1300Y Geometry and Topology

These are my teaching notes and they borrow without citation from many sources, including Bar-Natan,
Godbillon, Guillemin-Pollack, Milnor, Sternberg, Lee, and Mrowka.

1 Manifolds

A manifold is a space which looks like R™ at small scales (i.e. “locally”), but which may be very different
from this at large scales (i.e. “globally”). In other words, manifolds are made up by gluing pieces of R™
together to make a more complicated whole. We would like to make this precise.

1.1 Topological manifolds

Definition 1. A real, n-dimensional topological manifold is a Hausdorff, second countable topological space
which is locally homeomorphic to R™.

Note: “Locally homeomorphic to R™” simply means that each point p has an open neighbourhood U for
which we can find a homeomorphism ¢ : U — V to an open subset V € R"™. Such a homeomorphism ¢ is
called a coordinate chart around p. A collection of charts which cover the manifold, i.e. whose union is the
whole space, is called an atlas.

We now give a bunch of examples of topological manifolds. The simplest is, technically, the empty set.
More simple examples include a countable set of points (with the discrete topology), and R™ itself, but there
are more:

Example 1.1 (Circle). Define the circle St ={z€C : |z| =1}. Then for any fived point z € S*, write it
as z = e2™° for a unique real number 0 < ¢ < 1, and define the map

v, it 2T (1)
We note that v. maps the interval I. = (c — &, c+ 3) to the neighbourhood of z given by S*\{—=z}, and it is
a homeomorphism. Then ¢, = Vz\fcl 1s a local coordinate chart near z.

By taking products of coordinate charts, we obtain charts for the Cartesian product of manifolds. Hence
the Cartesian product is a manifold.

Example 1.2 (n-torus). S! x --- x St is a topological manifold (of dimension given by the number n of
factors), with charts {¢., x -+ X @, : z € S}

Example 1.3 (open subsets). Any open subset U C M of a topological manifold is also a topological
manifold, where the charts are simply restrictions ¢|y of charts ¢ for M.
For example, the real n x n matrices Mat(n,R) form a vector space isomorphic to ]R"z, and contain an

open subset
GL(n,R) = {A € Mat(n,R) : det A # 0}, (2)

known as the general linear group, which therefore forms a topological manifold.

Example 1.4 (Spheres). The n-sphere is defined as the subspace of unit vectors in R™"*1:

St = {(x()’"'?xn) eR™! Zl'f = 1}.

Let N = (1,0,...,0) be the North pole and let S = (—1,0,...,0) be the South pole in S™. Then we may
write S™ as the union S™ = Uy UUg, where Uy = S™\{S} and Us = S"\{N} are equipped with coordinate
charts pn,ps into R™, given by the “stereographic projections” from the points S, N respectively
YN : (LL'(),.’E) — (1 + xo)_1f7 (3)
s (20, @) = (1 — o) . (4)
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We have endowed the sphere S™ with a certain topology, but is it possible for another topological manifold
S™ to be homotopic to S™ without being homeomorphic to it? The answer is no, and this is known as the
topological Poincaré conjecture, and is usually stated as follows: any homotopy n-sphere is homeomorphic
to the n-sphere. It was proven for n > 4 by Smale, for n = 4 by Freedman, and for n = 3 is equivalent
to the smooth Poincaré conjecture which was proved by Hamilton-Perelman. In dimensions n = 1,2 it is a
consequence of the (easy) classification of topological 1- and 2-manifolds.

Example 1.5 (Projective spaces). Let K =R or C (or even H). Then KP™ is defined to be the space of
lines through {0} in K"*1 and is called the projective space over K of dimension n.

More precisely, let X = K"T1\{0} and define an equivalence relation on X via x ~ y iff I € K* = K\{0}
such that Ax =y, i.e. x,y lie on the same line through the origin. Then

KP" = X/ ~,

and it is equipped with the quotient topology.

The projection map © : X — KP"™ is an open map, since if U C X is open, then tU is also open
Vt € K*, implying that Usex~tU = 71 (x(U)) is open, implying 7w(U) is open. This immediately shows, by
the way, that KP™ is second countable.

