4.2 Integration 1300Y Geometry and Topology

Having defined the integral, we wish to explain the duality between d and 0: A n — 1-form « on a n-
manifold may be pulled back to the boundary OM and integrated. On the other hand, it can be differentiated
and integrated over M. The fact that these are equal is Stokes’ theorem, and is a generalization of the
fundamental theorem of calculus.

First we must some simple observations concerning the behaviour of forms in a neighbourhood of the
boundary.

Recall the operation of contraction with a vector field X, which maps p € QF(M) to ixp € Q¥—1(M),
defined by the condition of being a graded derivation ix(aAB) = ixaAB+(—1)*laAix3 such that ix f =0
and ixdf = X (f) for all f € C>*(M,R).

Proposition 4.13. Let M be a manifold with boundary. If M is orientable, then so is OM . Furthermore,
an orientation on M induces one on OM .

Proof. Given a locally finite atlas (U;) of 9M, in each U; we can pick a nonvanishing outward-pointing vector
field X; in I'*°(U;, j*T M), for j : 9M — M the inclusion. Let (6;) be a subordinate partition of unity, and
form X =), 60;X;. This is a vector field on M, tangent to M and pointing outward everywhere along the
boundary.

Given an orientation [v] of M, we can form [ixv], which is then an orientation of 9M. This depends only
on [v] and X being a nonvanishing outward vector field. O

We now verify a local computation leading to Stokes’ theorem. If

a:Zaidaﬁl/\~-~/\dxi_1/\dx”l/\---/\dxm

is a degree m — 1 form with compact support in U C H™, and if U does not intersect the boundary 0H™,
then by the fundamental theorem of calculus,

/ da = Z(—l)iil/ 2‘;2 da' - dz™ = 0.
U i
Now suppose that V. =U NOH™ # (). Then
/ do = Z(—w’—l/ S dyt - da™
u i

= 7(71)77171/ am (T1, .y T_1,0)dat -+ - dz™ !
1%

:/am(acl,...,xm_l,())i P (dml/\~~~da¢m)
v _

ox™
-k
[ e
14

where the last integral is with respect to the orientation induced by the outward vector field.

Theorem 4.14 (Stokes’ theorem). Let M be an oriented manifold with boundary, and let the boundary be
oriented with respect to an outward pointing vector field. Then for o € Q™= (M) and j : OM — M the

inclusion of the boundary, we have
/ doa = / j*a.
M oM

Proof. For a locally finite atlas (U;, ¢;), we have

/ da_/M (D bia) = Z/W(U’i)(wil)*d(aia)

% %
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By the local calculation above, if ¢;(U;) NOH™ = (), the summand on the right hand side vanishes. On the
other hand, if ¢;(U;) N OH™ # (), we obtain (letting v; = ¢;|u,nonm and j' : IH™ — R™), using the local
result,

[ wtrdse - | 7 (0s0)
i (Us) pi(U;)NOH™

- / (W) (5 (B:cr))-
i (U)NOH™

This then shows that [, da = [, j*a, as desired. O
Corollary 4.15. If 9M =0, then for all o € Q7= (M), we have [,, da = 0.

Corollary 4.16. Let M be orientable and compact, and let v € Q™ (M) be nonvanishing. Then va > 0,
when M is oriented by [v]. Hence, v cannot be exact, by the previous corollary. This tells us that the class
[v] € HiR(M) cannot be zero. In this way, integration of a closed form may often be used to show that it is
nontrivial in de Rham cohomology.

4.3 The Mayer-Vietoris sequence

Decompose a manifold M into a union of open sets M = U UV. We wish to relate the de Rham cohomology
of M to that of U and V separately, and also that of U N'V. These 4 manifolds are related by obvious
inclusion maps as follows:

0,
UUV<—UI_IV<;<8LUDV
\%4

Applying the functor 2°, we obtain morphisms of complexes in the other direction, given by simple restriction
(pullback under inclusion):

QU UV) —= Q*(U) & Q*(V) Zvj, QUNY)

Now we notice the following: if forms w € Q*(U) and 7 € Q*(V) come from a single global form on U UV,
then they are killed by 0§, — 0;;. Hence we obtain a complex of (morphisms of cochain complexes):

* *

0—=Q(UUV) —= Q) & 0 (V) 2% 0 (U N V) — 0 (28)

It is clear that this complex is exact at the first position, since a form must vanish if it vanishes on U and
V. Similarly, if forms on U,V agree on U NV, they must glue to a form on U U V. Hence the complex is
exact at the middle position. We now show that the complex is exact at the last position.

