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1 Introduction

In this project, we are going to study some results concerning the character rings
and Heche Algebras in Sy and GL(k, F).

In next section, we will introduce some notation system in Sy, and GL(k, F) first,
and with that, we will deduce some interesting and important results in this field,
such as the results about the length function on W and the double B — B cosets,
where W is the Weyl group of GL(k, F').

In Section 3, we will show a basic result concerning the W;-W; double cosets
in W and the P;-P; double cosets in GL(k, F'). After this a beautiful connection
between Ry and R (q) follows, where Ry is the character ring of Sy and Ry(q) is
the character ring of GL(k,F,).

In Section 4, we move to the Hecke algebras H and Hi(q), where H is the
convolution ring of B-bi-invariant functions on GL(k,F,). Based on the properties
of H, we will present the more general definition of Hy(q), with q any complex
number and as we will see, if q is prime power, then H and Hy(q) coincide, which
reaches the end of this project.

Statement: All of the materials in this project come from Bump’s book, [1];
concretely, it occupies the whole Chapter 48, main part of Chapter 30, half of
Chapter 28 and 21, and the main theorem in Chapter 37. Except the Jacobi-Trud:
Identity, we deduce all of the results from the beginning to the end. Besides, all
of these chapters in Bump’s are based on the concept root system, however, in
this specific case, we do not need its general definition and I successfully avoid the
discussion about it throughout this project.

2 Some results in S; and GL(k, F)

Let F be a field. Let G=GL(k,F), B be the Borel subgroup of upper triangular
matrices in G, T the maximal torus of diagonal elements in G, N the normalizer of
T, and W=N/T the Weyl group. As we know, N consists of the monomial matrices,
that is, matrices having exactly one nonzero entry in each row and column.
Identifying W with Sy. Let ® = {(i,7) : i # 7}, = {(4,)) : i < j}, = =
{(4,7) : 1 > j} and ¥ = {(1,2),(2,3),--- ,(k— 1,k)}. Hence ¥ C &+ C & . We
will say (7,7) = —(j,7) for convenience. For any w € W, we consider it as a map:
¢ — & by w(i,j) = (w(i),w(y))(here w(i), w(j) make sense since W = Sy has a



natural action on {1,2,--- ,k}). Hence the map w is a bijection. And it is trivial
that w(—a) = —w(«) for all @ € ®. For each a = (i,j) € ¢, we can associate
it with a matrix s, € W, which is the transposition matrix corresponding to the
transposition (7, 7). It is easy to see that s, = s_, and we will call s, a simple
reflection if o € X. As a nearly trivial result, we have

Wsaw = Sw(a) (1)

It is trivial that the set of simple reflections can generate Sy, so it makes sense
when we define

(w) min{r e N:w =54, 84, fora; € 2,1 <0 <r} if w#l,
w) =
1 if w=1.

Also, we define another function ' (w) = |®+ Nw™'®~|, i.e., the number of o € &+
such that w(a) € ™.

We should add a word here that & above is essentially a root system associated
to G; but actually, we do not need this concept here, and we can successfully avoid
the discussion of root systems here.

Let us see a proposition, which will play a basic role in this project, since it
reveals some essential properties of the length function [ on W.

Proposition 1. (i) If « € 3 and 3 € &, then either § = a or s,(5) € DT
(ii) Let s = s, (v € X) be a simple reflection, and let w € W. We have

: ! 1 if wt oF
I LIRS R R o)
l(w)—1 of wia)ed,
and
: ! 1 oF
[(ws) = L+ L wle) € @ (3
[(w)—1 if wla)e d.
(#ii) Suppose that ay,--- , o, and «a are elements of ¥, and let s; = s,,. Suppose

that sy ---s,(a) € ®~. Then

81"'ST:81"'Sj"'STSO¢7 (4)

where §; means the omission of the single element s;.
(iv) Suppose that aq,--- ,a, are elements of X, and let s; = s,,. Suppose that
l/(sl -+ 8.) <r. Then there exist 1 <i < j <r such that

P P (5)
(v) If w e W, then l(w) =1 (w).
Proof. For (i), assume (3 = (i,7) with i < j. Hence s,(8) = (Sa(7), $4(7)). Since
sa(i) < i4+1 <7 <sq(j) +1,
either s,(7) = s4(j) + 1 or s,(i) < s4(j). But

Sa(l) =8a(J) + 1 <= s4(i) =i+1, s4(j) =j—1 and j=1i+1,
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so either § = a or s,(f3) € .

