finite Tor amplitude, both functors
exist and are continuous for both categories.)

0.2.4. In Sect. [4 we study the behavior of IndCoh under open embeddings. In
particular, we show that it satisfies Zariski descent.

0.2.5. Beyond the definition of IndCoh, Sect. [f] is the central in this chapter. In
this section we show that if f : X — Y is a proper morphism, then the functor
fIndCoh 3dmits a continuous right adjoint, denoted

f':IndCoh(Y) - IndCoh(X).

We show that the !-pullback (so far only defined for proper maps) satisfies base
change against the *-push forward (unlike the general base change, this instance of
base change is a property and not an extra piece of structure).

Finally, we establish the following crucial piece of compatibility that will even-
tually imply that the !-pullback is defined for all maps. Let
9x

X — X

f’l lf

y 2 vy

be a Cartesian diagram, where the vertical arrows are proper and the horizontal
ones are open embeddings.

In this case, we have a canonically defined natural transformation

IndCoh,* ! ! IndCoh,*
9Ix of > f"o 9y .

We show that this natural transformation is an isomorphism.
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0.2.6. In Sect.[6] we study several additional properties of the assignment
X ~ IndCoh(X).
We show:

(i) For a closed subscheme Y c X, the subcategory IndCohy (X) of IndCoh(X)
consisting of objects that vanish when restricted to X - Y, is compactly generated
by Cohy (X).

(ii) If f : X - Y is a proper and point-wise surjective map, then the functor
f' :IndCoh(Y) - IndCoh(X) is conservative.

(iii) For two schemes X7 and Xs, the external tensor product functor
IndCoh(X;) ® IndCoh(X3) — IndCoh(X; x X3)
is an equivalence.

(iv) The assignment X ~ IndCoh(X') is convergent in the sense of Chapter 2, Sect.
1.4, i.e., the functor

IndCoh(X) — lim IndCoh(*"X)

is an equivalence, where "X denotes the n-coconnective truncation of X. Note
that the corresponding assertion is false for QCoh.

0.2.7. Finally, in Sect. [7] we establish the proper descent for IndCoh: if X — Y is
a proper map, which is surjective at the level of k-points, then the functor

IndCoh(Y") - Tot(IndCoh(X*))

is an equivalence, where X* is the simplicial scheme equal to the Cech nerve of
X - Y. In Chapter 5 we will strengthen this, and show that IndCoh satisfies
h-descent (and in particular, ppf descent).

1. Ind-coherent sheaves on a scheme

In this section we introduce the category IndCoh(X) and study its basic prop-
erties. The material here repeats [Gall, Sect. 1.

1.1. Definition of the category. In this subsection we define IndCoh(X) and the
functors that connect it to the usual category QCoh(X) of quasi-coherent sheaves.

1.1.1. For X e Schy we consider the category QCoh(X) and its full (but not
cocomplete) subcategory Coh(X), consisting of bounded complexes with coherent
cohomologies.

We define the category IndCoh(X) by
IndCoh(X) := Ind(Coh(X)).
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1.1.2. By construction, we have a naturally defined functor
U x : IndCoh(X) - QCoh(X)
obtained by ind-extension of the tautological inlcusion Coh(X) < QCoh(X).
We have:

LEMMA 1.1.3. Assume that X is a smooth classical scheme. Then Vx is an
equivalence.

PRrROOF. It is known by [T'I] (see also [Ne]) that for X classical, QCoh(X) ~
Ind(QCoh(X)Perf). Now, for X a regular classical scheme, we have

QCoh(X )P = Coh(X),
as subcategories of QCoh(X). O

REMARK 1.1.4. It is shown in [Gall Proposition 1.5.4] that the assertion of
the above lemma is in fact ‘if and only if’.

1.1.5.  We give the following definition:

DEFINITION 1.1.6. We shall say that X € Sch.g is eventually coconnective if
the structure sheaf Ox belongs to Coh(X).

Le., X is eventually coconnective if, Zariski locally, the structure sheaf had
non-zero cohomologies in finitely many degrees.

We have:

LEMMA 1.1.7. If X is eventually coconnective, the functor Wx admits a left
adjoint, to be denoted Zx, and this left adjoint is fully faithful.

Proor. If X is eventually coconnective, we have
QCoh(X)Pf c Coh(X),
and, using the fact that QCoh(X) ~ Ind(QCoh(X)P!), the functor Zx is obtained
as the ind-extension of the above embedding.
The composition ¥x o Zx is the ind-extension of the functor
QCoh(X )P < Coh(X) = QCoh(X),

and it is manifest that its map to Idqcon(x) is an isomorphism. O

REMARK 1.1.8. In [Gall Proposition 1.5.2] it is shown that ¥Ux admits a left
adjoint if and only if X is eventually coconnective.

1.2. t-structure. Some of the most basic operations on the IndCoh category (such
as the functor of direct image studied in the next section) are inherited from those
on QCoh using the t-structures on both categories. The crucial fact is that the
eventually coconnective (a.k.a., bounded below) parts of the two categories are
equivalent.

The goal of this subsection is to define the t-structure on IndCoh(X) and
establish its basic properties.
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1.2.1. We claim:

PROPOSITION 1.2.2. The category IndCoh(X) carries a unique t-structure that
satisfies
IndCoh(X)=? = {F € IndCoh(X)| ¥ x (F) € QCoh(X)="}.
Moreover:
(a) The functor Ux is t-exact.

(b) This t-structure is compatible with filtered colimits (i.e., the subcategory IndCoh(X)="
is closed under filtered colimits).

(¢) The induced functor
U : IndCoh(X)*" - QCoh(X)="
is an equivalence for any n.
As a corollary we obtain:

COROLLARY 1.2.3. The functor Ux defines an equivalence IndCoh(X)* —
QCoh(X)*.

Proor or ProrosiTION [[L2.2] It is clear that the condition of the proposi-
tion determines the t-structure uniquely. To establish its properties we will use the
following general assertion:

LEMMA 1.2.4. Let Cy be a (non-cocomplete) DG category, endowed with a t-
structure. Then C := Ind(Cy) carries a unique t-structure, which is compatible
with filtered colimits, and for which the tautological inclusion Cy - C is t-exact.
Moreover:

(1) The subcategory C=0 (resp., C*°) is compactly generated under filtered colimits
by C5° (resp., CZ°).

(2) Let D be another DG category endowed with a t-structure which is compatible
with filtered colimits, and let F : C - D a continuous functor. Then F is t-exact
(resp., left t-exact, right t-exact) if and only if F|c, is.

We apply Lemma 1) to Cy = Coh(X) and obtain a (a priori different)
t-structure on IndCoh(X), which satisfies point (b) of the proposition. It also
satisfies point (a) of the proposition, by Lemma [1.2.4]2) applied to D = QCoh(X)
and F = \Ifx.

To show that this t-structure coincides with the one introduced earlier, it suf-
fices to show that Wy is conservative when restricted to IndCoh(X ). Hence, it
remains to show that the t-structure, given by Lemma satisfies points (c) of
the proposition.

To prove point (c), it is sufficient to consider the case of n = 0. Using Lemma ),
the required assertion follows from the next statement:

LEMMA 1.2.5. The category QCoh(X)>° is compactly generated under filtered
colimits by Coh(X)>".

O
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1.2.6. Note that Proposition [[.2.2) implies that, as long as the functor ¥x is not
an equivalence (i.e., X is not a classical smooth scheme), the category IndCoh(X)
is not left-complete in its t-structure. The latter means that for F € IndCoh(X),
the canonical arrow

F = lim7m>"(F)
n
is not necessarily an isomorphism.

Furthermore, we see that for any X, the functor Uy realizes QCoh(X) as the
left completion of IndCoh(X).

1.2.7.  From Proposition [I.2:2] we also obtain the following:
COROLLARY 1.2.8. The inclusion Coh(X) c IndCoh(X)¢ is an equality.

PROOF. Since the category Coh(X) compactly generates IndCoh(X), the cat-
egory IndCoh(X )¢ is the Karoubi-completion of Coh(X). Le., every object F €
IndCoh(X )¢ can be realized as a direct summand of an object F' € Coh(X). In
particular, F € IndCoh(X)*.

The object Ux (F) is a direct summand of Ux (F'). Hence, ¥ x(F), regarded
as an object of QCoh(X), belongs to Coh(X). Let us denote this object of Coh(X)
by F.

Thus, we can regard F and F as objects of IndCoh(X)* such that
Ux(F) = Ux(F).

Applying Proposition [1.2.2{c), we obtain that F ~ F as objects of IndCoh(X).
O

1.2.9. The monoidal action of QCoh. We claim:

PROPOSITION 1.2.10. There exists a uniquely defined monoidal action of QCoh(X),
viewed as a monoidal category, on IndCoh(X), such that the functor Ux is com-
patible with the QCoh(X)-actions.

PRrROOF. The action in question is obtained by ind-extension of the action of
the non-cocomplete monoidal category QCoh(X )P on Coh(X).

To prove uniqueness, by Corollaries [[.2.3] and it suffices to show that,
given an action of QCoh(X) on IndCoh(X), the objects of QCoh(X )P c QCoh(X)
map compact objects of IndCoh(X) to compact ones. However, this follows from
the fact that objects in QCoh(X)P®! are dualizable in the monoidal category
QCoh(X).

O

2. The direct image functor

The assignment
X ~ IndCoh(X)

is ‘very functorial’. However, all of this functoriality is born from a single cource:
the operation of direct image, defined in this section.
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2.1. Direct image for an individual morphism. In this subsection we perform
the first step in developing the formalism of direct image for IndCoh: we define the
corresponding functor for one given morphism between schemes.

2.1.1. Let f: X — Y be a morphism in Sch,g. We claim:

PROPOSITION 2.1.2. There exists a uniquely defined functor
findCoh: ThdCoh(X) — IndCoh(Y)

that is left t-exact and makes the diagram

IndCoh(X) — QCoh(X)

findCOh l l f*

IndCoh(Y) —— QCoh(Y)
commute.

PROOF. By continuity, the functor f™4C°" is the ind-extension of its retstric-
tion to
Coh(X) c IndCoh(X).
The commutative diagram in the proposition implies that
Wy o fimd0oh| o 1 xy = felcon(x)s

as functors Coh(X) — QCoh(Y'). Furthermore, f,IrndCOh|COh(X) is a functor that
takes values in QCoh(Y')*.

Note that Wy [ruacon(y)+ is invertible by Proposition|1.2.2(c). Hence, fi“dC°h|Coh(X)
is recovered as

(Py [tmdacon(yy+) " o (felcon(x))-
|

2.1.3. Recall (see Chapter 3, Sects. 3.5.1 and 3.7.4) that for X € Sch,g, the
monoidal category QCoh(X) is rigid (see Chapter 1, Sect. 9.1 for what this means).
Hence, by Chapter 1, Lemma 9.3.6, for a morphism f: X — Y, the functor

f+ : QCoh(X) - QCoh(Y)

has a canonical structure of morphism in QCoh(Y')- mod, where QCoh(Y") acts on
QCoh(X) via f*.

As in Proposition 2:1.2] and Proposition [I.2.10] one shows:
ProOPOSITION 2.1.4. For a morphism f: X =Y, the functor
fIndCob: 1ndCoh(X) — IndCoh(Y)

has a unique structure of 1-morphism in QCoh(Y)-mod which makes the square

ImdCoh(X) —X QCoh(X)

findCoh l l Fu

IndCoh(Y) —2— QCoh(Y)
commute in QCoh(Y')-mod.
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2.2. Upgrading to a functor. We now claim that the assigment
X ~ IndCoh(X), [~ fmdCeh

upgrades to a functor

(2.1) Sch,g -~ DGCateont,

to be denoted IndCohggp,,, -

Such an extension is not altogether automatic because we live in the world of
higher categories. But constructing it will not be very difficult.

2.2.1. First, we consider the functor
QCohg, . : (Schag)°? = DGCateont,
obtained by restriction from the functor
QCohp, st : PreStk®? - DGCateont
og Chapter 3, Sect. 1.1.3.
Applying Chapter 1, Sect. 8.4.2, we obtain a functor
QCohggy, ,, : Schagy = DGCateont,
obtained from QCohg,, . by passage to right adjoints.

2.2.2. Now, we claim:

PROPOSITION 2.2.3. There exists a uniquely defined functor

IndCohggh,,, : Schaty = DGCateont,
equipped with a natural transformation
Usen,,, : IndCohgen,,, = QCohgyy, .,

which at the level of objects and 1-morphisms is given by the assignment

X ~ IndCoh(X), f ~ fndCeh

The rest of this subsection is devoted to the proof of this proposition.
2.2.4. Consider the following (oo, 1)-categories:
DGCat$°™ and DGCatl,,, :

cont *

The category DGCat$™™ consists of non-cocomplete DG categories C, endowed
with a t-structure, such that C = C*. We also require that C>° contains filtered
colimits and that the embedding C*" < C commutes with filtered colimits. As
1-morphisms we take those exact functors F' : C; — Cs that are left t-exact up
to a finite shift, and such that F|C§0 commutes with filtered colimits. The higher
categorical structure is uniquely determined by the requirement that the forgetful
functor

DGCat$™™ - DGCat

be 1-fully faithful (see Chapter 1, Sect. 1.2.4 for what this means).

The category DGCat!, . consists of cocomplete DG categories C, endowed with
a t-structure, such that C2° is closed under filtered colimits, and such that C is
compactly generated by objects from C*. As l-morphisms we allow those exact
functors F': C; - Cs that are continuous and left t-exact up to a finite shift. The
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higher categorical structure is uniquely determined by the requirement that the
forgetful functor
DGCat!

cont

- DGCatCOm
be 1-fully faithful.

We have a naturally defined functor

(2.2) DGCatl,,, - DGCat{™, Cw C*.

cont

LEMMA 2.2.5. The functor is 1-fully faihful.

2.2.6. We will use the following general assertion. Let T : D’ - D be a functor be-
tween (oo, 1)-categories, which is 1-fully faithful. Let I be another (oo, 1)-category,
and let

(2.3) i~ F'(i),
be an assignment, such that the assignment

i ToF'(i)
has been extended to a functor F: I - D.

LEMMA 2.2.7. Suppose that for every a € Mapsi(i1,iz), the point F(«a) €
Mapsp (F(i1), F(i2)) lies in the connected component corresponding to the image
of

Mapsp, (F'(i1), F'(i2)) > Mapsp (F(i1), F(i2)).
Then there exists a unique extension of (2.3) to a functor F':1— D’ equipped with
an isomorphism T o F' ~ F.

Let now F{ and Fj be two assignments as in (2.3]), satisfying the assumption
of Lemma [2.:2.7] Let us be given an assignment
(2.4) i~ 1)i € Mapsp, (F{ (i), F3(1)).

LEMMA 2.2.8. Suppose that the assignment

i~ T(v) € Mapsp (F1(i), F2(i))
has been extended to a matural transformation v : Fy — F5. Then there exists a

unique extension of (2.4)) to a natural transformation v : F| - F3 equipped with an
1somorphism T o)’ ~ ).

2.2.9. We are now ready to prove Proposition [2.2.3}
Step 1. We start with the functor
QCohgy,,,, : Schag, > DGCateont,

and consider

I = Schag, D = DGCateone, D' := DGCatly, F = QCohg, .,
and the assignment

(X €Schag) ~ (QCoh(X) e DGCatl, ).
Apping Lemma [2.2.7] we obtain a functor

(2.5) QCohy, . : Schuy -~ DGCat!

cont *
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Step 2. Note that Proposition defines a functor
IndCohgg, . : Schag ~ DGCatyyy,
and the natural transformation

\Iftschaft : IndCohtSC]ﬂaft — QCohtSCh

aft

at the level of objects and 1-morphisms.

Since the functor DGCat’,,, - DGCateon; is 1-fully faithful, by Lemmas [2.2.7]
and the existence and uniqueness of the pair (IndCohgen,, ; Usch,,, ) With a

fixed behavior on objects and 1-morphisms, is equivalent to that of (IndCohtSChaft , \Iltschaft ).

Step 8. By Lemma/2.2.5 combined with Lemmas and we obtain that the
existence and uniqueness of the pair (IndCohtSCha&, \Iltschaft)7 with a fixed behavior
on objects and 1-morphisms is equivalent to the existence and uniqueness of the
pair

aft

(IndCohgchaﬁ Sk )
obtained by composing with the functor (2.2)).
The latter, however, is given by

IndCohgy, , == QCohgy, =~ and WE, —:=1d.

3. The functor of ‘usual’ inverse image

We now construct another piece of functoriality in the assignment X ~ IndCoh(X),
namely, the functor of *-pullback.

Unlike the case of QCoh, its role in the theory is rather limited—a ‘more im-
portant’ functor is that of !-pullback. However, the *-pullback is a necessary step
in the construction of the !-pullback, which is why we discuss it.

3.1. Inverse image with respect to eventually coconnective morphisms.
Unlike the case of QCoh, the functor of *-pullback on IndCoh is not defined for all
maps of schemes, but only for eventually coconnective ones. In this subsection we
give the corresponding construction.

3.1.1. Let f: X — Y be a morphism in Schg.
DEFINITION 3.1.2. We shall say that f is eventually coconnective if the functor
f*:QCoh(Y) - QCoh(X)
sends Coh(Y) c QCoh(Y") to QCoh(X)*.

It is easy to see that if f is eventually coconnective, then it sends Coh(Y) to
Coh(X): indeed, for any morphism f, the functor f* sends objects of QCoh(Y)~
with coherent cohomologies to objects with a similar property on X.

In addition, we have the following fact, established in [Gall, Lemma 3.4.2]:
LEMMA 3.1.3. The following conditions are equivalent:

(a) f is eventually coconnective;

(b) f is of finite Tor amplitude, i.e., is left t-exact up to a finite cohomological shift.
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COROLLARY 3.1.4. The class of eventually coconnective morphisms is stable
under base change.
3.1.5. Let f: X — Y be eventually coconnective. Ind-extending the functor
f*:Coh(Y) — Coh(X)
we obtain a functor
frdCehx TndCoh(Y') — IndCoh(X),

which makes the diagram

IndCoh(X) —X* QCoh(X)
fh,dcm,,ﬂ T 4
IndCoh(Y) —Y— QCoh(Y)
commute.
We have:
PROPOSITION 3.1.6. The functor f™iC°h* 45 g left adjoint to firdcob,

PROOF. It is sufficient to construct a functorial isomorphism

(3.1) MapSIndCoh(X)(fIndCOh’*(]:Y)aFX) = MapslndCoh(Y)(]:Y7 f}endCOh(}—X))
for Fy € Coh(Y) and Fx € Coh(X). However, by construction, the left-hand side
in (31) is

MapsCoh(X)(f*(]:Y)a]:X)) = MaPSQcoh(X)(f*(fY),]:X))»

while the right-hand side maps isomorphically by the functor ¥y to

Mapsqcon(y) (Fv, f«(Fx))-

Now, (3.1)) follows from the (f*, f.)-adjunction on QCoh.
U

REMARK 3.1.7. It is shown in [Gal], that the functor fInd“°h admits a left

*

adjoint if and only if the morphism f is eventually coconnective.

3.1.8. Note that by Chapter 1, Lemma 9.3.6, the functor f™4¢°"* carries a canon-
ical structure of morphism in QCoh(Y')- mod. Tt is easy to see that this is the same
structure as obtained by ind-extending the structure of compatibility with the ac-
tion of QCoh(Y)P! on

f7:Coh(Y) - Coh(X).
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3.1.9. Let (Schagt)event-coconn C Schagy be the 1-full subcategory, where we restrict
1-morphisms to maps that are eventually coconnective.

By Chapter 1, Sect. 8.4.2, combining Propositions [2:2.3] and [3.1.6] we obtain:

COROLLARY 3.1.10. The assignment
X ~ IIldCoh()()7 f~ fIndCoh,*

canonically extends to a functor, to be denoted ITndCoh(sen ). oncoonns

( (SChaft )event—coconn )op - DGcatcont )

obtained from
IndCohsgen, g, [(sen

aft )event-coconn

by adjunction.

3.2. Base change for eventually coconnective morphisms. An important
property of the *-pullback (and one which is crucial for the construction of the
I-pullback) is base change. It closely mimics the corresponding phenomenon for

QCoh.
3.2.1. Let

XlL}XQ

|

Yl 9y Yé
be a Cartesian diagram in Schg;.

Suppose that fs5 is eventually coconnective. By Corollary the morphism
f1 is also eventually coconnective. Then the isomorphism of functors

(gy )9Ceh o (f,)ndCoh o (,yIndCoh o (4 yIndCoh
gives rise to a natural transformation.
(3.2) (fo)mdCohst o (g yIndCoh (o yIndCoh o (¢ yIndCoh,x
PropPOSITION 3.2.2. The map is an isomorphism.
PRrROOF. It is enough to show that
(3:3) ()™M 0 () ONF) = (gx) 00 0 (f) MO (F)
is an isomorphism for F € Coh(Y7).

In this case both sides of (3.3]) belong to IndCoh(X5)*. By Proposition m
it is therefore sufficient to show that the map

(34) \I/X ° (f2)IndCoh,* ° (gY)indCOh N \I/Xz ° (gX)indCOh ° (fl)IndCoh,*
is an isomorphism.
We have:
U, 0 (f2)" 19" 0 (gy ) 19N = (f2)" 0 Uy, o (gy) 19" = (f2)* 0 (gy ). 0 Ty,
and

W, 0 (9x)0 M o (f1) MO 2 () 0 Wiy 0 (1) MM = (gx) 0 (f1) 0 Ui

2
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Now, it follows from the construction of the (fmdCohx fndCoh) aqinnction,
that the map in (3.4) corresponds to the map

(f2)" o (gy )« o Wy, > (gx)« 0 (f1)" o ¥y,
obtained from the (f*, f.)-adjunction.

Hence, (3.4) is an isomorphism by base change for QCoh.
O

3.3. Tensoring up. In this section we study the following question: given a map
f:X > Y, how closely can we approximate IndCoh(X) from knowing IndCoh(Y")
and the QCoh categories on both schemes.

In the process we will come across several convergence-type assertions, that are
of significant technical importance: some maps that are isomorphisms in QCoh are
much less obviously so in the IndCoh context.

3.3.1. Let f: X — Y be an eventually coconnective map. Regarding the functor
findCohx a5 a map in QCoh(Y)-mod, we obtain a functor

(3.5)  (Idqoon(x) ®f 19" ") : QCoh(X) ) )IndCoh(Y) - IndCoh(X).
oh(Y

We claim:
PROPOSITION 3.3.2. The functor (3.5) is fully faithful.

REMARK 3.3.3. It is shown in [Gall, Proposition 4.4.9] that the functor (3.5)
is an equivalence when f is smooth. In Proposition £.1.6] we will prove this in the
case when f is an open embedding.

3.3.4. Note that for a diagram of (oo, 1)-categories

D,— =D,

N

if the functors F; and F5 admit right adjoints, we have a natural transformation of
the resulting endo-functors of C:
FlloF - FffoF.

Furthermore, if T is fully faithful, then the above natural transformation is an
isomorphism.

From here we obtain that the functor (Idgcon(x) ® fimdCoh,

map of endo-functors of IndCoh(Y'):

(36) (f*(OX) ® _) = ((f* ° f*) ® IdIndCoh(Y)) - fv{ndCOh ° fIndCOh,*a
where f,(Ox)®- denotes the functor of action of f,(Ox) € QCoh(Y) on IndCoh(Y").

) gives rise to a

Thus, from Proposition [3.3.2] we obtain:

COROLLARY 3.3.5. The map (3.6) is an isomorphism.
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3.3.6. The rest of the subsection is devoted to the proof of Proposition [3.3.2 We
note that the left-hand side in (3.5]) is compactly generated by objects of the form

Ex @ Fy € QCOh(X) ® IHdCOh(Y),
QCoh(Y)

oh(

where Ex € QCoh(X )P and Fy € Coh(Y'). Moreover, the functor (Idgcon(x) @ findCoh,x)
sends these objects to compact objects in IndCoh(X).

Hence, it is enough to show that for £5,E% and Fy-, F3 as above, the map

(3.7) MapSQCoh(X)QCle)(y)lndCoh(Y)(g)l( ® Fy,Ex ® Fy) —
N MapSIndCoh(X) (5;( ® fIndCoh,* (f1)7 5}2{ ® fIndCoh,x- (f-Z))

is an isomorphism, where in the right-hand side ® denotes the action of QCoh on
IndCoh.

We can rewrite the map in (3.7) as

(3.8) MapSQCoh(X)QC® Y)IndCoh(Y)(OX ®Fy,Ex @ Fy) —

o
> MapSimgoon(x) (Ox ® 900 (F1) £y @ findCohs(£2))
where Ex ~E% ® ().
Furthermore, we rewrite the map in as
Mapsiyacon(y) (Fy s f«(E)®FF) = Mapsiacon(y) (Fy» £ M (E@ FMM* (F))).

Le., we are reduced to showing that the following version of the projection
formula:

PROPOSITION 3.3.7. For an eventally coconnective map, the natural transfor-
mation between the functors

QCoh(X) x IndCoh(Y) = IndCoh(Y),
that sends Ex € QCoh(X) and Fy € IndCoh(Y) to the map
(3.9) Fe(Ex) ® Fy = [RCN(Ex @ I (Fy)),
is an tsomorphism.

REMARK 3.3.8. Note that there is another kind of projection formula, that
encodes the compatibility of fIndC°h with the monoidal action of QCoh(Y"), and
which holds tautologically for any morphism f, see Proposition

For & € QCoh(Y) and Fx € IndCoh(X) we have:

*I-ndCoh(f*(gy) ®fX) ~ EY ® findCOh(fX).
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3.3.9. Proof of Proposition[3.5.7 1t is enough to prove the isomorphism (3.9) holds
for £x € QCoh(X )P and Fy e Coh(Y).

We also note that the map (3.9) becomes an isomorphism after applying the
functor Uy, by the usual projection formula for QCoh. For £x € QCoh(X )P and
Fy € Coh(Y') we have

flndCoh (g g fIndCohy( Yy ¢ TndCoh(Y)*.
Hence, by Proposition [1.2.2] it suffices to show that in this case
f+(Ex) ® Fy € IndCoh(Y)*.
We note that the object f.(Ex) € QCoh(Y)? is of bounded Tor dimension. The

required fact follows from the next general observation:

LEMMA 3.3.10. For X € Schay and £ € QCoh(X)?, whose Tor dimension is
bounded on the left by an integer n, the functor

€ ® - :IndCoh(X) — IndCoh(X)
has a cohomological amplitude bounded on the left by n.
O

3.3.11. Proof of Lemma |3.3.10. We need to show that the functor £ ® — sends
IndCoh(X)° to IndCoh(X)>™". By Lemma [1.2.4(1), it is sufficient to show that
this functor sends Coh(X)>° to IndCoh(X)>™". By cohomological devissage, the
latter is equivalent to sending Coh(X)® to IndCoh(X)="".

Let i denote the closed embedding X =: X’ - X. The functor """ induces
an equivalence Coh(X’)¥ — Coh(X)®. So, it is enough to show that for F’ ¢
Coh(X")?, we have

£ @ indCh ('Y ¢ IndCoh (X )> ™.
We have:
E® iindCoh(f/) ~ iindCoh(ix—(g) ® f’)
Note that the functor i14C° is t-exact (since i, is), and i*(£) has Tor dimension

bounded by the same integer n.

This reduces the assertion of the lemma to the case when X is classical. Further,
by Proposition (which will be proved independently later), the statement is
Zariski local, so we can assume that X is affine.

In the latter case, the assumption on £ implies that it can be represented by
a complex of flat Ox-modules that lives in the cohomological degrees > —n. This
reduces the assertion further to the case when £ is a flat Ox-module in degree 0.
In this case we claim that the functor

€ ® - : IndCoh(X) — IndCoh(X)
is t-exact.

The latter follows from Lazard’s lemma: such an £ is a filtered colimit of locally
free Ox-modules &', while for each such &’, the functor &' ® — : IndCoh(X) —
IndCoh(X) is by definition the ind-extension of the functor

£ ® - : Coh(X) - Coh(X),

and the latter is t-exact.
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4. Open embeddings

The behavior of direct and inverse image functors for open embeddings is,
obviously, an important piece of information about IndCoh.

4.1. Restriction to an open. In this subsection we show that the behavior of
IndCoh with respect to open embeddings is ‘exactly the same’ as that of QCoh.

4.1.1. Let now j: X < X be an open embedding. We claim:

PROPOSITION 4.1.2. The functor j"4C°h : IndCoh(X) — IndCoh(X) is fully
faithful.

PrOOF. We need to show that the co-unit of the adjunction
-IndCoh,* _ .IndCoh

J Codx - IdIndCoh()o()

is an isomorphism.
Since the functors in question are continuous, it is enough to check that
jIndCoh,* OjindCOh (f) > F
is an isomorphism for F € Coh(X ). However, in this case both jmdCoh.» ¢ jIndCoh 7
and F belong to IndCoh(X)*, so by Proposition [[.2.2] it is sufficient to check that
\I/)o( OjIndCoh,* ojindCOh S,
is an isomorphism.

However,
l:[l)% ojIndCoh,* ojindCoh ~ j* ° \I/X o jindCoh ~ jx- Oj* ° \Ij)o(,

and it follows from the construction of the (fndCohx fIndCohy_

resulting map

adjunction that the

j oj.o0 \IJ)O( - \IJ)O(
comes from the co-unit of the (j5*, j.)-adjunction. Therefore, it is an isomorphism,
as

7" 0 gu = Idqeon(x)
is an isomorphism.

4.1.3. The next assertion follows immediately from Lemma

-IndCoh,*

LEMMA 4.1.4. For an open embedding j, the functor j is t-exact.

4.1.5. Finally, let us recall the functor (3.5). We claim:

PROPOSITION 4.1.6. Assume that f is an open embedding. Then the functor

(3.5) is an equivalence.

PRrROOF. We already know that the functor in question is fully faithful. Hence,
it remains to show that its essential image generates the target category. But this
follows from Proposition [4.1.2 (I
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4.2. Zariski descent. In this subsection we will show that IndCoh can be glued
locally from a Zariski cover, in a way completely parallel to QCoh.

4.2.1. Let now f:U — X be a Zariski cover, i.e., U is the disjoint union of open
subschemes of X, whose union is all of X. Let U® be the Cech nerve of f. The
functors of (IndCoh, *)-pullback define a cosimplicial category

IndCoh(U*®),
which is augmented by IndCoh(X).
We claim:
PRrROPOSITION 4.2.2. The functor
IndCoh(X) - Tot(IndCoh(U*))
is an equivalence.

PROOF. The usual argument reduces the assertion of the proposition to the
following. Let X = Uy uUsy; U = Uy nUs. Let

J12 J12,1 J12,2

U1‘—>X U29X U= X, Uip"= U, Upg = Us
denote the corresponding open embeddings.
We need to show that the functor

IndCoh(X) — IndCoh(Ul)I o >}<1(U )IndCoh(Ul)

that sends F € IndCoh(X) to the datum of

Coh,* Coh,* Coh,* Coh,* Coh,* Coh,* Coh,*
]Ind oh, (f) -IndCoh, (f2) ]{gdl oh, (]Ind oh, (f)) ]Ind oh, (,7:) j{gd2 oh, ( -IndCoh, (JT))}

is an equivalence.
We construct a right adjoint functor

IndCoh(Uy) Inchﬁ(Um) IndCoh(U;) — IndCoh(X)

by sending
{F1 € IndCoh(U1), F2 € IndCoh(Us), Fiz € IndCoh(Ut2), jist *"* (F1) = Fia = jiay O (F2)}
to

ken{ (B (R © ()N ()) - G ) )
where the maps (j;)4CR(F;) - (j12)dCR(Fpy) are
(1) IPICOR () o> (j;)AC0h o (1, YImACoh o (. IndCohx (7
= (J12)9M 0 (jag,)) MM (F) = (Ga2) N (Fra).-

It is strightforward to see from Propositions[.1.2]and [3.2.2]that the composition

IndCoh (U IndCoh (U IndCoh(X IndCoh (U IndCoh (U
ndCoh( 1)IndCo>}<1(U12)n oh(U1) — IndCoh(X) ~ IndCoh( 1)IndCo>}<1(U12)n oh(U1)

is canonically isomorphic to the identity functor.
To prove that the composition

IndCoh(X) - IndCoh(U1) e h(U : IndCoh(U;) - IndCoh(X)
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is also isomorphic to the identity functor, it is sufficient to show that for F €
IndCoh(X), the canonical map from it to

(4.1) ker(((j1)£_ndCOh ° (jl)IndCoh,* (]_-) ® (jg)indCOh ° (jg)lndCoh,* (]_-)) N

N (ju)indCoh ° j{rzldCoh,* (}-))

is an isomorphism.

Since all functors in question are continuous, it is sufficient to do so for F €
Coh(X). In this case, both sides of belong to IndCoh(X)*. So, it is enough to
prove that the map in question becomes an isomorphism after applying the functor
U x. However, in this case we are dealing with the map

Ux(F) = ker(((jl)* ° (j1)" (¥x(F)) @ (j2)« © (j2) " (¥x (F))) (jlz)*ojfz(‘l’x(f))),

which is known to be an isomorphism.
O

4.2.3. We also have

PROPOSITION 4.2.4. Let f:U — X be a Zariski cover. Then F € IndCoh(X)
belongs to IndCoh(X )= (resp., IndCoh(X)?°) if and only if fRICR*(F) does.

PROOF. The ‘only if’ direction for both statetements follows from Lemma[4.1.4]

For the ‘if’ direction, assuming that f*(F) € IndCoh(X)=’, it is sufficient to
show that ¥ x (F) € QCoh(X)=, and the assertion follows from the corresponding
assertion for QCoh.

If findCohx(F) e IndCoh(X)??, the assertion follows from the construction of
the inverse functor

Tot(IndCoh(U*®)) - IndCoh(X).

5. Proper maps

If until now the theory of IndCoh has run in parallel to (and was inherited from
that of) QCoh, in this section we will come across to the main point of difference
between the two: the functor of -pullback, studied in this section.

5.1. The !-pullback. In this subsection we introduce the functor of !-pullback for
proper maps. Its extension for arbitrary maps between schemes is the subject of
Chapter 5, Sect. 3.

5.1.1. Let f: X — Y be a map in Sch,s;,. We recall the following definition:

DEFINITION 5.1.2. The map [ is said to be proper (resp., closed embedding) if
the corresponding map X — 'Y has this property.
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5.1.3. Let f: X - Y be a proper map. We claim:

LEMMA 5.1.4. The functor

fimdCeh: IndCoh(X) - IndCoh(Y)

sends Coh(X) c IndCoh(X) to Coh(Y') c IndCoh(Y).

PROOF. By the construction of f4Ceh it is sufficient to show that the functor

f+ 1 QCoh(X) - QCoh(Y)

Coh(X) c QCoh(X) to Coh(Y) c QCoh(Y).

First, we note that the assertion holds when f is a closed embedding.

In general, by the devissage with respect to the t-structure, it is sufficient to
show that for F € Coh(X)?, we have

f.(F) e Coh(Y).

Let i denote the canonical closed embedding “X < X. The functor i, is an
equivalence Coh(“X)? — Coh(X)®. Hence, F = i,(F') for F' € Coh(°X). This
reduces the assertion to the case when X is classical.

We factor the map f: X - Y as X - Y &Y. Since i is a closed embedding,
we have reduced the assertion to the case when Y is classical as well. In the latter

case, the assertion is well-known.
O

5.1.5. The above lemma implies that the functor f™4¢°h sends IndCoh(X)¢ to
IndCoh(Y)°.

fIndCoh admits a continuous right adjoint, to be denoted

f': IndCoh(X) - IndCoh(Y).

Hence,

REMARK 5.1.6. The continuity of the functor f' is the raison d’etre of the
category IndCoh, and its main difference from QCoh.

5.1.7. By Chapter 1, Lemma 9.3.6, we obtain that the functor f' has a natural
structure of 1-morphism in QCoh(Y)- mod.

5.1.8. Note that the functor f™dC°h is right t-exact, up to a finite shift. Hence,
the functor f' is left t-exact up to a finite shift. In particular, f' maps IndCoh(Y")*
to IndCoh(X)™.

Let fQCM! denote the not necessarily continuous right adjoint to f. It also
has the property that it maps QCoh(Y)* to QCoh(X)*.

LEMMA 5.1.9. The diagram

IndCoh(X)* «Z— IndCoh(Y)*

x| [

FQCon,!

QCoh(X)* <—— QCoh(Y)*
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obtained by passing to right adjoints along the horizontal arrows in

fIndCoh

IndCoh(X)* ——— IndCoh(Y)*

x| [

QCoh(X)* — QCoh(Y)*,

commutes.

PRrROOF. Follows from the fact that the vertical arrows are equivalences, by
Proposition [1.2.2 0

REMARK 5.1.10. It is not in general true that the diagram

IdCoh(X) «— TndCoh(Y)

s | [

fQCoh,!

QCoh(X) <—— QCoh(Y)
obtained by passing to right adjoints along the horizontal arrows in

fIndCOh

IndCoh(X) -“—— IndCoh(Y)

x| [

QCoh(X) —L QCoh(Y),
commutes.

For example, take X = pt = Spec(k), Y = Spec(k[t]/t?) and 0 # F € IndCoh(Y")
be in the kernel of the functor ¥y. Then ¥y o f' F) # 0. Indeed, ¥y is an
equivalence, and f' is conservative, see Corollary [6.1.5

5.1.11. Let (Schagt)proper be a 1-full subcategory of Schag when we restrict 1-
morphisms to be proper maps. By Chapter 1, Sect. 8.4.2, we obtain:

COROLLARY 5.1.12. There exists a canonically defined functor

IndCoh!(SCh : ((Schagt ) proper )" = DGCatcont,

aft)proper

obtained from

IndCOh(sch = IndCOh(SChaft)|((SCh

aft)proper aft)proper)op

by passing to right adjoints.

5.2. Base change for proper maps. A crucial property of the !-pullback is base
change against the *-direct image. We establish it in this subsection.
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5.2.1. Let

XlLXg

W

HL)}/Q

be a Cartesian diagram in Sch,s;, with the vertical maps being proper.

The isomorphism of functors

(f2)£ndCoh ° (gX)indCoh ~ (gy)indCOh ° (fl)indCoh

gives rise to a natural transformation:

(5.1) (g1 o f1 > fh o (gy )CM,
We will prove:
PropPoOSITION 5.2.2. The map is an isomorphism.

PROOF. Since all functors involved are continuous, it is enough to show that
the map

(92099 0 FH(F) = f o (g)29° (F)
is an isomorphism for F € Coh(Y7). Hence, it is enough to show that (5.1) is an
isomorphism when restricted to IndCoh(Y7)™.

By Lemma and Proposition this reduces the assertion to showing
that the natural transformation

Coh,! Coh,!
(5.2) (gx)« 0 [N > f39M0 (gy )

is an isomorphism for the functors

QCoh(X1)* % QCoh(Xs)*

f{QCoh,! T ]Af;QCoh,!

(gv )+

QCoh(Y1)* ——— QCoh(Y2)",
where the natural transformation comes from the commutative diagram

QCoh(X;)* 227, QCoh(X,)*

(f1)*l l(fz)*

QCoh(¥1)* 225 QCoh(v2)*

by passing to right adjoint along the vertical arrows.
We consider the commutative diagram

(9x)+

QCoh(X;) 225 QCoh(X,)

(f1)*l l(fz)*

QCoh(¥1) ~272% QCoh(Ya),



5. PROPER MAPS 199

and the the diagram

QCoh(X1) 227 QCoh(Xs)

QCoh,! QCoh,!
1 2

QCoh(Y1) 225 QCoh(Ys),

obtained by passing to right adjoints along the vertical arrows. (Note, however,
that the functors involved are no longer continuous).

We claim that the resulting natural transformation

Coh,! Coh,!
(5.3) (9x)«o0 £ — fs o (gy )«

between the functors
QCoh(Y1) = QCoh(X2)

is an isomorphism. This would imply that (5.2) is an isomorphism by restricting
to the eventually coconnective subcategory.

To prove that (5.3) is an isomorphism, we note that this map is obtained by
passing to right adjoints in the natural transformation

(5.4) (gv)" e (f2)« = (f1)x o (9x)"
as functors

QCoh(X3) = QCoh(Y7)
in the commutative diagram

QCoh(X1) <227 QCoh(X>)

(fl)*l l(fz)*

QCoh(Y1) <22 QCoh(Y2).
Now, (5.4)) is an isomorphism by the usual base change for QCoh. Hence, (/5.3)
is an isomorphism as well.
O

5.3. Pullback compatibilty. The -pullback for arbitrary maps between schemes
will be defined in such a way that it is the !-pullback for proper morphisms, and
the *-pullback for open embeddings.

Hence, if we want that !-pullback to be well-defined, a certain compatibility
must take place, when we decompose a morphism in two different ways as a com-
position of a proper morphism and an open embedding. A basic case of such
compatibility is established in this subsection.

5.3.1. Let

XlLXg

W

YlLYQ

be a Cartesian diagram in Sch,s, with the vertical maps being proper, and hori-
zontal maps being eventually coconnective.
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We start with the base change isomorphism
(fl)indCoh ° g;ldCOh’* ~ ggldCoh,* o (f2)£ndCOh
of Proposition and by the (fIdCeh Y adjunction obtain a map
(5.5) gﬁgdCoh,x— o fs s f! Oggldcoh,x—'

REMARK 5.3.2. Note that one can get another map

IndCoh,* ! ! IndCoh,*
(56) Ix ¢ °f2_’f1°9y © ,
namely, via the ( gmdCoh,x gindCOh)—adjunction from the isomorphism

fao (gy) Rt = (gx) 4 o f
of Proposition A diagram chase shows that the map (5.6)) is canonically the
same as ((5.5)).
5.3.3. We are going to prove:

PROPOSITION 5.3.4. Suppose that gy (and hence gx) are open embeddings.
Then the map (5.5) is an isomorphism.

REMARK 5.3.5. It is shown in [Gall Proposition 7.1.6] that the map (5.5) is
an isomorphism for any eventually coconnective gy .

PRrooF. By Proposition it suffices to show that the induced map
(gX)indCOh ° gi?dCoh,x- o f; N (gX)indCoh o f{ og;{ldCoh,*
is an isomorphism.
Using Proposition [5.2.2] we have
(gx)indCoh ° f{ oggldCoh,* ~ f2| o (gy)indCoh Ogi?dCOh’*.
Hence, we need to show that the map
dCoh,* _ gl ! dCoh,
(5.7) (92710 o gl o £y 1o (gy iniCom o glndCo
is an isomorphism.
By Corollary for F € IndCoh(Y3), we have canonical isomorphisms
IndCoh _ IndCoh,* _ gl !
(gx )Mo gy TN 0 f5(F) = (9x)4(0x,) ® f5(F)
and

(gv) 10 0 g2 CM (F) = (gv )4 (Oy,) ® F,
where ® denotes the action of QCoh on IndCoh.

By the compatibilty of the action of QCoh with the !-pullback, we have
f3 0 (gv)99" 0 UM (F) = £3((9v)+(O1)) ® f3(F) = (9x)+(Ox,) ® f3(F).

Now, diagram chase shows that, under the above identifications, the map ([5.7))
is the identify map endomorphism of (gx).(Ox,) ® f5(F).
O



6. CLOSED EMBEDDINGS 201

6. Closed embeddings

The behavior of IndCoh with respect to closed embedding is ‘better’ than that
of QCoh. The main point of difference is that the direct image functor under
a closed embedding for IndCoh preserves compactness, which is not the case for

QCoh.

6.1. Category with support. In this subsection we study the full subcategory of
IndCoh(X) corresponding with objects ‘with support’ on a given closed subscheme.

6.1.1. Let X be an object of Sch,g, and let ¢ : Z — X be a closed embedding. Let
7:U - X be the complementary open.

We let IndCoh(X)z denote the full subcategory of IndCoh(X) equal to

ker(j1"4"* : TndCoh(X) ~ IndCoh(U) ).

Note that the embedding
IndCoh(X)z < IndCoh(X)
admits a right adjoint given by sending F to
ker(F — jindCoh ¢ jIndCohyx( zyy

*

which by Corollary is the same as
ker(Ox - j.(Op)) ® F.

6.1.2. We claim:

PROPOSITION 6.1.3.

(a) The subcategory IndCoh(X)z c IndCoh(X) is compatible with the t-structure
(i.e., is preserved by the truncation functors).

(b) The subcategory IndCoh(X )z c IndCoh(X) is generated by the essential image
of the functor i3 : IndCoh(Z) - IndCoh(X).

(¢) The functor i' : IndCoh(X) — IndCoh(Z) is conservative, when restricted to
IndCoh(X) .

(d) The category IndCoh(X)z identifies with the ind-completion of
Coh(X)yz := ker(j* : Coh(X) — Coh(U)).

-IndCoh, *

PRrROOF. Point (a) follows from the fact that the functor j is t-exact.

Let us prove point (b). The category IndCoh(X) is generated by IndCoh(X)*.
The description of the right adjoint to IndCoh(X )z < IndCoh(Z) implies that the
same is true for IndCoh(X)z.

For every F € IndCoh(X)*, the map
colim 7" (F) - F,

is an isomorphism, by Proposition [I.2.2] and because the corresponding fact is true

in QCoh*.
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Hence, by point (a), every F € IndCoh(X)3, is a colimit of cohomologically
bounded objects from IndCoh(X)z. This implies that IndCoh(X)z is generated
by

Coh(X)% c IndCoh(X)%.

Now, it is easy to see that every object F € Coh(X)% has a filtration
F=uF,
with F,,/Fn_1 €i+(Coh(Z)?). This proves point (b).
Point (c) follows from point (b) by adjunction.

To prove point (d), it suffices to note that the objects from Coh(X)z are
compact in IndCoh(X)z (because they are compact in IndCoh (X)) and that they
generate IndCoh(X)z, by point (b).

[

6.1.4. In what follows we will use the following terminology: for a (derived) scheme
X, we will denote by "X the classical reduced scheme, underlying reduced scheme
of the classical scheme X

We shall say that a map of (derived) schemes f: X’ - X is a nil-isomorphism,
i.e., a map such that "X’ - 'dX is an isomorphism.

As a corollary of Proposition we obtain:

COROLLARY 6.1.5. Let f: X' - X be a nil-isomorphism, i.e., a map such that

redx/ _, redX s an isomorphism. Then the functor f' is conservative. Equivalently,
the essential image of IndCoh(X") under fIn4C°h generates IndCoh(X).

PROOF. We can assume that X’ = ™4X, so f is also a closed embedding. In
this case the assertion of the corollary follows from Proposition b). O

6.2. A conservativeness result for proper maps. The main result established
in this subsection, Proposition [6.2.2} is of technical significance.
6.2.1. 'We shall now use Proposition to prove the following;:

PROPOSITION 6.2.2. Let f: X = Y be a proper map, which is surjective at
the level of geometric points. Then the functor f': IndCoh(Y) - IndCoh(X) is
conservative.

The rest of this subsection is devoted to the proof of the proposition.

6.2.3. By Corollary [6.1.5] we can assume that both X and Y are classical and
reduced. We argue by Noetherian induction, assuming that the statement is true
for all proper closed subschemes of Y. We need to show that the essential image of
IndCoh(X) under fIndCeh generates IndCoh(Y').

By Proposition a) 1t is sufﬁment to show that Y contains an open sub-
scheme Y ¢ Y such that for X = I (Y) the essential image of IndCoh(X ) under
(f|§()£“dC°h generates IndCoh(Y").

Since Y is classical and reduced, it contains a non-empty open smooth sub-
1]

scheme, which we take to be Y. By Lemma and Lemma
to showing the following:

1.7, we are reduced
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LEMMA 6.2.4. Let f : X - Y be a proper surjective morphism of classical
schemes with' Y smooth. Then the essential image of QCoh(X) under f. generates
QCoh(Y).

O

PrOOF OF LEMMA [6.2.4] Let C c QCoh(Y') be the full subcategory generated
by the essential image of QCoh(X) under f,.. Note that C is a monoidal ideal, since
the functor f, respects the action of QCoh(Y"). Counsider & := f,(Ox) € C. This is
an object of QCoh(Y"), whose fiber at every geometric point of Y is non-zero.

However, it is easy to see that for any Noetherian classical scheme Y and
€ € C c QCoh(Y) with the above properties, we have

C = QCoh(Y).
O

6.3. Products. It is known that for a pair of quasi-compact schemes X; and X5,
tensor product defines an equivalence of DG categories

QCoh(X1) ® QCoh(X3) - QCoh(X; x X»).

In this subsection we will establish a similar assertion for IndCoh. This is
not altogether tautological; for example the validity of this fact replies on the
assumption that the ground field k£ be perfect.

6.3.1. Let X; and X5 be two objects of Sch,g. We claim:
LEMMA 6.3.2. There exists a uniquely defined functor

(6.1) :IndCoh(X;) ® IndCoh(X3) - IndCoh(X; x X3)

that preserves compactness and makes the diagram

IndCoh(X;) ® IndCoh(X5) ——— IndCoh(X; x X>)
Uy, x¥x, l l‘l’xl xXo

QCoh(X;) ® QCoh(X,) ——— QCoh(X; x X>)
commute.
PROOF. The anticlock-wise composition sends the compact generators of the

category
IndCoh(X;) ® IndCoh(X32)

(i.e., objects of the form F; ® F, for F; € Coh(X;)) to QCoh(X; x X5)*. Hence, it
sends all of (IndCoh(X;) ® IndCoh(X3))¢ to QCoh(X; x X2)*.

The sought-for functor is the ind-extension of

X1xXo
~

(IndCoh(X;) ® IndCoh(X3))¢ —» QCoh(X; x X3)" Ty IndCoh(X; x X2)™".
This functor preserves compactness since the objects
F1®Fy € QCoh( Xy x X5)*,  F; € Coh(X;)
belong to Coh(X; x X53).
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6.3.3. We now claim:

PROPOSITION 6.3.4.

(a) The functor (6.1)) is fully faithful.
(b) If the ground field k is perfect, then (6.1) is an equivalence.

PROOF. Since the functor (6.1]) preserves compactness, for point (a) it is suffi-
cient to show that for 7/, F!’ € Coh(X;), i = 1,2, the map

! ! 1/ 1/ ! ! s 1!
MapSIndCoh(Xl)®IndCoh(X2)(f1®-7:27fl ®Fy) — MapslndCoh(XlxXQ)(flvafl RF5)
is an isomorphism.

We have a commutative diagram

Mapsiyacon(x,)simdcon(xz) (F1 © Fa, FI' ® Fy)  ——— Mapsiqcon(x,xx,) (F1 8 Fo, Fi ®FY)
Mapscon s,y (Fls FI) © Mapscon ey (P F2) |-
MapSQCoh(Xl)(]:{a}_{,) ®Map5QCoh(X2)(-7:év-7:él) I Ma’pSQCoh(XlxXz)(f{ ®F5, Fi 8 Fy).
Hence, it remains to show that
Mapsqeon(x,) (F1s Fi )OMapsqeon(x,) (Fas Fa ) = Mapsqeon(x, < x,) (F18F3, F ®F, )

is an isomorphism. This is not immediate since the objects F; € QCoh(S;) are not
compact. To circumvent this, we proceed as follows.

It is enough to show that
7" (Mapsqoon(x,) (F1, F1') @ Mapsqoen(x,) (Fa Fa)) =
- =" (MapSQCoh(XlxXg)(]:{ Fo, F }—é,))
is an isomorphism for any fixed n.

Choose o : Fj - F (vesp., ay : Fy — Fb) with F; (resp., Fg) in QCoh(X ;)P
(resp., QCoh(X5)Pe), such that

Cone(a;) € QCoh(X1)s™™ and Cone(asy) € QCoh(X5)*™V
for N > 0.
By choosing N large enough, we can ensure that
T (Mapsqoons,) (Fi, Fi')) = 75" (Mapsqooncs,) (i Fi'))

is an isomorphism for a given integer m. This implies that for IV > 0 and our fixed
n, the maps

=" (MapsQCoh(Xl)(f{af{/) ® MapsQCoh(Xz)(fé>fé/)) -
-7 (MapSQCoh(Xl)(j:{?}-{,) ® MapSQCoh(Xz)(féa]:él))
and
=" (Mapchoh(Xlxxg)(f{ R Fy, F| B 7:5,)) - 7" (MapSQCoh(XlxXg)(j:v{ X 552'7]:1" X fél))

are isomorphisms.
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Hence, it is enough to show that
MapSQCoh(Xl)(ﬁ{a*7:{,)®MapSQCoh(X2)(?éa‘7:2”) e MapSQCoh(XlxXg)(flllzféﬂ}-ln‘7:5,)
is an isomorphism. But this follows from the fact that the fuctor
(6.2) QCoh(X;)®mQCoh(X3) - QCoh(X; x X3)
is an equivalence.
This finishes the proof of point (a).

To prove point (b), we have to show that the essential image of the functor
(6.1) generates IndCoh(X; x X3). By Corollary we can assume that both X
and X5 are classical and reduced.

We argue by Noetherian induction, assuming that the statement is true for all
proper closed subschemes X! c X.

By Proposition b), it is sufficient to show that X; and X5 contain non-

empty open subschemes X; c X;, for which the statement of the proposition is
true.

Since X; are classical and reduced, we can take X; to be a non-empty open
smooth subscheme of X;. Note that the assumption that k be perfect implies that

X1 x X5 is also smooth. Now, the assertion follows from Lemma, and the fact

that (6.2)) is an equivalence.
U

6.3.5. Upgrading to a functor. Consider the category Sch,¢ as endowed with a sym-
metric monoidal structure given by Cartesian product. We consider the category
DGCateont also as a symmetric monoidal co-category with respect to the operation
of tensor product.

First we recall that the functor
QCohgchaft : (Schag )P - DGCateont
has a natural symmetric monoidal structure.
Indeed, this follows from Chapter 3, Sect. 3.1.3 and Proposition 3.1.7.
6.3.6. Passing to adjoints, by Chapter 9, Sect. 3.1.3, we obtain that the functor
QCohgy, ,, : Schagy > DGCateont
also has a natural symmetric monoidal structure.

Now, as in Proposition [2.2.3] one shows:

PROPOSITION 6.3.7. There exists a unique symmetric monoidal structure on
the functor
IndCOhSCh

and the natural transformation Wse,

: Schyg = DGCateont
that at the level of objects is given by Lemma|[6.5.2,

aft
aft
6.4. Convergence. In this subsection we will establish another crucial property
of IndCoh that distinguishes it from QCoh. Namely, we will show that for a given
scheme, its category IndCoh can be recovered from IndCoh on the n-coconnective
truncations of this scheme.
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6.4.1. Let X be an object of Sch,s. For each n let 4,, denote the closed embedding
"X — X, and for n; < no, let in,,n, denote the closed embedding

San N S’I’LQX

By Chapter 1, Proposition 2.5.7, we have a canonical equivalence
colim IndCoh (*"X) ~ lim IndCoh (*""X),

IndCoh

*

where in the left-hand side the transition functors are (i, n,) , and in the

right-hand side (i, n,)"
The functors i}, define a functor

(6.3) IndCoh(X) — lim IndCoh(*"X),

whose left adjoint

(6.4) colim IndCoh(*"X) - IndCoh(X)

is given by the compatible family of functors (4, )dCeh,
6.4.2. We are going to establish the following property of the category IndCoh:

PROPOSITION 6.4.3. The functors (6.3)) and (6.4) are mutually inverse equiv-
alences.

Proor. First, we note that Corollary shows that the functor (6.3) is

conservative. It is clear that the functor (6.4)) sends compact objects to compact
ones.

Hence, it remains to prove the following: for
F1,Fo € Coh(*°X)? = Coh(X)?
and k € N, the map
colim Mapscop(snx) (F1, F2[k]) = Mapscon(x) (F1, Fa[F])

is an isomorphism.

We will prove more generally the following:

LEMMA 6.4.4. For

F1 € (QCoh(*"X))=, Fy € (QCoh(*"X))>™",

the map
(6.5) MapSQCoh(S“X)(fl’}-Q) - MapsQCoh(X)((in)*(}-l)a (in)+(F2))

is an isomorphism for n > k.
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6.4.5. Proof of Lemma|6.4.4] We rewrite the right-hand side as
Mapsqconsnx) ((in)" 0 (in)« (F1), F2),
and we claim that
Cone((in)* o (in)«(F1) = F1) € (QCoh(*"X))*™" ",
which is equivalent to
Cone((in)s © (in)"  (in). (F1) = (i) «(F1)) € QCoh(X)*""!,
and further equivalent to

Cone((in)«(F1) = (in)« © (in)"  (in)«(F1)) € QCoh(X)=™".

In fact, we claim that for F € QCoh(X)<?,
Cone(F — (in)« o (in)*(F)) e QCoh(X)="".
Indeed,
Cone(F = (1) 0 (in)(F))) ~ Cone(Ox — (i,)+(Onx)) ® F,

and the assertion follows.

7. Groupoids and descent

In this section we will show that the category IndCoh satisfies descent with
respect to proper surjective maps. We will later strengthen this to show that
IndCoh satisfies h-descent.

7.1. The Beck-Chevalley condition. The Beck-Chevalley condition gives a suf-
ficient condition for when the totalization of a given co-simplicial category can be
described as co-modules over a co-monad acting on the category of O-simplices.

7.1.1. Let us recall the following general framework.

Let C* be a co-simplicial co-category. Consider the corresponding category
C**!, and the co-simplicial functor

Co+1 < C* 35..
Note that the co-simplicial category C**! is augmented and split by C°. Hence,
we have a canonical equivalence

C" ~ Tot(C**),
so that the composed functor
C = Tot(C**!) "7 Tot(C)
identifies with evg..

Furthermore, the functor
0
Vet
C° ~ Tot(C*) =5 ¢!

identifies with ps, where ps,p; are the two functors
c’=zcl
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7.1.2. Recall the following definition:

DEFINITION 7.1.3. We shall say that C*® satisfies the Beck-Chevalley condition
if for each n the functor
Cn+1 < QC":g"
admits a left adjoint (to be denoted by t™), and for every map [m] — [n] in A, the

diagram
Cn+1 ¢ cn

T T

m
Cm+1 (:m7

that a priori commutes up to a natural transformation, actually commutes.
We have:

LEMMA 7.1.4. Suppose that C*® satisfies the Beck-Chevalley condition. Then:
(a) The functor
C” « Tot(C*) : ev
admits a left adjoint.
(b) The monad
evgo(eve)”,
viewed as an endo-functor of C°, identifies with (p;)* o ps, where (p*)¥ is the left
adjoint of pt.
(¢) The adjoint pair
(evd )l : C% =2 Tot(C®) : eve.
is monadic.

ProOOF. The Beck-Chevalley condition implies that the simplex-wise left ad-
joints t"* form a co-simplicial functor

e i o
In particular, we obtain a pair of adjoint functors
Tot(t*) : Tot(C**') 2 Tot(C*®) : Tot(s®),
that commute with evaluation on n-simplicies for every n.
Note also that s ~ p' and so t° ~ (p*)L. Now, the required assertion concering
evge o(evige)”
follows from the commutative diagram

tO

c! c’

0 0
evVet1 { {evc.

C0 = Tot(C*) 0 Top(ce).

Finally, it is easy to see that the functor ev%, is conservative and commutes
with evi.-split geometric realizations. Hence, it satisfies the conditions of the
Barr-Beck-Lurie theorem, and therefore is monadic.

O
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7.2. Proper descent. We will now prove proper descent for IndCoh.

7.2.1. Let X* be a groupoid simplicial object in Schag (see [Lul], Definition 6.1.2.7
for the notion of groupoid in the context of co-categories).

Denote by
(7.1) pe,pr: Xz X°

the corresponding maps. Let us assume that the map ps; (and hence also p;) is
proper.

We form a co-simplicial category IndCoh(X*®)" using the !-pullback functors,
and consider its totalization Tot(IndCoh(X*®)'). Consider the functor of evaluation
on O-simplices:

ev? : Tot(IndCoh(X*®)) - IndCoh(X?).

PROPOSITION 7.2.2.

(a) Then functor ev® admits a left adjoint. The resulting monad on IndCoh(X?),
viewed as an endo-functor, is canonically isomorpic to (py)"9C°M o (p,)'. The ad-
joint pair

IndCoh(X") 2 Tot(IndCoh(X*)")
is monadic.
(b) Suppose that X* is the Cech nerve of a map f : X° - Y, where f proper.
Assume also that f is surjective at the level of geometric points. Then the resulting
map

IndCoh(Y") — Tot(IndCoh(X*)")
is an equivalence.

REMARK 7.2.3. Note that the fact that ev® admits a left adjoint follows from
Chapter 1, Proposition 2.5.7.

Indeed, the maps in IndCoh(X*)" admit left adjoints, and we can interpret
Tot(IndCoh(X*)') as the geometric realization of the corresponding simplicial cat-
egory IndCoh(X*®), with the left adjoint to ev" being the corresponding tautological
functor

IndCoh(X?) - [IndCoh(X*)|.

7.2.4. Proof of Proposition[7.2.4(a). By Lemma we need to show that the co-
simplicial category IndCoh(X**!) satisfies the Beck-Chevalley condition. However,
this follows immediately from Proposition [5.2.2]

]

7.2.5. Proof of Proposition[7.2.4(b). Consider the adjoint pair
findCob: 1 dCoh(XY) 2 IndCoh(Y) : f.
By Proposition the functor f' is conservative, and continuous. Hence,
the above pair is monadic.
The composition
IndCoh(Y) - Tot(IndCoh(X*)) - IndCoh(X")

identifies with the functor f'. Hence, it remains to show that the map of the

corresponding monads
!
0 ( O)L £ f’xI-l’ldCOh
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induces an isomorphism at the level of the underlying endo-functors of IndCoh(X?).

By Proposition a), the left-hand side identifies with

(pt)indCOh ° pi ]

Furthermore, it follows from the construction that the resulting map
()4 opy ~ f

is the base change morphism of Proposition for the Cartesian diagram

Xl Ps XO

v |

XOLY.

Hence, the required isomorphism follows from Proposition

!, £IndCoh
o f.



CHAPTER 5

Ind-coherent sheaves as a functor out of the
category of correspondences

Introduction

0.1. The !-pullback and base change.
0.1.1. In Chapter 4 we constructed the functor
(0.1)

IndCohgep,,, : Schagy > DGCateons, X ~ IndCoh(X), (X ER Y) ~ flndCoh

aft

In addition, we constructed the functors

(0.2) IndCohygg, : ((Schagt ) proper )™ = DCGCatcon,

aft )proper

X ~ IndCoh(X), (X 5Y)~ f!

and

(0.3) IndCoh’ESCh : ((Schagt)open ) ? = DGCateont,

aft )open

X ~ IndCoh(X), (X 5 Y)~ flndCobix

where ([0.2)) is obtained from (0.1) by passing to right adjoints along proper maps,
and (0.3)) is obtained from (0.1]) by passing to left adjoints along open embeddings.

The goal of the present chapter is to combine the above functors to a single
piece of structure.

0.1.2. It is easy to phrase (but not to prove!) what it means to combine the
functors (0.2]) and (0.3]): we will have a single functor

(0.4)
IndCohl, . ¢ (Schyr) = DGCateonr, X ~ IndCoh(X), (X 5 V)~ f'

It is trickier to say what kind of structure encodes both (0.1) and (0.4). The
idea that we want to express is that these two functors are compatible via base
change. I.e., for a Cartesian diagram in Sch

X 9 . x
(0.5) f’l lf
vy Y Ly
we want to be given an isomorphism of functors
(06) gy o [ = (f1) 199 0 g

211
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The problem is that for a general diagram (0.5), there is no adjunction that
gives rise to a map in in either direction. Namely, if gy is proper, the natural
map points <, and when gy is an open embedding, the natural map points —.

So, in general, the isomorphism is really an additional piece of data, and
once we want to say that these isomorphisms are compatible with the compositions
of f’s a and g¢’s, we need to specify what we mean by that, i.e., what a homotopy-
compatible system of isomorphisms means in this case.

0.1.3. Here enters the idea of the category of correspondences, suggested to us by
J. Lurie, and developed in Chapter 7. This is the category, denoted Corr(Schag ),
whose objects are X € Sch,g, and whose 1-morphisms are diagrams

Xo1 —— X
(0.7) fl
X;.
Compositions of 1-morphisms are given by fiber products: the composition of
with the 1-morphism

Xip — Xy

|

Xo
is given by the diagram

Xo2 —— Xo

|

X27
where X2 := X1 2 ; Xo,1. We refer the reader to Chapter 7, where it is explained
1

how to define Corr(Sch,s) as an co-category.
0.1.4. The main goal of this chapter is to define IndCoh as a functor

(0.8) IndCohcorr(schyy,) © Corr(Schagy) = DGCateont

aft

that, at the level of objects sends X ~ IndCoh(X), and at the level of 1-morphisms
sends the diagram (0.7) to fIndCeho g,

The functor in will encode the initial functor (0.1) by restricting to the
1-full subcategory of Corr(Sch,g ), where we only allow 1-morphisms (0.7) with «
being an isomorphism (this subcategory is tautologically equivalent to Schag;).

The functor in will encode the initial functor (0.4) by restricting to the
1-full subcategory of Corr(Sch,g ), where we only allow 1-morphisms (0.7) with 3
being an isomorphism (this subcategory is tautologically equivalent to (Schag)°P).
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0.1.5. In order to construct the functor IndCohcorr(seh,y) we will apply the ma-
chinery developed in Chapter 7. It turns out that the data of IndCohcorr(sch,s,) 18
uniquely recovered from the data of the functor IndCohgep,,, of (0.1).

aft

However, there is one caveat: in order for the uniqueness statement mentioned
above to hold, and in order to perform the construction of IndCohcorr(sch,y) » One
needs to work not with (oo, 1)-category Corr(Schag ), but with the (oo, 2)-category
Corr(Schyg )ProPer.

The latter (oo, 2)-category is one where we allow non-invertible 2-morphisms
of the following kind: a 2-morphism from the 1-morphism (0.7) to the 1-morphism

7

’ 9 /
Xop — X

is a commutative diagram

(0.9)

where h is proper.
What we will actually construct is the functor
(0.10) IndCohcopr(Schy g yerover : Corr(Schyg )PP — DGCat?; 5t

The additional piece of data that is contained in IndCohcorr(sch
pared to IndCohcorr(sch,y, ) 18 that of adjunction between f'and fIndCob for a proper
morphism f.

)proper as com-

0.2. The !-pullback and IndCoh on prestacks. Having constructed the functor

IndCohorr(Sch,y yorover : Corr(Schys )PP - DGCateont,

aft)

we restrict it to (Schag )°P ¢ Corr(Schag )P*°P" and obtain the functor
IndCohg, .t (Schag)® - DGCateons
of (@),

REMARK 0.2.1. My emphasize that even if one is only interested in the functor
(0.4), one has to employ the machinery of (oo,2)-categories of correspondences in
order to construct it.
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0.2.2. Starting with the functor IndCohg,

» we will right-Kan-extend it to a
functor

IndCohIPreStl<aft : (PreStkas )P = DGCatcont -
Le., we now have a well-defined category IndCoh(X) for X € PreStk,g.

0.2.3. The assignment
X ~ IndCoh(X)

provides a theory of O-modules on prestacks, that exists alongside of QCoh; the
former is functorial with respect to the !-pullback, while the assignment

X ~ QCoh(X)
is functorial with respect to the *-pullback.

In Chapter 6, Sect. 3.3 we will see that the categories QCoh(X') and QCoh(X)
are related by a functor

(0.11) T :QCoh(X) - IndCoh(X), Fr Fewy,

where wy € IndCoh(X) is the dualizing object, and ® is the action of QCoh(X') on
IndCoh(X), defined in Chapter 6, Sect. 3.3.

However, in general, the functor Yy is far from being an equivalence.

REMARK 0.2.4. Recall that when X = X is a scheme, we have a different functor
relating IndCoh(X) and QCoh(X), namely

U x : IndCoh(X) - QCoh(X)

(this functor was instrumental of getting the theory of IndCoh off the ground; we
used it in order to defined the *-push forward functors for IndCoh).

In Chapter 6, Sect. 4.4 we will see that the functors
U x : IndCoh(X) - QCoh(X) and Tx : IndCoh(X) - QCoh(X)
are naturally duals of one another.
However, for a general prestack X', only the functor T y makes sense; the functor
Uy is a feature of schemes (or, more generally, Artin stacks).
0.2.5. Here is a typical manifestation of the usefulness of the category IndCoh(X)
for a prestack X.

Let us take X to be an ind-scheme. In this case, IndCoh(X) is compactly
generated by the direct images of Coh(X) for closed subschemes X — X.

This is while it is not clear (and probably not true) that QCoh(X) is compactly
generated.

Note, however, that in [GaRoll Theorem 10.1.1] it is proved that if X' is a
formally smooth, ind-scheme then the functor Tx of (0.11]) is an equivalence.
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0.2.6. Let us now take X = Xggr, where X € Schug. It is shown in [GaRo2|
Proposition 2.4.4] that in this case the functor

T x.r : QCoh(X4r) = IndCoh(X4r)
is an equivalence.
We can view
QCoh(X4r) =: D-mod(X) := IndCoh(X4r)

as the two incarnations of the category of D-modules on X: as ‘left D-modules’ and
as ‘right D-modules’. Correspondingly, we have the two forgetful functors

D-mod(X) = QCoh(Xgr) — QCoh(X) and D-mod(X) = IndCoh(X4r) — IndCoh(X),

corresponding to the *- and !-pullback, respectively, with respect to the map X —
XdR.

In [GaRo2| Sects. 2-4] is it shown that the above ‘right’ forgetful functor
D-mod(X) - IndCoh(X) has much better properties than the the ‘left’ forgetful
functor D-mod(X) - IndCoh(X).

This is closely related to the fact that the category IndCoh(X") is better
behaved (see Sect. above) than the category QCoh(X"), where X" is the
ind-scheme

X"=X x X,
Xdr

i.e., the formal completion of X in X x X.

0.3. What is done in this chapter?
0.3.1. In Sect. [l] we collect some geometric preliminaries needed for the proof of
the main theorem (Theorem [2.1.4)) in Sect.

Namely, we show that the operation of the closure of the image of a morphism
is well-behaved in the context of derived algebraic geometry. Specifically, for a
morphism X A Y, its closure is the initial object in the category of factorizations
of f as
x-x'Ly,
where f’ is a closed embedding (i.e., the corresponding map of classical schemes

X’ 1Y is a closed embedding).

The main result of this section is Proposition [1.3.2] which establishes the tran-
sitivity property of the operation of closure of the image of a morphism. Namely,
it says that for a composition of morphisms

xLviz

if Y’ denotes the closure of the image of f, and ¢’ := g|y~, then the canonical map
from the closure of the image of g o f maps isomorphically to the closure of the
image of ¢'.
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0.3.2.  The central section of this Chapter is Sect. 2] where we construct the functor

IndCOhCorr(Scha“ yproper

of (0.10)), starting from the functor IndCohgcy,,, of (0.1). This is done by applying
Chapter 7, Theorem 5.2.4.

In order to apply this theorem, we need to check one condition of geometric
nature. Namely, we need to establish a derived version of the Nagata compacti-

fication theorem: given a morphism between schemes X ER Y, the category of its
factorizations as

x%tz%y
with j an open embedding and g is proper is contractible.
0.3.3. In Sect. 3] we study the functor
IndCoh!SChaft : (Schag )P — DGCateont

of (0.4) that is obtained from IndCohcorr(sch,y,)rrover Dy restriction to the 1-full
subcategory

(Schaft)Op — Corr(scha&)proper’
see Sect. [0.1.4]

The main point of this section is that, having the functor IndCohISChaft at our
disposal, we can extend it to a functor

IndCohp, gy, ¢ (PreStkiag)°P = DGCateon; -

The latter extension procedure is simply the right Kan extension along the
embedding

(Schag )P < (PreStkiag ).

In other words, for a prestack ), an object F € IndCoh(}) is a compatible
family of objects

Fxy€IndCoh(X), (X > Y)eSchyy,

where the compatibility is understood in the sense of the !-pullback functor.

Furthermore, we can canonically extend the functor IndCohcgrr(scn
a functor

aft )PTOPT to

Corr(PreStkyug )5 “Prorer L, DGCat? St

sch-qc;all cont

where Corr(PreStklaft)22;%5;%13 " is an (o0, 2)-category, whose objects are X' € PreStkyar;,

1-morphisms are diagrams

9
X1 — &

(0.12) fl
A1,
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with g arbitrary and f schematic quasi-compact, and 2-morphisms are diagrams

Xla

with h schematic and proper.

0.3.4. In Sect. 4| we show that the functor IndCohgqrr(sch,, yproper Of has a
natural symmetric monoidal structure, where Corr(Schag )P™P" acquires a struc-
ture of symmetric monoidal (oo, 2)-category from the operation of Cartesian prod-
uct on Schyg.

We show that the symmetric monoidal structure on IndCohcerr(scn
to the Serre duality equivalence

(0.13) D5 : ITndCoh(X )Y ~ IndCoh(X), X € Schag .

ai) Slves rise

At the level of the subcategories of compact objects,
Coh(X) ~IndCoh(X)¢,

the functor Coh(X)°P - Coh(X), corresponding to D3¢, is the usual (contravari-
ant) Serre duality auto-equivalence

D5 : Coh(X)°P ~ Coh(X).

Under the equivalence ([0.10)), for a morphism X R Y, the functor f' identifies
with the dual of the functor fndCeh,

0.3.5. In Sect. [5| we apply the theory developed in the preceding sections show
that if

D R p
N
X X

is a groupoid-object in PreStk,s, where the maps ps and p; are schematic, then
the category IndCoh(R) has a natural monoidal structure, and as such it acts on
IndCoh(X).

We show, moreover, that if ps and p, are proper, then the dualizing object
wr € IndCoh(R)

acquires a natural structure of associative algebra in IndCoh(R).
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1. Factorizations of morphisms of DG schemes

In this section we will study what happens to the notion of the closure of the
image of a morphism between schemes in derived algebraic geometry. The upshot
is that there is essentially ‘nothing new’ as compared to the classical case.

REMARK 1.0.1. Added in November 2021: this section was intended to be used
for the proof of Proposition 2.1.6] However, that proof turned out to be erroneous,
and was replaced by a different one upon revision.

1.1. Colimits of closed embeddings. In this subsection we will show that col-
imits exist and are well-behaved in the category of closed subschemes of a given
ambient scheme.

1.1.1. Recall that a map X — Y in Sch is called a closed embedding if the map
CIX N clY

is a closed embedding of classical schemes.

1.1.2. Let f: X - Y be a morphism in Sch. We let

SChX/, closed in Y

denote the full subcategory of Schy/,/y consisting of diagrams

xo>x' Ly,
where the map f’ is a closed embedding.

We claim:

ProrosiTION 1.1.3.
(a) The category Schix closed in v has finite colimits (including the initial object).
(b) The formation of colimits commutes with Zariski localization on 'Y .

PROOF.
Step 1. Assume first that YV is affine, Y = Spec(A). Let

(1.1) i (X > XI5y,
be a finite diagram in Schx/, closed in v -

Set B := I'(X,0x). This is a (not necessarily connective) commutative k-
algebra. Set also X[ = Spec(B}). Consider the corresponding diagram

(1.2) i~ (A— B~ B)
in ComAlg,,/p.
Set
(B > B) = lim (B, - B),

where the limit taken in ComAlg,z. Note that we have a canonical map A — B,
and
(A-B - B)e ComAlg 45

maps isomorphically to the limit of (1.2)) taken in, ComAlg 4, .
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Set
B'=7r(B") x_ Im(H°(A)~>H"(B)),
HO(B")
where the fiber product is taken in the category of connective commutative algebras
(i.e., it is 7<0 of the fiber product taken in the category of all commutative algebras).

We still have the canonical maps
A - B - B,
and it is easy to see that for X' := Spec(B’), the object
(X>X'>Y)e Schx/, closed in v
is the colimit of .

Step 2. To treat the general case it it suffices to show that the formation of colimits
in the affine case commutes with Zariski localization. I.e., we need to show that

if Y is affine, Y c Y is a basic open, then for X := f71(Y), X! = (¢})"}(Y),
X":=(f")71(Y), then the map
col‘im)o(; - )O(',

is an isomorphism, where the colimit is taken in Sch o o.
X/, closed YV

However, the required isomorphism follows from the description of the colimit
in Step 1.
a

1.1.4. We note the following property of colimits in the situation of Proposi-

tion [L1.3l
Let g:Y - Y be a closed embedding. Set
(X > X" >Y) = colim (X > X] - V) and (X - X' -Y) = colim (X — X; -Y),
where the colimits are taken in Schx/ closed in y and Schy /, closed ¥ respectively.
Consider the composition
XX -Y > }7,
and the corresponding object
(X->X'->Y)e Schiy/ closed 7 -
It is endowed with a compatible family of maps
(X—>X£—>§7)—>(X—>X'—>)7).

Hence, by the universal property of (X — X’ — Y), we obtain a canonically
defined map

(1.3) X' > X'
We claim:

LEMMA 1.1.5. The map (1.3)) is an isomorphism.
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PROOF. We construct the inverse map as follows. We note that by the universal
property of (X - X’ - YY), we have a canonical map
(XX >Y)>(X->Y >Y).
This produces a compatible family of maps
(X>X-Y)>(X>X'->Y),
and hence the desired map
X' - X'
O

1.1.6. In the situation of Proposition let us consider the case of X = @.
We shall denote the resulting category by Scheiosed in - Thus, Proposition [[.1.3]
guarantees the existence and compatibility with Zariski localization of finite colimits
in SChclosed inY-
Explicitly, if Y = Spec(A) is affine and
1~ Yi, cY
is a diagram of closed subschemes, Y; = Spec(A}), then
colimY; =Y’,
where
Y’ =Spec(A’), A'=7A) x_ Im(H°(A)-H'(A)), A :=limAl.
HO(A7) i
1.2. The closure. In this subsection we will define the notion of closure of the

image of a morphism of schemes.

1.2.1. In what follows, in the situation of Proposition we shall refer to the
initial object in the category Schx/ closed in v @8 the closure of X and Y, and denote
it by f(X).

Explicitly, if Y = Spec(A) is affine, we have:
(1.4)

f(X) =Spec(A), A'=rI'(X,0x))

Im (H°(A) > HY(I'(X, 0 )
HO(F(;(,OX))m( (A) (N(X,0x)))

A particular case of Lemma [1.1.5] says:

COROLLARY 1.2.2. If f: X > Y is a closed embedding, then X - f(X) is an
isomorphism.

1.2.3. The following property of the operation of taking the closure will be used
in the sequel. Let us be in the situation of Proposition [1.1.3

X = Xl U )(27
where X; ¢ X are open and set X12 = X; n X5. Denote f; == f|x,.

We have a canonical map

(1.5) AXD) 0 (X)) > f(X),

f12(X12)

where the colimit is taken in Schejosed in v -
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LEMMA 1.2.4. The map (1.5)) is an isomorphism.

ProoF. Follows by reducing to the case when Y is affine, and in the latter case

by .

O

1.2.5.  'We give the following definition:

DEFINITION 1.2.6. A map f: X =Y is said to be a locally closed embeddmg
if Y contains an open Y cY, such that f defines a closed embedding X — Y

We have:

LEMMA 1.2.7. Suppose that f is a locally closed embedding. Then f defines an
open embedding of X into f(X).