To show KP™ is Hausdorff (which we must do, since Hausdorff is preserved by subspaces and products,
but not quotients), we show that the graph of the equivalence relation is closed in X x X (this, together with
the openness of w, gives us the Hausdorff property for KP™). This graph is simply

T ={(zy) X xX : z~y},
and we notice that I'~, is actually the common zero set of the following continuous functions
fis(@,y) = (ay; — xju;) i #j.

(Does this work for H? How can it be fixed?) 3
An atlas for KP™ is given by the open sets U; = w(U;), where

Ui = {(z0,...,2,) € X : x; # 0},
and these are equipped with charts to K™ given by
-1

vi([zo, .- zn]) =2 (20, -, Tic1, Tit1, - Tn), (5)

which are indeed invertible by (y1,...,Yn) — (Y1, s Yis Ly Yitls - Yn)-

Sometimes one finds it useful to simply use the “coordinates” (xq, ..., x,) for KP™, with the understand-
ing that the z; are well-defined only up to overall rescaling. This is called using “projective coordinates” and
in this case a point in KP™ is denoted by [zg : -+ : xy].

Example 1.6 (Connected sum). Let p € M and g € N be points in topological manifolds and let (U, @) and
(V,4) be charts around p,q such that ¢(p) =0 and (q) = 0.
Choose € small enough so that B(0,2¢) C o(U) and B(0,2¢) C ¢(V), and define the map of annuli

¢ :B(0,2¢)\B(0,¢) — B(0,2¢)\B(0, ¢) (6)

x Iif;x (7)

This is a homeomorphism of the annulus to itself, exchanging the boundaries. Now we define a new topological
manifold, called the connected sum MEN, as the quotient X/ ~, where

X = (M\e=1(B(0,€))) U (N\¢~1(B(0, €))),

and we define an identification x ~ Y~ 1pp(x) for x € ¢=1(B(0,2¢)). If Ay and Ay are atlases for M, N
respectively, then a new atlas for the connect sum is simply

Ar e TBo) Y AN T B
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Two important remarks concerning the connect sum: first, the connect sum of a sphere with itself is
homeomorphic to the same sphere:
SngsT =2 S

Second, by taking repeated connect sums of T2 and RP2, we may obtain all compact 2-dimensional manifolds.

Example 1.7 (General gluing construction). To construct a topological manifold “from scratch”, we should
be able to glue pieces of R™ together, as long as the gluing is consistent and by homeomorphisms. The
following is a method for doing so, tailor-made so that all the requirements are satisfied.

Begin with a countable collection of open subsets of R™: A = {U;}. Then for each i, we choose finitely
many open subsets U;; C U; and gluing maps

Pij

Uij —=Uji , (8)

which we require to satisfy i e = Idy,,, and such that <pij(UZ-j NU;) = Uji N Ujp for all k, and most
important of all, p;; must be homeomorphisms.

Next, we want the pairwise gluings to be consistent (transitive) and so we require that prpjkpi; =
ldy,;nu;,, for alli, j, k.

Second countability of the glued manifold will be gquaranteed since we started with a countable collection
of opens, but the Hausdor[f property is not necessarily satisfied without a further assumption: we require that
Vp € OU;; C U; and Yq € 0U;; C U, there exist neighbourhoods V, C U; and V, C U; of p,q respectively
with ¢ij(V, NUi;) N Vg = 0.

The final glued topological manifold is then

U.
=LY% 0
for the equivalence relation x ~ @;;(x) for x € U;j. This space naturally comes with an atlas A, where the
charts are simply the inclusions of the U; in R™.

As an exercise, you may show that any topological manifold is homeomorphic to one constructed in this
way.

1.2 Smooth manifolds

Given coordinate charts (U;, ¢;) and (Uj, ;) on a topological manifold, if we compare coordinates on the
intersection U;; = U; N Uj;, we see that the map

@i 00 o) 1 0i(Uij) — 95 (Uij)

is a homeomorphism, simply because it is a composition of homeomorphisms. We can say this another way:
topological manifolds are glued together by homeomorphisms.

This means that we may be able to differentiate a function in one coordinate chart but not in another,
i.e. there is no way to make sense of calculus on topological manifolds. This is why we introduce smooth
manifolds, which is simply a topological manifold where the gluing maps are required to be smooth.

