MAT 240 - Problem Set 5

Due Thursday November 6th
Questions la), 8, and 11a) will be marked.

1. Determine whether the function 7': V. — W is a linear transformation.

a) Let V.= W = P(F), where F is a field. Define T(f)(z) = zf(z*> + 1) + f(1)(z® — 1),
fev.

b) Let V. =W = Myy5(C). Define T(A) =i A' —4 A, A€ V. (Here, A® is the transpose of
the matrix A.)

c) Let V = P,(C) and W = P4(C). Define T(f)(x) = (f(x))?, f € V.

d) Let V = Ps(F) (F a field) and W = F3. Define T(f) = (ag, —as, a1 + ay), for f(z) =
agx® + -+ aix+ap V.

e) Let V be a finite-dimensional vector space over a field F.. Let n = dim V and let W = F™".
Let {z1,...,2, } be a basis of V. Define T'(xz) = (—ci,c2 —c1,¢3 — 2,4 — C3,...,¢j —
Cj1y-vesCp—Cpot) for x =crzy + o2+ -+ cpzp €V (c1,...,¢, € F).

f) Let V = F3 and W = F?, where F is a field. Let {z1,z2, 23} be a basis of V. Define

_ (2
T(c1z1 + cawa + c3x3) = (¢ + c2,c2 — ¢3), €1, €2, c3 € F.

2. Assume that 7' : V — W is a linear transformation, where V' = Ms,5(R) and W = P(R).
Suppose that
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T<_1 O>—x x, T(O 1>—3x, T(O 0)—$ + 4, T<0 1)— .

Determine T <CCL Z) for all real numbers a, b, ¢ and d.
3. Let T : C3 — C? be defined by:
T(a,b,c) = (a—b+2¢c,2a + b, —a — 2b + 2c¢), a, b, ceC.

a) Verify that T is a linear transformation.

b) If (a,b,c) € C3, what are the conditions on a, b, and ¢ that (a,b,c) € R(T)? (Here, R(T)
denotes the range of T'). Find a basis for R(T).

c) If (a,b,c) € C3, what are the conditions on a, b, and c that (a,b,c) € N(T)? (Here, N(T)
denotes the null space of T'). Find a basis for N (7).

4. Find a basis of N(7T') and a basis of R(T") for the given linear transformation 7.
a) Let V = Msy3(C) and W = Msy2(C). Define

ail a2 @13 ais —2an : -
T - . L a; €C1<i<21<j<3.
<a21 aszz Az > ( (1 —1)(a12 — az1) 0 ) / J

b) Let V. =W = P(R). Define T(f)(z) = (z* — 1)(f(z) — f(1) z).



5. Let T : V. — W be a linear transformation. Let V; be a subspace of V. Define W; =
{T(x) | xeW}.
a) Prove that W is a subspace of W.
b) Assume that V is finite-dimensional. Prove that dim W; = dim V; if and only if Vi N
N(T) = {0}.
6. #14, §2.1.

7. Let T': V — V be a linear transformation. Prove that the following are equivalent:
(i) R(T)NN(T) = {0}.
(ii) For x € V, T'(T(x)) = 0 implies that T'(z) = 0.

8. a) Find an example of a linear transformation T : R® — R5 such that N(T) C R(T) and
R(T)={z=(a1,...,a5) €ER® | ay +as +a3 =0, and a; —as +ay =0}.

b) Suppose that V is a finite-dimensional vector space. Suppose that W is a subspace of V.
Prove that there exists a linear transformation 7" : V' — V such that N(T") C R(T) and
R(T) =W if and only if dim(W') > dim(V')/2.

9. Determine whether or not the linear transformation 7' : V. — V is one-to-one. Also determine
whether or not T is onto.

a) Let V = P(R). Define T(f)(z) =z f'(z) + f(0), f € V.
b) Let V be the vector space of continuous functions from R to R. Define T'(f)(z) = (z +
Df(x), feV.

10. Let V and W be vector spaces over a field F'. Suppose that T : V — W is a linear transfor-
mation that has the property that N(7') and R(T) are finite-dimensional.

a) Let {x1,...,24} C V be a basis of N(T') and let {y1,...,y, } C W be a basis of R(T).
Choose vectors z1,...,2, € V such that y; = T'(2;), 1 < j < r. Let x € V. Prove that
there exist ¢1,...,¢, € F such that x 4+ ¢121 + caz0 + -+ + ¢z € N(T).

b) Prove that V is finite-dimensional. (Hint: One way to do this is to prove that V' = span(S),
where S ={z1,...,2q,21,..., 27 }.)

11.  a) Let T': P5(C) — M3x2(C) be the linear transformation defined by

_(35(=) i)
ri) = () 0. rwer©,

Let 3={1,x — 1,22 —iz} and
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Compute the matrix [T' ]g of T with respect to the ordered bases 8 and ~.



12.

13.
14.
15.

b) Let 5 ={(1,-1,0),(1,0,—1),(0,0,1) } and v = {(1,0,0),(0,1,0),(0,1,1) }.

-1 -2 0
A= 1 0 0 S M3><3(Q).
1 3 1

Let T : Q% — Q? be the linear transformation such that [T ] = A. Compute T'(a,b,c) for

all a, b, c € Q.
Let 8 = {iz, 1,7+ 22} C P,(C) and
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Let T': P,(C) — Ma2x2(C) be the linear transformation such that

(175 =
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Compute T(2? + x + 7). (Show your work.)

410 §2.2.
#13 §2.2.

Suppose that V and W are finite-dimensional vector spaces over F. Assume that dim V'
dimW =n. Let T : V — W be a linear transformation.
a) Prove that there exist ordered bases [ for V' and ~ for W such that the matrix A
(Aji) = [T]} satisfes Ajp =0if j # k and A;; =0or 1, for 1 <j,k <n.

b) Let A, $ and 7 be as in part a). Show that the number of nonzero diagonal entries of A

is equal to the rank of T