Proor. Follows by combining Corollary and Proposition b). O

1.3. Transitivity of closure. The basic fact established in this subsection, Propo-
sition will be of crucial technical importance for the proof of Theorem

1.3.1. Consider a diagram
xiyiz

Set Y’ := f(X) and ¢’ := g|ly+. By the universal property of closure, we have a
canonical map

(1.6) go f(X) =g (Y).

We claim:

PROPOSITION 1.3.2. The map (L.6) is an isomorphism.

The rest of this subsection is devoted to the proof of this proposition.

1.3.3. Step 1. As in the proof of Proposition[I.1.3] the assertion reduces to the case
when Z = Spec(A) is affine. Assume first that Y is affine as well, Y = Spec(B).
Then we have the following descriptions of the two sides in (1.6).

Set C:=T(X,0x). We have Y’ := Spec(B’), where

B=r(C)  x Tm(H(B) ~ H'(C)).

where here and below the fiber product is taken in the category of connective
commutative algebras.

Furthermore, g o f(X) = Spec(A’), where
Al = <0(0) Im(HO(A) - H°(C)).

Finally, ¢’(Y") = Spec(A"”), where

" _ nl 0 N 0 /
A"=B HO(XB,)Im(H (A) » H(B")).

Note that
H°(B')=Im(H°(B) -~ H°(C)) and Im (H°(A) > H°(B")) =Im(H"(A) -~ H(C)).
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The map (1.6]) corresponds to the homomorphism

" _ nf 0 N 0 AN
A" =B H0>(<B,) Im(H"(A) - H°(B"))

Im(H°(A) - H°(C)) ~

HO(C) Im(HO(BiﬁHO(C))

~ 750 0 - HO ~ A
27 0(C) x| Im(HO(4) > HO(C)) = 4.

which is an isomorphism, as required.

1.3.4. Step 2. Let Y be arbitrary. Choose an open affine cover Y = uY; and set

X; = f71(Y;). Then the assertion of the proposition follows from Step 1 using

Lemma [[.2.4]
O

2. IndCoh as a functor from the category of correspondences

This section realizes one of the main goal of our book, namely, the construction
of IndCoh as a functor out of the category of correspondences.

It will turn out that IndCoh, equipped with the operation of direct image, and
left and right adjoints, corresponding to open embeddings and proper morphisms,
respectively will uniquely extend to the sought-for formalism of correspondences.

2.1. The category of correspondences. In this subsection we introduce the
category of correspondences on schemes and state our main theorem.

2.1.1.  'We consider the category Sch,g equipped with the following classes of mor-
phisms:

vert = all, horiz = all, adm = proper,

and consider the corresponding category

proper
Corr(SChaft)all;all J

see Chapter 7, Sect. 1.
Our goal in this section is to extend the functor

IndCohsCh : SchmwE - DGCatCOm

aft

of Chapter 4, Sect. 2.2 to a functor

proper 1 Corr(Schyg )PP — DGCat?: 2t |

aft)all;all all;all cont

IndCOhCorr(Sch

We shall do so in several stages.
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2.1.2.  We start with the functor

IndCohgey, ., : Schase =~ DGCateont

aft

and consider the class of morphisms

open c all.

By Chapter 4, Proposition 3.2.2, the functor IndCohggy,_ .., viewed as a functor

aft ?

Schyg — (DGCatZ;G™ ) ™"

cont ’

satisfies the left Beck-Chevalley condition with respect to the classﬂ open c all.

Applying Chapter 7, Theorem 3.2.2(a), we extend IndCohg,, to a functor

IndCohory(seh,q)orer  * Corr(Schag ) oy oy —>(DGCat2‘Cat)2_op.

aft Jall;open all;open cont

We restrict the latter functor to

Corr(Schagt )ant;open € Corr(Schag ) oh o

all;open’

and denote the resulting functor by IndCohcorr(sch viewed as a functor

aft )all;opcn ?

Corr(SChaft)all;open - DGcatcont .

We note that due to the uniqueness assertion in Chapter 7, Theorem 4.1.3, the
restriction procedure

IndCohcorr(schygyoren — ~ IndCohcorr(sen

aft) allopen aft)all;open

loses no information. ILe., the datum of the functor IndCohcer(scn
alent to that of IndCohggry(sch

aft)all;open 18 6qu21}-

open

aft )all;open

2.1.3. The main result of this section reads:

THEOREM 2.1.4. There exists a unque extension of the functor IndCohcorr(schyy,
to a functor

)alliopen

IndCohgpy(schyg yprorer © Corr(Schag )P0 — DGCat2:-Cat

aft) pilall cont

We will deduce this theorem from Chapter 7, Theorem 5.2.4. We refer the
reader to Chapter 7, Sects. 5.1 and 5.2 where the notations involved in this theorem
are introduced.

1We note that the left Beck-Chevalley condition is intrinsic to the target (oo,2)-category, in

2_
our case (DGCatzo'Stat) P,
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2.1.5. Proof of Theorem [2.1.4] We start with the following three classes of mor-
phisms
vert = all, horiz = all, co-adm = open, adm = proper.

We note that the class open n proper is that of embeddings of a connected
component. This implies that the condition of Chapter 7, Sect. 5.1.2 holds.
The fact that

IndCOhCorr(Scha“)au;open|SChafc = IndCOhSChaft |SChaft
satisfies the left Beck-Chevalley condition with respect to the class of proper maps
is the content of Chapter 4, Proposition 5.2.1.

Finally, the fact that the condition of Chapter 7, Sect. 5.2.2 holds is the content
of Chapter 4, Proposition 5.3.4.

Hence, in order to deduce Theorem from Chapter 7, Theorem 5.2.4, it
remains to verify that the factorization condition of Chapter 7, Sect. 5.1.3. I.e. we
need to prove the following derived version of the Nagata compactification theorem:

PROPOSITION 2.1.6. For a morphism f: X — Y in Schy.g, the category Factor(f)
of factorizations of f as
(2.1) x%z2%y,

where j is an open embedding, and g is proper, is contractible.

2.2. Proof of Proposition [2.1.6

2.2.1. First, we claim that it is enough to show that the category Factor(f) is
non-empty (for any f). Indeed, suppose that this is the case. We claim that this
implies that it is co-filtered, and hence contractible.

Let us be given a finite category I and a functor
Z1 : I - Factor(f).

Let I be a left cone over I. We need to show that Z; can be extended to a
functor
Zr«: I7 — Factor(f).

Let us compose Z; with the forgetful functor
Factor(f) — (Schatt) /v
and let Y’ denote its limit.

Then Y’ is a scheme, endowed with a proper map h: Y’ — Y, and equipped
with a map f' : X — Y’ so that ho f' = f. By assumption, we can factor the
morphism f' as

xhz%y,

where ¢’ is proper and ' is an open embedding.
Then

xLz"y Y,

is an object of Factor(f) that supplies an extension of Z; to a functor Zja.
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2.2.2. 'We now prove the existence of a factorization. We first prove the assertion
when X is a classical scheme.

We start with the classical Nagata’s theorem, which says that the map
redy _, y
can be factored as
edy Loz 5y,
where Z is a scheme of finite type, j is an open embedding and g is proper.

Blowing up Z along any closed complement of the image of ™4X, we can assume
that the morphism j is affine.

2.2.3. The scheme X can be obtained from ™%X as finite sequence of square-zero
extensions (see Volume II, Chapter 1, Sect. 5.1 for what this means).

Hence, by induction, it suffices to show that if X — X’ is a square-zero ex-
tension, and we are given a map f’' : X’ - Y and a factorization of f := f'|x
as

xkz3y,

with Z of finite type, j an affine open embedding and g proper, then we can extend
it to a commutative diagram

X 2 Lz 2y

R

X 1.z _ 2.y

where Z' is also of finite type, Z — Z’ is a square-zero extension, j’ is an open
embedding, ¢’ is proper and g’ o j' = f’. (Note that in this situation, the map j' is
also affine because it is such at the reduced level.)

We will carry out the construction of (2.2)) is the derived context, i.e., when X
and X’ are derived, but eventually coconnective schemes.

2.2.4. Set

(2.3) Z'=X'u Z,
X

see Volume II, Chapter 1, Corollary 1.3.5 for the existence and the properties of
push-out in this situation. The map j + X' - Z' is an open embedding, and the
map g extends toamap G : Z' - Y.

However, Z' is not necessarily of finite type. In the next few subsections, we
will show how to replace Z’ by a scheme of finite type, and thereby construct the

diagram ([2.2)).
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2.2.5. The square-zero extension X — X’ is classified by an object Zx € Coh(X )<Y
and a map

vx :T*(X) - Ix[1].
Note that the assumption that X and X’ are eventually coconnective implies
that Zx is eventually coconnective.

Set
Tz = j.(Ix) € QCoh(Z).

Note that since j was assumed affine, the object Z is connective (i.e., belongs
to QCoh(Z)).

Consider the map
(2.4) T*(2) - j.(T*(X)) 3 Iz [1],
where the first arrow is obtained by adjunction from the co-differential
(dj)*: 5 (17(Z)) - T"(X).
Denote the map by 7.

The map 7z defines a square-zero extension of Z with ideal 7. Unwinding the
definitions, we obtain that the scheme underlying this square-zero extension is

Z 7.

2.2.6. The extension of the map f: X - Y toamap f': X' - Y corresponds to
a null-homotopy of the map

(2.5) [T (Y))
(see Volume II, Chapter 1, Corollary 6.2.5, applied to the target Y).

d *
D x0)3 1[1],

The extension of the map g: Z - Y to the map 7 : 7Y corresponds to a
null-homotopy of the composition

(2.6) o (T () Y T (2) B T,

which is from the null-homotopy of (2.5) by adjunction.

2.2.7. The object Tye QCoh(Z)< is eventually coconnective, but not necessarily
coherent, which corresponds to the fact that the scheme Z’ is not necessarily of
finite type.

However, since T*(Z) and ¢*(T*(Y)) are coherent, we can find a coherent
object Tz € QCoh(Z)=°, equipped with a map Zz — Z, such that:

e The map 7 — Ty is an isomorphism over (the open subscheme) X c Z;

e The map 77 factors via a map
(2.7) vz:T°(2) = Iz[1];
e The null-homotopy of (2.6]) is induced by a null-homotopy

(2.8) (T () Y2 T () B 7,1,
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The map defines a square-zero extension
7z 7.
Moreover, the resulting map Z’ - Z' is an isomorphism over (the open sub-
scheme) X c Z.
The fact that Z, is coherent implies that Z if almost of finite type.

The null-homotopy of (2.8)) defines an extension of g to a map ¢’ : Z/ - Y.
The compatibility of this null-homotopy with the null-homotopy of (2.6 implies
the commutativity of the diagram (2.2]).

2.2.8.  'We now consider the case of a general derived X. Assume by induction that
we have found a factorization of f*:= f

iy
six Lz %y
with Z% almost of finite type, j¢ an affine open embedding and g proper.

It suffices to show that in this case we can find a factorization of fi*! that fits
into a commutative diagram

~i+1 i+1

J g

Si+1X Zi+1 Y
(2.9) [ ] [
siy zi 9,y

)

such that the maps Z° - Z**! induce isomorphisms
Sz(Zz) N Si(Zi+1)
Indeed, in this case, we will have a well-defined derived scheme Z with
S7:=54(Z™), mxi,
and the maps j¢, ¢ extend to maps

xsz3%y

3

as desired.
2.2.9. Now, the existence of (2.9) follows the existence of (2.2)):

Indeed, by Volume II, Chapter 1, Proposition 5.4.2(b), the map <X — <i*1x
has a structure of square-zero extension with ideal

Tx € Coh(°X)°[i +1].

Let us show that Z**! can be chosen so that the map Z? — Z**! is an isomor-
phism on the i-th truncation. For that we revisit the construction of the scheme

Z'in Sect. 227

The map Z — Z' has a structure of square-zero extension with ideal denoted
Zz. Note, however, that if Zx € Coh(X) belongs to Coh(X)<™™ for some m, then
Z7 = j.(Zx) belongs to QCoh(Z)<™™>~* and we can choose Zy in Coh(Z)<™™.
In this case, the map Z — Z’ induces an isomorphism on the m-th truncations.

This applies to our situation with m = 4.
O[Proposition [2.1.6]
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3. The functor of !-pullback

Having defined IndCoh as a functor out of the category of correspondences, re-
stricting to ‘horizontal morphisms’, we in particular obtain the functor of !-pullback,
which is now defined on all morphisms.

In this section we study the basic properties of this functor.
3.1. Definition of the functor. In this subsection we summarize the basic prop-
erties of the !-pullback that follow formally from Theorem
3.1.1. Welet IndCoh!SChaft denote the restriction of the functor IndCohcgyp(sen,, yrrover

aft ) all;all
to
op proper
(Schag )°P — Corr(Schag all:all -

In particular, for a morphism f: X — Y, we let f':IndCoh(Y") » IndCoh(X)
the resulting morphism.

The functor IndCoh!SChm is essentially defined by the following two properties:

e The restriction IndCoh!Schaft |((Scha“)pmper)0p identifies with IndCOh!(Schaft)pmper‘
e The restriction IndCoh!Schaft |((Scha“)opcn)op identifies with IndCOhZSChaft)open.
In the above formula,

IndCohgg,, := IndCoh g,

((Schagt Jopen )P

aft Jopen aft )event-coconn

see Chapter 4, Corollary 3.1.10, where the functor
IndCthSch : ((SChaft)event—coconn)op - DGC&tcont

aft )event-coconn

is introduced.

3.1.2. In what follows we shall denote by wx € IndCoh(X) the canonical object
equal to

P (k),
where px : X — pt.
3.1.3. Base change. Let

X1L>X2

W e

Y1L>Yz

be a Cartesian diagram in Schag. As the main corollary of Theorem [2.1.4] we obtain:

COROLLARY 3.1.4. There ezists a canonical isomorphism of functors

(3.1) gy 0 (f2) OO o (fy)ImdCoho gl |

compatible with compositions of vertical and horizontal morphisms in the natural
sense. Furthermore:

(a) Suppose that gy (and hence gx ) is proper. Then the morphism < in (3.1) arises
from the (gi"9C°M gY)-adjunction from the isomorphism

(f2)£ndCoh ° (gX)indCoh ~ (gy)indCoh o (fl)indCOh~
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(b) Suppose that fo (and hence f1) is proper. Then the morphism < in (3.1]) arises
from the (fIndCoh | Y _adjunction from the isomorphism

fiogy ~gx o fs

(c) Suppose that gy (and hence gx ) is an open embedding. Then the morphism —
in [3.1)) arises from the (g, g1 -adjunction from the isomorphism

*
(f2)£nd00h ° (gX)indCoh ~ (gy)indCoh ° (fl)indCOh-

(d) Suppose that fo (and hence f1) is an open embedding. Then the morphism —
in (3.1) arises from the (f', f4CN) adjunction from the isomorphism

flogy ~dx o fs

REMARK 3.1.5. The real content of Theorem[2.1.4]is that there exists a uniquel
defined family of functors f', that satisfies the properties listed in Corollary [3.1.4
and those of Sect. 3111

3.2. Some properties.
3.2.1. Let IndCohISChagf denote the restriction
aft

IndCOh!schaft \(schggg Yo
We claim:
LEMMA 3.2.2. The functor
IndCohg,,,, = RKE(scysttyon— (Sch,gy yor (INdCOhg asr ) > IndCohggy,
is an isomorphism.

Proor. Follows from the fact that IndCoh’SChaft satisfies Zariski descent (Chap-
ter 4, Proposition 4.2.2), combined with the fact that affine schemes form a basis
for the Zariski topology:

For a given X € Sch,¢, we need to show that the functor

(3.2) IndCoh(X) - SIIH)I( IndCoh(S)

is an equivalence, where the limit is taken over the index category ((Sch™) /x)°P.

Choose a Zariski cover U — X with U € Sch™® | and let U® be its Cech nerve.
We extend (3.2) to a string of functors

IndCoh(X) — Sll_{I)l( IndCoh(S) — Tot(IndCoh(U*®)) - 511_1)1)1( (Tot(lndCoh(S;; U')).
Now, Zariski descent for IndCoh implies that the two composites
IndCoh(X) — S}l_rg{ IndCoh(S) — Tot(IndCoh(U*®))
and
Sh_I)I)l{ IndCoh(S) — Tot(IndCoh(U*)) — SIL{I)I( (Tot(IndCoh(S;é U'))

are both equivalences.
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3.2.3. Convergence. Let
IndCOhLmSChft and IndCthmSCh?tff

denote the restrictions of IndCohISCha ., to the corresponding subcategories.
We claim:
LEMMA 3.2.4. The functors
IndCohgy, . — RKE(<eegchg)op - (Schur )or (A Cohtug y, )

and
! !
IndCOhsch;g = RKE (<cogenatyon (scnatf yor (IndCOh<wschgg)

are isomorphisms.

ProOOF. Both statements are equivalent to the assertion that for X € Sch,g,
the functor

IndCoh(X) — lim IndCoh(*"X)
is an equivalence.

The latter assertion is the content of Chapter 4, Proposition 6.4.3.
O

3.3. h-descent. We will now use proper descent for IndCoh to show that it in
fact has h-descent.

3.3.1. Let C be a category with Cartesian products, and let a be an isomorphism
class of 1-morphisms, closed under base change.

We define the Grothendieck topology generated by « to be the minimal Grothendieck
topology that contains all morphisms from « and has the following “2-out-of-3”

property:
If X A Y % 7 are maps in C such that f and go f are coverings, then so is g.
The following is well-known:

LEMMA 3.3.2. Let F be a presheaf on C that satisfies descent with respect to
morphisms from the class . Then F is a sheaf with respect to the Grothendieck
topology generated by cx.

3.3.3.  We recall that the h-topology on Sch,g is the one generated by the class of
proper surjective maps and Zariski covers.

From Lemma [3:3:2] combined with Chapter 4, Propositions 4.2.2 and 7.2.2 we
obtain:

COROLLARY 3.3.4. The functor
IndCohg, . : (Schag)°? - DGCatop

satisfies h-descent.
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3.3.5.  We have:
LEMMA 3.3.6. Any ppf covering is an h-covering.

PrOOF. Let f: X - Y be an ppf covering. Consider the Cartesian square

Ay« X — X
Y

| l

CIY N, Ve

It suffices to show that 'Y’ X X - Y is an h-covering. By flatness, ©'Y X X is

classical. Hence, we are reduced to an assertion at the classical level, in which case
it is well-known.

O

Hence, combining, we obtain:
COROLLARY 3.3.7. The functor

IndCoh’Sd1 : (Schag )P = DGCatop

aft

satisfies ppf-descent.

3.4. Extension to prestacks. The functor of !-pullback for arbitrary morphisms
of schemes allows to define the category IndCoh on arbitrary prestacks (locally
almost of finite type).

3.4.1. We consider the category PreStkj,s; and define the functor

IndCohp, gy, ¢ (PreStkiag)°® - DGCateont

as the right Kan extension of IndCohISChagf along the Yoneda functor
aft

(SchTYoP o (PreStkag )°P.
According to Lemmas and we can equivalently define IndCoh!PreStkla "
as the right Kan extension of
IndCohgy, ,,» IndCohtugy,,, or INACOhiwg e
from the corresponding subcategories.

For X € PreStkjag we let IndCoh(X') denote the value of IndCohi-,reStkla ., on it.
For a morphism f: X; - X5 we let

f': IndCoh(X3) - IndCoh(X;)
denote the corresponding functor.

For X € PreStkj,s, we let wx € IndCoh(X) denote the canonical object equal
to py(k), where py : X — pt.
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3.4.2. 'We now consider the category

sch & proper
COTT(PYGStklaft)sch_qc;au ,

where
sch and sch & proper

signify the classes of schematic and quasi-compact (resp., schematic and proper)
morphisms between prestacks.

We claim:
THEOREM 3.4.3. There ezists a uniquely defined functor

IndCoh, sen& proper : Corr(PreStk,g )SCh& Proper _, G (at2 Cat

Corr(PreStklMt)Sch_qczall sch-qc;all cont

equipped with tsomorphisms

!
IndCohcorr(PreStkIa&)sch&pmpor (PreStkias )oP = IndCOhPmStklm

sch-qc;all

and

IndCoh

(Schaﬂ, proper ad IndCOh(SCha&)pmper

sch & proper
Corr(PreStkjass ) corr:all;all corr:all;all’

sch-qc;all

where the latter two isomorphisms are compatible in a natural sense.

PRrROOF. Follows from Chapter 8, Theorem 6.1.5.

3.4.4. The actual content of Theorem [B.4.3] can be summarized as follows:

First, for any schematic quasi-compact morphism f : X — ) we have a well-
defined functor

findCoh . 1 qCoh(X) - IndCoh(Y).

*

Furthermore, if f: X - ) is schematic and proper, the functor f™dC°h is the left
adjoint of f'.

When ) is a scheme (and hence X is one as well), the above functor fIdceh jg

the usual fI"4C°" defined in this case, and similarly for the (f™4€°", f')-adjunction.
Second, let

X]_L)XQ

(3.3) fll lfz

» 2y,

be a Cartesian diagram in PreStkj,s, where the vertical maps are schematic. Then
we have a canonical isomorphism of functors

(3-4) gy o (f2)4C0 = (f1) 9N 0 gy,

compatible with compositions. Furthermore, if the vertical (resp., horizontal) mor-
phisms are proper (resp., schematic and proper), the map < in (3.4 comes by
adjunction in a way similar to Corollary a) (resp., Corollary [3.1.4(b)).
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3.4.5. In Volume II, Chapter 3, Proposition 5.3.6, we will show that for a morphism
f:X — Y, which is an open embedding, the functor fI"dC°h is the right adjoint of
I3

Furthermore, if in the Cartesian diagram (3.3|) the vertical (resp., horizontal)
morphisms are open embeddings, the map — in (3.4) comes by adjunction in a way

similar to Corollary [3.1.4{(c) (resp., Corollary

3.4.6. For future use, we note that the statement and proof of Chapter 4, Propo-
sition 7.2.2 remains valid for groupoid objects in (PreStKias, )sch & proper-

4. Multiplicative structure and duality

In this section we will show that the functor IndCoh, when viewed as a functor
out of the category of correspondences, and equipped with a natural symmetric
monoidal structure, encodes Serre duality.

4.1. IndCoh as a symmetric monoidal functor. In this subsection we show
that the functor IndCoh possesses a natural symmetric monoidal structure.

4.1.1.  We recall that by Chapter 4, Proposition 6.3.6, the functor
IndCohgey, ., : Schase > DGCateont

carries a natural symmetric monoidal structure.

aft

Applying Chapter 9, Proposition 3.1.5, we obtain:
THEOREM 4.1.2. The functor

proper 1 Corr(Schyg )10 — DGCat2-Cat

aft ) all;all all;all cont

IndCOhCorr(Sch
carries a canonical symmetric monoidal structure that extends one on IndCohgep,, -
In particular, we obtain that the functors

IndCOhCorr(Sch : COIY(SChaft)all;all - DGcatcont

aft )all;all

and
IndCoh!Schaft : (Schag )P — DGCateont

both carry natural symmetric monoidal structures.

4.1.3. Note that the symmetric monoidal structure on IndCoh!SCha ., automatically

upgrades the functor IndCohéCha ., to a functor
(4.1) (Schag )P - DGCatSymMen

cont

due to the fact that the identity functor on (Schag )°P naturally lifts to a functor
(Schag )°P - ComAlg ((Schag )°P)
via the diagonal map.

Explicitly, the monoidal operation on IndCoh(X) is given by

i Al
IndCoh(X) ® IndCoh(X) = IndCoh(X x X) = IndCoh(X).

!
We shall denote the above monoidal operation by ®:

|
F1,F2 € IndCoh(X) » F; ® Fo € IndCoh(X).
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The unit for this symmetric monoidal structure is given by wx € IndCoh(X).
4.1.4. Applying the functor of right Kan extension along
(Schag)°P — (PreStkyag )P
of the functor , we obtain that the functor

(4.2) IndCoh!PmStklaft ¢ (PreStkiag ) - DGCateont
naturally upgrades to a functor
(4.3) (PreStkyag )°P — DGCat5ymMon

The functor (4.3) is tautologically right-lax symmetric monoidal with respect
to the coCartesian symmetric monoidal structures on the source and the target.
Since the forgetful functor

DGCat>™Men DG Cateont

cont
is symmetric monoidal when viewed with respect to the coCartesian symmetric
monoidal structures on the source and the Lurie tensor product on the target (see

Chapter 1, Sect. 3.3.6), we obtain that the functor IndCohi)reStkla ., of (4.2)) acquires
a natural right-lax symmetric monoidal structure.

4.1.5. The above right-lax symmetric monoidal structure on IndCoh!PreStklaft can
be enhanced:

Indeed, applying Chapter 9, Proposition 3.2.4, we obtain that the functor

IndCohCO”(PreStkh&)sch&pmper : Corr(PreStklaft)SCh Lproper G at2 Cat

sch-qc;all SCh_qC;aH cont

carries a canonical right-lax symmetric monoidal structure.

4.2. Duality. In this subsection we will formally deduce Serre duality for schemes
from the symmetric monoidal structure on IndCoh.

4.2.1. Let O be a symmetric monoidal category, and let Qdu2lizable ¢ Q be the full
subcategory spanned by dualizable objects. This subcategory carries a canonical
symmetric monoidal anti-involution

(Odualizable)Op dualization (Qdualizable

given by the passage to the dual object, see Chapter 1, Sect. 4.1.4:

o~ 0.

Note that that if
F:0; -0,
is a symmetric monoidal functor between symmetric monoidal categories, then it
maps
O(l:lualizable N Ogualizable

)

and the following diagram commutes

dualizable o Fer dualizable\o
(05 e (O )P
dualizationl ldualization
F

dualizable dualizable
(o}, lo); .

e
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4.2.2. Recall now that by Chapter 9, Sect. 2.2 the category Corr(Schag)anan
carries a canonical anti-involution w, which is the identity on objects, and at the
level of 1-morphisms is maps a 1-morphism

f
X — Xy

|
X5

to

X3 —— X»
/|
X1.
Moreover, by Chapter 9, Proposition 2.3.4, we have:
THEOREM 4.2.3. The inclusion
(Corr(SChaft)all;all)dualizable c Corr(Schagt ) alt;anl

is an isomorphism. The anti-involution w identifies canonically with the dualization
functor

i” op 3
( (COI‘I‘ ( SChaft )all;all ) dualizable ) N (COI‘I‘(SChaft )all;all )dualuable .

4.2.4. Combining Theorem with Theorem we obtain:
THEOREM 4.2.5. We have the following commutative diagram of functors

(IndCOhCOrr(Scha&)all;all )Op (

(Corr(Schagt atan)*” DGCatgun *?'¢)*

’Wl J{dualization

IndCohgorr(sehy ) an;an
aftJall;a dualizable
Corr(Schagt ) all;an DGCatg 5, .

4.2.6. Let us explain the concrete meaning of this theorem. It says that for X e
Sch,¢ there is a canonical equivalence

D3 : IndCoh(X )Y ~ IndCoh(X),

and for a map f: X — Y an isomorphism

(f!)v ~ indCoh

)

where (f')Y is viewed as a functor

Vv Serre
TndCoh(X)" Y2 TndCoh(v)” 25 TndCoh(Y).

(Dierre )—1
—

IndCoh(X)
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4.2.7. Let us write down explicitly the unit and co-unit for the identification
D%{crrc:
The co-unit, denoted ex is given by

IndCoh
Px )y

Al
IndCoh(X)®IndCoh(X) = IndCoh(X xX) = IndCoh(X) () IndCoh(pt) = Vect,
where px : X — pt.
The unit, denoted px is given by

IndCol
(AX)*U oh

Vect = IndCoh(pt) p—!X> IndCoh(X) "=  IndCoh(XxX) ~IndCoh(X)®IndCoh(X).
REMARK 4.2.8. One does not need to rely on Theorems and [£.1.2]in order
to show that the maps px and ex, defined above, give rise to an identification
IndCoh(X)" ~ IndCoh(X).
Indeed, the fact that the composition

Idinacon(x) ®1x ex®ldnacon(x)
— —

IndCoh(X) IndCoh(X)®IndCoh(X)®IndCoh(X)

is isomorphic to the identity functor follows by base change from the diagram

IndCoh(X)

Ax idx xpx

X e XxX — X

Axl lidx XAX

A x xid x

XxX — X xXxX
pxxidxj/

X

and similarly for the other composition. A similar diagram chase implies the iso-
morphism

)

~

(f!)\/ ~ IndCoh.

REMARK 4.2.9. Let us also note that one does not need the (difficult) Theo-
rem [2.1.4] either in order to construct the pairing exy:

Indeed, both functors involved in ex, namely, Ay and (px)R4C° are ‘elemen-
tary’.

If one believes that the functor ex defined in the above way is the co-unit of a
duality (which is a property, and not an extra structure), then one can recover the
object wx € IndCoh(X). Namely,

wx = (px x idx )M (ux (k).

4.2.10. Relation to the usual Serre duality. By passage to compact objects, the
equivalence

D3 : ITndCoh(X )Y ~ IndCoh(X)
gives rise to an equivalence
D5 : (Coh(X))°P = Coh(X).

It is shown in [Gall Proposition 8.3.5] that D5¢™® is the usual Serre duality
anti-equivalence of Coh(X), given by internal Hom into wy.
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4.3. An alternative construction of the !-pullback. In this subsection we
show how one can avoid using the formalism of correspondences if one only wants
to construct the functor

IndCohyy, .t (Schag)®® - DGCateon -
4.3.1. Note that even without having the formalism of the !-pullback, we know
that for X € Sch,¢, the functor

ex : IndCoh(X) ® IndCoh(X) — Vect,
defined as

IndCoh
(pX )*

N Al
IndCoh(X) ® IndCoh(X) — IndCoh(X ® X) — IndCoh(X) " "=  Vect
giveﬂ rise to the co-unit of an adjunction.

Indeed, the corresponding unit of the adjunction px can be defined as follows.

Choose an open embedding X A X, where X is proper and set
wX - jIndCoh,* o (py)'(k)
Then one readily checks that the object
(Ax )™M (FHy) ~ IndCoh(X ® X) ~ IndCoh(X) ® IndCoh(X),

viewed as a functor Vect - IndCoh(X) ® IndCoh(X) provides the unit of the
adjunction.

4.3.2. Thus, if we start with the functor
(4.4)

IndCohsen,, : Schag — DGCateons, X = IndCoh(X), (X 5y findCoh

aft

we obtain that it takes values in the full subcategory

(DG Cateont ) 1721 c DGCateons -

Applying the dualization functor
((DGCategn ) u2Z8PYOP (DG Cat gy, ) u2lizable,
from , we obtain the desired functor
(4.5) IndCoh!Schaft : (Schag)°® - DGCateont, X ~ IndCoh(X), (X ER Y) e~ fh
In other words, for a morphism f: X — Y, the functor
f':IndCoh(Y) - IndCoh(X)

is defined as the dual of fP4€°h under the self-dualities given by ex and ey, re-
spectively.

2Here we use the assumption that our schemes are assumed separated, so the morphism A x
is a closed embedding, and thus A!X is a priori defined as the right adjoint of (Ax )lrdCob,
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4.3.3. Let wy € IndCoh(X) denote the object (px)'(k). Unwinding the definitions
we obtain that wx identifies with

(px x 1) o pix (k).

One can also give an explicit construction of the functor
f':IndCoh(Y) - IndCoh(X)
for a morphism f: X — Y. Namely,
F(F) = (Graphy)'(wx 8 F),
where Graph; : X - X x Y is a closed embedding because Y is separated, and so
(Graphf)! is defined as the right adjoint of (Graphf)indc"h.

4.3.4. Since (4.4)) is symmetric monoidal, the functor (4.5) also acquires a natural
symmetric monoidal structure.

As in Sect. the symmetric monoidal structure on IndCoh!SChaft makes

!
IndCoh(X) into a symmetric monoidal category under the operation of ®-tensor
product. By construction, wx € IndCoh(X) is the unit of this symmetric monoidal
structure.

Note, however, that the construction of the non-unital symmetric monoidal
structure on IndCoh(X) only uses the !-pullback functor for diagonal morphisms,
which are closed embeddings.

Thus, the object wx € IndCoh(X) can be uniquely characterized as being the
unit in the above non-unital symmetric monoidal categoryﬂ

REMARK 4.3.5. The idea that the isomorphism

!
wx *wWwx Wx

characterizes wx uniquely is borrowed from [YZ, Theorem 5.11 and Proposition

6.1].

4.3.6. Finally, let us see that for f : X — Y, the functor f' : IndCoh(Y) —
IndCoh(Y") constructed above identifies with the functor that we had initially de-
noted by f', i.e., the right adjoint of fI"dC°h  To distinguish the two, let us keep
the notation f' for the latter functor.

We need to construct an identification between (f')¥ and f4C°h Unwinding
the definitions, the functor

()" : TndCoh(X) —» TndCoh(Y)
is given by
F > (idy xpx) 9" o (idy xAx)" o (idy xf xidx) (y (k) 8 F).

3The essential uniqueness of a unit is established in [Lu2), Corollary 5.4.4.7].
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Le., this is pull-push of py (k) ® F € IndCoh(Y x Y x X) along the clockwise
circuit of the following diagram

idy x Graph,

YxY xX Y xX

idy xpyxfl lidy Xpx

Y xY (A_Y Y,

in which the horizontal arrows are closed embeddings.

Applying base change, we replace the above functor by push-pull along the
counterclockwise circuit, and we obtain

(Ay) o (idy xpy x f)L4CN (uy (k) 0 F) =
~ (Ay)' ((idy xpy )49 (ny (k) B [N (F) ) = (Ay) (wymf (F)) = £RCN(F),

as required.

5. Convolution monoidal categories and algebras

In this sectiorﬁ we will apply the the formalism of IndCoh as a functor out
of the category of correspondences to carry out the following construction and its
generalizations:

Let R = X be a Segal object in the category of schemes (see below for what
this means). Then the category IndCoh(R) has a natural monoidal structure, and
wr € IndCoh(R) defines a monad acting on IndCoh(X).

5.1. Convolution algebras. In this subsection we will show that monoid-objects
give rise to convolution algebras.
5.1.1. Let R*® be a Segal object in PreStki,¢ acting on a given X € PreStkyg; .

Le., R*® is a simplicial object in PreStkj.s, equipped with an identification
RY = X, and such that for any n > 2, the map

R" >R x ... xR,
x T x

given by the product of the maps
[1]=>[n], O0~il—i+1, i=0,..,n-1,
is an isomorphism.

REMARK 5.1.2. An alternative terminology for such R*® is category-object. In-
deed, the above condition is equivalent to requiring that for any ) € PreStk),¢, the
simplicial space

Maps(Y,R*)

be a Segal space. Note we do not require it to be a complete Segal space.

4The contents of this section were suggested to us by S. Raskin.
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5.1.3. In what follows we will denote R = R'. We will informally think of a Segal
object R* as the prestack R, equipped with the source and target maps

ps,Pt R X,
and the multiplication map

mult: R x R->7R.
t,X,s

For the duration of this subsection we will assume:

e The target map p; : R = X is schematic;
e The multiplication map mult : R 3 R — R is proper.
N »S

5.1.4. Applying Chapter 9, Proposition 4.1.4 and Variant 4.1.6, we obtain that
R°® defines a monad Mg, acting on X, i.e., an associative algebra object in the
monoidal (oo, 1)-category

MapsCO"(PreStkla& )schsall (X, X).

Concretely, the 1-morphism X — X, corresponding to Mg is given by the
diagram

R Ps

.|

X,
and the multiplication on Mz is given by the diagram
R xR
X
R X
(5.1)
X.

5.1.5.  Applying the functor

IndCoh cen & proper + COrr(PreStkyyg ) > T PP DGCat? S2t,

Corr(PreStKiase )oon qernll sch-qc;all

we obtain that to Mg there corresponds a monad IndCoh(Mz ) acting on IndCoh(X').

It follows from the definitions that as an endo-functor of IndCoh(X’), the monad
IndCoh(My%) is given by
()i o (ps)".
I.e., the above construction formalizes the idea of a pull-push monad, corre-
sponding to a Segal object R°®.
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5.1.6. Assume now that R* is a groupoid object of PreStkyg, equal to the Cech
nerve of a proper schematic map g: X — ).

In this case, it follows from Chapter 9, Sect. 4.3.4 and Variant 4.3.5 that the
monad Mg is canonically isomorphic to one corresponding to the composite of g
(viewed as a 1-morphism in the (oo,2)-category Corr(PreStklaft)igﬁ_‘%g;‘l’lp ) with
its right adjoint.

5.1.7. Assume now that R® is a groupoid object of PreStk),g, with the maps
Ds, Pt : R = X being proper.

In then according to Sect. the endo-functor (p;)™4C o (p,)' acquires an
(a priori different) structure of monad.

We claim, however that the above two ways of introducing a structure of monad
on the endo-functor (p; )14 o (p,)" coincide. Indeed, this follows from Sect. m
applied to

Y:=|R".
5.2. Convolution monoidal categories. In this subsection we will show that
IndCoh of a Segal object in PreStkj,s carries a natural monoidal structure.

5.2.1. Let R*® be a Segal object in PreStk),¢ acting on X'. We impose the following
conditions:

The maps ps : R - X and mult : Rt o R — R are both schematic.
5.2.2. By Chapter 9, Theorem 4.4.2 and Variant 4.4.7, the object R acquires a
natural structure of algebra in the (symmetric) monoidal category

COI‘I‘(PI‘eStkla& )sch;all .

Moreover, according to Chapter 9, Sect. 4.5.2 and Variant 4.5.5, the object
X € Corr(PreStkias, )schiall
is naturally a module for R.
Applying the right-lax (symmetric) monoidal functor

IndCOhCorr(PreStkla“ : Corr(PreStklaft)sch;all - DGca’tconty

)sch:all

we obtain that the DG category IndCoh(R) acquires a structure of monoidal DG
category (i.e., a structure of associative algebra in DGCatcont), and IndCoh(X)
acquires a structure of IndCoh(R)-module.

Unwinding the definitions, we obtain that the binary operation on IndCoh(R)
is given by the convolution product, i.e., pull-push along the diagram

RxR —— RxR
X

|

R,



242 5. IndCoh AS A FUNCTOR OUT OF CORRESPONDENCES

and the action of IndCoh(R) on IndCoh(X) is given by pull-push along the diagram

R 2 xR

|

X.

5.2.3.  Consider a particular case when X = X € Schug, and X" = X*("+1 _ §o
R=XxX.

We obtain that IndCoh(X x X) acquires a structure of monoidal category,
equipped with an action on IndCoh(X).

L.e., we obtain a monoidal functor
(5.2) IndCoh(X x X) — Functeont (IndCoh(X), IndCoh(X)).
By construction, as a functor of plain categories, ([5.2)) identifies with

D) teld

TndCoh(X xX) = IndCoh(X)®IndCoh(X) ¥ = ' IndCoh(X)¥@IndCoh(X) =
~ Functeont (IndCoh (X ), IndCoh(X)).
In particular, the functor (5.2)) is an equivalence of monoidal categories.

5.3. The case of QCoh. In this subsection we will explain the variant of the
constructions in this subsection for QCoh instead of IndCoh.

5.3.1. First, starting from the functor

QCohggy,
—

DGCateon; — DGCat2:C2t

cont

Sch

and using the usual base change property for QCoh, we apply Chapter 7, Theorem
3.2.2(a) and we obtain a functor

11 2-Cat\2-
QCOhCorr(SCh)'ZH;aH : Corr(SCh)le;all - (DGca‘tcontat) .
Moreover, by Chapter 9, Proposition 3.1.5, the above functor carries a natural
(symmetric) monoidal structure.

5.3.2. Further, applying Chapter 8, Theorem 6.1.5, from the functor QCoh¢,(senyan

all;all
constructed above, we obtain the functor

QCohgpy(prestiysen Corr(PreStk)zgﬁ;an - (DGCatQ'Cat)Q'Op.

sch;all cont

By Chapter 9, Proposition 3.2.4, the latter functor carries a right-lax (symmet-
ric) monoidal structure.

5.3.3. Hence, the above discussion of convolution categories and algebras applies
almost verbatim, when we replace IndCoh by QCoh, with the only difference that
in whatever applies to 2-categorical phenomena, the direction of 2-morphisms gets
reversed.

In particular, the geometric constructions that gave rise to algebras in the
monoidal categories IndCoh(R) will produce co-algebras in the monoidal categories

QCoh(R).



CHAPTER 6

Interaction of QCoh and IndCoh

Introduction

One of the first things one notices about the category IndCoh(X) (for a scheme
X) is that it is equipped with an action of the (symmetric) monoidal category
QCoh(X), see Chapter 4, Sect. 1.2.9.

In this chapter we will study how (or, rather, in what sense) this action extends,
when we want to consider IndCoh as a functor out of the category of correspon-
dences.

We should say that the contents of this chapter are rather technical (and are
largely included for completeness), and thus can be skipped on the first pass.

0.1. Why does this chapter exist?

0.1.1. The first question to ask is, indeed, why bother? The true answer is that if
we really care about IndCoh as a functor out of category of correspondences and
about the action of QCoh(X) on IndCoh(X), then we must understand how they
interact.

However, in addition to that, the material of this chapter will have some prac-
tical consequences.

0.1.2.  We recall that, say, for an individual scheme X, both categories QCoh(X)
and IndCoh(X) have a canonical symmetric monoidal structure. We will show that
the action of QCoh(X) on IndCoh(X) comes from a symmetric monoidal functor

Tx : QCoh(X) - IndCoh(X),
which as a plain functor looks like
Fe>Fowx.

The functoriality properties established in this chapter will allow us to extend the
assignment X ~ Yx from schemes to prestacks.

0.1.3. We will see that the functor dual to Y x with respect to the Serre auto-
duality of IndCoh(X) and the naive auto-duality of QCoh(X), is the natural trans-
formation

U : IndCoh(X) — QCoh(X),

again in a way functorial with respect to X.

0.2. The action of QCoh(X) on IndCoh(X) and correspondences. Let us
explain how we encode the action of QCoh(X) on IndCoh(X') in the framework of
the (o0,2)-categories of correspondences.

243
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0.2.1. Recall that in Chapter 5 we extended the assignment X ~ IndCoh(X) into
a functor

proper : Corr(Schg )PP — DGCat? 2t

aft Jall;all all;all cont

IndCOhCorr(Sch

We now consider the assignment
X ~ (QCoh(X),IndCoh(X)),

where we regard QCoh(X) as a monoidal DG category (i.e., an algebra object in
DGCatcont), and IndCoh(X) as a QCoh(X)-module category, i.e., an object of
QCoh(X)-mod.

We want to extend this assignment to a functor out of Corr(Schag )P 7P1". The
challenge is to identify the target (oo,2)-category, so that it will account for the

pieces of structure that we need, also one for which such a construction will be
possible.

0.2.2. The sought-for (o0,2)-category, denoted DGCat onModext “ig introduced

cont

in Sect. As expected, its objects are pairs (O, C), where O is a monoidal DG
category and C is a module O-category.

But 1-morphisms are less obvious. We refer the reader to Sect. for the
definition. It is designed so that there is a natural forgetful functor

(01) DGCatM0n+MOd,eXt N DGCatQ—Cat

cont cont

that at the level of objects sends (O, C) to C.
Here is how the desired functor

(0.2)  (QCoh,IndCoh)ory(schyp)prerer : Corr(Schag ) on] = DG CatMon+Mod,ext

aft )all;all all;all cont
is constructecﬂ

0.2.3. Consider the (oo,1)-category DGCatMon™ *Mod " whose objects are pairs

cont

(0, C), but where the space of morphisms from (O1,C;) to (O2,C3) is that of
pairs
(Fo : 02 i OhFC : Cl i CQ),
where Fg is a monoidal functor (note the direction of the arrow), and F¢ is a map
of Oz-module categories.
As our initial input we start with the functor

(0.3) (QCoh*,IndCoh, )sep., : Schag — DGCaton™ +Med

cont

that sends a scheme X to (QCoh(X),IndCoh(X)) and a morphism X LY to the
pair (f*, f;"4°M).

0.2.4. Next, from the definition of DGCathor*MebXt it follows that there exists
a canonically defined functor

DGCatMonOp +Mod _ DGCatMon+Mod,ext )

cont cont
Precomposing with (0.3)) we obtain a functor
(0.4) (QCoh, IndCoh)sch,y, : Schag — DGCatcl\g‘:fMOd’EXt .

Now, to get from (0.4) to (0.2) we repeat the procedure of Chapter 5, Sect. 2.1.

I This essentially mimics the construction of IndCOhCOrr(SChaft)prOper in Chapter 5, Sect. 2.1.

all;all
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0.3. The natural transformation T. We shall now explain how the existence
of the functor (QCoh,IndCoh)corr(schyg,)rrerer in (0.2) leads to the natural trans-
formation from Sect. QL.T1 Y

0.3.1. First, we note that (QCoh,IndCoh)corr(sch
proper

a canonically defined symmetric monoidal structure, where Corr(Sch,g allall  AC
quires a symmetric monoidal structure from the operation of Cartesian product
on Sch,g, and the symmetric monoidal structure on DGCatMorMedext is given by
component-wise tensor product.

a)PIoper comes equipped with

0.3.2. Let DGCatMon™™ed denote the (oo,1)-category, whose objects are pairs

cont

(0, C), but where the space of morphisms from (O1,C;) to (O2,C3) is that of
pairs

(Fo : 01 - OQ,FC : Cl - Cg),
where Fo is a monoidal functor and F¢ is a map of Oj-module categories. (Note

that the difference between DGCatMon*Mod and DGCatMon™ +Mod g i the direc-
tion of the arrow Fgp.)

From the definition of DGCatyom Mo it follows that there exists a canoni-

cally defined (symmetric monoidal) functor

Mon+Mod Mon+Mod,ext
DGCat)orMed _, pGatMor .

0.3.3. Restricting (QCoh, IndCoh) oy (sch
we obtain a functor

proper t0 (Schygg )P © Corr(Schaft)Zﬂ?gﬁr

aft ) all;all

(Schag)°P - DGCathor ™Mo,
and one shows that it factors through a canonically defined (symmetric monoidal)

functor

(0.5) (QCoh*, IndCoh')gep,

aft

: (Schag )P — DGCat o ™Mod .

cont

Since every object in Sch,¢ has a canonical structure of co-commutative co-
algebra (via the diagonal map), the functor (0.5) gives rise to a functor

(0.6) (Schug )°P - ComAlg(DGCatMon+Mody,

cont

0.3.4. We note that the category ComAlg(DGCat or+Med) jdentifies with that of
triples

(0,0,a: 0 - Q),

where O and O’ are symmetric monoidal categories, and « is a symmetric monoidal
functor.

Hence, the data of the functor is equivalent to that of a natural transfor-
mation

(0.7) Y : QCohgy, ,, ~ IndCohg,, , ,
where QCohg,, . and IndCoh!SC}1a ., are viewed as functors

(Schag)°P - ComAlg(DGCateont ) = DG CatSymMon

cont
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0.3.5. For an individual scheme X we thus obtain a functor
Tx : QCoh(X) - IndCoh(X),

which is obtained by the action of QCoh(X) on the monoidal unit in IndCoh(X),
ie., wx € IndCoh(X).

For a morphism X ER Y, we have the following commutative diagram

QCoh(X) — 2 IndCoh(X)

1

QCoh(Y) —Y— IndCoh(Y).
The above observation allows to extend the assignment X ~ T x from schemes
to prestacks. Le., for every ) € PreStk we also have a canonically defined (symmet-
ric monoidal) functor

Ty : QCoh(Y) — IndCoh(Y).

0.4. Relationship with U. Let us finally explain the relationship between the
functors

Tx : QCoh(X) - IndCoh(X) and ¥x : IndCoh(X) - QCoh(X).

REMARK 0.4.1. Recall that the functor ¥x played a fundamental role in the
initial steps of setting up the theory of ind-coherent sheaves. Specifically, it was
used in the definition of the direct image functor

IndCoh

x5y ~ IndCoh(X)™ = IndCoh(Y).

However, ¥ is really a feature of schemes. In particular, it does not have an
intrinsic meaning for prestacks.

0.4.2. Recall the categories DGCatMen*Med apd DGCatMen™ +Med ' 3nd note that
they contain full subcategories

Mon+Mod ydualizable Mon+Mod
(DGCatgopt c DGCatgopt

and

op . op
(DGCatg/([)(r)lrtl +Mod )duahzable c DGCatIC\/([)?lrtl + Mod,

respectively that consist of pairs (O, C) where C is dualizable as a plain DG cate-
gory.
The operation of dualization (O, C) + (O, C") defines an equivalence

(0.8) ((DGCatx‘;{;op + Mod)dualizable)op N (DGcati\/([)?l?+M0d dualizable.

0.4.3. Recall (see Chapter 5, Sect. 4.2) that Serre duality for IndCoh was a formal

consequence of the existence of the functor IndCOhcorr(Schaﬂ,)P{I‘,’Pﬁra equipped with

its symmetric monoidal structure.

In the same way, we use the functor (QCoh,IndCoh)corr(sch,g )Prever; equipped

aft)au;an
with its symmetric monoidal structure, to show that the composition of the functor
(QCoh*,IndCoh, )sch,,, of (0.3) with identifies with the functor (QCoh*, IndCoh')gep

of .

aft
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0.4.4. Next, by construction, the functor (QCoh*,IndCoh, )scn,,, comes equipped

with the natural transformation

aft

(Id, \I’)Scha“ : (QCOh*,IndCOh*)SChm - (QCOh*7 QCOh*)SCh

Mon+Mod
cont

aft

as functors Sch,g — DGCat
mation

. Applying , we obtain a natural transfor-

(0.9) (Id, \IIV)Schaft : (QCoh*,QCoh*)schm g (QCOh*,IDdCOh!)SCh

aft

as functors (Schag )°P - DGCatMon® +Mod,

0.4.5. What we show is that that the above natural transformation is canon-
ically isomorphic to the natural transformation

(0.10) (Id7 T)Schaft : (QCOh*, QCOh*)SChaft g (QCOh*, IndCOh!)SCh

aft )

the latter being part of the data of the functor .
0.4.6. For an individual scheme X this means that the functors

U x : IndCoh(X) - QCoh(X) and Tx : QCoh(X) - IndCoh(X)
are canonically duals of each other.

Here IndCoh(X) is identified with its own dual via the Serre duality functor
DS¢e™e (see Chapter 5, Sect. 4.2.6). The category QCoh(X) is identified with its
own dual via the “naive” duality functor

D3V : QCoh(X)" = QCoh(X),
whose evaluation map QCoh(X) ® QCoh(X) — Vect is

QCoh(X) ® QCoh(X) & QCoh(X) "5 Vect .

0.5. What is done in this chapter?
0.5.1. In Sect.we define the (o0, 2)-category DGCat om™MObext that will be the
recipient of the functor

N proper Mon+Mod,ext
ayrzever : Corr(Schage )y~ DGCatbeqy .

(0 1 1) (QCOha IndCOh)Corr(Sch

In doing so we allow ourselves a certain sloppiness: we say what the space
of objects of DGCatyor*™Modext i and what is the (oo, 1)-category of morphisms

between any two objects.

We leave it to the reader to complete this to an actual definition of a (o0,2)-
category (as those are defined in Chapter 10, Sect. 2.1).

0.5.2. In Sect. We carry out the construction of the functor ((0.11]) along the lines
indicated in Sect. 0.2

0.5.3. In Sect. We discuss the symmetric monoidal structure on the functor (0.11),
and how it gives rise to the natural transformation T, as described in Sect.
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0.5.4. In Sect.[d we discuss the self-duality feature of the assignment
X ~ QCoh(X)eDGCatM" IndCoh(X) e QCoh(X)-mod,

cont

and the relationship between the natural transformations
Tx : QCoh(X) - IndCoh(X)

and
U x : IndCoh(X) - QCoh(X).

1. The (o0,2)-category of pairs

In this section we introduce a general framework that encodes the (oo,2)-
category of pairs (O,C), where O us a monoidal DG category, and C is an O-
module category.

This (o0,2)-category will be the recipient of the functor from the (oo,2)-
category of correspondences that assigns to a scheme X the pair (QCoh(X),IndCoh(X).

The reason that we need this rather involved (oo,2)-category instead of the
more easily defined underlying 1-category is that (oo, 2)-category are necessary for
the construction of the assignment

X ~ (QCoh(X), IndCoh(X)

as a functor, see Chapter 5, Sect. 2.1.

1.1. The category DGCatMomModext 1 this subsection we introduce our two
category of pairs.

1.1.1.  We introduce the (o0,2)-category DGCatMonModext o follows. Its objects

cont

are pairs (O, C), where O e DGCat°" and C € O-mod.

cont

Given two objects (O, C1) and (O3, Cs) of DGCatMontModiext ") o objects of

cont

the (o0, 1)-category of 1-morphisms (O1,C1) - (O3, Cs) are the data of:

e An (O2,0;)-bimodule category M;

e A map F:M(t)X)1 C; - Cy in O2-mod;

e A distinguished object 1p; € M.
1.1.2. Given two objects (M?, F'¥, 1) and (MY, F%, 1p1:) as above, the space of
2-morphisms

(M?, F* 1z ) = (MY FE 1)

is that of the following data:

e A map of bimodules ® : M! -~ M? (note the direction of the arrow!);

e A natural transformation of maps of Qs-bimodules
T:F°o(®®ldc,) = F';
e A map in M? as a plain DG category
Vi 1y > @(1we).
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1.1.3. Compositions of 1-morphisms are defined naturally: for
(M2, F12,1Mm,,) : (01,C1) = (02,C2)
and
(Mz,3, F33,1Mm,,) : (O2,C2) = (03,C3),
their composition is defined by means of

M, 3:=Mpy33 & M 2,
2

the data of F 3 equal to the composition

Fi o Fy3
My s ® MLQ ® C, — M273 ® Cy — Cg,
T 02 0O, O;

and the data of 1, , being

Ing s ® I, o € Moz © Mo,
2

Compositions of 2-morphisms are also defined naturally.

Mon+Mod,ext

cont is defined in a standard

The higher-categorical structure on DGCat
fashion.

1.2. Some forgetful functors. In this subsection we discuss two (obvious) for-

getful functors from DGCatMortMedext 14 some more familiar 2-categories.

1.2.1. First, we observe that DGCator*Medhext ¢omes equipped with a forgetful
functor to DGCat? 2t

cont

At the level of objects we send (O, C) to C. At the level of 1-morphisms, given
(M, Fi1m) : (01,C1) = (02,C2)

we define the corresponding functor between plain DG categories F : C; — Cy as
the composition

1meld
c, "S"Me C -Gy
(OF]
Given a 2-morphism
((I)7Ta l/}) : (Msv FS7 ]-MS) - (Mtv Ft7 1Mt)7
B —
the corresponding natural transformation F' "5 F is the composition

S

F' = Foo (1 ®1dg,) = Fo (@®1dg, )o (1y ®1de,) = Fto(1y ®ldg,) = F .
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1.2.2. Let DGCat™°™*** denote the (o0,2)-category, where:
e The objects are O € DGCatM°":

cont

e Given 01,05 € DGCatM°! the objects of (o0, 1)-category of 1-morphisms

cont»
from O; to Oy are (02,01 )-bimodule categories;
e For a pair of 1-morphims from O; to Oz, given by bimodule categories
M? and M! respectively, the space of 2-morphisms from M? to M! is that
of maps of bimodules M* - M?* (note the direction of the arrow)ﬂ

We have a naturally defined forgetful functor
DGC&tlc\g(r);ItHMOd’eXt N DGCatMon,ext
that sends (O, C) to O.

1.3. Two 2-full subcategories. In this subsection we single out two 1-subcategories

of the (oo,2)-category DGCat o ™Mobext that we will ultimately be interested in.

1.3.1. Let DGCatMon+Med 6 the (o0, 1)-category, where

cont
Mon+Mod,ext ,

e The objects are the same as those of DGCat, ;

e 1-morphisms between (O, C;) - (O3, Cy) are pairs (Ro, Rc), where
— Ro : Oy - Oy is a 1-morphism in DGCat>or;
— Rc : Cq - Cy is a map of Op-module categories.

1.3.2.  We claim that there is a canonically defined 1-fully faithful functorﬂ

DGCatMon+Mod = (DGCatMonJrMod,cxt)l—Cat'

cont cont

Indeed, the functor in question is the identity on objects. At the level of 1-
morphisms its essential image corresponds to those pairs (M, 1ng), for which the
functor

02 g M,
defined by 1yj, is an equivalence.

1.3.3. Let DGCatMon™ +Mod he the (00, 1)-category, where

cont
e The objects are the same as those of DGCat}MopMod.ext,

e l-morphisms between (O1,C1) - (02, Cy) are pairs (Ro, Rc), where
— Ro : O3 » O; (note the direction of the arrow!) is a 1-morphism in
DGCatMor:
— Rc : Cq - Cy is a map of Oz-module categories.

1.3.4.  We claim that there is a canonically defined 2-fully faithful functor

Mon°P + Mod Mon+Mod,ext\1-Cat
DGCatppy — (DGCat; ) .

Indeed, the functor in question is the identity on objects. At the level of 1-
morphisms its essential image corresponds to those pairs (M, 1pg), for which the
functor

01 g 1\/[7

defined by 1y, is an equivalence.
2We emphasize that the latter is considered as a space and not as an (oo, 1)-category.

3We remind that a functor between (o0, 2)-categories is said to be 1-fully faithful if it defines
a fully faithful functor on (oo, 1)-categories of 1-morphisms.
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2. The functor of IndCoh, equipped with the action of QCoh

In this section we will construct the assignment

X ~ (QCoh(X),IndCoh(X))

Mon+Mod,ext

as a functor from IndCohCorr(SCh cont

proper t0 the (o0, 2)-category DGCat

aft Jall;all

defined in the previous section.

2.1. The goal. In this subsection we explain the idea behind the assignment

X ~ (QCoh(X),IndCoh(X)).

2.1.1. In Chapter 5, Sect. 2, we constructed the functor

IndCohopp(Schye )Prever : Corr(Schag ) v — DGCat2:at

aft)au;au cont

In this section we will extend this functor to a functor

QCoh, IndCoh proper : Corr(Schag )PrP - DGCatMonModext
Corr(Sch

aft ) all;all all;all cont

The original functor IndCohcorr(sch,y,
by composing with the forgetful functor of Sect.

yerover is recovered from (QCoh, IndCoh) corr(Sch,g, )Prover
all;al

aft )al1;all

2.1.2. The meaning of the functor (QCoh, IndCoh)COrr(Schaft)plrlcfplelr is that it ‘re-

members’ the category IndCoh(-) together with the action og QCoh(-).

Namely, we recall that for X € Sch,y;, the category IndCoh(X) is naturally a
module over the monoidal category QCoh(X), see Chapter 4, Sect. 1.2.9.

Now, the functor (QCoh, IndCoh)corr(sch
X =Y, the functors

proper encodes the fact that for f :

aft )all;all

f':IndCoh(Y) - IndCoh(X) and f™4C°" : IndCoh(X) — IndCoh(Y")

each has a natural structure of morphim in QCoh(Y')- mod, where QCoh(Y") acts
on IndCoh(X) via the monoidal functor f*: QCoh(Y) - QCoh(X).

Moreover, if f is proper, the (f24C°h 1) adjunction also upgrades to one in
the (OO; 2)—Categ0ry QCOh(Y)_ mod?-Cat.

2.2. The input. As in the case of IndCoh, the only input for the construction
of the functor (QCoh7IndCOh)COH(SCha&)plrfplelr is the ability to take direct images.

However, this time we need to do it for IndCoh and QCoh simultaneously, in a
compatible way.

In this subsection we construct the required direct image procedure.
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2.2.1. Recall the categories DGCatMon*Med 5nq DGCathon™ +Mod,
Let

Mon+Mod Mon+Mod
(DGCatCOm )adjtble c DGCatCOm

and

Mon®P + Mod Mon®°? + Mod
(DGCat oot Jadjtble © DGCat oy

be 1-full subcategories, where we restrict 1-morphisms to those pairs (Ro, Rc),
where we require that Rc admit a right (resp., left) adjoint in the (oo, 2)-category
of O1-mod* ™ (resp., Oy-mod? ™).

The operation of passing to the right/left adjoint (see Chapter 12, Corollary
1.3.4) defines an equivalence

(2.1) ((DGCatMonsMedy i)™ = (DGCatMon™ Mody 1.

cont cont

2.2.2. Note that we have a tautologically defined functor of (oo, 1)-categories
(2.2) DGCatMe? . DGCatMorMed 0 s (0,0).

cont cont

We start with the functor QCohg,, . , considered as a functor

(Schag )°P - DGCatMion

cont

and consider its composition with (2.2]). We obtain a functor
(2.3) (QCoh*7 QCOh*)Scha& : (Schag )P — DG CatMon+Mod

cont

2.2.3. Tt is easy to see that the functor (2.3) factors (automatically, canonically)
via the subcategory

Mon+Mod Mon+Mod
(DGCatcom )adjtble c DGcatcont '

Thus, we obtain a functor

(2.4) (Schag )P — (DGCat o ™MOY) itble.
Composing ([2.5) with the equivalence (2.1]) we obtain a functor
(2.5) Schag — (DGCathor™ "M% gibie.

We follow (2.5 by the forgetful functor

Mon®P + Mod Mon®? + Mod
(DGcatcont )adjtble c DGC&tcont

and obtain a functor

(26) (QCOh*7 QCOh*)SChaft : SChaft — DGCatMOnUp + Mod )

cont

Explicitly, the functor (2.6]) sends X € Sch,g to the pair (QCoh(X), QCoh(X)),
and a morphism f: X — Y to the pair

£*:QCoh(Y) - QCoh(X), f.:QCoh(X) - QCoh(Y).
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2.2.4. Recall that for an individual object X € Sch,g, the DG category IndCoh(X)
carries a canonical action of the monoidal category QCoh(X), see Chapter 4, Sect.
1.2.9.

By construction, the functor
Ux : IndCoh(X) - QCoh(X)
carries a unique structure of map of QCoh(X)-module categories.

Furthermore, the following results from the construction in Chapter 4, Propo-
sition 2.2.1:

LEMMA 2.2.5. For a map f: X =Y, the functor
fIndCoh: ThdCoh(X) — IndCoh(Y)
can be equipped with a unique structure of map of QCoh(Y')-module categories, in

such a way that

IndCoh(X) —X— QCoh(X)

findCoh l l f*

IndCoh(Y) —2— QCoh(Y)

is a commutative diagram in QCoh(Y)- mod.
From here we obtain:
COROLLARY 2.2.6. There exists a uniquely defined functor

(QCoh™, IndCoh, )sch,, * Schag — DGCatMon™ +Mod,

aft cont

equipped with a natural transformation

(Id, ¥)scn,,, : (QCoh™, IndCoh, )sch,,, = (QCoh™, QCoh, )sen

aft aft?

such that

e The composition of (QCoh™, IndCoh, )scn
getful functor

and (Id, ¥)scn,,, with the for-

aft aft

DGCatMonOp +Mod N (DGCatMOD)Op

cont cont

is the identity on QCohg,,

aft ’
o At the level of objects and 1-morphisms, (1d, ¥)scn
ture specified in Lemma [2.2.5

e The composition of (QCoh™, IndCoh, )scn
getful functor

s given by the struc-

aft

and (Id, ¥)scn,,, with the for-

aft aft

DGC&tMonop +Mod - DGcatcont

cont

is the pair (IndCohgen, ;s Ysch,,, ) 0f Chapter 4, Proposition 2.2.3.

2.3. The construction. In this subsection we will finally construct the sought-for
functor (QCoh, IndCoh) corr (s, )prerer- The method will be analogous to that by

all;all
which we constructed the functor IndCohcorr(SChm)plrlo_plelr in Chapter 5, Sect. 2.1.

aft
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2.3.1. As in the case of IndCohcgrr(sch,y,)rrover, the point of departure for the

aft ) all;all

sought-for functor (QCoh, IndCoh)corr(sch, g )erever is a functor
(2.7) (QCoh, IndCoh)sep.,, : Schag - DGCathiop+Mod.ext

To construct the functor (2.7 we proceed as follows. We start with the functor
(2.8) (QCoh*, IndCoh, )sen,,, : Schag — DGCatMon™ +Mod

cont
of Corollary and compose it with the functor of Sect. to obtain the
desired functor (QCoh, IndCoh)sch,,, in (2.7).

2.3.2.  We shall now extend the functor (2.7) to a functor
(29) (QCOh, IndCOh)Corr(Sch : COI‘T(SCha&)aH;Open — DGCatI\AOTH'I\/IOd’CXt .

aft )all;open cont

As in Chapter 5, Sect. 2.1.2, in order to do so, it suffices to prove:

PROPOSITION 2.3.3. The functor (QCoh, IndCoh)gen_,, , viewed as a functor

aft ?

Schyg — (DGCatMon+Mod,eXt)2-op
al k)

cont

satisfies the left Beck-Chevalley condition with respect to open embeddings.

This proposition will be proved in Sect. 2.4, We proceed with the construction
of the functor (QCoh, IndCoh)corr(sch,y, yrorer -

aft ) all;all

2.3.4. We will now show that the functor (2.9) admits a unique extension to a
functor

(2.10) (QCoh, IndCOh) opr(sen, g yrrerer : Corr(Schag )RS — DGCatpmoy ML

aft ) all;all all;all cont
As in Chapter 5, Sect. 2.1.5, we need to verify the following two statements.
One is the next proposition, proved in Sect. 2:5}

PROPOSITION 2.3.5. The functor (QCoh,IndCoh)sen,,, satisfies the left Beck-
Chevalley condition with respect to the class of proper maps.

Another is that the condition of Chapter 7, Sect. 5.2.2 is satisfied. This will
be proved in Sect.

2.4. Open adjunction. In this subsection we will prove Proposition [2.3.3

2.4.1. Recall that the value of (QCoh, IndCoh)sch,,, on X € Schyg is (QCoh(X), IndCoh(X)),
where QCoh(X) acts on IndCoh(X) as in Chapter 4, Sect. 1.1.5.

For a morphism f: X — Y, the I-morphism
(2.11) (QCoh(X),IndCoh(X)) - (QCoh(Y),IndCoh(Y)) € DGCatggq 4.

cont
is given by the pair (M, F,1p), where
[ ]
M := QCoh(X),
regarded as an QCoh(X )-module tautologically and as a QCoh(Y")-module
via the functor f*: QCoh(Y) - QCoh(X).

[ ]
F :IndCoh(X) ~ h(X IndCoh(X) - IndCoh(Y
ndCoh(X) ~ QCoh( )QCO%(X)HCO() ndCoh(Y)

is the functor fmdceh.
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e 1y =Ox.

2.4.2. Let f be an open embedding. We need to show that in this case the corre-
sponding 1-morphism (2.11)) admits a left adjoint, and that the corresponding base
change property holds.

We construct the left adjoint
(QCoh(Y),IndCoh(Y)) - (QCoh(X), IndCoh(X)) e DGCatpmoy o

cont

as follows. It is given by the pair (N, G, 1n), where

N := QCoh(X),

regarded as an QCoh(X )-module tautologically and as a QCoh(Y")-module
via the functor f*: QCoh(Y) - QCoh(X).

G : QCoh(X ® IndCoh(Y) — IndCoh(X
QCob(X) | ®  ImdCoh(Y) - IndCoh(X)

is obtained by tensoring up from the functor f4eh* : QCoh(Y) —
QCoh(Y);
o ]-N = Ox.

Let us construct the adjunction data.
2.4.3. The composition
(M, F,1p) o (N,G,1N) :
(QCoh(Y),IndCoh(Y)) - (QCoh(X),IndCoh(X)) - (QCoh(Y),IndCoh(Y))
is given by:

e The (QCoh(Y),QCoh(Y"))-bimodule QCoh(X);
e The functor

QCoh(X) ® IndCoh(Y) — IndCoh(Y),
QCoh(Y)

which under the identification

IndCoh(X) ~ QCoh(X) ®  IndCoh(Y)
QCioh(Y)

of Chapter 4, Proposition 4.1.6 goes over to
fidCoh: 1hdCoh(X) - IndCoh(Y);
e The object Ox € QCoh(X).
The unit of the adjunction is a 2-morphism (®, 7T, )
Id(QCon(v),mmdCoh(v)) = (M, Fy1m) o (N, G, 1n),

where
e @ is the functor f,: QCoh(X) — QCoh(Y);
e T is the identity natural transformation on fIndcoh.
e 1 is the canonical map from Ox to f+(Oy).
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2.4.4. The composition

(N7G7 1N) ° (M’F, ]-M) :
(QCoh(X),IndCoh(X)) - (QCoh(Y),IndCoh(Y)) - (QCoh(X),IndCoh(X))

is given by:

e The bimodule QCoh(X) ® QCoh(X) ~QCoh(X);

QCoh(Y)
e The identity functor on IndCoh(X);
e The object Ox € QCoh(X).
The co-unit for the adjunction is a 2-morphism (®,7T, )
(N7 Ga ]-N) o (Ma Fv ]-M) - Id(QCoh(X),IndCoh(X))a

where

e & is the identity functor;
e T is the identity functor;
e 1) is the identity map.

The fact that the unit and co-unit specified above indeed satisfy the adjunction
axioms is a straightforward verification.

2.4.5. We will now verify the base change property for the open adjunction. Let

Ji

U, X1
fUl lfx
U, —2 ., X,

be a Cartesian diagram in Sch,g;, in which the horizontal arrows are open. Consider

the commutative diagram of 1-morphisms in DGCathontMod.ext

(QCoh(U;),IndCoh(U;)) —— (QCoh(X1),IndCoh(X))

| |

(QCoh(Usz),IndCoh(U;)) —— (QCoh(X3),IndCoh(X3)).

By passing to left adjoints along the horizontal arrows, we obtain a diagram
that commutes up to a 2-morphism as indicated:

(2.12) (QCoh(U,), IndCoh(U;)) =<—— (QCoh(X;),IndCoh(X}))

(QCoh(Us),IndCoh(Us)) <— (QCoh(X32),IndCoh(X53)).
We need to show that the 2-morphism in question is an isomorphism.

For the clockwise circuit in (2.12)), the corresponding (QCoh(X7), QCoh(U3))-
bimodule is QCoh(U;), equipped with the distinuished object O, € QCoh(Uy).
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For the anti-clockwise circuit, the corresponding (QCoh(X), QCoh(Us))-bimodule
is
Coh(U: ® Coh(X,),
QCoh( 2)Qcoh(x2)Q oh(X1)
equippped with the distinguished object Oy, ® Ox;.
2

The datum ® of the 2-morphism in (2.12)) is the canonical equivalence
QCoh(Uy) ~QCoh(U;) ®  QCoh(Xy),
QCoh(Xz)

and the datum ¢ is the identity map on QCoh(Uy).
Under the above identification

QCOh(Ug) QCOE(XQ) QCOh(Xl) ~ QCOh(Ul),

the datum of T of the 2-morphism in (2.12)) is the identity map on the functor
(for)mdCeh : IndCoh(U;) ~ QCoh(Uy) 0l x )IndCoh(Xl) - IndCoh(Uy).
(o]

1
2.5. Proper adjunction. In this subsection we will prove Proposition [2.3.5

2.5.1. Let now f be proper. We need to show that in this case the corresponding
1-morphism (2.11]) admits a right adjoint.

We construct the right adjoint
(QCoh(Y),IndCoh(Y)) - (QCoh(X), IndCoh(X)) e DGCatomy o

cont
as follows. It is given by the pair (N, G, 1n), where
e N := QCoh(X);
e The functor

G : QCoh(X IndCoh(Y) - IndCoh(X
QCob(X) | ®  ImdCoh(Y) - IndCoh(X)

oh(

is obtained by tensoring up from the functor f*: IndCoh(Y") - IndCoh(X)
(here we are using Chapter 4, Sect. 5.1.7).

e The object 1 is Ox € QCoh(X).
Let us construct the adjunction data.

2.5.2.  The composition

(M, F,1pp) o (N,G,1N) :
(QCoh(Y),IndCoh(Y)) - (QCoh(X),IndCoh(X)) - (QCoh(Y),IndCoh(Y))
is given by:
e The (QCoh(Y"),QCoh(Y"))-bimodule QCoh(X);
e The functor QCoh(X) QC® . IndCoh(Y) - IndCoh(Y") is

oh(
(€, F) = MM E @ F1(F));
e The object Ox € QCoh(X).
The co-unit of the adjunction is a 2-morphism (®,7T,)
(M, F,1p) o (N, G, 1N) = Id(Qcoh(y),mdCoh(Y))

where
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e ® is the functor f*;
e T is the natural transformation between

to the co-unit of the (£ ") _adjunction
e 1) is the natural isomorphism.

f,{ndCOhof! and Id{ndCoh(Y) equal

2.5.3. The composition
(N7G7 1N) o (M’F> ]-M) :
(QCoh(X),IndCoh(X)) - (QCoh(Y),IndCoh(Y)) - (QCoh(X),IndCoh(X))
is given by:
e The (QCoh(X), QCoh(X))-bimodule QCoh(X)QC %(Y)QCoh(X) o QCoh(X;i
X);
e The functor QCoh(X x X) ® IndCoh(X) —» IndCoh(X) is
Y’ QCoh(X)
(&,F) = (p2) 4N (€ @ P (F));
e The object Oxxx € QCoh(X;;X);
Y

The unit of the adjunction is a 2-morphism (®, T, )

Id(QCon(x),mdcon(x)) = (N, G, 1n) o (M, F, 1),
where

e & is the functor A;(/w where Ay is the diagonal map

X - X x X
Y

o T is the natural transformation A% y.(€) ® F — (p2)PdCoh (£ ® ph (F))
equal to

Xy (€)@ F = (p2) 9" o (A y )M (A% y (E) @ F) =
= (p2) N (E @ (Axyy )ION(F)) = (p2) 49 (€ ® (Axy )M 0 Ay 0 1 (F)) =
= ()M (E @ pi(F)),s
where the last arrow coves from the co-unit for the ((Axy )"49°" Aly /Y)—

adjunction.
e 1) is the natural isomorphism.

Again, the fact that the unit and co-unit specified above indeed satisfy the
adjunction axioms is a straightforward verification.

2.5.4. 'We will now verify the base change property for the proper adjunction. Let

y, -2 Xx,

N

Y, —2 5 X,
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be a Cartesian diagram in Sch,g, in which the vertical arrows are proper. Consider

the commutative diagram of 1-morphisms in DGCathon+Mod.ext

(QCoh(Y7),IndCoh(Y;)) —— (QCoh(X;),IndCoh(X;))

| |

(QCoh(Y3),IndCoh(Y3)) —— (QCoh(X5),IndCoh(X5)).

By passing to right adjoints along the vertical arrows, we obtain a diagram that
commutes up to a 2-morphism as indicated:

(2.13) (QCoh(Y7),IndCoh(¥1)) — (QCoh(X;), IndCoh(X7))

(QCoh(Y3),IndCoh(Y3)) —— (QCoh(X3),IndCoh(X5)).
We need to show that the 2-morphism in question is an isomorphism.

For the clockwise circuit in (2.13)), the corresponding (QCoh(X7), QCoh(Y3))-
module is by definition QCoh(Y7), equipped with the distinguished object Oy, €
QCOh(Yl)

For the anti-clockwise circuit in ([2.13]), the corresponding (QCoh(X7 ), QCoh(Y2))-
module is

Coh(X ® Coh(Y3),
QCob(X)) @ QCoh(¥2)
equipped with the distinguished object Ox, ® Oy,.
1

The datum of & of the 2-morphism in (2.13)) is the canonical functor
QCOh(Xl) ® QCOh(YQ) - QCOh(Yl ),
QCoh(X32)
which is known to be an equivalence (see, e.g., Chapter 3, Proposition 3.5.3). Under

this identification, the datum of ¥ of the 2-morphism in (2.13) is the identity
isomorphism on Oy, .

It remains to show that the natural transformation 7T is an isomorphism.
For a triple
&1 € QCoh(X;), &3 ¢QCoh(Yz), F eIndCoh(Y3)

and the corresponding object

(&1©&)0 Fe (QCoh(Xl) ® QCoh(Yg)) ® IndCoh(Y3),
QCoh(Xz) QCoh(Yz)
the functor F* sends it to
£18 (fx o (g2) M (&0 7)),

and the functor F* o (® ® Idg, ) sends it to
(914" (91 (&) ® £ (£2)) ® £y (F)) -
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Under the above identifications, the natutal transformation T acts as follows:

(91)249°" (g1 (&) ® f5(£2)) ® fy (F)) = (91) " (95 (£1) ® i (E2 0 F)) =
=& 8 (g1)MMN (fi(E20 F)) = £18 fx ((92) 9 (&2 0 F)),

which is an isomorphism, as required.

2.6. Verification of compatibility. In this subsection we will show that the
condition of Chapter 7, Sect. 5.2.2 is satisfied for the functor (QCoh,IndCoh)scp,, -

2.6.1. Let
U, —2— x,
fUl lfx
Uy —2 5 X,

be a Cartesian diagram in Sch,g, with the vertical arrows being proper and the
horizontal arrows being open.

According to Chapter 7, Sect. 5.2.2, from the base change isomorphism of
Sect. [2.4.5] we obtain a 2-morphism

(2.14) (QCoh(U), IndCoh(U;)) =<—— (QCoh(X;),IndCoh(X}))

(QCoh(Us),IndCoh(Us)) <— (QCoh(X52),IndCoh(X5)).
We need to show that this morphism is an isomorphism.

2.6.2. By the description of the left and right adjoint functors in Sects. and
the (QCoh(U;), QCoh(X3))-bimodule corresponding to both circuits in the
diagram is the category QCoh(U;), equipped with the distinguished object
Oy, € QCoh(Uy).

Under this identification, the data of ® and + in the 2-morphism in (2.14)) are
the identity maps. Hence, it remains to show that the natural transformation 7" is
an isomorphism.

2.6.3. The natural transformation 7 is a 2-morphism in QCoh(U;)- mod? “*" be-
tween two functors

QCoh(U;) ®  IndCoh(X3) = IndCoh(U;).
QCoh(X>)

Such functors and natural transformations are in bijection with those in QCoh(X5)- mod? ™

IndCoh(X3) = IndCoh (U ).
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Now, the assertion follows from the fact that in the diagram

-IndCoh,*

IndCoh(U) 2 IndCoh(X,)
fu fx
IndCoh(Us) o IndCoh(X5)
J2 ’

the 2-morphism is an isomorphism (which is Chapter 4, Proposition 5.3.4).

3. The multiplicative structure

In this section we will further amplify the functor

(QCoh, IndCoh) corr(seh, g yrrerer : Corr(Schag )" — DGCathop OGO

aft Jall;all all;all cont
Namely, we will show that it has a natural symmetric monoidal structure.

This will imply certain expected properties of IndCoh, regarded as equipped
with an action of QCoh.

3.1. Upgrading to a symmetric monoidal functor. In this subsection we

state the existence of (QCoh, IHdCOh)COrr(Schaft)Pﬁ‘?Pfl* as a symmetric monoidal func-
tor. )

3.1.1.  Recall that the (o0, 2)-category Corr(Schag )5 'n" carries a natural symmet-

ric monoidal functor, which at the level of objects is given by Cartesian product.

Note that the (o0, 2)-category DGCatMorModext 4156 carries a symmetric monoidal

structure, given by term-wise tensor product.
3.1.2.  As in Chapter 5, Theorem 4.1.2, we have:
THEOREM 3.1.3. The functor

(QCoh, IndCoh) corr(schyg yrrover + Corr(Schag )" — DGCathontMod.ext

aft ) all;all all;all cont
carries a canonical symmetric monoidal structure.