For (ii), since s(®~) is obtained from ®~ by deleting —« and adding «, we see
that (sw)™1(®~) = w™(s®7) is obtained from w='®~ by deleting —w™'(a) and
adding w™!(a). Since I'(w) = | Nw~1®~|, we have identity (2). To prove (3), we
note that

’

I'(ws) = |®F N (ws) 07| = |s(®F N (ws) 07| = [sdFT N (w) ',

and since s®T is obtained from ®* by deleting a and adding —«, (3) follows.

For (iii), Let 1 < j < r be minimal such that s;4;---s,(a) € ®F. j exists since
a € ®*. Then s;---s.(a) € . Since «; is the unique element of ®* mapped into
®~ by s; = s, by part (i), we have

8]+1 “ e Sr(a) = aj?

and by (1) we have
(3501~ e)salsisn 5, = 55
or
Sj+1 " SrSa = SjSj+1 " Sry

which implies (4).

For (iv), evidently there is a first j such that {'(s;---s;) < j, and we have j > 1
since I'(s1) = 1. Then!'(s;---s;_1) = j—1, and by (i), we have s - - - 5;_1(aj) € ®~.
The existence of i satisfying s;---s;_1 = s1---8;---5;_15; now follows from (iii),
which implies (5).

For (v), first we are to show ' (w) < [(w) by induction on I(w). Choose a simple
reflection s such that I'(sw) =1’ (w) — 1. So

’

U'(w) <1'(sw)+1<l(w)+1=I(w).

For the opposite inequality, let w = s;---s, be a counterexample with I(w) = k,
where each s; = s,, with a; € ¥. Thus I'(s; - 5,) < 7. Then by (iv), there exist i
and j such that

~ ~

w:sl..-si--.s‘j.-.sr’
which contradicts our assumption that [(w) = k. QED

Let us introduce a notation system as follows.

Let A = (ki,---,k-) be a partition of k, i.e. k;’s are positive integers and
> ki = k. A Ferrers diagram represents a partition as patterns of dots, with the
i-th row having the same number of dots as the i-th term in the partition. Two
partitions are called conjugate if their Ferrers diagrams transform into each other
when reflected about the line y = —x. Sy has a subgroup isomorphic to S, x- - - xSk,
in which Sy, acts on {1,--- k1 }, Sk, acts on {k1 +1,--- , ko }, and so forth. In this
project, we let I or J denote subsets of ¥. we have the following lemma:

Lemma 1. For any subset J of X, there exist integers ky,--- , k. such that the
subgroup of Sy generated by J is Sk, X -+ X Sk,..



Proof. 1f J contains (1,2),(2,3),- -+, (k1 —1, k1), then the subgroup they generate
is the symmetric group S, acting on {1,--- ,k;}. Taking k; as large as possible,
assume J omits (ky,k; + 1). Taking ky as large as possible such that J contains
(ki +1,k14+2), -, (ki1 +ko—1, k1 +k2), the subgroup they generate is the symmetric
group S, acting on {k; +1,--- , k; + ko}, and so forth. Thus J contains generators
of each factor in Sk, X --- x Sk, and does not contain any element that is not in this
product, so this is the group it generates. QED.

Let W be the subgroup of W generated by {s, : « € J} . Hence, by the lemma
above, we have (for suitable k;)

WJ%Sklx---xSkT. (6)

Let N; be the preimage of W; in N under the canonical projection to W. Let P; be
the group generated by B and N;. Then

Gu G -+ Gy
P el B
0 0 - G,

where each G;; is a k; x k; block. The group P; is a semidirect product P; =
M;U; = U;Mjy, where M is characterized by the condition that G;; = 0 unless
1 = j, and the normal subgroup Uj is characterized by the condition that each Gj;
is the identity matrix in GL(k;). Evidently,

M; 2 GL(k1, F) % --- x GL(k,, F). (7)

Let BJ = MJ N B.

As we know, a double coset BwB, or more generally PywPj, does not depend on
the choice w € N of representative for an element w € W and we usually use the
notation BwB = C(w) or PywP; for this double coset, respectively.

For a = (i,j) € ® and a € F, let z,(a) = I + aE;;, where E;; is the matrix with
(7,7)—entry 1 and 0 else.

The following proposition investigates some properties of B-double cosets.

Proposition 2. (i) If w € N represents the Weyl group element w € W and « € P,
then
wo(a)w™" € Ty(a)(F). (8)

(ii) Assume o« € ¥ and J = {a}. Then B = Tz (F)U; and C(s,) U B is a
subgroup of G.

