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A tour of themost important Hamiltonians
positigmomentum

i e functions on M T Q coords x Pj

Organization by degree in vector space directions pi

Simplestldegree functions which are constant in cotangentdir

ie f V x xh not af of pi

i e F is pulledback from V E C Q R

M T Q V VOT M IR

Q IR w dpindx
dx

e g V
t Fitt dpi tf

Xr w'dV w dx
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notice levelsets of Ham are preserved
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Net homogeneous degree 1 in momenta

f V p t Vpn VEvicxi.mx
smooth fn

Xp w df p dvi vidpi ofx

w pi dv Vi dpi

Ii dxt

w pi 2 dxt V dpi

Pi
2
Ipg V

this generates Ham flow

x V x xn

Pi

phase portrait

fi



eg f p Xp 2x
motion at a

constant speed
1 1 in dir

0 else
P

IFFEI

momentum f generates spatial translations

flow 9 x p to x to so p

translation by t in direction



Specifeaturdg1Hamitnians
since f e C T Q is linear on

TIQ fibres it defines a tangent vector

at every pt in Q

i e Hamiltonians of deg 1
E Q
vector field
on Q

f V'p t Vpn

corresponds to vectorfield V Vi

Drops Ham flow of fu Vip
coincides with the flow on

IQ induced by the flow

of V on Q



Solar dego Q

dig 1 F Q Q TQ

section of tanger
fled bundle of Q

Most important case deg2
f Vis pipy Vii maybe

assumed to be

vis e CP Q
symmetric i j

1
smooth

7nsof
x x

e.ge Suppose we are given a Riemannian

metric g on Q

g gijlxi.mxdxixodxjtsymm.mn
offus

noonday pos def



g TQ T Q

v to go

gt T Q TQ

gt git I 2g
gis inverse
matrix

of gig
defines a quadratic f

Ifg g x PiPj offg

p
fyf.fi
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I

cylindrial level sets of Fg

cosphere bundles inside T Q

what is the Ham flow of Fg
it must preserve cospheres

norm of
momentum must

be preserved

by flow

Fg
The kineti energy of a

particle on Q

c f K.E mv m p

p mu gud



Ham flow of Efg 1

H Pips

dH d gii pipj gispidpj
2

Pip dxk gispidpj

w dit I
2 1 Pip Jp g Pi2 2

IE

II

Like any flow of v field
this is a systemof nonlinear ODE

which like Riati egn may
have finitetime

blowup If flow exists for all time we
say

Q g is a COMPLETE
Riemangian
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The Sol 1 44 p t determine

parametrized curves

t in Q

These curves are called GEODESICS

this approach to stuff
Geodesics is called

Hamilton Jacobi theory

Note Geodesic eg is usually written as follows

8 IR Q g param curve Q

je PCR TQ

1 acceleration o

Forces 0
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Geodesi eg Yi It vtik o

rijk Christoffel symbols

9 21 2 _21

deg C CQ R

ICQ

T Q 5 TQ

symmetric bivector

may be degenerate
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