3.2. Consequences for the !-pullback. In this subsection we will show that the
action of QCoh on IndCoh comes from a symmetric monoidal functor

QCoh(-) - IndCoh(-),

whose formation is compatible with pullbacks (the *-pullback for QCoh and the
I-pullback for IndCoh).
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3.2.1. Let us restrict the functor (QCoh, IndCoh)c o (sch

(Secha)? © Corr(Sehas )%

proper £0O
aft)all;all

‘We obtain a functor
(31) (SChaft)Op N DGCatMonJrMod,ext .

cont

However, the explicit description of the !-pullback functors in Sects. and
imply that the functor (3.1) factors (automatically canonically) through the
1-fullly faithful functor

Mon+Mod Mon+Mod,ext
DGCat ot - DGCat,,, .

We denote the resulting functor
(SChaft)OP N DGCatM0n+MOd

cont

by (QCoh*,IndCoh')gen

REMARK 3.2.2. The meaning of the functor (QCoh*,IndCoh')sen,,, is that it
encodes that for a map f : X — Y, the functor f': IndCoh(Y) - IndCoh(X)
has a natural structure of map of QCoh(Y )-module categories. By contrast with
(QCoh, IndCOh)Corr(SChaft)Sfl‘.’;’ﬁ“v we discard the information pertaining to the func-

fIndCoh, '

aft *

tor

3.2.3. Taking into account Theorem we obtain that the functor (QCoh*, IndCoh')gcp
has a natural symmetric monoidal structure with respect to the symmetric monoidal
structure on (Sch,g )°P, induced by the Cartesian product on Sch,g and the sym-

metric monoidal structure on DGCatyor+Med

aft

, given by term-wise tensor product.

Recall now (see Chapter 5, Sect. 4.1.3) that any symmetric monoidal functor
from (Scha,g )P with values in a symmetric monoidal category naturally upgrades
to a functor from (Sch,g )P with values in the category of commutative algebras
in that symmetric monoidal category.

In particular, we obtain that the functor (QCoh’*,IndCoh!)Sdl
tends to a functor

(3.2) (Schate)°P - ComAlg (DGCatyor™M01) .
The composition of the functor (3.2]) with the forgetful functor
ComAlg (DGCathonMed) o ComAlg (DGCateont) = DGCatoym M

is the functor of Chapter 5, Formula (4.1).

3.2.4. Note that the category ComAlg (DGCatggfl?J'MOd) can be identified with the
category

naturally ex-

aft

Funct([1], DGCat>YMeny

cont
i.e., the category of triples
(0,0,a:0 - Q),
where O and O are symmetric monoidal categories, and « is a symmetric monoidal
functor.
Hence, the content of the functor is that the assignment

X ~ (QCoh(X),IndCoh(X))
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is the functor from the category (opposite to that) of schemes to the category of
pairs of symmetric monoidal DG categories, where:
e QCoh(X) is a symmetric monoidal DG category via the usual *-tensor
product operation;
e IndCoh(X) is a symmetric monoidal DG category via the usual !-tensor
product operation (see Chapter 5, Sect. 4.1.3)
e The symmetric monoidal functor QCoh(X) - IndCoh(X) is given by the
action of QCoh(X) on the unit object in IndCoh(X ), when IndCoh(X)
is regarded as a QCoh(X )-module category.

3.2.5. As a consequence, we obtain a natural transformation between the functors
(QCoh*,QCoh*)sen,,, = (QCoh*, IndCoh')gen,y, (Schag)® — DGCathop™Med .
In particular, we obtain a natural transformation between the functors

QCohgy, . = IndCohgy, . (Schag)*® > DGCatcons -

aft ?

We denote the latter transformation by Ysep
(Id, T)schze -

and the former by

aft

For an individual scheme X, we will denote the corresponding fonctor
QCoh(X) — IndCoh(X)
by Tx.
By construction, this functor is given by
ErEowyx, &eQCoh(X),

where ® is the action of QCoh(X) on IndCohy, and wy is the dualizing object
of IndCoh(X) (the !-pullback of & under X — pt, or equivalently, the unit for the
l-symmetric monoidal structure on IndCoh(X)).

3.3. Extension to prestacks. We will now use the theory developed above, to
show that for a prestack X, the category IndCoh(X) acquires a natural action of
the monoidal category QCoh(X).

3.3.1. We consider again the functor
(QCoh*,IndCoh!)sChaft : (Schag ) - ComAlg (DGCatEﬁﬁ?J’MOd)
of and apply the right Kan extension along
(Schag )°P — (PreStkiag )°P.
Denote the resulting functor by

(m*71ndCOh!)SChaft : (PreStkiaf: ) - ComAlg (DGCatxﬁTMOd) .

The value of this funcor on a given prestack ) is (QCoh(})),IndCoh(})), where
QCoh : (PreStkjag )P - DGCatSymMon

cont

is right Kan extension of QCohgchaft along (Schag)°P — (PreStkyag )°P, i.e.,

QCoh(Y) := lim QCoh(X).

Xe((Schagt ) /y)oP
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REMARK 3.3.2. The difference between QCoh()) and QCoh()) is that in the
latter we take the limit of QCoh(X) over all schemes X mapping to ), and in the
former only X € Sch,g. Under some (mild) conditions on ), the restriction functor
QCoh(Y) - Q_GBB(JJ) is an equivalence. For example, this happens if )} admits
deformation theory, see Volume II, Chapter 1, Theorem 9.1.4.

3.3.3. Note that there is a canonically defined natural transformation of functors

QCOhpresir = QCONp 1ot » (PreSthiae)™” — DGCatt "

cont

Composing with the functor (QCoh*,IndCoh!)preStklafﬁ we obtain a functor

(QCoh”, IndCoh')presuiqy, * (PreStkuar ) — ComAlg (DGCatogy ™).

cont

The value of the latter functor on ) € PreStkj,s is now

(QCoh(Y),IndCoh(})).

3.3.4. The content of the functor (QCoh*,IndCoh')presti,;, is the natural trans-
formation

. * !
TPFeStklaf: . QCOhPreStkm& = IndCOhPreStklaft’

as functors
PreStkyp = DGCat2YmMor
For an individual ) € PreStkj,¢ we shall denote the resulting functor
QCoh(Y) - IndCoh())
by Ty.
3.3.5.  Applying the forgetful functor ComAlg (DGCatpor ™™°?) - DGCatyeor ™4,

we can view (QCoh*,IndCoh')presix,.,, as a functor

(Prestklaft)op N DGCatMOrH—Mod )

cont

Le., for Y € PreStkjas, the DG category IndCoh()) acquires a structure of
QCoh(Y)-module, functorially with respect to the !-pullback on IndCoh and *-
pullback on QCoh.

The functor Yy is given by the monoidal action of QCoh()) on the object
wy € IndCoh(}).

3.3.6. The following assertion is often useful:
LEMMA 3.3.7. For any Y € PreStky.s, the functor
Ty : QCoh(Y)P™ - IndCoh(Y)
is fu’lly faithful and the essential image consists of objects dualizable with respect to

the ® symmetric monoidal structure.

PROOF. Since both functors QCoh(-)P* and IndCoh(-) are convergent (by
Chapter 3, Proposition 3.6.10 and Chapter 4, Proposition 6.4.3, respectively), the
assertion reduces to the case when Z = S € <<Sch?f.

In this case, the functor Tg is fully faithful on all of QCoh(S5).

Let F € IndCoh(.S) be a dualizable object. Since the unit object wg € IndCoh(S)
is compact, we obtain that F is compact, i.e., it belongs to Coh(\S).
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Consider € := D™ (F) e Coh(S). It suffices to show that & e QCoh(S)Pf ¢
Coh(.S). For that it suffices to show that all the *-fibers of £ are finite-dimensional.

But the *-fibers of £ are the duals of the !-fibers of F, and the latter are
finite-dimensional by the dualizability hypothesis: indeed, taking the !-fiber is a
1

symmetric monoidal functor from (IndCoh(Z),®) to Vect.
]

4. Duality

In this section we will study the interaction of the Serre duality on IndCoh with
the naive (i.e., usual) duality on QCoh.

4.1. Duality on the category DGCat}or*™Modext Ty this subsection we will ex-
Mon+Mod,ext
cont ’

plicitly describe dualizable objects in the symmetric monoidal category DGCat
and how the duality involution on dualizable objects looks like.

4.1.1. Let (O7 C) be an ObjeCt of DGCatMon+MOd’eXt.

cont

The forgetful symmetric monoidal functor

DGCatMon+Mod,ext N DGcatcont

cont
implies that if (O, C) is dualizable with respect to the symmetric monoidal struc-
ture on DGCatMerModext “then C is dualizable as a plain DG category.

cont

4.1.2. Vice versa, we claim that if C is dualizable as a DG category, then (O, C)
is dualizable in DGCatMorModext = with the dual being (O™¥™ CY), where

cont
Orev-mult g the monoidal category, obtained from O by reveresing the multipli-

cation.
Namely, the unit
(Vect, Vect) - (0,C) ® (O™ CY) = (0@ O™"™* Co C)

is given by the data (M, F, 1), where:

e M = O, regarded as a O ® O™V"™_module category;
e F'is the functor of O - C ® CY, given by the action of O on C;
e 1y is the unit object of O.

The co-unit
(Orev—mult ® O, Ve C) _ (Orev—mul‘c7 CV) ® (O’ C) — (VeCt,VeCt)

is given by the data (M, F, 1), where:
e M = O, regarded as a right 0"t @ O-module category;
e F'is the functor

o ® (C"®C)~C"®C — Vect,
Qrev-multgQ o)

where the last arrow is the canonical pairing;
e 1y is the unit object of O.
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4.1.3. Let

Mon+Mod\dualizable Mon+Mod
(DG CatMon+Mody c DGCatMor

and

Mon°? + Mod \dualizable Mon®°? + Mod
(DGC&tcont c DGca‘tcont

be the full subcategories corresponding to the pairs (O, C) in which C is dualizable
as a plain DG category.

Note that we have a canonically defined functor

(4. 1) ((DGCatMon+MOd dualizable )Op R (DGCatMonOp + Mod)dualizablc7

cont cont
(O, C) s ((:)rev—mult7 CV)

By Sect. the functors

Mon+Mod Mon+Mod,ext Mon®P + Mod
DGCatqqpy - DGCat,, <« DGCat gy

send the subcategories

Mon+Mod \dualizable Mon®? + Mod ydualizable
(DGCat ooy and (DGCat gpp )

Mon+Mod,ext\dualizable
to (DGCat gy ) :

Moreover the construction of Sect. [I.1.2can be upgraded to the following state-
ment:

LEMMA 4.1.4. The following square

Mon+Mod \dualizable \°P Mon+Mod,ext\dualizable | P
((DGcatcont ) (DGcatcont )

cont

(4.1) jv J{dualization in DGCatMon+Mod,ext

Mon®P + Mod \dualizable Mon+Mod,ext\dualizable
(DGCatCOm ) > (DGcatcont )

canonically commutes.

4.2. The linearity structure on Serre duality. In this subsection we study
how Serre duality on IndCoh is compatible with the action of QCoh.

4.2.1. Consider again the symmetric monoidal functor

. proper Mon+Mod,ext
(QCOh, IndCOh)Corr(Schafc)gfﬁ;’ﬁr : COI‘I‘(SChaft allall — DGCatcont

of Theorem [3.1.3l Consider its restriction
(QCoh, IndCoh)corr(sen : Corr(Schag Jamann ~ DGCatjop T

aft )all;all cont

As in Chapter 5, Theorem 4.2.3, we obtain:

COROLLARY 4.2.2. The following diagram of functors canonically commutes:

((QCoh,IndCoh) ¢orr(sch )P

aft)all;all

Mon+Mod,ext \dualizable op
((DGCatlier ) )

(Corr(Schagt )ansan) ™

cont

wl ldualiza‘cion in DGCatMontMod,ext

(QCothdCoh)co”(Scha“)a“ ”
; M Mod,ext i
Corr(SChaft)all;all (DGcatcoiiH- od,ex )duahzable’

where w is as Chapter 5, Sect. 4.2.2.
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4.2.3.  Combining Corollary [£.2.2] with Lemma [£.1.4] we obtain:

COROLLARY 4.2.4. The following diagram canonically commutes

(QCoh*,IndCohy)scn, op 1
Schag t (DGCatMon +M0d)duahzable

cont

o =

((QCoh* IndCoh')sen, f, )" Mon+Mod i °P
: dualizabl
Schagt ((DGC&tcont ) e e) '

The content of Corollary is that for an individual X € Sch,g, the Serre
duality equivalence

D3 : ITndCoh(X )Y ~ IndCoh(X)
is compatible with the action of QCoh(X).

Furthermore, for a morphism f: X — Y, the identification

f! ~ (fIndCoh)v
is also compatible with the action of QCoh(Y").

4.3. Digression: QCoh as a functor out of the category of correspon-
dences. The contents of this subsection are more or less tautological: they encode
that the operation of direct image on QCoh is compatible with the action of QCoh
on itself by tensor products.

4.3.1.  The goal of this subsection is to prove the following analog of Corollary[4.2.4]
for the pair of functors (QCoh™, QCoh*)scp,,, and (QCoh™, QCoh, )sch,,, of (2.3)
and (2.6]), respectively:

PRrROPOSITION 4.3.2. The following diagram canonically commutes

(QCoh*,QCoh, )sch,; op .
SChaft t (DGC&tMon + MOd)duahzable

cont

Idl l (4.1

((QCoh*,QCoh*)sen, g, )P

Schag ((DGCatMomMod )dualizable)Op .

cont

The content of Proposition is that for an individual X € Sch,g, there is a
canonical duality equivalence

(4.2) D3V : QCoh(X)Y = QCoh(X),
which is compatible with the action of QCoh(X).
Furthermore, for a morphism f: X — Y, we have an identification
fr=(f7,
which is also compatible with the action of QCoh(Y").
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4.3.3. Tt will follow from the construction below that the duality (4.2)) is that given
by the unit

Veet "2% QCoh(X) 25" QCoh(X x X) » QCoh(X) ® QCoh(X),

and the co-unit

rX-)

QCoh(X) ® QCoh(X) ~ QCoh(X x X) 2 QC h(X) — k.
Equivalently, the duality (4.2) is induced by the anti-self equivalence of
QCoh(X)¢ ~ QCoh(X )P,

given by
EwEY = Hom, (€,0x).
4.3.4. As in the case of Corollary in order to prove Proposition 4.3.2] it is
sufficient to construct a symmetric monoidal functor
(4.3)  (QCoh, QCoh) Corr(Schar )aman * COTT(Schagt )al;an — DG CatMon+Modext

cont

We will obtain (QCOh7QCOh)Corr(Schaft)au;au by restriction from a symmetric
monoidal functor

(4.4) (QCOh, Qcoh)corr(scha“)all COI‘I‘(SChaft) all;all nd (DGC tM0n+M0d’eXt)2_Op.

't ) all;all cont

4.3.5.  To construct (4.4]), we start with the functor
(QCoh*, QCoh*)sen,, * (Schag ) — DGCatymor ™4,
of (2.3) and follow it by the functor

DGC tM0n+Mod -~ DGC tMon+M0d ext

cont cont
of Sect. [3.4
We obtain a functor
(4.5) (Schyg )°P — DGCathiontMod.ext

4.3.6. We now claim that the functor (4.5]), viewed as a functor
(Schaft)()p — (DGCatM0n+MOd7eXt)2‘OP

cont
satisfies the right Beck-Chevalley condition.
This is proved in the same was as in Sect.
Now, applying Chapter 7, Theorem 3.2.2(b), we obtain that the functor (4.5)
uniquely gives rise to the sought-for functor (4.4)).

4.4. Compatibility with the functor WU. In this subsection we will use the
theory developed above to show that the dual of the functor Y identifies with the
functor ¥ of Chapter 4, Sect. 1.1.2.
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4.4.1. Recall (see Corollary [2.2.6)) that the functor
(QCoh™, IndCohy )sen., : Schag — DGCatMon™” +Mod

cont
was constructed in such a way that it was equipped with a natural transformation
(Id, ¥)scn,,, : (QCoh™, IndCoh, )sch,,, = (QCoh™, QCoh, )sen

aft

aft aft *

Applying the functor (4.1]), and taking into account Corollary and Propo-
sition from the natural transformation (Id, ¥)gep,,, , we obtain a natural trans-
formation

(Id, ¥¥)sen,,, : (QCoh*, QCoh*)gen,,, = (QCoh*, IndCoh')gp

as functors

aft )

aft

(Schug )°P - DGCatMon+Med

cont
For an individual X € Sch,g, we let the resulting functor
QCoh(X) — IndCoh(X)
be denoted by UY%.
4.4.2. The goal of this subsection is to prove the following:

THEOREM 4.4.3. There is a canonical isomomorphism of natural transforma-
tions
(Idv \I]V)SCha&

where (1d, T)scn,,, is as in Sect.[3.2.5

The content of this theorem is that for an individual X € Sch,g, with respect
to the identifications

D3 : IndCoh(X )" ~ IndCoh(X) and D5 : QCoh(X )" ~ QCoh(X),
the dual of the functor
U : IndCoh(X) - QCoh(X)

= (Ida T)Sch

aft ?

is the functor
Tx :QCoh(X) - IndCoh(X), E&r E&Qux.
Furthermore, these identifications of functors are compatible with respect to
maps f: X - Y.

4.4.4. Proof of Theorem. Since the functor (QCoh*, QCoh™)scn,,, corresponds
to the ‘free module on one generator’, a datum of a natural transformation out of
it to some other functor

F : (Schag)*? - DGCatgoor ™04,

cont

whose composition with DGCator*™Med . DGCat}or is the functor QCohg, ., is

equivalent to the datum of a 1-morphism
(QCoh™, QCoh™)sen,,, (pt) = F(pt).
Le., in order to prove the theorem, it is sufficient to perform the identification
Y ~Tx

for X = pt. However, the latter is evident.
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Introduction

1. Why correspondences?

This part introduces one of the two main innovations in this book—the (oo, 2)-
category of correspondences as a way to encode bi-variant functors and the six
functor formalism. This idea was suggested to us by J. Lurie.

1.1. Let us start with a category C (with finite limits), equipped with two classes
of morphisms vert and horiz (both closed under composition). The category of
correspondences is designed to perform the following function.

Suppose we want to encode a bi-variant functor ® from C to some target
(00, 1)-category S. Le., to ¢ € C we assign ®(c) €S, and to a 1-morphism ¢; - ¢y
in C, we assign a 1-morphism

D(v): P(c1) > P(cg) if v € vert
and a l-morphism
B'(v): B(cy) » B(cy) if vy € horiz,
equipped with the following pieces of structure:
(1) Compatibility of both ®(-) and ®'(~) with compositions of 1-morphisms
in C;
(2) For a Cartesian square

[e70]
Cp,1 — Co,0

o e

Qg
Ciq1 — Ci1p0

with vertical arrows in vert and horizontal arrows in horiz, we are sup-
posed to be given an identification (called base change isomorhism)

©(B1) 0 ' (ap) = (1) o B(6o).

The above pieces of data must satisfy a homotopy-coherent system of compati-
bilities. The partial list consists of the following:

e The data making ® into a functor Cpey — S, and the data making ®' into
a functor (Cporiz)°P = S.

e The compatibility of base-change isomorphisms with compositions;

However, the above is really only the beginning of an infinite tail of compati-
bilities, as it always happens in higher category theory.

273
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So, if we want a workable theory, we need to find a convenient way to package
this information, preferably in terms of one of the existing packages, such as the
notion of functor between two given (oo, 1)-categories.

The category Corr(C)yert;horiz allows us to do just that. Namely, we show
(Chapter 7, Theorem 2.1.3) that the datum of a functor as above is equivalent to
the datum of a functor

Corr(C)vert;horiz - S.

1.2. The idea of Corr(C)yert;noriz i very simple. Its objects are the same as
objects of C. But its 1-morphisms are diagrams

Cp,1 — Co

(1.1) l
c1
with the vertical arrow in vert and the horizontal arrow in horiz.
The composition of the 1-morphism ([1.1)) with a 1-morphism

Cio2 — C;

l

C2

is the 1-morphism
C1,2 X €Co,1 —> Cp
C1

|

Co.
What may be a little less obvious is to how to give the definition of Corr(C)yert;horiz
in the co-context (and without appealing to a particular model of (o0, 1)-categories,
i.e., we do not want to talk about simplicial sets).

The definition of Corr(C)yert;horiz 1S the subject of Chapter 7, Sect. 1. In fact,
the construction is not difficult and quite natural: it is formulated in terms of the
interpretation of (oo, 1)-categories as complete Segal spaces.

1.3. At this point let us comment on the relationship between our approach and
(our interpretation of) [LZ1, ILZ2].

Consider the following bi-simplicial space Grids«(C): its space Gridy, ,(C)
of [m] x [n]-simplicies are m x n-grids of objects of C, in which every square is
Cartesian, all vertical arrows are in vert and all horizontal arrow are in horiz.

Then Chapter 7, Theorem 2.1.3 says that the datum of a functor
Corr(C)yert;horiz = S
is equivalent to that of a map of bi-simplicial spaces
Grid, o(C) > Maps([+] x [+].5).

The authors of [LZ1, [LZ2] construct their datum in terms of the latter map
of bi-simplicial spaces.
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2. The six functor formalism

Let us now explain how the (oo, 2)-category of correspondences encodes the six
functor formalism.

2.1. The setup. The general setup for the six functor formalism is the following.
Suppose that we have a category C of ‘geometric objects’, e.g., the category of
topological spaces, schemes, prestacks, etc. To each object X € C, we associate a

category

X ~ Sh(X) e DGCatcont,

of ‘sheaves on X’, e.g., IndCoh(X) or Dmod(X). This assignment comes with the
following additional data, in particular making it natural in X € C:

(1)

(functoriality) For every map f: X - Y € C, there are two pairs of adjoint
functors

£i:Sh(X) 2 Sh(Y): f', and f*:Sh(Y) 2 Sh(X) : f,

which are natural in f, i.e. each of them is given by a functor C —
DGCatcont (or C°P - DGCateont). These are four of the six functors in
the six functor formalism.

Note the data of an adjoint pair is uniquely determined by one of the
functors. In the case of IndCoh and D-modules, we only have the right
adjoint functors f' and f, exist in general. For this reason, we will de-
scribe the formalism in terms of these functors without explicit reference
to their adjoints.

(proper adjunction) Given f: X — Y € C, there is a natural transforma-
tion
Jr = e

which is natural in f and is an isomorphism when f is proper.

Equivalently, there is a natural transformation
id— f'o f.,

which is the unit of an adjunction when f is proper.

(open adjunction) If f : X - Y € C is an open immersion, there is a
natural isomorphism
f! ° f* = 1d7
which is the counit of an adjunction. In particular, in this case, we have
an isomorphism
frefr
(proper base change) For a Cartesian square

x' 9 . x

b

Y —— Y

in C, there is a natural base change isomorphism

flog'=g'of..
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In the case that f is proper (resp. open), this isomorphism is given by the
natural transformation arising from proper (resp. open) adjunction above.

(duality) For each X € C, the DG category Sh(X) is self-dual; see Chap-
ter 5, Sect. 4.6 for an explanation of how this recovers the usual Verdier
or Serre duality on sheaves. Moreover, for each morphism f: X - Y € C,
the functors f' and fi are dual to f. and f*, respectively.

(tensor structure) For each X,Y e C we have a functor
:Sh(X) ®Sh(Y) - Sh(X xY),
natural in X and Y.

Moreover, *-pullback along the diagonal X — X x X defines a closed
symmetric monoidal structure on Sh(X) for every X € C, i.e., each Sh(X)
comes with a tensor product ® and an inner hom HomSh( X) functor —
these are the remaining two of the six functors. Furthermore, for every
map f: X - Y € C, the functor

f7:Sh(Y) - Sh(X)
is equipped with a symmetric monoidal structure.
In the case of IndCoh and D-modules, the functor ® above is an

isomorphism in the case of (ind-inf-)schemes X and Y. However, we only
have the !-pullback functor and so we can only define the dual !-tensor

!
structure ® on Sh(X) given by !-pullback along the diagonal. In this
case, the functor

f':Sh(Y) - Sh(X)

!
is equipped with a symmetric monoidal structure with respect to the ®
tensor product.

(projection formula) Let f : X — Y be a morphism in C. Since f* is a
tensor functor by the above, we have that Sh(X) is a module category
over the tensor category Sh(Y'). We further require that the functor f; be
equipped with the structure of a functor of module categories over Sh(Y").
In particular, from this we obtain the familiar natural isomorphisms:

fiM e f*(N))= fitM)®N,
Hom(f/(M),N) = f,(Hom(M, f'(N))), and
7 (Hom(M, N)) = Hom(f* (M), £ (N)),
for M € Sh(X) and N € Sh(Y).

In the case of IndCoh and D-modules, where we have the dual tensor

!
product ®, we require that the functor f, be equipped with the structure

!
of a functor of module categories over Sh(Y") with respect to the ® tensor
product. In particular, we obtain the projection formula

£ (M & f(N)) = fo(M)® N,

dual to the one above.
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2.2.  As explained in Sect. [I} the data of functoriality and proper base change
above is equivalent to the data of a functor of (oo, 1)-categories

Sh : Corr(C)anan & DGCateont;
namely, an object X € Corr(C)an.an maps to Sh(X) and a morphism

71 x

;

maps to g. o f': Sh(X) - Sh(Y).

The idea is that we can enlarge Corr(C)ai.an to a symmetric monoidal (oo, 2)-
category Corr(C)P|’PT" so that all of the above data will be encoded by a symmetric
monoidal functor of (oo, 2)-categories

(2.1) Sh : Corr(C)2P - DGCatCat

cont

Suppose that we are in the situation of Sect. and in addition to vert and
horiz, we are given a third class of 1-morphisms

adm c vert n horiz.
We define the (o0, 2)-category
d
Corr(c)gez;horiz

so that its underlying (oo, 1)-category is the (oo, 1)-category Corr(C)yert:horiz dis-
cussed above, but we now allow non-invertible 2-morphisms. Namely, a 2-morphism
from the 1-morphism (|1.1)) to the 1-morphism

!
Co,1 — Co

|

C1
is a commutative diagram
Co,1

W

’
cO,l —FF = Cy

C1
with v € adm.

If C has a Cartesian symmetric monoidal structure that preserves each of the
subcategories adm,vert and horiz, then it induces a symmetric monoidal structure
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on the (o0, 2)-category Corr(C)%dm In particular, in the situation of Sect.

vert;horiz*

we obtain that the (oo, 2)-category
proper
Corr(c)all;all
has a canonical symmetric monoidal structure such that the functor

proper
C - Corr(C),

given by “vertical morphisms” is symmetric monoidal with respect to the Cartesian
symmetric monoidal structure on C.

2.3. We will now explain how to recover all of the data in Sect. 2.I] from the
data of the functor ([2.1). We have already seen how functoriality and proper base
change is encoded as a functor out of correspondences.

Proper adjunction.

Let f: X - Y e C. In this case, we have that the functor f, o f': Sh(Y) — Sh(Y)
is the image under Sh of the morphism

X —Y

|

Y

in Corr(C)anan- Similarly, f'o f, : Sh(X) — Sh(X) is given by the image of the
composite
XxX——X=——=X

|

X——Y

X
If the diagonal morphism X — X X X is proper (as is the case with a separated
morphism of schemes), we obtain the desired natural transformation
id— f'o f..
Furthermore, if the map f: X - Y is proper, we also obtain a natural transforma-

tion f, o f' —id and it is easy to see that the two natural transformations give the
unit and counit of an adjunction.

2.3.1. Open adjunction. Similarly, if f: X - Y is an open embedding, we have
that

X }>§ X~X
and therefore we obtain the desired isomorphism
fro fo~id.

The assertion that this isomorphism gives a counit of an adjunction is an additional
condition.

Duality.
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A key feature of the symmetric monoidal category Corr(C)y)"H1" is that every object
X is self-dual. In particular, it is easy to see that the morphisms

X— % and X-—2-XxX
Al L
X xX *

give the unit and counit maps, respectively. Applying the symmetric monoidal
functor Sh, we obtain that the DG category Sh(X) is self-dual.

Moreover, it is straightforward to check that given a map f: X — Y € C, the
morphisms

Xx—1oyv and X—X
H |
X y

are dual in Corr(C)P°P(". Hence the functors f' and f, are dual to each other.

Tensor structure.

The symmetric monoidal structure on the functor Sh gives a natural isomorphism
:Sh(X) ® Sh(Y) = Sh(X x Y);

in the case that Sh is only right-lax symmetric monoidal, we would only have a
functor.

Moreover, by construction of the symmetric monoidal structure on Corr(C)? P,

we have that the functor

op proper
CP — Corr(C)alhall

given by ‘horizontal morphisms’ is symmetric monoidal, where the symmetric monoidal
structure on C°P is given by coproduct. In particular, every object X € C°? has

a canonical structure of a commutative algebra with multiplication given by the
opposite of the diagonal map

(X > X x X)°P

(see Chapter 1, Sect. 5.1.8). Thus, Sh(X) carries a symmetric monoidal structure
!

® given by !-restriction along the diagonal A: X — X x X.
Projection formula.
Suppose that we have an object Y € C. By the above, we have that Y has a

canonical structure of a commutative algebra object in Corr(C)P?P1". Furthermore,

if f: X — Y is a morphism in Y, we have that X has a canonical structure of a
module over Y. It is straightforward to see that in this case the morphism

X=—X

|

Y
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has the structure of a morphism of Y-modules in Corr(C)P[’P". In particular,

applying the symmetric monoidal functor Sh, we obtain that the functor
S+ :Sh(X) - Sh(Y)

has the structure of a functor of Sh(Y')-modules, as desired.

3. Constructing functors

adm

vert;horiz) our

Having constructed the categories Corr(C)yert;horiz and Corr(C)
next problem is how to construct functors

Corr(C)yert;horiz = 1-Cat.

In our main application, C = Sch,g, S = 1-Cat, and & is supposed to send a
scheme X to the category IndCoh(X). We take vert and horiz to be all morphisms
in Schag;.

3.1. It turns out, however, that in order to construct functors out of Corr(C)yert;horiz,
it is convenient (and necessary, if one wants to retain canonicity) to enlarge it to
an (oo, 2)-category Corr(C)%dm

vert;horiz*

Suppose that S is an (oo, 2)-category. A functor
@ : Corr(C)%dm -S

vert;horiz

encodes the following data (in addition to that of its restriction to Corr(C)yert:noriz):
For a 1-morphism (c 3 ¢’) € adm, the 1-morphism
®'(7) : B(c") > D(c)
in S identifies with the right adjoint of
O(v) : @(c) > 2(c').

We recall that the notion of adjoint morphisms makes sense in an arbitrary (oo, 2)-
category.

3.2. The above 2-categorical enhancement plays a crucial role for the following
reason.

horiz
vert;horiz*

Suppose that horiz c vert, and consider the (oo, 2)-category Corr(C)
We have a tautological functor

horiz
Corert = Corr(c)ve'rt;isom - Corr(c)vert;horiz - COI‘I‘(C

vert;horiz*
Then the basic result (Chapter 7, Theorem 3.2.2) is that for any target S,
restriction along the above functor identifies the space of functors

Corr(C)horiz -S

vert;horiz

with the full subspace of functors
Cvert - Sa

consisting of those functions for which for every a € horiz, the corresponding 1-
morphism ®(«) in S admits a right adjoint, and the Beck-Chevalley conditions are
satisfied (see Chapter 7, Sect. 3.1 for what this means).

The above theorem is the initial input for any functor out of any category of
correspondences considered in this book.
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3.3. For example, let us take C = Sch,s, with vert = all and horiz = proper. Then
starting from IndCoh, viewed as a functor
(31) SChaft g DGC&tcont,
(with respect to the operation of direct image), we canonically extend it to a functor

Corr(Schag )PP > DGCat2S

all;proper cont

Similarly, taking horiz = open, and inverting the direction of 2-morphisms, we
canonically extend (3.1)) to a functor

Corr(Schag ) oo o — (DGCat )P,

all;open

3.4. In Chapter 7 we prove two fundamental theorems that allow to (uniquely)
extend functors defined on one category of correspondences to a larger one. Rather
than giving the abstract formulation, we will consider the example of C = Sch,g.

Together, these theorems allow to start with IndCoh, viewed as a functor as in
(3.1)), and extend it to a functor

Corr(Schag)Ph0" — DGCatZ5 .
3.5. The first of these theorems, Chapter 7, Theorem 4.1.3, allows to treat the
following situation:
Let us be given a functor
® : Corr(Schag g}?iﬁ‘f‘ -8,
and we want to extend to a functor
Corr(Schaft)gﬁ?gﬁr - S.

Le., the initial functor was only defined on 2-morphisms given by closed em-
beddings, and we want to extend it to 2-morphisms given by proper maps.

The assertion of Chapter 7, Theorem 4.1.3 is that if such an extension exists,
it is unique, and one can give explicit conditions for the existence.

The idea here is that for a separated map f:S — S’, the diagram

S

SxS_ 0 0™

@
N

S§— 9

provides a 2-morphism
id > ' (f) o ®(f),

which will be the unit of an adjunction if f is proper.
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3.6. The second theorem, Chapter 7, Theorem 5.2.4, is designed to treat the
following situation. Let us be given a functor

(3.2) d: COrr(SChaft)au;open -S

(see Sect. for the example that we have in mind) and we want to extend to a
functor

(3.3) Corr(Schg) 2o — S.

Again, the claim is that if such an extension exists, it is unique, and one can
give explicit conditions for the existence.
The idea here is the following: as a first step we restrict ® to
Schag; = Corr(Schat )an;isom © Corr(Schage)ali;open;
and then extend it to Corr(Schyug )n"Pe using Chapter 7, Theorem 4.1.3 (see

all;proper?

Sect. for the example we have in mind).

Thus, we now have ®'(f) defined separately for f open and proper. One now
uses Nagata’s theorem that any morphism can be factored into a composition of
an open morphism, followed by a proper one.

The bulk of the proof consists of showing how the existence of such factoriza-
tions leads to the existence and uniqueness of the functor (3.3]).

We emphasize that in this theorem the 2-categorical structure on the category
of correspondences is essential. L.e., even if we are only interested in the functor

@' : (Scha )P - S,
we need to pass by 2-categories in order to obtain it from the initial functor ([3.2)).

4. Extension theorems

The Chapter V.2 contains two results (Theorems 1.1.9 and 6.1.5) that allow to
(uniquely) extend a given functor

@ : Corr(C)dm -9

vert;horiz
to a functor
v COIT(D Zgﬁ;horiz - Sa
along the functor Corr(C)%dm., . — Corr(D)%¢m., . . corresponding to a functor
between (oo, 1)-categories C — D. 7

4.1. Let us explain the typical situation that Chapter 8, Theorem 1.1.9 is applied
to. We start with IndCoh, viewed as a functor
Corr(Schaft)glill;‘gllf sed _, DGCateont,
and we want to (canonically) extend it to a funct01E|
Corr(infSchyag ) oifa ™! = DGCateont -

We do not really know what is the general 2-categorical paradigm in which
such an extension fits (it has features of both the left and right Kan extension).

Here we really have to work with the class of nil-closed morphisms rather than proper ones,
because Chapter 8, Theorem 1.1.9 only applies in this situation. The further extension to proper
morphisms is obtained by the procedure described in Sect. [3.5
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Again, the 2-categorical structure on the category of correspondences here is
essential.

4.2. Let us now explain what Chapter 8, Theorem 6.1.5 says. We start with the
functor

(4.1) Corr(Schat) jiomy — S
and we wish to (canonically) extend it to a functor
(4.2) Corr(PreStklaft):zﬁ;‘ilpmper - S.

Here the subscript sch stands for the class of schematic maps, and the super-
script sch & proper stands for the class of schematic and proper maps.

The required extension is the 2-categorical right Kan extension. However, the
particular properties of the functor

Corr(Sch,gt erl?gﬁr - Corr(PreStklaft)Zzg;ilpmper
make this extension procedure very manageable.
Namely, it turns out that the restriction of (4.2]) along

sch & proper
Corr(PreStkiaft )sch;an = Corr(PreStkiag )sch;all

equals the right Kan extension along the functor of (oo, 1)-categories
Corr(SChaft)all;all g Corr(PreStkIaft)sch;all
of the restriction of (4.1)) along

proper
COI“I"(SChaft)au;a]l nd COI‘I‘(SChaft all;all *

Le., the above 2-categorical right Kan extension is essentially 1-categorical.
Moreover, the further restriction of along
(PreStkiag )P ~ Corr(PreStkiagt )isom;ann = Corr(PreStkiag )schian
equals the right Kan extension along
(Schag)°P — (PreStkiag )P
of the further restriction of along
(Schag )P = Corr(Schagt )isom;an = Corr(Schag )ait;an-
Le., this extension procedure ‘does the right thing’ on objects and pullbacks.

A similar discussion applies when we replace Corr(Schag )Y /01" by Corr(infSchag )PP

and Corr(PreStklaft)zzﬁ,ilpmper by Corr(PreStklaft);ﬁziﬁﬁlpmper.

5. (Symmetric) monoidal structures

In Chapter 9 we study the symmetric monoidal structure that arises on the
(00,2)-category Corr(C)29m . induced by the Cartesian symmetric monoidal
structure on C. But in facf, our primary focus will be on the (oo, 1)-category
Corr(c)vert;horiz~

The essence of Chapter 9 is the following two observations. Assume for simplic-
ity that vert = horiz = all, and consider the (oo, 1)-category Corr(C) = Corr(C)ar;an.
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5.1. The first observation is the following. We note that the category Corr(C)
carries a canonical anti-involution, given by swapping the roles of vertical and
horizontal arrows.

We show that this involution canonically identifies with the dualization functor
on Corr(C) for the symmetric monoidal structure on the latter.

As a corollary, we obtain that whenever
®: Corr(C) > O

is a symmetric monoidal functor, where O is a target symmetric monoidal category,
for every c € C, the corresponding object ®(c) € O is canonically self-dual.

This fact is responsible for the Serre duality on IndCoh on schemes: apply the
above observation to the functor

IndCOhCorr(SCh : Corr(SChaft)all;all - DGcatcont .

aft)all;all

5.2. The second observation has to do with the construction of convolution cate-
gories.

Let ¢*® be a Segal object of C. l.e., this is a simplicial object such that for every

n > 2, the map
1

chx...xcl,

c0 0
given by the product of the maps
[1]=>[n], O0~i,l—i+1, i=0,..,n-1,
is an isomorphismﬂ
We show that c!, regarded as as object of Corr(C), carries a canonical struc-

ture of associative algebra, (with respect to the symmetric monoidal structure on
Corr(C)). For example, the binary operation on ¢! is given by the diagram

c2 — 5 clxel

|

ct,

in which the vertical map is given by the active map [1] — [2], and the horizontal
map is given by the product of the two inert maps [1] = [2].

As a corollary, we obtain that whenever we are given a monoidal functor
@ : Corr(C) - O,

where O is a monoidal category, the object ®(c!) € O acquires a structure of
associative algebra.

In particular, taking C = Schas, O = DGCateont, and ® to be the functor
IndCoh, we obtain that for a Segal object X* in the category of schemes, the

2An alternative terminology is category object.
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category IndCoh(X1) is endowed with a monoidal structure, given by convolution.
ILe., it is given by pull-push along the diagram

X1 X X1 —_— X1><X1
Xo

|

X1






CHAPTER 7

The (o0, 2)-category of correspondences

Introduction

This chapter contains one of the two main innovations in this book: functors
out of the (o0,2)-category of correspondences (the other one being the notion of
inf-scheme).

The idea of the (co,2)—category of correspondences, as a way to encode bi-
variant functors that satisfy base change, was explained to us by J. Lurie. So,
in a sense we realize his suggestion, even though our approach to the definition
of the (oo, 2)-category of correspondences is different from what he had originally
envisage

0.1. Why do we need it?
0.1.1. Suppose we have an (oo,1)-category C, and let S be a target (oo,1)-
category.

We want to express, in a functorial way, what it means to have a bi-variant
assignment

ceC ~ d(c)eS
that satisfies base change.
In other words, we want to have a functor
®:C->S

and also a functor
?':C% -8
that interact as follows:

(1) At the level of objects, for any ¢ € C we are given an isomorphism ®(c) ~
®'(c).
(2) Whenever we have a Cartesian square

Qo
Co,1 — Co,0

(0.1) ml lﬁo

o
Ci,1 — Ci,
we want to be given a base change isomorphism

(0.2) D(B1) 0 ®'(ag) = @' (a1) o ©(Bo).

1L urie’s idea was to construct it combinatorially in terms simplicial sets starting from quasi-
categories, whereas our approach is independent of a particular model for (oo, 1)-categories.

287
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We emphasize that, in general, for a morphism ~v:c — ¢’ in C and S = 1-Cat,
the 1-morphisms

B(7): B(c) - (') and B'(7) : B(c') > B(c)

are not adjoint on either side; therefore, in (0.2)) there is no a priori defined map in
either direction.

An example to keep in mind is when C = Sch,g and S = 1-Cat, and we take
®(S) = IndCoh(S) with the morphism (.Sy EA S2) being sent to
fImdCoh: IndCoh(S1) - IndCoh(Sy) and f': IndCoh(Sy) — IndCoh(S,),
respectively.

0.1.2. A challenge is to even express what it means for the data (1) and (2) above
to be functorial. Let us give a typical example of why one would want that.

Say, we want to extend the functor
IndCoh : Sch,g — 1-Cat
to a functor
IndCoh : (PreStkjas; )seh — 1-Cat,

where (PreStKjaft )sch is the 1-full subcategory of PreStkj.g, where we restrict mor-
phisms to maps that are schematic.

In other words, we want to assign to a schematic map ) i Y5> between
prestacks a functor

fIndCOh . IndCOh(yl) — IndCOh(yZ)a

and we want this assignment to be functorial in the oco-categorical sense.
By definition, for ) € PreStk).s, we have

IndCoh(Y) := YG(Sli}{lnf y IndCoh(Y),
Chatt )y

where for a map Y’ % Y” over ), the corresponding functor IndCoh(Y2) —
IndCoh(Y7) is ¢

For each Y7 - Y, set Yo :=Y; )>}< Y1, which is a scheme since f was assumed to
2
be schematic, and let f denote the resulting map Y7 — Ys.

fIndCoh 5 given by the compatible family of functors

The sought-for functor
findCob: 1ndCoh(Y;) — IndCoh(Y3),
where the compatibility is exactly encoded by the base change isomorphisms.

We will carry out this construction in detail in Chapter 8, Sect. 6.
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0.1.3. Of course, if S is an ordinary category, one can express the required com-
patibility conditions on the data (1) and (2) in Sect. by hand: one specifies
the natural transformations for each Cartesian square requiring that for
a Cartesian diagram

"

0‘6 )

Co,2 Co,1 Co,0
ﬁzl 51‘[ lﬁo
’ ”

(31 (31
C1,2 C1,1 C1,0,

the resulting two natural isomorphisms
®(f2) 0 @' (0p) 0 @' (ag) F @' () 0 @' (af) 0 ()
coincide, and similarly for every Cartesian diagram

(675}
Co,1 —> Coo

Bil lﬁé

aq
Cii1 — C1p0

Q|

as
C2;1 — C2p0-

But if S is an co-category, the word ‘coincides’ must be replaced by ‘a specified
homotopy’, and thus we need to specify the data of infinitely many homotopies for
(m x n)-diagrams for every m and n.

0.1.4. That said, a way to formulate the above data at the level of co-categories
readily presents itself. Here is one possibility: we specify a map between bi-
simplicial spaces (i.e., a map in the category SpCAOPXAOP) between the following
two objects:

The source is the object of Spe®” 2™ that assigns to ([m],[n]) € A% x AP
the full subspace in Maps([m] x [n], C) that consists of Cartesian diagrams.

The target is the object of Spc®” *A™ that assigns to ([m],[n]) € A% x AP
simply Maps([m] x [n],S).

This is a valid formulation, and we will prove (see Theorem that it is
equivalent to the one we will ‘officially’ take. Its disadvantage is that a datum of a
map in SpcAopXAop does not look like a datum of a functor between oco-categories
(however, Theorem mentioned above, says that it is actually equivalent to
one).

0.1.5. Here is an alternative approach, which is the one we will adopt in this book
as the definition. Namely, we will introduce an (oo, 1)-category that we will denote
Corr(C), and our datum will be simply a functor from Corr(C) to S.

In order to define Corr(C), recall following Chapter 10, Sect. 1.2, that the
datum of an (oo, 1)-category D is equivalent to one of the complete Segal space

Seq,(D) € Spc®™,  Seq,, (D) = Maps([n], D).
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For the desired (oo,1)-category Corr(C), we take the corresponding object
Seq, (Corr(C)) to be the complete Segal space, denoted Gridz 9" (C), defined as
follows. We let Grid2?8™(C) be the space of functors

([n] x [n]P)> e > €
for which every inner square is Cartesian.

Here ([n] x [n]°P)>9e1! is the ordinary category, equal to the full subcategory
of [n] x [n]°P spanned by the objects {i},{j} with ¢ < j.

Note that Corr(C) receives a pair of functors
C - Corr(C) « C?
corresponding to the projections
[n] < ([n] x [n]°P)> 9" = [n]°P,
respectively.

0.1.6. Thus, for example, the space of objects of Corr(C) equals that of C. The
space of 1-morphisms in Corr(C) is that of diagrams

Co,1 — Coo

(0.3) l

C1,1-

The space of two-fold compositions is that of diagrams

Co,2 Co,1 Co,0

I

Ci2 — €C11

C2.2,

in which the square
Cp2 — Co,1

I

Cio2 — C11

is Cartesian.

0.1.7. If the target S is an ordinary category, it is an easy exercise to see that the
datum of a functor

Corr(C) —» S
is equivalent to that of a bi-simplicial map as in Sect.

If S is a general (oo, 1)-category such an equivalence is the content of (a par-
ticular case of) Theorem mentioned above.

0.2. The actual reason we need it.
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0.2.1. The above was meant to explain why we need something like the category of
correspondences if we want to have a bi-variant functor with base change. However,
we were led to consider the category Corr(C) for a different reason.

Namely, we simply wanted to define IndCoh' as a functor

(0.4) (Schag)°P - 1-Cat

that assigns to S € IndCoh the category IndCoh(S) and to a morphism S 5 So
the functor

f':IndCoh(S3) - IndCoh(S,).

The problem, known since at least Hartshorne’s ‘Residues and duality’, is that
for an arbitrary morphism f, the functor f'is not adjoint to anything.

Namely, when f is proper, f' is the right adjoint to fI"4¢°" and when f is an

open embedding, f' is the left adjoint to f4€°P In general, one decomposes f as
a composition fj o fo with fo an open embedding and f; proper, and defines

f! - ((f2)£ndCoh)L ° ((fl)indCoh)R.

0.2.2. This gives a valid definition of f' for a single morphism f, and it is not
difficult to show that it is independent of the decomposition of f as f1o fo. However,
to make this construction functorial (i.e., to have IndCoh as a functor as in (0.4))
becomes a challenge.

For example, let us see what happens with a simple composition f’o . We
write

f'=flofsand £ =il 1.
Then to show that
(f'o ") = (f") o ()
we will need to show that
(f) o (f3) =g oh,
where fjo f{" = hog with g an open embedding and h proper (while f{" was proper
and f5 was open, so we need to perform a swap).

One can imagine that this becomes quite combinatorially involved in the oco-
categorical setting, where one needs to consider n-fold compositions for any n.

0.2.3. Now, it turns out that the notion of a functor out of the category of corre-
spondences provides a convenient framework to deal with the above issues.

However, there is a caveat: the (oo, 1)-category Corr(C) as defined above is not
sufficient. We need to enlarge it to an (oo, 2)-category by allowing non-invertible
2-morphisms.

This is not surprising: in the construction of f' we appeal to the notion of
adjoint functor, and the latter is a 2-categorical notion; i.e., it is intrinsic not to
the (oo, 1)-category 1-Cat, but to the (oo,2)-category 1-Cat.
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0.2.4. Given a class of 1 morphisms in C, denoted adm, satisfying some reasonable
conditions (see Sect. , we will attach to it an (oo 2)-category Corr(C)2d™,
such that the underlymg (o0, 1)-category is Corr(C) as was defined above.

In the example of C = Sch,¢, we take adm to be the class of proper morphisms.

Let us explain the idea of Corr(C)®@™. As was said above, 1-morphisms in
Corr(C)®@™ are diagrams (0.3)). Given such a I-morphism and another 1-morphism
between the same two ob Jects

4
€1 — Co

|

Ci,

a 2-morphism from the former to the latter is a commutative diagram

N

C014>CO

with ~ € adm.

0.2.5. In order to spell out this definition in the oo-categorical world, we use the
approach to (oo,2)-categories explained in Chapter 10, Sect. 2. Namely, we will
think of a datum of an (oo, 2)-category T in terms of the corresponding object

Seq,(T) € 1-Cat®™ .

For the desired (o0,2)-category Corr(C)%™ we take the corresponding object
of 1-Cat®” to be the simplicial (oo, 1)-category "Gridz 48" (C)*™ | defined as
follows.

For any n, the space underlying "Grid2 %™ (C)*¥™ equals Gridz*€"(C) (as it
should be, since we want (Corr(C)*¥™)1-Cat = Corr(C)). Now, "Gridz " (C)*dm
is defined as a 1-full subcategory in

Funct(([n] x [n]°P)> =™, C),
where as 1-morphisms we allow natural transformations ¢ - ¢’ such that for every
i, ], the corresponding map
Cij = €

belongs to the class adm and is an isomorphism for 7 = j.
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0.2.6. Here is the theorem that one can prove regarding the functor IndCoh (this
is the combination of Theorems [3.2.2} |4.1.3[and [5.2.4]), see Sect.

THEOREM 0.2.7. There exists a uniquely defined functor
(0.5) IndCohf) 7" : Corr(Schag )*"*P*" - 1- Cat
whose restriction along

Schag — Corr(Schag ) - Corr(Schyg )PHoP"
is identified with the functor
IndCoh : Sch,g — 1-Cat.

The sought-for functor
IndCoh' : (Schag )°P - 1-Cat
is obtained from the functor IndCoh}}’" of by restriction along
(Schag )°P — Corr(Schag ) = Corr(Schag )PTOP.

0.3. What is done in this chapter?
0.3.1. In Sect.[l| we define the (oo, 2)-category of correspondences.

The setting here is slightly more general than the one described in Sects.
and (and this generalization is necessary for what we will develop in subsequent
sections). Namely, in addition to adm we choose two more classes of morphisms in
C, denoted vert and horiz, respectively, so that adm c vert n horiz.

We restrict the class of one 1-morphisms in Corr(C)*¥™ by only allowing dia-
grams

(e}
Co,1 — Co

|s

C1
where « € horiz and ( € vert.

adm

wert horiz- 1t 1s endowed

We denote the resulting (oo, 2)-category by Corr(C)
with a pair of functors

C'uert - COI‘I‘(C adm <« (Choriz)op-

vert,horiz

We describe explicitly the simplicial categories

« 1>dgnl
”GI‘ldi & (C)Zgﬁ,horiz = Seqo(corr(c)gg:rtl,horiz)’
« 1>dgnl i
/Gl‘ldi & (C)?)g;’z,horiz = Seq?alr(corr(c)gg:;,horizﬂ Cadm)

and
Grid; “®"(C)sdn = Seq, ™ (Corr(C) 4t 1orizs Cuoert)-

vert,horiz

For every [n] € A, each of these categories is a 1-full subcategory inside
Funct(([n] x [n]°P)>9en! ).
All three have the same underlying space, denoted Grididgnl(C)ggm horiz: 1t8

objects are half-grids of objects of C, where each internal square is Cartesian, all
vertical arrows belong to vert and all horizontal arrows belong to horiz.
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0.3.2. To specify a functor
(0.6) Corr(C)2dm -,

vert,horiz

where S is another (oo, 2)-category is equivalent to specifying a map of bi-simplicial
spaces in any of the following versions:

Seq, ("Grid; €™ (C)1dm i) — Sd. 4 (S),

vert,horiz

Seq, (‘Gridz*®"(C)dm | ...) = Sd. . (S)

vert,horiz
or

Seq.(Gridf dgnl(c)adm e Sq.,o(S)'

vert,horiz

In Sect. [2] we give two additional formulations of what it takes to specify a
functor as in . These formulations are used in the proofs of the various results
establishing the existence and uniqueness of a functor out of a given category of
correspondences with specified properties, discussed in the subsequent sections.

The first of these two formulations is given in terms of maps of bi-simplicial
spaces
defGrid, ,(C)%dm — S8, ..(S).

vert;horiz

The main difference between defGrid,, ,, (C)24™ and the space GridZ 98" (C)adm

vert;horiz vert,horiz

is that objects of defGrid,, ,(C gg;’;horiz are functors

[m] x [n]*P > C.

Le., here we are dealing with full (m x n)-grids rather than half-grids. This is
in the spirit of the initial idea in Sect. of how to functorially account for base
change.

adm

The second description involves a bi-simplicial category, denoted Gride,e(C)ye 4 1 oriz;

we refer the reader to Sect. for the precise statement.
0.3.3.  We now ask the following question: how does one ever construct a functor

: adm
out of a given category of correspondences Corr(C)3e) opi.

In Sect. [3]we state and prove Theorem [3:2.2]that gives an answer to this question
(and, quite probably, any functor out of a category of correspondences ultimately
comes down to the paradigm described in this theorem).

Namely, suppose we have a category C, with horiz a class of 1-morphisms (with
some reasonable properties) as well as a a functor

$:C S,

where S is some (o0, 2)-category. Assume that this functor has the following prop-
ert for every arrow c 5 ¢’ in horiz, the 1-morphism

a(c) " o(c)

admits a right adjoint. Moreover, assume that these right adjoints satisfy a base
change property against the 1-morphisms

o) "V ad), @id)ec.

2We emphasize that this is a property and not an additional piece of data.
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Consider the (0, 2)-category Corr(C)™"#* . The statement of Theorem

all,horiz*
is that there exists a uniquely defined functor

horiz . Corr(c)horiz N S,

all,horiz all,horiz

horiz

all horiz is identified with the initial functor

whose composition with C — Corr(C)
D.

For example, if we start with the functor
IndCoh : Sch,g; — 1-Cat,
the above theorem allows us to (uniquely) extend it to a functor

IndCoh?’°Pe"  : Corr(Schag )PnP™ - 1-Cat

all,proper all,proper

and to a functor
IndCoh®h" : Corr(Schag )b — (1- Cat)2'°p.

all,open all,open

0.3.4. In Sect. [d] we prove Theorem which is the first out of the two basic
theorems of this chaptexﬂ that say that starting from a functor from a given (oo, 2)-
category of correspondences, there is a canonical way to extend it to a larger one.

Let adm’ > adm be a larger class of morphisms, satisfying the following as-
sumption: for any v:c — ¢’ from adm’, the diagonal morphism

C—>CXC

CI
belongs to adm.

In this case, Theorem m says that restriction under Corr(C)2dm

vert,horiz

Corr(C adm’  Jefines a fully faithful embedding from the space of functors

vert,horiz

Corr(C adm’ ->S

vert,horiz
to that of functors
Corr(C)2dm -S.

vert,horiz
Moreover, we give an explicit description of the essential image of this fully
faithful embedding.

0.3.5. Here are some typical applications of Theorem [4.1.3
(i) Take C = Sch,g, with adm’ = open, and let adm = isom, so that
Corr(Schaft);ﬁ?ﬁu = Corr(Schagt )an an = Corr(Schag,)

is the (o0, 1)-category of correspondences from Sect. We obtain that the
datum of the functor

IndCohg} % : Corr(Schag )y > (1- Cat)?P

open

is equivalent to that of its restriction under Corr(Schag ) — Corr(Schag ), ays

IndCohay,an : Corr(Schag )anan — 1-Cat.
(i) Same as above, but we consider the pair
Corr(Schagt ) all open = Corr(Schag isom Corr(Schyg )2

all,open all,open

3A few more theorems of this kind will be given in Chapter 8.
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and the functor

IndCoh®** : Corr(Schag )P - (1-Cat)?™°P,

all,open all,open

(ii) Take C = Sch,g with adm’ = proper, and let adm = closed be the class of closed
embeddings. Then Theorem [4.1.3]implies that the datum of a functor

proper | proper

IndCohalLa11 : Corr(Schag allal 1= Cat,
can be uniquely recovered from its restriction under Corr(Sch,g )S19%5¢ — Corr(Schyg )PP
q y aft Jall,all aft all,all >

closed , closed
Indcohauvau . COrr(SChaft all,all — 1-Cat.

(ii’) The same applies to the case when C = “!Sch and the functor in question is

Dmodgﬁ?gﬁr : Corr(“'Schag gﬁ(”gﬁr — 1-Cat.

(iii) We take C = “'Sch with adm’ = closed, while adm = isom, so that
Corr(“'Sch)50%,; = Corr(“'Sch) ai,an = Corr(“'Sch)
is the (oo, 1)-category of correspondences. We start with a functor
Dmodg?5 : Corr(“'Sch)dss! - 1- Cat,

and we conclude that it can be uniquely recovered from its restriction under the
functor Corr(“!Sch)ayan Corr(dSch)Sﬁ’;ﬁ‘f,

Dmodai,an COI“I“(CISCh)au,aH — 1-Cat.

Note that combining with (ii’) and (iii), we obtain that the datum of the functor

Dmody) V" : Corr(CISch)gﬁi’;’ﬁr - 1-Cat

can be uniquely recovered from its restriction under Corr(CISch)alLan — Corr(Schag )00

Dmoday an : COI‘I‘(CISCh)all,all - 1-Cat.

REMARK 0.3.6. The point is that in (iii) we take fiber products in the category
“ISch, and in this category, for a closed embedding S — S’, the map

S—-85x%x8
SI
is an isomorphism (which is of course completely false in Sch). On the other hand,

if we tried to consider IndCoh out of the category “'Sch, it would fail to satisfy base
change.
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0.3.7. In Sect. [§] we prove the second of the two extension results, Theorem [5.2.4]
It is this theorem that allows us to construct the functor

IndCthﬂ?;’Sr : Corr(Schaft)zlrl‘?;’Sr - 1-Cat,

starting from just
IndCoh : Sch,g — 1-Cat.

In this theorem, we start with four classes of morphisms wvert, horiz, as well as
adm and co- adm with some reasonable assumptions. The example one should keep
in mind is when C = Schy,s, with vert = horiz = all, adm = proper and co-adm =
open.

We start with a functor

(07) (I)vert,co—adm : Corr(C)vert,co—adm - Sl—Cat7
and we wish to extend it to a functor

d . d
(08) q)ge:"rtl,horiz . Corr(c)ge:rtl,horiz - S.

Theorem[5.2:4]says that under a certain assumption on horiz, adm and co-adm,
restriction along Corr(C)24™ , . — Corr(C)yert.co-adm defines a fully faithful map
from the space of functors to the space of functors , whose essential image
is explicitly described.

The assumption on our classes of morphisms is that for a given 1-morphism

Co > c1, the category of its factorizations as
€ _ 7
cg > Cy—>c1, €€co-adm, ye€adm

is contractible.

In our main application, we start with the functor

. 2-
IndCohgji ., : Corr(Schatt ) ol open — (1- Cat)=™P

(which is uniquely constructed starting from IndCoh : Sch,g — 1-Cat, see Sect. ;
we restrict it to a functor

IndCohaii open : Corr(Schagt )ait,open = 1-Cat

(this restriction does not lose information, see Example (i’) in Sect. above);
and finally apply Theorem to extend IndCoh,ji open to the desired functor

IndCoh} "M : Corr(Schag )5y oy — 1-Cat.

0.3.8.  We should remark that if one is only interested in constructing the functor
IndCoh' : (Schagt)°P - 1-Cat,
then one can make do with a vastly simplified version of Theorem

Namely, starting from the functor (0.7) we can first restrict it to Corr(C)gdm,co- adm;
and then apply Theorem [£.1.3] to obtain a functor

admnco-adm
COII’(C adm,co-adm - S.

Then a much simplified version of Steps B and C of the proof will produce from
the latter functor the desired functor

(I)! : (Chom'z)op - S.
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We note, however, that both steps of the procedure just described lose infor-
mation; whereas the one in Theorem does not.

1. The 2-category of correspondences

In this section, given an (oo, 1)-category C with three distinguished classes
of 1-morphisms vert, horiz and adm, we will construct the corresponding (oo,2)-

category of correspondences Corr(C)2dm .

1.1. The set-up. In this subsection we will list the requirements on the classes
of morphisms vert, horiz and adm, and explain what the desired (oo, 2)-category

Corr(C)ﬁZﬂ;honz is when C is an ordinary category. In this case, Corr(C)ggﬂ;horiz

will be an ordinary 2-category, which can specified by saying what are its objects,
1-morphisms and 2-morphisms.

1.1.1. Let C be an (oo, 1)-category. Let vert, horiz be two classes of 1-morphisms
in C, and adm c vert n horiz a third class, such that:

(1) The identity maps of objects of C belong to all three classes;

(2) If a 1-morphism belongs to a given class, then so do all isomorphic 1-
morphisms;

(3) All three classes are closed under compositions.

(4) Given a morphism a; : ¢1,1 = €10 in horiz and a morphism Sy : ¢o,0 = €10
vert, the Cartesian square

ag

Co,1 — Coo

(1'1) ﬁll lﬁo
ay

Ci,1 —> Ci1p0

exists, and «g € horiz and By € vert. Moreover, if oy (resp., By) belongs
to adm, then so does ag € horiz (resp., $1 € vert).

(5) The class adm satisfies the ‘2 out of 3’ property: if

a B
C; > Cg > C3

are maps with 8 and B o « in adm, then « is also in adm.

For example, if C contains fiber products for all morphisms, we can take vert =
horiz = adm to be the class of all 1-morphisms.

We let
Cverta Choriz and Cadm

denote the corresponding 1-full subcategories of C.
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1.1.2. Note the following consequences of the above conditions.

First, we claim that if ¢ - ¢’ is a 1-morphism that belongs to adm, then so
does the diagonal morphism ¢ — ¢ x c.
CI
Second, the above observation implies that for a diagram
c1

I

cy —>cC3 ch

AN

! !
Co—>C3

with the slanted maps in adm, vertical arrows in vert and horizontal arrows in
horiz, the resulting map
C1 X Cy > €} x Cj
C3 (A

is in adm.

1.1.3. We wish to define a (o0,2)-category, denoted Corr(C)%dm., . = We want
its objects be the same as objects of C.

For c¢g, c; € Corr(C), we want the (oo, 1)-category
MapsCorr(C)ggm;horiz (COa Cl)
to have as objects correspondences
«
Cppp — Co
(1:2) |s
C1
where a € horiz and 3 € vert.

For a pair of correspondences (co,1,a, ) and (cg1,a’, 8"), we want the space
of maps between them to be that of commutative diagrams

(1.3)

with v € adm.
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Composition of 1-morphisms should be given by forming Cartesian products:

Co,2 Co,1 Co

I

Ciog — C;

|

Ca.

1.1.4. Tt is easy to check that when C is an ordinary category, the above construc-
tion indeed gives rise to an (ordinary) 2-category.

To give the actual definition in the co-categorical framework, we shall use the
formalism of Chapter 10, Sect. 2.1

1.2. The Segal category of correspondences. In this subsection we will carry
out the construction of the sought-for category Corr(C)Zg:’t‘;hm,iz.

The construction will be very intuitive: when we think of the datum of an
(00,2)-category in terms of its image under the functor

Seq, : 2-Cat — l—CatAop,

adm

it is quite clear what the simplicial (oo, 1)-category corresponding to Corr(C)e 1,0

adm
vert;horiz?

should be. Namely, for each n, the corresponding (oo, 1)-category, denoted "Gridz 98" (C)
is one whose objects are half-grids of size n of objects of C, in which every square
is Cartesian.

This category "Grididgnl(C)ggm; hori, Of half-grids is easy to make sense of in

the oo-categorical setting, because it is obtained from a category of functors from
a (very simple) ordinary category to C.

1.2.1.  Let (C,vert, horiz,adm) be as in Sect. We will now define the desired
object

"Gridz e (C)edm e1-Cat®™.

vert;horiz

Consider the following co-simplicial object of 1-Cat, which in fact takes values
in ordinary categories. For each n =0,1,2,... we consider the full subcategory

([n] x [n]°P)>9€™ c [n] x [n]°P,
spanned by objects (i,7) with i < 5.
Consider the (oo, 1)-category

Maps (([n] x [n]°P)denl, C) )
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Le., this is the category of commutative diagrams c

Co,n —> Con-1 Cp,1 — Co,0
Cl,n —> Cin-1 C1,1

Cn-1,n > Cp—1,n-1

Cnon-

1.2.2. Forn=0,1,2,... we define an (oo, 1)-category "Grididgnl(C)gg;’g;hw,iz to be
the following 1-full subcategory of Maps (([n] x [n]°P)=den!, C).

The objects of "GridZz ™ (C)adm consist of those diagrams ([1.4]) that:

vert;horiz
(1) All the vertical maps belong to vert;
(2) All the horizontal maps belong to horiz;
(3) All squares are Cartesian.

We restrict 1-morphisms to those maps ¢ - ¢’ between diagrams ([1.4)), for
which the corresponding map
Cij = C;, j
belongs to adm for all 0 <7 < j <n and is an isomorphism when i = j.
1.2.3. It is clear that for a map [m] — [n] in A, the restriction functor
Maps (([n] x [n]°?)>?", C) > Maps (([m] x [m]°?)>*s", C)

sends
”Gl‘ididgnl(c adm = ”Gl'idildgnl(C)adm

vert;horiz vert;horiz*

Hence, we obtain a well-defined object

"Gridz(C)xm . e 1-Catd™.

vert;horiz

PROPOSITION 1.2.4. The object "GridZ*®"'(C)adm . e1-Cat®" lies in the
essential image of the functor Seq, .

PROOF. The fact that 0-simplices of "GridZ ‘€™ (C)®dm are a space follows

vert;horiz

from the definition. The fact that "GridZ ‘€™ (C)adm is a Segal category is also

vert;horiz
clear. Thus, we only have to check that every invertible 1-simplex is degenerate.

A 1-simplex in "GridZ " (C adm .. is given by a diagram

d —— co

|

Cy,
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and the fact that it is invertible means that this diagram can be completed to a
diagram
B

d’ C1 d C1
Co Co

Co,
with all the squares being Cartesian, and both composite maps cg - ¢ (resp.,
c; — ¢1) are the identity maps. However, this implies that all the arrows in this

diagram are isomorphisms.
O

1.2.5. We define the (oo, 2)-category
Corr(C)%dm € 2-Cat,

vert;horiz

to be such that
Seq, (Corr(C)2dm ) = "Gridz ‘& (C)adm

vert;horiz vert;horiz*

The (o0, 2)-category Corr(C)Zfﬁ;horu can thus be recovered as

Corr(C) e oriz = L('Grid; €™ (C) 1T 1 0ric),

vert;horiz vert;horiz
see Chapter 10, Sect. 4.4.1 where the functor £ is introduced.
Note that we have a canonical identification

(Corr(C)2dm )P ~ Corr(C)4dm

vert;horiz horiz;vert:

1.3. Changing the class of 2-morphisms. In this subsection we show that if
we replace the class adm (which gives rise to 2-morphisms) by a smaller one, things
work as they should.

adm

vert;horiz contains

In particular, we will see that the (oo,2)-category Corr(C)
Cpert and C® . as 1-full subcategories.

horiz
1.3.1. Let us now be given two classes adm’ and adm as in Sect. with adm’ c
adm. On the one hand, we can consider the (oo, 2)-category Corr(C)fjg:’tL;horiz. On

the other hand, we can consider the 2-full subcategory

Corr(C)“dmlcadm c Corr(C)%dm

vert;horiz vert;horiz»

obtained by leaving by keeping objects and 1-morphisms the same, but restricting
2-morphisms to those diagrams (1.3)), where v € adm'.

The tautological functor

adm’ adm
Corr(c)vert;horiz - COI‘I‘(C vert;horiz
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factors through a canonical functor

(1.5) Corr(C)“dm’ — Corr(C adm’cadm

vert;horiz vert;horiz *

The following is tautological:

LEMMA 1.3.2. The functor (1.5) is an equivalence.

1.3.3. Let us consider a particular case of the above construction when adm = isom,
i.e., is the class of all isomorphisms.

. . . op H
In this case, "GridZ €™ (C o hori» D€lONES to Spc® ™. Therefore, Corr(C e horiz

is an (oo, 1)-category. We shall denote it simply by Corr(C)yert;noriz-
By Lemma for any adm, we have
(Corr(C)adm )1'Cat ~ Corr(C)yert:horiz-

vert;horiz
1.3.4. Let us now take both classes horiz and adm to be isom. In this case the
corresponding (oo, 1)-category

Corr(C)yert;isom = Corr(C)ion.

vert;isom
is canonically equivalent to C,..,;. Indeed, it is easy to see that for every n, the corre-
sponding category ’ 'Grididgnl(C)f;‘?t‘;isom is canonically equivalent to Maps([n], Cyert)SPC.

Similarly, the (oo, 1)-category
Corr(C)isom;horiz = Corr(C isom

isom,vert
is canonically equivalent to (Cpopiz )P
In particular, we obtain the functors:

Cyert = Corr(C)om — Corr(C adm

vert;isom vert;horiz
and
isom d
(Choriz)op = Corr(c)i:gm,vert - Corr(c)ge;rtl;horiz'
1.4. Distinguishing a class of 1-morphisms. Recall from Chapter 10, Sect.
4.3.7 that in addition to the functor

Seq, : 2-Cat - 1-Cat®”

Pair
L ]

there is also a functor Seq, that takes as an input an (oo, 2)-category and a class

of its 1-morphisms.

. . . . . Pai
In this subsection we will describe the result applying Seq, ** to Corr(C)ngtL; horizs
with respect to the following two 1-full subcategories

Cadm c Cvert c (COI’I‘(C)adm )1—Cat.

vert;horiz

As aresult we will see two versions of the simplicial (oo, 1)-category ”Grididgnl(C)Zgﬂ;hm.iz,
denoted ‘Grid;,*®"'(C)edm , . and Grid}*®"'(C)2dm, . . respectively.

Both these versions are useful in the applications.
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1.4.1.  For a natural number n, we define the (oo, 1)-categories

Gridz " (C)adm and 'Gridz 8" (C)2dm

vert;horiz vert;horiz

to be 1-full subcategories Maps (([n] x [n]°?)*9"!, C) having the same objects as

the category "Gridz " (C G horiz» but a larger class of 1-morphisms:

For GridZ " (C)adm we allow those maps ¢ — ¢’ between diagrams ([1.4)),

vert;horiz
such that the corresponding maps

/

Cij =€

belong to vert for all 0 <¢ < 7 <n, and such that for every 0 < j—-1 < j <n, the map

U
Cij =>Cij X Cij-1
Cij-1

belongs to adm (i.e., the defect of the corresponding square to be Cartesian is a
1-morphism from adm).

For 'Gridz " (C)edm we allow those maps ¢ — ¢’ between diagrams (1.4)),

vert;horiz
such that the corresponding maps

/
Cij = Cij
belong to adm for all 0 <i < j < n.
Denote also
. 1>dgnl adm — + 3>dgnl isom ~ + 1>dgnl adm Spc .,
Grldn (C vert;horiz "~ Grldn (C vert;horiz — (Grldn (C Uert;horiz) -
~ (" + 3>dgnl adm Spc ., (//, + 3>dgnl adm Spc
= (Grldn (C)vert;horiz) - ( Grldn (C)Uert;horiz) .
1.4.2.  As in the case of "Grididgnl(C)gg;’g;hoMZ, the restriction functor

Maps (([n] % [n]op)zdgnl7 C) - Maps (([m] < [m]op)zdgnl’ C)

sends

Grididgnl(C)ﬁZﬂ;hom - Gridfyflgnl(c)zgg;horiz
and

IGI‘ididgnl(C)adm N IGI‘idildgnl(C adm

vert;horiz vert;horiz

Thus, we obtain well-defined objects
Grid; " (C)ad, .. and 'Grid; **"(C)sn

vert;horiz vert;horiz
. op
in 1-Cat®™.
Similarly, we obtain an object

GridZ dgnl (C)adm ¢ SpCAop )

vert;horiz
The following results from the definitions:

LEMMA 1.4.3. The objects
‘GridZ " (C)adm and Gridz %" (C)2dm

vert;horiz vert;horiz

of 1-Cat®™ are both Segal categories.
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1.4.4. We now claim:

ProrosIiTION 1.4.5. We have:
(a) Gridze"(C)edm = Seqs ¥ (Corr(C)2dm Cuert)-

vert;horiz . vert;horiz?

(b) 'Gridz e (C)adm = Seq ™ (Corr(C)2dm Coadm)-

vert;horiz . vert;horiz?

PrROOF. We will give the proof for Grid; dgnl(C)Zgﬁ;hwiZ; the case of ‘Grid; dgnl(C)Zg;’;;hwiz
is similar.
First, we claim that GridZ®"(C G horiz lies in the essential image of the

functor Seqt ™, i.e., that it is a half-symmetric Segal category. We can check this

at the level of ordinary Segal categories. Thus, we can replace
GI‘idZ dgnl(C)adm by (Gridz dgnl(C)adm )ordn

vert;horiz vert;horiz

while
+ 31>dgnl adm ordn + 1>dgnl ordn\adm
(Grldn (C)vert;horiz) - Grldn (C )vert;horiz'

Now, for C°™"  its is easy to see that ‘GridZ dgnl(Cord“)fjgﬁ;horiz is equivalent

to
Pair ordn\adm ordn
Seqo (COI‘I‘(C )vert;hom'z’ (C )adm)-
Since

"Gridfdgnl(C adm ~ t(Gridfdgnl(C adm )7

vert;horiz vert;horiz

we conclude that
Grid; " (C)ad. i = Seq)™" (Corr(C)3irn 1. D),

vert;horiz vert;horiz»

adm )1 -Cat

o horiz , with the same class of

where D is a 1-full subcategory of (Corr(C)
objects.

It remains to show that D = C,¢,;. However, this also follows from the corre-

sponding fact for the underlying ordinary categories.
O

COROLLARY 1.4.6. We have canonical identifications
SeXt(GI‘idfdgnl(C)adm ) ~ Corr(c)adm

vert;horiz vert;horiz»
and
sext(/Gridf dgnl(C)adm ) ~ COI‘I"(C adm

vert;horiz vert;horiz»

where £5Y is as in Chapter 10, Sect. 4.4.1.

2. The category of correspondences via grids

According to the previous section, for an (oo, 2)-category S the data of a functor

(2.1) Corr(C)24m -S

vert;horiz
amounts to any of the following:
(i) A map of bi-simplicial spaces Seq, ("GridZz " (C)adm ) = S, +(S);

vert;horiz

(ii) A map of bi-simplicial spaces Seq, (‘GridZ ‘& (C)2dm ) = Sd, o (S);

vert;horiz

(iii) A map of bi-simplicial spaces Seq, (GridZ 4" (C)2dm ) = Sd. . (S).

vert;horiz

In this section we will give yet two more interpretations of what it takes to

define a functor (2.1)).
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One (given by Theorem will still have the form of maps of from a certain
bi-simplicial space to Sq, ,(S), but the flavor of this new bi-simplicial space will be
different: instead of half-grids we will have m x n-grids of objects of C. The other
one (given by Theorem involves three-dimensional grids.

We should say right away that the contents of this section are pure combi-
natorics, i.e., manipulating diagrams. The reader may do well by absorbing the
statements of the two main results, Theorems and and skipping the
proofs on the first pass.

2.1. The bi-simplicial space of grids with defect. In this subsection we will
introduce the bi-simplicial space of grids with defect and state Theorem [2.1.3]

2.1.1. Consider the following object
defCrid, .(C)%dm € SpeAT AT,

vert;horiz

Namely, the space defGrid,,, ,,(C)29m is the full subspace in

vert;horiz
Maps([m] x [n]°?,C)
that consists of objects ¢ with the following properties:

orany U<2<12+1<m, the map c; ; - c;41 ; belongs to vert;
1) F 0<i<i+l th g ; bel t t

or an <j7-1<j5<n, the map c; ; - c; j—1 belongs to horiz;
2) For any 0<j-1<j<n, th J = i1 belongs to hori
(3) Forany 0<i<i+1<mand 0<j-1<j<n in the commutative square

Cij — > Cij-1

22) l l

Cit1,5 — Ci+1,5-1,
its defect of Cartesianness, i.e., the map

Cij = Ci+15 X Cij-1,
Cit+1,5j-1

belongs to adm.
So, the objects of defGrid,, ,,(C)*m are grids of objects of C of height

vert;horiz
m and width n, with vertical arrows in vert, horizontal arrows in horiz, and the

defect of Cartesianness of each square in adm.

2.1.2. There exists a canonical map in Spc®” A"

(23) defGrid','(C)Zg:Z;horiz - Sqo,'(corr(c)gg:‘?;h()riz)a
explained in Sect.
We will prove:

THEOREM 2.1.3. For S € 2-Cat, the map (2.3) defines an isomorphism be-
tween the space of functors Maps(Corr(C)24m S) and the subspace of maps in

vert;horiz?
A°Px A°P

Spc
defGrid, o(C)%m -S4, .(S)

vert;horiz

with the following property:
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For every object in c € defGrid, ; (C)29m for which the diagram

vert;horiz’

Co,1 — Co,0

]

Ci,1 — Cip0
is Cartesian, the corresponding object

(2.5) 80,1 =— 50,0

$11 <—— 51,0
in Sq; 1(S) should represent an invertible 2-morphism.

REMARK 2.1.4. When S is an ordinary category, the statement of Theorem|2.1.3
is easy to verify directly (and we recommend to anyone who wants to study its proof
to do this exercise).

In general, the intuition behind Theorem [2.1.3|should also be rather clear: both
sides describe the data of a pair of functors

C'uert - S and (Choriz)op -8

and an assignment to a every commutative square in C (with vertical arrows
in vert, horizontal arrows in horiz and the defect of Cartesianness in adm) of a
datum of a natural transformation in S, such that if is Cartesian, then
the natural transformation in is an isomorphism.

2.2. The bi-simplicial category of grids. In this subsection we will formulate
Theorem which gives yet another description of what it takes to define a
functor out of the (oo, 2)-category Corr(C)%dm

vert;horiz*
This description uses bi-simplicial (oo, 1)-categories (rather than spaces), and
as a result also tri-simplicial spaces.

Having to deal with tri-simplicial spaces may appear as a grueling task, but
unfortunately it seems that one has no choice: we will need Theorem in order
to prove Theorem which is one of the key results of this chapter’

2.2.1.  We consider the following object of 1-Cat®” A" denoted Grid, ,(C)dm

vert;horiz*

For m,n=0,1,... we let
Grid,, ,(C)m

vert;horiz
be the 1-full subcategory of
Maps([m] x [n]°?, C),
where we restrict objects to diagrams c satisfying:

(1) For every 0 <¢<i+1<m, the map c; ; > c;+1,; belongs to vert;
(2) For every 0<j—1<j<n, the map c;; - c; j_1 belongs to horiz;

4As a dubious comfort to the reader, let us point out that the proof of Theorem uses
quadri-simplicial spaces, so tri-simplicial ones are not yet the worst.



308 7. THE (o0,2)-CATEGORY OF CORRESPONDENCES

(3) For every 0<i<i+1<m and 0<j—-1<j<n, the square

Cij — Cij-1

| |

Ci+l,j — Ci+1,5-1,
is Cartesian.