(i1i) Assume o € ¥ and w € W such that w(a) € ®t. Let s = s,. Then
wBs C BwsB and equivalently, C(w)C(s) = C(ws).

(iv) If w,w' € W are such that l(ww') = l(w) + (w'), then
)- (9)

I

Clww') = C(w)C(w
(v) Let we W and o € . Then

wBs, C Bws,BU BwB. (10)



Proof. For (i), we know for some {q;} C F*,

w = ZalEl’w—l(l) and w ! = Za;leq(r)’r.
r=1

=1

So
wxa(a)w—l =1+ Z ala,«_lEl,wfl(l)Eijwal(r),r =1+ aw(i)a;(lj)Ew(i),w(j) € Tw(a) (F)

l,r

For (ii), the partition corresponding to J is A = (1,---,1,2,1,---1) where there
are (i — 1) 1’s before 2 and (kK — i — 1) 1’s after 2 in A. it is trivial that B D
Txo(F)U; since each component of the right-hand side is contained in B. For the
opposite inclusion, Vb € B, of course we can choose t € T such that tb € B with

its diagonal entries all 1’s. Hence we pick out its diagonal block matrices, say,

diag{1,--- 1, <(1) Cf) ,1,-+- 1} for some a € F. Then we choose z,(—a) and we

have the diagonal block matrices of x,(—a)tb is diag{1l,--- 1, ((1) (1)) J1 e 1)

which implies z,(—a)tb € U;. Hence b € t~'z,(a)U;.

Since s, € Nj, we have both C(s,) and B are subsets of P; and it suffices to
show their union is P;. Let us first see the case k¥ = 2 and « has to be (1,2).
Then the conclusion follows from the Bruhat decomposition. For general k, we have
My = PyJU; = GL(2,F) x (F*)*=2. So by the results of the case k = 2, we have
M; C C(s,) U B. Since Uy C B, we have P; = M;U; C C(s,) U B. We are done.

For (iii), we will show

wBs C BwsB. (11)

For any b € B and any representatives w and o of w and s, respectively, where w
and s are considered as cosets in N/T' = W, we may write b = tx,(a)u by (ii), where
teT,a€e F and u e U;. Then

who = wtw™" - wr(a)w™ - wo - o ue.

We have wtw™' €C B since w € N = N(T), and wz,(a)w™" € 2y@w)(F) C B by
(i) since w(a) € ®*. Also, we have 0 'uo € U; C B since M; normalizes U; and
o € M;. Hence wBo € BwsB and wBs C BwsB. It follows that C(w)C(s) C C(ws)
by multiplying both left and right of both RHS and LHS of (11). The opposite
inclusion is obvious. Done.

For (iv), first we show that if [(w) = r and w = s - - - 5, with s;’s simple reflec-
tions, then

C(w) =C(s1)---C(sy).

Indeed, let w; = sy ---s,_1, hence l(wys,) = l[(wy) + 1, by Proposition 1(ii)and(v),
which means w;(«) € @ where a € ¥ is such that s, = s,. By (iii) and induction
on r, we know

C(w) = C(wy)C(s,) =C(s1)---C(s,).

!/ / ’ I / ’ !/ . o . !/
Let w = s;---s, and [(w) =r. Then s;---s.s;---s, is a decomposition of ww

into simple reflections with {(ww') = r +r". And

Clww') = C(s1) -+~ C(s,)C(s)) - C(s,,) = C(w)C(w),
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so we are done.
For (v), if w(a) € ®F, then by (iii), wBs, C Bws,B. If w(a) ¢ ®*, then
wsa(a) = w(—a) = —w(a) € d*. So by (iii), we have

wsaBs, C Bwsz{B = BwB.
By (ii), BUC(s,) is a subgroup, hence BUC(s,) = $4B U $4C(54), and thus
Bsa C $aB U 5,C(84)-

So
wWBs, Cw(saB U $,C(84)) = wseBUws,Bs,B C Bws,B U BwB.

Done. QED

Also, we are interested in the size of the double coset C(w) with w € W. Before
we study this, let us present a notation: for any subset S C ®, let Ug be the subset
of G which consists of g = (g,;) such that g;; = 1, and if ¢ # j, then g;; = 0 unless
(i,7) € S.