First we recall the notion of a smooth map of finite-dimensional vector spaces.

Remark 1 (Aside on smooth maps of vector spaces). Let U C V be an open set in a finite-dimensional
vector space, and let f : U — W be a function with values in another vector space W. The function f is
said to be differentiable at p € U if there exists a linear map Df(p): V — W such that

1f(p +2) = f(p) = DF(p)(@)]| = oll[]]),

where o : Ry — R is continuous at 0 and lim;_,0 o(t)/t = 0, and we choose any inner product on V,W,
defining the norm ||-||. For infinite-dimensional vector spaces, the topology is highly sensitive to which norm
is chosen, but we will work in finite dimensions.
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Given linear coordinates (x1,...,2,) on V, and (y1,...,Ym) on W, we may express [ in terms of its
m components f; = y; o f, and then the linear map Df(p) may be written as an m x n matriz, called the
Jacobian matrix of f af p.

ofh ... 9N
Oz, 0Ty
Df(p) = : : (10)
Ofm ... Ofm
oxq oz,

We say that f is differentiable on U when it is differentiable at all p € U and we say it is continuously
differentiable when
Df:U — Hom(V,W)

is continuous. The vector space of continuously differentiable functions on U with values in W is called
CYU,W).
The first derivative D f is also a map from U to a vector space (Hom(V,W)), therefore if its derivative

exists, we obtain a map
D?f : U — Hom(V, Hom(V, W)),

and so on. The vector space of k times continuously differentiable functions on U with values in W is called
CH(U,W). We are most interested in C> or “smooth” maps, all of whose derivatives exist; the space of
these is denoted C°(U, W), and hence we have

C=(U,W) = CHU,wW).
k

Note: for a C? function, D?f actually has values in a smaller subspace of V* @ V* @ W, namely in
S2V* @ W, since “mized partials are equal”.

After this aside, we can define a smooth manifold.

Definition 2. A smooth manifold is a topological manifold equipped with an equivalence class of smooth
atlases, explained below.

Definition 3. An atlas A = {U;, p;} for a topological manifold is called smooth when all gluing maps
0j 09 oy + 9iUig) — ©3(Usg)

are smooth maps, i.e. lie in C*(p;(U;;),R™). Two atlases A, A" are equivalent if AU A’ is itself a smooth
atlas.

Note: Instead of requiring an atlas to be smooth, we could ask for it to be C*, or real-analytic, or even
holomorphic (this makes sense for a 2n-dimensional topological manifold when we identify R?" = C".
We may now verify that all the examples from section [1.1] are actually smooth manifolds:

Example 1.8 (Circle). For Example only two charts, e.q. pi1, suffice to define an atlas, and we have

Sttt —3<t<0
p-1091 t 0<t<i,

which is clearly C*°. In fact all the charts @, are smoothly compatible. Hence the circle is a smooth manifold.

The Cartesian product of smooth manifolds inherits a natural smooth structure from taking the Carte-
sian product of smooth atlases. Hence the n-torus, for example, equipped with the atlas we described in
Example is smooth. Example is clearly defining a smooth manifold, since the restriction of a smooth
map to an open set is always smooth.
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Example 1.9 (Spheres). The charts for the n-sphere given in Exampleform a smooth atlas, since

-1 .- 129 =»_ (1—20)?’ > _ |2—2>
PNOPg 2 T0% = TTF2 Z_|Z| =

which is smooth on R™"\{0}, as required.

Example 1.10 (Projective spaces). The charts for projective spaces given in Example form a smooth

atlas, since

1 1

<plo<po_1(z1,...,zn):(zl_ ,21_122,...,21_ Zn), (11)

which is smooth on R™\{z1 = 0}, as required, and similarly for all ;, ;.
The two remaining examples were constructed by gluing: the connected sum in Example [T.6] is clearly

smooth since ¢ was chosen to be a smooth map, and any topological manifold from Example will be
endowed with a natural smooth atlas as long as the gluing maps ¢;; are chosen to be C*°.
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1.3 Manifolds with boundary

The concept of manifold with boundary is important for relating manifolds of different dimension. Our
manifolds are defined intrinsically, meaning that they are not defined as subsets of another topological space;
therefore, the notion of boundary will differ from the usual boundary of a subset.