We restrict 1-morphisms to those maps of diagrams ¢ — ¢’ such that for every
0<i<m and 0 < j <n, the map
4
Cij = Cij
belongs to wvert, and for every 0 < i < m and 0 < j -1 < j < n, the defect of
Cartesianness of the square

Cij — Cij-1

|

’ /
e

Cij Cij-1

belongs to adm.

REMARK 2.2.2. Note that we impose no condition on the defect of the com-
mutative diagrams

Cij — > Cislj

|

!

!
ij €

c i+l

2.2.3.  Consider also the following object of 1-Cat®” *A™ | denoted 'Grid, .(C)2dm

vert;horiz*

For m,n=0,1,... we let

'Grid,), ,(C)29m

vert;horiz
be the 1-full subcategory of Gridmm(C)Zgﬁ;hmiZ, which has the same objects, but

where we restrict 1-morphisms to those maps of diagrams ¢ — ¢’ such that for every
0<i<m and 0<j<n, the map c;; — ¢ ; is in adm.

Denote also

Crid, .(C)29m € SpcATT AT

vert;horiz
where
Gridmm(c)adm . (Gridmvn(C)adm )Spc.

vert;horiz vert;horiz

REMARK 2.2.4. The difference between Grid,, ,,(C)24™ (resp., 'Grid,y, ,(C)m )

vert;horiz vert;horiz

and defGridm,n(C)‘qu;’Z; horir 18 that the former has fewer objects, but we allow non-

invertible morphisms.
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2.2.5. Applying the functor Seq, : 1-Cat — SpcAop term-wise to
Grid, .(C)%m and 'Grid, .(C)24™

vert;horiz vert;horiz

we obtain objects

Seq, (Grid. o(C)™, ) and Seq,('Grid. .(C)*™, )

vert;horiz vert;horiz

APxAPx AP

in Spc , so that the corresponding spaces of (I, m,n)-simplices are

Seql(Gridm,n(c)ggz;horiz) and Seql(,Gridm,n(C gdm )7

vert;horiz

respectively.

2.2.6. Recall now (see Chapter 10, Sect. 4.6.1) that to an (co,2)-category S we
can canonically attach an object

Clly o o(S) € SpcA™ *ATXA™

There are canonically defined maps

(2.6) Seqq (Grid, .(C)2%m, ) > Cu, .+ (Corr(C)24m ),

vert;horiz vert;horiz

(27) Seqo(,Grid','(c)gg:’rg;horiz) - Cu',','(Corr(c)gg:]tl;horiz)ﬂ
explained in Sect. below.

We will prove:

THEOREM 2.2.7.
(a) For an (o0,2)-category S, the map (2.6)) induces an isomorphism from

Maps(Corr(C)%dm S)

vert;horiz»

to the subspace of maps in Spe™ AT XAT

Maps(Seq, (Gride o (C)5erthoriz)s Clle,e,e(S)),

vert;horiz

consisting of those maps, for which for every (0,1,1)-simplex in Seq,(Grid. o (C)3%7, ),

the corresponding (0,1,1)-simplex in Cuaeo(S), thought of as a (1,1)-simplex in
Sd. «(S), represents an invertible 2-morphism in S.

(b) Ditto for 'Grid, «(C)%m instead of Grid, .(C)29™

vert;horiz vert;horiz*

REMARK 2.2.8. The content of Remark applies also to Theorem [2.2.7} it
is rather clear why this kind of statement should be true (convince yourself for S
ordinary).

2.3. Construction of the map-I. In this subsection we will construct the map

23).

The reader who prefers to take Theorem on faith, may choose to skip
this subsection (or better tinker with the relevant objects and invent what the map

should be).
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2.3.1. The map (2.3) is constructed as a composition of a map
(2.8) defGrid, o(C)%m - Seq, (Gridz & (C)dm ),

vert;horiz vert;horiz

followed by the map
Seqo (Grldf dgnl(c)adm ) = Sql::éiir(corr(c)zgx;horiz’ Cvert) g Sql,. (Corr(c)ggz;horiz )7

vert;horiz

where the first arrow is the isomorphism of Proposition a).
2.3.2. In its turn, the map ([2.8) is constructed as follows. For every n, let
Maps([n]*",C)sd

vert;horiz

be the 1-full subcategory of Maps([n]°P,C), where we restrict objects to those
n-strings ¢, for which for every 0 < j -1 < j <n, the corresponding map ¢; - ¢;_1
belongs to horiz, and where we restrict 1-morphisms to those maps ¢ — ¢’ that
satisfy:

(1) For every 0 < j <n, the map c; — c; belongs to vert;

(2) For every 0<j—1<j<n, the defect of Cartesianness of the square

Cj — Cj1

|

/ !
. — .
Cj C] 1

belongs to adm.
It is easy to see that

defGrida (C)adm ~ Seq, (Maps([n]°?, C)ggl:;hmz ),

vert;horiz

as simplicial spaces.
2.3.3. Now, the sought-for map (2.8]) comes from a canonically defined functor
(2.9) Maps([n]°P, C)2dm - Grid2 %" (C)udm

vert;horiz vert;horiz*

In fact, the above functor is a fully faithful embedding, whose image consists
of those half-grids, in which the vertical maps are isomorphisms.

2.3.4. In what follows, we will use the following notation. Let I and J be (oo0,1)-
categories. Let

Maps(I x J°P, C)2dm c Maps(I x J°P, C)

vert;horiz
be the subspace consisting of those functors such that:

(1) for every morphism (ig - i1) € I and every object j € J, the image of the
morphism (ig,5) — (i1,7) lies in vert;

(2) for every object ¢ € I and every morphism (jo — j1) € J, the image of the
morphism (4,50) = (¢,71) lies in horiz; and

(3) for every pair of morphisms (ig - i1) € I and (jo = j1) € J, the defect of
Cartesianness of the resulting diagram in C

Cig,ji — Cig,jo

20 1 l

Cirjn = Cirgo

lies in adm.
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2.3.5.  We claim that the datum of a map of bi-simplicial spaces
(2.11) defGrid, .(C)2dm — S, .(S)

vert;horiz
gives rise to a map

(2.12) Maps(I x J°P, C)2dm - Maps(I® J,S)

vert;horiz

that behaves functorially in I and J.
In the above formula, ® is the Gray tensor product, see Chapter 10, Sect. 3.2.

Moreover, if the map (2.11)) satisfies the additional condition of Theorem
then the map (2.12) has the property that it sends every square (2.10) that is
Cartesian to a diagram in S representing an invertible 2-morphism.

Indeed, each side in (2.12)) is the limit over the index category
([m] > T1) x([n] > J)

of terms equal to

defGrid,y, ,(C)2dm and Sq,, ,(S),

vert;horiz

respectively.
2.4. Construction of the map-II. In this subsection we will carry out the con-
struction of the map (2.6). The case of (2.7) is similar.

The reader who prefers to take Theorem on faith may choose to skip this
subsection.

2.4.1. Recall (see Chapter 10, Proposition 3.2.9) that for an (oo, 2)-category S and

n, there exists a canonical monomorphism of bi-simplicial spaces
(2.13) Sde e (Seds, (S)) = Cuaen(S),

ext
n

Sy (Seds, (8)) = Maps(([1]x[m])®[n],S) and Cus ., (S) = Maps([l]®[m]e[n],S),
and the map comes from
(e [m]e[n]=([l]®[m])®[n] ~ ([I]x[m])®[n].

2.4.2. Recall the category

where Seq;,"" (S) € 1-Cat is regarded as an (o0, 2)-category. Explicitly,

Maps([n]*?, C)jet

vert;horiz

(see Sect. [2.3.2]).
The functor (2.6) will be defined as the composition of a map

(2.14) Sed, (Grida ,(C)32710ri2) = S, o (Maps([n], ol .)

vert;horiz vert;horiz

(where Maps([n]°P, C) € 1-Cat is regarded as an (o0,2)-category), followed by

Sq,y,(Maps([n]oP, C)adm ) = Sq.’.(GI‘ididgnl(C)adm Proposit,:_\i'on § 5

vert;horiz vert;horiz
= Sqo,c(Seqimr(Corr(C)ZZ:‘rZ;hOTiz7 CUET‘t)) - Sqo,n(Seqlet(Corr(c)gg:‘rg;horiz)) -
— Clq o (Corr(C)2dm

vert;horiz />

where the first arrow is induced by the functor (2.9) and the last arrow from (2.13]).
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2.4.3. To define (2.14)), let us write both sides out explicitly. The space of (I,m)-
simplices in the right-hand side is the full subspace of

Maps([l] x [m] x []°?, C),
consisting of diagrams c satisfying the following conditions:

(1) For every i,j and k the map Cij,k = Cij k-1 belongs to horiz;
(2) For every i,j and k the map Cijk = C;i j+1,k belongs to vert;
(3) For every i,j and k the map c; jx — €i+1,5,5 belongs to vert;
(4) For every 4,j and k, the defect of Cartesianness of the diagram

Ci gk > Cigk-1

| l

Ci+l,5,k — > Cit+1,5,k-1

belongs to adm.
(5) For every 4,j and k, the defect of Cartesianness of the diagram

Cijk > Cijk-1

l |

Cij+l,k — > Cij+lk-1
belongs to adm.

Now, the left-hand side in (2.14)) is the subspace of the space of diagrams as
above, where we strengthen condition (5) as follows:

We require that the square

Ci,jk > Cijk-1

l |

Cij+1,k — > Cij+1,k-1
be Cartesian.
2.4.4. One can view the resulting map
Maps(Corr(C)3 poriz- S) > Maps(Sed, (Gride .o (C)3noriz)s Clle.e.o(S))

in Theorem m (which we have just defined by completing the construction of
(2.6)) also as follows.

It is the composition of the map
Maps(Corr(C)ye tinoriz: S) = Maps(defGride o (C)geE noriz» S, (S))
in Theorem [2.1.3] followed by a map
(2.15)  Mapsg acexacr (defGride o (C)oert.poriz: Sda o (S)) —
— Mapsg,.acpxacpxacr (Seq,(Grid. . (C 32;’;;hom), Cueee(S)),

constructed as follows.
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2.4.5. Given a map
(216) defGrido7.(C)adm - Sqo,o(S)7

vert;horiz

we need to construct maps

(2.17) Seq; (Grid,y, ,(C)%m ) = Cugm.n(S)

vert;horiz

that depend functorially on [I],[m],[n] € A°P x A°P x A°P,

By Sect. a map in gives rise to a map
Maps(([1] x [m]) x [n]°", C) tinoriz = Maps(([1] x [m]) & [n]),S),

vert;horiz

while

Seq;(Gridyn,, (C)2., ori) € Maps(([1] x [m]) x []°P, C)4dr

vert;horiz vert;horiz

and

Maps(([1] x [m]) & [n]),S) € Cuymn(S).
Now, we obtain the desired map in (2.17) as the composite:

Seql(Gridm,n(C adm ) - Maps(([l] x [m])

vert;horiz

[n]op’ C)adm N

vert;horiz

~ Maps(([1] * [m]) ® [n]),5) - Ct .1 (S).

2.5. Proof of Theorems [2.1.3] and [2.2.7k initial remarks. We shall only
consider point (a) of Theorem [2.2.7, point (b) being similar.

The proof will consist of constructing the inverse maps. Its key idea (which is
completely straightforward once you understand what should map where) is given

in Sect. 2.5.4

2.5.1. It it is easy to see that the essential image of the map in Theorem [2.1.3
belongs to

Maps' (defGrid, .(C)%™ Sde +(S)) € Mapsg,.acrxacr (defGrid, o(C)24m

vert;horiz» vert;horiz

where Mapso(defGrid.,(C)gg:'Z;horiz, Sd.(S)) is the subspace, singled out by the
condition in Theorem

Furthermore, the map in Theorem [2:2.7] is the composition of the above map

Maps(Corr(C)%m S) - Maps (defGrid, ,(C)%™ Sde «(S))

vert;horiz» vert;horiz»

and a map

(2.18)  Maps’ (defGrid, o(C)2m Sd. . (S)) =

vert;horiz»

- Maps”(Seq, (Grid, ,(C)%™ ), Cleee(S)),

vert;horiz

where

Maps’ (Seq, (Grid, .(C)24™ ), Cleee(S)) c

vert;horiz

c Mapsg,.acvxacexacr (Seq, (Grids . (C)adm ), Cleee(S))

vert;horiz

is the subspace singled out by the condition in Theorem m and the map ([2.18)
is induced by ([2.15)).



314 7. THE (o0,2)-CATEGORY OF CORRESPONDENCES

2.5.2.  We will construct a map

(2.19)  Maps”(Seq, (Grid, o (C)29™ , . ),Clieee(S)) -

vert;horiz
— Mapsg aor<ace (Grid; " (C)sm, . Seq™ (S)),
where
Mapsg,.acrxace (Grid; denl(yadm Seq**(S)) ~ Maps(Corr(C)f)ng;horiz, S)

vert;horiz»
by Corollary

It will be a tedious but straightforward verification that each of the three com-
positions

Maps(Corr(C)%dm S) - Maps(Corr(C)%dm S),

vert;horiz» vert;horiz»
Maps’ (defGrid, . (C)fjg;’;hmz 50, +(S)) — Maps® (defGrida . (C)gj;’;;hwiz, Sd. +(S))

and

MapsO(Seq,(Grid.,.(C adm ),Cleee(S)) —

vert;horiz

—~ Maps®(Seq, (Gride o (C)ser: oriz): Clle e o (S))

vert;horiz

is canonically isomorphic to the identity map. We will leave this verification to the
reader.

2.5.3. Note that the left-hand side in (2.19)) is a subspace in the space of maps of
tri-simplicial spaces, from Seq, (Grid, .(C)2%4™ ) to Maps([e] ® ([¢] x [¢]),S),

vert;horiz
where the latter assigns to i, j, k the space

Maps([i] ® ([5] x [K]),S).

By definition, the right-hand side in ([2.19) is the space of maps of bi-simplicial
spaces, from Seq,(Gridfdgnl(C)Zgﬂ;homz) to Maps([e] ® [e],S), where the latter
assigns to m,n the space

Maps([m] @ [n],S).

)ngnl

Note that the diagonal map [n] - ([n] x [n] defines a map of bi-simplicial

spaces
Maps([e] @ ([¢] x [¢])>*¢™,S) - Maps([s] @ [+],5),
where the former bi-simplicial space assigns to m,n the space

Maps([m] ® ([n] x [n])**=",S).

We will construct a map

(2.20)
Mapsg ,.acpxacexace (Seq, (Grid, .(C)29m ),Maps([e] ® ([¢] x [¢]),S)) —

vert;horiz

— Mapsgcaoracr (Seq, (Grids ¥ (C)2m, ), Maps([+] @ ([¢]X[+])2%",5)).

vert;horiz
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Then, by composing from (2.20)) we obtain a map

Maps' (Seq, (Grid, .(C)%™ ), Cleee(S)) =

vert;horiz

- 1\/[apSSpcA0pXAOPXAOP (Seq- (Grido,o (C)Zg:z;horiz)a Maps( [.] ® (['] X [.] )7 S)) "

~ Mapsg,, aorxacr (Seq, (Grid; ®"(C)3d , ,..), Maps([e] @ ([¢] x [+])>**™,S)) -

vert;horiz

- Mapsg, .aopxace (Seq, (Grid; denl(yadm ), Maps([¢] ® [¢],S)) =

vert;horiz

= 1\/IapSSpCAOpXADp (Gl‘ldf dgnl(C gg:z;horiz? SeCﬁXt (S))
giving rise to the desired map (2.19).

2.5.4. The key idea. Let us explain where the map (2.20) will come from. For
simplicity, let us consider the corresponding map

(2.21)  Mapsg acrxacr (Grids . (C) oo Maps([e] x [¢],S)) -

vert;horiz»

~ Mapsg, acr (Grid] ™ (C) 17} Maps(([e] x [s])***",5)),

vert;horiz»

where we recall that

Gridp, , (C)24m = (Gridy, , (C)24, . )3Pe

vert;horiz vert;horiz

and
Grididgnl(c)adm = (Grididgnl(c)adm )Spc.

vert;horiz vert;horiz

The idea behind the existence of the map (2.21)) is the following motto ‘if we
know how to map grids of objects in C to diagrams on S, then we can extend this
to half-grids’.

We will turn this motto into an actual construction in the next few subsections.

2.6. Digression: clusters. By a cluster we mean a category that ‘looks like’
[m] x [n] or ([n] x [n])>&"l. This class of categories will come handy for the

construction of the map (2.20).

2.6.1. Let Q be an (oo, 1)-category, equipped with a pair of 1-full subcategories
Quert and Qporiz- To it we associate a bi-simplicial space Sq,’,(dert’horiz) as
follows.

For every m,n, the space Sqm’n(Qvemhonz) is a subspace of Sq,, ,,(Q) consist-
ing of objects such that for every [1] x [0] = [m] x [n] (resp., [0] x [1] = [m] x [n])
the resulting object of Sq, ;(Q) (resp., Sq; ((Q)) belongs to vert (resp., horiz).

For any (oo, 1)-category D we have a tautologically defined map
(222) MapS(Q, D) - Maps(sqo,o(Qvert,horiz)a Sqo,.(D))

The map (2.22)) does not have to be an isomorphism in general. Note, however,

that if (2.22)) is an isomorphism for any D, then the triple (Q, Quert, Qroriz) is
uniquely determined by the bi-simplicial space Sq, o(Quert,horiz)-

Below we will describe a class of triples (Q, Quert, Qroriz) for which (2.22) is

an isomorphism.
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2.6.2. Let @ be a convex subset of {0,...,m} x {0,...,n} for some m and n. To
such @ we attach a triple (Q, Quert, Qroriz) by letting Q be the full subcategory
of [m] x [n] spanned by @, and Quert (resp., Qporiz) be given by vertical (resp.,
horizontal) arrows (where we are thinking of the first coordinate as the vertical
direction, and the second coordinate as the horizontal diction).

By a cluster we shall mean a triple (Q, Quert; Qnroriz) which is equivalent to
one coming from a convex subset @ c {0,...,m} x{0,...,n} as above.

In Sect. we will prove:

PROPOSITION 2.6.3. If (Q, Quert, Qroriz) s a cluster, then the map (2.22)) is
an isomorphism for any D.

2.6.4. For a bi-simplicial space B, let B''#°P he the bi-simplicial space obtained
by applying the involution rev: A - A along the second copy of A°P in A°P x A°P,

Note that if (Q, Quert, Qroriz) is a cluster, there exists a canonically defined
cluster

(Qa Qverta Qhoriz )horiz—op’
characterized by the property that

Sq'v' ( (Q7 Q'uert, Qhoriz)horiz—op) = (Sqo,o (Q7 Q'uerta Qhoriz ) )horiz—op .

We let Q(n) denote the cluster given by the subset

({0, ..n} x {0, ...,n})>%" c {0, ..n} x {0, ...,n}.

Note that the underlying category is ([n] x [n])>9e"L.

Consider the cluster Q(n)""#°P, Note that its underlying category is ([n] x
[n]op)zdgnl.

2.7. Proof of Theorems [2.1.3] and continuation. We recall that we
need to construct the map (2.20). The idea is that we can construct something a
lot more general: namely, a map from the left-hand side in ([2.20) to

Mapsg,cacr (Sed, (Q" P (C)5il poriz): Maps([¢] © Q,S))

for any cluster @ (see below for the notation Q"°r#°P(C ggﬂ; horiz)-

Such a map is more or less tautological, modulo Proposition [2.6.3]
2.7.1. Let @ be a cluster with the underlying category Q and the attached bi-
simplicial space Sq, o(Quert,horiz).- We will also consider the cluster Q"orizoP and
the corresponding category, denoted QReriz-oP,

Analogous to the definition of the category
Grididgnl(c)adm

vert;horiz»

we have the category QIori#op(C)adm which is a 1-full subcategory in Maps(Q""#°P C).

vert;horiz’

We will construct maps
(2.23)
MapSSpCAoproprOp (Seq,(Grid.,.(C)ﬁZfZ;horiz),Maps([o] ® ([0] X [O])’ S)) —
~ Maps(Sed,,, (Q""°P(C) &t poriz)- Maps([m] @ Q. S)),
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functorial in @ and [m] € A°P. By taking @ = Q(n), we will obtain the desired

map (2:20).

2.7.2. Consider the tri-simplicial space

Seq, ( [m] ) X Sq,’, (Qvert,horiz )7

where ® denotes the product operation

SpCAOP % SpCAOPXAOP N SpCAOPXAOPXAOP

We have a naturally defined map from the space

MapSSpCAoprOPxAOP (Seq.(Grid-,.(C)adm ); Maps(['] ® (['] x ['])78))

vert;horiz

to the space of maps

(2.24)
1\/[a“pSSpcADpXAOPXAO]D (Seqo([m])msqo,o(Qvert,hOTiZ)7 Seqo(Grid','(C)ggﬁ;horiz)) g
NIapSSpcAOpXAOpXAOp (Ser([m]) X SqQ,o(Qvethoriz)?Maps(['] ® ([.] X ['])’S))

We will how that the left-hand side in (2.24)) identifies canonically with

Seqm(QhoriZ-op(C)adm )

vert;horiz

and the right-hand side with
Maps([m] ® Q,S),
as required.

2.7.3.  We shall first analyze the right-hand side in (2.24). We have:

Mapsg,.acexacexace (Seqq ([m]) ® Sd, o (Quert horiz), Maps([¢] ® ([¢] x [¢]),S)) =
~ Mapsg acpxacr (Sdq o (Quert,horiz), Maps([m] @ ([¢] x [¢]),S)) =
~ Mapsg,.aorxacr (Sdq o (Quert,horiz ), Maps([e] x [o], Funct([1m], S)iet1ax) =
= MapSSpcAODXAOp (Sqo,o(Qvert,horiz)v Sq,’,(Funct([m], S)left-lax) ) s

which, using Proposition [2.6.3] we identify with
Maps(Q, Sq, o (Funct([m], S)ett-1ax)) * Maps([m] ® Q,S),
as required.

In the above formula, the notation Funct(—, —)jeft-1ax 18 stands for the (oo, 2)-
category, whose objects are functors, but whose 1-morphisms are left-lax natural
transformations, see Chapter 10, Sect. 3.2.7.
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2.7.4. Let us now analyze the left-hand side in (2.24]). We have:

MapSSpCAoproprop (Seq,( [m] ) Sqn,. ( Quert, horiz ), Seq, (Grid.w. (C)Zg:;b;horiz ) =
= MapsspcA""XA(’p (SQ.,o (Qvert,horiz ) Seqm(Grid',- (C)ggﬂhmz ))-

Note that the latter expression is a subspace in
MapSSpcAOPXAOP (SQo,o(Qvert,horiz)vMaps([m] x ([’] x [‘]Op)a C)) =
= 1\/IapSSpcA°pXA°p (Sqo,-(QveTt,horiz)» Maps([.] X [.]op’ Maps( [m]a C))) =
= MapSSpCAoprop (SQo,o(Qvert,horiz)horiz_opy Maps( ['] x [']7 Maps([m]7 C))) =
= MapS(SqQ,Q(Qve’rt,horiz)horiz_op7 Sq,,(Maps( [m]a C))),

which, using Proposition we identify
Maps(Q""#°P Maps([m], C)) ~ Maps([m] x Q"°"*°P_C).

Similarly, Seq,, (Q"°#°P(C Zg:,’;;hm,iz) is a subspace in

Maps([ :| hOI‘lZ op C)

Now, under the identification obtained in this way, we have:

MapSSpCAOprov (Sq,’,(Qvert}hwiZ),Maps([m]x([.] [ ]Op) C)) Maps([ ] horiz-op C)

the subspaces

1\/[&pSSpcAOPXAOP (Sqo,o(Q’UETt,hOTiZ)7 Seqm(Grid‘ﬂ(C gg:rtb;horiz)) c
NIapSSpCAUpXAOlD (Sqo,o(Qvert,horiz)a Maps([m] X (['] X [.]op)’ C))
and

Seqm(Qhoriz-op(C)adm' ) c Maps([ ] horlz -op C)

vert;horiz

correspond to one another, as required.

2.8. Double Segal spaces and the proof of Proposition [2 The idea of
the proof is that any cluster can be assembled from pieces for Wthh the assertion
is manifestly true.

2.8.1. By a double Segal space we shall mean a bi-simplicial space B such that for
every fixed m (resp., n), the simplicial space B, .« (resp., B. ) is a Segal space.

By Chapter 10, Sect. 4.1.7, the essential image of the functor
op AP

Sq, . :2-Cat > Spc®

is a double Segal space.
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2.8.2. Let @ be a cluster, realized as a convex subset of some {0, ...,m} x{0,...,n}.
For a horizontal line

m1 x {0,...,n} c{0,...,m} x{0,....n}

let @<™, @>™ and Q™™ be the parts of () that lie below, above or on that line,
respectively.

Consider the corresponding bi-simplicial spaces

Sq','(QiZﬂ;,horiz) Sq','(QiZé,horiz)’ Sq','( ;Z‘i,hm‘iz) and Sq.,.(Qve'rt,horiz)
and the categories
ngl Q2m1 Q:ml and Q

We have the natural maps

(225) Sqo,o(Qf}Zn;horiz) - Sq07°(Q§ZE,horiz) - Sqo,o(Qvert,horiz)

<m1q
Sqo,o (Qvert,horiz)

and
(2.26) Q™ U QM -Q
We will prove:

LEMMA 2.8.3.
(a) The map

Maps(sq.’.(Qvert,horiz)v B) -

- Maps(sqo,o(Qig;horiz)? B)Maps(Sq (QX:ml ) B)Maps(sqo,o(Qigi,horiz)v B)a
o0 vert,horiz/’

induced by (2.25)), is an isomorphism whenever B is a double Segal space.
(b) The map (2.26) is an isomorphism in 1-Cat.

2.8.4. Let us show how this lemma implies Proposition [2.6.3

First, by symmetry, we have an analog of Lemma[2.8.3| when instead of horizon-
tal lines we consider vertical ones. This reduces the verification of Proposition[2.6.3
to the following four cases: (i) @ = {0} x{0}, (ii) @ = {0,1}x{0}, (iii) @ = {0} x{0,1}
and (iv) @ = {0,1} x {0,1}.

In each of these cases, the assertion of Proposition [2.6.3|is manifest.

2.8.5. Proof of Lemma [2.8.3 We will prove point (a) of the lemma; point (b) is
similar but simpler.

‘We have

Sde o (Quert,horiz) = colim Seq,([2]) ®Seq.([7])-
WQuerthoriz) = 0 S e D) (7D
Cofinal in the above index category is the full subcategory, denoted F, that consists
of those maps for which one of the following three scenarios happens:

(1) The image of {0,...,4} in {0,...,m} is < mq;

(2) The image of {0,...,4} in {0,...,m} is > myq;

(3) The element my € {0,...,m} has a unique preimage in {0,...,7}.
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For an object

([i] = [m],[4] = [n],Im([i] x [j]) c Q) =t e € E
consider the fiber product

- <m >m
Be = (Sa..( ””;’hmz)Sq.,.(Qz%;ﬁ,hmz)sq"(Q””i’ho”z))Sq.,.(Qr:M,hm-z)

(Seqq ([i])mSeq, ([5])),

P x A°P

taken in the category SpcA
We have:

Sq-,o(Qvert,horiz) ~ C(e)liErn SGQ.([i]) Seq,([j]),

. . A°PxA°P
and since fiber products in Spc~ *

<mg >mq N .
Sq','(Qvert,horiz) =|7,n1 Sq','(Qvert,horiz) = Cglgn Be-
Sq.v.(Q1767‘i‘hOT7LZ)

commute with colimits, we also have

It remains to show that for every e € E and a double Segal space B, the map

Be — Seq,([i]) ® Seq, ([5])
induces an isomorphism
(2.27) B ; = Maps(Seq, ([i]) ® Seq,([j]), B) -~ Maps(B., B).

However, this follows from the fact that B, has the form

(1) Seqq([#]) ®Seqq([4]);
(2) Seqq([i]) ®Seqq([4]);

(3) (Seau([)msea, (D), u - (Seau([ia]))mSeq, ([1]) for [in] u
[i2] = [1]

in each of the three scenarios above. In the first two cases, the map (2.27)) is an
isomorphism for any bi-simplicial category B. In the third case, it follows from the
definition of double Segal spaces:

B;j = Bi,,; x Bi,
BOJ

is an isomorphism.

3. The universal property of the category of correspondences

One of the main themes of this book is the construction of functors out of given
(00,2)-category of correspondences. How does one construct such a functor?

In turns out that there is one case, where a datum of a functor

Corr(C)2dm -S

vert;horiz

is equivalent to a datum of a functor ® : Cyen — (S)1"C?* having a particular
property.

We emphasize that this a property, and not an additional piece of data. More-
over, this property essentially occurs at the level of the underlying ordinary 2-
categories. It is called the left Beck-Chevalley condition, and it says that for every
1-morphism « in Cpepiz, the corresponding 1-morphism ®(a) in S admits a right
adjoint, and that these right adjoints satisfy base change against ®(3) for 5 € Cyept.
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All other instances of a functor out of a (oo,2)-category of correspondences,
considered in this book, will be obtained from this case, by various extension pro-
cedures, considered in the subsequent sections in this chapter and the next.

3.1. The Beck-Chevalley conditions. In this subsection we will give the defi-
nition of the left and right Beck-Chevalley conditions.

3.1.1. Assume that in the context of Sect. we have horiz c vert, and adm =
horiz. Let S be an (o0,2)-category, and let

O Cvert -8

be a functor.

DEFINITION 3.1.2. We shall say that ® satisfies the left Beck-Chevalley condi-
tion with respect to horiz, if for every 1-morphism « : ¢ - ¢’ with « € horiz, the
corresponding 1-morphism

®(a): ®(c) » ()

admits a right adjoint, to be denoted ®*(a), such that for every Cartesian diagram

[e70]
Co1 — €00

(3.1) ﬁll lﬂo

o
Ciq1 — Cip0
with ag,aq € horiz and By, B1 € vert, the 2-morphism

©(B1) 0 ®'(ag) = @' (1) o ©(So),

arising by adjunction from the isomorphism

P(a1) o ®(B1) = (Bo) o P(a0),

is an isomorphism.

In particular, from the existence of the right adjoints <I>!(a), we obtain a well-
defined functor

(I)! : (Choriz)op - Sa
see Chapter 12, Sect. 1.3.
REMARK 3.1.3. Note that a functor ® : C,ey — S satisfies the (left) Beck-
Chevalley condition if and only if its composition with S - S°™" does. So, the

Beck-Chevalley condition is something that can be checked at the level of ordinary
2-categories.

3.1.4. Let us now assume that vert c horiz and adm = vert. Let S be a 2-category,
and let

(b! : (Choriz)op )

be a functor.
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DEFINITION 3.1.5. We shall say that ®" satisfies the right Beck-Chevalley con-
dition with respect to vert, if for every 1-morphism 8 : c — ¢’ with 8 € vert, the
corresponding 1-morphism

?'(B): @'(c') > @'(c)
admits a left adjoint, to be denoted ®(B), such that for every Cartesian diagram

(&5}
Co,1 — Co,0

(3.2) ml 160

a1
€11 — Cip
with ag,aq € horiz and By, f1 € vert, the 2-morphism

(3.3) D(B1) 0 P () = @' (c1) 0 ®(Bo),

arising by adjunction from the isomorphism

D' (ag) 0 @' (By) = ®'(B1) 0 D' (1),

is an isomorphism.

In particular, if ®' satisfies the right Beck-Chevalley condition with respect to
vert, we obtain a well-defined functor

O Cvert - Sy
see Chapter 12, Sect. 1.3.

3.2. Statement of the universal property. In this subsection we state the
main result of this section: it describes functors out of a (o0, 2)-category of corre-
spondences in terms of a I-categorical datum.

3.2.1. The goal of this section is to prove the following theorem:

THEOREM 3.2.2.

(a) Suppose that horiz c vert and adm = horiz satisfies condition (5) from Sect.[1.1.1]
Then restriction along Cyery — Corr(C)Zé’ﬁfhoriz defines an equivalence between the
space of functors
Oy noriz + Corr(C)ye iz = S
and the subspace of functors
O Cvert -

that satisfy the left Beck-Chevalley condition with respect to horiz. For @Z?ﬁfhoriz
as above, the resulting functor ®* := @Z;’:éfhorizkchmz)op is obtained from ®|c,,,..
by passing to right adjoints.

(b) Suppose that vert c horiz and adm = vert satisfies condition (5) from Sect.[1.1.1]
Then restriction along (Choriz)°? — Corr(C)vert defines an equivalence be-

vert;horiz
tween the space of functors

q)vert . COIY(C vert >S

vert;horiz vert;horiz

and the subspace of functors

(D! : (Choriz)op )
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vert
vert;horiz

that satisfy the right Beck-Chevalley condition with respect to vert. For ®

vert

as above, the resulting functor ® := D ert:horiz

passing to left adjoints.

The rest of this section is devoted to the proof of Theorem By symmetry,
it suffices to treat case (b) of the theorem.

|Cyere is Obtained from ®'|(c,. yor by

3.2.3. We will first establish the easy direction. Namely, we will start with a
functor
t t
q)zz:'t;horiz : COH(C)ZE:t;hON‘z g 87

and we will show that its restriction
o' = Bye] |(Choriz)0p : (ChOTiZ)Op =S

vert;horiz

satisfies the left Beck-Chevalley condition and that ® := vt lc,... is obtained

vert;horiz

from <I)!|(Cve7,t)op by passing to left adjoints.

REMARK 3.2.4. We note, however, that this step is logically unnecessary: in
Sect. [3.3] we will be able to establish the desired isomorphism directly.

3.2.5. Note that according to Remark [3.1.3] we can assume that S is an ordinary
2-category. Since

vert ordn ordn\vert
(COI‘I‘(C vert;horiz) - COI‘I‘(C )vert;hom’z’

we can assume that C is an ordinary l-category. Hence, we can use a hands-on
description of the 2-category Corr(C)vert given in Sect. m

vert;horiz

vert

Furthermore, it suffices to consider the universal case, namely when S = Corr(C)rSry., ...

and ®' is the tautological inclusion
(Choriz)°® - Corr(C)vert

vert;horiz*

3.2.6. Given 8 :c — ¢’ in vert, we need to show that the corresponding 1-morphism
vert

¢’ > cin Corr(C)yert iy 1€,
B /
c ——c
(3.4) ae|
c

admits a left adjoint. We claim that the left adjoint in question is given by the
diagram

(3.5) BI

Let us construct the corresponding unit and co-unit of the adjunction.
The composition (3.4))o(3.5)) is given by the diagram

cCXC —> C
CI

l

C



324 7. THE (o0,2)-CATEGORY OF CORRESPONDENCES

The unit of the adjunction is given by the diagram:

C

\\\
X
CC,C c

ide
c.
The composition (3.5)o(3.4]) is given by the diagram

B /

CI%C

idcl
B
id,/
c'.

The fact that unit and co-unit maps thus constructed satisfy the adjunction
identities is a straightforward verification.

3.3. Construction of a functor out of the category of correspondences.

In this subsection we will prove Theorem [3:2.2]

If S is an ordinary 2-category, the description of the adjoints given in Sect.[3.2.0]

above gives an elementary proof.

However, to give a proof in the co-categorical setting, we need a more explicit
description of the notion of adjoint functor. Such a description is furnished by

Chapter 12, Theorem 1.2.4.

3.3.1. Let ®': (Choriz)°” — S be a functor, such that for every l-morphism f :

c — ¢’ with 8 € vert, the corresponding 1-morphism
'(8): (') > @'(e)

admits a left adjoint.
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According to Chapter 12, Theorem 1.2.4, the datum of such ®' is equivalent to
the datum of a map of bi-simplicial spaces

Sqf)iir((choriz)opv (Cvert)op)vert-op - Sqo,n(S)'

By construction, for a commutative square

[e 73}
Co,1 —> Cop,0

(3.6) all lﬁo

C1,1 —., C1,0,
the resulting 2-morphism
O(B1) 0 @' (ag) ~ @'(a1) 0 B(o)

is obtained by adjunction from the tautological isomorphism

o' () 0 ®'(By) = @'(B1) 0 @' (n1).

3.3.2.  According to Theorem|2.1.3] the datum of a functor ®¥¢"t : Corr(C)vert

vert;horiz
S is equivalent to the datum of a map of bi-simplicial spaces

defGI'ido,o(C)veTt - Sqo,o(S)

vert;horiz

such that for every object in ¢ € defGridy,1 (C)y¢7.,0p4- cOrresponding to a diagram

(3.6) that is Cartesian, the 2-morphism in the corresponding object in Sq; ;(S) is
an isomorphism.

3.3.3. Note, however, that we have a natural monomorphism of bi-simplicial spaces

(87)  defGrida(C)Lh poriz = STE3 ((Choriz) P, (Cuere) ) P
Therefore, the assertion of Theorem b) manifestly follows from:
ProrosiTiON 3.3.4. The map is an isomorphism of bi-simplicial spaces.

PrOOF. We need to show that for any commutative diagram in C

Ty —> T2

|

Yy ——=Y2
with vertical maps in vert and horizontal maps in horiz, the corresponding map
Typ —> T2 XY
Y2
lies in vert. However, this map is given by the composite
T1 = T2 X T1 = T2 X Y1
Y2 Y2

where the first map is a base change of x5 — x5 x 2 and the second is a base change
Y2

of x1 — y1, both of which lie in vert, by assumption. O

-
vert;horiz
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4. Enlarging the class of 2-morphisms at no cost

In this section we will prove the first of the two results of the type that given
a functor from one (oo, 2)-category of correspondences, we can canonically extend
it to a functor from another (oco,2)-category of correspondences that has a larger
class of 2-morphisms.

4.1. The setting. In this subsection we explain the setting for the main result of
this section, Theorem

4.1.1. Let (C,vert, horiz,adm) be as in Sect. Let (C,vert, horiz,adm’) be
another such data with

adm c adm’.

We shall also assume that the following condition holds:
For a 1-morphism

'Y, ‘c—c
with v € adm/, the diagonal map

c—>cxc

cl

belongs to adm.

4.1.2. Let ®%m be a functor

vert;horiz

Padm : Corr(C)2dm - S.

vert;horiz vert;horiz

For a morphism 7 : ¢g - ¢; in adm’, consider the commutative (but not neces-
sarily) Cartesian) square

id
cC —> C

J

c — 1 ¢
which gives rise to a (not necessarily invertible) 2-morphism
id > @' (y) 0 ®(7).
We impose the condition that the above 2-morphism define the unit of an
adjunction.

Under the above circumstances, we claim:

THEOREM 4.1.3. The functor @ggﬁ?;horiz admits a unique extension to a functor

padm’ : Corr(C adm’ - S.

vert;horiz vert;horiz

The rest of this section is devoted to the proof of this theorem.

REMARK 4.1.4. The proof of Theorem is essentially combinatorics, i.e.,
playing with various diagrams. The reader may find it useful to first prove Theo-
rem [£.1.3]in the case when S is an ordinary 2-category; in this case, this is simple
exercise.
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4.1.5. Starting from (Djjg;’; horiz» We shall construct the data of the functor ‘ngﬁl horiz

as a map of tri-simplicial spaces

(4.1) Seqq ('Grid, o(C)%4™ ) > Clse.(S),

vert;horiz

satisfying the additional condition of Theorem [2.2.7] I.e., we need to construct a
map

(4.2) Seq; ('Grid,, ,, (C)2%m, Y - Maps([[] ® [m] ® [n],S),

vert;horiz

functorial in

[1] x [m] x [n] € A°P x AP x AP,

The fact that this extension is uniquely defined will follow from the construc-
tion.

4.2. Idea of the construction.

4.2.1. Aswas said above, starting from the data of ‘D%Zﬁ; horiz» We need to construct
the map . The problem that we will have to confront already occurs when [ =1,
m =0 and n = 1. Le., given a square

0 @0 0
cip —— ¢
71l l“{o
1 > 1

¢ — ¢

and g, a1 € horiz and 9,71 € adm’, whose defect of Cartesianness belongs to
adm’, we want to construct a diagram

@' (ap)

(4.3) (c}) (cf)

(1) (o)

®(cy) <W‘D(Cé)

The problem is that the data of @Zgﬁ; horiz do€s not produce such diagrams:

according to Theorem [2.1.3] we can a priori only construct such diagrams for squares
in which the defect of Cartesianness belongs to adm.
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4.2.2.  The trick is the following. Consider the 3-dimensional diagram

(4.4) c(l)’O =c) —m 08’0 = ¢
(1)’1 208:%0} —>Cg’1 —(38

c}’o i=cf — cé’o =c§
c}’l = ci c(l)’1 =c}

We will construct the diagram (4.3)) by first constructing the diagram

(4.5) y
(c) = P(cp”
P
(3]
(e} = @ (cy”
(6>} P
[} P
(c;) P(cy”
P
3]
®(c;) = ®(cg)

(with appropriate 2-morphisms), and then restricting to the diagonal

B(e)) —— (cy”

| |

<I>(c}’1 — <I>(c(1J’1 .
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4.2.3. We will obtain the diagram (4.5)) from the diagram

(4.6) |

Bl < ()

() (!

i} P
[ D

o(c}?) o (ch?
| i)

®(cyt) i ®(cy")

by passing to right adjoints along the slanted arrows.

4.2.4. Now, the point is that the data of the latter diagram, i.e., diagram (4.6)), is

contained in the datum of q)‘jgf]; horir 11 its guise as a map of bi-simplicial spaces

(4.7) defGride,e(C)yertinoriz = Sdes(S).

vert;horiz

Namely, let us recall from Sect. that the data of a map (4.7)) assigns to a
functor I x J°P - C (that sends arrows along I to vert, arrows along J°P to horiz
and where defect of Cartesianness of squares belongs to adm) a functor

IeJ-—S.

We take I=[1] and J =[1] x [1], and we take the functor
IxJ?->C

to be given by the diagram (4.4), where I corresponds to the first upper index

(i.e., the “k” in cf’l). In other words, I is the direction depicted as vertical in the

diagram (4.4]).

The key observation is that that the condition on adm c adm’ from Sect.
implies that the defect of the Cartesianness of the relevant squares in (4.4]) (i.e.,
the squares where one side is vertical), does belong to adm.

The resulting functor
[1]®([1]x[1]) > S
exactly produces the desired diagram (4.6]).
4.3. Proof of Theorem the key construction. In this subsection we

will formally implement the idea explained above.

The map (4.2) will be constructed as a composition of several maps.
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4.3.1. Recall the notation
Maps(I x J°P, C)2dm c Maps(I x J°P, C)

vert;horiz

from Sect. 2.3.4]

As a first step in constructing the map (4.2]), we will produce a functor

(4.8) Seq;(Gridy,n(C)ertinoriz) ~ Maps(([1]x [m])x ([n]x[1]°?)°P, C)ser

vert;horiz*

The functor (4.8)) is given by the following explicit procedure. To an object of
the space Seq,;('Grid,, ,(C adm’ ), given by

vert;horiz

I

Crprs 0<U'<L,0<m <m, 0<n' <n

we assign a map
(4.9) [[]x[m] x [n]®’x[I]] > C

that sends

. Cﬁ;',o x cﬁim, for k' <1';
k',m',n',l' N Ck ;l = , €m0 ,
( ) Cin chio x e for k21
.o
It is easy to see that the map (4.9) thus constructed above has the following
properties:
(1) For fixed k',1’, each square

k' k'l
m’,n’ Cm’,n’—l
k'l k'
cm’+1,n’ Cm'+1,n’—1

is Cartesian.
(2) For fixed n' and k', the square

Py KU
Cm’,n’ Cm’+1,n’

kU +1 kU +1
cm’,n' c17’L’+17n’

is Cartesian.
(3) For fixed m' and I’, the square

K KU

Cm’,n’ Cm’,n’—l

| |

K +1,l K +1,l
m/,n’ cm’,n’—l

is Cartesian.
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(4) For fixed m' and n’, the defect of Cartesianness of the square

kU Ck',l'+1
m/,n’ m’ . n’

| |

k1,1 E'+1,01+1
m/,n’ m/,n’

C

belongs to adm.

7 I’ I’ I’
1
5) For fixed k', m’, n’, the map c* ;' , - ;' belongs to adm’.
) s 16y P Cp, \n m’,n
I’ I’ 7 I’
(6) For fixed I',m’,n', the map cfn’,ln, - cﬁ:',ln’,l belongs to adm’'.

In particular, we obtain that the map indeed belongs to
Maps(([1] x [m]) x ([n] x [1]°P)°P, C)eet nori--
REMARK 4.3.2. For an object c € Seql(’Gridmyn(C)ZSﬂ:horiz), given by
[[] > [m] x [n]?" - C,
the corresponding map is uniquely characterized by properties (2) and (3)
above and the following.
(1) The composite map with the diagonal
(1] x [m] x [n]?" - [I] x [m] x [n]*" x [I] - C
is isomorphic to c;
(2) For k' <I" and for all m', the map

[ A A "
C?n’,O - Cm’,O - Cm’,O
is an isomorphism;
(3) For I’ < k" and for all n’, the map
I v K
Cmyn/ =~ cm’n/ d cm,n/

is an isomorphism.

4.3.3. By Theorem and Sect. , the functor @Zgﬂ; horiz SiVes rise to a map
(4.10)
Maps(([1]x [m]) x ([n]x [1]°°)°P, C) 3 hinori= = Maps(([{]x [m]) ® ([n] x []]°?),S).

Let
Mapso(([l]Xl:m])x([n]x[l]op)opa C)gg:tl;horiz c Maps(([l]x[m])x([n]x[[]oP)Op, C)Zg;rtl;horiz
be the subspace consisting of maps satisfying properties (1) and (3) in Sect.

Then the map (4.10) has the property that the image of the composition

Maps” (([1]x[m])*([n]x[1]°")°, C) it nori= = Maps(([x[m])x([n]x[1]°P)°P, C)y& i poni-
— Maps(([{] x [m]) ® ([n] x [{]*"),S) — Maps(([I] x [m]) ® [n] & [{]*",S)
belongs to
Maps(([1] x [m] x [n]) ® [1]°?,S) ¢ Maps(([1] x [m]) ® [n] @ [I]°",S).

Le., we have a well-defined map
(4.11)

Maps” (([1] x [m]) x ([n] x [1]°P)"", C)3& tnori= > Maps(([1] x [m] x [n]) @ [1]7,S).
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Composing with (4.8)), we obtain a map

(4.12)
Sed; (‘Gridy, n(C)2r oriz) = Maps® (([1] x [m]) x ([n] x [1]°)°P, ©) 3 i
= Maps(([1] x [m] x [n]) & [1]°",S).
4.3.4. Let
Maps”(([1] x [m] x [n]) ® [1]°,S) c Maps(([I] x [m] x [n]) ® []]°",S)
be the subspace of maps that for every fixed k', m’,n’, the resulting 1-morphism

KU+ K
Sm’,n’ Sm',n’
admits a left adjoint for every 0 <1’ <l'+1<1.

We shall now use the fact that for a map « in C that belongs to adm’, the
I-morphsim ®'(y) in S admits a left adjoint (see the assumption on ®29m in

vert;horiz
Sect. 4.1.2]).

Using property (5) in Sect. this implies that the image of the map (4.12))
belongs to Maps’(([1] x [m] x [n]) ® [1]°?,S).

By Chapter 12, Corollary 3.1.7, we have a canonically defined map
(4.13)  Maps”(([1] x [m] x [n]) ® [1]°P,S) — Maps([i] ® ([I] x [m] x [n]),S),
giving by passing to left adjoints along the [1]°P-direction.
Thus, composing (4.12)) and , we obtain a map
(4.14) Seq; (‘Gridy, n (C)odrtoriz) ~ Maps([l] @ ([1] x [m] x [n]),S).
4.3.5. Consider the composition of with the embedding
Maps([7] @ ([1] x [m] x [n]),S) - Maps([l] ® (/] x [m]) & [n],S).
We thus obtain a map
(415)  Seq)(Gridyn n(C)iEnors) ~ Maps((l] @ ([1] x [m]) @ [n].S).
We claim that its image belongs to the subspace
Maps(([{] x [1] x [m]) ® [n],S) ¢ Maps([{] ® ([I] x [m]) @ [n],S).
This follows from properties (2) and (4) in Sect. and the next lemma:
LEMMA 4.3.6. Let

«
Co —> C

" |

c) —— ¢
be a commutative diagram in C with v9,v1 € adm’ and a,a’ € horiz, and whose
defect of Cartesianness belongs to adm. Then the 2-morphism

(®'(70))" 0 @' (@) > @'(a”) o (&' ()",
arising by adjunction from the isomorphism
d'(@) 0 @' (1) = P'(70) 0 ®'(a)
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identifies with the 2-morphism

®(70) 0 ©'(a) = @' () 0 (),

(I)adm

obtained from the functor ®TCTL, ;.-

Proor. Follows from the assumption in Sect. by diagram chase. O

REMARK 4.3.7. It is easy to see the the conclusion of Lemma [4.3.6] is in fact
equivalent to the assumption in Sect.

4.3.8. Thus, we obtain a map
(4.16) Seqy('Gridy, ,(C)1r ) 0ri.) = Maps(([1] x [1] x [m]) ® [n],S).

vert;horiz

Finally, using the diagonal map

(]~ [t] > [,
we obtain a map

(4.17) Seq;('Grid,, »,(C adm’ ) = Maps(([I] x [m]) ® [n],S).

vert;horiz

The composition of with the embedding
Maps(([l] x [m]) ® [n],S) - Maps([!] & [m] & [n],S)
is a map

(4.18) Seq; ('Grid, ,, (C)2%m, ) - Maps([[] ® [m] ® [n],S).

vert;horiz

This is the desired map of (4.2]).
By constriction, its image belongs to

Maps([l] ® ([m] x [1]),S) ¢ Maps([l] ® [m] & [n],S).

4.4. Verification of the tri-simplicial functoriality. In order to be more ex-
plicit, we will describe the situation for an individual map in A x A x A

(4.19) (1] = [l2], [ma] = [m2], [n1] = [n2].

4.4.1. Let c, be an object of Seql2(’G‘rridmZm(C)“dm2 ). We let ¢, denote

vert;horiz
the object of Seq;, ('Grid,, », (C ‘;Zﬁt‘;hoﬂz), obtained from c, by restricting along
(14.19).

Let s, be the point of Maps([l2] ® [m2] ® [n2],S) corresponding to ¢, via the
map (4.2). Let s; be the point of Maps([l1] ® [m1] ® [n1],S) corresponding to ¢,
via the map (4.2).

Let 3, be the point of Maps([l1]®[m1]®[n1],S) obtained from s, by restricting

along (.19).

We need to establish a canonical isomorphism

(4.20) s, 23
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4.4.2. Let €2 denote the object of
Maps” (([l2] x [m2]) x ([n2] x [12]°P)°, C) et 1oriz
obtained from c, by the map 7 see Sect. for the notation Mapso(—7 C ggﬂ;hm,iz.
Let ©; denote the object of
Maps®(([11] x [ma]) x ([n] % [1]°P)°P, )it nori
obtained from ¢, by the map .
Let ©; denote the object of
Maps(([12] x [m1]) x ([ma] x [1]°P)°P, € .
obtained from ¢y by restricting along .
Let S5 be the object of
Maps(([l2] x [l2]) ® [m2] @ [n2],S),

obtained from €y via the map (4.11)) and passing to left adjoints along the last
variable.

Let 5, and 3; be the objects of
Maps(([l1] % [l1]) ® [ma] ® [n1],S),

obtained from ¢; and ¢, respectively, by the same procedure.

We shall now construct a natural transformation
(4.21) seMaps([1] x (([[1] x [1]) @ [m1] @ [n1]),S),
whose restriction to {0} € [1] and {1} € [1] identifies with 5; and 5;, respectively.

REMARK 4.4.3. Note, however, that this natural transformation will not be an
isomorphism.
4.4.4. We note that there is a canonically defined map

¢ > ¢,
which can be regarded as an object ¢ of
Maps([1] x ([l1] x [m1]) x ([na] > [11]°7)°P, C),

and that this object in fact belongs to

Maps”(([1] x [11] x [ma]) x ([n] x [1]°P)°P, C) et oris-
Consider the object of
Maps(([1] x [l1] x [m1]) ® ([n1] < [11]°7),S)

adm

attached to € by means of the functor ®770%, . .

The image of the above object under
Maps(([1]x[l1]x[ma])@([n1]x[11]°),§) = Maps(([1]x [l ]x[ma])@[n1]@[11]°", S)
belongs
Maps(([1]x[l1]x[m1]x[n1])@[11]°7,S) € Maps(([1]x[L]x[m1])@[n1]®[11]*,S),
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and furthermore to
Maps”(([1]x[l]x[ma]x[na]) @ [11]°P, S) € Maps(([1]x [l ]x [ma]x [n1]) @ [11]°P, S)
(see Sect. for the notation Maps®(-,S)).
4.4.5. Passing to left adjoints along the last variable, we obtain an object of
Maps([li1] ® ([1] x [l1] x [m1] x [n1]),S).
The image of the latter object under
Maps([l1]® ([1] x [l1] x [m1] x [n1]),8) > Maps([l1] ® ([1] x [[1] x [m1]) ® [n1],5)
belongs to
Maps(([l1] x [1] x [l1] x [ma]) ® [n1],S) e Maps([l1] @ ([1] x [[1] x [m1]) ® [n1],S).
Further, the image of the latter object under
Maps(([l]x[1]x[l1]x[mi])®[n1],S) = Maps(([1]x[l1]x[l1]x[m1])@[m],S) -
— Maps([1] ® ([l1] x [l1] x [m1]) ® [n1],S)
belongs to

Maps([1]x (([[1]x [l1]x[m1]) ®[n1]),S) c Maps([1]@® ([l1]x [l1]x [m1]) ®[n1],S).

Let us map
Maps([1]x(([l1]x[l1]x[ma1])@[n1]),S) = Maps([1]x (([l1]x [l ]) @[mi]@[n1]),S),
and denote the resulting object of

Maps([1] > (([l1] x []) ® [mi] @ [n1]),S)

by 5. respectively.

This s is the desired natural transformation in .
4.4.6. Restricting s under [I;] = [I1] x [{1], we obtain an object of

Maps([1] x ([[1] ® [m1] @ [n1]),S),

denoted s.

By construction, the restrictions of s to {0} € [1] and {1} € [1] identify with s,
and 3, respectively.

This provides the natural transformation from s; to3;. However, we claim that
this natural transformation ¢s an isomorphism, thereby providing the isomorphism

in (T20).

Indeed, this follows from the fact that the object €, regarded as a natural
transformation from ¢; to ¢y, viewed as functors

(1] x [mi] x [n1]°P x [l1] = C,

becomes an isomorphism when restricted to the diagonal copy of [I1]x[m]x[n1]°P.
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5. Functors constructed by factorization

In the section we will describe the second result that allows to start from a
functor out of an (o0, 2)-category of correspondences and (canonically) extend it to
a larger (o0, 2)-category of correspondences.

This setting arises in practice when we want to construct the !-pullback as a
functor

(5.1) (Schag )°? = DGCateont,

starting from the functor

Schag — DGCateons, X ~ IndCoh(X), (X 5 V) ~ fndCoh

The idea is that f' should be the right adjoint of f™dCeh if f is proper and
the left adjoint of f™dC°h if f is an open embedding. For a general f we want
to decompose it as fi o fy, where f5 is an open embedding and f; is proper. The
challenge is to establish the independence of f' of such a factorization in a functorial
way (i.e., in the context of co-categories).

It appears, however, that even if the original problem of defining functor (5.1)
does not involve the 2-category of correspondences, the construction does necessar-
ily use one (in particular, at a crucial stage we will invoke the already established

Theorem |4.1.3)).

5.1. Set-up for the source. In this subsection we will describe what categories
of correspondences are involved in the extension procedure that is that goal of this
section.

5.1.1.  We start with a datum of an (oo, 1)-category C equipped with three classes
of 1-morphisms (vert, horiz,adm) as in Sect.

We fix yet one more class co- adm c horiz, such that the triple (vert, co- adm,isom)
also satisfies the conditions of Sect. [L1.1]

We shall assume that horiz and co-adm also satisfy the ‘2 out of 3’ property.
ILe., for a pair of composable morphisms 3y, 8o, if both §; and 5y o 52 belong to
horiz (resp., co-adm), then so does f3.

5.1.2.  'We now impose the following additional condition on the pair (co- adm, adm).
Namely, we require that for a Cartesian diagram

1
cCXCc —> C
CI

(5.2) 52l l s

4 !
c ——c

with é € admnco-adm, the maps d; and 5 both be isomorphisms. In other words,
we require that the diagram

id
C —
Jo
s !
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be Cartesian. Equivalently, we require that every map § € adm n co-adm be a
monomorphism.

5.1.3. The example to keep in mind is that of C = Sch,g, with vert = horiz being
all morphisms, adm being proper morphisms and co-adm being open embeddings.

In this case, the class adm n co-adm consists of embeddings of unions of con-
nected components.

5.1.4.  We now impose the following crucial condition on the relationship between
the classes adm, co-adm and horiz.

For a 1-morphism « : ¢y — ¢1 in horiz, consider the (oo, 1)-category Factor(«),
whose objects are
e

where € € co-adm and 7 € adm, and whose morphisms are commutative diagrams

—/
Co

s

Note that by the ‘2-out-of 3’ property, the morphism S automatically belongs to
adm.

We impose the condition that for any a : ¢y - c¢; in horiz, the category
Factor(a) be contractible.

5.2. Set-up for the functor. In this subsection we will describe what kind of
functors out of our categories of correspondences we will consider, and formulate

Theorem (.24
5.2.1. Let S be an (oo, 2)-category. We start with functors
Padm : Corr(C)%dm ->S

vert;adm vert;adm

and
isom . COI‘I‘(C)isom S

vert;co-adm vert;co-adm
together with an identification of the corresponding functors

‘I)adm | ~ (I)isom |
vert;adm|Cuoert = *vert;co-adm|Cuert

Denote

. &Hadm
= (pvert;adm|cvert'

vert;adm
from that of ®, and it exists if and only if ® satisfies the left Beck-Chevalley
condition with respect to adm c vert. So, the above data is uniquely recovered
from that of ®5°™

vert;co-adm*

Note that by Theorem the functor ®2m is uniquely reconstructed

*

ro-adm The restriction

In what follows, we shall denote by ®

(I)vert;co— adm|(Cco,adm)°p ’



338 7. THE (o0,2)-CATEGORY OF CORRESPONDENCES

and by ®' ,  the restriction

adm
(I)vev"t;adm|(cadm)°p'

isom

5.2.2.  'We now impose the following additional condition on ert:co-adm’

Let

€0
Cp,1 — Co,0

(5.3) vll l%

€1
Ciiq1 — Cip0

be a Cartesian diagram with ¢; € co- adm and ~; € adm. Consider the 2-morphism

(54) (I)Zo-adm(€0) ° (I)ildm(’YO) - (bildm(’yl) ° (bZo—adm(el)
arising by adjunction from the isomorphism

(I)(’yl) © @Zo—adm(eo) = CDZo—adm(el) ° (I)(’YO),
(I)?::It];co—adm'

the latter being a part of the data of
We need that (5.4) be an isomorphism for all Cartesian diagrams as above.
5.2.3. We claim:

THEOREM 5.2.4. Restriction along
i d
COI‘I‘(C)}US:E?;CO_adm e Corr(c)'ﬁeg;ht)riz
defines an isomorphism between the space of functors
padm : Corr(C)%dm -8

vert;horiz vert;horiz

and that of functors
isom . COI’I‘(C)isom N S,

vert;co-adm vert;co-adm

for which
._ MAlisom
P := @’UE’I’t;CO-adm|Cve7't

satisfies the left Beck-Chevalley condition with respect to adm c vert, and such that
the condition from Sect. holds.

5.3. Proof of Theorem [5.2.4] initial remarks. In this subsection we will ex-
plain the strategy of the proof of Theorem [5.2.4]

5.3.1. First, we shall carry out the easy direction. Namely, we will show that if
we start with a functor

padm : Corr(C)%dm -,

vert;horiz vert;horiz

then the functor . _
}L)S:rntl;co—adm : Corr(c)i)sg:?;co—adm - 87
obtained by restriction, satisfies left Beck-Chevalley condition with respect to adm c

vert, and such that the condition from Sect. holds.

First, the fact that ® satisfies the left Beck-Chevalley condition with respect
to adm c vert follows from (the easy direction of) Theorem

adm 3 ! et At
For @3¢ 1ori. as above, let @ denote the restriction

adm |
vert;horizl(Choriz )P+
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By assumption,
! L EE ! s
4 |(Ccn—a,dm,)0p = (I)co—adm and @ |(Cadm)°1D = q)adm'

Furthermore, for a Cartesian diagram , the (iso)morphism
®(11) 0 D' (&) = @'(e1) 0 B(70),
is one arising by adjunction from the isomorphism
‘I’!(Eo) °© ‘I’!(Vo) = @!(70 o€g) > ‘I’!(ﬁ o) = ‘I)!(’Yl) °© ‘I’!(El)~

In particular, the latter equals the 2-morphism (|5.4), which is therefore also an
isomorphism.

5.3.2. We are now going to tackle the difficult direction in Theorem By

Theorem , the datum of a functor @gg;’;; horiz 1S €quivalent to that of a map of
bi-simplicial spaces

(55) defGI‘id.’.(C)adm - Sqo,o(S)7

vert;horiz

satisfying the additional condition from Theorem |2.1.3

Given ®isom we shall produce (5.5 in three steps:

vert;co-adm?

Step A. We first extend the initial functor

isom . isom
vert;co-adm * COTI‘(C vert;co-adm -5

to a functor

admnco-adm admnco-adm
(56) (I)vert;co—adm . Corr(c)vert;co—adm - S.

The existence and uniqueness of the functor @edmnco-adm jy ([56) follows im-

vert;co-adm

mediately from the assumptions of Theorem and Theorem [£.1.3]

Step B. We will introduce a bi-simplicial category Factor. «(C), equipped with a
bi-simplicial functor

(5.7) Factor, o (C) — defGrid, .(C)%4™

vert;horiz*

We will use @admnco-adm ¢, construct a bi-simplicial functor ®pactor. .

(58) éFactorm,n : FaCtorm,n(C) - SQm,n(S)

Step C. Finally, we shall use the ‘contractibility of the space of factorizations’
condition from Sect. to show that each of the functors

(5.9) Factor,, ,(C) —» defGrid,, »,(C adm

vert;horiz

has contractible ﬁberﬂ This will imply that the bi-simplicial functor ®ractor, ,
uniquely factors through the sought-for bi-simplicial map (5.5)) via the projection

(©.7).
5.4. Step B: introduction.

5In particular, |Factorsm, »(C)| ~ defGridmm(C)ﬁgﬁ,horiz, where the notation | —| is as in
Chapter 1, Sect. 2.1.5.
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5.4.1. We define the category Factor,, ,(C) as a 1-full subcategory of
Maps ([m] x ([n]°? x [n]P)>?", C),
as follows.

At the level of objects we take those diagrams c that satisfy:
(1) The maps c; jr — Cir1,j,k belong to vert;

(2) The maps Ci jk — C;j -1,k belong to co-adm;

(3) The maps c¢; jk — C; k-1 belong to adm;

(4) The defect of Cartesianness of the squares

Ci,jk > Cij-1k

| l

Ci+l,5,k — > Cit+l,j-1,k
belongs to adm n co-adm.

As 1-morphisms we allow those maps between diagrams ¢ — ¢’ for which the
maps
Ci gk = cz g,k

belong to adm and are isomorphisms for j = k.

5.4.2. For example, when m = 1 and n = 2, objects of Factory, ,(C) are the
diagrams

C1 ,0, 2
00,1,2 Co 0, 1
Co,2, 2 Co,1, 1 Co 0,0
01 ,0,2
1 1 2 C1 ,0, 1
(5.10) c1,2,2 C1,1,1 C1 0,0

with the long slanted arrows in wert, northeast pointing arrows in co-adm, and
southeast pointing arrows in adm.

5.4.3. The functor
Factory, ,(C) = Gridy, . (C)4e. o
is obtained from the diagonal embedding
[n]?" = [n]? x [n]°P.
5.4.4. In order to perform Step B we need to construct the functor
Practor,,., : Factorm n(C) > Sqy, ,,(S),
functorially in ([n],[m]) € A°P x A°P.
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5.4.5. Let explain the idea of this construction for m = 2 and n = 1. Namely, to a
diagram as in (5.10) we want to attach a diagram

(5.11) 50,2,2 $0,1,1 $0,0,0

51,2,2 51,1,1 $1,0,0

We will do it in several steps. First, starting from ([5.10|) we will use the functor

gadmnco-adm  hroduce a diagram
;

5002

50,1,2 800 1
8022 80,1,1 8000
8102
112 3101

(5.12) 51,2,2 81 1, 1 81 0,0

(here the squares are not necessarily commutative, but have 2-morphisms along
appropriate faces), where along the long slanted arrows we take the l-morphisms
®, along the southwest pointing arrows we take the l-morphisms ®7 .. . and
along the southeast pointing arrows we take the 1-morphisms &.

From the diagram (5.12)), by taking right adjoints along the southeast pointing
arrows, we obtain the diagram

So 0, 2
80,1,2 80 0, 1
8022 80,1,1, 8000
31 ,0,2
1 1 2 51 ,0, 1
(5.13) 51,2,2 51 1, 1 51 ,0,0-

Finally, the desired diagram ([5.11) is obtained from the diagram (5.13)) by
passing to the diagonal (by letting the 2nd and the 3rd indices be equal).
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5.5. Step B: preparations. In order to prepare for Step B, we need to perform

a certain manipulation with the functor @ggﬂ%"_;‘gﬁ” constructed in Step A.

5.5.1. Let us explain what we want to construct.
Let us be given a functor
c:[1]°? x [m] x [n]*" > C,

such that:

(1) For every I',m’, the map ¢y s = Cpr s /-1 belongs to co-adm;
(2) For every I',n/, the map ¢y s ns = Cpr 741,02 belongs to vert;

(3) For every m',n’, the map ¢y s n/ = Cy_1,m ns belongs to adm;
(4) For every n’, the square

Cli/ m! .n’ > Cl—1,m’,n'

l l

Cl/ m’+1,n’ > Cl/—1,m/+1,n/

is Cartesian;
(5) For every m’, the defect of Cartesianness of the square

E——
Cl'.m/ n’ Crr—1,m’'.n’

| l

Cyrm/n/-1 — > CU—-1,m/ n'-1

belongs to adm n co-adm;
(6) For every l’, the defect of Cartesianness of the square

Cli/m! n’ > Cl'm! n/-1

| |

Crm/'+1,n — Cl/m'+1,n'-1

belongs to adm n co-adm.

We claim that to any such ¢ we can attach a functor
s:[m]e[n]e[l] -5,

such that:

(1) For every I',m',n’, we have Sy nr v = P(Crr s n);

(2) For every I',m', the 1-morphism S,/ n/—1,17 = Sms v is obtained by ap-
plying ®7 ..., to the arrow cp s s = Cpr s pr-1;

(3) For every m/,n’, the morphism S,/ ns.;/—1 = Sm7.ns, is obtained by apply-
ing (Dildm to the arrow ¢y s n = Cyr—1,m/ n73

(4) For every I',n’, the morphiSm S,,,7 /.1 = Spr+1,n7,17 1S Obtained by applying
® to the arrow ¢y ms n' = C1m/+1,n';
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(5) For every m’, the 2-morphism in the diagram

Sm/ /Il <———— Sm/ n/-1l'

Sm/n/I'-1 =<— Sm/ n'-1,1'-1

is an isomorphism.

We now explain how this is done.

5.5.2. First, by Theorem and Sect. the functor @admneo-adm giyeg rige

vert;co-adm
. A°Px AP K ATP
to a map in Spc™ 2 %

(5.14)
Maps(([1]° x [m]) x [n]°P, C)gerile wim® = Maps(([[]°P x [m]) @ [n],S) -
— Maps([{]”" ® [m] @ [n],S).

Let
Mapsadm(([l]()px[m])X[n]OP, C)admﬁco—adm c 1\/[&138(([l]op><|:,'n:|)><|:n]op7 C)admﬂco—adm

vert;co-adm vert;co-adm

be the subspace consisting of those diagrams such that for every fixed 0 <m' <m
and 0 <n/ < n, the map

Crrm' m' = Cl'—1.m’ n'
belongs to adm, for 0 <1’ -1<1' <.
5.5.3. By the assumption on ®, the image of Maps®™ (([1]°Px[m])x[n]°?, C)admnco- aim
under the map ([5.14) belongs to the subspace
Maps’ ([1]°P ® [m] ® [n],S) c Maps([I]°® ® [m] ® [n],S),
consisting of functors such that for every fixed 0 < m’ < m and 0 < n’ < n, the
1-morphism
SU'm/,n' = Sl'-1,m/,n’
admits a right adjoint, for 0 <’ -1 <1 <.
By Chapter 12, Corollary 3.1.7, we have a canonically defined map
Maps”([1]° ® [m] & [n],S) - Maps([m] & [n] ® [I],S).

. . op op op
Thus, we obtain a map in Spc® &7 *A

(5.15)  Maps™™ (([1]°" x [m]) x [n]°P, C)ye/ie i’ — Maps([m] ® [n] ® [1],S),

vert;co-adm

functorial in [{],[m], [n] € Spcd™ *A™*A,
We claim:

PROPOSITION 5.5.4. The image of the map (5.15]) belongs to Maps([m]® ([n]x
[);S)-
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PRrROOF. The statement of the proposition is equivalent to the following one:
let

€
Cho — C1

" |

/ ¢ ’
Co —> €y,
be a commutative diagram with the vertical maps belong to adm and the horizontal

ones to co-adm (in which case, its defect of Cartesianness automatically belongs
to adm N co-adm, see Lemma below). Consider the 2-morphism

(516) (I):o-adm(e) o (Pizdm(’yl) - q)izdm(’yo) ° (I)Zo-adm(el)

arising by adjunction from the map

(I)(70) ° (I):o—adm(e) - ¢:o—adm(€,) ° (I)(’Yl)v
the latter being part of the data supplied by @Zgﬁg@o_'a‘yfgl. Then the claim is that
the 2-morphism ([5.16]) is an isomorphism.

The above statement can be split into two cases. One is when the above
diagram is Cartesian, in which case, the assertion coincides with the assumption
on 0% o adm from Sect. m

The second case is when we are dealing with the diagram of the form

id
cC —> C

(5.17) idl lé
C # (:,7
where § € adm n co-adm. But such a diagram is automatically Cartesian by the

condition of Sect. [B.1.21
O

REMARK 5.5.5. Note that from diagram (5.17)) it follows that for § € adm n
co-adm we have a canonical isomorphism

(518) (I)lzdm((s) = CDZo—adm((s)v
characterized uniquely by the property that the isomorphism
id~ @ (8) o ®(9)

co-adm

defines the unit of an adjunction.

5.6. Step B: the construction. We will now turn the idea described in Sect.
into a formal construction. I.e., we will define the functor

(bFactor.,. : Factor.,.(C) - Sqo,o(S)'

This will combine the construction from Sect. and the manipulation that
was employed in the proof of Theorem [2.1.3] namely, we will use clusters.
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5.6.1. Let defGrid"“"*(C)admnco-adm qenote the following bi-simplicial (oo, 1)-

co-adm,adm
category. For each m,n, the (oo, 1)-category defGrid”me’g(C)‘C’gﬁr&%:aad%” is a 1-full
subcategory in

Maps([m]°? x [n]°?, C).
Its objects are commutative diagrams c that satisfy:

(1) For every i, the map c; j - c; j_1 belongs to adm.
(2) For every j, the map c; ; - ¢;_1 ; belongs to co-adm.

As 1-morphisms we allow those maps between diagrams ¢ — ¢’ that satisfy:

(1) For every i and j, the map c; ; - c; ; belongs to vert.
(2) For a fixed j, the defect of Cartesianness of the square

Cij — > Ci-1j

|

4 C,‘

Cij i-1,j

belongs to adm N co-adm.

We note:
LEMMA 5.6.2. For a commutative square
cg —— ¢
4 !/
Co — ¢y

in which the vertical maps belong to adm and the horizontal to vert or horiz (resp.,
the horizontal ones to co- adm and vertical ones to vert), its defect of Cartesianness
belongs to adm (resp., co-adm).

ProoF. Follows from the ‘2 out of 3’ property of the classes co-adm and
adm. O

Hence, we obtain that there is canonical isomorphism
Seq;(defGridyy’ (C)ag im aim) = Maps™™ (([n]°? x [I]) x [m]°P, C)e/tne i’

see Sect. for the notation Maps®™ (-, - admnco- adm,

Therefore, from Proposition we obtain a map

(5.19) Seq,(defGrid,}" (C)zg aim adm ) ~ Maps([[] ® ([m] x [n]),S),

functorial in [I],[m],[n] € SpCAoprOPXAop.
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5.6.3. Let @ be a cluster, see Sect. 2.6.2] for what this means. Let Q be the
category underlying Q.
We define the (oo, 1)-category
def Q""" (C) &y i adm.

analogously to defGridf,f;f(C)gff’;’}ﬁz:aad%”, so that we recover the latter when

Q=({0,....,m} x{0,...,n})°P.

As in Sect. the map , gives maps
(5.20) Seq; (defQ " (C)za idim aim ) ~ Maps([l] ® Q°P,S),
functorial in [I] € A°P and the cluster Q.
In other words, we obtain canonically defined functors
(5.21) defQ " (C)2mnea- 4, Punct(QP, S)ighi-tux
that depend functorially on Q.
5.6.4. Taking Q = (({0,...,n} x {0, ...,n})>982)°P_from we obtain a map

defGrid," (C)edmieo-ab - Funct(([n] x [n])**#™, S)right-tax,

n co-adm,adm

and composing with the diagonal embedding [n] — ([n] x [n])>#"!, we obtain a
map

5.22 defGrid?c " (C)dmnco-adm _ pynct(n],S)rieht lax-
n,n g

co-adm,adm

Note that we have a tautologically defined functor
Seq(Factoty,,, (C)) — Maps([1] x [m], defGrid ;' (C)zimoco- odm).
Composing with , we obtain a functor
Seq; (Factory, »(C)) - Maps([1] x [m], Funct([n], S)right-1ax) =

= Maps(([1]x[m])®[n],S) - Maps([l]@[m]®[n],S) = Seq;(Funct([m]®[n], S)rignt-1ax),
i.e., a functor
(5.23) Factor,, , (C) — Funct([m] & [n], S)right-lax-

We claim:

LEMMA 5.6.5. The functor (5.23) sends every arrow in Factor,, ,(C) to an
isomorphism in Funct([m] & [n],S)right-lax-

ProOF. Follows from the condition that for a map of objects in Factor,, ,(C),
i.e., a natural transformation between functors

[m] x ([n]° x [n]°P)z%" = C,
the induced natural transformation of the functors
[m] X [n]op > [m] x ([n]op x [n]OP)ngnl ~C

is an isomorphism. O
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5.6.6. The above lemma implies that the functor factors though
(Funct([m] & [n], S)right_lax)Spc ~ Maps([m] ® [n],S) =: Sq,, ,(S).
The resulting functor
Factor, »(C) - Sq,,.,(S)
is the sought-for functor ®gactor,, ,, of .

5.7. Step C.
5.7.1. Let us first explain the idea of the proof when m =0 and n = 1. In this case,
the category Factorg 1(C) has as objects diagrams

Co,1
RN
Ci1,1

Co,0-
and morphisms are given by diagrams

Co,1
RN

C1,1 Bo,1 €0,0

Bo,0 C671 , Bi1
€ Y
/ \
’ ’
Ci11 €0,0>

where [y and 1 ; are isomorphisms and (1 € adm.

The category defGridgﬁl(C)gg;’tL’hO”Z is space of arrows cg S Hence, we see
that the fiber of the functor

Factorg 1 (C) - defGridg ; (C)m

vert,horiz

adm

vert horiz 18 the category Factor(a) from

over a given (cy > ¢;) € defGridg,(C)

Sect. B.1.41

Hence, the contractibility of the fiber follows from the assumption in Sect.
The proof in the general case will be a rather straightforward combinatorial game.

5.7.2.  The proof of Step C will proceed by induction on m. We shall perform the
induction step, because the base of the induction (i.e., the case of m = 0) is similar,
but simpler. So, we assume that the assertion is valid for m — 1, and we will now
pass to the case of m.

Consider the map
defGridy,n (C)3ert noriz = defGridin—1,n(C)3er horis:
given by restriction along
[m—1]x [n] > [m] x [n],

where [m - 1] — [m] is given by i — i + 1.
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Note that the resulting map
Factor,, ,,(C) - defGrid,, , (C)®m x Factor,,—1,,(C)

t,hori
Ve et Grid 1 o (C) 2™

vert,horiz

is a co-Cartesian fibration. Hence, by induction, it suffices to show that it has
contractible fibers.

Fix an object of

d e defGrid,), ,(C)29m x Factor,,_1.,(C),

vert,horiz
3 adm
defGrld"l’l’"(C vert,horiz

and we will analyze the fiber of Factor,, ,,(C) over this object, denote this fiber by
C.

5.7.3. Denote by c the object of Maps([n]°P,C) obtained from d by restriction
along
{1} < [n] > [m] x [n]°P.
Denote by € the object of Maps(([1n]°P x [n]°P)>de"! C), obtained from d by re-
striction along
{0} x ([n]°P x [n]°P)>4E™ — [m 1] x ([n]°P x [n]°P)>E".

Denote by ¢’ the object of Maps([n]°?,C) obtained from € be further restriction
along

[n]°P > ([n]° x [n]°P)>e".
Note that the data of d gives a map

(5.24) c—c.

The category C is a 1-full subcategory in the category of functors, denoted €,
([n]°" x [n]°P)>4&" - C,

equipped with an identification of their restriction along [n]°P — ([n]°P x[n]°P)>den!
with ¢, and with a natural transformation to €', compatible with the identification
€/|[ner = ¢ via the natural transformation (5.24)).

The category C is obtained by imposing the following conditions. At the level
of objects we require:
(1) All maps cij — €;-1,; belong to co-adm;
(2) All maps c; j—1 = ¢; j-1 belong to adm;
(3) All maps c; ; — c; ; belong to vert;
(4) The defect of Cartesianness of the squares

Cij — > Ci-1y

|

"
i,J
belongs to adm n co-adm.

!
> Gy

c
At the level of morphisms we allow maps € — ¢ such that for all i, j, the map
Cij = Cij

belongs to adm.
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5.7.4. For 0<n’ <nlet C=" denote the following variant of C: instead of consid-
ering functors from ([n]°P x [n]°P)2988! to C, we consider functors defined on the
full subcategory

([TL]OP % [n]op)zdgnl,sdgnl+n' c ([n]op x [n]op)zdgnl’
spanned by (7,7) with j <i+n'.
For example, for n’ = n, we have C<" = C, and for n’ = 0, we have C*" = {}.

Restriction defines functors C<" — C<"'~1. We will prove by induction that
the categories C=" are contractible. We will use the following lemma:

LEMMA 5.7.5. Let F : Dy - Dy be a functor between (oo, 1)-categories. Assume
that:

(a) For every dg € Dy, the category Dy X {da} is contractible;
2
(b) For every d; € Dy and a morphism 3 :d}, — F(dy), the category of
(d] eDy,a:d] > dyi, F(a)~B)
is contractible.

Then F induces an isomorphism between homotopy types.