Proposition 3. (i) Assume S C ®F is such that if (i,7),(j, k) € S, then i # k and
(i,k) € S. Then Us is subgroup. Consequently, U, = Ugp+nwe— and Ul = Up+nwa+
are both subgroups, for any w € W.

(11) Let F = F, and w € W. Then the multiplication map U, x Ul — U
is bigective, where U is the group of all upper triangular unipotent matrices in G.
Consequently, any b € B has a unique representation of the form u~u*t, with u* €
UfandteT.

(i1i) Let F' =T, is finite and w € W, then

|BwB| = ¢'™)|B|, ie., |BwB/B|=q¢™.

Proof. For (i), let g = (ai;),g = (bij). Of course g~' is upper triangular and
has all diagonal entries 1. Assume ¢! ¢ Usg, and we have the set {(i,7) € T — S :
b;; # 0} is nonempty. Choose one of its elements (4, j) with ¢ maximal. And we
have

k J
0= (99" ")(i,j) = Zailblj = bi; + Z a;tbyj.

I=i I=i+1
If (i,1) ¢ S, then a; = 0 and if (i,1) € S, then (I,7) ¢ S(otherwise, (i,j) € S by
assumption on S), hence b;; = 0 since ¢ is the maximal one. In any case, b; = 0,
so we have Z{:Hl agb; = 0 and 0 = b;;. A contradiction. So ¢! € Ug. For
g= [+Z(M)es a;jF;; and h = I+Z(m)es bijE;j in Ug, it is easy to see that gh has
the same form, by the assumption on S and FE;;Ejy; = 6;1E; where 0;, = 1if j =k
and 0 if j # k. So Ug is a subgroup.

Let S = & Nwd™. If (4,7), (j, k) € S, thatis, i < j < kand w™ () < w™l(j) <
w™(k), then (i, k) € S. So U/ is a subgroup. Similarly, we can show U, is also a
subgroup. Done.

For (ii), the map is well-defined, since both the two components are in U and
U is a group. First we note that U} N U, = {1} by definition since the sets
d+t Nwd~ and &+ Nwd* are disjoint. Thus, if uyu;] = uyug with u;- € U, then



(uy ) tuy = ug (uf)™' € UF NU; = {1} by (i), which implies u; = uZ, i.e., the
map is injective. To see that it is also surjective, note that

‘U1;| — q|<I>+mw<I>—|, ’UJ‘ _ q|<1>+mw<1>+"

so the order of Uy x U is ¢®" = |U| and the surjectivity is now clear.

Of course we can choose suitable ¢ € T such that bt € U. Since the above map
is bijective, we have there exist u* € UZE such that bt = u~u™. So b =wu"u™t"! and
b has a such representation. If b = ujuft; = uyuity with v € UF and t; € T,
then by comparing the diagonal entries of these two representation, we have t; = ts.
Hence ujuj = uyug and we have ui = ui since again the above map is bijective.
Done.

For (iii), we are going to show the map v~ +— u~wB is a bijection U, — BwB/B.
Hence the result follows since we know |U;| = ¢/® e | = ¢ @ = ¢® by the
definition of I'(w) and Proposition 1.

First, the map is surjective. Indeed, every right coset in BwB/B is of the
form bwB for some b € B. Then by (ii), we may write b = u~u"t uniquely with
ut € U and t € T. In the proof of Proposition 2(i), we have already shown that
w'Ejjw € Ey-1(ym-1(5)(F). For any (i,j) € ®F Nwd*t, we have (i,7) € wd*
which means (w™'(i),w™!(j)) € T, i.e., w ' Ejjw € U, hence w™'utw € U. Now
wluttw = wluTw - wHw € B, because wtutw € U and wtw € T. Therefore
bwB =u whB.

Next, if ujwB = uywB for u; € U, then let u= = (uj ) 'u; and we have
w™tu~w € B, hence upper triangular. But using the same way above, we can show
that w™'u~w is lower triangular. As a result w™'u~w = 1, i.e. v~ = 1. QED

3 Rk and Rk(q)

We denote Ry, the free Abelian group generated by the isomorphism classes of irre-
ducible representations of symmetric group Sy or equivalently the additive group of
generalized characters. Similarly, let Ry (q) be the free Abelian group generated by
the isomorphism classes of irreducible representations of GL(k,F,) or equivalently
the additive group of generalized characters.

Before we begin to give the theorem concerning the connection between R, and
Ryi(q), first let us see one more proposition in GL(k, F') and Sy for general F'.