To introduce boundaries in our manifolds, we need to change the local model which they are based on.
For this reason, we introduce the half-space H" = {(x1,...,x,) € R® : x, > 0}, equip it with the induced
topology from R™, and model our spaces on this one.

Definition 4. A topological manifold with boundary M is a second countable Hausdorff topological space
which is locally homeomorphic to H”. Its boundary OM is the (n — 1) manifold consisting of all points
mapped to x, = 0 by a chart, and its interior Int M is the set of points mapped to x,, > 0 by some chart.
We shall see later that M = dM U Int M.

A smooth structure on such a manifold with boundary is an equivalence class of smooth atlases, in the
sense below.

Definition 5. Let V, W be finite-dimensional vector spaces, as before. A function f : A — W from an
arbitrary subset A C V' is smooth when it admits a smooth extension to an open neighbourhood U, C W of
every point p € A.

For example, the function f(x,y) = y is smooth on H? but f(z,y) = /¥ is not, since its derivatives do
not extend to y < 0.

Note the important fact that if M is an n-manifold with boundary, Int M is a usual n-manifold, without
boundary. Also, even more importantly, &M is an n — 1-manifold without boundary, i.e. d(OM) = (. This
is sometimes phrased as the equation

9% =0.

Example 1.11 (M&bius strip). The mobius strip E is a compact 2-manifold with boundary. As a topological
space it is the quotient of R x [0,1] by the identification (z,y) ~ (x + 1,1 —y). The map 7 : [(z,y)] — 2™
is a continuous surjective map to S, called a projection map. We may choose charts [(x,y)] — e*TY for
z € (zo — €,70 + €), and for any € < 3.

Note that OF is diffeomorphic to S'. This actually provides us with our first example of a non-trivial
fiber bundle, as we shall see. In this case, E is a bundle of intervals over a circle.

1.4 Cobordism

(n + 1)-Manifolds with boundary provide us with a natural equivalence relation on n-manifolds, called
cobordism.

Definition 6. n-manifolds M7, My are cobordant when there exists a n+ 1-manifold with boundary N such
that ON is diffeomorphic to M7 U M. The class of manifolds cobordant to M is called the cobordism class
of M.

Note that while the Cartesian product of manifolds is a manifold, the Cartesian product of two manifolds
with boundary is not a manifold with boundary. On the other hand, the Cartesian product of manifolds
only one of which has boundary, is a manifold with boundary (why?)

Cobordism classes of manifolds inherit two natural operations, as follows: If [M;],[Ms] are cobordism
classes, then the operation [Mi] - [Ms] = [M; x Ms)] is well-defined. Furthermore [M;] + [Ma] = [M7 U M,] is
well-defined, and the two operations satisfy the axioms defining a commutative ring. The ring of cobordism
classes of compact manifolds is called the cobordism ring and is denoted Q°®. The subset of classes of
k-dimensional manifolds is denoted QF C Q°.

Proposition 1.12. The cobordism ring is 2-torsion, i.e. x+x =0 V.
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Proof. The zero element of the ring is [()] and the multiplicative unit is [*], the class of the one-point manifold.
For any manifold M, the manifold with boundary M x [0, 1] has boundary M1UM. Hence [M]+[M] = [#] = 0,
as required. O

Example 1.13. The n-sphere S™ is null-cobordant (i.e. cobordant to 0), since dBp11(0,1) = S™, where
B+1(0,1) denotes the unit ball in R™ 1.

Example 1.14. Any oriented compact 2-manifold ¥, is null-cobordant , since we may embed it in R3 and
the “inside” is a 3-manifold with boundary given by 3.

We would like to state an amazing theorem of Thom, which is a complete characterization of the cobordism
ring.

Theorem 1.15. The cobordism ring is a (countably generated) polynomial ring over Fo with generators in
every dimension n #2F — 1, i.e.
Q. = F2[$2,SC471’5,1’6, T8,y .. }

This theorem implies that there are 3 cobordism classes in dimension 4, namely x3, z4, and 23 + 4.
Can you find 4-manifolds representing these classes? Can you find connected representatives?