5.7.6. We will show that the functors
ém’ - 65"”1
satisfy the conditions of Lemma [5.7.5] We will check condition (a), condition (b)
being similar.
5.7.7. Fix an object €< ~! ¢ C<"'~1. The fiber of C=" is the product of the
following categories, denoted C;, over the index 0<i<n-n'-1:
For each i, the category C; is that of factorizations of the morphism
Ci+1,i+n’ = Ci i+n’'-1

(which is part of the data of @"~1) as

€ v
Cit+1,i+n’ = Cii+n’ > Ciitn/-1,

equipped with a datum of commutative diagram

Citl,i+n/ — > Cii+n’ — > Ciitn/-1

| | l

C;+1,i+n' I Cg,i+n’ I C;,i+n’—1
such that
(1) €€co-adm;
(2) v €adm;
(3) B ewvert;
(4) The datum of commutation of the outer square

Ci+l,i+n’ — > Cii+n/-1

l |

4

!
C’L+1,’L+’I’L, C2,7,+n’—1
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is that coming from €<"1;

(5) The defect of Cartesianness of the left square
Cit+l,i+n/ — > Cii+n’

| |

/ c
i+1,i+n’ 1,0+n’

c
belongs to adm n co-adm.
We claim that each of the category C; is contractible.
5.7.8. Denote

Ciivns = Chiypr X Cijynio1.
ii+n/—1
Then C; is the category Factor(«) of factorizations of the map
& Ciyl i+n! > Ei,i+n'
as
Citl,i+n’ = Cii4+n’ > Ei,iJrn’

with the map €;11 i+n’ = C; 44n’ being in co-adm and ¢; j4n = €; j4n’ being in adm.

We note, however, that the morphisms €;+1,i+n/ = € isn—1 and €} ;0 = €} 440y
both belong to horiz. Hence, so does the morphism «, by the ‘2 out of 3’ property.

Hence, the category Factor(«) is contractible by the assumption in Sect.



CHAPTER 8

Extension theorems for the category of
correspondences

Introduction

This Chapter should be regarded as a complement to Chapter 7. Here we prove
two more extension theorems that allow, starting from a functor

Podm : Corr(C)2dm - S,

vert;horiz vert;horiz

and a functor F': C — D, to canonically produce a functor

d ) d
@Zez;horiz . Corr(D)Ze;TtL;horiz - S.

The nature of the extensions in this chapter will be very different from that in
Chapter 7, Theorems 4.1.3 and 5.2.4: in loc. cit. we enlarged our 2-category of
correspondences by allowing more 1-morphisms and 2-morphisms. In the present
section, we will enlarge the class of objects.

0.1. The bivariant extension procedure. The first of our two extension results,
Theorem [T.1.9] is a general framework designed to treat the following situation. We
start with the functor

. nil-closed
IndCOhCOI‘I‘(SCh )Zli%j;%i)sed . COrr(SChaft all;all - DGCatcont

aft

and we want to extend it to a functor

nit-tosea : Corr(indinfSchag ) M **® = DGCateon -

all;all

IndCoh gy (indintsch

aft

0.1.1. Here is how this extension is supposed to behave.

Let us first restrict our attention to the 1-full subcategories

Schag, © Corr(Schagt ;‘ﬁﬁf’se‘i and indinfSchyg, c Corr(indinfSchaft)gﬂ;;llf“d,
and the fully faithful embedding
(0.1) Schag, — indinfSchg -

nil-closed $O

We want the restriction IndCoh;ngintsch ary) el
allja

aft

of IndCOhCorr(indinfSch
indinfSch,s to be given by left Kan extension of

IndCOhCorr(Sch nil»chosed |SChaft, = IndCthChm

aft )all;a

along (0.1)).
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0.1.2. Consider now the 1-full subcategories

(Schag )P € Corr(Schagt 21‘11:;1110 sed and (indinfSchug )°P ¢ Corr(indinfSch,g glill;';]llosed,
and the fully faithful embedding

(0.2) (Schag )°P = (indinfSch,g )°P.

We want the restriction IndCoh!

indinfSchag

(indinfSch,g )°P to be given by right Kan extension of

)nilfcloscd to
aft ) all;all

of IndCOhCorr(indinfSch

!
w)zibeteeedl(schy)or =t IndCohge,

IndCOhCorr(Sch
along (0.2).

0.1.3. So, we see that our extension behaves as a left Kan extension along vertical
directions and as a right Kan extension along the horizontal directions. But these
two patterns of behavior are closely linked via the 2-categorical structure.

Namely, the left Kan extension behavior along the vertical direction and the
right Kan extension behavior along the vertical direction, once restricted to 1-full
subcategories corresponding to nil-closed maps, are formal consequences of each
other (this is obtained by combining Volume II, Chapter 3, Corollay 4.2.3 and
Theorem 4.3.2 and Chapter 7, Theorem 3.2.2 and Proposition below).

The idea is that there are ‘enough’ of nil-closed maps to fix the behavior of our
extension on all objects and morphisms.

0.1.4. The 2-categorical features are essential in the proof of Theorem[I.1.9] Namely,
we perceive the datum of a functor

nit-ctosea : Corr(indinfSchag ) Mo **® = DGCateont

all;all

IndCOhCorr(indinfSCh

aft
as that of simplicial functor between (oo, 1)-categories
'Grid; ! (indinfSchag ) Jialr**! > Seqd™(S).
The corresponding functors

'Grididgnl(indinfSchaft g;};}fbed - Seq**(S)

n

are obtained as left Kan extensions of the corresponding functors

1/ + 1>dgnl nil-closed ext
Grldn (SChaf'ﬁ )all;all - Seq (S)

n

That is to say, here we use in an essential way the fact that ‘Grid; “®" (indinfSchag ) 3¢

is a category, and not just a space: we approximate diagrams d € Grid,, (indinfSch,g; glill_';llfse‘i

by diagrams c € Grid,, (indinfSchg zlill;‘gllfsed, where the maps ¢ — d are required to

be term-wise nil-closed.
So, it would be impossible to prove an analog of Theorem if instead of
the (o0,2)-categories
Corr(Schagt )21111;1110 sed and Corr(indinfSchaft);‘1111;';1110 sed
we used the underlying (oo, 1)-categories

Corr(Schat )anan and Corr(indinfSchag ) ait:an-
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0.1.5.  The bulk of the proof of Theorem is concentrated in Proposition [T.2.5]
that guarantees that the left Kan extension extensions of

[/ + 3>dgnl nil-closed ext
Grid;*® (SChaft)au;an - Seq,,” (S)

along

l/ + 1>dgnl nil-closed l/ e« 1>dgnl /. 1. nil-closed
Grldn & (Schaft all;all d Grldn & (lndlnfschaft all;all

‘does the right thing’, i.e., produces the expected strings of 1-morphisms.

In the process of proving Proposition[I.2.5] we will need to make a digression and
study the behavior of colimits in the categories Seq™(S), and how these colimits
behave with respect to restriction functors

Sed™ () - Seali! (),

n m

corresponding to maps [m] — [n] in the category A.

0.2. The horizontal extension procedure. Our second extension result, The-
orem is a general framework designed to treat the following situation. We
start with the functor

IndCohgoye(schye )rrerer + Corr(Schag )" = DGCateont,

aft)au;au

and we want to extend it to a functor

IndCoh sch & proper * COrT(PreStkias )L hl = DGCateont -

schjall

Corr(PreStkjast )

0.2.1. The above extension procedure is an instance of the 2-categorical right Kan
extension. We do not develop the general theory of right Kan extensions for (oo, 2)-
categories in this book.

What saves the day here is the fact that the present situation has a feature
that makes it particularly simple:

Whatever that right Kan

RKE e & proper (INACON oy (e, yprover )

schjall all;all

Corr(Schag )P 7P —Corr (PreStkiag )

is, its restriction to the underlying (oo, 1)-categories is given by the usual (i.e.,
1-categorical) right Kan extension, i.e., the canonical map

RKECorr(SChaft )glrloglelr —Corr(PreStkjast ):Z‘E.iﬁlpmper (IndCOhcorr(SChan)glr]?:]elr )

- RKEcorr(SChaft)all;all_’corr(PreStkIaft)sch;all (IndCOhCOFF(SChan)au;au )
is an isomorphism.
0.2.2. A general statement of when a functor F' : Ty — Ty between (oo0,2)-

categories has the property that for any ®: T; — S, the map
RKEF(@NT;—CM - RKEp|, ., (©|T%—Cat)
1

is an isomorphism, is given in Lemma [6.3.3

The idea of the condition of this lemma says that for any ¢; € Ty and t5 € To,
the morphisms in the category

Mapsy, (t2, F(t1))

‘come’ from 2-morphisms in T;.

Corr(PreStkiag )aizant
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This guarantees that the 1-categorical right Kan extension

RKEp|, ¢, (Plpi-car) : Ty O > §

can be canonically extended to 2-morphisms using the data of ® itself.

1. Functors obtained by bivariant extension

In this section we will describe one of the two extension results of this chapter
that allows to extend a functor from a given (oo, 2)-category of correspondences to
a larger one.

A typical situation in which the procedure described in this section will be
applied is when we want to extend IndCoh as a functor out of the category of cor-
respondences of schemes to that of ind-inf-schemes. I.e., we start with the functor
nitclosed : Corr(Schagt ;{{;}fbed — DGCatcont

all;all

IndCOhCorr(Sch

aft
and we want to extend it to a functor

apy)nil-closed Corr(indinfSchyg, )2:50%°¢ - DG Cateons -
all;a’ 4

IndCOhCorr(indinfSch

1.1. Set-up for the bivariant extension. In this subsection we will describe
the context of our extension procedure and state the main result of this section,
Theorem [1.1.9]

1.1.1. Let (C,vert, horiz,adm) be as in Chapter 7, Sect. 1.1.1. We will also
assume that all three classes vert, horiz and adm satisfy the ‘2 out of 3’ property.

Suppose we have a functor

padm : Corr(C)%dm -,

vert;horiz vert;horiz

where S € 2-Cat.

Denote
_ madm . &adm .
P := (I)vert;horiz Cyert and @ := (I)vert;horiz|(choriz)°p’
- ~ FHadm
q)adm T (I)|Ca,d,m - ®U€Tt;hOTiZ|Ca,dm,
and
! - ~ FHadm
(I)adm =0 |(Cadm)“p = (P’UETt;hOTZ-Z|(Cad'nL)Op'
. . . . adm
For an object ¢ € C we will simply write ®(c) for @327, .. (c).

In our main application we will take S to be DGCat.,; and C = Sch,g with

vert = horiz = all and adm = nil-closed. We take CI)ZZ:TZ;hom‘z to be the functor

ag ) il-closed COI‘I‘(SChakaD gllll;_;llf)sed — DGCateont -

IndCOhCOH(Sch
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1.1.2. Let (D,vert, horiz,adm) be another datum as above, and assume that D
admits all fiber products. Let F': C - D be a functor that preserves the corre-
sponding classes of 1-morphisms, i.e., that it gives rise to well-defined functors

F’uert : Cvert - Dverh Fhoriz : Choriz - Dhoriz and Fadm : Cadm - Dadm7
and that each of the above functors (including F' itself) is fully faithful.

We will assume that F' takes Cartesian squares as in Chapter 7, Diagram (1.1)
to Cartesian squares. Hence, I induces a functor

adm . adm adm
FveTt;horiz : Corr(c)vert;hm“iz - Corr(D)vert;horiz'

1.1.3. We will also assume that for every d € D there exists ¢ € C equipped with
a map ¢ — d that belongs to adm.

adm
vert;horiz

gadm : Corr(D)®4m - S,

vert;horiz vert;horiz

under certain conditions on the (oo,2)-category S (see Sect. [1.1.5)) and on the
functor ®2dm (see Sect. |1.1.6)).

vert;horiz

1.1.4. The goal of this section is to extend the functor ® to a functor

1.1.5. Conditions on the target 2-category. Let S be a target (oo, 2)-category. We
will impose the following conditions on S:

(1) For any s',s" €S, the category Mapsg(s’,s”) is presentable;
2) For any s',s” € S, the category Mapsg(s’,s”) is pointed, i.e., the map
g S
from the initial object to the final object is an isomorphism;
(3) For any s',s"” €S, and a fixed ¥ 5 &' (resp., s” L 3", the functors

/ rvll)

Mapse(s',s") —> Mapsg (3, s”) and Mapsg(s', s”) el Mapsg(s',3
preserve colimits;

(4) St-Cat is presentable;

(5) St-Cat is pointed;

(6) For s € S there exist objects [1] ® s and sl' equipped with functorial
identifications

Maps([l]@s, 5,) = Maps([l], MapSS(Sa 5,)) and Maps(s', 8[1]) = Maps([l], MapSS(S,7 S))7
respectively.

These conditions are satisfied, e.g., if S is 1-Cat>5 ! ot DGCateon.

1.1.6. Conditions on the functor @ggﬂ;hwiz. Denote

Uoam = LKE R, (Padm)s;  Uigm = RKEper (®)4,),
\I’vert = LKEFuert (q)UGTt)? \I’!horiz = R']KEFOP ((I)!horiz)'

horiz

We impose the following conditions on the interaction of @ggﬁ; horiz and F

(1) The functor ¥,.,; satisfies the left Beck-Chevalley condition with respect
to adm c vert.

(2) The canonical map Vo4 = Vyert|D, ,,, 18 an isomorphism.

(3) The functor W' satisfies the right Beck-Chevalley condition with respect
to adm c horiz.
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. ! ! . . .
(4) The canonical map ¥}, .. |(D,..)r = Yagy, 1S an isomorphism.

1.1.7. Finally, we impose one more technical condition:
(#) For every morphism d’ — d in D, the map
colim Uy dm (d X c) = Uogm(d)

Ce(Da(hn)/d x  Cadam
Dadm

is an isomorphism.
1.1.8.  The main result of the present section is the following:

THEOREM 1.1.9. Under the above circumstances there exists a uniquely defined
functor
d . d
\I/?)e:‘rtL;horiz ' Corr(D)?JeZL;horiz - S7

equipped with an identification,

(I)adm ~ \Padm o fradm
vert;horiz — *wvert;horiz vert;horiz»

such that the induced natural transformation

LKEFadm (¢adm) - \Padm |Dadm

vert;horiz

is an isomorphism.

In addition, the functor Wedm has the following properties:

vert;horiz

e The induced natural transformation

LKEp,,, (@) > Wiim Dy

vert;horiz
is an isomorphism;
o The induced natural transformation

WSt horizl (Dnoryor = RKE (£, yor (B

vert;horiz
s an isomorphism.
Note that we can reformulate the uniqueness part of Theorem as follows:
COROLLARY 1.1.10. Let
@gg:tl;horiz : COH(D)Zgﬁ;hmZ -5

be a functor such that the following maps are isomorphisms:

(1) LKEFvert (\ngx;horiz °© F'Uert‘cvert) - Zz:j{z;horileven ;

(11) ngﬁ;honzb;’fwn - LKEF,C:ET,L.Z (\I/gg:’rtl;horiz ° F’SSMJCZZ,.iz )7'
(111) LKEFadm(\I’gg:rtL;horiz ° adm|cadm) - \I/gg:tl;horiADadm
(iv) The map

colim Uogm(d' x ¢) = Uygm (d')
CE(Dadm)/d x  Cadam d
Dadm

for every morphism A’ - d in D.

adm ._ Jradm adm : :
Then the functor Qoertnoriz = Yoerthoriz © Foert:horiz satisfies the assumptions

of Theorem and {Iv'fjgﬂ;hm,iz identifies canonically with the extension given by
that theorem.
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1.2. Construction of the functor. The rest of this section and the following
four sections are devoted to the proof of Theorem |1.1.9

. adm, . ..
We will construct WicTh, ... as a simplicial functor

U, : 'GridZ dgnl(D adm - Seq'(S).

vert;horiz

1.2.1. The functor F': C - D gives rise to a simplicial functor

Fn . ,Grididgnl(C)adm N lGrididgnl(D)adm

vert;horiz vert;horiz»

which is fully faithful for each n.
We define the functor
\Iln . /Grididgnl(D)adm N Selet(S),

vert;horiz n
by
U, = LKEp, (2,,),
where
@, : 'Grid; ®"(C)2d ... — Sea(S),

vert;horiz .

. . . . . adm
is the simplicial functor corresponding to ®ET ;..

lary that this left Kan extension exists.)

(It will follow from Corol-

1.2.2. Consider the following set up. Let I be an index category, and let Fj :
C1 —» D1 be a map between co-Cartesian fibrations over I that takes co-Cartesian
arrows to co-Cartesian ones. Let Sy be another co-Cartesian fibration over I, and let
®1 : Cy; - S be a functor over I that also takes co-Cartesian arrows to co-Cartesian
arrows.

For each arrow r: i — j in I there are canonical natural transformations

(].1) LKEFi((I)jO’I"c)—>LKEFj(<I)j)OTD
and
(12) LKEFi(T’So(I)i) ﬁTSOLKEFj((Di)

as functors D; — S;, while
Fiorc~rpoF;and rgo®; ~ ®;0rc,
where
Tcici%Cj, T’DZDi—>Dj, T’SZSi—>Sj
denote the corresponding functors.

We have:

LEMMA 1.2.3. Assume that the maps (1.1)) and (1.2) are isomorphisms. Then
relative left Kan extension defines a functor Wy : D1 — Sy, which has the property
that it sends co-Cartesian arrows to co-Cartesian ones. Furthermore, for every
i €1, the natural map

LKEFz ((I)Z) - ‘1/I|Ci

is an tsomorphism.
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1.2.4. We will apply Lemma [T.2.3] to
I:=A°, F:=F, Sp:=Seq™(S), &:=2..

For a map r : [m] — [n] in A, let r§ (resp., r&, rf) denotes the functor
Seq®*(S) - Seq*(S) (resp., ’Grididgnl(C)“dm - ’Gridildgnl(C)“dm and

n m vert;horiz vert;horiz

similarly for D).

Consider the resulting functors

(1.3) LKEEg, (9, 0r8) = LKER, (9,,) orp.
and
(1.4) LKEp, (r§ o ®,) > r5 o LKER (9,).

The bulk of the proof of Theorem will amount to the proof of the next
proposition:

PROPOSITION 1.2.5.
(a) The maps (L.3)) are isomorphisms.
(b) The maps (1.4) are isomorphisms.

1.3. Proof of Theorem [1.1.9] existence. In this subsection we will assume
Proposition and will deduce the existence part of Theorem The unique-
ness assertion will be proved in Sect. 3.2

1.3.1. First, assuming Proposition and using Lemma [1.2.3] we obtain that
that the functors
U, :=LKEg, (9,)

give rise to a simplicial functor

U, - 'Gridz (D)4, .. — SeqS™ (S).

vert;horiz

By the (£, Seq®™")-adjunction, from ¥, we obtain a functor

£8Xt(IGI'idf dgnl(D)adm N S,

vert;horiz

and finally, using Chapter 7, Corollary 1.4.6, the sought-for functor
gadm : Corr(D)®dm - S.

vert;horiz vert;horiz
1.3.2. The composite
v, <
/Gridfdgnl(c)adm N /Gridfdgnl(D)adm N Seqe t(S)

vert;horiz vert;horiz ')

identifies with ®,. This gives an identification

adm ~ Jyadm adm
q)vert;horiz - \Ilvert;horiz o vert;horiz*

Denote

. \Jyadm '._ \yedm .
U= \Ij’l)eT‘t;hOT‘iZ|Dve7‘t and U’ := \IlveTt;hOT'iZthoriz)oD’

. ~ Jadm
\I/adm = W‘Dadm - lIJ’UCT't;hOT'iZ|Dadm

and
! R ~ yyadm
\I/adm =V |(Da,dm)°p - \Ijvert;horisza,dm)op'

For an object d € D we shall simply write ¥(d) for ¥2dm (d).

vert;horiz
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1.3.3. Let us now show that that the induced natural transformation
(15) LKEFa,dm((I)adm) —> \I}adm
is an isomorphism.

It suffices to show that this natural transformation is an isomorphism on ob-
jects. Le., we have to show that for d € D, the map

colim  ®(c) - ¥(d)

vy:c—d,yeadm
is an isomorphism, where the above map is given by a compatible family of maps
- \1/
(1.6) o(c) > U(e) S w(d).

By the definition of the functor ¥,, for n = 0, we have a tautological isomorphism

(1.7) colim ®(c)=To(d) =¥(d).

v:c—d,yeadm

Now, by the definition of ¥,, for n =1, the compatible family of maps
P(c) > ¥(d)
that comprise (1.6]) identifies with that in .
1.3.4. Let us show that the natural transformation

LKEp,_ ,(®) > ®

vert

is an isomorphism.

Again, it is enough to do so at the level of objects. Consider the commutative
diagram
LKEF,

dm ((I)adm) > Woam

| |-

((I))|Da,d,m - \Ij|Dadm‘

The top horizontal arrow in this diagram is an isomorphism by Sect. above.
The left vertical arrow is an isomorphism by the second condition in Sect.
This implies that the bottom horizontal arrow is an isomorphism, as desired.

LKEF

vert

1.3.5. Let us now show that the natural transformation
v RKE(Fhariz)Op ((I)')
is an isomorphism.

As in Sect. [1.3.4] it suffices to show that the natural transformation

\Ilézdm - ];‘)”I{E(F,,,dm)Op (q)lzdm)
is an isomorphism.

Since the functor \I!!adm is obtained from W ,g4,, by passing to right adjoints (by
Chapter 7, Theorem 3.2.2), we need to show that for d € D the map

U(d) > lim  ®(c),

vy:c—d,yeadm

comprised of functors
¥(d) ~ ¢(c),
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right adjoint to those in (1.7), is an isomorphism. However, this follows from
Proposition below.

2. Limits and colimits of sequences

In this section we prepare for the proof of Proposition by making a di-
gression on the behavior of limits and colimits in categories of the form SeqS*(S),
where S is an (o0, 2)-category as in Sect.

2.1. Limits and colimits of presentable categories. In this subsection we
recall the behavior of limits and colimits in the (oo, 1)-category, whose objects are
presentable categories, and whose 1-morphisms are colimit-preserving functors.

2.1.1. Recall from Chapter 1, Sect. 2.5 that 1-Catp,s denotes the 1-full subcat-
egory of 1-Cat, whose objects are presentable (oo, 1)-categories, and whose mor-
phisms are continuous (i.e., colimit-preserving) functors. Recall that the embedding

1-Catpys = 1-Cat
commutes with limits, see Chapter 1, Lemma 2.5.2(b).
Let us recall the setting of Chapter 1, Proposition 2.5.7, which we will exten-
sively use. Let
(2.1) I 1-Catp,, i+ C;
be a functor, and consider the object

C = cczlgilm C; €1-Catpys .

For an index 14, let ins; denote the tautological functor

(ji d (jh

Assume now that for every arrow ¢ — j in I, the corresponding functor C; — C;
admits a continuous right adjoint. Consider the resulting functor
I°? - 1-Catp,s, i+~ C;,
obtained from by passing to right adjoints. Consider the object
C":= lim C,; € 1-Catpys .

ielop
For an index 14, let ev; denote the tautological functor

(j,, g (ji'

Then Chapter 1, Proposition 2.5.7 says that each of the functors ev; admits a
left adjoint, and that the resulting functor

(2.2) C'-C”, (evi))F:C;—>C”

is an equivalence. In other words, we have an equivalence C’ ~ C”, under which,
the adjoint pair

ins; : C; 2 C': (ins;) 7
identifies with

(ev))!:Cy2C" :ev;.

As a formal consequence, we obtain:
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COROLLARY 2.1.2.

(a) The natural transformation
CQliIm ins; o(ins; ) - Ider
1€
is an isomorphism, where the colimit is taken in either the category Maps; _c,;,. (C',C’)
or Mapsl—Cat(C,v C,)
(b) The functor C" - C’, given by

colim ins; oev;
i€l

provides an inverse to the functor C' — C" from (2.2)), where the colimit is taken
in either the category Maps, _c,,,. (C"”,C") or Maps; _q,;(C",C").
(¢) For D € 1-Catpys, the natural map

chiIm Functeont (D, C;) = Functeons (D, C')
1€

is an isomorphism, where the colimit is taken in the category 1-Catp,s.

PROOF. Let us prove point (a). It suffices to show that the natural transfor-
mation

co_liIm (evi)roev; - Idgn
1€

is an equivalence. I.e., we have to show that for c,€ € C”, given by compatible
systems of objects c;,€; € C;, respectively, the map

Maps (€,8) ~ lim Mapsc ((ev)" o evi(e),©)
is an isomorphism. We rewrite the right-hand side as
lim Maps, ((evi(e), evi()),
and now the assertion becomes manifest.

Point (b) follows formally from (a). Point (c) follows formally from (b) and the
commutative diagram

chiIm Functeons (D, C;) ——— Functeont (D, C’)
1€

lim Functeens(D,C;) ——— Functeen: (D, C").

ielop

2.2. Limits and colimits in S'-©2t, Let
1-Catp,s c 1-Cat

be the 1-full subcategory, corresponding to 1-Catp,s ¢ 1-Cat. We can view the
equivalence (2.2)) as a result about functors I - 1- Catp,s.

In this subsection we will generalize the equivalence (2.2]) by replacing 1- Catp,
by a more general (oo, 2)-category S.
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2.2.1. Limits of mapping categories. Let S be an (oo, 2)-category satisfying assump-
tions (1), (3), (4) and (6) of Sect.
LEMMA 2.2.2.
(a) For Ie1-Cat and a functor I - S, i — s; with s := cqliIm s;, for any s’ €S, the
1€
resulting map
Mapsg(s,s’) - hfn Mapsg(s;,s")
1el°opP
is an isomorphism in 1-Catp,s.
(b) For I € oo-Cat and a functor I - S, i — s; with s := hril s;, for any s’ €8, the
1€
resulting map
Mapsg (s', 5) > lim Mapsg (s', ;)
1€
is an isomorphism in 1-Catp,s.

REMARK 2.2.3. By definition, the maps in the lemma a priori induce isomor-
phisms of the underlying spaces.

PRrROOF. Follows from the above remark by replacing s’ by the objects s’ and
[1] ® §', respectively.
O

2.2.4. Let
(2.3) I-S,ims;
be a functor, and assume that for every arrow i — j, the corresponding 1-morphism
s; — s; admits a right adjoint. Consider the functor
I =S, i s,
obtained from by passing to right adjoints.

Denote

! . " .
s’ :=colims; and s := lim s;
i€l ielop

and let
ins; : s; > s and ev,; :s” = s;
denote the corresponding 1-morphisms.

We are going to prove:

PROPOSITION 2.2.5.
(a) Each of the 1-morphisms ev; admits a left adjoint. The 1-morphism s’ — s,
given by the compatible family
(evi)lis; > 5",
is an isomorphism. Under this identification, the functors (ev;)Y correspond to
ins;, and the functors ev; correspond to the the right adjoints (ins;)® of ins;.

(b) The map
CQliIm ins; o(ins; ) - idy
1€
is an isomorphism, where the colimit is taken in Mapsg(s', s').
(¢) The inverse 1-morphism to one in point (a) is given by

colim ins; oevy,,
i€l
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where the colimit is taken in Mapsg(s”,s").
(d) For anyt €S, the natural functor

cqliIm Mapsg(t, s;) — Mapsg(t,s’)
1€
is an equivalence, where the colimit is taken in 1-Catp,s.

Proor. To show that the 1-morphism ev; admits a left adjoint, it is enough
to show that for any ¢ € S, the induced morphism

Mapsg(t,s”) - Mapsg(t, s;)
admits a left adjoint and that for a 1-morphism tg — t1, the diagram

Mapsg(t1,s”) «—— Mapsg(t1,s;)

l |

Mapsg(to,s”) <—— Mapsg(to, s;)

obtained by passing to left adjoints along the horizontal arrows in the commutative
diagram
Mapsg(t1,s") —— Mapsg(t1,5;)

| |

Mapsg(to,s”) —— Mapsg(to, s;),
that a priori commutes up to a natural transformation, actually commutes.

By Lemma we have
Mapsg(t,s") ~ liIm Mapsg(t, s;),
rel°opP
and now the assertion follows from the equivalence (2.2]).
We will now show that the composite
S, - S,, - S/7

where the first arrow is the map point (a) and the second arrow is the map in point
(¢), is isomorphic to idsy. We need to show that for every j € I, the composition

(2.4) 5; =35 > 5" > s
is canonically isomorphic to ins;, in a way functorial in j.
Note now that for any ¢t € S we have a commutative diagram

Mapss(t,s') —— Mapsg(t,s”) ——  Mapss(t,s')

o] i |

cqliImMapsS(t,si)  — hlm Mapsg(t,s;)) —— cqliIm Mapsg(t, s;),
1€ 1el°pP 1€

where the colimits in the bottom row are taken in 1-Catp,s. Now, Corollary|2.1.2(b)
asserts that the bottom composition is canonically isomorphic to the identity on
co_liIm Mapsg(t, $;).
1€
Applying this to ¢ = s; and the tautological map

55— cQEIm Mapsg(s;, si),
K3
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we obtain that the composition (2.4)) is indeed isomorphic to ins;.

Thus, we obtain that the composite s’ - s - s’ is indeed isomorphic to the
identity map. In particular, the composite in the top row of (2.5) is also isomorphic
to the identity map. Now, since the middle vertical map in (2.5)) is an isomorphism
(by Lemma [2.2.2(b)), we obtain that the left vertical map is an isomorphism as
well.

This proves point (d) of the proposition. Now, since all maps in the bottom
row of (2.5) are isomorphisms, we obtain that the same is true for the top row.
This proves point (a) of the proposition.

Point (c) has been established already. Point (b) follows formally from point

(c).
(]

2.2.6. As an application of Proposition [2.2.5] we shall now prove the following.
Let
F:C-D

be a functor between (oo, 1)-categories. Let
®:C->S
be a functor, and set ¥ := LKEp(®).

Assume that for every arrow ¢; — ¢ in C, the resulting 1-morphism ®(c;) —
®(cy) admits a right adjoint. Let ®' : C°P - S be the functor, obtained from ® by
passing to right adjoints.

We claim:

PROPOSITION 2.2.7. Under the above circumstances, the functor U' := RKE pop (®')
is obtained from W by passing to right adjoints.
PROOF. Let us first show that for any arrow d; - ds in D, the 1-morphism
¥(dy) —» ¥(d2)
admits a right adjoint.
We have:

U(d;) = i o d ¥(dsa) = li )
( 1) Cl,g(()cil)%)dl (C1) an ( 2) Cz,g?clr)lldz (CQ)7

and the 1-morphism ¥(d;) - ¥(ds) is obtained from the map of index categories
(Cl,F(Cl) g dl) = (Cl,F(Cl) nd d1 g dg)

The right adjoint in question is given, in terms of the isomorphism of Proposi-

tion a) by
lim  ®(co) > lim  ®(cy).
c2,F(c2)—ds c1,F(c1)—>dy

Let ¥' denote the functor obtained from ¥ by passing to right adjoints. Let us
construct a natural transformation

(2.6) ' - RKE por ('),
which by definition amounts to a natural transformation
U'o PP - @,
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This natural transformation is obtained by passing to right adjoints in the
canonical natural transformation

®—>Wol.

Let us now show that the natural transformation (2.6]) is an isomorphism. It
is enough to check this at the level of objects. We have

U'(d) = colim ¥ d RKEper ()(d) = i d(c).
(d) = colim W(c) an rpor(®)(d) = lim  ®(c)

By unwinding the definitions, we obtain that the resulting map

lim ¥ li ®
Sl ¥~ 2(€)

is the map of Proposition a).
(I

2.3. Colimits in Seq®"(S). In this subsection we will record results pertaining

to the behavior of colimits in the category Seq®*(S): these are Propositions
[2:374 and Corollary 2:377]

2.3.1. Colimits of strings. We begin with the following observation:
PROPOSITION 2.3.2. For a morphism r:[0,m] - [0,n] in A, the functor

r§ + Seqy, (S) — Seq;, " (S)

commutes with colimits in the following cases:

(a) m=0.

(by m=1andr sends 0~ and 1 —»i+1 for 0<i<n.

(c) For r inert; i.e. of the form i~k +1i for some 0<k<n—m.

(d) r is a surjection.

Proor. We claim that in each of the above cases, the functor r§ admits a right
adjoint. Clearly, (a) and (b) are particular cases of (c).

The right adjoint in question sends a string

2ol Ml gm

to

0

x> . oxos0 gl 5gmt

= 8™ >k > L %,

where * denotes the initial/final object of S. Here we are using the fact that for
s',s" €S, the map

Maps(s', *) x Maps(*,s”) - Maps(s',s")
sends the unique object in Maps(s’, *) x Maps(*, s’) to the initial /final object in
Maps(s',s").
For r surjective, by transitivity, it suffices to consider the case when r collapses
the interval {i —1} - {i} in [n] to {¢ — 1} € [n—1]. In this case, the right adjoint
in question sends

to
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where
ri-1 _ _i-1 i[1]
7 = (1,
where (s°)1] > 5% corresponds to the map [0] - [1] given by 0 - 0.
(I

2.3.3. Colimits of 1-morphisms. We shall now describe explicitly how to compute
colimits in Seq™*(S). Let I be an (oo, 1)-category, and let
i = (0 5 D)
be a functor T — Seq?™ (S).
Let us denote

(2.7) % = colim s and s' ~ colim s; .
i€l i€l

Let ins) and ins} denote the canonical 1-morphisms

0 0

s, > S ands%ﬁsl

)

respectively.
Note that by Proposition b), if the colimit
colim s, € Seq™"(S)
i€l

exists, the O-th (resp., 1-st) component of the corresponding object identifies with
so (resp., s1).

Assume now that for every 1-morphism i — j in I, the 1-morphism s? — sg-)

admits a right adjoint. In this case, the 1-morphism ins? also admits a right adjoint,
which we denote by (ins?)%.

PROPOSITION 2.3.4. Under the above circumstances, the colimit s := collilm§i €
Seq " (S) ewists. The resulting 1-morphism
s0 > st
identifies canonically with

B = cczleilm ins} 0% o (ins?) " € Mapsg(s0, 51).

PROOF. Let
!
S/O isll

ext

be an object in Seq;™" (S). We need to show that a compatible system of data

(2.8) Y s
hi
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is equivalent to that of

(29) 50 —_— 51

s/O E—— 8/1

The 1-morphisms o’ and ! are uniquely recovered from the compatible families
o and a} respectively, by (2.7).

Since compositions of 1-morphisms commute with colimits, by the construction
of 3, the data of h is equivalent to that of a compatible system of 2-morphisms

al o B0 (ins))® ~ ol oins] of; o (ins?) » 50,
which by adjunction is equivalent to
0

(R

a}oﬂiaﬁ’oaooinsgzﬁ’oa

as desired.

Combing with Proposition b), we obtain:

COROLLARY 2.3.5. Let i = s; be a functor T — SeqS™*(S), such that for every

n
k€ {0,...,n—1}, and every 1-morphism i — j in I, the corresponding 1-morphism

sf - sf admits a right adjoint. Then the colimit

s = colim s; € Seq®**(S)
i€l

exists.

2.3.6. The product situation. Let s
(2.10) P st s
be an object of Seq*(S).

Let us be given, for each k£ =0, ...,n an index category Iy and a colimit diagram

colim s;, — s,
1€l

such that each of the 1-morphisms ins;, : s;
(ix = 1,) € I) admits a right adjoint.

k - ,
p s and ayy i s, —> sy (for

Set I:=1Ip x ... xI,. We define an I-diagram i + s, in Seq**(S) by setting for

n
i= (0, .y k)

. . R
ko nsi 44 L (ins;; )
Si = Sips Sin_1 S — S —>  Sj-

By construction, the above I-family ;18 equipped with a map to the object s
of ([2.10)).

From Propositions and b), we obtain:
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COROLLARY 2.3.7. Assume that each of the index categories Iy is contractible.
Then:

(a) The map
colims, - s
1€l =
is an isomorphism.
(b) For any r:[m] — [n], the map

r3(colim s,) — colim (75 (s;))-
1€l = el =
is an isomorphism.

3. The core of the proof
3.1. Calculation of LKEf, (®1). Recall the notation
U:=LKEpg,  (®):Dyert =S

vert
and
U= RKE(p,, . yor (@) : (Dporiz)® > S.

Note that we can identify the values of ¥ and W' on objects of D by Proposi-

tion and the conditions (2) and (4) in Sect. i.e., that
LKEFa,dm((I)|Ca,dm) = \I}|D

adm
and
| !
\Il- |(Dad7n)0p = RKE(FadnL)Op ((b |(Cudm)0p ) :

Let an object d € Seq™* (Corr(D)2dm ) be given by a diagram

vert;horiz

g
do1 —— doo

(3.1) gdj
d; 1.

The goal of this subsection is to construct a canonical identification of LKE g, (¥1)(d, ),
which is a 1-morphism
¥(do,0) » ¥(d1),
with U(Bq) o ' (ag).
3.1.1. The 1-morphism
LKE, (1% 0 ©,)(d)

is the colimit in Seq(**(S) over

(v:c—d)e('Grid; " (C)2m, .)/a

vert;horiz
of
®(fe) 0 @ (ac),
for the morphisms
o1 —— co

N

C1,1-



3. THE CORE OF THE PROOF 369

We calculate this colimit using Lemma [2:3.4] and we obtain
?yoclgzil \I/adm(vl,l) ° (q)(BC) o (I)!(QC)) ° (\IJadm(IYO,O))Ra
which can be rewritten as

(3.2) gcllirg \11(7171) oW (B:)o0 \Iﬂ(ac) o \Iﬂ(’yo,o).

3.1.2. Consider the following diagram:

Co,1

Be % e
70,1

x do1 &5, coo

7d11
/ \
Qg
C11 X d01 do,1 &, Coo

/\

We rewrite the expression in (3.2 as the colimit over
{y:c—d}e(Gridz*®(C)2m, )a

vert;horiz

of
(3:3) W(m,1)0W(Ba)oW(Fg)oW(Be x acw (Be_x acw (ag)oT (0))oT (70,0)-

3.1.3. The forgetful functor
(Gridfdgnl(c gg:rg;horiz)/g - (Cadm)/dO,O x (Cadm)/dl’l
is a co-Cartesian fibration. For a fixed object
70,0 : €o,0 = do,0 and 1,1 : €11 = dy 1,

the fiber of (Grid:*"(C G horiz)/d OVer it is canonically equivalent to

(Cadm)/cl,l x dog,1 X co,0°
di do,0

Hence, by Proposition b), the colimit of the expressions (3.3 over the
above fiber is canonically isomorphic to

U(71,1) 0 W(Ba) o W(Bg) o U'(ag) o W' (ag) o ¥ (70,0)-



370 8. EXTENSION THEOREMS FOR THE CATEGORY OF CORRESPONDENCES

3.1.4. Applying the Beck-Chevalley isomorphisms (i.e., Conditions (1) and (3)
from Sect. , we rewrite the latter expression as

(3.4) U(y1,1) 0 U (1,1) 0 ¥(Ba) o ¥ (aa) © ¥(70,0) © U (70,0)-
We obtain that the colimit over ¢ € (Gridfdgnl(C)Zgﬁ;honz)/g is isomorphic to

the colimit over
(co,0 x€1,1) € (Cadm)/do.o * (Cadm)jd, .

of the expressions (3.4). Applying Proposition b) again, we obtain that the
latter is canonically isomorphic to

U(Ba) o ' (),

as asserted.

3.2. Proof of uniqueness in Theorem In this subsection we will con-
tinue to assume Proposition [1.2.5| and will deduce the uniqueness assertion in The-

orem [L.T.9

3.2.1. Let
padm : Corr(D)%dm -S

vert;horiz vert;horiz

be a functor.

Denote

T . Jadm T . qradm
U= \II'UE’I"t;hO’I”iZ|D1)e7‘t7 U= \Il'l)e’l”t;ho’l”iszhoriz )eP -

Let us be given a natural transformation
(3 5) (I)adm N @adm ° adm

vert;horiz vert;horiz vert;horiz*
Let ¥, denote the functor of simplicial categories

'Gridf dgnl(D)adm &) SquXt(S),

vert;horiz
corresponding to .

adm

S thoriz» We obtain a natural transformation between

By the construction of ¥
simplicial functors
v, >V,

as functors from the simplicial category ‘GridZ " (D)adm

wert:horiz 00 the simplicial

category SeqS*"(S).
3.2.2. Restricting along

"Gridf dgnl(D adm N ,Grldf dgnl(D adm

vert;horiz vert;horiz

we obtain a natural transformation between simplicial functors

(36) \IJo|nGrid§dgnl(D)ad,m - \Ij.|uGridfdgnl(D)adm

vert;horiz vert;horiz

as functors from the simplicial category

e e 1> dgnl adm ~ adm
Gl‘ld. (D vert;horiz — Seq'(corr(D)vert;horiz
ext
L]

to the simplicial category Seqy* (S), while both functors take values in

Seq, (S) c Seql™(S).
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3.2.3. Suppose now that (3.5) is an isomorphism, and that the natural transfor-
mation

(3'7) LKEFadm((I)adm) - @Zgﬂ;horiJDadmv

induced by (3.5]), is also an isomorphism.

We will show that in this case, the natural transformation (3.6]) is an isomor-
phism. By the Segal condition, it suffices to do so on 0-simplices and 1-simplices.

For 0-simplices, this is just the fact that the map (3.7)) is an isomorphism. For
1-simplices, we need to show that for a 1-morphism f:d - d’ in Corr(D)ggﬁ;horiz
the 2-morphism in

(3.8) W(d) —— u(d)

h

¥(d) —= U(d)

is an isomorphism. It is enough to consider separately the cases when f:d — d’ is
vertical or horizontal.

3.2.4. Note that the natural transformation (3.5)) gives rise to a natural transfor-
mation

(I) g (Ivj o Fvertv
and hence to
(3.9) U :=LKEp,  (®) - V.

Restricting to Dgg.m, we obtain the commutative diagram

id
LKEF,,,, (®adm) —— LKEF,,,, (®adm)

(3.10) l l

\II|Dad'm - le|Dad'nL'

Parenthetically, note that the vertical arrows in (3.10|) are isomorphisms. Hence,
Ylp,,,, = ¥p,,,, is an isomorphism. Therefore, (3.9) is also an isomorphism, be-
cause it is such on objects.

3.2.5. We claim that for f:d — d’ being a vertical morphism d 5 d’, the diagram
(3.8) represents the natural transformation (3.9)) evaluated on 5.

Indeed, it follows from the calculation of ¥y in Sect. that ¥,(8) can be
written as a colimit of the category

Be /

C — C

I b

B

d —— d
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of the objects (®(c) — 20) ®(c')) € SeqT*(S). Thus, to show that (3.8) is repre-
sented by

w(d) —2 w(d)

T(a) 2 H(a),
we need to construct a compatible of diagrams

o(e) —h a(c)

‘I’(’Y)l l‘lf(w')
IAGN '
¥(d) —— ¥(d')
T(a) — T(a),

in which the outer squares are identified with
®(c) —— ()
‘Tl(v)l l‘i(’v')
U(d) — ¥(d).
However, this is given by the diagram (3.10)).

3.2.6. As in Sect. from the isomorphism (3.5)), we obtain a natural trans-
formation

T' o (Fhoriz)® = @,
and hence a natural transformation
(3.11) (A
which is also an isomorphism by the same logic.

We claim that for a 1-morphism f :d — d’ in Corr(D)%™,  given by a

vert;horiz?

horizontal morphism « : d’ — d, the diagram (3.8) represents the inverse of the
natural transformation (3.11)) evaluated on a.

Indeed, using the calculation of ¥y in Sect. we obtain ¥y (f) can be written
as a colimit of the category

d > &

of the objects (<I>(c) fI)(C')) € Seqf(S).
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Thus, to show that (3.8) is represented by

w(d) 2 w()

l - l

T(d) — ¥(d),

we need to construct a compatible family of diagrams

a(c) ) a(c')
T(v) (v
T(d — T(d
(@ e (@)
v(d v(d’
(@) o ()

where the outer square is
a(c) ) a(c')
T(v) T(y")
v(d). v(d
(@) = (a)

Now, the required family of diagrams is obtained by passing to left adjoints along
the y-arrows in the family of commutative diagrams

() ) T(d)
w(d) ve) w(d)
() (')
®(c) ®(c’)

<I>!(°‘C)
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4. Proof of Proposition [1.2.5; easy reduction steps

4.1. Reductions for Proposition a).
4.1.1. We claim that the map (|1.3)) is an isomorphism if r is of the form i — i+ k
for 0 < k <n—m (in particular, it is an isomorphism for m = 0).

In fact, we claim that in this case, the map
LKEp, (Gorg) - LKER, (G)orp

. . . s 1>dgnl
is an isomorphism for any functor G out of 'Grid;, *™ (C)m , . .

Note that if the latter statement holds for r : [m] — [n] and ¢ : [I] - [m], then
it holds for the composition 7 o ¢ : [I] = [n]. This reduces the assertion to the case
of r being a map [n — 1] — [n], which is either ¢ = or i — i + 1.

Fix an object d,, € 'Grid2 " (D)™ We need to show that the map

vert;horiz*

colim  G(rg(e,)) - colim G(c,,)
c, o (En _’gn c " Cn yFm (Sm )_’T]*) (gn ) m

is an isomorphism.

We will show that in each of the above cases, the functor of index categories,
i.e.,
is cofinal. By symmetry, it is sufficient to consider the case of r being the map
1 1.

The functor (4.1)) is (obviously) a co-Cartesian fibration. Hence, it is enough
to show that it has contractible fibers.

For a given

Cn-1

—rp(d),

the fiber over it is the category of diagrams

{Cn,n - dn,nacnfl,n —> Cn-1,n-1 X dnfl,n dx Cn,n}a

dn1,n-1 n,n
where both maps are in adm.

This category is a co-Cartesian fibration over the category of

{Cn,n - dn,n}

We claim that this category is contractible. Indeed, this follows from Lemma [4.1.2
below.

So, it is enough to show that each fiber of this co-Cartesian fibration , i.e.,

{Cn—l,n > Cp-1,n-1 d X dn—l,n dX Cn,n}

n-1,n-1 n,n

is contractible. However, this also follows from Lemma

LEMMA 4.1.2. For a given d € D, the category Caam D>< (Dadm)/d s con-

adm

tractible.
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PRroOOF. We claim that C,gm, X (Dadm);q is in fact cofiltered (i.e., its oppo-

adm

site category is filtered).

Indeed, the category (Daam)/a has products, and therefore is cofiltered. Note
now that every object of (Dgadm)/q admits a map from an object in Cugm o

(Dadm)/d7 by Sect.

Now, we have the following general assertion: let E' — E be a fully faithful
embedding with E filtered. Assume that every object of E admits a morphism to
an object of E’. Then E’ is also filtered (and its embedding into E is cofinal).

adm

O

4.1.3. We will now show that it is enough to prove that (1.3)) is an isomorphism
for m = 1. Indeed, in order to show that

LKEg, (& 07&) » LKER, (@) 01
is an isomorphism, it is enough to show that the induced natural transformation
gs o LKEp, (P, 0rs) = ¢5 o LKER, (®)) o
is an isomorphism for every m > 1 and ¢: [1] - [m] of the form

O-i,1—>1+1.

We have a commutative diagram

¢ o LKER, (®,, 0185) —— ¢¢ oLKEg, (®,,) o1

LKEp, (¢35 0o ®mors) —— LKEg, (¢35 0 @) o

LKEg, (®10g50rE) LKEp, (®10¢&) orp
LKEp, (®10(rog)g) LKEpr (®1)oqporh
id =

LKEpg, (®10(rog)c) —— LKEg (®1) o (rog)p.

By assumption, the bottom horizontal arrow is an isomorphism. The second-
from-the-bottom right vertical arrow is an isomorphism by Sect. [.1.1] The upper
left and upper right vertical arrows are isomorphisms by Proposition b).

Hence, the top horizontal arrow is also an isomorphism, as required.
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4.1.4. We will now show that it is enough to show that the map (1.3]) is an iso-
morphism for 7 : [1] - [n] of the form 0~ 0 and 1 ~ n.

Indeed, given a map r: [1] = [n] decompose it as p o ¢, where ¢ : [1] - [m] is
of the form 0 —» 0 and 1 » m and p is of the form i~ i+ k for 0 <k <n-m.

We have a commutative diagram
LKEF, (®10(poq)c) —— LKER (®1)o(poq)p

:l k

LKEF, (®104¢& ©pg) LKEF, (®1) o gp o pp

| -
LKEp, (®10¢8&) opp —— LKER (®1) o g 0 ph-

By assumption, the bottom horizontal map is an isomorphism. The lower left
vertical is an isomorphism by Sect. [f.I.1] This implies that the top horizontal map
is an isomorphism, as required.

4.1.5. To summarize, in order to prove Proposition m(a) it remains to consider
the following two cases:

(I) r is the map [1] — [n] given by 0~ 0 and 1+~ n with n > 1.
(IT) r is the degeneracy map [1] — [0].

4.2. Reductions for Proposition b).

4.2.1. First, we note that the map (|1.4]) is an isomorphism for m = 0, by Proposi-
tion a).

4.2.2. We will show that it is sufficient it is sufficient to prove that the map (|1.4)
is an isomorphism for m = 1.

Indeed, in order to show that (1.4]) is an isomorphism, it is sufficient to show
that the induced natural transformation

g5 ° LKEp, (rg o ®n) = g5 o1 o LKER, (®4)
is an isomorphism, for every m > 1 and ¢: [1] — [m] of the form
0 i, 1ritl.
We have a commutative diagram

g3 o LKEp, (1§ 0 ®,) — ¢} o1} o LKEp, (®,,)

|

LKER, (45 075 0 ®n) -
LKER, ((rog)g o ®n) —— (rogq)g o LKER, (®n),
where the upper left vertical arrow is an isomorphism by Proposition b).

This establishes the announced reduction step.
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4.2.3. We will now further reduce the verification of the fact that (1.4]) is an
isomorphism to the case when r: [1] = [n] sends 0~ 0 and 1~ n.

Given a map 7 : [1] - [n] we can factor it as
[1] 5 [m] = [n],
where ¢ is of the form i — i+ k for 0 <k <n-m, and p sends 0 » 0 and 1 —» m.
We claim that if the map
LKER, (ps © ®m) > ps o LKEE, (®1n)
is an isomorphism, then so is the map

LKEp, (rg o ®,,) = rg o LKER, (D).

Indeed, we have a commutative diagram
LKEp, (r§o®,) —— rioLKEg, (®,)

LKEF, (pg o ¢ o ®y) ps 0 o LKER, (®5,)

LKEp, (p5 o ®moqs) —— pioLKEFR, (g5 0 ®,)

LKEF,, (p5 © ®m) 0 ap pi o LKEg, (P 0 q&)

id

LKEFR, (ps o ®m) o g — pioLKER, (Pm) 0 qp

By assumption, the bottom horizontal map is an isomorphism, and we wish to
deduce that so is the top horizontal map. We claim that all the vertical maps are
isomorphisms.

The second-from-the-bottom left vertical map and the lower right vertical map
are isomorphisms by Sect. [f.1.1] The second-from-the-top right vertical map is an
isomorphism by Proposition c).

5. End of the proof of Proposition [1.2.5

5.1. Proof of Proposition b); the main case. We need to show that
the map

(5.1) LKEp, (15 0 ®,) — 17 o LKEp (®,,)
is an isomorphism for r being the map [1] - [n], 0+~ 0 and 1+~ n.
Fix an object d,, € ’Grididgnl(D)gg;’t‘;homz. We need to show that the map

(5.2) colimrg o ®,(c,,) - rg(colim @, (c,,))

=n n

is an isomorphism, where ¢, runs over the category

(IGridngnl(C)adm )/gn'

n vert;horiz
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5.1.1. We first calculate the colimit
(5.3) colim ®,,(c,,) € Seq,,(S),

which is a string
\I/(do’o) - \I/(dlyl) > ... \I/(dn’n)

We claim that (5.3)) is given by

W(Bi-1,i)0W (v, im
(5.4) U(dyy ) | O e g

d; ;)
i=1,...,n.

For i = 1,...,n, let ¢ denote the map [1] — [n], given by 0 » i -1, 1 » i. We
will identify

¢ (colim @, (c,))
<,

with (5.4]).
Note that by Proposition b), we have

(5.5) qs (colim @, (¢, )) = colimgg o Py (c,,).-

For i=1,...,n, let d’, be the object of 'Grid?*€" (D)™ given by

vert;hori

disiy —— dim11

|

di,i~
We have a natural restriction functor

(5.6) rs s (Grid; ®N(C)edn, ) e, ~ (Grid; BN ()l ) s -

vert;horiz vert;horiz
The functor
rg o @ (‘Grid; BN (C)3l oriz) g, > Seas (S)

vert;horiz
identifies with ®; o rg.

Now, it is easy to see that the functor (5.6]) is a co-Cartesian fibration. More-
over, it follows from Lemma that its fibers are contractible. Hence, the functor

(5.6) is cofinal.
Therefore, the colimit in (5.5 identifies with

colim @4 (¢, ),
€1

/ + 3>dgnl adm )
where ¢, runs over the category ("Gridy ™" (C)ye o)/ -

Now, the fact that the latter colimit identifies with (5.4) is the calculation
carried out in Sect. Bl
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5.1.2. Consider the index category in (5.2)), i.e., ('GridZ?"(C ﬁ?f"f;hmz)/gn- It
is a co-Cartesian fibration over

Yo, Tn,
b= (co,0 o do,0), - (Cnn - dn.n)-

Hence, the map in (5.2) can be written as a composite of

(5.7) colim colimrg o @,(c,,) = colimrg (colim ®,,(c,,))
ol <, b Cn

and

(5.8) colim rg (colim ®,,(c,,)) — 7§ (colim colim ®,,(c,,)),
b € b <

=n

where now c,, runs over the fiber category
. 1>dgnl d
((,Gl‘ld" & (C)Zez;horiz)/gn )l’

We will show that each of the maps (5.7) and (5.8) is an isomorphism.
5.1.3. We start with the following observation:
For a given 7, let d;, be the object of 'Gridz ‘&"(D)adm with

vert;horiz
! 4 .
di,i =Cii and dmﬂ =Cit1,i+1 . X di,i+1 X Cj i
i+1,i+1 d;
. Vi . . .. .
the other coordinates of d” are uniquely determined by the condition that the inner
squares should be Cartesian.

Consider the category ('GridZ"(C)edm )/ - Note, however, that cofi-

vert;horiz
nal in this category is the full subcategory consisting of ¢/, > d/, with cgz =c;; for
1=0,...,n. And note that this subcategory identifies tautologically with the fiber
category ((’Grididgnl(C)ggﬁ;horiz)/gn)1 appearing in the colimits (5.7 and (5.8)).

Hence, we need to show that the maps

(5.9) colim colim g o ®,,(¢c,,) — colimrg(colim @, (c,,))
x Cn X <n

and

(5.10) co}yim TS (coclim D, (cl)) > rs (co}yim coclim D, (cl)),

=n

. . + 3>dgnl
are isomorphisms, where ¢, runs over the category ('Grid;,“®™(C)adm, )4 .

5.1.4. We begin by showing that the map (5.10) is an isomorphism.

According to Sect. [5.1.1] the colimit colim ®,(c,,)), which is a string
c

=n

\11(0070) g \I’(C1,1) T d \I/(Cn,n)7
is given by

W(BL_, oW (o)

(5.11) \Il(d;—l,i—l) R \Ij(d;z)
Now, as in Sect. by the Beck-Chevalley conditions, for each i = 1,...,n,

the composition W(B/_; ;) o ¥'(;_,) identifies with

i-1,i

‘I’I(%‘) ° \Ij(ﬂi—l,i) o \Ij!(ai,i—l) o W(7i-1)-
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Hence, the fact that (5.10) is an isomorphism follows from Corollary b).
Here, the corresponding categories

Yi,i

(cii = diyi) = (Cadm)/d,.
are contractible by Lemma

5.1.5.  We will now show that the map (5.9) is an isomorphism. In fact, we claim
that the map

(5.12) colimrg o ®,(c,,) - rg(colim @, (c,,))

is already an isomorphism.

Note, however, that the map (5.12)) is the map (5.2) for d,, replaced by d,.
Le., we have reduced the original problem to the case when d; ; € C.

We note that in this case the category ( Grididgnl(C)ggg‘; horiz)/d, identifies
with the product

(Cadm)/do,1 X X (Cadm)/di—l,i Xowee X (Cadm)/dnq,n'

For every c ¢ (’Grididgnl(C)ggﬂ;homz)/gn, the object r& o ®,,(c,,), which is a
map

‘I’(do,o) - ‘I’(dnn)

equals the composite

(U (Bn1.0)°%(Yn-1.0)0T (Yn1.m)oW (1)) 00 (T (Bo.1) 0P (70.1) 0¥ (70.1) oW (a1 0)).

Hence, as in Sect. [3.1.3] the left-hand side in (5.12)) identifies with

(5.13) (T (Br-1,n) © ¥ (@nn-1)) © ..o (¥(Bo,1) o W' (a1 ).

Now, according to Sect. the right-hand side in (5.12)) also identifies with
(5.13). By unwinding the constructions, it is easy to see that the map in (5.12)
corresponds to the identity endomorphism on (5.13)) in terms of the above identifi-
cations.

5.2. Proof of Proposition a): the degeneracy map. To finish the proof
of Proposition a), we need to treat the cases specified in Sect. In this
subsection we will consider the degeneracy map [1] - [0].

5.2.1. Fix an object d e D = 'Gridﬁdgnl(C)ggn;hwiz. We need to show that the
map

colim ®;(r&(e)) - colim  Pq(c,)
c,v:c—~d 21721—’7"]3((1)

is an isomorphism.
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5.2.2.  We compose the above map with the isomorphism

li d ~id
Sy (5 = et

of Sect. B.11
So, we need to show that the map
T ~ colim i .
Soamy 2 lrele)) = ol ey = i)
is an isomorphism.
However, this follows from Proposition 2:3.4]

5.3. Proof of Proposition [1.2.5((a): the main case. The case we now need to
consider is that of r being the map [1] - [n], n> 1, with 0~ 0 and 1 ~ n.

5.3.1. Fix an object d,, € 'GridZ?" (D ggﬁ;honz. We need to show that the map
5.14 colim  ®4(rg(e,)) » colim d(c
( ) S,UFH(E,,L)"Q,L ( C( )) 21’F1(21)"7‘]B(Qn) ( 1)

is an isomorphism.
Consider the maps
0,0 dpo > dooand By i dyo— dyp.
By Sect. the right-hand side in (5.14), which is a 1-morphism ¥(dg0) -
U(d,, ), identifies with
U (Bon) o ‘I’I(an,o)-

By Proposition the left-hand side in (5.14)) identifies with

FC(zliH)I d \I](BO,TL) o \I](’Y’I’L,O) o \I]!('Yn,()) ° \Ill(an,())'

5.3.2. Thus, it suffices to show that the map

e Falen)-d, (7.0) © ¥ (Yn.0) > idw(d, o)

v

is an isomorphism.

However, this follows by induction from Condition (*) in Sect.

6. Functors obtained by horizontal extension

In this section we prove the second extension result in this chapter. A typical
situation that it applies to is when we start with the functor

. proper
IndCohCOrr(SChaﬂ)erﬁ:ﬁr : Corr(Schag ollal = DGCateont,
and we want to extend it to a functor

IndCoh cen & proper 1+ COTT(PreStkias )0 & PP DGCatcons -

schjall

Corr(PreStkjarst )

6.1. Set up for the horizontal extension. In this subsection we formulate the
main result of this section, Theorem [6.1.5
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6.1.1. Let (C,vert,horiz,adm) and (D,vert, horiz,adm) both be as in Chapter
7, Sect. 1.1.1, and let F': C - D be a functor that preserves the corresponding
classes of 1-morphisms, i.e., that it gives rise to well-defined functors

F’uert : Cvert - Dverta Fhoriz : Choriz - Dhoriz and Fadm : Cadm - Dadm~

Furthermore, suppose that F' takes Cartesian squares in Chapter 7, Diagram
(1.1) to Cartesian squares. Hence, F induces a functor

adm . adm adm
Fvert;hom’z . Corr(c)vert;horiz - Corr(D)'L)e'r't;hO'r'iz'

6.1.2. Now, suppose we have a functor
padm : Corr(C)%dm -,

vert;horiz vert;horiz

where S is a (o0,2)-category, and let

I ._ &adm . . \op 1-Cat
O = (I)vert;horiz|(C}Lo7~iz)°p . (ChOT’LZ) -8 .

: : : : . : adm adm
Our interest in this section the right Kan extension of @it hori» under FUET, .

By definition, such a right Kan extension is a functor (if it exists)

\I/adm . COI‘I‘(D)adm N S,

vert;horiz vert;horiz

universal with respect to the property of being endowed with a natural transfor-
mation

d d d
\Pgez;horiz ° ge:Zhoriz - ge;rtl;horiz‘
6.1.3.  We make the following assumptions on S:
e The (o0, 1)-category S!-“a* admits limits;
e For every s € S there exists and object [1]®s € S equipped with a functorial
identification
Maps([1] ® 5, ') ~ Maps([1], Mapss(s, ).
respectively.
Note that in this case the conclusion of Lemma b) is applicable to S.

6.1.4. We do not intend to develop the general theory of right Kan extensions in
the 2-categorical context. However, we will prove the following result:

THEOREM 6.1.5. Assume that for any c € C the functor F induces an equiva-
lencea
(Cvert)/c e (Dvert)/F(c) and (Cadm)/c - (Dadm)/F(c)~
Then the right Kan extension

RKEpadm  (®%4m, . ):Corr(D)2dm =S

g ] vert;horiz vert;horiz
vert;horiz ?

exists and the natural maps

(61) l{I<EF‘“”’“° (¢gg’?z;h0’l‘iz)|COI‘I‘(D)uert:ho7‘iz - RKEFvert;horiz ((I)vert;horiz)

vert;horiz

and

(62) RKEFvcrt;horiz ((I)ve"'tQhOTiz)|(Dho7"iz)0p - RKE(F;WMZ)OP ((DI)

are isomorphisms.

The rest of this section is devoted to the proof of Theorem [6.1.5
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6.2. Proof of Theorem the easy case. As a warm-up, we shall first
prove the easy case of Theorem [6.1.5) namely, when adm = isom. In this case, the
assertion of the theorem amounts to the isomorphism (6.2]).

6.2.1. Fix an object d e D. We need to show that the map

d(c) - lim ®(c)

CE(Corr(Cl)liI)Ielrt;horiz)d/ ce((Choriz)ja)°P
is an isomorphism.
We claim that the functor of index categories, i.e.,
(Choriz)ja = ((Corr(C)uert:horiz)ay)
is cofinal.

6.2.2. We claim that the above functor admits a left adjoint. Note that the objects
of the category (Corr(C)yert;horiz)a, are diagrams

d —2-d
|
F(c)
with c € C, a € horiz and 3 € vert.
However, the condition of the theorem implies that the vertical arrow
d2 F(e)
is of the form
F(€) - F(c)
for a canonically defined € g c in C. So, the above diagram has the form
F@) —2-d
F (B')l
F(c).
The left adjoint in question sends such a diagram to
F(¢) »d.

6.3. Proof of Theorem the principle. We do not intend to tackle the
general theory of right Kan extensions in (oo, 2)-categories. However, it turns out
that under the condition of the theorem, the 2-categorical right Kan extension
amounts to the 1-categorical one.

6.3.1. We consider the following general paradigm. Let
F:Ty—>Ts

be a functor between (oo,2)-categories, and let
®: Ty >S

be another functor, where S satisfies the assumptions of Sect. [6.1.3]
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6.3.2. We now make the following assumption on the functor F'. For t5 € Ty let I
denote the index category, whose objects are pairs

(tll ETlvg:tQ _>F(t,1))a

and whose morphisms are commutative diagrams (i.e., we only allow invertible 2-
morphisms).

For an object t; € T, we have an I°P-diagram of categories

(ty € T1,g:ty = F(t])) = Mapsy, (t],t1).

We have a naturally defined functor

. f
(03)  golim Mapsy, (t5,61) » Mapsp, (12, F(1), (8 2 00) > F(f) g,
10

where the colmit is taken in 1-Cat.
We claim:
LEMMA 6.3.3. Suppose that the functor is an equivalence. Then
RKEp(®): Ty - S
exists and the canonical map

RKE(®)lgy o > RKE |, o, (Plgy-c)

is an tsomorphism.
REMARK 6.3.4. Intuitively, the lemma says that 2-functoriality of

RKEp), ¢, (Ply1-car) : Ty O - 510

1-Cat
is already built in, because 2-morphisms between arrows

to > F(t1)
all come from 2-morphisms in Ty, and thus are encoded by the 2-functoriality of ®.

6.4. Proof of Theorem the general case. We will prove that (6.1) by
applying Lemma [6.3.3] to our functor

Fodm : Corr(C)2dm - Corr(D)2dm

vert;horiz vert;horiz vert;horiz*

6.4.1. Fix an object d € D and c € C. Consider the corresponding category I. First
we note that as in Sect. cofinal in I°P is its full subcategory I'°P, consisting of
horizontal morphisms F(c¢’) - D.
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6.4.2. Thus, we need to show that the functor
colim  Mapscy(cyadm (c’,¢) = Mapscgy(pyadm (d,F(c))

c’,F(c’)—>d vert;horiz vert;horiz
is an equivalence.

However, we claim that the above functor admits an explicit inverse: it sends

d ——d

|

F(c)
to the object (F(c’) > d) eI’ and

where d’ = F(c'), fp = F(Be). O






CHAPTER 9

The (symmetric) monoidal structure on the
category of correspondences

Introduction

0.1. Why do we want it? The goal of this chapter is to provide a general frame-
work for theorems along the lines that the functor

(0.1) IndCohcorr(sch,y) * Corr(Schag; ) - DGCateont

aft

is symmetric monoidal.

Why do we care about this? There are at least two applications for having such
a formalism.

0.1.1. The first application is the following. We show that a symmetric monoidal
structure on ((0.1) encodes the duality on IndCoh; in this case, Serre self-duality of
IndCoh(X) for X € Schag.

Namely, let C be an arbitrary category closed under finite products, and let
®: Corr(C) - O
be a functor, where O be a symmetric monoidal category.

In Sect. we show that the symmetric monoidal structure on C, given
by Cartesian products, gives rise to a symmetric monoidal structure on Corr(C).
Assume now that the functor ® is endowed with a symmetric monoidal structure.

It then follows from Proposition that for every c € C, the object ®(c) € O
is canonically self-dual, so that the duality datum is provided by applying ® to the
1-morphisms

C —> CXC

and
C — > %

|

cxc.
In particular, for map c; R co in C, the maps
@(Cl) =2 q)(CQ)

387
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in O, given by the diagrams

CiL — &

/|
Co

and

Ci — C2

J

c1
are the duals of each other.

Going back to the example of
C = Schag, O =DGCateon; and @ = IndCohcgrr(sen

aft)?

the resulting identification
IndCoh(X)" ~ IndCoh(X)
is the ind-extension of the Serre duality anti-equivalence Coh(X)°? - Coh(X).

0.1.2.  Another application is the following. We show that a monoidal structure
on (0.1)) encodes the formation of convolution categories.

Let C be a category that admits finite limits. Let ¢ € C be an object, and let
c* € C2 be a Segal object ['| acting on ¢. Le., we have an identification ¢ = ¢ and
we require that for any n > 2, the map

given by the product of the maps
[1]->[n], 0—il—i+l, i=0,.,n-1,
be an isomorphism.

In Theorem we show that c!, regarded as an object of Corr(C), has a
natural structure of associative algebra (with respect to the (symmetric) monoidal
structure on Corr(C)), where the binary operation on c! is given by the diagram

c2 — 5 clxel

|

ct,

in which the vertical map is given by the active map [1] - [2], and the horizontal
map is given by the product of the two inert maps [1] = [2].

In particular, taking C = Sch,g and applying the (symmetric) monoidal functor

IndCohcorr(schyy, )  Corr(Schag) - DGCateont,

aft

L Alternative terminology: category-object.
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we obtain that for a Segal object X*® in the category of schemes, the category
IndCoh(X1) is endowed with a monoidal structure, given by convolution. le., it is
given by pull-push along the diagram

X1><X1 —>AXP1><)(1
Xo

|

Xt

0.2. What is done in this Chapter?
0.2.1. In Sect.|l| we make a general review, following [Lu2], of ‘what it means to
be (symmetric) monoidal’.

First, we define the notion of (commutative) monoid in an oco-category.

As a result we obtain the notions of (symmetric) monoidal (oo, 1)-category and
(00, 2)-category.

We also review the notions of right-lax and left-lax (symmetric) monoidal
functors between (symmetric) monoidal (oo, 1)-categories and (oo, 2)-categories.
The latter leads to the notion of (commutative) algebra object in a (symmetric)
monoidal (oo, 1)-category.

0.2.2. In Sect.[2] we show that if an (oo, 1)-category C has a (symmetric) monoidal
structure, and vert, horiz, adm are three classes of objects, preserved by the monoidal
operation, then the (oo, 2)-category Corr(C gg;’t’; horiz dCquires a (symmetric) monoidal
structure.

In the applications, we will take C endowed with the Cartesian symmetric
monoidal structure.

In Sect. we show that the (oo, 1)-category
Corr(C) := Corr(C)fﬁ’f’;H

is endowed with a canonical anti-involution, given by swapping the roles of the
vertical and horizontal arrows.

We prove that this anti-involution is canonically isomorphic to the dualization
functor, when Corr(C) is considered as a symmetric monoidal category.

0.2.3. In Sect. 3] we show that the extension results of Chapter 7, Sects. 4 and 5
and Chapter 8 carry through to the (symmetric) monoidal world.

0.2.4. In Sect. [4 we give the following two constructions, starting from a Segal
object ¢® in an (oo, 1)-category C, acting on ¢ =c’ € C.

In the first construction (which does not appeal to the symmetric monoidal
structure on the category of correspondences), we show that a Segal object as
above defines an algebra object in the monoidal category

Mapscor (cyaan,,... (¢:€)

adm
vert;horiz*

of endomorphisms of ¢ in the (o0,2)-category Corr(C)

In the second construction (which does talk about the symmetric monoidal
structure on the category of correspondences), we show that the object ¢! has a
natural structure of associative algebra in Corr(C)yert;horiz-
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1. (Symmetric) monoidal structures: recollections

In this section we review, mostly following [Lu2], and partly repeating the ma-
terial of Chapter 1, Sect. 3, the notions of (commutative) monoid (in a given (oo, 1)-
category), (symmetric) monoidal (oo, 1)-category, and (symmetric) monoidal (oo, 2)-
category.

For a usual category C, a monoid in it is an object ¢ € C equipped with a product
operation ¢ x ¢ - ¢ and a unit map * — ¢ that satisfy the usual axioms (in fact,
three altogether).

The main feature in the co-setting is that if we were to imitate this definition
when C is an (o0, 1)-category, in addition to the above binary operation we will
need to supply a whole tail of higher operations (e.g., a homotopy between the two
tertiary operations ¢*® = ¢), and axioms on the compatibilities between them. The
problem is that this becomes too unwieldy to work with.

The main idea is that when defining monoids, instead of specifying just one
object ¢, we specify the entire datum of its products and maps between them. Such
a data is encoded by just one functor A°? — C, where the original ¢ is the value of
our functor on [1] € A°P. This functor must satisfy some obvious condition (that
expresses the fact that its value on [n] € A°P is the the product of n copies of c).
This description was first formulated in [Seg].

The above approach to the definition creates a very convenient framework for
working with monoids (and the related notions of monoidal categories, algebras in
them, etc.). It also allows for an immediate generalization in the world of (oo,2)-
categories.

1.1. Monoids and commutative monoids. In this subsection we recall the
notions of monoid and commutative monoid in the setting of (oo, 1)-categories.

1.1.1. Let C be an (o0, 1)-category with finite products (including the empty finite
product, i.e., a final object). One can then talk about monoids in C. By definition,
they form a full subcategory, denoted Monoid(C), in CA™ | consisting of objects
R*, such that R° = #¢, and such that for any n > 2, the map

(1.1) R" >R x ... xR,
given by the product of the maps

[1]=>[n], O0~i,l—i+1, i=0,..,n-1,
is an isomorphism.

1.1.2.  Similarly, one can talk about commutative monoids, denoted ComMonoid(C)
in C. Instead of A°P we use the category Fin, of pointed finite sets. The condition
now is that R{*} = «¢ and for every (* € I) € Fin, the map

(1.2) R 1 ROt
iel—{x}

is an isomorphism.
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1.1.3. Recall that we have a canonically defined functor A°? — Fin,, see Chapter
1, Sect. 3.3.2.

Pre-composing, we obtain the forgetful functor
ComMonoid(C) — Monoid(C).

In what follows we will focus on the symmetric monoidal case, while the
monoidal case can be treated similarly.

1.2. Symmetric monoidal categories. In this subsection we recall the notion
of symmetric monoidal (oo, 1)-category, see Chapter 1, Sect. 3.3, from a slightly
different perspective.

1.2.1.  Applying Sect.[I.]to C = 1-Cat, we obtain the notion of symmetric monoidal
category. Unstraightening associates to a symmetric monoidal category a co-Caretsian
fibration

(1.3) C® ¥ Fin,
and also a Cartesian fibration
(1.4) c®Fin” _ Fin% .

The data of a symmetric monoidal category is equivalent to either (1.3)) and
(T.4) satisfying the condition that C**} = % and for every (+ € I) € Fin, the corre-
sponding functor

(15) CI -~ I C(*e{*ui})
iel—{*}

is an equivalence.

1.2.2. By a symmetric monoidal functor we shall mean a 1-morphism in the cat-

egory
ComMonoid(1-Cat).

Equivalently, this is a functor over Fin,
(16) ci@,Fin* N Cé@,Fin*
that sends coCartesian arrows to coCartesian arrows, and still equivalently, a func-
tor over (Fin, )°P
. _op . _op
(17) C?’Fm* N C?’Fm*
that sends Cartesian arrows to Cartesian arrows.
1.2.3. We shall say that a map (x € I) — (x € J) is inert (vesp., idle) if any element
in J - {*} has exactly (resp. at most) one preimage.

By a right-laz symmetric monoidal functor between C; and C; we shall mean
a functor as in ([1.6)) that is only required to send coCartesian arrows that lie over
idle maps in Fin, to coCartesian arrows.

By a non-unital right-lax symmetric monoidal functor between C; and Cy we

shall mean a functor as in (1.6 that is only required to send coCartesian arrows
that lie over inert maps in Fin, to coCartesian arrows.

Similarly, we obtain that notions of left-lax and non-unital left-lax symmetric
monoidal functors: use (1.7 instead of (1.6) and ‘Cartesian’ instead of ‘coCarte-

sian’.
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1.2.4. By a commutative algebra in a symmetric monoidal category C we shall
mean a non-unital right-lax symmetric monoidal functor * — C.

We let ComAlg(C) denote the category of commutative algebras in C. (Note
that these are the unital commutative algebras!)

By construction, a right-lax monoidal functor C; - Cy induces a functor
ComAlg(Cy) — ComAlg(Cs).
1.3. The Cartesian symmetric monoidal structure. Let C be again an (oo, 1)-
category with finite products.

It is then intuitively clear that the operation of Cartesian product defines on C a
symmetric monoidal structure, called the Cartesian symmetric monoidal structure.
We will formalize this in the present subsection, following [Lu2| Sect. 2.4.1].

1.3.1. We start with the functor
(1.8) Fin®® —» 1-Cat, (x¢l)~Cl71,
see Chapter 1, Sect. 3.3.3.
Straightening defines a Cartesian fibration
(1.9) CFine s Fin, .

However, the condition that C admits finite products implies that (|1.9) is also
a coCartesian fibration, thereby giving rise to the datum as in (1.3)).

It is clear that the functors in (1.5 are equivalences. Hence, (|1.9) corresponds
to a canonically defined symmetric monoidal structure on C. This is the Cartesian
symmetric monoidal structure.

1.3.2. Note that any functor C; — Cy gives rise to a functor over Fin,

Cf,Fin* N C;,Fin*
and thus defines a left-lax functor from C; to C;, when both are considered as
equipped with the Cartesian symmetric monoidal structure.

This functor is (strictly) symmetric monoidal if and only if the initial functor
C1 = Co commutes with finite products.

1.3.3. Note now that on the one hand, we have the notion of commutative monoid
in C, and on the other hand, we have the notion of commutative algebra in C,
considered as a symmetric monoidal category.

However, that these two notions coincide, i.e., the categories ComMonoid(C)
and ComAlg(C) are canonically equivalent, see [Lu2, Proposition 2.4.2.5].

Let us see explicitly the functor
ComAlg(C) -» ComMonoid(C).

Indeed, the operation of assigning to (* € I) € Fin,, the functor of Cartesian
product along I — {*}
ci-t e
defines a functor _
CFine € x Fin,

over Fin,.
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Given a section Fin, — C*F"* we thus obtain a functor Fin, — C. It is easy to
see that the requirement on the above section to be right-lax symmetric monoidal
implies that the resulting object of C¥"* is a commutative monoid.

1.4. Symmetric monoidal (o0,2)-categories. In this subsection we introduce
symmetric monoidal (oo, 2)-categories. We refer the reader to Chapter 10 for our
conventions regarding (oo, 2)-categories.

1.4.1. The (oo, 1)-category 2-Cat has finite products. Hence, we can talk about
commutative monoids in 2-Cat (or, equivalently, according to Sect. above,
about commutative algebras in 2-Cat with respect to the Cartesian symmetric
monoidal structure).

Thus, we obtain the notion of symmetric monoidal (o0,2)-category.

1.4.2.  Applying the 2-categorical unstraigtening (see Chapter 11, Theorem 2.1.8),
we can encode the datum of a symmetric monoidal (co,2)-category S by a 2-
coCartesian fibration

(1.10) S®Fine  Pin,,
or equivalently a 2-Cartesian fibration
(1.11) S®FI” _, FinoP .

As in the case of (o0, 1)-categories, the datum of a symmetric monoidal (oo, 2)-

category is equivalent to that of (1.10) (or (1.11)) such that the corresponding
functors

SI -~ I S(*e{x—ui})
iel—{*}

are equivalences.
1.4.3. As in the case of (oo, 1)-categories, this leads to the notion of (resp., non-
unital) right-lax symmetric monoidal functor S; - Sy between symmetric monoidal
(00,2)-categories S; and So: this is a functor
®,Fin, ®,Fin,
Sl mn - S2 m

satisfying the same condition for idle (resp., inert) arrows in Fin,.

1.4.4. Applying the above for S; = * and Sy =S, we obtain the notion of commu-
tative algebra object in S.

Note, however, that since = is a 1-category, commutative algebras in S (and ho-
momorphisms between them) are the same as the corresponding notions for St-Cat,
1.4.5. The feature of the 2-categorical situation is that, given right-lax (resp.,
non-unital) symmetric monoidal functors

D" S - Sy,

in addition to usual natural transformations between them equipped with a sym-
metric monoidal structure, one can talk about natural transformations between
them equipped with a right-lax (resp., left-lax) symmetric monoidal structure.

By definition those are right-lax (resp., left-lax) natural transformations (see
Chapter 10, Sect. 3.2.7 for what this means) between the corresponding functors

/®,Fin, 1"®,Fin, . g®,Fin, ®,Fin,
P/ Fine preFin. ; g8 Fine 5 g

)

that are strict over idle arrows in Fin,.
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One can also talk about natural transformations between them equipped with
a non-unital right-lax (resp., left-lax) symmetric monoidal structure: replace the
word ‘idle’ by ‘inert’ in the above definition.

Thus, given a symmetric monoidal (oo, 2)-category S, we obtain the notion of
right-lax (resp., left-laz) homomorphism

’ "
s =S

between two commutative algebra objects in S.