Proposition 4. (i)
M; = wgVJBJwBJ.
(it) If w € W, we have
BWirwW ;B = PrwP;.
(i1i) The canonical map w — PrwPjy from W — P/\G/Pjy induces a bijection

WAW/W, = P\G/P;.



Proof. For (i), we have identity (7) for suitable k;. Now By is the direct product
of the Borel subgroup of these GL(k;, F'), and W is the direct product(6). Part(i)
follows directly from the Bruhat decomposition for GL(k, F).

As for (ii), since BW; C Py and W;B C P;, we have BW;wW ;B C PywP;.

To prove the opposite inclusion, we first note that

Indeed, any element of W can be written as syss - - - s;, where s; = s,, with o;; € J.
Using Proposition 2(v), we have

wBsy -8, C Bws;Bsy---s;U BwBsy--- 5.

By induction on [, we have ws;Bsy - -+ s; C Bws W, B (since here ws; € W), hence
BwsiBsy---s; C BwsiW;B = BwW;B. Similarly, BwBs,---s; C BwW ;B and
we’ve proved (12).

Next we are going to show that

W;BwW; C BWwW;B, (13)

and it suffices to show

WiBw C BWwB. (14)

For any w € W and s = s, € Wy, we have two possibilities: if [(sw) = l[(w) + 1,
by Proposition 1(ii), C(sw) = C(s)C(w), whence sBw C BswB C BWpwB; if
I(sw) = l(w) — 1, let w = sw and we have

sBw = sBsw C (BsBUB)w = BsBw UBw C BWw BU Bw B ¢ BWwhB,

where in the first inclusion we use Proposition 1(i) and the second inclusion is due
to the induction on I(w) and I(w') < I(w). Here we finish the proof of (13).
Now using (i),

P[wPJ = UIM[UJMJUJ = UIBIWIBIUJBJWJBJUJ C BW[BWBWJB

Applying (12) and (13), we have BW,wW ;B O PywPj, whence the part (ii) ends.

As for (iii), the map WywW; — PrwP; is well-defined, since if WywW; =
Wiw' Wy, then BWwW;B = BWw W;B, by part (ii), which is exactly PjwP; =
Pyw' Py Of course it is onto. Indeed, for any PwP; with w € G, there exists
w € W st. BwB = BwB, because of the Bruhat decomposition. So BwB C
PrwPj; N PrwPy, whence PrwP; = PrwPy. Tt suffices to show this map is also 1-1.
Actually, if PywP;N Prw' Py, we must have W;wW; = Wyw' W by part (i) and the
Bruhat decomposition. QED

Next, we will assume that ' =T, is a finite field.

Proposition 5. Let H be a group, and let My and My be subgroups of H. Then in
the character ring of H, the inner product of the characters induced from the trivial

characters of My and Ms, respectively, is equal to the number of double cosets in
M\H/M,.



Proof. By Mackey’ Theorem, the space of intertwining maps from [ ndﬂHﬁ(l) to
Indj, (1) is isomorphic to the space of functions A : H — Hom(C,C) = C that
satisfy A(mihmy) = A(h) for m; € M; and h € H. Of course, a function has
this property if and only if it is constant on double cosets, so the dimension of this
function space is just the number of different double cosets. On the other hand, as a
well known result in representation theory, the dimension of the space of intertwining
operators equals the inner product in the character ring. QED.

Let h, and e, € R be the trivial representation and the alternating repre-
sentation of Sy, respectively. With the convention that h, = e, = 0 for r < 0
and hy = ey = 1, we have the following theorem(for the proof, see Bump’s book,
Theorem 37.1):

Theorem 1. (Jacobi — Trudi Identity)Let A\ = (Ay, -, \.) and pp = (pg, -+, fhs)
be conjugate partitions of k. We have the identity

det(hy, i1 j)1<ij<r = det(€u,—ij)1<ij<s (15)

in Ry. We denote this element (15) as sy. It is an irreducible character of Sy and
may be characterized as the unique irreducible character that occurs with positive
multiplicity in both I ndgﬁ (¢) and I nd?‘; (1); it occurs with multiplicity one in each of
them. The p(k) characters sy are all distinct, and are all the irreducible characters

Of Sk

Remark: In the theorem, € denotes the alternating character of Sy and p(k) is
the number of all partitions of k.

Now we are ready to present the following theorem concerning the relationship
between Ry and Ry(q):

Theorem 2. There is a unique isometry of Ry into Ri(q) in which for each subset I
of ¥ the representation Ind{f‘vfl (1) maps to the representation Indgl (1). This mapping
takes irreducible representations to irreducible representations.

