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Mat267: Midterm 1 February 3, 2019

5:10pm-7:00pm or 6:10-8:00pm

110 minute exam; please read all problems before starting. No calculators or other aids allowed.

The exam will be marked with the assistance of the crowdmark software. Do not write on the QR code at the top

of the pages. Any page with a QR code will be scanned, uploaded, and read. Please write neatly and with a pen
or dark pencil — light pencil writing doesn’t get picked up well by the scanner.

Signature:

Make sure to read the back of this page!! \IJ
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1. Consider the linear system X’ = AX where A is an n x n matrix with constant entries.

Prove that if V is an eigenvector of A with eigenvalue A then X (t) = e*V is a solution of X’ = AX.
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2. Consider the separable ODE
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7 = tz?

a) Solve the initial value problem with initial data 3:(0) =1
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3. Consider the nonautonomous differential equation

- ift<l1
z'=f(:z)= r—1 ift<
3—z ift>1

a) Solve the three initial value problems

i. '’ = f(z) and x(0) =0,
ii. 2’ = f(z) and z(0) =1,
iii. ' = f(z) and z(0) = 2.

Sketch all three solutions on one graph and give the interval of existence for each solution. ( () [ 4—6)
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b) | 5 points | Recall the the nonautonomous differential equation

2 = f(z) = z-1 ift<1
3—zx ift>1

Solve the three initial value problems
i. 2’ = f(z) and z(2) = 2,

ii. ' = f(z) and z(2) = 3,

iii. ' = f(r) and z(2) = 4.

Sketch all three solutions on one graph and give the interval of existence for each solution.
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c) Recall the the nonautonomous differential equation Nee /
X— z3%-X
, r-1 ift<l1
z' = f(z) = = Ix=4
- 3—z ift>1 = x = 2.

Find and sketch a solution whose interval of existence is (—o0, 00).
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X’:(l "2)){ with X(O)z(Q).
2 1 1

a) Find the solution of the initial value problem and sketch it in the the plane.
b) Find the magnitude of your solution ||X (t) || and plot it as a function of ¢.
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c) m Assume X (t) is a solution of X’ = AX where A is given on the previous page. Find an ODE that’s
satisfied by || X (t)||%. Solve this ODE.
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@] Consider the initial value problem =’ = f(r) with z(0) = zo where f : R = R is C!. Assume 0 is an

equilibrium point: f(0) = 0.
Prove that if f(z) < —uz for all £ > 0 and zo > 0 then z(t) < zge *! and z(t) = 0 as t — 0o. (Assume p > 0.)
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6. Consider the ODE
' =ar+ 23, where acR.

a) Fix the parameter a and find all equilibrium solutions. How does the number of equilibriums solutions
depend on a?

b) Draw a bifurcation diagram for this ODE. Make sure to include representative phase lines so that it’s
clear what the stability of each the equilibrium solutions are.
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7. Consider the linear system

Xr = a b X
b a
where a,b € R.

a) Find the eigenvalues, A+ of A.
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b) In the ab-plane to the left, identify where A_ < 0, where A_ = 0, and where A_ > 0.
In the ab-plane to the right, identify where A, < 0, where A = 0, and where A, > 0.
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c) Informed by the work you just did, divide the ab-plane below into regions and label each region with

the appropriate word from the zoology list on the aid sheet. (i.e. label with things like “spiral sink” and so forth.)
Your regions should be open sets. Don't worry about their boundaries (where A_ = 0 or Ay = 0 or both).
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