Similarly, we obtain the notion of non-unital right-lax (resp., left-lax) homo-
morphism.

1.4.6. As in the case of 1-Cat, if an (oo0,2)-category S has finite products, it
acquires the Cartesian symmetric monoidal structure.

By Sects. and [.3.3] commutative algebra objects in S in the Cartesian

symmetric monoidal structure are the same as commutative monads in S!'-©2t,

1.4.7. Let us take S = 1- Cat. By Sect.[I.4.6] we obtain that 1- Cat is a symmet-
ric monoidal (oo, 2)-category. Commutative algebra objects in it are the same as
symmetric monoidal categories.

By unwinding the definitions, we obtain that given two symmetric monoidal cat-
egories C1,Csy, regarded as commutative algebra objects in 1- Cat, right-laz (resp.,
left-lax) homomorphisms between them are the same as right-laz (resp., left-lax)
symmetric monoidal functors

Cl nd CQ
as defined in Sect. Indeed, both identify with right-lax (resp., left-lax) natural

transformations between functors

Fin, — 1-Cat.

2. (Symmetric) monoidal structures and correspondences

Recall that in Chapter 7, Sect. 1 we associated to an (oo, 1)-category equipped
with three classes of morphisms vert, horiz,adm (satisfying some natural condi-
tions) an (oo, 2)-category Corr(C)2dm

vert;horiz®

The first observation in that a Cartesian symmetric monoidal structure on C

induces a symmetric monoidal structure on Corr(C)24™, . .

We will now show that for the (oo, 1)-category
Corr(C) = Corr(C I:ﬁ’fn,

the operation of dualization with respect to its symmetric monoidal structure (in-
duced by the Cartesian symmetric monoidal structure on C) can be interpreted as
the anti-involution that swaps the roles of vertical and horizontal arrows.
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2.1. The (symmetric) monoidal structure on the functor Corr.

Let C be an (o0, 1)-category, equipped with three classes of morphisms vert, horiz, adm
as in Chapter 7, Sect. 1.1, so that we can form the (o0, 2)-category Corr(C)ZfﬂZ;horiz.
Assume that C has finite products, and each of the above classes of morphisms
is preserved by finite products.

In this subsection we show (which is completely tautological) that the (oo, 2)-
category Corr(C)f}g;’; horiz @Cquires a symmetric monoidal structure.

2.1.1. Let Trpl be the (oo, 1)-category whose objects are given by (oo, 1)-categories
C together with three classes of 1-morphisms vert, horiz and adm as in Chapter 7,
Sect. 1.1.

A 1-morphism (Cy,verty, horizi,admy) — (Ca,verts, horiza, adms) is a func-
tor from C; to Cs that preserves each of the three classes of 1-morphisms as well
as the Cartesian squares from Chapter 7, Sect. 1.1.

We endow Trpl with the Cartesian symmetric monoidal structure.
2.1.2. The assignment
(2.1) (C,vert, horiz,adm) " Grid**®"(C)sdm, .
is clearly a functor

Trpl - 1-Cat®™,

whose essential image belongs to the essnetial image of the functor Seq,.

Hence, we obtain that the assignment

(C,vert, horiz,adm) — COTT(C)ZZTZ;MMZ

is a functor
(2.2) Corr : Trpl - 2-Cat .

By Sect. [1.3.2] the above functor Corr carries a left-lax symmetric monoidal
structure. However, it is easy to see that this left-lax symmetric structure is actually
strict, e.g., because this is the case for the functors ([2.1)) and Seq,.

Thus, we obtain that (2.2)) has a natural symmetric monoidal structure.

2.1.3. Let (C,vert, horiz,adm) be an object of Trpl, and let C be endowed with
a symmetric monoidal structure. Assume that each of the classes of the morphisms
vert, horiz, and adm is preserved by the tensor product functor

CxC-C.

Since the forgetful functor
Trpl — 1-Cat

that remembers the underlying category C is 1-fully faithful, by Chapter 4, Lemma
2.2.7, the symmetric monoidal structure on C € 1-Cat gives rise to a symmetric
monoidal structure on (C,vert, horiz,adm) € Trpl.

Hence, we obtain that
Corr(C)24m €2-Cat

vert;horiz

acquires a structure of symmetric monoidal (oo, 2)-category.
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2.1.4. In our main application, we will work with the Cartesian symmetric monoidal
structure on C.

Thus, in this case we assume that the classes of 1-morphisms (vert, horiz, adm)
are preserved by finite products, and we obtain that

Corr(C)2dm €2-Cat

vert;horiz
acquires a structure of symmetric monoidal (oo, 2)-category.

In the sequel, unless explicitly stated otherwise, when discussing a symmetric

monoidal structure on the Corr(C)®4™ , . we shall mean the one, coming from

the Cartesian symmetric monoidal structure on C.

2.2. The canonical anti-involution on the category of correspondences.
In this subsection we show that the (oo, 1)-category Corr(C) carries a canonical
anti-involution, given swapping the roles of vertical and horizontal arrows.

We will also show that this anti-involution is canonically isomorphic to the du-
alization functor on Corr(C), when the latter is regarded as a symmetric monoidal
(00, 1)-category.

2.2.1. Let us take adm = isom, so that Corr(C)ﬁg:’Z;horiZ = Corr(C)yert:horiz 1S an
(o0, 1)-category.

Let us also take vert = horiz = all. Note that in this case,
COI"I“(C) = COI"I"(C)alLaH
carries a canonical anti-involution, denoted w.

At the level of objects w acts as identity. At the level of 1-morphisms it sends

o
Ci,o — Co
all
Ci1
to
aq
Cio —> C
Ot()J/
Cp.

2.2.2. The formal definition is as follows. To define w, we need to construct an
involutive identification

(2.3) Seq, (Corr(C)) =~ Seq, (Corr(C)) o (rev)°P,

where
rev: A —-> A

is the reversal involution on A, see Chapter 1, Sect. 1.1.9.
By definition,
Seq, (Corr(C)) = Gridz 9" (C),
and comes from the involutive identification
(2.4) ([e] x [o])> %™ = ([o] x [o])* =" o rev,
as functors A — 1-Catepqn, given by reflecting half-grids over the NW-SE diagonal.
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Le., for every [n] € A, the corresponding involution on
(0]  [n])? 42
is (Za]) — (n—j,n—i).

2.2.3.  Suppose now that the (oo, 1)-category C, in addition, admits finite prod-
ucts.

In this case, by Sect. the Cartesian symmetric monoidal structure on C
induces a symmetric monoidal structure on Corr(C). The unit for this symmetric
monoidal structure is the final object * € C, viewed as an object of Corr(C). (Note,
however, that * is not the final object in Corr(C).)

Unwinding the definitions, we see that in this case, w has a natural structure
of symmetric monoidal functor.

2.3. Relationship to the dualization functor. In this subsection we will show
that the anti-involution w, defined above, is the dualization functor on Corr(C),
when the latter is regarded as a symmetric monoidal category.

2.3.1. Recall that if a symmetric monoidal category O is such that every object
o € O is dualizable, there is a canonical anti-involution

(2.5) 0 5 O°P

that takes o € O to its monoidal dual 0V, see Chapter 1, Sect. 4.1.4.
This dualization functor is characterized by an isomorphism

(2.6) Maps(o,0’) > Maps(1o,0" ® o)

as functors O°? x O - Spc, see Chapter 1, Sect. 4.1.2.

2.3.2.  We take O := Corr(C), where the latter is regarded as a symmetric monoidal
category by the procedure of Sect. [2:1.4]

Let us observe that every object ¢ € Corr(C) is dualizable and in fact self-dual.
The duality data is supplied by the 1-morphisms in Corr(C):

|

2.3.3. We will prove:
PROPOSITION 2.3.4. The anti-involution
w : Corr(C) - Corr(C)°?

is canonically isomorphic to the dualization functor.
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2.3.5. Variant. Let (C,vert, horiz,adm) be an object of Trpl as in Sect. with
adm = isom and vert = horiz. Then the involution w restricts to an involution on
Corr(c)vert,horiz'

Assume now that for every c € C, the diagonal map ¢ - ¢ xc and the tautologi-
cal maps ¢ — * belong to vert = horiz. In this case every object of Corr(C)yert,horiz
is dualizable, and the assertion of Proposition holds verbatim (indeed, replace
the original C by Cyert = Choriz)-

2.4. A digression: the twisted arrows category.
2.4.1. For an integer n let tw,, denote the (ordinary) category

-n—->..->-1--0-0->1-..->n.
We have the natural functors

[n]°P = tw,, < [n].

The assignment n ~ tw,, is naturally a functor
twe : A — 1-Catorqn ¢ 1-Cat,
equipped with the natural transformations

(] > twa < [o].

2.4.2. For a (o0,1)-category D, set
Tw, (D) = Maps; _cu (twy, D).
Thus, Twe(D) is an object of
Funct(A°P,Spc) = SpcAop,
which is easily seen to be a complete Segal space, equipped with the maps

(2.8) Seq, (D) « Twe(D) — Seq, (D).

2.4.3. We define the twisted arrow category of D, denoted Tw(D) so that
Seq, (Tw(D)) = Tw,(D).
The maps give rise to a functor
(2.9) Tw(D) - D°? x D.
It is not difficult to see (see [Lu6l, Proposition 4.2.5]) that the functor is
a co-Cartesian fibration, which is the unstraightening of the Yoneda functor

D°? x D — Spe.

2.5. Proof of Proposition [2.3.4
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2.5.1.  We will prove Proposition [2.:3.4] by exhibiting a canonical isomorphism be-
tween the functors
Corr(C)°P x Corr(C) - Spc
given by
(2.10) Mapscen(c) (= =) and Mapscg(c)(*, @(-) ® -),
respectively.

Unstraightening, we need to construct an isomorphism between the coCartesian
fibrations in spaces that correspond to the two functors in (2.10]).

2.5.2. By Sect. the functor Mapsc,,(c)(—;—) corresponds to the coCartesian
fibration
Tw(Corr(C)) — (Corr(C))°? x Corr(C).
The functor
Mapscop(c) (*, —) : Corr(C) — Spe
is given by the coCartesian fibration Corr(C).,,.

Thus, in order to construct an isomorphism between the functors (2.10) we
need to construct a functor

(2.11) Tw(Corr(C)) - Corr(C),,
that fits into a pullback diagram
Tw(Corr(C)) ——  Corr(C),,

(2.12) l l

(Corr(C))°® x Corr(C) nulte(@dd), Corr(C)
where mult : Corr(C) x Corr(C) — Corr(C) is the functor of tensor product.
2.5.3. We have
Seq,, (Corr(C),/) = Gridif%nl(C) %t
where GridZ " (C) - C is evaluation on the object

(070) € ([n+ 1] X [n+ 1])2dgnl'

The sought-for maps
Seq,, (Tw(Corr(C))) - Seq,, (Corr(C).,)
are defined as follows.
An object
¢ € Maps((tw, x tw,,)>9&% C)
gets sent to
¢’ e Maps(([n+1] x [n+1])%%" ©),
given by the formula:
*ifi=5=0
Cij=) C(-1y-1ifi=0,721
Cio1jo1 X € (jo1)—(1-iy 2 1.
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In other words, we fold the half-grid over the NW-SE diagonal. For example,
for n =0, this map sends a diagram

Co,—-0 —> €C—0,-0
Co,0

to

Co,-0 - *

C0,0 X €-0,-0

and for n =1 a diagram

C_1,1 C-1,0 C1,-0 —> C11
C-0,1 C-0,0 C-0,-0

Cp,1 —> Cpo

)

C1,1

to

C_1,1 _— C_0,0 —_— %

| l

Co,1 XC-1,-0 — €0,0 XC-0,-0

|

C1,1XC-1,-1-
The fact that (2.12) is a pullback diagram is an easy verification.

3. Extension results in the symmetric monoidal context

In Chapter 7, Sects. 4 and 5 and in Chapter 8 we proved several theorems
that say that a functor out of a certain (oo, 2)-category of correspondences can be
uniquely extended to a functor out of another (oo, 2)-category of correspondences.

In this section we will show that these extension procedures are compatible
with symmetric monoidal structures.
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3.1. ‘No cost’ and factorization extensions. In this subsection, we let C be a
symmetric monoidal category, equipped with three classes of morphisms vert, horiz, adm

as in Sect. 2.1.3A

We will study how the extension paradigm in Chapter 7, Sects. 4 and 5 interacts
with the symmetric monoidal structures.

3.1.1. Recall the setting of Chapter 7, Sect. 4. L.e., we start with a C, equipped
with four classes of morphisms vert, horiz, adm,adm’, satisfying the assumptions
of Chapter 7, Sect. 4.1.1.

Let S be an (o0, 2)-category and let us be given a functor

Padm’ : Corr(C)adm’ - S.

vert,horiz vert,horiz

Assume that all four classes of morphisms are preserved by the functor of tensor
product C x C — C, so that
Corr(C)2dm and Corr(C)gdm,

vert,horiz ert,horiz

acquire symmetric monoidal structures by Sect.

Assume also that S is equipped with a symmetric monoidal structure. Assume

also that
(I)adm — (I)adm’

vert,horiz * vert,horiz |Corr(C adm )
vert,horiz

is equipped with a symmetric monoidal structure.
We claim:

PROPOSITION 3.1.2. The symmetric monoidal structure on @;‘g;’;honz extends

adm’

uniquely to one on vert,horiz-

PRrROOF. Indeed, Chapter 7, Theorem 4.1.3 implies that for any n, the functor

(COTI‘(C adm )xn N (Corr(c)adm’ )xn

vert,horiz vert,horiz

is a categorical epimorphism.
Now, our assertion follows from the next observation:

LEMMA 3.1.3. Let O be a symmetric monoidal category, and let 01 - 02 be a
homomrphism between commutative algebras on O, such that for any n, the map
(01)®" - (02)®" is a categorical epimorphism. Then for another commutative alge-
bra o' in O, restriction defines an isomorphism from the space of homomorphisms
0o = 0’ and the subspace of homomorphisms o1 - o' that factor through oo as maps
of plain objects of O.

O

2We do not need the symmetric monoidal structure on C to be Cartesian.
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3.1.4. The above discussion applies verbatim to the setting of Chapter 7, Sect. 5.
Le., we start with C, equipped with four classes of morphisms vert, horiz, adm and
co-adm, satisfying the assumptions of Chapter 7, Sect. 5.1.

Let S be an (o0, 2)-category and let us be given a functor

Podm : Corr(C)2dm - S.

vert,horiz vert,horiz

Assume now that C all four classes of morphisms are preserved by the functor
of tensor product C x C — C, so that

isom adm
COI“I"(C vert,co-adm and Corr(c)vert,hom'z

acquire symmetric monoidal structures by Sect.

Assume also that

isom — (I)adm | .
vert,co-adm ‘=~ *wvert,horiz|Corr(C)isom
’ vert,co-adm

is equipped with a symmetric monoidal structure.

We have (with the same proof as above):

PROPOSITION 3.1.5. The symmetric monoidal structure on ®IS0 er-

vert,co-adm
adm

tends uniquely to one on PTCTY ;.-

3.2. Right Kan extensions and symmetric monoidal structures. In this
subsection we will review the notion of right Kan extension of 1-morphisms in
(00,2)-categories, and how it interacts with symmetric monoidal structures.

As an application we will show that the extension procedure in Chapter 8, Sect.
6 is (lax!) compatible with symmetric monoidal structures.

3.2.1. Let S be an (o0,2)-category, and let « : s; — s be a l-morphism in S.
Given another object s’ € S, restriction defines a functor

Mapss(sz, ') > Mapss(s1, /).

The (partially defined) right adjoint functor to the above restriction functor is
called the functor of right Kan extension, and is denoted by RKE,.

3.2.2.  Suppose now that S has a symmetric monoidal structure. Let s; and so be
commutative algebra objects in S, and let

Q81— So
be a homomorphism.
Let now s’ be another commutative algebra object in S, and let
1518
be a right-laz homomorphism (see Sect. for what this means).

Suppose that RKE,, is defined on ¢; regarded as a plain object of Mapsg(s1, s').
Suppose, moreover, that for every n, the canonical map from the composition

® RKEq (¢1)
s > sy — &

to the right Kan extension along a®" : s§" — s§" of the composition
® 1
s > 5 — 8

is an isomorphism (in particular, the latter right Kan extension is also defined).
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By unwinding the construction, we obtain that in this case

¢2 = RKE, (¢1)

has a unique structure of right-laz homomorphism s, — s’ so that the co-unit of
the adjunction

P20 — @1
has the structure of a map between right-lax homomorphisms.
3.2.3. Consider now the situation of Chapter 8, Theorem 6.1.5, where (C, vert, horiz, adm)

and (D, vert, horiz,adm) are as in Sect. Assume also that the functor F' takes
products to products, so that it induces a symmetric monoidal functor

Fadm : Corr(C adm — Corr(D adm

vert,horiz vert,horiz vert,horiz"

Let S be a symmetric monoidal (oo, 2)-category, and assume that

Podm : Corr(C)24m -S

vert,horiz vert,horiz

is endowed with a right-lax symmetric monoidal structure.
We claim:
PROPOSITION 3.2.4. Suppose that for any n and any map
c—>d; x..xd,
that is in horiz (here c € C, d; € D), each of the projections ¢ — d; is also in horiz.

Then
gadm = RKEpaam (@™, . ):Corr(D)2dm -

vert,horiz e horiz vert,horiz vert,horiz
acquires a uniquely defined right-lax symmetric monoidal structure, for which the
natural transformation

adm adm adm
\Ijvert,horiz o vert,horiz - (b'uert,horiz

has the structure of a map between right-laxz symmetric monoidal functors.

PROOF. We need to show that the isomorphism condition from Sect. is
satisfied.

By Chapter 8, Theorem 6.1.5, it is enough to check the corresponding 1-
categorical statement. Thus, we need to show that for an integer n and an n-tuple
of objects dy,...,d,, the map

lim d(c) > lim D(cy x ... x¢Cp)
ceC,a:c—>d1 x...xd,, ,achoriz c;€C,a;:c;—>d;,a;choriz

is an isomorphism.

However, the condition of the proposition implies that the corresponding map
of index categories is cofinal.
O

3.3. Symmetric monoidal structure on the bivariant extension. In this
subsection we show that the extension procedure of Chapter 8, Sect. 1 is compatible
with symmetric monoidal structures.
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3.3.1. Let us now be in the setting of Chapter 8, Sect. 1, where both (C, vert, horiz,adm)
and (D, vert, horiz,adm) are as in Sect. We let the functor

F:C-D
be endowed with a symmetric monoidal structure.

Let the target (oo, 2)-category S be equipped with a symmetric monoidal struc-
ture. Assume also that the tensor product functor
SxS—-S

1-Cat 1-Cat 1-Cat
S xS )

is such that the underlying functor commutes with colimits

in each variable.
3.3.2. Let us be given a functor
adm : Corr(C)%dm - S,

vert,horiz vert,horiz

satisfying the assumptions of Chapter 8, Sect. 1.1.6, and let
gadm : Corr(D)24m -3

vert,horiz vert,horiz
be its unique extension, satisfying the requirements of Chapter 8, Theorem 1.1.9.
Assume that @ggﬁ) horiz 15 equipped with a symmetric monoidal structure. We
claim:
PROPOSITION 3.3.3. Suppose that for any n and any map
c—>dj;x..xd,

that is in horiz (resp., vert,adm), each of the projections ¢ — d; is also in horiz
(resp., vert,adm). Assume also that for every d € D, the maps

*>dandd—->dxd
are in adm, and that the functor

Mapsg(1s,-) :StCat L Spe

. . adm
is conservative. Then then functor U ert horiz

structure, which induces the given one on

carries a unique symmetric monoidal

(Dadm ~ \Ijadm |
vert,horiz — *vert,horiz Corr(C)q’iZ;’z horiz

PROOF. It is enough to show that for any integer n, both circuits of the diagram

(‘I,adm ; )Xn
adm XN vert,horiz xn
) A AN
(Corr(D)vert,homz) S
(3.1) product mapl lproduct map
adm

vert,horiz

Corr(D)adm

vert,horiz

S

identify with the canonical extension, given by Chapter 8, Theorem 1.1.9, of the
functor given by the (canonically identified) two circuits of the diagram

(<I>adm )xn

(COI‘I‘(C 52l’:';fLJLO'r‘iz)Xn —M_’ an
product mapl lproduct map
S
COI‘I‘(C 'Lalg:’rtL,horiz — 5 S



3. EXTENSION RESULTS IN THE SYMMETRIC MONOIDAL CONTEXT 405

We claim that the two circuits in (3.1]) satisfy the assumptions of Chapter 8,
Corollary 1.1.10.

We first check condition (i) for the anti-clockwise circuit. We need to show that
for dy,..,d,, € D, the map
colim P(cy x...xcC colim ®(c) = ¥(cy x...xc
c;€C,B;:c;—~d;,B;cvert ( ! n) - ceC,B:c—>dq x...xd,, ,Bevert ( ) ( ! n)
is an isomorphism. However, this follows from the fact that the corresponding map

of index categories is cofinal. Condition (ii) for the anti-clockwise circuit follows in
the same way as condition (i).

Let us check (i) for the clockwise circuit. We need to show that for dy,..,d,, € D,
the map

colim D(c1)®...0 P(cy,) —>(§) ( colim <I>(c,;))

c;€C,B;:c;—d;,Bicvert c;€C,B;:c;—~d;,Bicvert

is an isomorphism. However, this follows from the commutation of the tensor
product on S'"°* with colimits in each variable.

In particular, we obtain that the restrictions of the two circuits in (3.1) to

(Dyers)"™ c (Corr(D)24m )y,

vert,horiz

and further to
(Daam) " (Corr(D)adm )",

vert,horiz

are canonically identified.

Conditions (iii) and (iv) for the clockwise circuit follows by the same argument
as condition (i). Hence, we obtain that they also hold for the anti-clockwise circuit,
since the two functors are identified on (Dggm )*".

Note that this, in particular, establishes the assertion of the proposition in the
case when horiz = adm = vert. Thus, the restriction of \I]Zg?)ahoriz to Corr(D Zgz,adm
has a symmetric monoidal structure. By further restricting to Corr(D)adm,qdm, and
applying Proposition we obtain that for every d € D, the object ¥(d) €S is

dualizable.

It remains to check condition (ii) for the clockwise circuit. Le., we need to show
that the map

®( lim @I(ci)) 5 Jim ®'(c1) ®...0 D' (c,)

B c;€C,a;:c;—>d;,a;€horiz c;€C,a;:c;—>d;,a;€horiz

is an isomorphism. However, this follows as in Chapter 3, Proposition 3.1.7 from
the fact that each ®'(c;) and each

lim P'(c;) =~ ¥ (dy)

c;€C,a;:c;—>d;,a;€horiz

is dualizable, using Chapter 1, Lemma 4.1.6(a).
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4. Monads and associative algebras in the category of correspondences

It turns out that the category of correspondences is well adapted to the for-
malism of convolution algebras and convolution categories.

Let c® be a Segal object of C (such data are also called category-objects); see
Sect. for the definition. Let p,p; : ¢! = c® = ¢ be the source and target maps,
respectively, corresponding to the two maps [0] — [1].

Consider the 1-morphism

1 Ps
c —— C

|

c
as an object of the monoidal (oo, 1)-category MapSCorr(C)aH”H(c’ c).

When C is an ordinary category, it is clear that the above 1-morphism is an
associative algebra object in Mapsc()rr(c)zg_au (¢, c), and that all associative algebra
objects are obtained in this way. The first result of this section, Proposition
shows that the same is true in the oco-setting.

As a corollary, we obtain that if ® is a functor from Corr(C)fjgﬂ;horiz with
values in 1- Cat, a Segal object ¢* (under appropriate conditions) defines a monad

on the category ®(c).

The second result of this section, Theorem is (essentially) the following. It
says that for a Segal object c®, the object cle Corr(C)anan has a natural structure
of associative algebra in the (symmetric) monoidal category Corr(C)a.an.

As a consequence, we obtain that if ® is a monoidal functor from Corr(C)an.an
to 1-Cat, the category ®(c') acquires a canonical monoidal structure, given by
convolution.

4.1. Monads and Segal objects. In this subsection we will articulate the fol-
lowing idea:

The category of algebras in the monoidal category of endomorphisms of an
object c ¢ Corr(C):H;all is canonically equivalent to the category if Segal objects
acting on c, i.e., simplicial objects ¢® with c? = c.

4.1.1. Note that if S is an (o0, 2)-category and s € S is an object, then the (oo, 1)-
category Mapsg(s, s) acquires a natural monoidal structure. Indeed, the corre-
sponding functor

A°P - 1-Cat
is given by

Seq,, (S X §X ... xS},
qn( ) Seqq (S)x...xSeqq (S) { }

where Seq,, (S) = Seqy(S) x ... x Seqy(S) corresponds to the map
[0]u...u[0] = [n]®P¢ - [n].

By definition, a monad acting on s is an associative algebra in the monoidal
(o0, 1)-category Mapsg(s, ).
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4.1.2. Let C be an (oco,1)-category with finite limits, and take vert = horiz =
adm = all. Take S = Corr(C Zﬂ;an.

We will be interested in the category of monads in Comr(C)ZH;all acting on a
given c € C.

4.1.3. Recall now that if C is any (oo, 1)-category with finite limits, one can talk
about Segal objectﬁin C, acting on a given c € C. Denote this category by Seg(c).

By definition, this is a full subcategory C2™ of simplicial objects ¢® equipped

with an identification ¢’ = ¢, consisting of objects for which for every n > 2, the
map
c">clx..xcl,
C C

given by the product of the maps
[1]=[n], 0P 4lmi+1, i=0,..,n-1,
is an isomorphism.

This condition can be equivalently formulated as saying that for any ¢’ € C,
the simplicial space Mapsc(c’,c®) is a Segal space (but not necessarily a complete
Segal space).

4.1.4. We will prove:

PROPOSITION-CONSTRUCTION 4.1.5. There exists a canonical equivalence be-
tween Seg(c) and the category AssocAlg(MapsCorr(C)aH. 11(c,c)).

4.1.6. Variant. Let (C,vert, horiz,adm) be an object of Trpl. Let ¢® be an object
of Seg(c). Suppose that:
e The ‘source’ map c! — c° (i.e., one corresponding to (0 € [0]) + (0 € [1]))
belongs to horiz;
e The ‘target’ map c! - ¢
belongs to vert;

e The multiplication map c? - ¢! (i.e., one corresponding to the active map
[1] = [2]) belongs to adm.

In this case, we obtain that the algebra object in Mapscorr(c)aﬂ_ “(c, c) corre-

sponding to ¢*® by Proposition defines an algebra object in the 1-full monoidal
subcategory

Y (i.e., one corresponding to (0 € [0]) = (1 €[1]))

MapSCorr(C)‘;dm (c,c)c MapsCorr(C)ZH;au (c,c).

ert;horiz

4.2. Proof of Proposition [4.1.5l The equivalence stated in the proposition is
completely evident when C is an ordinary category, and the reader should check it
before proceeding to the co-case.

The proof in the latter case will use (a little bit) of diagram manipulation.

3An alternative terminology for this is ‘category-objects’ in C, acting on c € C.
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4.2.1. For (o0,2)-category and s € S, the monoidal (oo, 1)-category Mapsg(s, s)
is described as follows: the corresponding functor A°? — 1-Cat sends [n] to

Seq,, (S)

*,

X
Seqo (S)xn+1
where the maps * — Seq,(S) are given by s € S.

Applying this to S = Corr(C):ﬂ;aH and s = C, we obtain that the monoidal
category Mapsc,,(cyan (€, ¢) is given by the functor A — 1-Cat sends [n] to
: 1>dgnl
Grid:“¢"(C) I
Le., this is the category whose objects are half-grids with all squares being
Cartesian, and with the diagonal entries identified with c.

4.2.2. Thus, associative algebras in Mapscorr(c)aﬂ_ 11(c7c) are right-lax natural
transformations

(4.1) (n] > (* = Grd;™(C) x e, ...,c}) ,

1+1

with the corresponding natural transformations being isomorphisms over inert ar-
rows in A°P,

We will now describe the above category of natural transformations (4.1)) slightly
differently.

4.2.3. Consider the functor
A - 1-Catoran, [n] = ([n] x [n]°P)Z %",

Let I denote the corresponding Cartesian fibration over A°P. Let I,, denote
the fiber of I over [n] € AP, i.e., I, = ([n] x [n]°P)>denl,

Let I’ c I be the full subcategory, such that for each n, the subcategory I/, c I,
corresponds to the element (0,n) € ([n] x [n]°P)>9&%! ie., the NW corner of the
half-grid. It is easy to see that the projection

Il - Aop
is an equivalence.

Let I” c I be the full subcategory, such that for every n, the subcategory I c I,,
corresponds to the union of the elements (i,%), i.e., the diagonal entries.

4.2.4. Then the category of natural transformations (4.1)) is a full subcategory in
the category of functors

I1-C,
such that:

e The restriction of the functor to I is identified with the constant functor
with value c;

e For every n and every square in I,,, the resulting square in C is Cartesian;

e Arrows in I that are Cartesian over inert arrows in A°P get sent to iso-
morphisms in C.
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4.2.5. We note now that restriction along I' - I associates to a functor I - C a
simplicial object in C. Functors satisfying the assumptions of Sect. are easily
seen to give rise to functors A°? — C that satisfy the conditions of being a Segal
object.

Vice versa, starting from a functor
(4.2) AP ~T - C,
we apply right Kan extension along the embedding I’ — I, and thus obtain a functor
I-C.

It is easy to see that if (4.2) is a Segal object, then the resulting functor I - C
satisfies the assumptions of Sect.

This defines the desired equivalence

AssocAlg(Mapsc,,(cy=n (€,¢)) > Seg(c).

all;all
4.3. Action on a module: first version. In this subsection we will add a few
remarks concerning the action of the monoidal category MapSCOH(C)ﬂ}” 11(c, c) on

the categories of the form Mapsc,(cyan  (¢’,c) for ¢’ € C.

all;al

4.3.1. Let s and s’ be objects in an (o0, 2)-category S. Then the category Mapsg(s’, s)
is naturally a module for the monoidal category Mapsg(s, s).

Applying this to S = Corr(C):H;aH, we obtain that for ¢’ € C, the monoidal
category MapsCOrr(C)me” 11(c, c) acts naturally on the category

Mapsgor(c)an (c',c).

alljall

4.3.2. Let now ¢*® be a monad acting on ¢ over an object ¢, i.e., is a monad in
the category C,e. Let v denote the morphism ¢ - ¢'.

Then it follows from the construction that the object (¢’ — ¢) € Mapsc,,(cyan (€', ¢),

all;all

corresponding to the diagram
2 7
c——c¢
(4.3) al

c
is a module over the algebra in Mapscorr(c):ﬂ;au(c7 c), corresponding to c®.
4.3.3. Note now that if &' 5> s is a 1-morphism in an (oo, 2)-category S such that
f admits a left adjoint, then the composition (f o fI) e Mapsg(s, s) has a natural
structure of algebra (this follows, e.g., from the description of the procedure of
passage to the adjoint morphism given in Chapter 12, Theorem 1.2.4). In fact, this
is a universal algebra object in Mapsg(s, s) that acts on f € Mapsg(s', s).

Note that the 1-morphism (4.3) admits a left adjoint given by

(4.4) j
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Hence, we obtain that the algebra in Mapsg,(c)an 11(c, ¢), corresponding to

c*®, admits a canonical homomorphism to the algebra corresponding to the compo-
sition of (4.3]) and (4.4]). This map corresponds to the morphism

c' - cxec,
CV
expressing the fact that ¢! acts on ¢ over c’.

4.3.4. Let c® now be the Cech nerve of the map 3:c — ¢’. In this case we claim
that the above homomorphism of algebras is an isomorphism. Indeed, it suffices to
check this fact at the level of the underlying objects of Mapsc,(cy=1 (c,c), and

the required isomorphism follows from the Cartesian diagram

4.3.5. Variant. Retaining the assumptions of Sect. assume that the map - :
¢ - ¢’ belongs to horiz, and that the target map p, : ¢! - ¢ belongs to adm.

Then we obtain that the object of Mapsc . (cyeam (c’,c), given by (4.4),

vert;horiz

is a module for the algebra in Mapscg,,(c)edm (¢, c), corresponding to c°.

vertihoriz

Furthermore, if v € adm, in which case the corresponding morphism

(¢’ > ¢) e Corr(C)dm

vert;horiz

admits a left adjoint, the isomorphism from Sect. [£.3:4 holds at the level of algebras
in the monoidal category Mapsc,,(cyaim (c,c).

vert;horiz

4.4. From monads/Segal objects to algebras. In this subsection we formulate
the main result of this section, Theorem It says that if c® is a Segal object
of C acting on c, then its first term ¢! acquires a natural algebra structure in
Corr(C).

4.4.1. Let C be an (oo,1)-category with finite limits, and take vert = horiz =
adm = all. We let

Corr(C) := Corr(C);ﬁcl’f;‘H
be endowed with a symmetric monoidal structure as in Sect.
We will prove the following;:

THEOREM-CONSTRUCTION 4.4.2. There exists a canonical right-lax homomor-
phism of monoidal (o0, 1)-categories

Mapsc(,rr(c):{{:all(c7 c¢) - Corr(C).
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4.4.3. Let us explain the content of Theorem [.4.2] when C is an ordinary category.
In this case the sought-for functor

Mapsc(cyan (€, ¢) > Corr(C)
is explicitly defined as follows:

It sends an object of Mapsc,,(c)ai H(c, c), given by

o

— C

o <«—

to € € Corr(C). The monoidal structure is defined as follows: for a pair of objects

¢, —— ¢

|

C

and

C; —— ¢

l

C

their tensor product in Mapsc,,.(cyan H(c, c) is given by

El 9 —> C

O «—oX

and the corresponding 1-morphism € x € — €1 x €3 (note the direction of the
C

arrow!) in Corr(C) is given by the diagram
61 XEQ —_— El X EQ
Cc

N
1 X Ca
C

(d
4.4.4. As aformal consequence of Theorem [£.4.2] combined with Proposition[f.1.5
we obtain:
COROLLARY 4.4.5. For any c € C, there is a canonically defined functor

Seg(c) - AssocAlg(Corr(C)).
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4.4.6. We note that if c® is an object of Seg(c), the object of Corr(C), underlying
the corresponding algebra is ¢!, and the product map is given by the diagram

C2 —_— C1><C1

|

ct,

where the horizontal arrow corresponds to the two inert maps [1] — [2].

4.4.7. Variant. Let (C,vert, horiz,isom) be an object of Trpl. Assume that vert c
horiz. Let c® be an object of Seg(c). Assume that:

e The ‘source’ map c! — ¢ belongs to horiz;

e The ‘target’ map c! — ¢ belongs to vert;

e The multiplication map c? - ¢! belongs to vert.

In this case, Corollary implies that to c® there corresponds a canonically
defined algebra object in Corr(C)yert;horiz-

4.5. Action on a module: second version. In this subsection we will add some
comments on how the construction in Theorem 4.2 interacts with an action on

modules. The upshot is that the associative algebra in Corr(C), corresponding to

a Segal object c*, acts on c.

4.5.1. Let us return to the setting of Sect. For a pair of objects ¢,c’ € C
we consider the monoidal category Mapsc,(c)an | (c,c) and its module category

all;a
A
Mapsc,, oy (€/;c).

alljall

It will follow from the construction in Theorem[£:4.2]that the right-lax monoidal
functor

Mapscorr(c):“;a”(qc) — Corr(C)
extends to a right-lax map between module categories
MapsCorr(C)ZH;au (CI7 C) - COI‘I"(C),

which at the level of objects sends

(4.5) l

to €.

At the level of objects, this right-lax monoidal structure is defined as follows.
For an object of Mapsc,,(cyan (€, ¢), given by the diagram

all;all

—

o «— O
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and the object of Mapsco(cyan 11(c’,c) given by the diagram (4.5)), the corre-
sponding 1-morphism in Corr(C) is given by

~ ~F

€Cx¢ — > TX¢
Cc

4.5.2. Let us take ¢’ = *, and consider the object of Mapscorr(c)aﬂ_ ”(*»C)v given
by Y

c — *

(4.6) idl
c.

By Sect. we obtain that for any Segal object c® acting on c, the object
(4.6) is naturally a module over the corresponding algebra in Mapsc,,,(cy=1 (¢, ¢).

all;all

Hence, applying Sect. we obtain that the corresponding algebra c! e
Corr(C) acts on the object ¢ € Corr(C).
Explicitly, the corresponding action map is given by the diagram

id x
cl Ps 1

C XC
Ptl

C.

4.5.3. Note now that if an object o in the (symmetric) monoidal category O is
dualizable, there exists a universal associative algebra, denoted Endg (o) in O,
acting on o. The object of O underlying End, (o) is 0¥ ® o.

Applying this to O = Corr(C) and o = ¢, we obtain a canonically defined
homomorphism of algebras

(47) cl g mCorr(C)(c)‘

Identifying c¥ ~ ¢ (see Proposition [2.3.4)), the map in Corr(C), underlying the
above homomorphism is

1 PsXpt

(4.8) c — cxc.

4.5.4. Let us now take ¢* to be the Cech nerve of the map ¢ — *, i.e., ¢" = ¢*(**1),

Note that in this case we obtain that the homomorphism (4.7)) is an isomorphism.
Indeed, this is so because the map of the underlying objects of Corr(C), i.e., (4.7)
is an isomorphism.
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4.5.5. Variant. Let us be in the situation of Sect.[d.4.7 Assume in addition that c
is such that the diagonal map ¢ — ¢ x ¢ and the tautological map ¢ — * belong to
horiz.

In this case we still obtain that ¢ € Corr(C)yert;horiz is @ module over ¢!, where
the latter is viewed as an associative algebra.

If we assume that the diagonal map ¢ — ¢ x ¢ and the tautological map ¢ — *
belong to vert as well, then ¢ is dualizable in Corr(C)yert;horiz, and the isomorphism
of Sect. happens at the level of associative algebras in Corr(C)yert:horiz-

4.6. Proof of Theorem [4.4.2} introduction.
4.6.1. Let

E := Mapsg,,, (o) (€, ¢)®A" and F := Corr(C)®42"

all;all
be the coCartesian fibrations over A°P corresponding to Mapscorr(c)a}} . (c,c) and

Corr(C), respectively.
We need to construct a functor E - F over A°P.

4.6.2. Recall (see Sect. [4.2.1) that E is the coCartesian fibration attached to the
functor A°? - 1-Cat, given by

(4.9) [n] —» GridZ9"(C) X ferel

Consider another functor A°P — 1-Cat,
(4.10) [n] ~ Grid;,*¢"(C),
where Grrid;dgnl is defined in the same way as as Grid> dgnl, with the difference
that we use ([n] x [n]°P)>9e" instead of ([n] x [n]°P)>denl,
Restriction defines a natural transformation = . Let
E' - A°P

be the coCartesian fibration corresponding to the functor (4.10). We obtain a
functor

E->E'.

4.6.3. The sought-for functor E — F will be obtained as a composition of the
above functor E - E’ and a functor E’ - F that we will now proceed to define.

Fix an integer k and an object « € Seq;, (A°P). We will construct a map

4.11 Seq,. (E’ X a} — Seq,, (F x al,
(1.11) W) ko) S B (o)

functorially in [k] € A°P and «.

4.7. Proof of Theorem [4.4.2} Step 1. We shall first give an explicit description
of the space

S E’ .
cac(E)  x {0)
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4.7.1. We begin with the following general observation. Let I be an index (oo, 1)-
category, and let D — I°? be a Cartesian fibration, corresponding to a functor
I — 1-Cat. Let D’ - I be the coCartesian fibration, corresponding to the same
functor. I.e., D’ and D have the same fibers over objects of I.

Note that the space Seq;(D’) can be described as follows in terms of D.
Namely, Seq;,(D’) consists of functors

(K] x [K])? 4% — D

with the property that all the vertical arrows in ([k] x [k] map to isomor-
phisms in I°P, and all the horizontal arrows map to arrows in D’ that are Cartesian
over I°P.

op )2 dgnl

4.7.2. Note that assignment

(i,3) = ([a(h)] x [a(4)]P)” &
gives a functor
([k] x [k]°P)> 8" > 1-Catoran -
Let I, denote the corresponding coCartesian fibration over ([k] x [k]°P)>denl,

Consider the space
Maps(I,, C).

4.7.3. Tt follows from Sect. [4.7.1| that the space Seq,(E") < ?A ){a} is a full
eqy, (A°P

subspace
"Maps(I,, C) c Maps(I,, C),
consisting of functors that satisfy the following conditions:
e For every (i,5) € ([k] x [£]°P)>482! the resulting functor

(la()] x [a(;)]?P) 4 - C
sends squares to Cartesian squares in C.

e Every arrow in I,,, which is coCartesian over a horizontal arrow in ([k] x
[k]°P)>denl gets sent to an isomorphism in C.

4.8. Proof of Theorem Step 2. We shall now describe the space

Seq, (F X at.

W) )
4.8.1. Let C’ be a monoidal (oo,1)-category with finite limits, such that the
monoidal operation commutes with finite limits. Then (C’,all,all,isom) is nat-
urally an associative algebra object in Trpl.

Hence, by Sect. the (oo, 1)-category Corr(C’) acquires a monoidal struc-
ture. Consider the corresponding coCartesian fibration Corr(C")®A" over AP,

Let C'®2 - A be the Cartesian fibration corresponding to the monoidal
structure on C'.

Then the space Seqy (Corr(C")®A") admits the following description. It con-
sists of functors
([k] « [k]op)zdgnl N Cl®,A7

op)z dgnl

such that vertical arrows in ([k] x [k] get sent to arrows in C'®4A that

project to isomorphisms in A;
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4.8.2. We apply this to C’ = C equipped with the Cartesian monoidal structure.
We obtain that the space

4.12 Seq, (F
(4.12) ey ( )Seqk(XAop){a}

can be described as follows.

Recall the coCartesian fibration I, — ([k] x [k]°P)>48%! see Sect. Then
(4.12) identifies with the subspace

"Maps(I,, C) c Maps(I,, C),

consisting of functors that satisfy the following condition:

e For every (i,7) € ([k] x [£]°P)>982! the tautological extension of the cor-
responding functor

([()] = [a()]P) 8" > €
to a functor

(la()] x [a(5)]P)> 4= > C,
where we send the diagonal entries to * € C has the property that it sends
squares to Cartesian squares in C.

4.8.3. Let us decipher the above condition. Set n = a(j). Let the functor
(4.13) ([n] x [n]*P)> 9™ > C
be given by ¢ € Grid}*"(C).

Our condition says that all the squares in ¢ must be Cartesian (so it is the same
as the corresponding condition for "Maps(I,, C), see Sect. [4.7.3). In addition, we
require that for every m =0,...,n — 2, the map

Cm,m+2 = Cm+1,m+2 X Cm m+1
be an isomorphism.

Note that, the datum of a functor (4.13)) as above is equivalent to that of an
object of C*™ (as it should be).

4.9. Proof of Theorem Step 3. We shall now complete the construction
of a map (4.11) by constructing a map
"Maps(1, C) - "Maps(I,, C).
4.9.1. Counsider the category
Maps(I,, C),
and the corresponding full subcategories

"Maps(1,,C) = Maps(1,, C) < "Maps(1,,C).

It is easy to see, however, that the embedding
"Maps(Ia, C) = Maps(Ia, C)

admits a left adjoint.
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4.9.2. Composing with this left adjoint, we obtain a functor
"Maps(I,,C) = Maps(I,, C) - "Maps(I,, C).
Passing to the underlying spaces, we obtain the desired map
"Maps(1, C) - "Maps(I,, C).






Appendix. (o0,2)-categories






Introduction

1. Why do we need them?

This part plays a service role for Part III, in which we develop the formalism
of categories of correspondences.

1.1. As was explained before, an adequate framework to encode the information
carried by the assignment

S € Schag ~ IndCoh(.S) € DGCatcont
is in terms of the functor

(11) IndCOhCOrr(Sch proper (jOI‘I‘(SChafuc proper — (DGC&tCOm)Q_Cat.

aft ) a11, all all,all

Now, the construction of the above functor is such that even if one is ultimately
interested only in the 1-categorical data, i.e., the corresponding functor of (oo, 1)-
categories

IndCohgorr(schyg) © Corr(Schag) = DGCateont,

aft

in order to produce it, one needs to construct (|1.1)).

So, (o0, 2)-categories are necessary in order to get IndCoh off the ground.

1.2. Now, one possible approach would be to believe that there exists a reasonable
notion of (oo, 2)-category (and companion notions of functor, natural transforma-
tion, etc.) and not worry about the details. For example, just imagine that a
(00,2)-category is a (oo, 1)-category enriched over the monoidal (oo, 1)-category
1-Cat. (The actual definition is indeed along these lines.)

The problem with that is that we need more than just the existence of these
notions. We will actually need to perform some pretty non-trivial operations with
them. Let us explain what these operations are.

1.3. First off, let us be given an (oo, 2)-category S, equipped with a class of 1-
morphisms C (closed under compositions and containing all isomorphisms). To this
data we need to be able to associate a bi-simplicial space, denoted Sqta" (S, C).

.0

421
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The corresponding space of (m,n)-simplices is that of diagrams

50,0 S0

50,n-1 > S0,n
51,0 S1 . S1

e ﬁn
v arayd

Sm—1,0 > Sm-1,1 > > Sm-1,n-1 > Sm

e

Sm,0 Sm Sm,n-1 > Sm,n

n-1—— =351

-1,n

where the horizontal arrows are arbitrary 1-morphisms in S, and the vertical arrows
are 1-morphisms that belong to C, and each square represents a (not necessarily
invertible) 2-morphism.
Moreover, we need the assignment
(S,C) ~ Sq. 3" (S, ©),

Pair of pairs (S, C) to the category
of bi-simplicial spaces, to be fully faithful with essential image given
by some explicit conditions (see Chapter 10, Theorem 5.2.3 for the latter).

viewed as a functor from the category 2-Cat
SpCAoprop

1.4. Secondly, for a pair of (co,2)-categories S and T, in addition to the (oo, 2)-
category Funct(S, T) of functors S — T, we need to be able to form its two enlarge-
ments, denoted

Funct (S, T) ight-lax and Funct(S, T )ieft-1ax,

respectively, that have the same class of objects, but where we allow as 1-morphisms
right-lax (resp., left-lax) natural transformations (see Chapter 10, Sect. 3.2.7 for
the definition).

1.5. While the previous two properties of the sought-for notion of (oo, 2)-category
can still be taken for granted, the next one cannot. We will need to be able to
perform the following manipulation:

For a 1-morphism in an (co,2)-category, it makes sense to ask whether this
1-morphism admits a left or right adjoint (these are notions that take place in the
underlying ordinary 2-category). Given a functor S - T, we shall say that it is
right (resp., left) adjointable if for every 1-morphism in S, its image in T admits a
right (resp., left) adjoint.

Let

FU.DCt(S, PH‘)l{ﬂi%ght—la,x c FunCt(S7 T)right—lax
and
Funct(S, T) & 1o © Funct(S, T jofo-1ax

be the full (oo,2)-subcategories that correspond to functors that are left (resp.,
right) adjointable.
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What we need is to have a canonical equivalence

(1'2) FunCt(Sv T)Eght—lax = FunCt(Sl&2_0p7 T)ift—law

given by passage to adjoint 1-morphisms.
The construction of this equivalence will be the subject of Chapter 12.
1.6. That said, it is a sensible strategy to get the idea of how we approach (oo, 2)-

categories by reading the rest of this introduction, and skipping the bulk of the
Appendix on the first pass.

2. Setting up the theory of (o0,2)-categories
2.1. In Chapter 10 we define what we mean by (oo, 2)-categories.

The idea is to mimic the approach to (oo, 1)-categories via complete Segal
spaces. And this is what one obtains if one wants to express the idea is that
an (o0,2)-category is just an (oo, 1)-category, enriched over 1-Cat: we upgrade the
spaces of morphisms to (oo, 1)-categories.

2.2.  So, for us the datum of an (o0, 2)-category S is that of a simplicial (o0, 1)-
category that we denote Seq,(S) (here “Seq” stands for sequences).

Namely, the (oo, 1)-category Seq,(S) is actually a space, formed by objects of
S. Le., it is the same as one of the underlying (oo, 1)-category S'-“2t obtained by
discarding non-invertible 1-morphisms in S.

The (o0, 1)-category Seq;(S) has as objects 1-morphisms in S. Again, these
are the same as objects of Seq; (S'-2t).

However, whereas the latter is a space (i.e.., we only allow homotopies between
1-morphisms in S'-“#!)  in the case of Seq, (S), we have non-invertible morphisms.

Namely, morphisms between two objects sg 2 51 and s 3 s1 are 2-morphisms
a= [ in S.

The higher Seq,, (S) have as objects sequences
S0 > 81 > ... > 8p-1 > S

of objects of S, and as morphisms sequences of 2-morphisms

TN TR
S0 H S1--+ Sp—1 ﬂ Sn-
N N

2.3. Formally, we define the (o0, 1)-category of (oo,2)-categories 2-Cat to be a

full subcategory in 1-Cat® p, given by explicit conditions that are analogous to the
op

condition on an object of SpcA to be a complete Segal space.

In Chapter 10, Sect. 2.4 we introduce the main example of (co,2)-category:
this is the (o0,2)-category of (oo, 1)-categories, denoted 1- Cat.

The (o0, 2)-category 1-Cat plays the same role vis-a-vis 2-Cat as the (oo, 1)-
category Spc vis-a-vis 1-Cat. In particular, it is the recipient of the 2-categorical
Yoneda functor, discussed below.
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2.4. The above definition (o0, 2)-categories is amenable to introducing the notion
of right-laz functor S -> T between two (oo, 2)-categories S to T. The idea of right-
lax functors is that they do not strictly preserve compositions of 1-morphisms, but
only do so up to (not necessarily invertible) 2-morphisms.

By definition, right-lax functors S -» T are functors (subject to a certain non-
degeneracy conditions) between the coCartesian fibrations

S¥ > A% and T - AP
corresponding to
Seq,(S) : A°? - 1-Cat and Seq,(T) : A°? —» 1-Cat,

respectively, see Chapter 10, Sect. 3.1.

2.5. Having defined right-lax functors, we can now define the (oo, 2)-category

Funct (S, T) ight-lax-
Namely, for a test (o0, 2)-category X, the space of maps
X - Funct(S, T)ight-1ax

is a certain full subspace in the space of right-lax functors X x S -» T, see Chapter
10, Sect. 3.2.7. Namely, we take those right-lax functors that:

e For every z € X the corresponding right-lax functor {z} xS — T is strict;

e For every s €S the corresponding right-lax functor X x {s} — T is strict;

e For every xg S 21 and s 5 s1, the 2-morphism in T, corresponding to
the composition

(a,id) (id,B)
(anSO) - (xlaSO) - (xlasl)

is invertible.

2.6. Having defined the (oo,2)-categories Funct(S, T)yight-1ax, We can define the
functor
(21) quair . 2_CatPair = SpCA"pr"p7
mentioned in Sect. [L3

Namely, given a pair (S, C), we let the space of (m, n)-simplices in Sqf’fiir(S, C)
be the subspace of the space of functors

[m] - FunCt([n]v S)right—lanxa

such that for every i € [n], the corresponding functor [m] — S factors through C.
2.7. We made the decision to leave some statements in Chapter 10 without proof.
The majority of the these have to do with the notion of Gray product. The most

important of them is the theorem that says that the functor (2.1) is fully faithful.
The missing proofs will be supplied elsewhere.

3. The rest of the Appendix

3.1. We start Chapter 11 by upgrading the structure of (oo, 1)-category on the
totality of (oo,2)-categories to that of (oo,2)-category. We denote the latter by
2-Cat, so that

(2-Cat)'©* = 2_Cat.
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3.2. In Chapter 11, Sect. 2, we introduce the notions of what it means for a
functor T — S to be a 1-Cartesian and 2-Cartesian fibration. Both of these notions
are obtained by imposing certain conditions (as opposed to additional pieces of
structure).

The main result of Chapter 11 is the straightening/unstraightening theorem.
It says that the (oo,2)-category of 2-Cartesian (resp., 1-Cartesian) fibrations over
S (with 1-morphisms being functors preserving Cartesian arrows) is equivalent to
(o0, 2)-category of functors

S'°P . 2_Cat (resp., S'°P - 1-Cat).

3.3. Having at our disposal the straightening theorem, starting from the (oo0,2)-
category
Funct( [1], S)right—laxa
projecting to SxS (by evaluation on the two ends of [1]), we obtain the 2-categorical
Yoneda functor
S < Funct(S' P, 1- Cat)

that we prove to be a fully faithful embedding.

3.4. Having developed the basics of (o0, 2)-categories, in Chapter 12 we finally ad-
dress the construction of functors obtained by passing to adjoints along 1-morphisms,
mentioned in Sect.

The main construction of Chapter 12 is given in Sects. 2.2 and 2.3. Namely,
given an (oo, 2)-category S, we explicitly describe another (oo, 2)-category, denoted
S%, equipped with a functor

S - sf,
which is universal with respect to the property of being left adjointable.

The construction of ST is given in terms of the functor Sq, 4, mentioned in
Sect. and its left adjoint, denoted £9.

Having this explicit description of S allows to to establish the desired equiv-
alence (|1.2]).






CHAPTER 10

Basics of 2-Categories

Introduction

0.1. What are (oo, 2)-categories? There are multiple definitions of (oo, 2)-categories.
In this Chapter we adopt the one that mimics the approach to (oo, 1)-categories
via complete Segal spaces. Let us first recall the latter.

0.1.1. Given an (oo, 1)-category C, we attach to it the simplicial space, denoted
Seq, (C), whose space Seq,, (C) of n-simplices is the space of n-fold compositions
in C, i.e.,
Seqn(c) = Mapsl—Cat([n]a C)a
where [n] is the category 0 > 1 —> ... > n.
It turns out that the functor
Seq, : 1-Cat — SpcAop
is fully faithful, and one can explicitly (and concisely) describe its essential image:
it consists of complete Segal spaces, see Sect. for the definition.

0.1.2. We define (o0, 2)-categories by a similar procedure: we let the datum of an
(00,2)-category S to be a simplicial (oo, 1)-category Seq,(S), subject to conditions
analogous to those that single out complete Segal spaces among simplicial spaces.

Thus, we obtain an (oo, 1)-category 2-Cat, which is a full subcategory in
SpcAOp.

0.1.3.  The idea of Seq,(S) is the following. For n =0, the (o0, 1)-category Seqq(S)
is the space of objects in S, denoted SSP°.

For n =1, the category Seq; (S) has as objects 1-morphisms « : sg - s1. Now,

morphisms in Seq, (S) are diagrams

(01) S0 - . S1

L ——
where the vertical arrows are isomorphisms (indeed, they must be such, because
each column in the above diagram must restrict to a morphism in Seq,(S)).

Thus, Seq, (S) splits as a disjoint union according to mo(Seqy(S)) xmo(Seqy(S)).
For fixed (sg,s1) € Seqy(S) x Seqqy(S), the category

Seq; (S) {(s0,51)}

X
Seq (S)xSeqq(S)

427
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has as morphisms diagrams

So S1.

/ﬂ\
V7
0.1.4. We note that this approach is morally close to the ‘enriched ideology’ (al-
though we do not attempt to pursue the latter): for each sg,s1 € SSP¢ we upgrade
the space

Mapsg(so, 51)
(which records the structure of the (oo, 1)-category underlying S) to an (oo, 1)-
category

Mapsg(so, 51),

{(s0,81)}. Le.,

the latter being Seq, (S X
& ql( )Squ(S)xSeqo(S)

S
Mapsg (0, 51) = (Mapsg(sg,51))°"° .
0.1.5. Having defined (o0, 2)-categories, we can now explain the main example of
one such: the (o0, 2)-category of (oo, 1)-categories, denoted 1-Cat, so that

(1-Cat)'"“** = 1-Cat.

Here is its definition: the corresponding (oo, 1)-category Seq, (1-Cat) has as
objects Cartesian fibrations over [n]°P.

Morphisms in this (oo, 1)-category are functors over [n]°P (that do not neces-
sarily take Cartesian edges to Cartesian edges) but ones that induce an equivalence
over each i € [n].

0.2. What if did not insist that the vertical arrows be isomorphisms?
0.2.1. Having defined (o0, 2)-categories, it is natural to ask the following question.
Let us attach to an (oo, 2)-category S another simplicial category (denote it by
SeqS**(S)), as follows:

We let SeqS*(S) be the (oo,1)-category S'-C2* underlying S (i.e., S'-8¢ is
obtained from S by removing non-invertible 2-morphisms). Recall, by contrast,
that Seq,(S) was the space SSPe.

The category Seq**(S) will still have as objects 1-morphisms sq — s;. But mor-
phisms in Seq7**(S) will be diagrams (01), where we allow arbitrary 1-morphisms
along the vertical edges (i.e., we no longer require that these 1-morphisms be iso-
morphisms).

0.2.2. The above construction indeed defines a functor
SeqS*t : 2-Cat — 1-Cat®™",

and this functor also happens to be fully faithful (this is one of the results that are
left unproved in this book).

Thus, the (oo, 1)-category 2-Cat admits two different realizations as a full
subcategory in 1-Cat®
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0.2.3.  Of course, it is nice to know that the functor Seq®™" is fully faithful. But
do we actually need this in order to develop the theory?

The answer is ‘yes’, and that is mainly for the following reason: we will use the

SeqS™* realization of 2-Cat in order to talk about adjunctions.

In more detail, for any (oo, 2)-category T, it makes sense to ask whether a given
1-morphism ¢y — t; admits a left or right adjoint. Now, let

F:S-T

be a functor, such that for every 1-morphism sq 5 1, the corresponding 1-morphism
F(a)
F(so) — F(s1)
admits a left (resp., right) adjoint.

Then it is natural to expect that in this case, we will be able to canonically
construct a functor

FL . Sl&Q—op T or FR . Sl&2—op ST

(here S™%°P is the (o0, 2)-category obtained from S by inverting 1- and 2-morphisms),
which is the same as F' at the level of objects, and at the level of 1-morphisms re-
places each F(«) by its left (resp., right) adjoint.

ext
L

Such a construction is indeed possible, and the functor Seq, " will be the main
tool for carrying it out.

0.2.4. Finally, one can ask the following question: if Seq®™" is so good, why do we

not use that instead of Seq, in the definition of (oo, 2)-categories?

The answer is that we need the Seq,-realization in order to define the notion
of laz functor between (oo, 2)-categories, see Sect. below.

ext
L ]

So, to summarize, we need both realizations Seq, and Seq

0.3. What else is done in this chapter?
0.3.1. In Sect.[I] we recall the realization of 1-Cat via complete Segal spaces, and
in Sect. [2| we introduce (o0,2)-categories according to the recipe explained above.

Skipping Sect. |3| for a second, in Sect. [4f we explain the approach to (oo,2)-

categories via the functor SeqS™*, and in Sect. [5| we describe its essential image
(rather, that of its variant Sq?ilr).
In Sect. |§|We upgrade the (oo, 1)-category 2-Cat to an (oo, 2)-category 2- Cat.

0.3.2. Let us now return to Sect. Bl In this section we introduce the notion of
right-laz functor between (oo,2)-categories. Morally, a right-lax functor

F:S->T
is the same as a functor, with the difference that it only respects composition up
to a not necessarily invertible 2-morphism.
Le., for a string
a B
S0 = 81 = 82
in S, we are supposed to be given a 2-morphism in T

F(B) e F(a) > F(Boa).
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0.3.3.  Formally, the definition is given as follows. Let S# and T¢ be the coCarte-
sian fibrations over A°P, corresponding to the functors

Seqo(S)7 Seq-(T) : Aop g l-Cat,
respectively.

A genuine (i.e., strict) functor S - T is the same as a functor S¥ — T¢ over
A°P that takes coCartesian edges to coCartesian edges.

A right-lax functor S -» T is, by definition, a functor Sf > T9 over A°P that
takes coCartesian edges that lie over idle arrows in A°P to coCartesian edges (we
refer the reader to Sect. where the notion of idle arrow in A°P is defined).

0.3.4. The notion of right-lax functor allows us to introduce the notion of Gray
product of (oo,2)-categories. Given, S, T € 2-Cat, their Gray product, denoted

SeT
is a (o0, 2)-category, equipped with a right-laz functor
SxT->SeT,
universal with respect to the following property:

For a pair of 1-morphisms

So gsl and to ith

the diagram

(id, %)
(807 tO) I (SOa tl)

(dnid)l l(d),id)
(id,¥)
(s1,t0) — (s1,t1)
in S® T no longer commutes, but only does so up to a non-invertible 2-morphism

(s0,t0) — (s0,t1)

(SlvtO) - (slatl)'

0.3.5. The Gray product produces something non-trivial even if S=T and T = J
are (oo, 1)-categories. Consider the simplest example of I =J = [1]. In this case,
the (o0, 2)-category

[1e[1]=[1,1]
can be depicted as
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0.3.6. The notion of Gray product allows to introduce the notion of right-laz nat-
ural transformation between functors. In general, for S,T € 2-Cat, we introduce
the (o0, 2)-category
Funct (S7 IT)right—lax
(of genuine functors, but where we allow right-lax natural transformations) by
Mapsy_cas (X, Funct(S, T)ight-lax) = Maps,_ o, (X ® S, T).

The (o0, 2)-category contains as a 1-full subcategory the usual (oo, 2)-category
of functors, denoted Funct(S, T), and defined by

MapSQ—Cat(Xa FunCt(S7 T)) = MapsZ—Cat (X X S7 T)

0.3.7. For example, we have:

SquXt (S) = Funct ( [n] ) T)right-lax .

0.4. Status of the assertions.

0.4.1. Unfortunately, the existing literature on (oo, 2)-categories does not contain
the proofs of all the statements that we need. We decided to leave some of the
statements unproved, and supply the corresponding proofs elsewhere (including
the proofs here would have altered the order of the exposition, and would have
come at the expense of clarity).

0.4.2. Here is the list of the unproved statements:

Proposition says that the formation of Gray product commutes with col-
imits in each variable.

Proposition 3.2.9] asserts the associativity of the Gray product.

Theorems Theorem Theorem [£.6.3] and Theorem are all gen-

eralizations of the assertion that the functor Seq®™" (or, rather, its variant Sqfiir)
is fully faithful with specified essential image.

Proposition [4.5.4] gives an explicit description of the Gray product in terms of
Pair

the functor Sq, "
It is quite possible that references for (some of) the above statements do exist,
and we would be grateful if the reader could point them out to us.
1. Recollections: (o0, 1)-categories via complete Segal spaces

As a warm-up to the definition of (oo,2)-categories, in this section we will recall
the description of (oo, 1)-categories as complete Segal spaces.

In the case of (oo,2)-categories, we will follow the same route, but with its
inherent complications.

1.1. The category A. Let us recall the following from Chapter 1:

1.1.1. For an integer n we let [n] denote the ordinary 1l-category symbolically
represented as

0->1—->..-n.
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1.1.2. We let A be the (ordinary) category, whose objects are [n] for n € N and
whose morphisms are functors [n;] > [n2].

By constrution, A comes equipped with a fully faithful functor to 1-Cat.

1.1.3. The category A carries a canonical involution, denoted rev. It acts as
identity on objects, and on morphisms it is defined via the commutative diagrams

(] % [ny)

| |

o @ o
[n]? —— [n2]P,
where the vertical arrows are the canonical equivalences

[n] = [n]°P, i n-—i

1.2. (Complete) Segal spaces.

1.2.1.  Consider the (oo, 1)-category of simplicial spaces, i.e., SpcAop. Let us recall
that an object

B, eSpc®”
is said to be a Segal space if the following condition is satisfied:

For any n = nj + no, the natural map

B~ Eny % Eny,

0

is an isomorphism in Spc.
In the above formula, the maps E,, - Ey < E,, are given by
0€[0] = ng e[n1] and 0 € [0] » 0 € [na],
respectively.

1.2.2. Let s,t: Fy - Eg be the “source” and “target” maps. A point « € Fj is
said to be invertible if there exists a point

ekl t
6 1 onEo ( (a)vs(a))’
satisfying the following condition:
Note that from the isomorphism F, ~ F; ];5 Fy and the “composition” map

0
Fy — E;, we obtain two points ao 8 and 8o« of F;. Our condition is that both
these points be in the essential image of the degeneracy map Fy — Ej.

It is easy to see that invertibility is a condition on the connected component of
E; that a given point belongs to. Let (E;)™ " c E; be the full subspace consisting
of invertible arrows.

1.2.3: Recall that a Segal space E, is said to be complete if the above map Eg —
(Ey)™ e is an isomorphism in Spe.

1.3. The functor Seq,. The idea of the functor Seq, is very simple: we want to
record the datum of an co-category by keeping track of spaces of n-fold composi-
tions, for every n, along with its simplicial structure as we vary n.
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1.3.1.  We construct the functor of (oo, 1)-categories
Seq, : 1-Cat — SpcAop
by sending C € 1-Cat to the simplicial space, whose n-simplices is the space

Maps; _ca([n], C)
of functors [n] — C.

1.3.2. The functor Seq, admits a left adjoint, denoted £. Tautologically, £ is
the left-Kan extension along the Yoneda embedding A — Spc® " of the functor
tautological functor

A - 1-Cat,
i.e., the functor that sends an ordered finite set to itself, viewed as an ordinary
category.

1.3.3. 'We now quote the following fundamental fact (|[Rezk1, JT]):

THEOREM 1.3.4. The above functor Seq, is fully faithful. Its essential image
is the full subcategory of Spc™ " that consists of complete Segal spaces.

1.3.5. The category 1-Cat carries a natural involution, denoted
C+— CP,

It is uniquely characterized by the property that the the functor Seq, inter-
twines this involution with one on Spc® l , induced by the functor rev: A - A.

1.4. Properties of categories and functors in terms of Seq,. In this subsec-
tion we will show how to translate various properties of co-categories (such as the
property of being ordinary) or functors (such as the property of being fully faithful)
into properties of the corresponding simplicial space.

1.4.1. TFirst, let us observe that an (oo, 1)-category C is ordinary if for any cg,c; €
Seqq(c), the space

Seq, (C) {(co,e1)},

X
Seqg(c)xSeqq(c)

is discrete.

Recall that
1-Catorgn € 1-Cat

denotes the full subcategory that consists of ordinary categories, and that the above
inclusion admits a left adjoint, denoted

C - Cordn.

Sometimes, C°*% is called the homotopy category of C, and is denoted Ho(C).
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1.4.2. We have a fully faithful inclusion
Spc = 1-Cat.

Namely, C € 1-Cat is a space if and only if Seq,(C) is degenerate, i.e., the
degeneracy map Seq,(C) — Seq,,(C) is an isomorphism for every n. Note that
given the Segal condition, it is enough to check this for n = 1.

The inclusion Spc < 1-Cat admits a right adjoint, given by
C - C°.

‘We have
Seq,, (C5P¢) ~ Seqy(C), Vn.

1.4.3. It follows from the definitions that a functor between (oo, 1)-categories F :
C — D is fully faithful if and only if the corresponding map of spaces

(1.1) Seq; (C) — Seq, (D) (Seqp(C) x Seqq(C))

X
Seqq(D)xSeqq (D)
is an isomorphism (in Spc).

Note that if C and D are both spaces, then F' is fully faithful if and only if it is
a monomorphism, i.e., the inclusion of a union of connected components. Indeed,
the above condition is equivalent to

S C)-S C S C
e%( ) e%( )Seq:(D) er( )

being an isomorphism.

1.4.4. Recall that notion of a functor being I-fully faithful, see Chapter 1, Sect.
1.2.4 (for a functor between ordinary categories ’1-fully faithful’ is what is usually
called ‘faithful’).

It is easy to see that F': C — D is 1-fully faithful if and only if the map (1.1))
is a monomorphism.

1.4.5. Recall also the notion of a 1-replete functor, see Chapter 1, Sect. 1.2.5. It
is not difficult to see that this is equivalent to the condition that the functor

Seq; (C) — Seq; (D)

should be fully faithful.

1.5. The (o0,1)-category 1-Cat. In this subsection we will describe the object

Seq, (1-Cat) € 1-Cat®™ .
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1.5.1.  For an (oo, 1)-category I, recall that
coCarty c 1-Cat g
denotes the full subcategory consisting of coCartesian fibrations.

Recall that
(coCart)strict © coCart g

denotes the 1-full subcategory with the same objects, but where 1-morphisms are
functors that send arrows that are coCartesian over I to arrows that are coCartesian
over I.

Recall also that we denote by
0-coCarty ¢ coCart g
the full subcategory consisting of coCartesian fibrations in spaces.

The above notation carries over mutatis mutandis to the case of Cartesian
fibrations.

1.5.2. By definition,
Seq, (1-Cat) ~ Maps; ¢, ([¢], 1-Cat).
Applying Chapter 1, Sect. 1.4.2, we obtain that
Seq, (1-Cat) ~ (coCart/[.])Spc.

Under this identification, the full subcategory Spc c 1-Cat corresponds to
(O—COCaI‘t/[.])SpC C (COC&I‘t/[.])SpC.

1.6. Unstraightening.
1.6.1. The incarnation of (oo, 1)-categories as complete Segal spaces gives an ex-
plicit description of the unstraightening functor
Maps; _qqt (C, 1-Cat) — (coCart/c)SpC.
Let us be given a functor F': C — 1-Cat. Let us describe the complete Segal
space of the corresponding coCartesian fibration C — C.

1.6.2. For each n consider the category
([n] x [n])> e,
equippecﬂ with the projection on the second coordinate
([n] % [n])> 9™ = [n].
This is a coCartesian fibration of ordinary categories, and consider the correspond-

ing functor
tn:[n] = 1-Cat.

1.6.3. Now, the space Seqn(é) is described as follows: it is the space of pairs
consisting of a functor

[n] > C,
and a natural transformation from ¢, to the composite functor

[n] > C 5 1-Cat.

IThis is the full subcategory of [n] x [n] consisting of objects (i,7) with i < j.
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2. The notion of (oo, 2)-category

In this section we give the definition of an (oo, 2)-category. In doing so, we will
follow C. Barwick in approaching (oo, 2)-categories via complete Segal spaces.

Namely, the datum of an (oo, 2)-category will consist of an assignment for
every n of the (oo, 1)-category whose objects are n-fold compositions, and whose
morphisms are strings of 2-morphisms.

2.1. Definition of the (o0, 1)-category of (oo, 2)-categories. In this subsection
we introduce the (oo, 1)-category of (oo, 2)-categories, to be denoted 2-Cat.

2.1.1. We define 2-Cat as a full subcategory of 1 —CatAop7 defined by the following
three conditions:

Condidtion 0: We require that Eg € 1-Cat be a space.

Condidtion 1: We require that for any n = ny +no, the map (i.e., functor between
(o0, 1)-categories)

E,-E,, é<0 E,,
be an isomorphism in 1-Cat (i.e., an equivalence of (oo, 1)-categories).

To formulate Condition 2 we note that given Qondition 1, the ordjnary category
(E1)°™" contains a 1-full subcategory ((E;)°rd®)invert, We let (E;)™V°' to be the
corresponding 1-full subcategory of Eq.

It is easy to see that the degeneracy functor Eq — E; (automatically, uniquely)
factors as Eg — (E)™vert.

Condidtion 2. We require that the above map (i.e., a functor of (oo, 1)-categories)
EO N (El)invert
be an isomorphism in 1-Cat (i.e., be an equivalence of (oo, 1)-categories).

REMARK 2.1.2. One can show that, given Conditions 0 and 1, the (oo, 1)-
category (E;)™vet is actually a space. In fact, Conditions 1 and 2 imply that
(E.)®P¢ is a Segal space and the natural map ((E;)SP¢)mvert — (E;)nvert is an
isomorphism (of spaces).

From here one deduces that Condition 2 can be replaced by a seemingly weaker
condition:

Condition 2’: We require that the Segal space (E,)P¢ be complete.

2.1.3. We will denote the tautological fully faithful embedding
2-Cat - 1-Cat®”"
by Seq,-

2.1.4. Note that the category 2-Cat has limits, and the functor Seq, commutes
with limits. Indeed, it suffices to observe that Conditions 0, 1 and 2 above are all
stable under taking limits in 1-Cat®d™.

For future reference we record:

LEMMA 2.1.5. The category 2-Cat is presentable (in particular, contains col-
imits).
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2.1.6. The category 2-Cat carries a pair of mutually commuting involutions, de-
noted

S+ S and S - S*°P,
respectively.
The involution S ~ S!"°P is uniquely characterized by the property that the

functor Seq, intertwines it with the involution on 1—CatAop, induced by the invo-
lution rev: A — A.

The involution S ~ S?°P is uniquely characterized by the property that the
functor Seq, intertwines it with the involution on 1-Cat® p, induced by the invo-
lution

1-Cat - 1-Cat, Cw~ C°P.

In what follows, we shall denote by

S Sl&2-op ~ SQ&l—op
the composition of the above two involutions.

2.2. Basic properties of (oo,2)-categories. Since (oo,2)-categories were de-
fined via simplicial (oo, 1)-categories, their properties (such as being ordinary) are
expressed in such terms.

2.2.1. We have a fully faithful embedding
(2.1) 1-Cat — 2-Cat
that makes the diagram

Seq,
1-Cat — 2=, Spc

(2.2) 1 l

Se op
2-Cat —2, 1-Cat®

A°P

commute.
2.2.2. The embedding (2.1) admits a right adjoint, to be denoted
S . Sl —Cat.

This right adjoint can be characterized by the fact that the natural transfor-
mation in the diagram
Seq, o
1-Cat ——= Spc® ’
S-St -Cat] IE’H(E')SPC

Seq, o
2-Cat — 2, 1_-Cat?® p,
obtained by passing to right adjoints along the vertical arrows in (2.2)), is an iso-
morphism.

We denote
SSPC = (Sl —Cat)Spc.
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2.2.3. We shall say that an (oo,2)-category S is ordinary if the (oo, 1)-category
Seq; (S) is ordinary.

Let 2-Catorgn denote the full subcategory of 2-Cat consisting of ordinary 2-
categories. It is easy to see that 2-Cat,.qy identifies with the category of ordinary
(a.k.a., usual, classical) 2-categories.

REMARK 2.2.4. We always work up to coherent homotopy and what we call an
ordinary 2-category is what is often called a ‘bicategory’ in the literature.

2.2.5. The embedding
2-Catoran = 2-Cat
admits a left adjoint, to be denoted

S Sordn.

It is not difficult to see that this left adjoint is given by sending the corresponding
E, ¢ 1-Cat®” to the ordinary simplicial category (E,)°"®.

REMARK 2.2.6. Note, however, that the diagram
1-Cat —— 1-Catoran

l |

2-Cat ——— 2-Catoran

does not commute.

Le., an (o0,2)-category may be ordinary, only have invertible 2-morphisms,
thus being an (oo, 1)-category, but not an ordinary category.

2.2.7. In what follows we shall refer to points of Seq,(S) as objects of S. For
s',s" €S, we consider the category

Seq; (S) {s"xs"}.

X
Sed (8)xSeqy (S)

We shall refer to it as the category of morphisms from s’ to s” and denote it
by Mapsg(s’, s”).

We shall use the notation Mapsg(s', s”) for

Mapsg(s’,s”)5P¢ « Mapsgi-ca: (s, 5”).

2.2.8. 1If s',s" are objects of S, we have

Mapsgz-oran (s, 5”) =~ (Mapsg(s’, s™)) .

2.3. Properties of functors between (oo,2)-categories.
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2.3.1. Let F:S — T be a functor between (oo, 2)-categories. We shall say that is
fully faithful if the resulting functor if (oo, 1)-categories

2.3 Seq; (S) = Seq, (T X Seqn(S) x Seqny (S
(23) () > Seay(T) | e (Seay(S) x Seay (S)

is an equivalence.

Equivalently, this means that for every s’,s” €S, the functor
(2.4) Mapsg(s',s") > Mapsy(F(s'), F(s"))
is an equivalence.

2.3.2.  We shall say that F is I-fully faithful if the functor (2.3)) is fully faithful.
Equivalently, this means the functor ([2.4) is fully faithful for any s’, s” €S.

2.3.3. We shall say that F'is I-replete if the functor
Seq; (S) — Seq; (T)
is fully faithful.

A functor which is 1-replete is an equivalence onto what we call a 1-full subcat-
egory. For an (o0, 2)-category S, its 1-full subcategories are in bijection with those
in S°'" and also with those of S'-€2t.

2.3.4. We shall say that a functor F' is 2-fully faithful if the functor (2.3)) is 1-fully
faithful (equivalently, if the functor (2.4)) is 1-fully faithful for any s’,s"” €S).

2.3.5.  We shall say that F is 2-replete if the functor (2.3)) is 1-replete (equivalently,
if the functor (2.4) is 1-replete for any s’,s"” €S).

2.3.6. A functor which is 2-replete is an equivalence onto what we call a 2-full
subcategory.

For an (o0, 2)-category S, its 2-full subcategories are in bijection with those in
Serdn | Fach such is determined by a subset of mo(Seq, (S)), closed under composi-
tions.

2.4. The (o0,2)-category 1-Cat. The main example of an (oo,2)-category is
the (o0, 2)-category of (oo, 1)-categories, denoted 1-Cat. In this subsection we
define what it is.

2.4.1. We introduce the (oo, 2)-category 1-Cat as follows. We let Seq,,(1- Cat)
be the 1-full subcategory of Cart [, or, where we restrict 1-morphisms to functors
that induce an equivalence over each i € [n].

The assignment
n — Seq,,(1-Cat)

clearly defines an object of 1-Cat®™.

PROPOSITION 2.4.2.
(a) The above object Seq,(1-Cat) lies in the essential image of the functor

Seq, : 2-Cat — 1-Cat?d™ .
(b) The resulting object 1-Cat € 2-Cat is equipped with a canonical identification
(1-Cat)'©* ~ 1-Cat.
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PRrROOF. First, we note that by construction, the (oo, 1)-category Seq,(1- Cat)
tautologically identifies with (1-Cat)>P¢. Similarly, we have a canonical identifica-
tion

Seq,(1-Cat) := Maps([e],1-Cat) ~ (Cart/[.]o;,)sl’c = (Seq, (1- Cat))5Pc,
where the second isomorphism is given by Chapter 1, Sect. 1.4.5.

It remains to show that the simplicial category Seq, (1- Cat) satisfies the Segal
condition. Indeed, this follows from the fact that for n = ny + ng, the functor

Cart/[n]op — Cart/[nl]op 1-éat Cart/[nz]OP

is an equivalence.

2.4.3. We also have:
COROLLARY 2.4.4. For S, T € 1-Cat, there is a canonical equivalence
Maps; _ g (S, T) ~ Funct(S, T).

PRrROOF. It suffices to show that for each [n] € AP, there is a natural equiva-
lence

Maps([n], Funct(S, T)) ~ Maps([n], Cart ;o x {(S,T)}).

1-Cat x1-Cat

Tautologically, we have

Maps([n], Funct(S,T)) ~ Maps (Sx[n],Tx[n])

coCart [,

~ Maps([1], coCart [,,]) x (S x [n], T x [n]).

coCart,[,] x coCart[n]
By Chapter 12, Proposition 2.1.3, the latter is naturally equivalent to

Maps([n],Cart/[l]op) (S, T)

X
Maps([n],1-Cat)xMaps([n],1-Cat)

1 —Catil—Cat{(S’ T)}),
as desired. O

~ Maps([n], Cart [1]e»

REMARK 2.4.5. Suppose in the above definition of 1- Cat, we replace Cart [, op
by coCart,]. (Note that the underlying simplicial spaces are both identified with
Maps([e],1-Cat).)