Proof. 1f I C X, let x; denote the character of Si induced from the trivial
character of Wy, and let x;(¢) denote the character of G induced from the trivial
character of P;.

First, we note that the representations y; of Ry span Ry. Indeed, by the defini-
tion of the multiplication in Ry, inducing the trivial representation from Sy, x --- X
Sk, to Sk, where Xk; = k, gives the representation denoted by

hklhk2 T hkr?

which is x;. Expanding the left-hand side of (15) expresses each s, as a linear
combination of such representations, and by Theorem 1 the sy span R;; hence so
do the ;.

We would like to define a map Ry — Ryi(q) by

Z nrxr v Z nrxi(q)- (16)

Ie¥ Iex

We need to show this map is well-defined and an isometry.



By Proposition 4, the cardinality of W, \W /W equals the cardinality of P;\G/P;.
Then by Proposition 5, it follows that

X xnse = IWAW/W| = [PAG/ Pl = (x1(9), xs(2)c- (17)

Now, if ) ;.- nrx7 = 0, then we have

O (@), Y nixr(@)e =D nmu(xi(9), xa(9)a

= Z nng (X1, XJ) sy
1,J

= <Z nIXJ,ZTLIXI)sk =0,
I I

hence ), 5, nrx1(q) = 0. Therefore, (16) is well-defined. And by (17) we know it is
an isometry.

It remains to be shown that irreducible characters go to irreducible characters.
By Theorem 1, we know s, are all the irreducible characters of Si. For any partition
A, it suffices to show the corresponding character sy of sy in G is irreducible. We
already know that (S, S,) = (sx,sx) = 1, hence either s or —s, is irreducible and it
suffices to show that s occurs with positive multiplicity in some proper character of
G. Indeed, by Theorem 1, s, appears with multiplicity one in the character induced
from the trivial character of Sy. Consequently, Sy occurs with multiplicity one in
x1(q), where I is any subset of ¥ such that W; = S,. This completes the proof.
QED

Let sx(¢),hx(q) and er(q) denote the images of the characters sy h; and e,
respectively, of Si under the isomorphism of Theorem 2.

Proposition 6. As a virtual representation, the alternating character e, of Sy ad-
mits the following expression:

ex = Y _(=D)YIIndy (1).

Proof. We know that e, = s, where A = (1,---,1). The right-hand side of (15)
gives

h; hy hy --- by

I hy hy -+ hy,
ep=|0 1 hy o hy,l|

0 0 0 --- h

Expanding this gives a sum of exactly 2~! monomials in the h;, which are in one-
to-one correspondence with the subsets J of ¥. Indeed, let J be given, and let
ki, ko, --- be as in Lemma 1. Then there is a monomial that has |J| 1’s taken
from below the diagonal; namely, if (i,7 + 1) € J, then there is a 1 taken from the
(i + 1,4) position, and as a result there is an hy, taken from the (1,%;) position,
and hy, taken from the (k; + 1,ko + 1) position, and so forth. This monomial
equals (—1)’hy, hy, - - -, which is (—1)"! times the character induced from the trivial
representation of Wj = Sk, X Skyx..., L.e., Indy, (1). QED
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Theorem 3. As a virtual representation, ex(q) of GL(k,F,) admits the following
ETPTESSION.:

exla) = 32 (~1)¥1ndf, (1),

JC¥

Proof. This follows immediately from Proposition 6 on applying the mapping of
Theorem 2. QED

4 Hecke Algebras H and Hj(q)

With k and q fixed, let H be the convolution ring of B-bi-invariant functions on
G. The dimension of H equals the cardinality of B\G/B, which is |W| = k! by
Bruhat decomposition. A basis of H consists of the functions ¢, (w € W), where
¢ is the characteristic function of the double coset C(w) = BwB. We normalize
the convolution as follows:

(F1* f2)(9) ,B‘Zfl ') ‘B’Zf19$f2

zeG zelG

With this normalization, the characteristic function f; of B serves as a unit in the
ring. Here H is just the Hecke algebra H(G, ) with 7 the trivial representation of
B. Define the L! norm:

£l = Z (@

xEG
and an augmentation map € in ‘H
1
e(f) = E Z f(z)
zelG

Proposition 7. (i) Vfi, f» € H,

|f1% fa < [fillfal-

(i) € is a C-algebra homomorphism and
e(6w) = 4. (18)
Proof. As for (i),

|f1* fo| = ]B\Z|

zeG

]B|2 S 1AW  x)

xGGyEG

’fz\‘ A

yEG

= |f1ll f2-

11



As for (i), Vf1, fo, f € H, k € C, it is trivial that

e(fi+ f2) = €(fr) +e(fa),e(kf) = ke(f).
And also

e(fi Z Jox fo)(a

:cEG

ZZﬂ ) fa(y™ 95

zeG yelG

|B‘ €(f2) ) hix)

zeG

= e(f1)e(f2).