Theorem 4.17. The above complex (of de Rham complexes) is exact. It may be called a “short exact
sequence” of cochain complexes.

Proof. Let o € Q1(U NV). We wish to write « as a difference 7 — w with 7 € Q9(U) and w € Q4(V). Let
(pu, pv) be a partition of unity subordinate to (U, V). Then we have a = pya — (—pya) in UNV. Now
observe that pya may be extended by zero in V' (call the result 7), while —py o may be extended by zero in
U (call the result w). Then we have a = (05 — 0f;)(7,w), as required. O

It is not surprising that given an exact sequence of morphisms of complexes

0—A* LB L0 0
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, we obtain maps between the cohomology groups of the complexes
H*(A%) L 1R (B®) 2 1R ().

And it is not difficult to see that this sequence is exact at the middle term: Let [p] € H*(B®), for p € B*
such that dgp = 0. Suppose that g(p) = 0 in C*, so that there exists 7 € A* with f(7) = p. Then since f is
a morphism of complexes, it follows that f(da7) = dpf(7) = dgp = 0. Since f : A¥*t — BF*+1 is injective,
this implies that d47 = 0, so we have f.[7] = [p], as required.

The interesting thing is that the maps g, are not necessarily surjective, nor are f, necessarily injective.
In fact, there is a natural map 6 : H*(C®*) — H**1(A®) (called the connecting homomorphism) which
extends the 3-term sequence to a full complex involving all cohomology groups of arbitrary degree:

If [a] € H*(C*®), where dca = 0, then there must exist £ € B* with g(£) = «, and g(dp¢) = dc(g(€)) =
dca = 0, so that there must exist 8 € A*! with f(3) = dpé, and f(daB) = dp(f(3) = 0. Hence this
determines a class [3] € H**1(A®), and one can check that this does not depend on the choices made. We
then define §([a]) = [3].

Exercise: with this definition of d, we obtain a “long exact sequence” of vector spaces as follows:

H(4) - H*(B)
H(C)

Therefore, from the complex of complexes , we immediately obtain a long exact sequence of vector
spaces, called the Mayer-Vietoris sequence:

—— HYUUV) — HYU) & HY(V) — HYUNV) -5 BY U UV) — -,

where the first map is simply a restriction map, the second map is the difference of the restrictions &y, — 677,
and the third map is the connecting homomorphism ¢, which can be written explicitly as follows:

Sla] = [8], B=—d(pva)=d(pya).

(notice that 8 has support contained in U NV.)

4.4 Examples of cohomology computations

Example 4.18 (Circle). Here we present another computation of H35(S'), by the Mayer-Vietoris sequence.
Ezpress Sy = Uy U Uy as before, with U; 2 R, so that H'(U;) = R, H}x(U;) = 0 by the Poincaré lemma.
Since UyNU; 2 RUR, we have HO(UyNU;) = R&R and H (UyNU;) = 0. Since we know that H3p(S') =0,
the Mayer-Vietoris sequence only has 4 a priori nonzero terms:

0— H(S') —ROR"DRGR - H(S') — 0.

The middle map takes (c1,co) — c1 — co and hence has 1-dimensional kernel. Hence H°(S*) = R. Further-
more the kernel of § must only be 1-dimensional, hence H*(S') = R as well. Exercise: Using a partition of
unity, determine an explicit representative for the class in H(%R(Sl), starting with the function on Uy N Uy
which takes values 0,1 on each respective connected component.

Example 4.19 (Spheres). To determine the cohomology of S?, decompose into the usual coordinate charts
Uy, Ui, so that U; = R?, while Uy N U, ~ S'. The first line of the Mayer- Vietoris sequence is

0— H°(S*) —R®R — R.
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The third map is nontrivial, since it is just the subtraction. Hence this first line must be exact, and H°(S?) =
R (not surprising since S is connected). The second line then reads (we can start it with zero since the first
line was ezxact)

0 — H'(S?*) — 0 — H'(S') =R,

where the second zero comes from the fact that H'(R?) = 0. This then shows us that H*(S?) = 0. The last
term, together with the third line now give

0 — H'(S*) =R — H?*(S%) — 0,

showing that H%(S?) = R.
Continuing this process, we obtain the de Rham cohomology of all spheres:

R, for k=0 ormn,
0 otherwise.

Hin(S") — {
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