The latter simplicial category also lies in the essential image of the functor
Seq., and the resulting (oo, 2)-category identifies with (1- Cat)?P.

2.5. The (o0,2)-category of functors. So far, we have defined on the totality
of (o0,2)-categories a structure of (oo, 1)-category. In particular, for S, T we have
a well-defined space

MapsQ -Cat (S7 T) .

We claim, however, that the above space lifts, in a natural way to an object of
2-Cat.
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2.5.1. 'We have the following basic result:
THEOREM 2.5.2 (|[Rezk2, BarS]). For S,T € 2-Cat, the functor
X > Maps,_cn (X xS, T)
is representable.

Note that Theorem [2.5.2] is not at all tautological. By the Adjoint Functor
Theorem, it is equivalent to the following one:

THEOREM 2.5.3. The functor
2-Cat x2-Cat - 2-Cat, S,T—~SxT

commutes with colimits in each variable.

2.5.4. In what follows we shall denote the object representing the functor in The-

orem by
Funct(S, T) € 2-Cat .

Note that by definition
(Funct(S, T))Spc = MapsQ—Cat (S7 T)

2.6. (o0,2)-categories via bi-simplicial spaces.
2.6.1. The category 1-Cat® * admits a fully faithful embedding into
(Spe™ ™) A = Spet AT,

given by (Seq,)Aop, i.e., apply the functor Seq, : 1-Cat — SpCAop simplex-wise.

Hence, we obtain a fully faithful embedding
(2.5) Sdee = (Seq.)2” o Seq, : 2-Cat®” — Spc™*A™,
2.6.2. For a pair of integers m,n > 0, consider the functor Sqy,,. Since this

functor commutes with limits, it is co-representable. We let [m,n]~ € 2-Cat denote
the co-representing object.

It is easy to see that [0,n]” ~ [n] and [m, 0]~ ~ *. Note that Segal condition
implies that the natural maps

(2.6) [m,n1]” U [m,n2]” = [m,n1 +na]”
and
(2.7) [my,n]” [li] [ma,n]™ = [mq +ma,n]”

are isomorphisms. Pictorially, one could think of [m,n]~ as the diagram
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2.6.3. The material in the rest of this subsection is included for the sake of com-
pleteness.

Note that we have the following explicit description of the ordinary 2-category

([m,n]7)ore.

Its objects are integers 0,...,n. For 0 < 4,5 < n, the 1-category of morphisms
1 — j is described as follows:

(a) It is empty if i > j;
(b) Tt is {*} if i = j;
(c) For i < j it is the poset of sequences
(fisiv1s o fim1,5) €40,...,m}

The order relation is

(fisivts oo fi-15) S (Flisns o fjo1y) < Vi<k<j—1, frre1 € frpor-

2.6.4. We have the following result:

THEOREM 2.6.5 ([BarS|, Lemma 12.5]). For any (m,n), the tautological functor

[m,n]” ~ ([m,n]")" "

is an equivalence.

In other words, this theorem says that for every m,n the object of 2-Cat,
co-representing the functor

S Sq:n,n(S) = SeQm(Seqn(S))? 2-Cat — SpC

is an ordinary 2-category.

3. Lax functors and the Gray product

One of the key new features of (o0, 2)-categories, as compared to (oo, 1)-categories,
is the notion of right-lax (or left-lax) functor. We will introduce these notions in
the present section.

3.1. Lax functors. The idea of a lax functor is that the composition of 1-morphisms
does not have to go to the composition, but rather be connected to it by a (not
necessarily invertible) 2-morphism.

3.1.1. Let S be an (o0, 2)-category, thought of as a functor A% — 1-Cat. Let S¥
be the total space of the corresponding coCartesian fibration over A°P.

By definition, a functor between a pair of (oo,2)-categories S and T is a functor
s > T¢

that sends coCartesian arrows to coCartesian arrows.
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3.1.2.  We give the following definitions: a map
a:[m] - [n]

is said to be:

e active if «(0) =0 and a(m) =n.

e idle if for all 0 < j < n for which there exist 0 < 1,45 < m with a(i;) <j <
a(iz), there exists 0 <4 < m such that «(i) = j;

e inert if for all 0 < j < n for which there exist 0 < i1,i < m with a(i;) <j <
a(iz), there exists a unique 0 <7 < m such that a(i) = j;

In other words, an inert map sends ¢ — ¢ + k for some 0 < k <n—m.
3.1.3. We define a non-unital right-lax functor from S to T to be a functor
st - 1f
which takes coCartesian edges over inert morphisms of A to coCartesian edges.
We define a right-laz functor from S to T to be a functor
sf -1
which takes coCartesian edges over idle morphisms of A to coCartesian edges.

We define a non-unital left-lax functor (resp., left-lax functor) from S to T to
be a non-unital right-lax functor (resp., right-lax functor) from S?=°P to T2P,

REMARK 3.1.4. At the level of ordinary 2-categories, the notion of ‘non-unital
right-lax functor’ differs from what is called a lax functor in the literature on or-
dinary 2-categories. In particular, unlike the classical notion, the notion of a non-
unital right-lax functor is invariant with respect to equivalence of 2-categories.

On the other hand, the notion of ‘right-lax functor’, at the level of ordinary 2-
categories, agrees with what is usually called a ‘normal lax functor’ in the literature
on ordinary 2-categories.

3.1.5. In what follows, given a pair of (oo0,2)-categories S and T we shall symbol-
ically denote right-lax and left-lax functors from S to T by
S->T,

to distinguish them from actual (i.e., strict) functors, which we denote by S — T.

3.1.6. Let F':S->T be a right-lax functor. Then, for a string of objects sq 4 S1 4
s2 in S, we are given a (not necessarily invertible) 2-morphism

(3.1) F()o F(¢) = F(io¢),
i.e., a l-morphism in Maps;(F(sg), F(s2)).

For a left-lax functor, we have a map in the opposite direction: F (1) o ¢) —

F(i) o F(¢).
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3.1.7. We can introduce 1-full subcategories

2-Cat - 2‘Catright—lax ing 2‘Catright—lax

non-untl

of the full subcategory of 1-Cat®”™ formed by coCartesian fibrations, by imposing
increasingly weaker conditions on 1-morphisms.

Thus, for a pair of objects S, T € 2-Cat we have the well-defined spaces
(Sv T) c Maps2 -Cat (S7 T)

non-untl

Maps2-Cat(Sa T)c Mapss_cat

right-lax right-lax

All of the above categories contain limits, and the above embeddings commute
with limits.

3.2. The Gray tensor product. The notion of right-lax functor allows one to
introduce the notion of Gray product of (o0, 2)-categories. Given (oo, 2)-categories

S and T, the Gray product S®T has the same objects as SxT. However, for sg L4 $1

and tg i t1, the diagram

(id,%)
(s0,t0) — (s0,t1)

(aﬁ,id)l l(@id)

(id,%)
(s1,t0) — (s1,t1)

will no longer commute, but will do so up to a non-invertible 2-morphism.

The formation of the Gray product will allow us to talk about right-lax natural
transformation between functors.

3.2.1. For an n-tuple of (oo, 2)-categories S1,Ss, ..., S,, and another (oo, 2)-category
T, let

Mapsy_ 4 (S1 @ ... ® S, T) € Maps,_cpgright-tax (S1 x ... xS, T)
to be the subspace given by right-lax functors such that:

(1) For each ¢ and an object 3; € [TS;, the composite lax functor
i

id x§; F
Si - Sl X...XSn -»>T

is a strict functor.
(2) For any morphism
F=(fi): (s150080) = (81, 0s87,)

in§; x...xS, and 1 <k <n-1, the 2-morphism in T, corresponding to
splitting f as a composition (see (3.1))
(f1yeeorfrosid,eensid)
(313"',sk73k+1a"',sn) -

(id,...,id, frs1,e- fn
AN

4 4 ) ! ! 4 !
= (87, ery Shoy Sktly -vy Sn) (815 ey Shs Skr1s -5 S )

is an isomorphism.
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3.2.2. For example, if n =2 and F is an object of Maps,_c,.(S1 ® S2, T), for any

(f1.f2)
(SlaSQ) 1_)2 (8,178,2)

in S; x So, we obtain a 2-morphism in T
F(flvlds’z,) © F(id517f2) - F(f17f2) = F(lds’lva) oF(flvidSQ)'
3.2.3. Since the functor Maps, ,(S1 ® ... ® S,,,—) commutes with limits, it is

co-represented by an (oo, 2)-category, to be denoted S; ® ... ® S,,, and called the
Gray tensor product.

By definition, we have a tautological projection
S1©..8S, > Sy x...xS,,
and a canonically defined lax functor
S1x...xS,->$16..86S,,
such that the composition
Si1x..xS,->S$1®..8S, >S1 x...xS§,
is the identity functor.
3.2.4. Note also that by construction, we have a canonical identification

(3.2) (Sh®...®S1)? P = (S2P @ .. S2°P).

3.2.5.  We have the following basic fac‘ﬂ
PrOPOSITION 3.2.6. The functor
2-Cat x... x 2-Cat - 2-Cat, S1,...,S,»S$1®...88S,
commutes with colimits in each variable.
3.2.7. For a pair of (o0,2)-categories S and T, recall the (oo, 2)-category Funct(S, T).

We introduce its enlargement Funct(S, T)yight-1ax (Which has the same underlying
space, but more 1-morphisms) as follows:

We set
Mapsy_cas (X, Funct(S, T)vight-lax ) = Mapsy_ oo (XS, T),
where the representability is insured by Proposition [3.2.6

We call 1-morphisms in Funct(S,T)right_lax right-lax natural transformations.
By definition, given a right-lax natural transformation « : Fy -» Fs, for an object
s € S we have a 1-morphism

a(s): Fi(s) = Fs(s)

2We do not prove it, and we were not able to find a reference.
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in T, and for a I-morphism ¢ : s — s’, we have a 2-morphism
F
Fy ()~ By (o))
a(s) a(s’)

F: Fs(s").
Q(S)m 2(8)

Similarly, we introduce the (oo, 2)-category Funct(S, T)ieft-1ax-

3.2.8. For n =mnq +ns and an n-tuple of (oo, 2)-categories Sy, ...,S,, consider the
right-lax functor

St %o xSy 2 (S x . xSy ) X (Spys1 X oo X Sppy 4y ) ->
> (S1®...8S,,) X (Spy1+1 @ ... ® Sy 1ny) ->
>($19..8S,,)® (51,419 ... Sy, +n,)

It follows from the definitions that the above right-lax functor gives rise to a
functor

(33) $18©..8S,, ®S,,419 ... Sy 4n, > (S10...8S,,) @ (Sp,+1® ... ® Sy )-
We have the following propositiorﬁ
PROPOSITION 3.2.9. The functor (3.3) is an equivalence.

REMARK 3.2.10. It is easy to see that Proposition [3.2.9/implies that the Carte-
sian monoidal structure on 2-Cat induces a monoidal structure on 2-Cat, given by
the Gray product.

3.3. Cubical 2-categories.
3.3.1. For an integer k and a k-tuple nq,...,n; we let
[n1,...,n1] € 2-Cat
denote the (o0, 2)-category
[n1]®...® [ni].
3.3.2.  From Proposition [3:2.9 we obtain that for k = k; + k2, the natural functor
(1, csni] = [, nky ] @ [Ty 415 s Py ks |
is an equivalence.

3.3.3. In addition, from Proposition [3:2.6] we obtain that for 1 < i < k and n; =
n; +n!, the natural functor

(3.4)

I "
[nl,...,ni_l,ni,ni+1,...,nk] L [nl,...,ni_l,ni,n”l,...,nk] nd
[n1,.m4-1,0,m041,..,m ]

- [nla LS} ni—la nivni+17 oty nk]
is an equivalence, where we note that

[77,1, ...,ni_l,O,nHl, ,nk] - [77,1, ceey M1, MG 41, ...,nk].

3We do not prove it, and we were not able to find a reference.
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3.3.4. The following proposition is quoted for the sake of completenessﬁ
PROPOSITION 3.3.5. The (o0,2)-categories [ny,...,nx] are ordinary.
3.4. Squares. Our primary interest will be the (oo, 2)-categories [m,n].

3.4.1. We consider first the case m =n = 1. It follows from the definitions that for
S € 2-Cat, the space

(35) Maps2—Cat([1a 1]78)
identifies canonically with the space of diagrams

50,0 ———> 50,1

81,0 ———> S1,1-
In other words,

Maps, ¢, ([1,1],S) = (Sqa,z x Sqa,z) Sq- XS -

0,1 XPd0,1

Sqi]a

where both maps Sqg 5 = Sqg ; correspond to the unique active map [1] - [2].

REMARK 3.4.2. Using (3.4), for any m,n we can depict [m,n] by the diagram

/17
/1 7]
7
/

A4
vl

3.4.3. Recall the notation [m,n]”, see Sect.

Using the description of the space (3.5, we obtain that there is a canonical
identification

(3.6) [1,1] [1]3[1] (xu=)~[1,1]7,
where the two maps [1] — [1,1] are

(1] = [1,0] = [1,1],
corresponding to the two maps [0] = [1].

4We do not prove it, and we were not able to find a reference.
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Pictorially, [1,1]~, which is

is obtained from [1,1], which is

by collapsing the vertical edges.
3.4.4. We claim that

(3.7) [m,n] [m]ueu[m] (*U....ux)~[m,n]",

functorial in [m],[n] € A.

Indeed, unwinding the definitions, to specify a map — in (3.7), we need to
specify a functorial assigment for each [i],[j] € A and a pair of maps

(3-8) [i] = [m] x [n], [] = [m] x [n]
a point in Sq; ;([m,n]”).
The sought-for point is obtained from the tautological point of Sq; ;([7,7]7) by

composing with
([i]. (5] = ([m], [n]),
where the latter is obtained from (3.8)) by projection.

3.4.5. It follows from the construction, that the map (3.7)) canonically factors
through a map

(3.9) [m,n] u (*U....u*)=>[m,n]",

[m]u...u[m]
functorial in [m],[n] € A, where the n + 1 maps [m] - [m, n] are given by
[m] = [m, 0] - [m,n],
corresponding to the n + 1 maps [0] — [n].
PROPOSITION 3.4.6. The map (3.9) is an isomorphism.

Proor. Using (3.4) and (2.6)), we obtain that it is sufficient to consider the
cases when m and n are equal to 0 or 1.

When m or n are equal to 0, there is nothing to prove. The case of m=n =1
follows from the isomorphism ({3.6]).
|

3.4.7. Note that by applying Proposition [3.4.6] in the case n = 1, we obtain:

COROLLARY 3.4.8. For S € 2-Cat and sg,s1 € S, there exists a canonical iso-
morphism

Funct([1],S) ight-lax o {(s0,81)} ~ Mapsg(sg, 51)-
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4. (o0,2)-categories via squares

Recall that we originally realized 2-Cat as a full subcategory in 1-Cat®™ via
the functor Seq,.

In this subsection, we will discuss a different realization of 2-Cat as a full

subcategory in 1—CatA0p, this time via the functor that we denote SeqS*'.

Recall that for an (oo, 2)-category S, for n = 0, the (oo, 1)-category Seqq(S)
recorded the space S5P¢. For n = 1, (oo,1)-category Seq,(S) had as objects 1-
morphisms sy — $1 and as morphisms 2-morphisms, i.e., diagrams
/F
V7

The idea of Seqd™ is the following. The (oo, 1)-category Seqs*(S) will be
St-Cat . Now, for n = 1, the category Seq{*"(S) will have as objects 1-morphisms
so = s1 as before, but as morphisms diagrams

S0 S1.

S) —— > 81

I /
[EE——
S 7.

Le., Seq?™ (S) will be the (oo, 1)-category Funct([1],S)right 1ax-

4.1. The functor Sq,,. Before introducing the functor Seq®*", we introduce the

corresponding version, denoted Sq, ,, of the functor Sq ,. It will have the advantage
of respecting more symmetries of tyhe target category, i.e., SpcAopXAop.
4.1.1. Consider the functor
Sq, . : 2-Cat — SpcATTxAT
defined by
S~ ([m], [n] = Maps;_c,([m. n],S)).

4.1.2. This section is devoted to the discussion of the generalizations of the fol-
lowing fundamental resuhﬂ

THEOREM 4.1.3. The functor Sq, , is fully faithful.

4.1.4. Note from (3.9) and Proposition we obtain a natural transformation

Se.e > S e
such that for S € 2-Cat and any m,n, the corresponding map
(4.1) Sdq+(S) > Sa. . (S)

is a full embedding.

Indeed, if we denote F,o = Sq, ,(S), the essential image of (4.1)) is the full
subspace of E,, ,, consisting of points, for which for every [1] — [m] and [0] - [n],

5We do not prove it, and we were not able to find a reference.
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the corresponding point in F o is degenerate, i.e., lies in the essential image of
Eoo — Enp-

4.1.5. Let
E.’. s (E.y.)reﬂect

A°Px A°P

denote the involution on Spc , corresponding to swapping the two factors of

A°P,
It follows from (3.2]), that there is a canonical identification

Sda o (S7°P) = (Sq, 4 (8))<".

4.1.6. Let
Eeor (E.).)Vert-op and (E.,.)horiz—op

be the involutions on SpcAOPXAOp induced by the involution rev along the first and

second copy of A°P, respectively.

Let

E N (E )Vert&horiz—op
denote their composition.
It follows that we have a canonical identification

Sq.7.(S1&2—op) ~ (Sq.7.(S))Vert&horiz-op.

4.1.7. For m =0, we have a canonical identification

Sdg . (S) = Maps,_ca ([2],S) = (Seq,, (S))*<,

and similarly for n = 0, we have

Sqm,O(S) = MapSZ—Cat([m]vg) = (SQQm(S))Spcv

Note that (3.4) implies that for n = ny + no, and S € 2-Cat, the natural map

Sqm,n(S) g SQm,nl (S) Sq x ) Sqm,ng (S)
m,0

is an isomorphism and for m = m; + mo, the natural map

(4.2) Sy, n(S) = Sy, 1 (S) . xSy, n(S)
Sdo,, (S)

is an isomorphism.

4.2. The functor SeqS™".



4. (00,2)-CATEGORIES VIA SQUARES 451

4.2.1. The isomorphism (4.2)) implies that for a fixed n, the functor
2-Cat - Spc®”, S~ Sq, ,(S)

lands in the subcategory of Segal spaces. Moreover, it is easy to see that it actually
lands in the full subcategory of complete Segal spaces.

ext
L]

Hence, we obtain a well-defined functor, to be denoted Seq
2-Cat —» 1-Cat®”
so that
Sds. = (Seq, )" o Seqd*" .
In fact, by definition,
Seq™(S) =~ Funct([e],S)right-lax-

4.2.2. From Theorem [£.1.3] combined with Theorem [1.3.4] we obtain:
COROLLARY 4.2.3. The functor Seq™" is fully faithful.

4.2.4. Note that the functor SeqS™" is different from the functor Seq,. For example,
SquXt (S) ~ Sl —Cat7

whereas
Seq(S) = S5°¢.

Note that we have a natural transformation between the functors

ext

Seq, > Seq, ',
and for every S € 2-Cat and n € A, we have a replete embedding
Seq,, (S) = Seq**(S).

n

Indeed,
Seq,, (S) = Seq*(S) x (S5P¢ x .. x §5P°),

" St-Catx, . .x§1-Cat
4.3. The category of pairs. As we have seen above, to S € 2-Cat, and m,n we
can assign two spaces
Sq:nm c Sqm’n .
In this subsection, we will see that one can produce an entire array of inter-
mediate spaces, one for each 1-full subcategory C e S'-“?' with the same space of
objects.

4.3.1. Let 2-Cat™" be the following (oo, 1)-category. Its objects are pairs (S, C),
where S € 2-Cat, and C is a 1-full subcategory in S'"¢®* such that CSP° = S5pP¢,

For a pair of objects (S1,C1) and (Sa,Cs), the space of morphisms between
them consists of functors F' : S;1 - Ss, such that the induced functor C; - So
factors (automatically uniquely) via Ca.

The oo-categorical structure on 2-Cat??"
quirement that the forgetful functor

OblvSubcat : 2-Cat"™" - 2-Cat, (S,C) ~S

should be 1-fully faithful.

is uniquely determined by the re-
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4.3.2. The above functor OblvSubcat admits a left and a right adjoints, given by
S~ (S,8%7°) and and S~ (S,S'C2),
respectively.
4.3.3. We define the functor
Sqia.ir : 2-CatPar - GpcATTxA%
as follows.

For (S, C) € Pair we let qua‘r(S C) be the full subspace of Sq,,, ,,(S), consisting
of points such that for every [1] — [m] and [0] — [n], the resulting point of

Sayo(S) = (Seqy (S))™
belongs to
Seq; (C) < (Seq; (8))*°.
The sought-for functor

Sq,2(S,C) : AP x AP — Spc
is uniquely determined by the requirement that the embeddings
Sy (S, C) = Sy, (S)
upgrade to a natural transformation

Sq.3"(S,C) > Sq, . o OblvSubcat .

Note that we have
Sq3(8,817C) = Sq, o(S) and SqZ(S,55°) = Saz .(S).

4.3.4. We have the following generalization of Theorem [4.1.3
THEOREM 4.3.5. The functor qualr is fully faithful.

4.3.6. Note that for a given (S, C) € 2-Cat™" we have
S5 (8, ©) = Sag.o(8) = Seq, (81°°),
while
Sded’ (S, C) = Seq,(C).
In addition, for n = nq + no, the natural map

Sy (8, C) = S, (8.C) xS, (5,0)
1n 0

is an isomorphism and for m = mj + mo, the natural map

(43) Palr(S C) N Sanir (S,C) % Palr (S C)

mi,n . m
1 Sqopi;’“(S,C) 2,1

is an isomorphism.

6We do not prove it, and we were not able to find a reference.
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4.3.7.  As in Sect. [£.2.T] we obtain that there exists a well-defined functor
Seqt™ : 2-Cat™"  1-Cat®™
so that

Pair Pair

Sde. = (Seq, o Seq,
From Theorem combined with Theorem we obtain:

COROLLARY 4.3.8. The functor Seqt™" is fully faithful.

)2

4.4. Left adjoint functors.
4.4.1. By construction, the functor Seq®™" commutes with limits. Hence, by the
Adjoint Functor Theorem, it admits a left adjoint, to be denoted £°**.

Similarly, the functor
Seq, : 2-Cat — 1-Cat®™
admits a left adjoint, to be denoted £.

It is clear that when we restrict £ to the full subcategory SpcA " c1-Cat® p,
the resulting functor lands in 1-Cat c 2-Cat, thereby providing the left adjoint to
the functor

op
Seq, : 1-Cat — Spc®™.
4.4.2. We have the natural transformations of functors 2-Cat™™" — 1-Cat®”

Seq, o OblvSubcat — Seqt®" - Seq®** o OblvSubcat .

ext

Composing with £ and the co-unit of the adjunction, we obtain the natural

transformations
£%%08eq, o OblvSubcat - £5%Seqt™" - £%t6Seq ™" 0 OblvSubcat - OblvSubcat,
where the last arrow is an isomorphism by Corollary
We claim:
PROPOSITION 4.4.3. The natural transformations
£ 68eq, 0 OblvSubcat - £5%0Seqt™" — £ 6Seq®! 0 OblvSubcat - OblvSubcat

are isomorphisms.

PROOF. By adjunction, we need to show that for (S,C) € 2-Cat™®" and T ¢
2-Cat, the natural map

Maps2-Cat(Sequt (S)7 SQQSXt(T)) g MapSZ-Cat(SeqFair(Sa C)7 SeqSXt(T))a
given by the inclusion Seq (S, C) = Seq®*(S), is an isomorphism.
Note, however, that the above map fits into a commutative diagram

Maps,_cq (Seqd™ (5),Seq?™ (T))  ——— Maps, o (Seq,™ (S, C), Seqd™(T))

T |

Maps,_caepair (S, S17C80), (T, T %)) ———  Maps,_caerai ((S, C), (T, TH-C20)),

where the vertical arrows are isomorphisms by Corollary Now, the bottom
horizontal arrow is an isomorphism, since the functor

T (T, T ), 2-Cat - 2-Cat™"
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is the right adjoint to OblvSubcat.

4.4.4. Let
op op
£59: SpcA AT L 2 (Cat,

denote the left adjoint of the functor Sq, ,. Tautologically, we have:
Sd _ gext | aAP
From Proposition f.4.3] we obtain:
COROLLARY 4.4.5. The natural transformations
£5do Sd, . © OblvSubcat — £5do Sq,Pii]r - £5%, Sd,  © OblvSubcat - OblvSubcat
are isomorphisms.

4.5. The Gray product via Squares.

4.5.1. Let S and T be a pair of (o0,2)-categories. Consider the following object of
SpCA°PxA°P

(4.4) (Sag,o(S20P)) et x S o(T).

Le., its space of m,n-simplices is

S m (877°P) x Sd, 1 (T).

We claim that we have a canonically defined map
(4.5) £ ((Saz . (87°7)) 1" x Sq; o (T)) > SeT,
functorial in S and T.
4.5.2. Indeed, the datum of a map is equivalent to that of a map in SpcADPXADp
(4.6) (Scs o (§7)) "1 x Sq{ o(T) > S, L(S® T).

The datum of the map (4.6) (when we require functoriality in S and T) is
equivalent to that of a map of bi-cosimplicial objects in 2-Cat

(4.7) [m,n] - ([n,m]N)Q'Op ® [m,n]".

The functors (4.7) are constructed as follows. Consider the composition of
(right-lax) functors

(48)  [m]x[n] =% [m]x [n] x [m] x [n] - [m] @ [n] @ [m] @ [n] -

> (Im]e [n]) ® (Im] ® [n]) = ([n]*"*P ® [m]**")* P ® ([m] ® [n]) =
= ([n]@ [m])**" ® ([m] @ [n]) = ([n,m])**" ® [m,n] > ([n,m]")*" & [m,n]"

Now, unwinding the construction, one checks that the composite map in (4.8)
indeed gives rise to a map (4.7)) (the corresponding 2-morphisms are isomorphisms).

4.5.3.  We have the following resulf’}
PROPOSITION 4.5.4. The map (4.5)) is an equivalence.

4.6. Cubes.

"We do not prove it, and we were not able to find a reference.
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4.6.1. Let k be an integer > 1. The assignment

(1, ey i) = [N1, 0y g

gives a functor
A 5 2 Cat.

Hence, we obtain a well-defined functor
Cu:2-Cat —» Spc(Aop)Xk

that sends S to

(n1, ...y ng) = Mapsy_cac([21, 00,1 ], S).

4.6.2. We have the following generalization of Theorem |4.1.3

THEOREM 4.6.3. For any k > 2, the corresponding functor Cu is fully faithful.

5. Essential image of the functor Sq,,

The goal of this section is to describe the essential image of the functors Sq, ,
Pair

and Sq

5.1. Invertible angles.
5.1.1. Let E,. be an object of SpcA PXA%  We shall say that F, . is a double

category if for every n, the objects E,, and E, . of SpcAop are complete Segal
spaces.

5.1.2. Let E,. be a double category. Let (E11)" ¢ Ei; be the full subspace
consisting of squares in which the right vertical side and the bottom horizontal side
are degenerate. L.e., these are diagrams

[e3
—)y

(5.1) Bl lid

id
y —™ U

Let (F1,1)" © E11 be the full subspace consisting of squares in which the left
vertical side and the top horizontal side are degenerate. I.e., these are diagrams

id
r —— X

"t

[e3
xr — Y.

8We do not prove it, and we were not able to find a reference.
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5.1.3. We define the full subspace
(El’l)r,invert c (El,l)r

of invertible angles as follows. A point ([5.1)) is invertible if the following two con-
ditions hold:

(I) There exists a point in Es 3

r 4, g
Tt
(5.2) T —2 sy
Bl lid
id

y —™ Y,

in which the lower square is the original (5.1]), the top square is in (F; )", and the
outer square is degenerate (i.e., pulled back via [1] x [1] = [1] x [0]).

(II) There exists a point in Ej o

id «
x x Y
(5.3) idl ﬁl lid
o id
T Y Y,

in which the right square is the original (5.1]), the left square is in (F7,1)’, and the
outer square is degenerate (i.e., pulled back via [1] x [1] = [0] x [1]).

5.1.4. The following is an elementary check:
LEMMA 5.1.5. The restriction maps
(El,l)r,invert N EI,O and (El’l)r,invert N onl’

given by taking (5.1]) to its left vertical side and its top horizontal side, are monomor-
phisms.

5.2. Description of the essential image. Let (S, C) be an object of 2-Cat"?",
and consider a point 3 € Sqli%” (S, C). This point represents an 1-morphism in C,

and the same point can be represented by an element in o € Sqopfji]r (S, C), completing

[ to a point ‘. in (Sqlialir(s’ C))r,invert.

It turns out that the property that one can complete a point in Sqi%ir(S, C)
to a point in (Sqlﬁir(g, C))""vert characterizes the essential image of 2-Cat™™ in
SpcAT XA

5.2.1. Let F, . be again a double category. We shall say that F, . is anti-clockwise
reversible if the map .

(El’l)r,mvert N EI,O
from Lemma is an isomorphism.

We shall say that E, . is reversible if both maps in Lemma are isomor-
phisms.
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5.2.2.  We now give the following sharpening of Theorems and [4.3.5

THEOREM 5.2.3.
(a) The essential image of the functor
Sq, e 1 2-Cat — SpcATxA”
is the full subcategory consisting of reversible double categories.
(b) The essential image of the functor
Sanir . 2_CatPair N SpCAOPXAOP
is the full subcategory consisting of anti-clockwise reversible double categories.
5.3. The (o0,2)-category 1-Cat via squares. In Sect. we introduced the

(00,2)-category 1- Cat. In this subsection we will describe its essential image under
the functor Seq®™*

5.3.1.  Consider the following object, denoted SeqS**(1- Cat) of 1 -Cat®™. Namely,
Seq; " (1-Cat) := Cart [,on -
Note the difference between Seq®**(1-Cat) and Seq,,(1-Cat): the two have
the same objects, while the latter has fewer morphisms.
5.3.2.  We claim:
PROPOSITION 5.3.3.
(a) The object Seq?**(1-Cat) lies in the essential image of the functor
Seq®t : 2-Cat - 1-Cat®™" .
(b) The resulting object of 2-Cat identifies canonically with 1-Cat.

PROOF. First, it is clear that simplicial category Seq, (1- Cat) is obtained from
Seqe**(1- Cat) by the procedure of Sect.

The fact that the simplicial category Seq?**(1-Cat) satisfies the Segal condi-

tion follows in the same way as in the case of Seq,(1- Cat).
Consider the bi-simplicial space
Sd. .(1-Cat) := Seq, (Seq¢** (1- Cat)).

It is easy to see that it is a complete Segal space along each row and column, so it
is a double category.

By Theorem a), in order to prove the proposition, we need to show that
Sd, «(1-Cat) is reversible.

For every n, consider the 1-full subcategory
Funct([n],1-Cat) ~ (Cartp,jor )strict € Cartp,jop,
and the corresponding full bi-simplicial subspace
Seq, ((Cartfejor )strict) = Sqq o(1-Cat) c Sq, ,(1- Cat).
Note that
Sy, (1-Cat) c Sq,, ,,(1-Cat)

9We do not prove it, and we were not able to find a reference.
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is an isomorphism when either m or n equals 0. Hence, its is enough to show that
Sq. . (1- Cat) is reversible.

However, by construction, Sq, ,(1-Cat) identifies with Sq, ,(1-Cat), where
1-Cat € 1-Cat is regarded as an (oo, 2)-category. In particular, it is reversible.
O

6. The (o0,2)-category of (o0,2)-categories

In this section we upgrade the structure of (oo, 1)-category on the totality of
(00, 2)-categories to a structure of (oo, 2)-category. Le., we will define an (oo, 2)-
category 2- Cat equipped with an identification

(2-Cat)'©* ~ 2_Cat.

We will show that for S,T € 2-Cat, the (oo0,1)-category Maps,_cat(S,T)
is canonically equivalent to (Funct(S,T))!-“2, where Funct(S,T) is the (oo,2)-
category of functors defined in Sect.

We will also show that the (oo,2)-category 1-Cat sits inside 2- Cat as a full
subcategory.

Note, however, that the structure of (o0, 2)-category on the totality of (oo, 2)-
categories is not the end of the story: the latter must in fact form an (oo, 3)-category.
However, we will not pursue this here.

6.1. The Seq®™' model for 2- Cat.
6.1.1. We introduce the (oo, 2)-category 2- Cat to be the full subcategory in

Funct(A°P;1-Cat),
whose objects are functors A°? — 1-Cat such that, when regarded as functor

A°P — 1-Cat, they belong to

S ext
2-Cat = Funct(A°P 1-Cat).

Le., we take the (o0, 1)-category 2-Cat realized as a full subcategory of Funct(A°P, 1-Cat)
via the functor Seq?™" and extend it to an (oo, 2)-category by addinng non-invertible
2-morphisms to be those given by extending the target (oo, 1)-category 1-Cat to

the (o0,2)-category 1-Cat.
By construction, we have
(2-Cat)'©* ~ 2_Cat.

REMARK 6.1.2. Note that in giving the above definition, it is important that
we are dealing with the functor Seq®™*, rather than Seq,.
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6.1.3. By unwinding the definition, we obtain the following description of the
functor

Seq**(2-Cat) : AP - 1-Cat.

Namely, Seq®**(2- Cat) is the full subcategory in

n

1-Cat
(Funct( [n], Funct(A°P,1- Cat))right_lax) c

1-Cat
c (Funct(AOp, Funct([n],1- Cat)right—lax)) =

~ Funct(A‘)p, (Funct([n], 1- Cat)right_lax)l_cat) = Funct(A°P, Cart 100 ),
consisting of objects E, that satisfy the following:
e As an object of (Funct(A°P, Cart,[, 1 ))P¢, we require that E, belong to
Maps; _cut (AP x [n],1-Cat) ~ Maps; ¢, (AP, Funct([n],1-Cat)) ~

~ Maps; _c, (AP, (Cartpn1or )strict ) €
¢ Maps; _c,: (AP, Cart[,100 ) = (Funct (AP, Cart/[n]op))Spc;

e For every i € [n], we require that the resulting object E, ; € Funct(A°P,1-Cat)
lie in the essential image of the functor

SeqS** : 2-Cat — Funct(A°P, 1-Cat) = 1-Cat®™ .
6.2. Identifying the categories of maps. Let S and T be two objects of 2- Cat.
The first test on whether the above definition of 2- Cat is reasonable, is whether

or not the (oo, 1)-category Maps,_ e, (S,T) indeed recovers the (oo, 1)-category
(Funct(S, T))* -t of functors from S to T, defined in Sect.

6.2.1. We claim:

PROPOSITION-CONSTRUCTION 6.2.2. For S, T € 2-Cat, the (oo, 1)-category
Maps,_ .t (S, T) identifies canonically with

(Funct(S, T))' -2,
The rest of this subsection is devoted to the proof of this proposition.

6.2.3. Unwinding the definition of Maps,_ca (S, T), and using Chapter 1, Sect.
1.4.5, we obtain that for I € 1-Cat, we have a canonical isomorphism

Maps, _car (I Mapsy_ cag (S, T)) = MapSpunet(ace,1-cat) (I x Sea™ (S), Seq?™ (T)),
functorial in I.

Thus, in order to prove the proposition, we need to construct an identification
(61)  Mapsy (I xS, T) = Mapspper (aor 1-car) (1% SeS'(S), Seq(T)).

functorial in I.
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6.2.4. Recall the (o0, 2)-category Funct(I, T)efi-1ax, defined so that
Maps(S', Funct(I, T)ieft-1ax ) = Maps(I® S', T).
Note that for every n we have a canonical fully faithful embedding
Maps(I, Seqs, " (T)) = Seqy* (Funct (I, T)jefi-lax) -

Indeed, for every m we have
Sed,,, (Maps(I, Seq; (T))) = Maps(I x [m], Seq;;* (T)) = Maps((I x [m]) ® [n],T),
while

Seq,, (Seq* (Funct (I, T) jefr-1ax ) ) =
= Maps([m] & [n], Funct (T, T)iefi-1ax) = Maps(I® ([m] & [n]), T),

and the embedding in question comes from the projection

Lo ([m]e[n])2Te[m]e[n]= e [m])e[n] > Ix[m])e[n]

6.2.5. Thus, we obtain that the right-hand side in (6.1)), interpreted as
MapSFunct(AOP,l -Cat) (Seq(:Xt (S)v MapS(Ia Sequt (T) ) )’
admits a fully faithful embedding into
MapsF‘unct(A(’P,l -Cat) (Sequt (S)7 Se(ﬁXt (FunCt(Ia T)left—lax)) =
~ Maps(S, Funct(I, T)jeft-1ax) = Maps(I® S, T).

Furthermore, it is easy to see that the essential image of the right-hand side in
(6.1) in Maps(I® S, T) equals that of the fully faithful embedding

(6.2) Maps(IxS,T) - Maps(I® S, T),
thereby giving rise to the sought-for isomorphism (6.1]).

6.3. Another interpretation for 1-Cat. We will now show that 1-Cat, as
defined in Sect. embeds fully faithfully into 2- Cat.

6.3.1. Let us (temporarily) denote by
1-Cat’ c 2-Cat

the full subcategory, defined so that (1- Cat’)P¢, viewed as a subspace of (2- Cat)5P¢,
equals
(1-Cat)®P¢ c (2-Cat)5P¢ ~ (2- Cat)5P°.

We are going to prove:

PROPOSITION-CONSTRUCTION 6.3.2. There is a canonical equivalence of (c0,2)-
categories
1-Cat ~ 1-Cat/,
extending the identification
(1-Cat)'"“* ~ 1-Cat ~ (1- Cat’)* -2,

The rest of this subsection is devoted to the proof of this proposition.
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6.3.3.  We construct the functor 1- Cat - 1-Cat’ in the guise of a map of simpli-
cial categories:
(6.3) SeqS**(1- Cat) - Seqc**(1- Cat').
We recall that
Selet(l - Cat) = Cart/[n]op

and
Seq; *(1- Cat’) c Funct(A°P, Cart,)or ) © Funct(AP, 1-Cat o).
The sought-for functor in (6.3)) is given by

Cartp,jo0 = Funct(A°P, 1-Cat/,100), (E - [n])
m] ~ Funct([m], E x n]°? |,
(b Punceo By )
where [n]°? - Funct([m], [n]°P) is given by
[n]? = Funct({*}, [n]°") - Funct([m], [n]*).
It is easy to see that the image of the above map indeed lands in Seq®**(1 - Cat’).

n

6.3.4. Tt follows from the construction that the resulting functor 1- Cat — 1- Cat’
makes the diagram

(1-Cat)!-Cat (1-Cat’)!-Cat

1-Cat LN 1-Cat

commute.

Hence, it remains to show that it is fully faithful. However, it follows from the
construction that for S, T € 1-Cat, the diagram

Maps; _cat (S, T) —— Maps;_ca¢ (S, T)
Corollary m[ ~ ~ ]‘ Proposition @

Funct(S,T) _u, Funct(S, T)

commutes, establishing the required fully-faithfulness.






CHAPTER 11

Straightening and Yoneda for (oo, 2)-categories

Introduction

0.1. What is done in this Chapter? The goal of this Chapter is to construct
the 2-categorical Yoneda embedding

(0.1) Yong : S = Funct(S'°P,1-Cat), Se2-Cat,

which will, in turn, be needed for the proof of the Adjunction Theorem in Chapter
12.

As in the case of (oo,1)-categories, in the present 2-categorical context, a
natural approach to the construction of the functor Yong is via the straighten-
ing/unstraightening procedure.

The latter is an equivalence between the (oo,2)-category of functors S!-°P —
1-Cat and the (o0, 2)-category of 1-Cartesian fibrations over S.

0.1.1. Let us comment on the notion of 1-Cartesian fibration over a given S ¢
2-Cat.

The space of such will be a full subspace in (2—Cat/S)SpC, and it is singled
out by certain explicit conditions; the actual definition is given in Sect. The
definition is rigged so that the datum of a 1-Cartesian fibration over S is equivalent
to that of a functor S'°P - 1- Cat.

As to the 2-categorical structure, there are actually two natural (oo, 2)-categories
(1-Carts)strict © (1- Carts)a strict,
one being a 1-full subcategory in the other.

In Sect. [I] we state the sub-main result of this Chapter, Corollary that
says that there is a canonical ‘straightening/unstraightening’ equivalence

(0.2) (1-Carts)2-strict = Funct(S' P, 1- Cat)yight-lax;
which induces an equivalence
(1-Cart s)strict = Funct(S' P, 1- Cat).
0.1.2. Here is, however, a catch: the above straightening/unstraightening assertion
(i.e., the equivalence (0.2)) is too weak to be amenable to a natural proof.

Namely, the equivalence ((0.2) does not contain enough functoriality (the me-
chanics of how this happens can be seen by tracing through the proof of the main
theorem of this Chapter, Theorem see also Sect. below).

463
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0.1.3. To remedy this, we engage a more ambitious straightening/unstraightening
procedure.

Namely, in Sect. We introduce the notion of 2-Cartesian fibration (over a given
(00,2)-category S). Again, the space of such is a full subspace of (2—Cat/S)SpC,
and it is singled out by certain explicit conditions specified in Sect.

As in the case of 1-Cartesian fibrations, there two natural (oo, 2)-categories
(2 - Cart/S)strict c (2 - Cart/S)Q—stricta
one being a 1-full subcategory in the other.

The 2-categorical straightening /unstraightening assertion, Theorem which
is the main result of this Chapter, says that there exists a canonical equivalence

(03) (2 - Cart/g)z_smct o Funct(Sl —op’ 2- Cat)right_lax,
which induces an equivalence

(2- Cart s)strict = Funct(S' P, 2- Cat).

0.1.4. The proof of Theorem [I.1.§ is spread over Sects. 2}l Let us indicate its
main steps.

In Sect. [2[ we establish the particular case of the isomorphism (0.3)), when S
is the interval [n]. This is done by a combinatorial procedure, which essentially
amounts to unwinding the definitions.

In Sect. [3| we realize 2-Cartesian fibrations over the Gray product S; @S, as an
explicit full subspace in 2-Cat/g, s, -

In Sect. [ we use the results of the previous two sections to establish the iso-
morphism (0.3) at the level of spaces underlying the (oo, 2)-categories on both sides,
in the case when S = [m] @ [n].

Using Chapter 10, Theorems 4.1.3 and 5.2.3 we deduce from this that the
isomorphism ((0.3) holds at the level of spaces for any S € 2-Cat.

0.1.5. So, far, the same strategy would have worked if we worked with 1-Cartesian
fibrations and 1- Cat instead of 2- Cat as a target.

However, now, in the 2-Cartesian context, we observe that the statement that
we are trying to prove has enough functoriality, that it allows to formally deduce
the equivalence (0.3) from just knowing it at the level of the underlying spaces.

0.2. What else is done in this Chapter?
0.2.1. As was mentioned before, our actual goal is to construct the Yoneda em-
bedding (0.1)) (and prove its fully faithfulness).

Having proved the 2-categorical straightening theorem in the earlier sections,
the construction of the Yoneda embedding and the proof of its properties is carried
out in Sect.
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0.2.2. In addition, this Chapter contains two sections in the Appendix.

In Sect. [A] given S € 2-Cat, we give an explicit description of the universal
non-unital right-lax functor out of S:

S %% RLaxnon-unt1 (),
so that any non-unital right-lax functor F':S -> T is obtained as
Foug,
for a canonically defined strict functor F : RLaxponunt1(S) = T.
The explicit description of RLaxpon-unt1(S) is used in Sect.

0.2.3. In Sect. [B| we discuss the condition on a functor S — T between (oo,2)-
categories to be a localization on 1-morphisms. Informally, this means that T is
obtained from S by inverting certain 2-morphisms.

This notion is used in the description of 2-Cartesian fibrations over Gray prod-
ucts, also in Sect.

1. Straightening for (oo,2)-categories

In this section we define the notion of a 2-Cartesian fibration of (oo, 2)-categories
and formulate the main result in this Chapter: this is the straightening theorem
that says that 2-Cartesian fibrations over a given (oo, 2)-category S are equivalent
to functors S'-°P - 2- Cat.

1.1. The notion of 2-Cartesian fibration. In this subsection we will introduce
the notion of 2-Cartesian fibration between (oo,2)-categories.

When defining it, one should basically ‘follow one’s nose’, keeping in mind that
a 2-Cartesian fibration over S should be the same as a functor S'°P — 2- Cat, while
adapting the definition of Cartesian fibration in the context of (oo, 1)-categories.

1.1.1. Let F: T — S be a functor between (oo,2)-categories. We shall say that a
1-morphism to — t; is 2-Cartesian over S if for every t € T, the functor

Mapsy(t,ty) -~ Mapsy(t,t1) Map (F>Et) . Mapsg(F'(t), F(to)),
apsg s

given by composition with «, is an equivalence of (o0, 1)-categories.
DEFINITION 1.1.2. We shall say that F is a 2-Cartesian fibration if the following
conditions hold:
(1) For every t € T and a 1-morphism s’ L F(t) there exists a 2-Cartesian
1-morphism t' S t with F(a) = 3.
(2) For everyt',teT, the functor
Maps(t',t) - Maps(F(t'), F(t))
18 aNCOCartesian fibration (of (o0, 1)-categories), and for any ' — t' and
t = t, the corresponding functors
Maps(t',t) - Maps(?',t) and Maps(t',t) - Maps(t', 1),

given by composition, send arrows that are coCartesian over Maps(F (t'), F(t))
to arrows that are coCartesian over Maps(F (¥'), F(t)) and Maps(F(t'), F (%)),
respectivelly.
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1.1.3. Let us assume that condition (1) above holds, and let us write down the
second condition in more explicit terms.

Let ag: s’ - s be a 1-morphism in S, and let ¢ be an object of T that lies over
s. Then condition (1) implies that there exists a canonically defined object t' € T
that lies over s’ and a 1 -morphism

ar:t' >t
that covers ag.

Suppose now that we are given a pair of 1-morphisms
ag,0d:s s

and a 2-morphism aé 2, aé. Then the second condition says that there exists a

1-morphism
ﬁ . tll N t2!
and a 2-morphism

¢t
avllr—>aq2r0,6’,

with the following property: for any 7 in the fiber of T over s’, and a pair of
morphisms
1t =t and v U > 7,
composition with ¢ defines an isomorphism from the space of 2-morphisms
Bov =2
to the space of 2-morphisms
apom > af oy
covering ¢s.
Furthermore, the formation of § is compatible in the natural sense with com-
positions
(ag,0d) > (@goad,ds00?), ds:s—>3
and
(ag,03) = (ag 0@, 08 0 5), @5:3 —s'.
1.1.4. Let 2-Cart/s c 2- Cat s denote the full subcategory spanned by 2-Cartesian
fibrations.

Let (2-Carts)istrict © 2- Cart g be the 1-full subcategory, where we allow as
1-morphisms those functors T; — Ts over S that send 1-morphisms in T; that are
2-Cartesian over S to 1-morphisms in Ts that are 2-Cartesian over S.

1.1.5.  Let (2-Cart/s)a.strict © 2- Carts be the 1-full subcategory, where we im-
pose the following condition on 1-morphisms:

Given Fy : Ty - S and F5 : Ty — S, we consider those functors G : T; - Ty over
S such that the corresponding functors

Mapsr, (t1,t) > Mapsy, (G(t), G(t))

send arrows that are coCartesian over Mapsg(F1(t]), F1(t)) to arrows that are
coCartesian over

Mapsg(Fy 0 G(t}), Fy 0 G(t)) = Mapss(Fi (1), Fi (t)).
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1.1.6. Let (2- Cartg)strict € 2- Cart g be the 1-full subcategory equal to
(2 - Cart/S)l—strict n (2 - Cart/S)Q—strict-

Denote also

2'Cart/S = (2' Cart/S)l_Cat7 (Q'Cart/S)Z—strict = ((2' Cart/S)Q—strict)l_Cat
and

(2—Cart/s)strict =((2- Cart/S)Strict)l‘Cat.

1.1.7.  Our goal in the next few sections will be to prove:

THEOREM-CONSTRUCTION 1.1.8.
(a) There exists a canonical equivalence

(2 - Cart/S)2—strict =~ FunCt(Sl_op7 2- Cat)right—laxv

functorial in S.
(b) Under the equivalence of point (a), the 1-full subcategories
(2-Carts)strict © (2- Carts)2_strict and Funct(S'°P,2- Cat) c Funct(S' P, 2- Cat ) ight-lax
correspond to one another.

1.2. The notion of 1-Cartesian fibration. According to Theorem 2-
Cartesian fibrations over S correspond to functors S!°P — 2- Cat.

In this subsection we will define the notion of 1-Cartesian fibration. Those will
form a full subcategory among 2-Cartesian fibrations, and they will correspond to
functors S!°P — 1- Cat.

1.2.1. Let F:T — S be a functor between (oo, 2)-categories.

DEFINITION 1.2.2. We shall say that F is a 1-Cartesian fibration if the following
conditions hold:

(1) The induced functor
Tl-Cat _, gl-Cat
is a Cartesian fibration;
(2) For every t',t €T, the functor
Maps(t',t) > Mapsg(F(t'), F(t))
is a coCartesian fibration in spaces.

If F: T— S isa 1-Cartesian fibration, we will say that a 1-morphism in T is
Cartesian if the corresponding morphism in T*-¢2t is Cartesian over S'-¢t,

1.2.3.  Let 1-Cart s denote the full subcategory of 2- Cat 5 formed by 1-Cartesian
fibrations.

We let (1-Cart /S)strict be the 1-full subcategory of 1- Cart s, where we restrict
morphisms to those functors Ty — Ty over S, such that send arrows in (11’1)1‘Cat
Cartesian over S'-¢2t to arrows in (To)*-“® with the same property.

Denote also

1-Cart g := (1- Cart/g)l'Cat and (1-Cart/g)strict == ((1- Cart/g)strict)l'cat.
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1.2.4. We claim:

LEMMA 1.2.5.
(a) For a functor F': T — S the following conditions are equivalent:
(i) F is a 1-Cartesian fibration;
(ii) F is a 2-Cartesian fibration and the fiber of F over every s € S is an (oo,1)-
category.
(b) If T - S is a 1-Cartesian fibration, then a I-morphism in T is 2-Cartesian over
S if and only if it is Cartesian.

Hence, combining this lemma with Theorem and Chapter 10, Proposition
6.3.2, we obtain:

COROLLARY 1.2.6.
(a) There exists a canonical equivalence

1-Cart/g ~ Funct(S' P, 1- Cat),ight-lax,
functorial in S € 2-Cat.

(b) Under the equivalence of point (a), the 1-full subcategories
(1- Cartg)strict € 1-Cart g and Funct(Sl’Op, 1-Cat) c Funct(Sl’Op, 1- Cat)right-lax

correspond to one another.

1.2.7. Let S=8S be an (oo, 1)-category. We note:

LEMMA 1.2.8. A functor T — S is a 1-Cartesian fibration if and only if the
following conditions hold:
e T=Tc¢e1-Cat;
o The resulting functor T — S is a Cartesian fibration.

Le., we obtain that in the above case, the notion of 1-Cartesian fibration reduces
to the usual notion of 1-Cartesian fibration on (oo, 1)-categries.

It will follow from the construction that the equivalence of Corollary b)
in this case, i.e.,
(1-Cart/g)strict = Funct(S'°P,1-Cat),
induces at the level of the underlying (oo, 1)-categories, i.e.,
(Cartg)strict and Maps(S* P 1- Cat),
the equivalence of Chapter 1, Sect. 1.4.5.

REMARK 1.2.9. Let us take S = S = [n]°P. We obtain that in this case the
equivalence of Corollary a) at the level of the underlying (oo, 1)-categories
amounts to the definition of the (oo, 1)-category Seq”**(1-Cat), see Chapter 10,
Sect. 5.3.

The idea of the proof of Theorem [1.1.8]is to give a similar interpretation of
Seq®**(2- Cat), namely, as 2-Cartesian fibrations over [1]°P. This will be furnished

by Theorem

The rest of the proof of Theorem [I.I.8| will amount to bootstrapping the state-
ment for any S € 2-Cat from the case S = [n]°P, and lifting the 1-categorical equiv-
alence to a 2-categorical one.
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1.3. Variants. In this subsection we will introduce the companion notions of 2-
coCartesian and 1-coCartesian fibrations over an (oo, 2)-category.

1.3.1.  We shall say that a functor between (oo, 2)-categories T — Sis 2-coCartesian
(resp., I-coCartesian) fibration if the corresponding functor T1&2-op _, §l&2-0p g 5
2-Cartesian (resp., 1-Cartesian) fibration.

Similarly, we introduce the 1-full subcategories
(2-coCart s)strict © (2-coCarts)a.sirict © 2-coCart g c 2- Cat g
and

(1-coCart s)strict © (1-coCarts)asirict © 1-coCartg c 2- Cats.

1.3.2.  From Theorem [[LT.8 we obtain:
COROLLARY 1.3.3.
(a) There exists a canonical equivalence
(2-coCarts)2_strict = Funct(S, 2- Cat)iefi-1ax,

functorial in S.

(b) Under the equivalence of point (a) the 1-full subcategories
(2-coCart s)strict © (2-coCarts)2 srict and Funct(S, 2- Cat) c Funct(S, 2- Cat ) et 1ax
correspond to one another.

Similarly, from Corollary we obtain:

COROLLARY 1.3.4.
(a) There exists a canonical equivalence
1-coCart s ~ Funct(S, 1- Cat)iet-1ax;
functorial in S € 2-Cat.
(b) Under the equivalence of point (a), the 1-full subcategories
(1-coCart s)strict © 1-coCart s and Funct(S,1-Cat) c Funct(S, 1- Cat)iefi-1ax

correspond to one another.

1.3.5. We note that in addition to the notions of 2-Cartesian and 2-coCartesian
(resp., 1-Cartesian and 1-coCartesian) fibration, there exist two more notions, in-
duced by the involution S ~ S2-°P on 2-Cat.

These notions correspond to functors from S'-°P and S?-°P with values in 2- Cat
and 1- Cat, respectively.
2. Straightening over intervals
In this section we will establish the following particular case of Theorem [[.1.8}

We will take the base S to be the interval [n], and we will identify the (oo, 1)-
categories underlying the (oo,2)-categories appearing on the two sides in Theo-

rem [[LT.§

More precisely, our goal is to prove the following:
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THEOREM-CONSTRUCTION 2.0.1.
(a) There exists a canonical equivalence of simplicial categories

Seqc**(2- Cat) ~ (2-Cart[o]op )2-strict-
(b) For an individual n, under the equivalence
Seq®**(2- Cat) =~ (2-Cart[p,10p ) 2-strict,
the 1-full subcategories
Seq®*(2-Cat) c Seq™*(2- Cat) and (2- coCartp,jop )strict € (2-Cart p,jop )2 -strict

correspond to one another.

REMARK 2.0.2. Note that since [n]°P is a 1-category, the inclusion
(2—Cart/[n]op )2—strict c Q—Cart/[n]op
is an equivalence.

2.1. The main construction. We now proceed to defining the functor in one
direction
2-Cart,[,,or > Seq;, (2- Cat).
The idea of the construction is pretty straightforward: we think of an object
of Seq?**(2-Cat) as a string
T > ... >T"
of (o0, 2)-categories, which we encode by means of a functor
AP > Cart/[n]op,
see Chapter 10, Sect. 6.1.3.
The value of this functor on [m] € A°P is the category of strings tj — ti — ... -

t!in T?, where i varies along [n]. We interpret such strings as strings in the ‘total’
(00, 2)-category over [n] that project to a single object in [n].

The total category in question is precisely the object T € 2-Cart o that we
start from. We will now make turn this idea into an actual construction.
2.1.1. Given (T — [n]°P) € 2-Cart;[,,}o» We define an object
E. , € Funct(A°P, Cart 100 )
as follows:

We let

E,.. = SeqC(T n]°P,
@, 0

where [n]°P — SeqSX*([n]°P) is the functor
[n]°P = Funct({*}, [n]*") > Funct([m], [n]") = Seq;" ([n]°P).

It is straightforward to check that E,, ,,, viewed as a category over [n]°P, is a
Cartesian fibration, and that the object E, ,, thus constructed defines an object of
Seq2**(2- Cat).

Furthermore, this construction is clearly functorial in T, thereby giving rise to
a functor

(2.1) 2-Cart,[,,jor > Seq, " (2- Cat).
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Furthermore, it is clear that the above functor sends the 1-full subcategory
(2-Cart[,)00 )strict © 2-Cart[,,op
to the 1-full subcategory
Seq®*(2-Cat) c Seq®*(2- Cat).

n n

REMARK 2.1.2. Note that the construction presented above is a generalization
of the construction in Chapter 10, Proposition 6.3.2. The reason that we cannot
finish the proof of Theorem [2.0.1] as easily as in the case of Chapter 10, Proposition
6.3.2 is that we do not yet know that for given Sy, S; € 2-Cat, the category

2—Cal“t/[1]op {Sp xS1}

X
2-Cat x2-Cat
identifies with

Maps,_ cai(So, S1) = Funct(So, S; ).
2.2. Proof of Theorem the inverse map. We will define a functor
(2.2) Seq?*(2- Cat) — 2-Cart p,]op
inverse to (2.1)).

We now want to recover the ‘total’ (oo, 2)-category T over [n], i.e., for each m,
we want to recover the corresponding category of strings

to nd tl > ... tn,
while we know the category of strings that project to a single element in [n].

We will recover all strings by a variant of the construction used in Chapter 10,
Sect. 1.6 to define the unstraightening procedure for (oo, 1)-categories.

2.2.1. In order to define the functor (2.2)), we will need the following combinatorial
construction. Let Tot(A) be the coCartesian fibration over A corresponding to the
tautological functor

A - 1-Cat.

Note that Tot(A) is an ordinary category, whose objects are pairs ([n] € A,i €
[n]), and such that the set of morphisms ([ng],i9) = ([n1],%1) is the set of mor-
phisms ¢ : [ng] — [n1] such that ¢(ig) = 1.

We let p : Tot(A) - A the tautological projection ([n],i) - [n]. We let
Tot(A)[,) the fiber of Tot(A) over [m] € A; tautologically Tot(A)[,,) = [m].

We note now that in addition to p, there is another canonically defined functor
q:Tot(A) - A.
Namely, we set

Pltig) .

a([n). ) =[], a(([no)io) > ([m).in)) = ([io) =% [ia]).

In particular, restricting to Tot(A)(,,], we obtain the functor

qim]* [m] - A, i~ [Z]
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2.2.2.  Going back to the desired functor (2:2)), let E, ,, be an object of Seq*(2- Cat),
thought of as a functor

AP > Cart/[n]op .

We can vie the data of E, ,, as an (oo, 1)-category E? over A% x[n]°, such
that:

e The composition Ef — A x [n]°? - A is a coCartesian fibration;

e The composition Ef - AP x [n]°? — [n]°P is a Cartesian fibration;

e The functor Ef — A% x [n]°P, viewed as a functor between coCartesian
fibrations over AP, belongs to (coCart;aer )strict;

e The functor E¥ — A x [n]°P, viewed as a functor between Cartesian
fibrations over [n]°P, belongs to (Cart[,jor )strict-

2.2.3.  We construct the object T € 2-Cart,jo» corresponding to E, ,, as follows.
We define the category

Funct([m]°?, T)right-1ax

(which will be the same as Seq”X*(T), up to the involution rev) to be a certain full
subcategory in the (oo, 1)-category of pairs (¢, ®), where ¢ is a functor [m] - [n],
and @ is a lift of the functor

(¢, (revoqrm))®) : [m]°P — [n]°P x A®P
to a functor
[m]°° > Ef .
2.2.4. We single out Funct([m]°?, T)ight-1ax by imposing the following condition
on objects.
Fix i =1,...,m. Consider a coCartesian lift in Ef
O(i) > ¢
of the 1-morphism
(rev g, (i) — revoqr, (i —1)) € A°P.
Consider a Cartesian lift in Ef
' - ®(i-1)
of the 1-morphism

(6(i) = ¢(i - 1)) € [n].

Note that by the last two properties of Ef listed in Sect. we have a

canonical map

/ "
e —>e€ .

We require that this map be an isomorphism.

1See the elementary Chapter 12, Proposition 2.1.3 for a general assertion to this effect.



3. LOCALLY 2-CARTESIAN AND 2-CARTESIAN FIBRATIONS OVER GRAY PRODUCTS473

2.2.5. Clearly, the assignment
m ~ Funct([m]°, T)right-lax
extends to a functor A°P — 1-Cat.
We set
SeqS**(T) := Funct([e]°P, T)right-lax © T€V,
where rev is the reversal involution on A°P.

Using Chapter 10, Theorem 5.2.3(a), we show:

LEMMA 2.2.6. The simplicial category SeqS**(T) belongs to the essential image
of the functor

SeqS™* : 2-Cat — Funct(A°P,1-Cat).
Let T denote the resulting object of 2-Cat.

2.2.7. By construction, the simplicial category Seq®™*(T) maps to the simplicial
category

m +~ Funct([m], [n]°P).

Hence, the (o0, 2)-category T, constructed above, comes equipped with a func-
tor

T — [n]°P.

It is a straightforward verification that the above functor T — [n]°P is a 2-
Cartesian fibration.

2.2.8. Thus, we have constructed a functor

Seq**(2- Cat) — 2-Cart [, jor -

n

It is again a straightforward verification that this functor is inverse to (2.1J).

3. Locally 2-Cartesian and 2-Cartesian fibrations over Gray products

As was mentioned before, the assertion of Theorem [I.1.8] will be deduced from
that of Theorem by a certain bootstrapping procedure.

However, in order to do so, we will need to enlarge the entities that appear in
both the left-hand and the right-hand side. For the left-hand side, the corresponding
notion is that of locally 2-Cartesian fibration.

3.1. The notion of locally 2-Cartesian fibration. The idea of the notion of
locally 2-Cartesian fibration is the following: whereas 2-Cartesian fibrations over S
correspond to functors

S'"°P - 2-Cat,
locally 2-Cartesian fibrations correspond to right-lax functors

St-oP -5 2_Cat.
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3.1.1. Let F: T — S be a functor between (oo, 2)-categories. We shall say that
a l-morphism « in T is locally 2-Cartesian over S, if the resulting 1-morphism in
[1] x T is 2-Cartesian with respect to the projection

F(a),S

(1,027~ [

DEFINITION 3.1.2. We shall say that F is a locally 2-Cartesian fibration if the
following conditions hold:

(1) For every t € T and a I-morphism s’ L F(t) there exists a locally 2-
Cartesian 1-morphism t' > t with F(a) = .

(2) Condition (2) in Definition [1.1.9 holds.

3.1.3. Note that if F': T — S is a a locally 2-Cartesian fibration, then for every
1-morphism sy — s1, the functor

[1]xT~[1]

is a 2-Cartesian fibration. In particular, by Theorem and Chapter 10, Propo-
sition 6.2.2, it gives rise to a well-defined functor

T,, = Ts,.
We will refer to it as the pullback functor along the given 1-morphism.
3.1.4. The next assertion follows from the definitions:

LEMMA 3.1.5.

(a) A functor F : T - S is a 2-Cartesian fibration if and only it is a locally 2-
Cartesian fibration and the induced functor T*-©2% — S1-Cat s o Cartesian fibration
of (o0, 1)-categories.

(b) If F: T - S is a 2-Cartesian fibration, then any 1-morphism in T that is locally
2-Cartesian over S is automatically 2-Cartesian.

(¢) If F: T —S is a locally 2-Cartesian fibration, then a 1-morphism in T is locally
2-Cartesian over S if and only if the corresponding 1-morphism in T"™ is is locally
2-Cartesian over SO,

(d) If F: T =S is a locally 2-Cartesian fibration, then it is 2-Cartesian if and only
if the corresponding functor TOM® — §erdn g,

3.1.6. Let 2—Cartl/‘§c denote the the full subcategory of 2-Cats formed by locally
2-Cartesian fibrations in (oo, 1)-categories. Let

(2'Cartl/céc)1—strict 2 (Q'Cartl/%c)strict c (z'cartl/%C)Q—strict
be the 1-full subcategories, defined by the same conditions as in Sects.
3.2. Locally 2-Cartesian fibrations vs 2-Cartesian fibrations over RLax,on-unt1 (S)-

In this subsection we will formulate, and begin the proof of, the main assertion of
this section, Theorem [3.2.2]
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3.2.1. Let
S -» RLaXnon-untl(S),

be the universal non-unital right-lax functor, see Sect. [A]
We are going to prove:

THEOREM-CONSTRUCTION 3.2.2. There exists a canonical fully faithful embed-
ding
(2-Cartz*) % 3 (2-Cart) RLa,m uun(6) ™

functorial in S, whose essential image consists of those 2-Cartesian fibrations for
which the pullback functors along quasi-invertible arrows (see Sect. are equiv-
alences.

REMARK 3.2.3. The above proposition is stated as an isomorphism of spaces.
However, it will follow from the construction that this equivalence extends to one
between the corresponding (oo, 2)-categories (both 2-strict and strict versions).

REMARK 3.2.4. If we assume Theorem [I.1.8] then Theorem [3.2.2] implies that
the space

(2—C8L1rt}%c)5pC

is isomorphic to space of right-lax functors

S'™°P -5 2_Cat.
3.2.5. In the rest of this subsection we will construct the map in the easy direction,
ie.,

(2—Cart}%c)5p° -4 (2-Cart, RLaxnmun“(g))SpC.
Consider the coCartesian fibrations
S —» A°? and RLaxponunt1(S)? — AP,
and the adjoint functors
Léf : 8¢ 2 RLaxponunt (S)? pg ,

see Sect. [Al
3.2.6. Starting from a 2-Cartesian fibration T - RLaxpon-unt1 (S), define

\IJ(T)fiS =T x s?,
RLaxnon-unt1 (S)#

where the functor S¢ — RLaan_uml(S)¢ is Lg )
We have:
LEMMA 3.2.7.

(a) The composite functor
U(T) >sf > AP
is a coCartesian fibration.

(b) The functor A°? — 1-Cat, corresponding to the coCartesian fibration of point
(a) lies in the essential image of the functor Seq, : 2-Cat — Funct(A°, 1-Cat).
Denote the resulting (oo,2)-category by W(T).
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(¢) The functor
U (T)? - s?

maps arrows that are coCartesian over A°P to arrows that are coCartesian over
P

A°P,
(d) The functor U(T) - S arising from point (c) is a locally 2-Cartesian fibration.

3.3. Proof of Theorem the inverse map. In this subsection we define
the sought-for map

(2-Cartz*) ™ S (2-Cart RLas, oo (6) ™

3.3.1. GivenTe 2—Cart1/‘§c, consider the corresponding functor

T¢ . s%.

We define
,(I)(T)Sﬁ = Tyﬁ >;S RLaXnon—untl(S)ygv
S

where the functor RLaxnon_uml(S)5’S - S¥ is pg .

We will define the sought-for (oo, 1)-category ®(T)? is a certain full subcate-
gory of "®(T)¢ .

3.3.2. Fix an object of

% (RLaxuonana (), {[m]}) =Seq,(8). 5+ [m] = (]

X
((Aactv)[myy)°P
given by

S§=80 > 81 = ... > Sn,
see Sect. [A.1.3] for the notation.
The fiber of ’@(T)55 over the above object of RLaxnon_untl(S)ﬁ is by definition

3.1 S T e. > Sn},
(3.1) eq,, ( )Seq:(S) {s0 = 51— Sn}

i.e., this is the category of strings
t:t0—>t1 —>...—>tn
in T that project to s.

3.3.3.  The full subcategory of (3.1)), corresponding to ®(T)? c '®(T)¢ consists of
those t, for which for every i € 1, ...,n for which there exists a j € 1,...,m with

VG -1) <i-1<i<y (),

the corresponding 1-morphism ¢;_1 — ¢; in T is locally 2-Cartesian over s;_1 — s;.
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3.3.4. We claim:

LEMMA 3.3.5.

(a) The composite functor
®(T)? - RLaxnon-unat(S)? - AP

is a coCartesian fibration.

(b) The functor A°? — 1-Cat, corresponding to the coCartesian fibration of point
(a) lies in the essential image of the functor Seq, : 2-Cat — Funct(A° 1-Cat).
Denote the resulting (oo,2)-category by ®(T).

(¢c) The functor
(I)(’]I‘)Slg - I{Laxmom—untl(S)yS

maps arrows that are coCartesian over A°P to arrows that are coCartesian over
A°P,

(d) The functor ®(T) - RLaxpon-unt1(S) arising from point (c) is a 2-Cartesian
fibration, for which the pullback functors along quasi-invertible arrows are equiva-
lences.

3.4. Proof of Theorem computation of the compositions. In this
subsection we will conclude the proof of Theorem [3.2.2] by showing that the maps
® and ¥ constructed above are mutually inverse.

¢ .8

3.4.1. Since the composition pg o is isomorphic to Idgs , we obtain immediately
that the composition

w ®
(2-Cart)g°) P° > (2-Cart) RLaxyoum(s)) = (2-Cart )¢
is canonically isomorphic to the identity map.

3.4.2. Let now T — RLaxponunt1 (S) be a 2-Cartesian fibration. We will now
construct a functor

T - '®(U(T)).

The datum of such a functor is equivalent to that of a functor

(3.2) T - T
that fits into the commutative diagram

ng (3.2) Tyg

(3.3) l l

$op?
RLaXnon—untl(S)gs S—pv> RLaXnon—untl(S)gs .
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3.4.3. The construction of the functor (3.2)) is based on the following lemma:

LEMMA 3.4.4. Let F: C - D be a functor between (oo,1)-categories, and let
I'p: [1]xD - D be a functor such that Tpl1y«p = Idp. Suppose that for every
c € C there exists a Cartesian arrow ¢’ — c that covers the 1-morphism I'p|[1]x{r(c)}
in D. Then there exists a uniquely defined functor T'c : [1] x C — C, such that:

e I'c is equipped with an identification I'cl{yxc = Idc;
o The diagram

[1]xC —<°. C

(3.4) Id(y xFl lp

[1]><D i) D

commutes
e For any c € C, the 1-morphism given by FC|[1]><{c} is Cartesian over D.

3.4.5. We apply the above lemma to D := RLaxnon_unﬂ(S)ﬁ,

C:= TCXt’¢ X I%LaXnon—untl(S)CXt,¢ )
RLaxpon-unt (8) 44

with F' induced by the projection T - RLaxpon-unt1(S). We let I'p be given by the
natural transformation

o pf = Tdntan, )
corresponding to the (Lg ,pg )-adjunction.
Applying Lemma [3.4.4] we obtain a functor
[1] x Toxt.$ X RLaxnon_unﬂ(S)e"t’9$ -
RLaxnon-unt1 (S) 4
g TeXt7¢ X I%La)(non—untl(S)EXt’¢ .
RLaxpon-un (8)°%49

Restricting to {0} € [1], and composing with
T¢ N Text,sﬁ x RLaXnon—untl(S)EXt’¢ ’
RLaxpon-unt1 (S)°*6¢

we obtain a functor

(3.5) T - Text-9 x RLaXpon-unt (S)™47 .
RLaXnon-untl (S)exty¢

Now, by unwinding the definitions, we obtain that the above functor (3.5)
factors through the 1-full subcategory

T c Toxtf x RLaXpon-unt1 (S)57 .
RLaxpon-unt1 (S)*%*¢

The resulting functor
T - T¢
is the desired functor ({3.2)).



3. LOCALLY 2-CARTESIAN AND 2-CARTESIAN FIBRATIONS OVER GRAY PRODUCTS479

3.4.6. By further unwinding the definitions, we obtain that the essential image of
the functor

T > '®(¥(T))
constructed above, belongs to ®(¥(T)) c '®(¥(T)).

Finally, if T - RLaxpon-unt1(S) is such that the pullback functors along quasi-
invertible arrows (see Sect. [A.3]) are equivalences, then the resulting functor

T - ®(U(T))
is an equivalence.

O(Theorem [3.2.2))

3.5. Gray products and 2-Cartesian fibrations. In this subsection we will use
Theorem to give an explicit description of 2-Cartesian fibrations over Gray
products.

3.5.1. Recall the condition on a functor between (oo,2)-categories to be a local-
ization on I-morphisms, see Sect. The following is straightforward:

LEMMA 3.5.2. Let S - S be a localization on 1-morphisms. Then the map
2-Cart/g > 2- Cart/g7
defined by pullback, is fully faithful. Its essential image consists of those F: T —'S
that satisfy the following condition:
For every t € T, a pair of 1-morphisms By, B1: s — F(t) and a 2-morphism
¢ € MapSMap%(s’,F(t))(ﬁOa /81)7

if we denote by ag : t' — t the 2-Cartesian lift of By and by € Mapsniaps-(#,t) (g, 1)
the coCartesian lift of ¢, if the image of ¢ in S is invertible, then the 1-morphism
oy :t' =t is 2-Cartesian over f31.

3.5.3. We fix S1,S; € 2-Cat. We shall now describe the space
(2-Cartyg, g, )
in a way functorial in S; and S,. Indeed, combining Lemma [3.5.2| applied to
RLaXpon-unt1 (S1 x S2) - 81 ® S,
with Proposition |3.2.2] we obtain:
COROLLARY 3.5.4. There exists a canonically defined fully faithful embedding
(2-Cart/g, gs, ySpe o, (2—Cartl/%(i XSs ySpe,

Its essential image consists of those T — Sy x Sq that satisfy:

e For every pair of composable 1-morphisms in T, locally Cartesian over
S1 x Sg, that cover two morphisms in S1 x So both of which project to
isomorphisms under S1 x S — S1, their composition is locally Cartesian
over S; x S,.

e For every pair of composable 1-morphisms in T, locally Cartesian over
S1 x Sg, that cover two morphisms in S; x So both of which project to
isomorphisms under S; x Sg — So, their composition is locally Cartesian
over S1 x Sg.
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e For every pair of 1-morphisms (s, = s1) € Sy and (sh 3 s3) € Sy and
locally Cartesian 1-morphisms t" Bt and v 3t covering (au,idg ) and
(ids,, 2), respectively, the 1-morphism ~ o 8 is locally Cartesian over
(041,042).
COROLLARY 3.5.5.
a e essential image of the (fully faithful) ma
(a) Th tial image of the (fully faithful) map

(2-Cartys, g5,)" — (2-Cart s,) ™"  (2-Catys xs,) ™
consists of those
T — Sl X SQ

such that:

(1) The composition T — S xS = Sy is a 2-Cartesian fibration;

(2) The functor T — Sy xSy, viewed as a map in 2-Cart s, , belongs to (2-Cart s, )strict;

(3) For every sy €S, the resulting functor Ts, — Sq is a 2-Cartesian fibration.

(4) For every 1-morphism s1 — sy in Sy, the pullback functor Ty, — T, , which

by the previous point is a 1-morphism in 2-Cart s, , belongs (2-Cart s, )2 strict -
(b) The subspace
(2-Carts, xs,)°""  (2-Carts, gs,) **°

corresponds to replacing in condition (4) the category (2-Cart s, )2_strict by its 1-full
subcategory

(2_Cart/52 )strict c (2‘Cart/82 )Q—Strict-

4. Proof of Theorem [1.1.8|

4.1. Proof of Theorem Step 1: identifying the underlying spaces.
In this subsection we will establish the assertion of Theorem [[LI.8 at the level of
the underlying spaces.

4.1.1. First, we notice that Theorem [2.0.1| can be reformulated as follows:

COROLLARY 4.1.2. There exists a canonical equivalence of bi-simplicial spaces
that send m,n to

SA, ,(2-Cat) and Maps([m],2-Cart[,]o»),
respectively.
4.1.3. Applying the 1-fully faithful embedding

(4.1)
Funct([m],2-Cat) ~ Seqy' (2-Cat) = (2-Cart,[1or )strict = 2-Cart 100 = 2-Cat [, 100

m

(where the second isomorphism is Theorem b)), we obtain a fully faithful map
Maps([m],2 —Cat/[n]op )= ((2 —Cat/[m]op )/[n]opx[m]op )Spc ~ (2 —Cat/[n]opx[m]op )Spc.

Restricting to 2-Cart[,,)or = 2-Cat[,,Jor, we obtain a fully faithful map
(42) Maps([m], 2—Cart/[n]op) - (Q—Cat/[n]opx[m]op)SpC.
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LEMMA 4.1.4. The essential image of the map (4.2)) lies in
loc Spc Spc
(2-Cart,fpjopx[m]er )" € (2-Cat[njopxmor) ™"

and coincides with the essential image of fully faithful embedding
(2—Cart/[n]op®[m]op)8pc i (Q—Cart}(f;]opx[m]op)spc

of Corollary [3.5.)
Proo¥F. Follows from Corollary a). O

4.1.5. Thus, combining Lemma [£.1.4] and Corollary [I.1.2] we obtain a canonical
identification of bi-simplicial spaces

(4.3) Sy (2- Cat) = (2-Cart)p,1opg[m]er) P
We can now establish the assertion of Theorem at the level of the under-
lying spaces:
COROLLARY 4.1.6. For S € 2-Cat, there exists a canonical equivalence
(2—Cart/g)s’pC ~ Mapsy_ . (S'™°P, 2- Cat),
functorial in S.

Proor. It follows from Chapter 10, Theorems 4.1.3 and 5.2.3(a) that for S €
2-Cat, the restriction map

(2_03“45/3)81)C - MapSFunct(AOPXAOP,SpC) (Sq-,o(S)7 (2_Cat/[°]®['] )SPC)
is an isomorphism, and under this isomorphism the subspaces
(2-Caurt/g)SpC c (2—Caut/§)8pC

and

MapSFunct(AOPXADP,SpC) (Sq.’.(g), (Z'Cart/[O]G—)[O] )Spc) c
c MapSFunct(AOPxAOP,SpC) (Sqo,o(S)’ (2-0&1]/[.]@[.] )SpC)
correspond to one another.

Hence, the assertion of the corollary follows from the isomorphism (4.3) using
the canonical identification of bi-cosimplicial objects of 2-Cat:

([m]®[n])' P = [n]*" ® [m]*".
O

4.2. Proof of Theorem Step 2: identifying the underlying (oo, 1)-
categories. In this subsection we will construct the identification of the (oo, 1)-
categories underlying the two sides in Theorem b).

4.2.1. We need to construct an isomorphism of simplicial spaces

Maps; _ca; ([m], (2-Cart s )strict ) = MapsQ_cat(Sl'OP x [m],2-Cat), [m]eA.

Taking into account Corollary we need to construct an isomorphism of
simplicial spaces

(4.4) Maps([m], (2-Cart s)strict) = (2—Cart/gx[m]op)8pc, [m] e A.
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4.2.2. Given [m] € A, using the 1-fully faithful embedding
Funct([m],2-Cat) ~ Seqyx*(2-Cat) = (2-Cart [jor Jstrict = 2-Cart)[njo0 = 2-Cat [ ]or

m

of (4.1) (which, we note, uses the statement of Theorem [2.0.1)), we obtain a fully
faithful map

Maps([m],2-Cats) = ((2-Cat/fmer ) fsxfm]or ) PC = (2-Catspmier )P

Composing with the embedding
Maps([m], (2-Carts)rict) = Maps([m], 2-Carts) — Maps([m], 2-Cats),
we obtain a fully faithful map
(4.5) Maps([m], (2-Cart s )srict) = (2-Catsefjor) 7.
LEMMA 4.2.3. The essential image of the map equals
(2-Cart/§x[m]0p)8pc c (2—Cat/gx[m]op)8pc.