The identity (18)is trivial since

zeG xEBwB
by Proposition 3(iii). QED

Proposition 8. Let w,w € W such that [(ww') = l(w)l(w). Then

¢ww’ = wa * wa/

Proof. By Proposition 2(iv), we have C(ww') = C(w)C(w').

Iffor g € G, du*¢,(g) # 0, then Iz € G such that gr € BwB and 7' € Buw'B,
by the definition of convolution. So ¢ = gz~ € C(w)C(w') = C(ww"). Therefore
O * @, is supported in ¢, and is hence a constant multiple of ¢,,/. Writing
O = COw * &, applying the augmentation e and using identity (18), we have
c¢=1. Done. QED.

Proposition 9. Let s € W be a simple reflection. Then

¢s * ¢s = Q¢1 + (q - 1)¢s

Proof. By Proposition 2(v), we have C(s)C(s) C C(1)UC(s), so ¢ps*¢s is supported
in C(1) UC(s), hence there exist constants a and b, such that ¢, * ¢ = ap; + bes.
Evaluating both sides at 1 gives a = ¢. Now applying the augmentation and using
the special case €(¢s) = g and €(¢;) = 1 of (18), we have ¢*> = a-1+b-q,s0 b= q—1.
Done. QED

Inspired by those properties of H, we are going to give a general definition of a
certain kind of Hecke algebra. From now on, let q be a nonzero element of a field
containing C and let R = Clg,¢!]. Thus q might be a complex number, in which
case R = C or it might be transcendental over C, in which case the ring R will be
the Laurent polynomials over C.
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Definition 1. We define Hy(q) to be the free R-algebra on generators fs, (i =

1,--+,k —1) subject to the following relations:
o = At (= Dfs.,, (19)
fSai*fSai+1*fSai = fsai+1*fsai*fsai+1a (20)
fsai *fS(xj = fsaj *fsai 1f |Z_J| > ]‘ (21)

We note that each f,, is invertible, with inverse ¢~' f,, +¢~" — 1 by (19).

If w € W is arbitrary, we want to associate an element f, of Hy(q) extending
the definition of the generators. (Of course, f, is already defined if w is a simple
reflection or the identity.) The next proposition will make it possible.

Proposition 10. Suppose that w € W with l(w) = r, and suppose that w =
S1 8 = 5’1 . --s; are distinct decompositions of minimal length into simple re-
flections. Then

fSI*...*fST:fS/l*...*fS;_

Proof. Let us assume that we have a courterexample of shortest length, say r.
Of course r > 1. Thus, I(s1---s,) =r and

Sl“'Sr:Sll“'S;. but fl*...*fr;éf{*...* ;7 (22)

where we write f;, f; for fs; and f, respectively. Obviously, s, # s, since 7 is the
smallest. We will show that

8283"'87»8;,:8182"'ST but f2f3>|<--->|<frf;7éf1f2*--->x<fr (23)

Before we prove this, let us explain how it implies the proposition. The W element
above is w and thus has length r, so we may repeat the process, obtaining

’ ! ! !
S35400- 8,58, = 898y 5,8, DUt fafs k- fofify # fofsx % fof.

Repeating the process, we eventually obtain

/ ’ ’ ’ / ! / ’
8,.878,8p < = 8;8,.5:5, -+ but foxfrxfoxfixoFE frowfxfrrfixo,

Hence moving all the s’s on the left together and f’s together we have

(s,)" =1 but (ff)" #1.

But from s,s,)" = 1, if we assume s, = s,, and s, = Sq,, then we have 3|r if
li —j] > 1 and 2|r, if |i — j| = 1. And by the relations in the definition of Hy(q), we
must have (f, * f.)” = 1. Contradiction.