ProoF. Follows from Corollary b). O

Thus, we obtain the required identification (4.4)).

4.3. Proof of Theorem Step 3: end of the argument.
4.3.1. Given T € 2-Cat, we need to construct an isomorphism of spaces

Maps(T, (2-coCarts)a strict) = Mapsy_c, (T S'°P 2-Cat),
functorial in T and S, so that the subspaces
Maps(T, (2- coCart s)suict) € Maps(T, (2- coCart s)2_strict)

and
Mapsy_cai (T x S'°P, 2-Cat) c Maps, ¢, (T ® S P, 2-Cat)

correspond to one another.

Taking into account Corollary we need to construct an isomorphism of
spaces

(4.6) Maps(T, (2-coCarts)2strict) = (2-coCart jsgr1-op )Spc,
so that
Maps(T, (2- coCarts)suict) € Maps(T, (2- coCarts)2_strict)

maps to

(2-coCart g1 -op )SPe ¢ (2-coCart s -op ySpe,
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4.3.2. The equivalence of (oo, 1)-categories
Maps, (T, 2- Cat) ~ (2-coCart r1-op )strict
established in Step 2, gives rise to a 1-fully faithful embedding
Maps, (T, 2-Cat) < 2-Catp1-op .
From here, we obtain a fully faithful embedding
Maps(T, 2- Cats) — ((2'Ca‘t/’]r170p)/gx’]rlfop)spc = (2-Cat/ngrlfop)8pc.

Composing with
Maps(T, (2-coCart/s)2 suict) € Maps(T,2- Cats),
we obtain a fully faithful map
(4.7) Maps(T, (2-coCarts)a-strict) = (2-Cat gy -op )Spc.

We claim:

LEMMA 4.3.3.

(a) The essential image of the map (4.7)) is contained in (Q—Catl/%‘;Tlfop)Spc and
equals the essential image of the fully faithful embedding

(2-coCart jsgr1-on )SPe o (2 —Catl/%qurlfop )Spe

of Corollary [3.5.3)

(b) Under the resulting isomorphism
Maps(T, (2-coCart/s)2 strict ) = (2—coCart/S®T1.op)SpC
the subspace

Maps(T, (2- coCarts)suict) € Maps(T, (2- coCart s)2_strict)

maps to
(2-coCart g, 1 -op )SPe ¢ (2-coCart sgr1-op ySpe,
Proo¥r. Follows from Corollary O

The last lemma establishes the desired isomorphism (4.6)).
O(Theorem |1.1.8))
5. The Yoneda embedding

The goal of this section is to discuss the several incarnations of what can be
called the Yoneda lemma in the context of (oo, 2)-categories.

For example, we will show that to s € S there corresponds a Yoneda functor

(5.1) hs:S—1-Cat, hs(s")=Mapsg(s,s),

and for any S £ 1-Cat we have an equivalence
(52) MapSF‘unct(S,l—Cat)(hS’ F) = F(S)

By letting s vary, we will construct the Yoneda embedding

Yon : S < Funct(S' P, 1- Cat).
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5.1. The right-lax slice construction. In order to construct the Yoneda func-
tors, we will use Corollary in order to interpret the datum of a functor
S - 1-Cat as a 1-coCartesian fibration.

In this subsection we will construct the corresponding 1-coCartesian fibrations
(up to reversing the arrows).

5.1.1. Let S be an (o0,2)-category, and s € S an object. We define the (o0,2)-
category Sy to be

Funct([1],S)right-1ax X {s},
where the fiber product is formed using functor

Funct([1], S)right-1ax = S.
given by evaluation at 1€ [1].

5.1.2. Let p,:Sy; — S be the functor given by evaluation at 0 € [1]. By definition,
the fiber of p over s’ € S is an (o0, 2)-category

FunCt([l]v S)right—lax S>>:S {(Sla S)}7

which by Chapter 10, Corollary 3.4.8 is an (oo, 1)-category, equipped with a canon-
ical identification with Mapsg(s', s).

5.1.3. We claim:
LEMMA 5.1.4. The functor ps: Sy, — S is a 1-Cartesian fibration.

PROOF. Let a : s; — s be an object of Sy, and and let 3 : 5] — 55 is a
1-morphism in S. Then it is easy to see that the commutative diagram

’ a
S —> S
BT Iids
’ aof3

s — s

)1—Cat

represents a Cartesian arrow in (S, over 3: indeed this is an assertion at the

level of the underlying (oo, 1)-categories.
To finish the proof of the lemma, given a pair of objects
So=(ap:s)—~>s) and s; = (a1 : 8] > )
of /s, we need to show that the functor
Mapss, (s9,5,) - Mapss(so,51)
is a coCartesian fibration in spaces.

The category Mapsg, (s9,8,) has as objects pairs (53,¢), where 8 : sj — s}
and ¢ is a 2-morphism ay — a1 o 8. Morphisms from (8, ®) to (5, ¢) is the space of
2-morphisms ¢ : 8 — (8, equipped with an identification ¢ ~ a; (%)) o ¢. This makes
it clear that the assignment

(B.9)~ B

is coCartesian fibration in spaces.
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5.1.5. Applying Corollary from the 1-Cartesian fibration S, - S we obtain
a functor
hs:S'P > 1-Cat.
The value of this functor on a given s’ €S is
(Sys)s = Mapsg(s', s).

5.2. The 2-categorical Yoneda lemma. In this subsection we will establish the
isomorphism (5.2)).

5.2.1. For a pair of 1-Cartesian fibrations in (oo, 1)-categories Ty, Ty over S, let us

denote by .
Mapsi"'“*(Ty, T;) := Maps (1 _cart /g )usier (To, T1),

where the notation (1-Cart/g)strict is as in Sect. m

Le., Maps%triCt(To,Tl) is the full subcategory of Mapsg(Ty, T1) that consists
of those functors that map 1-morphisms in Ty that are Cartesian over S to 1-
morphisms in T; with the same property.

5.2.2.  We claim:

. . . id,
PROPOSITION 5.2.3. For a 1-Cartesian fibration F : T — S, evaluation at (s =
5) €Sy defines an equivalence

Maps%triCt(S//s7 T) - Ts.
PRrROOF. Let
(Funct([1], T)right-1ax) % € Funct([1], T)right-1ax
denote the full subcategory whose objects are 1-morphisms Cartesian over S.

Evaluation defines functors

evg,evy : (Funct([l]’T)right_laX)Cart/g ST

Consider the fiber product

(FunCt([l]yT)rig:,rht—lax)Cart/S X Ts = (Fl'lrlct([l]7T)right—lax)Cart/S X {5}
evy,T Foevy,S

It is easy to see that the functor (between (co,2)-categories over S)

Funct([1], T) ight-1ax Carts Ty - Sys x Ty
g T i
Vi,

€

is an equivalence.

Hence, we obtain a functor (between (oo,2)-categories over S)

SysxTs - (Funct([l],']I')lax)ca”rt/S x TTS - (Funct([l],']I‘)IM)C'C““/S 2o T,
evy,

The latter gives rise to a functor
T, —» Mapsg(Sy,, T).
It is easy to see that the latter functor takes values in MapsgtriCt (Sys, T) and

provides an inverse to one in the statement of the proposition.
O
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5.2.4. Applying Corollary [T.2.6] from Proposition [5.2.3] we obtain:

COROLLARY 5.2.5. For F : S'°P - 1-Cat, evaluation at s € S defines an
equivalence

MapsFunct(Sl’OP,l—Cat)(ﬁsvF) = F(S)

5.3. The 2-categorical Yoneda embedding. We will now show how to turn
s €S into a parameter and thus obtain the Yoneda functor

Yong : S - Funct(S'°P,1- Cat).
We will then show that Yong is fully faithful.
5.3.1. For S € 2-Cat, consider the (o0, 2)-category

Funct([1],S)right-lax-

Evaluation on 0,1 € [1] defines two functors

evg,evy s Funct([1],S)right-1ax = S.

As in Lemma [5.1.4] one shows:

LEMMA 5.3.2.

(a) The functorevy : Funct([1], S)right-1ax = S is a 2-coCartesian fibration of (o0, 2)-
categories.

(b) The functor
(eVO X €V1) : FllHCt([l], S)right-lax -Sx8S

is a strict functor between 2-coCartesian fibrations over S.

5.3.3. Applying Corollary from the functor evy x evy we obtain a functor
S - 2-Cat,
equipped with a natural transformation to the constant functor with value S.
I.e., we obtain a functor
(5.3) S—2-Cats

5.3.4. Note, however, that by Lemma the functor (5.3]) takes values in the
full subcategory

1-Carts c 2-Cats.
Moreover, the functor (5.3)) factors through the 1-full subcategory

(1-Carts)strict © 1- Carts.

I.e., we have a functor

(54) S — (l‘cart/g)strict'
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5.3.5. Applying the equivalence (1-Carts)snict ¥ Funct(S'°P,1-Cat), from
(5.4), we obtain a functor
(5.5) Yong : S — Funct(S' P, 1- Cat),
or, equivalently, a functor
(5.6) S'°P xS - 1- Cat.

We will refer to the functor Yong of as the 2-categorical Yoneda functor.
5.3.6. We claim:

PROPOSITION 5.3.7. The functor is fully faithful.

ProOF. We need to show that for s,s’ € S, the functor

Mapss (s, 5') = MapSgyer(si-or.1 - caty (Yons (s), Yons (s'))

is an equivalence.

Equivalently (by virtue of Corollary, we need to show that the composite
functor
(5.7)
Mapsg (s, 5') = MapSpyye(si-or,1- cat) (Yon(s), Yon(s")) » Mapsg™ (S5, S )

is an equivalence.

By construction, the above map (5.7 has the property that for any ¢ € S the
induced map

Mapsg(s,s’) - MapsgtriCt(S//s7S//s,) -
- Maps((Sy)+, (Sys)¢) ~ Maps(Mapsg(t, s), Mapsg(t, s'))

is the map
Mapsq (s, s') - Maps(Mapss(t, s), Mapss(t, 5')),
given by composition of 1-morphisms.

Taking t = s and evaluating at ids, we obtain that the composition
Maps (s, s") > Maps3™'(S,,Sy)
- Maps((Sjs)s, (Sys)s) ~ Maps(Mapsg(s, s), Mapsg(s, s)) - Mapsg(s,s”)
is the identity map.
Now, according to Proposition the composition
MapsgtriCt(S//sv S//:>’) - Maps((S//s)87 (S//s’)s) -
— Maps(Maps;(s, s), Mapsg(s, s')) > Mapss(s, s')
is an isomorphism, implying that (5.7 is an equivalence as well.

A. The universal right-lax functor

A.1. The construction.
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A.1.1. Consider the 1-fully faithful functor
2-Cat — 2-Catright-1ax
see Chapter 10, Sect. 3.1.5.

non-untl’

This functor is easily seen to commute with limits. Hence, it admits a left
adjoint, to be denoted
S+~ RLaXnon—untl(S)-
It turns out that this functor can be described rather explicitly, and this de-
scription is useful.
A.1.2. Recall the notation Sﬁ, see Chapter 10, Sect. 3.1.1.
Starting from S € 2-Cat, consider the following (oo, 1)-category:
RLaXnon—untl(S)sﬁ = Sgg AX ACtVa
op
where Actv is the full subcategory of Funct([1], A°P), spanned by active mor-
phisms, and Actv — AP is the functor of evaluation at 0 € [1].

Evaluation on 1 € [1] defines a functor

(A.1) RLaXpon-une1 (S)? — AP,

A.1.3. For example,
RLaxuon-untt(S)? x {[0]} = Seqy (S)-

The category RLaxpon-unt(S)¢ 5 {[1]} is described as follows. It is a co-

Cartesian fibration over A% (where A,qy is the 1-full subcategory of A where

we restrict the arrows to active morphisms). We have
()} (RLaxonana (), ([11}) = Sea, (©)

For an active map « : [m] — [n] the corresponding functor between the fibers
identifies with the functor

Seq,, (S) = Seq,, (S),
induced by a.

A.1.4. The projection [1] — [0] defines a functor A°? — Actv, which in turn gives
rise to a functor

Lg 8% o RLaXnon_unﬂ(Sﬂg =S¢ A><Up Actv,

compatible with projections to A°P.
We will prove:

THEOREM A.1.5.

(i) The functor RLauxnon_unﬂ(8)9s - A°P of (A.1)) is a coCartesian fibration, and
the resulting functor A°P — 1-Cat lies in the essential image of the functor Seq,;
denote the resulting (oo, 2)-category by RLaxXnon-unti (S).

(ii) The functor Lg sends coCartesian arrows over inert morphisms in A°P to co-
Cartesian arrows. Denote the resulting laz functor S -» RLaxpon-unt1 (S) by ts.
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(iii) For any T € 2-Cat, the composite map

(RLaXnon—untl (S) ) T) -

MapS2 -Cat (RLaXnon—untl (S)’ T) - Map52 -Cat non-untl
(§,T),

right-lax

- MapSQ —Catrightflaxnon_untl

where the second arrow is given by precomposition with ts, s an isomorphism.

A.1.6. Note that the functor

Lg S¢ g I{La}(non—umtl(s)¢

admits a left adjoint; to be denoted )\g . This is a functor between categories over
A°P that sends coCartesian edges to coCartesian edges.

For example, the corresponding functor

RLaXnon—untl(S)fﬁ Axop [1] - Seql (S)

is given, in terms of the description in Sect. by the compatible family of
functors

Seq,,(S) — Seq, (S),
each corresponding to the unique active map [1] — [n].
Hence, we obtain that the functor )\g corresponds to a functor

)\S : RLaXnon-untl(S) - S.

We claim:

PROPOSITION A.1.7. The functor As : RLaxpon-unt1(S) = S is the counit of the
adjunction, i.e., corresponds to the identity functor on S, considered as a non-unital
right-lax functor.

PROOF. We need to show that the composite lax functor

S As
S5 RLaxpon-unt1(S) = S
identifies with the identity functor on S.
For that we need to show that the composite functor

)\goag s s

is the identity functor. But this follows from the fact that the functor Lg is fully

faithful.
O

A.2. Proof of Theorem [A.1.5l
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A.2.1. To prove point (i) of the theorem, let us explicitly describe the functor
A°P — 1-Cat
corresponding to the projection

RLaXnon—untl(S)gg - A°P.

Namely, this functor sends [m] to a coCartesian fibration over ((Aactv)[m1/)",
whose fiber over an active map v: [m] = [n] is

o (RLauonana(8) 5, {Tm]}) = Seq, (8).

x
((Aactv)[m]/)°P

and where for active map «: [ny] — [n2] the corresponding functor

Seqy, (S) = Seqy, (S)
is induced by «a.

For a map 3 :[m1] = [mz], the corresponding functor

(A2)  Rlaxwowwa(§)? x {[me]} > Rlaxsonua(8)? x {[mi]}

is described as follows.

For an active map s : [ma] = [n2], the category of factorizations of v5 o § as

4 ’

[m1] 5 [n}] S [na]

has a final object
[m1] % [n1] 5 [n2]

In fact, « is the injection of the sub-segment with the smallest element ~y4 0 5(0)
and the largest element o o S(mq).

The corresponding functor in (A.2) sends

{12) (RLaXnon_untl(S)¢ 5 {[mQ]}) R

X
((Aactv)mg1/)°P

ok (R ()

((Aactv)[ml]/)op Acopr
and equals the functor
Seqy, (S) — Seqy, (S)

is induced by «a.

The verification of Conditions (0)-(2) for being an (oo, 2)-category is now

straightforward. It is equally easy to see that the functor i sends coCartesian
arrows over inert arrows in A to coCartesian arrows.
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A.2.2. Let us now show that the map
(5,T)

non-untl

Maps;_cat (RLaxpon-unt1 (S), T) — Mapsy_cat

right-lax
is an isomorphism.

]

Given T € 2-Cat, the operation of relative left Kan extension along ¢ gives
rise to a fully faithful embedding of spaces

(A.3) Maps,; _cag pop (87, T) = Maps; g, 50p (RLaXnonunn (S)7, TF).
Let
Maps;. —Cat/Aop (S¢ 7‘1‘¢ ) c Mapsl —Cat/Aop (S¢ ) T¢ )

be the subspace consisting of functors that send coCartesian arrows over inert
morphisms in A°P to coCartesian morphisms. Let

1\/Iaps'1_0at/Aop (RLaxXpon-unt1 (S)¢, T ) ¢ Maps;_cat)pop (RLaXpon-unet (S)#, T?)

be the subspace consisting of functors that send all coCartesian arrows to coCarte-
sian morphisms. We will show that the map (A.3)) defines an isomorphism

(A.4) Maps!_caq pop (87, T) = Maps] g, 50p (RLaXnonunn (S), TF).

A.2.3. Note that the functor
Lg . S¥ aRLaxnon_untl(S)ﬁ
¢

admits a right adjoint, to be denoted pg . Explicitly, for every m and v : [m] — [n],
é

the functor pg makes the following diagram commutative

3 RLaxnon-untt () x{[m )—> RLaXpon-unei (S)?
{’y} ((Aactv)[m,]/)op( tl( ) Aop{[ ]} t]( )

| |+
Seq,, (S) _ S?.
¢

In particular, we note that pg does not respect the projections
RLaxXponunt1(S)? = A% and S¢ - AP,
We have the following general assertion:

LEMMA A.2.4. Suppose we have a diagram of (oo, 1)-categories
¢C————=C
I
such that v is fully faithful and admits a right adjoint p. Then for any coCartesian
fibration D — I, relative left Kan extension gives a fully faithful embedding

Mapsl -Cat/l (CI7 D) e Mapsl -Cat/l (C7 D)

with the image consisting of functors F : C - D over I such that for every c € C,
the counit of the adjunction v o p(c) - ¢ induces the arrow

F(vop(c)) = F(c)

in D that is coCartesian over 1.
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A.2.5. Applying this lemma, we need to show that for a functor
F : RLaxponunt1 (S)¢ - T¢

the following conditions are equivalent:

(1) F takes coCartesian arrows to coCartesian arrows;

.9

(2) F takes the arrows coming from the counit of the adjunction ¢z o pz — id

and also arrows of the form Lg (f), where f is a coCartesian arrow in s¢
lying over an inert map in A°P, to coCartesian arrows.

We have the following general observation:

LEMMA A.2.6. Let D = 1 be a coCartesian fibration of (o0, 1)-categories. Then
an arrow in D is coCartesian over I if and only if its image in D' is coCartesian
over Tordn,

This lemma allows to replace the verification of the equivalence of conditions
(1) and (2) above to the case when T (and hence also S) is an ordinary 2-category.
In this case the assertion is straightforward.

A.3. Quasi-invertible 1-morphisms.
A.3.1. Since

Seqg(RLaxpon-unt1(S)) ~ Seqqy(S),

the categories Sp and RLaxpon-unt1(S) have the same spaces of objects.
Note that the subcategory
(Seql (I%LaXnon—untl(S)))invert c Se(h (RLaXnon—untl(S))
identifies with

Ser(S) =~ {[0]} X (]-:{Laxnon—untl(S)gS Aﬁf’ {[1]}) <

c RLaxuon-wnt (§) x {[1]} = Seqs (RLaxuon-unt (S))-

A.3.2.  We shall say that a 1-morphism is quasi-invertible if it belongs to the full
subcategory, to be denoted (Seq; (RLaxpon-unt1(S))) ™", and equal to

Seqo(8) = (Sea (8))™" < Seq () = {11} % (RLaxuonuna(8)* x, {(1]}) <

€ RLaxponunt(9)f ({11} = Seay (RLaxuon-unn (5)).
REMARK A.3.3. Note that we thus obtain two different fully faithful functors
Seqy(S) = (Seq (RLaxpon-unt1(S)))™ " = Seq; (RLaxpon-unti(S))
and
Sed(S) = (Seqy (RLaxpon-unt1 (S))) ™" < Seqy (RLaxpon-unti (S)).

By construction, these functors are connected by a natural transformation
(from the former to the latter).
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A.3.4. We observe:

LEMMA A.3.5. A non-unital right-lax functor S -> T is unital if and only if the
corresponding functor

RLaXnon—untl (S) - T

sends quasi-invertible 1-morphisms to isomorphisms.
B. Localizations on 1-morphisms

B.1. The notion of localization on 1-morphisms.

B.1.1. Let C be an (oo, 1)-category, and let C’ ¢ C be a 1-full subcategory with
the same class of objects. (Le., the datum of C amounts to specifying a class of
1-morphisms containing all isomorphisms and closed under compositions).

Recall that the localization of C with respect to C’ is a pair
(CaFcan :C— écan)a

universal with respect to functors F' : C — C that map 1-morphisms from C’ to
isomorphisms.

B.1.2. Let F':S— T be a functor between (oo, 2)-categories.

DEFINITION B.1.3. We shall say that F' is a localization on 1-morphisms if:
(1) The functor Seqy(S) = Seq(T)o is an isomorphism (in Spc);
(2) The functor Seq,(S) - Seq(T); is a localization.

B.1.4. We claim:

ProrosiTION B.1.5. For a functor F : S - T, the following are equivalent:
(1) F is a localization on 1-morphisms;

(2) The corresponding functor S¢ > T¢ is a localization.
PRrROOF. Follows from the next general lemmas:

LEMMA B.1.6. Let C - I and D — I be coCartesian fibrations, and let F : C —
D be a functor compatible with the projections to I such that F sends coCartesian
arrows to coCartesian arrows. Then F is a localization if and only if for everyiel
the corresponding functor C x {i}-D x {i} is a localization.

O
As a corollary, we obtain:

COROLLARY B.1.7. Let S — T be a localization on 1-morphisms. Then for any
X e 2-Cat, the maps

Maps2-0at(TaX) - MapSZ—Cat(S’ X)7 MapSZ—Cat (T’ X) g Maps2—Catr;ght,1ax(S’ X)

right-lax
and

(T,X) - MapSQ-Cat (SaX)

non-untl

Mapsy_cas
are fully faithful.

right-lax, o0 untl right-lax
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B.1.8. It is easy to see that if S - T is a localization on 1-morphisms, then for
any X € 2-Cat, so is the functor

SxX—>SxT.
From here we obtain:
COROLLARY B.1.9. Let S — T be a localization on 1-morphisms. Then for any
X € 2-Cat, the functor
Funct(T, X) — Funct(S, X)
is fully faithful.

B.2. Description of localizations.
B.2.1. We have:

PROPOSITION B.2.2. Let S be an (o0,2)-category. The following pieces of data
are equivalent:
(i) The datum of a functor S — T, which is a localization on I-morphisms.
(ii) The datum of a functor SO — T which is a localization on 1-morphisms.

(iii) The datum of a subset of isomorphism classes of morphisms in Seq;(S) that
contains all isomorphisms and is closed under the composition operation

mo(Sear(8)) _ x mo(Seay (8)) = mo(Seay ()

ProOF. Follows from the next general lemma:

LEMMA B.2.3. Let C — I be a coCartesian fibration. Then the datum of a
localization F : C — D, such that D is also a coCartesian fibration over I and F
sends coCartesian arrows to coCartesian arrows is equivalent to the datum of a
localization C X {i} = Dj for each i €1, such that for every 1-morphism i; — iz in

I the corresponding functor
Cx {ii} > C X {i2}

sends the 1-morphisms that become isomorphisms on Dj, to 1-morphisms that be-
come isomorphisms on Dj,.

O

B.2.4. As a corollary we obtain:

COROLLARY B.2.5. For S € 2-Cat, the canonical functors
As : RLaxpon-unt1 (S) = S,
RLaxponuntl(SxT) > S®T and S® T - Sx T
are localizations on 1-morphisms.



CHAPTER 12
Adjunctions in (o0,2)-categories

Introduction

0.1. What is done in this Chapter? This Chapter contains the only piece of
original mathematics pertaining to (oo, 2)-categories that we develop in this book.
It has to do with pairs of functors obtained from one another by the procedure of
passage adjoints.

0.1.1. First, we note that if T is an ordinary 2-category, and ¢ > ¢’ is a 1-morphism,
there exists an (elementary) notion of right (resp., left) adjoint 1-morphism. For
example, if T = (1-Cat)°*®  this is the usual notion of adjunction for functors
between (oo, 1)-categories.

If T is a (o0,2)-category, we will say that a 1-morphism admits a right (resp.,
left) adjoint, if it does so when considered as a 1-morphism in T°r®,

0.1.2. Consider the following situation: let S and T be (o0, 2)-categories, and let
F:S-T.

We shall say that F' is right-adjointable (resp., left-adjointable) if for every 1-
morphism s > s’ in S, the corresponding 1-morphism F(«) admits a right (resp.,
left) adjoint.

We let
Maps, (S, T)™ € Maps,_ ¢, (S, T)

denote the full subspace spanned by left-adjointable functors (the superscript “R”
is because 1-morphisms generated by these functors are right adjoints).

Let
MapSQ—Cat (S7 T)L c MapsZ—Cat (Sv T)

denote the full subspace spanned by right-adjointable functors.

0.1.3. Assume for a moment that T is an ordinary 2-category. In this case, the
procedure of passage to adjoint 1-morphisms defines a canonical isomorphism

(0.1) Mapsy_car (S, T) = Maps,_cq, (S%°P, T) .

The main result of this Chapter (stated in Corollary [1.3.4]) is that the isomor-
phism (0.1)) holds for an arbitrary (oo,2)-category.

495
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0.1.4. Moreover, we note that the spaces Maps,_cy. (S, T)® and Maps,_q,, (S1¥2°P, T) L
can naturally be extended to (oo, 2)-categories

FU.DCt(S, T)fi%g;ht—lax and FunCt(Sl&Q_opa T)lLeft—laxa
where we allow right-lax (resp., left-lax) natural transformations.

We will show (see Corollary [3.1.9) that the isomorphism (0.1)) extends to an
equivalence of (o0,2)-categories

FunCt(Sv T)fizght—lax = FunCt(Sl&Q_opv T)lléft—lax'

0.2. How is this done? To simplify the discussion, we will focus on the construc-
tion of the isomorphism of spaces (0.1]).

0.2.1. Tt is not difficult to see that for a given (oo,2)-category S, there exists a
universal left-adjointable functor

Funiv :S - SR~
Le., any left-adjointable functor F : S — T uniquely factors as

CTVoF‘univ7 GSR_}T

Similarly, we have the universal right-adjointable functor S - S¥.

0.2.2. The isomorphism (0.1)), functorial in T, is equivalent to the existence of a
canonical equivalence of (o0, 2)-categories

(0.2) (S2P) = (5107,

The construction of the equivalence (0.2]) is based on the explicit description of
the (o0,2)-category S (resp., S¥). Such a description is given by Theorem m
and is the key idea of this Chapter.

0.2.3. Namely, we prove that the (oo,2)-category S¥ is obtained by applying the
functor £59, left adjoint to

Sd, . : 2-Cat — SpcATTxA™
to a particular object of SpcAOPXAOP.
That object of SpcAopXAop is the following: we consider
Sd. o (§*°P),
and then we invert the vertical arrows, i.e., apply the involution
rev: A% - AP

along the first factor in A°P x A°P.

We note that this object does not belong to the essential image of the functor
Sda e, 50 the above procedure is doing something non-trivial.

0.2.4. By unwinding the construction, we see that the procedures for obtaining
(S2-°P)E and (S!'-°P)L are exactly the same, thereby leading to the isomorphism

[02).
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1. Adjunctions

In this section we study the following situation: let S be a (oo,2)-category
equipped with a 1-full subcategory C c S'"¢2 with the same class of objects.
We will consider functors F' : S - T such that for every l-morphism « in C, the
corresponding 1-morphism F(«) in T admits a left adjoint. We will state a theorem
to the effect that there exists a universal such functor

Elniv 1S - SRca
i.e., any functor F': S - T with the above property uniquely factors as

Go Fuiv, G:Sfe ST,

However more importantly, the (oo, 2)-category SF¢ can be described explicitly.

This explicit description will allow us to show that to a functor F': S — T that
maps all 1-morphisms in S to left-adjointable 1-morphisms in T, there canonically
corresponds a functor

Sl&Q—Op ST

obtained from F' by passing to left adjoints along 1-morphisms.

1.1. Adjointable arrows and functors. In this subsection we will define what it
means for a I-morphism in an (oo, 2)-category to admit an adjoint, and the related
notion of a functor to be adjointable.

The main feature of these notions is that they do mot depend on the oo-
categorical structure, i.e., these are conditions on arrows/functors between the
underlying ordinary 2-categories.

1.1.1. Let T be an ordinary 2-category, and let ¢ S ¢ be a 1-morphism. In this
case there exists the notion of right adjoint 1-morphism.

Namely, a 1-morphism ¢’ 5 t is said to be the right adjoint of « if we are given
2-morphisms
co-unit : @ o f - idy and unit :id; > o«
such that the compositions

aounit co-unit o unit of3 [Boco-unit
— aqoffoa — q«aqandf — foaof — [

are the identity 2-morphisms.

It is easy to see that if a right adjoint 1-morphism exists, it is defined up to a
unique isomorphism.

1.1.2. Replacing T by T?°P, we obtain the notion of left adjoint 1-morphism.

It is easy to see that the data defining 5 as a right adjoint of « is equivalent to
the data defining « as a left adjoint of 5.
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1.1.3. Let now T be an (oo, 2)-category, and let ¢ S ¢ be a 1-morphism.

DEFINITION 1.1.4. We shall say that o admits a right (resp., left) adjoint, if it
does so in the ordinary 2-category T,

Let Seq; (T)% c Seq, (T) be the full subcategory spanned by 1-morphisms that
admit a left adjoin

Let Seq, (T)% c Seq; (T) be the full subcategory spanned by 1-morphisms that
admit a right adjoint.

The procedure of passage to the adjoint 1-morphism defines an equivalence
(Seq (T) ™)™ = (((Seq, (T)*)”" ™))™ .

REMARK 1.1.5. In Corollary we will see that the above equivalence of
ordinary categories in fact lifts to an equivalence of (oo, 1)-categories

Seq; (T)" = ((Seq; (T)*)™.

1.1.6. Let S be an (oo, 2)-category, and C c S!-©a be a 1-full subcategory with
the same class of objects. Let
F:S->T

be a functor, where T is another (oo, 2)-category.
DEFINITION 1.1.7. We shall say that F' is right adjointable with respect to C,
if for every 1-morphism s > s’ in C, the 1-morphism

F(s) = F()

admits a right adjoint.

In a similar way we define the notion of functor left adjointable with respect
to C.
1.1.8.  We denote by
Funct(S, T)g‘gcht_lax c Funct(S, T)right-lax
the full subcategory corresponding to functors that are left adjointable with respect
to C.

Let
Funct(S, T)LC ¢ Funct(S, T)right-1ax

left-lax
denote the full subcategory corresponding to functors right adjointable with respect
to C.

Let
Maps,_c (S, T)C € Maps, ¢, (S, T) > Maps,_c, (S, T)*©
the be the corresponding full subspaces.
Clearly, under the isomorphism
Funct(S, T)jeft-tax = Funct(S* P, TP ) ight-lax

IThe superscript “R” means the 1-morphisms in question are themselves right adjoint to
something.
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we have:

Funct(S, T),/S ... ~ Funct(S*°P, TP )ﬁgcht—lax'

Consider the particular case when C is all of S'"C**. In this case we will simply
write
Funct(S, ']I‘)gght_lax and Funct(S, ’]T)ﬁft_lax
and
Maps2 -Cat (S7 IVIF)R and MapSQ-Cat (S7 T)La
respectively.

1.1.9. Assume now that T is ordinary. In this case one shows that there is a
canonical equivalence of (ordinary) 2-categories

(11) Funct(S, PH‘)gght—lax = FunCt(Sl&Q_opa T)lléft—laxa
given by passage to left adjoint 1-morphisms.

The goal of this chapter is to generalize the equivalence (1.1) to the case when
T is an (oo0,2)-category. This will ultimately be achieved in Corollary

1.2. The universal adjointable functor. It is fairly easy to see that, given a
pair (S,C), where S is an (oo, 2)-category and C c S'-“at is a 1-full subcategory
with the same class of objects, there exists a unversal recipient, denoted S®e, of
functors left-adjointable with respect to C.

The point is that this (oo, 2)-category S can be described explicitly in terms
of the adjoint functors

Sq, . :2-Cat 2 SpcATXAT . gsa,
This description is given by Theorem In fact, the (oo, 2)-category Sfc is
obtained from S as a combination of the following three steps:

e Starting from S, we pass to S2-°P and form the bi-simplicial groupoid
Sqf)fi‘r(SQ'Op7 C), see Chapter 10, Sect. 4.3 for the notation.

o We take SaniY(SZ'Op,C) and reverse its vertical arrows. Note that the

resulting bi-éimplicial groupoid will not be in the essential image of the
functor Sq, -

vert-op

o We take (Sqf’iir(Sz'Op, C)) and apply to it the functor £%9.

The idea of this construction is that the reversed vertical arrows will supply
the data of left adjoints for 1-morphisms in C.

1.2.1. Let S be an (o0,2)-category, and C c S-“2t be a 1-full subcategory with
the same space of objects.

Consider the bi-simplicial category (Sqf)f:ir(SQ'Op7 C))ver=°P where the notation
(=)¥er°P is as in Chapter 10, Sect. 4.1.5, and Sqifir is as in Chapter 10, Sect. 4.3.3.
We define the (oo,2)-category S¥¢ to be
OS((Sal (677, ©)) ),
where £59 is as in Chapter 10, Secr. 4.4.4.
ILe., by definition, for T € 2-Cat,
Maps;_cat (S™€, T) = Mapspunce(ace,1-car) (Sdaa (§27°P, C)) ¥, Sq, ,(T).
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1.2.2.  We claim that we have a canonically defined functor
(1.2) S - sfie,
Namely, it is obtained via the isomorphism
S= £%908q;,(S)

(of Chapter 10, Corollary 4.4.5) by applying £39 to the tautological bi-simplicial
functor

(13)  Saiu(8) = (Sqz(827)) " o> (Sfa (87, €)) .

1.2.3.  Recall the notation
Maps?-Cat(SvT)Rc © Maps;y_¢ae (S, T),
see Sect. [LT.8
We will prove the following result:
THEOREM 1.2.4. Restriction along defines an isomorphism
Maps,_cas (SRCa T) - Maps,_ca: (S, T)RC~

1.3. The case C = S'"“?!, Let us consider a particular case of Theorem m
when C = S!'-©t In this case we shall simply write S. The point is that in this
case we will have a canonical equivalence

(SR)2-oP o (S1-0P)R
which will allow to realize the passage to adjoints construction.
1.3.1. Recall that for X € 2-Cat we have
(80, () erehorioon o 5 (x16200),
see Chapter 10, Sect. 4.1.6.

Recall also the involution reflect on SpcAopXAop, see Chapter 10, Sect. 4.1.5.
For X € 2-Cat we have

(1.4) (Sd,,4 (X)) = Sq, o (XFP).

Hence, for S € 2-Cat we have obtain a canonical isomorphism
(1.5)
(00067

= (S, +(S)

reflect

reflect \ Boriz-o oriz-o
*((Sa0e (877 = (S0,0())

)vcrt&horiz—op)vert_()p ~ ((Sq (Sl&2 —Op)

) vert-op
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1.3.2. Note that from it follows that for E, . € Spc®” A" we have
(1.6) (Sq ((E.V.)reﬂect) o (£Sq(E.’.))2—0p.
Hence, we obtain an identification
(1.7)
(872 = (£%((Sau. (82-013))%“-013))2“’p gSa (((Sq.y. (SZ‘OP))Ve”‘("’)reﬂe“) =

= 259 (((Squ o (814207)) 1) = (81o) R,

1.3.3.  Combining (1.7) and (1.2)), we obtain a canonically defined map

(1.8) StoP — (§)2op
and hence a map
(1.9) stéor - g

Applying Theorem [1.2.4] we obtain:
COROLLARY 1.3.4. The functors
S - S* and "% - sF
define isomorphisms
Maps,_c,¢ (S, T) - Maps,_c, (S, T)"
and
Mapsy_cy (S, T) = Mapsy_car ((STP)F)? P, T) « Mapsy_cq, ((STP)F, T2°P) -
— Mapsy ¢t (S' 7P, T ") & Maps,_cq (S'#°P, T) "

In particular, we obtain a canonical identification

(1.10) Maps;_ga (S, T)™ = Maps, g, (8'4%°P, T)".

We will refer to the isomorphism of (1.10]) as the procedure of passing to right
adjoints.

1.3.5. The adjoint 1-morphism. Let us specialize the above discussion further to
the case S = [1]. For T € 2-Cat, let

((Seq; (T))*P) ™ ¢ (Seqy (T))° > ((Seq, (T))*P°)*,

be the subspaces of 1-morphisms that admit right and left adjoints, respectively.

As a particular case of Corollary we obtain:

COROLLARY 1.3.6. There exists a canonical isomorphism of spaces

((Seqy (T)))™ = ((Seq, (T))*)*
that induces the isomorphism
o (((Seqy (T))P) ™) = o (((Seq, (T))**)*),

given by passage to the adjoint 1-morphism.

1.4. Proof of Theorem for ordinary 2-categories. In this subsection
we take T to be an ordinary 2-category. In this case Theorem [1.2.4] can be proved
by explicit analysis.
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1.4.1. Let us first show that the image of the restriction functor
Mapsy_cas (s, T) > Maps;_cat (S, T)
belongs to Mapsy_ ¢ (S, T)F ¢ c Maps, ¢, (S, T).
Let F':S - T be a functor, such that the map
54, +(S) > Sq, (T)
has been extended to a map

Fut (SG5(8%77, €))% > Sq, ,(T),

.)

a F(o
Let s > s’ be a morphism in C, and let F(s) ) F(s") be its image in T. We
wish to show that F'(«) admits a left adjoint.

Consider « as a (1,0)-simplex in Sqf)fiir(S, C). Let us now vertically invert it,

and thus consider it as a (1,0)-simplex in (Sqf)fiir(SQ‘Op, C))vert=°P, The image of
the latter under F, o is a (1,0)-simplex in Sq, ,(T), i.e., a 1-morphism

F(s') > F(s)
(note the direction of the arrow!).

Let us show that g is the left adjoint of F(«).
1.4.2. Consider the following point in Sqfﬁir(SQ'Op7 C):

(1.11) SO Ly

where the 2-morphism is the identity map o = a.

Let us vertically invert it, and thus consider it as a (1, 1)-simplex in (Sqffiir (S%-°p, C))vert-op,

Take the image of the latter under F,,. We obtain a (1,1)-simplex in Sq, ,(T),
i.e., a diagram

(1.12) F(s') —9s F(s)

F(s) WF(S')

The (1,1)-simplex (|1.12) represents a 2-morphism
(1.13) id > F(a)of,
which will be the unit of the adjunction (3, F'(«))-adjunction.
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1.4.3.  Consider the following point in Sqiafr(SQ'Op, C):

S S
id‘( |0t
S

S
where the 2-morphism is the identity map a = a.

id
_—

(1.14)

~

«

Let us vertically invert it, and thus consider it as a (1, 1)-simplex in (Sqffiir(SQ‘Op, C))vert-op,
Take the image of the latter under F,,. We obtain a (1,1)-simplex in Sq, ,(T),
i.e., a diagram

(1.15) Fs) /% psy
id B

F(s) — F(s).

The (1,1)-simplex ([1.12) represents a 2-morphism
(1.16) Bo F(a)—id,
which will be the co-unit of the adjunction (5, F(«))-adjunction.

1.4.4. The adjunction identities for (1.16]) and (1.13)) follow by concatenating the
diagrams (1.11) and ([1.14)) first vertically, and then horizontally.

1.4.5. Let us now be given a functor F': S - T such that for each arrow s 5§ in
C, the corresponding 1-morphism F'(«) admits a left adjoint. Let us construct the
corresponding map

F.,. . (Sqf’,air(SQ—op7 C))vert—op N Sq,,(T).

With no restriction of generality, we can assume that S is also ordinary. We
will define the map in question for (0,0), (0,1), (1,0) and (1,1) simplices, and it
will be clear that it extends to a map of bi-simplicial sets by associativity.

1.4.6. At the level of (0,0) simplices, F, . sends a vertex
s e S5,
thought of the space of (0,0)-simplices in (Sqf)fiir(Sz'Op, C))vert-op to
F(s) € T = Sqq o(T).
1.4.7. At the level of (0,1) simplices, F, . sends

(s0 = 1) € (Seq, (S))™°,
thought of the space of (0,1)-simplices in (Sql 3" (S2-°P, C))vertop to

.)

(Pls0) = Fs1)) € (Seay (1))57° = Saq 1 (7).
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1.4.8. At the level of (1,0) simplices, F, o sends
(so > 51) € Seq, (C),
thought of the space of (1,0)-simplices in (St (S2-°P, C))vertop to

.)

(F(Sl) F(i)’L F(SO)) € (SG%(T))SPC = SqLO(T),

where F(a)® is the left adjoint of F(«).
1.4.9. At the level of (1,1) simplices, F, o sends a point

(1.17) 50,0 — > 80,1

Bo ¢ B1

51,0 —ar S1,1
in Sqlia{ir (S?-°P, C), thought of as a (1,1)-simplex in (Sqf,a:ir (S?-°P, C))¥ert=°P to the
element of Sq; ;(T), given by the diagram

F(a1)
F(Sly()) 41> F(Sl’l)

P
F(Bo)" F(B1)*

F(s0,0) Iﬁ)F(So,l%

where the 2-morphism
¥ F(B1)" o F(ar) - F(ag) e F(fo)",
is obtained from
¢: F(ar)o F(Bo) » F(B1) o F(ao)
by adjunction. (Note the direction in which ¢ goes—this is due to the fact that
was a (1,1)-simplex in Sqialir(S2'°p, C), i.e., we inverted the 2-morphisms in
S.)

2. Proof of Theorem [1.2.4]

We will first prove Theorem in the case when the target (oo,2)-category
is 1- Cat, and then reduce to this case using the Yoneda embedding of Chapter 11,
Sect. 6.3.

The idea of the proof in the case of T = 1- Cat is the following.

Consider the 2-category [m,n] := [m] ® [n]. Let C be the 1-full subcategory
in [m,n]' " corresponding to the horizontal direction (i.e., the 2nd coordinate).
The main observation is that the corresponding space Maps, ¢, (S, 1- Cat)®¢ can
be described very explicitly.

Namely, this is the space of functors

[m] — biCart [,,ep,
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where biCart; denoted the category of bi-Caretsian fibrations over a given (oo, 1)-
category I, i.e.,
biCart; = Cart y ncoCart;; c 1-Catg .

2.1. The swapping procedure. In this subsection we will make a (relatively

elementary) observation pertaining to (oo, 1)-categories that lies in the heart of the
proof of Theorem for the target T = 1- Cat.

2.1.1. Let I and J be (o0,1)-categories. Consider the following (oo, 1)-category,
denoted
Cart-coCarty,j .

This is the full subcategory of 1-Cat 1, g, that consists of those (oo, 1)-categories C
over I x J that satisfy:

e The composite functor C - I xJ — I is a Cartesian fibration;
e The functor C — I x J, viewed as a functor between Cartesian fibra-
tions over I, sends Cartesian arrows to Cartesian arrows (i.e., belongs to

(Cart/I)strict)§
e The composite functor C - I xJ — J is a coCartesian fibration;

e The functor C - IxJ, viewed as a functor between coCartesian fibrations
over J, sends coCartesian arrows to coCartesian arrows (i.e., belongs to

(coCart )z )strict);-
2.1.2.  The first two conditions define a 1-fully faithful embedding
Cart-coCarty y = Funct(I°?,1-Caty),
and the second two conditions imply that it factors as

Cart-coCarty 3 = Funct(I°?, coCart,y).

Similarly, we have a 1-fully faithful embedding
Cart-coCarty 3 — Funct(J, Cart y).

We claim:

ProprosITION 2.1.3. The induced maps
(Cart-coCarty, 5)P¢ - Maps(I°P, coCart/y)
and
(Cart-coCarty 5)5P¢ - Maps(J, Cart /)

are isomorphisms.

PrROOF. We will prove the first isomorphism, the second being similar. The
inverse map is constructed as follows: given

I°? — 1-Cat/y,

we tautologically construct a Cartesian fibration C — I, equipped with a functor

C — I x J that takes Cartesian arrows to Cartesian arrows.

We need to show that if the initial map takes values in coCart;y c 1-Cat 3, then
the resulting functor C - J is a coCartesian fibration, and the functor C - I x J,
viewed as a functor between coCartesian fibrations over J, sends coCartesian arrows

to coCartesian arrows. This is a straightforward verification.
O
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COROLLARY 2.1.4. There exists a canonical isomorphism

Maps; _c,; (I°P, coCart j3) ~ Maps, ¢, (J, Cartg).

2.2. Proof of Theorem [1.2.4] for T = 1- Cat.
2.2.1. The datum of a functor
S - 1-Cat,
is equivalent to that of a functor
S?°P - (1- Cat)?°P,

which by Chapter 10, Corollary 4.4.5, is equivalent to the datum of a bi-simplicial
map

Sdea"(§*°P,C) > Sq, .((1- Cat)*P),

and finally a map
(2.1) Saea"(S7°P, C) — (Sq, .(1- Cat)) e,

2.2.2. The datum of a functor
sfe 5 1-Cat
is equivalent to that of a bi-simplicial map

(2.2) Sded"(S*°P,C) ~ (Sq, . (1- Cat)) P

2.2.3. Recall that the space Sq,, ,(1- Cat) is described as

Mapsl -Cat ( [m] ’ Cart/[n]OP )

yreflect is described as

Hence, the space of (m,n)-simplices of (Sq, ,(1-Cat)
Mapsl -Cat([n]7 Calnt/[m]op )
We claim that a functor

S - 1-Cat,
belongs to Maps(S, 1-Cat)fc if and only if each of the maps
S (827°P, €)) = Maps, ¢y ([2], Cartmier)
takes values in
Maps; ¢, ([n], biCart (100 ) € Maps; _caq([12], Cartppgee ),
where for I € 1-Cat, we let biCarty denote the full subcategory of 1-Cat/y equal to
Cartjp ncoCarty .

Indeed, this assertion can be checked at the level of the underlying ordinary
1-categories, in which case it is a straightforward verification.
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2.2.4. The space of (m,n)-simplices of (Sq, ,(1-Cat))"*"""°P is described as

Map81 -Cat ( [m]0p7 Cart/[n]Op ) .

We claim that for every functor
Sfie 5 1-Cat,
then each of the maps

. Corollar, 4
Sqbr (S27°P C) > Maps, _qar ([m]°P, Cart p1o0) uy 214

Mapsl -Cat ( [TL], Cocart/[m]op )
takes values in
Maps; _cy; ([17], biCart 100 ) € Maps; _q¢ ([12], coCart jp,om ).
Indeed, this assertion can be checked at the level of the underlying ordinary

1-categories, in which case it follows from the validity of Theorem with values
inl- Catordn.

2.2.5. Hence, when considering the bi-simplicial maps (2.1)) and (2.2)) we can re-
place the bi-simplicial spaces

(Sq.,. ( 1- Cat) )TeﬂeCt and (Sq.7. ( 1- Cat) )Vert—op
by their common full bi-simplicial subspace

(23) ’(Sq.).(l B Cat))reﬂect ~ I(Sq”.(l _ C:at))vert—op7
(m,n) = Maps; ¢, ([n], biCart 100 ).

Thus, we obtain that the datum of a bi-simplicial map in (2.1]) is equivalent to
the datum of a bi-simplicial map in (2.2)), thereby establishing an isomorphism
Maps,_cai (S, 1-Cat)®e = Maps,_q,,(S7¢,1- Cat).

2.2.6. Finally, it follows from the construction, that the composed map

Maps,_ca; (S, 1- Cat)?e ~ Maps, ¢, (S%¢,1- Cat) Mapssy_cat (S, 1- Cat)
is the tautological embedding
Maps,_c.; (S, 1- Cat)?e < Maps, ¢, (S, 1- Cat).
This shows that the map

2
MapSQ—Cat (SRC ) 1- Cat) Ma‘ps2—Cat(Sa 1- Cat)
is an isomorphism onto Maps,_c, (S, 1- Cat)fc as required.
2.3. Swapping procedure: relative version. The contents of this subsection

are needed in order to generalize the contents of Sect. [2:2] to the case when instead
of the target (o0, 2)-category 1-Cat, we are dealing with

Funct(I® J,1-Cat), I,Je1-Cat.
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2.3.1. For I,J € 1-Cat we let
Cart-Carty, y

be the full subcategory of 1-Cat iy that consists of objects C — I x J satisfying
the following conditions:

e The composite functor C - I xJ — I is a Cartesian fibration;

e The functor C - I x J, viewed as a functor between Cartesian fibrations

over I sends coCartesian arrows to Cartesian ones;
e For every i € I, the resulting functor C; — J is a Cartesian fibration.

Unstraightening over I defines an equivalence

Maps; _c,; (I°?, Cart5) ~ (Cart-Carty 5 ySpe,

2.3.2. For a triplet of (o0, 1)-categories J, K, L let
Cart—Cart—CarthL

denote the full subcategory of 1-Cat/j. k1 that consists of objects C - J x K x L
satisfying the following conditions:

e When viewed as a category over K x (J x L), it belongs to Cartk jxr;

e For every fixed [ € L, the category C; is a Cartesian fibration over J x K.

Let
(Cart-Cart-Carty K 1 )strict € Cart-Cart-Carty k 1,
be the following 1-full subcategory: Given two objects C, C’ € Cart-Cart-Carty k 1.,
we restrict 1-morphisms to those functors F': C - C’ over J x K x L that:
e For every fixed j € J and [ € L, the corresponding functor Fj;: C;; — C;‘,l
carries arrows Cartesian over K to arrows Cartesian over K.
e For every fixed j € J and k € K, the corresponding functor Fjy : C; . —
C; i carries arrows Cartesian over L to arrows Cartesian over L.

For another category I, consider the goupoid
Maps(I, (Cart-Cart-Carty K L )strict )-
We shall now describe it in several different ways.

2.3.3.  Let coCart-Cart-Carty k 1 denote the full subcategory of 1-Cat g, k1, that
consists of objects C — J x K x L satisfying the following conditions:

e The composite functor C - J x K x L - J is a coCartesian fibration;

e The functor C - J x K x L, when viewed as a map between coCartesian
fibrations over J, sends coCartesian arrows to coCartesian ones;

e Forevery j € J, the resulting object C; € 1-Catkxr belongs to Cart-Cart k1.

e For every fixed k£ € K and an arrow jo — j; in J, the resulting functor
Cj,,k = Cj, i carries arrows Cartesian over L to arrows Cartesian over L.

e For every fixed [ € L and an arrow jy — j; in J, the resulting functor
Cj,.1 = Cj, 1 carries arrows Cartesian over K to arrows Cartesian over K.

Let
(coCart-Cart-Carty K 1) strict € coCart-Cart-Carty k1,

be the following 1-full subcategory: Given two objects C, C’ € Cart-Cart-Carty k 1.,
we restrict 1-morphisms to those functors F': C - C’ over J x K x L that:
e For any fixed j € J and [ € L, the corresponding functor Fj;: C;; — C;“l
carries arrows Cartesian over K to arrows Cartesian over K.
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o For any fixed j € J and k € K the corresponding functor Fj : C; > C
carries arrows Cartesian over L to arrows Cartesian over L.

For another category I, consider the goupoid

Maps(I, (coCart-Cart-Carty k.1, )strict )-

2.3.4. Now, we claim that as in Corollary we have a canonical isomorphism:

(2.4)
Maps(J, (Cart-Cart-Carty k 1)strict ) ~ Maps(I°P, (coCart-Cart-Carty K L)strict )-

This is obtained by identifying both sides with the space of the full subcategory
Cart-coCart-Cart-Cartr 5 k1, € 1-CatixjxkxL,

consisting of C over I x J x K x LL that satisfy:

e The composite functor C - I xJ x K x L - J is a coCartesian fibration;
e The functor C - IxJxK xL, when viewed as a map between coCartesian
fibrations over J, sends coCartesian arrows to coCartesian ones;
e Forevery j € J, the resulting object C; € 1-Catrkx1 belongs to Cart-Cart-Cart 1.k «L;
e For every fixed k € K, i € I and an arrow jy — 71 in J, the resulting functor
Ci jo.k = Ci j, 1 carries arrows Cartesian over L to arrows Cartesian over

e For every fixed [ € L, i € I and an arrow jy — j; in J, the resulting functor
Ci jo.1 = C; j, 1 carries arrows Cartesian over K to arrows Cartesian over

K.

2.3.5. Finally, we claim that the space
Maps(I, (Cart-Cart-Carty K 1. )strict )
can be also identified with the space of the following full subcategory

Cart-Cart-Cart-Cartyor 3 k1, € 1-Catror x JxKxL -

Namely, for quadruplet of (oo, 1)-categories I, J, K, L, we define Cart-Cart-Cart-Carty y x 1.
to consist of those C over I x J x K x L that satisfy:

e When viewed as a category over (IxK)x(JxL), it belongs to Cart-Carti«k jxL;

e For every fixed ¢ € I and [ € L, the resulting functor C;; - J x K is a
Cartesian fibration;

e For every fixed j € J and k € K, the resulting functor C;, - IxL is a
Cartesian fibration.

2.4. Adjunctions: relative version. Let us fix another pair of (oo, 1)-categories
K and L. We will now explain the modifications needed to adapt the above proof
of Theorem for T = 1-Cat to the case when T = Funct(K ® L, 1- Cat).
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2.4.1. First, we claim that the bi-simplicial space Sq(Funct(K ® L,1-Cat)) is
described as follows:
(2.5)

SA ,, (Funct(K @ L, 1- Cat)) ~ Maps([m], (Cart-Cart-Cart[,jop Kop,Lop )strict )5

where the notation (Cart-Cart-Cartp,jor Kop,Lop )strict 1S as in Sect. m

Assuming that, the proof in Sect. goes through, once we substitute the
isomorphism of Corollary by that of (2.4)).

2.4.2. To establish (2.5), we proceed as follows. We rewrite
Sd, , (Funct(K ® L, 1- Cat)) = Maps(([m] ® [n]) x (K® L),1-Cat),
and further by Chapter 11, Corollary 2.2.6 as

(1- Carty(((mle[n))«(xeor))-») ¢ = (1- Cart (ujore[m]or)(Lororor) )P

Now, using Chapter 11, Lemmas 2.2.5 and 2.2.8 and Corollary 4.6.5, we obtain
(1-Cart([njor@[m]or)x(LoreKer) )SpC =~ (Cart-Cart-Cart-Cart[,,jor [n]or Kop,Lop )Spc,
and finally, using Sect. we identify
(Cart-Cart-Cart-Cart[,,jop [n]or,Kop, Lo YSPC » Maps([m], (Cart-Cart-Cartp,jor, Kop,Lop )strict )
as required.
2.5. Proofs of Theorem the general case. The proof will amount to

deducing Theorem from the particular case of T = Funct([m] ® [n],1-Cat)
using the 2-categorical Yoneda embedding.

2.5.1. For a target category T we consider its Yoneda embedding

Yonr

T & Funct(T'°P,1-Cat).

Consider the commutative diagram
Ma'pSQ-Cat(SRC7T) - MapSQ—Ca‘c(Sa T)Rc
Maps,_ca; (S7€, Funct (T °P,1- Cat)) —— Maps,_cy (S, Funct(T* P, 1- Cat))Rc ,
where the vertical arrows are fully faithful embeddings.

We claim that it is sufficient to show that the bottom arrow in the above
diagram, i.e.,
(2.6)
R
Mapss_ciat (SRC,Funct(']Tl'OP, 1- Cat)) - Maps,_cat (S,Funct(Tl'(’p, 1- Cat)) .

is an isomorphism.
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2.5.2. Indeed, if this is the case, we obtain that the functor
Maps,_cas (sfe,T) - Maps;_ca (S, T) e
is fully faithful, and it remains to show that it is essentially surjective.
This follows from the next general assertion:

LEMMA 2.5.3. Let T1 < Ty be a fully faithful functor. Then the diagram of
spaces
MapSQ—Cat(SRcaTl) - MapSQ—Cat(SRC’T2)

| l

Maps2—Cat (Sv PEl) - Maps2—Cat(S7 TQ)

is a pull-back square.
PROOF. Let us be given a functor S®¢ — Ty, such that the composition
S —Sfe - T,

factors through T; c To. We wish to show that the initial functor also factors
through Ty c Ts.

Consider the corresponding map of bi-simplicial spaces
(Sa.3"(s*P, C) ~ Sq. .(T2).
We wish to show that it takes values in Sq, (T1) c Sq, 4(T2).

)vert-op

The latter is enough to check on (0, 0)-simplicies, and the assertion follows from

the assumption as
)vert—op

Sd5.0(S) > (Sap e (S*°P, C)

is an isomorphism.

2.5.4. Thus, we wish to show that for S, T € 2-Cat, the map
Maps,_cy; (S, Funct(T, 1- Cat)) - Maps,_c,; (S, Funct(T, 1- Cat))
is an isomorphism with essential image
Mapsy_c; (S, Funct(T, 1- Cat))"C ¢ Maps,_q,, (S, Funct(T, 1- Cat)).
2.5.5. For any S’ € 2-Cat, the space Maps,_c,; (S', Funct(T,1-Cat)) can be de-
scribed as that of bi-simplicial functors

Sde o(T) = Sa... (Funct(S',1-Cat)).

Note that the bi-simplicial space Sq, , (Funct(S’,1- Cat)) identifies with
Maps_; (', Funct([o] @ [o], 1-Cat))

where the bi-simplicial (oo, 2)-category Funct([e] ® [e],1- Cat) attaches to m,n
the (o0, 2)-category
Funct([m] ® [n],1- Cat).
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2.5.6. Note that under the above identification
Maps,_cat (S, Funct(T,1-Cat)) ~
~ Mapsg ,.acpxace (Sds . (T), Maps,_c,; (S, Funct([¢] @ [¢],1-Cat))),
the subspace
Mapssy_cgt (S, Funct(T, 1- Cat))"° c Maps (S, Funct(T, 1- Cat))

maps to

(2.7)  Mapsg,.acvxacr (Sqw(T), Mapsg_cqat (S, Funct([e] ® [¢],1- Cat))RC) c
c Mapsg,.acpxace (Sds . (T), Maps,_c,; (S, Funct([e] ® [¢],1-Cat))).
Hence, we obtain that it is enough to show that the map
Mapsg,.acpxace (Sq,7,(11“),Map52_Cat (SRC, Funct([e] ® [¢],1-Cat))) —
— Mapsg acrxace (Sqq o(T), Mapsy o, (S, Funct([e] @ [¢],1- Cat))))
is an isomorphism onto the subspace .
2.5.7. To prove the latter, it is sufficient to show that for every m,n, the map
Mapss_cat (SRC, Funct([m] ®[n],1- Cat)) — Maps,_cpt (S, Funct([m] @ [n],1-Cat)))
is an isomorphism onto
Maps,_ca; (S, Funct([m] @ [n],1-Cat))™® c Maps,_,, (S, Funct([m] ® [n],1- Cat)).
2.5.8. However, the latter statement is the assertion of Theorem for the
target category Funct([m] ® [n],1-Cat), and it holds due to Sect.
3. Adjunction with parameters
Our current goal is to lift the isomorphism of spaces
Maps, s (S, T)™ = Maps, (8™, T)",

which is part of the statement of Corollary to an equivalence of (oo,2)-

categories
&2-
(31) Funct(S, PH‘I)gght—lax = FunCt(S1 ? op) T)llclsft—lax'

3.1. The set-up for adjunction with parameters. By definition, for an (oo, 2)-
category X, we have

Mapsy_cas (X, Funct(S, T)ight-lax) = Maps,_cq (X & S, T)
and

Mapsy_cat (X, Funct(Sl&Q'Op, T)ieft-lax) = Mapss_cat (81&2'01“ @ X,T).

Hence, we have the subspaces
(3.2) Maps, .. (X S, T)F ¢ Maps,_ . (X ® S, T)
and

(3.3) Maps,_c, (S'“P @ X, T) © Maps, ¢, (S'“*°P ® X, T),



3. ADJUNCTION WITH PARAMETERS 513

corresponding to
Maps,_ca¢ (X, Funct (S, T)ﬁght-lax) © Mapsy_cat (X, Funct (S, T)right-1ax)
and
Maps, iy, (X, Funct (M P, T) i 10) € Maps, o (X, Funct(§"% P, T)iegi 1ax),

respectively.

We will interpret the subspaces (3.2) and (3.3) via the universal adjointable
functors of Theorem which will allow to construct the desired equivalence

Mapsy . (X &S, T)# « Maps,_c, (S'%%°P @ X, T)%.
3.1.1. We start with a pair of (o0, 2)-categories S; and Sa, and consider their Gray
product S; & S,

We let C; be the 1-full subcategory in (S; ® Sp)'"“, corresponding to 1-
morphisms of the form

,id
(s1,52) (i) (s],82), «€Mapsg(si,s]).

We let Cy be the 1-full subcategory in (S; ® Sp)'"C, corresponding to 1-
morphisms of the form

(id,B)
(81782) - (8178,2)7 BEMapSS(827SIZ)'

Consider the corresponding (oo, 2)-categories
(S1 ®Sy) 2 1= (S; ©Sy) ez and (S; © Sy, T) 1 = (S; ® Sy)Fon,
see Sect. [L2.11
3.1.2. For another (o0, 2)-category, let
Maps(S; ® Sa, T) ™2 := Maps(S; ® Sg, T) e
and
Maps(S; ® Sa, T) 61 := Maps(S; © Sy, T) L1
denote the corresponding full subspaces, see Sect.
3.1.3. Consider the bi-simplicial space

(S 4 (S57°P)) e % Sq; ,(S1).

Recall (see Chapter 10, Formula (4.6)), there is a canonically defined map
(34) (Sa7a(S,™))"™1° x Sq7 4 (S1) ~ S o (S, ®S1).

Moreover, by Chapter 10, Proposition 4.5.4, the map
(3:5) £59((Sq74(8,™%)) ™ x SqL 4 (81)) - 8, @Sy,
obtained from by adjunction, is an isomorphism.
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3.1.4. We claim that there is a canonically defined map
(3.6) £3( (S .4 (8y77))" " x Sa7 4 (81)) — (S1 ®5y) 2
Indeed, using Chapter 10, Formula (4.6) again, we obtain a map
(Saz.4(S2))™ ™ % Sq7 o (S77F) — S, o (83" @ 5]™7).

However, it follows by unwinding the construction, that the essential image of
the latter map belongs to the full subspace

Palr(SQ op @SQ °P Cy) c Sq, .(SQ op ®82 °p)
thereby giving rise to a map
(3.7) (87,4 (82))™*" x 87 (S7™F) — Sq. 3" (S5 @ §;, Cy)
Now, the sought-for map . is given by applying £59 to the composite map
(3.8)
(Satz,a(8577)) ™ xS o (S1) = ((Sag o (82)) "™

= ((Sq;.(Sg))rCﬁCCt X Sq:7.(S?‘OP))Vert_Op ((S Palr(SQ op ® S2 op CQ))vert—op N

((Sqfilr((gl @Sg)2 -op C ))Vert op

reflect o -0 vert-o
) x(Sqq L (STOP)) YO =

3.1.5.  We claim:

THEOREM 3.1.6. The composition
Maps(S; ® Sg, T) 2 ~ Maps((S; ® Sy)™2, T)

- Maps (257 ((Saz o (S ™))™™* x Sq7.,(51)) . T)) & Maps(s}* £5,,T)
1s fully faithful with essential image equal to

1&2-op

Maps(Sy¥*°P @ S, T) “ ta) c Maps(S3¥%°? @ S, T).

As a corollary, we obtain:

COROLLARY 3.1.7. There exists a canonical isomorphism
1&2 op

Maps(S; ® Sy, T)2 ~ Maps(S¥“* P @S, T) %

3.1.8. Since the equivalence of Corollary [3.1.7] is by construction functorial in
S1 € 2-Cat, we obtain:

COROLLARY 3.1.9. For S, T € 2-Cat, the isomorphism of (1.10)) upgrades to an
equivalence of (o0, 2)-categories

Funct(S T)rlght lax — FunCt(Sl&Q_opﬂ T)l[éft—lax'

3.2. Proof of Theorem [3.1.6, We will give a proof in the particular case when
the target category T is 1- Cat. The general case is deduced by the same procedure
as one employed in Sect.

3.2.1. First, we claim that the assertion holds for 1- Cat replaced by 1- Cat,qy,
i.e., when we consider functors from S*°P (resp., S¥) with values in ordinary 2-
categories. This can be checked directly as in Sect.
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3.2.2. The datum of a map

€59 (S .o (85™7))™ ™ x S, (S1)) > 1- Cat
is equivalent to the datum of a map of bi-simplicial spaces

(Sdz 4 (S57P)) 1 x Sq; 4 (S1) ~ Sq, ,(1- Cat),

or equivalently
vert-op

((Sq:’.(Sé—op))reﬂect % Sq:.(Sl))vert—op — (Sq.’.(l - Cat)) .

3.2.3. Let us describe the subspace

vert-op

)vert—op ) LS;&%OP
(=

Mapsgyeacr-ace (((Sa5 4 (S5°P)) ™ x S; ,(51))

c MapSSpCAUDxAOP (((Sq:,(S% —Op))reﬂect % Sq:,. (Sl))vert—op : (Sq.,.(l _ Cat))vert-op)

) (Sqo7o(1 - Cat)

that corresponds to

S;&2-01‘)

L .
Mapss_ciat (Sé&Q‘Op ®S;,1-Cat) c Mapsz_cat(Sé&Q'OP ®S;,1-Cat)
Mapsg,,caorxacr ((Sdz.(S;™)) " x Sq; 4 (S1),Sq, . (1- Cat)) =
= Mapsgpcacrcarr (((Sa24(85 )™ xSz, (81))™ ", (S, o (1-Cat)) )

Namely, we claim that

Laga-op
53

Mapsgyacmeace (((Saa (S5 x Sq2.,(51))™ ™ (Sa, o (1-Cat)) ™)

vert-op ,

= MapSSPCAOPXAOP (((Sq:,.(S;'Op))YEHGCt X Sq:,o (Sl)) ) (Sq-’.(l - Cat))Vert—Op) s

where
vert-op

/(Sq.’,(l— Cat)) c (Sq.y.(l _ Cat))vert-op
is as in (2.3).

Indeed, this assertion can be checked at the level of of ordinary categories,
where it is a straightforward verification.

3.2.4. To summarize, we obtain a canonical identification

Lag2-op
2 ~

(3.9)  Mapsy g (S3¥2°P @Sy, 1- Cat)
~ MapSSpcAODxAOP (((Sq:’.(Sé—op))reﬂect x Sq:). (Sl))vert—op ,'(Sq”,(l _ Cat))vert—op) )

3.2.5. According to Chapter 10, Proposition 4.5.4, the datum of a map
S1®Se - 1-Cat
is equivalent to the datum of a bi-simplicial map
(S 4 (S77P))™ 1 x Sq; 4 (S2) — Sq, ,(1- Cat),

or, equivalently,

reflect

((Saz.a(ST7P)) e x 87, (82)) " — (Saq o (1- Cat)) ™"
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3.2.6. Let us describe the subspace

)reﬂect

Rs
~ -0 reflec ~ reflect 2
MapsSPCAomop((<Sq.,.<sf PN xS0l (82)), (Sa, k(1 Cat)) ) c

~ -0 reflec ~ reflect reflect
:[\/‘I:a‘pSSpCAOPXAOP (((Sqo,o(S? p)) flect X Sq.,.(SQ)) ? (Sq"'(l_cat)) )

that corresponds to

Maps,_ca; (S1 ® Sz, 1-Cat) 2 ¢ Maps, ¢, (S; ® S, 1-Cat).

Namely, we claim that

Rs,

- -0 reflec - reflect reflect
Mapsg,arreacn ( (8024 (8177)" 1 xSz o (82)) " (Sa, o (1- Cat)) ") " -

~ -0 reflec ~ reflect , reflect
1\/[apSSpcA0pXAop (((Sqo,o(S% p)) flect X SQo,o(S2)) ) (SQo,o(l_Cat)) )7

where

reflect reflect

'(Sq, . (1-Cat)) c (Sq...(1-Cat))
is an in .

Indeed, this assertion can be checked at the level of of ordinary categories,
where it is a straightforward verification.

3.2.7. To summarize, we obtain a canonical identification
(3.10)  Mapsy_cn(S1 ® Sz, 1-Cat) ez ~

~ -0 reflec ~ reflect , reflect
~ Mapsg,.acpxace (((Sqm(Sf pyyreflect Sq.7.(82)) , (Sq,,,(l—Cat)) )

3.2.8. Note that we have a tautological identification:

reflect

((Saz (837")) ™Mt x 87 (S1)) ™ = ((Saz o (87P))™ 1t x S ,(S2)) .

Hence, from the isomorphisms (3.9)) and (3.10) and the isomorphism

vert-op 1
~

/(SQ.7.(1—Cat)) ~ (Sq.,.(l-cat))rcﬁcct 7

we obtain an identification

~1&2-op

L
(3.11) Mapsy ¢, (S3¥%°P ©S),1- Cat) ~ Mapsy_ca; (S1 ® Sa, 1- Cat) 2.

3.2.9. Consider now the map

Maps,_cat (S1 ® Sa, 1- Cat)Rsz Mapsy ¢ ((S1 ® SQ)RSz ,1-Cat)
— Mapsgcaorxacr ((Sqy 4(Sy7P))™ " x Sq; ,(S1),1- Cat))

that appears in Theorem [3.1.6
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It follows from the construction that it equals the composition

5.10
Maps, (St @ Sy, 1- Cat) 2

~ -0 reflec ~ reflect , reflect
s (S0 (5771« 828) (S0, Ca0) ) -

~ -0 reflec ~ reflect , vert-o
= MapSSpcAODXAOp (((ngo(si P)) flect X Sqo,o(SZ)) ) (SQQ,Q(l_Cat)) p) >

flect
)rc

~ -0 reflec ~ vert-o
> MapSSpCAOPxAOP (((ch7o(S§ P)) flect X Sqo,o(S2) 7(SQC,0(1_Cat)) p) =

- _opn refloc - reflect | V40P
~ Mapsg,,aor<acr ((((Sq.,.(Sf P))reteet x Sqy o (S2)) ) ,Sq.,.(l-Cat)) =

= MapSSpCAOPxA“p ((Sq:o (Sé‘OP))YEHeCt X Sq:,'(Sl)7 Sqo,o(l - Cat)) )

thus implying the assertion of the theorem.

4. An alternative proof

In this section we will give an alternative proof of Theorem and Corol-

lary B17

4.1. An alternative proof of Corollary for T =1-Cat. This proof will
make a substantial use of the unstraightening equivalence of Chapter 11, Corollary
1.2.6.

We need to show that for S;,S; € 2- Cat there exists a canonical isomorphism

1&2-op

L
(4.1) Maps(S; ® Sy, 1- Cat) e ~ Maups(Sé&Q'op ®S;,1-Cat) % )

4.1.1. For a given (o0,2)-category S, recall the full subcategory
1-Cart/s c 2- Catys,
see Chapter 11, Sect. 1.2.3.

We let 1-biCart /g be the full subcategory of 1- Cart g that consists of objects
that under the equivalence

2-Cats ~ (2-Catgi-00)°>™?, T TP

corresponds to

1- Cart/gl -op C 2- Cat/Sl—op .

We have a tautological fully faithful embedding

(4.2) 1_biCart/S > (1-Cart/glfop)2_0p.
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4.1.2. By definition, the left-hand side in (4.1)) is a full subspace in
Maps(S: @ Sg,1- Cat) ~ Maps(S;, Funct(Sz, 1- Cat)ight-1ax )
which we rewrite, using Chapter 11, Corollary 1.2.6, as
Maps(Sy,1- Cart g1-o» ).

Now, it follows from the definitions that the full subspace in question corre-
sponds to

Maps(Sy,1- biCart q1-op ).
4.1.3. Similarly, the right-hand side in (4.1)) is a full subspace in
Maps(Sy¥*°P @ Sy, 1- Cat) ~ Maps(S?™? @ S5 °P, 1- Cat*™P) ~
~ Maps(S?°P @ S3°, 1- Cat),

where the last isomorphism comes from the identification 1- Cat ~ 1- Cat?™°P

by T > TP,

given

We rewrite
Maps(Sf'op ® S;_Op, 1-Cat) ~ Maps(Sf'Op7 Funct(S;_OP, 1- Cat)ight-lax),
and further, using Chapter 11, Corollary 1.2.6, as
Maps(S?™°P, 1- Carts,) ~ Maps(Sy, (1-Cartg,)*°P).

It again follows from the definitions that the right-hand side of (4.1)), viewed

as a full subspace in Maps(S;, (1- Cart/sz)Q‘OP) equals to
Maps(Sy, (1- biCart/S;,op )) € Maps(Sy, (1-Cart/s, )2-op)

with respect to the fully faithful embedding (4.2).

4.1.4. Comparing the descriptions of the left-hand side and the right-hand side of

(4.1), given in Sects. and above, we obtain the desired isomorphism.
O

4.2. An alternative proof of Corollary for a general T. We need to
show that for S;,Ss, T € 2- Cat there exists a canonical isomorphism

1&2-0p

L
(4.3) Maps(S; ® Sg, T) %2 ~ Maps(SL¥*°P @Sy, T)

4.2.1. Note that the above isomorphism is equivalent to Corollary
&2- L
FunCt(Sv T)1{qizg;ht—lax = FunCt(Sl 2 Opv T)left—lax'
In particular, we recover the isomorphism of spaces
R 1&2- L
Ma‘ps2—Cat (87 T)right-lax = Ma‘pSZ—Cat (S Op7 T)lcft—lax

of (T.10).
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4.2.2. We start with the following lemma:

LEMMA 4.2.3. Let T be an (o0, 2)-category, and let a: tg — t1 be a I-morphism.
Then a admits a left adjoint if and only if the following two conditions hold:

(i) For every s € T, the resulting functor of (oo, 1)-categories
Maps(s,t) — Mapsy(s,t')
admits a left adjoint;

(ii) The Beck-Chevalley condition is satisfied. Ie., for every 1-morphism [ : so —
s1, the corresponding natural transformation

(@o-)Fo(=0p) = (~oB)o(ao-)",
arising by adjunction from the isomorphism
(mepB)o(ao-)=(ao—-)o(-0p),
is an tsomorphism.

PrROOF. The assertion reduces to the case when T is an ordinary 2-category,
and the latter is a straightforward verification.

O
4.2.4. The Yoneda embedding for T gives rise to a fully faithful map
Maps(S;®Sz, T) < Maps(S; ®Sa, Funct(T'°P,1- Cat)) ~ Maps((S;®S;)xT'°P),1- Cat),
which we further compose with the fully faithful embedding
Maps((S; ® Sg) x T ™°P),1-Cat) = Maps(S; ® T' P © S,,1-Cat) ~
~ Maps((S; ® T'"°P) ® Sy, 1-Cat).
It is easy to see that the image of

Maps(S; ® Sy, T) 2 ¢ Maps(S; ® S,, T)

belongs to
Maps((S; ® T'°P) ® Sy, 1-Cat)™2 ¢ Maps((S; @ T'°P) @ Sy, 1- Cat).

Applying the isomorphism (4.1)), we rewrite
Maps((S; ® T °P) ® S, 1- Cat) "

as
S1&2-0],:)

I
MapS(Sé&Q'Op ® (S, ® T'™°P),1-Cat) * .
4.2.5. Consider the resulting fully faithful embedding
Maps(S1®Ss, T) 52— Maps(S3¥* e (S;®T' °P), 1- Cat) ~ Maps(S;*PeS,@T' P, 1- Cat).

It follows from Lemma that the essential image of the latter map belongs
to the full subspace

Maps((S3¥*°P @S,) x T*°P, 1- Cat) c Maps((S3**P @ S;) ® T' P, 1- Cat) =
~ Maups(Sé&Q_op ©S; ® TP, 1-Cat).
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4.2.6. Finally, it is easy to see that the essential image of the resulting fully faithful
map

Maps(S; ® Sy, )52 - Maps((S3¥*°P @ S;) x T*™°P, 1- Cat)
equals the essential image of

(1&2-0p

L
Maps(Sé&Z'Op ®S;,T) % - Maps(Sé&g'OP ®S;,T) >
- Maps(S3¥*°P@S,, Funct(T! P, 1- Cat)) =~ Maps((S}*¥*°P@S, )xT' P, 1- Cat),

as desired.
O

4.3. An alternative proof of Theorem Suppose we have a pair (S,C)
and target (oo, 2)-category T. We will establish a canonical isomorphism

(44) MapSQ—Cat (S7 T)RC = Maps2—Cat (SRC ) T)

It will follow (see Sect. below) that the map — in (4.4]) is the same as the
one given by restriction along (|1.2]).

4.3.1. Let D c T'-“2 be the 1-full subcategory consisting of 1-morphisms that
admit a left adjoint. We have

(4.5) Maps,_c, (S, T)e ~ Maps, gyiea ((S, C), (T, D)).

Since the functor Sq?fiir is fully faithful, we can rewrite the right-hand side in

(£5) as
(4.6) Mapsg, acrxacr (Squ 3" (S, C), Sq, 2" (T, D)).

4.3.2. It is easy to see that the full subspace
Sy (T, D) € Sy, ,(T) = Mapsy_cqr ([m,1],S) = Maps, ¢, ([m] @ [n], T)
identifies with
Maps; oy ([m] ® [n], T) ") « Maps,_cq ([m] ® [1],T),
where the superscript Ry,,) follows the notational convention of .
Applying the isomorphism of Corollary we rewrite
Mapsy_cq, ([m] ® [n], T) ™ = Maps, o ([2]°P @ [m], T) 0.

Thus, Maps,_c.. (S, T)?¢ identifies with the full subspace of
(4.7) Mapsg,cacrsace (Sduy (S, C), (S o (T)) " oP)retect),
that corresponds to the bi-simplicial subspace
"((Sae o (T)) 7o) et € (S o (T))¥ert-oP)refieet
given by
Maps; ot ([2]F ® [m], T)* ") c Maps, ¢ ([2]% @ [m], T).
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4.3.3. Note that the expression in (4.7 identifies tautologically with
Mapsg ,.acexace (((Sqf’flir(S, C))reflectyvert-op Sde o(T)) =
= Mapsy_cae (£%9(((Sdea” (S, €)) et ) eroP) T),

while the latter is
Maps2—Cat (SRC ) T)7

by the construction of S¥e.
Thus, we have obtained a fully faithful embedding
(4.8) Mapsy_ca (S, T) € > Maps, ¢, (S, T).

It follows from the construction that the composite map

(49)  Maps, cu(S.T)™ o Maps, 0,0(5™,T) 2 Maps, ,(5,T)
is the tautological embedding Maps,_ ¢y (S, T)F€ < Mapsy_ ¢, (S, T).
4.3.4. It remains to show that the essential image of is everything. I.e., we
need to show that for any functor
sfie 5 T,
the corresponding map of bi-simplicial spaces
SQEA(S,C) = (S, o(T)) "oy efec

has the property that its essential image belongs to
"((Sa o ()" 0P) Mt ¢ ((Sq, o(T))¥eroP)retect,

However, the latter assertion can be checked at the level of the ordinary 2-
category underlying T. And in the latter case, the assertion follows from Sect.

Indeed we already know that the second map in (4.9) is an isomorphism onto
MapSQ—Cat (SvT)RC c MapSQ—Cat (SvT)
O
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