So it remains to show (23). Note that w; = ws, = s, ---s,_; has length r — 1,
so by Proposition 1(ii), assuming s, = s,, @ € %, we have w(a) € ®~. Now by
Proposition 1(iii), we have

S1 8, =81 88,8 (24)

13



for some 1 < i < r. Then s}---s,_, = 8,-+-5;---5, and this element has length
r — 1.(If it has a short length, then multiplying on the right by s, would contradict
the assumption that [(w) = r.) By the minimality of the courterexample, we have

R A LT (25)

We claim that ¢ = 1. Suppose ¢ > 1. Cancel s ---s;_1 in (24) and we have

and since ¢ > 1, this has length » — ¢ + 1 < r. By the minimality of the courterex-
ample, we have

Jiwooon fo= frasooon Lo

Now we can multiply this identity on the left by fi*---* f;_; and then use (25), we
get a contradiction to (22). Hence the first part of (23) follows. As for the second

part, if fofs* - - % fof. # fifs % --- % f,, then multiplying (25) on the right by f.
gives a contradiction to (22). So (23) is proved and so is the proposition. QED

If we W, let w= s1---s, be a decomposition of w into r = I[(w) simple
reflections, and define

fw:f&*"'*fsT'
According to the above proposition, this f,, is well-defined.

Theorem 4. (IWahori) The f,, form a basis of Hi(q) as a free R-module. Thus
the rank of Hi(q) is |W]|.

Proof. First, assume that ¢ is transcendental, so that R is the ring of Laurent
polynomials in ¢. We will deduce the corresponding statement when ¢ € C — {0} at
the end.

Let us check that

> Rfu=Hi(q). (26)
weW
It is sufficient to show that this R-submodule(on the left side of (26)) is closed
under right multiplication by generators f, of W with s a simple reflection. If
l(ws) = l(w) 4+ 1, then f, * fs = fus which is of course in this module; on the other
hand, if {(ws) = [(w) — 1, then writing w» = ws we have

fwrkfs = forstfs = fufz = fox(at(q=1)fs) = af o +(q=1) fur = fs = ¢f oy +(q=1) fu-

It remains to show that the sum in (26) is direct. If not, there will be some Laurent
polynomials ¢,(¢), not all zero, such that > c,(q)f, = 0. Then there exists a
rational prime p such that ¢, (p) is not all zero( since as a rational function ¢, has
only finitely many roots). As before, let H be the convolution ring of B-bi-invariant
functions on GL(k,F,). It follows from the Proposition 7 and 8 that (19),(20) and
(21) are all satisfied by the standard generators of H, so we have a homomorphism
Hi(q) — H mapping each f,, to the corresponding generator ¢,, and mapping ¢ to
p. The images of f,, are linearly independent in H, yet since the ¢,(p) are not all
zero, we obtain a relation of linear dependence. This is a contradiction.
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The result is proved if ¢ is transcendental. It remains to show the same result
follows for Hy(qo) if 0 # gy € C. There is a homomorphism R — C, and a compatible
homomorphism Hy(q) — Hi(qo), in which ¢ — ¢go. Similarly, we can show the
identity (26), and what we must show is that the R-basis elements f,, remain linearly
independent when projected to Hy(qo). To prove this, we note that in Hy(q) we have

fw >k fw/ = Z a,w’w/’w// (q7 q_1>fw//7
w”ew

where a » is a polynomial in ¢ and ¢~!'. Here we construct a new ring ﬁk(qo)

waw' w
over C with basis elements f,, indexed by W and specialized ring structure constants
s’ s (905 Qo ). The associative law in Hj(g) boils down to a polynomial identity
that remains true in this new ring, so this ring exists. Clearly, the identities (19),(20)

and (21) are true in this new ring. So there exists a homomorphism Hy(qo) — Hx(qo)
mapping the f, to the f,. Since the f, are linearly independent, so are the f, in

Hi(qo). QED

Let us return to the case where ¢ is a prime power.

Theorem 5. Let q be a prime power. Then the Hecke algebra Hy(q) is isomorphic
to the convolution ring H of B-bi-invariant functions on GL(k,F,), where B is the
Borel subgroup of upper triangular matrices in GL(k,IF,). In this isomorphism, the
standard basis element f,,(w € W) corresponds to the characteristic function of the
double coset BwB.

Proof. 1t follows from Proposition 8 and 9 that those identities (19),(20) and
(21) are all satisfied by the elements ¢, in the ring H of B-bi-invariant functions on
GL(k,F,), so there exists a homomorphism Hy(q) — H such that f, — ¢,. Since
the { f,,} are a basis of Hy(q) and the {¢,,} is a basis of H, this ring homomorphism
is an isomorphism. QED
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