1.5 Smooth maps

For topological manifolds M, N of dimension m, n, the natural notion of morphism from M to N is that of a
continuous map. A continuous map with continuous inverse is then a homeomorphism from M to N, which
is the natural notion of equivalence for topological manifolds. Since the composition of continuous maps is
continuous and associative, we obtain a category C°-Man of topological manifolds and continuous maps.

Recall that a category is simply a class of objects C (in our case, topological manifolds) and an associative
S

class of arrows A (in our case, continuous maps) with source and target maps A \/j C and an identity
t

arrow for each object, given by a map Id : C — A (in our case, the identity map of any manifold to itself).

Conventionally we write the set of arrows {a € A : s(a) = x and t(a) = y} as Hom(z,y). Also note that

the associative composition of arrows mentioned above then becomes a map

Hom(z,y) x Hom(y, z) — Hom(z, 2).

If M, N are smooth manifolds, the right notion of morphism from M to N is that of a smooth map
f:M— N.

Definition 7. A map f: M — N is called smooth when for each chart (U, ¢) for M and each chart (V)
for N, the composition 1 o f o ¢! is a smooth map, i.e. 1o fop~t € C®(p(U),R"). The set of smooth
maps (i.e. morphisms) from M to N is denoted C*°(M, N). A smooth map with a smooth inverse is called
a diffeomorphism.

Ifg: L — M and f: M — N are smooth maps, then so is the composition f o g, since if charts
©, X, for L, M, N are chosen near p € L, g(p) € M, and (fg)(p) € N, then 1o (fog)op ! = Ao B, for
A =1fx ! and B = xgp~! both smooth mappings R® — R™. By the chain rule, A o B is differentiable
at p, with derivative D,(A o B) = (Dy(,yA)(DpB) (matrix multiplication).

Now we have a new category, which we may call C°°~-Man, the category of smooth manifolds and smooth
maps; two manifolds are considered isomorphic when they are diffeomorphic. In fact, the definitions above
carry over, word for word, to the setting of manifolds with boundary. Hence we have defined another category,
C*°-Many, the category of smooth manifolds with boundary.

In defining the arrows for the category C'°°~-Mangy, we may choose to consider all smooth maps, or only
those smooth maps M — N such that OM is sent to AN, i.e. boundary-preserving maps. Call the resulting
category in the latter case C5°-Many.
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Note that the boundary map, 0, maps the objects of C§°-Many to objects in C*°~-Man, and similarly
for arrows, and such that the following square commutes:

M ¥ > M/ (12)

o| |o

OM —— oM’

Plom

This is precisely what it means for d to be a (covariant) functor, from the category of manifolds with
boundary and boundary-preserving smooth maps, to the category of manifolds without boundary.

Fix a smooth manifold N and consider the class of pairs (M, ) where M is a smooth manifold with
boundary and ¢ is a smooth map ¢ : M — N. Define a category where these maps are the objects. How
does the boundary operator act on this category?

Example 1.16. We show that the complex projective line CP' is diffeomorphic to the 2-sphere S?. Consider
the maps fi(xo,x1,22) = [L +x0 : 1 +ix2] and f_(xo,x1,T2) = [¥1 —ix2 : 1 — x0]. Since fi is continuous
on xg # *1, and since f_ = fi on |xg| < 1, the pair (f_, f1) defines a continuous map f : S*> — CP'. To
check smoothness, we compute the compositions

@00 fropN : (y1,92) — Y1 + Y2, (13)
P10 foowg! i (y1,y2) — y1 — iy, (14)

both of which are obviously smooth maps.

Remark 2 (Exotic smooth structures). The topological Poincaré conjecture, now proven, states that any
topological manifold homotopic to the n-sphere is in fact homeomorphic to it. We have now seen how to
put a differentiable structure on this n-sphere. Remarkably, there are other differentiable structures on the
n-sphere which are not diffeomorphic to the standard one we gave; these are called exotic spheres.

Since the connected sum of spheres is homeomorphic to a sphere, and since the connected sum operation is
well-defined as a smooth manifold, it follows that the connected sum defines a monoid structure on the set of
smooth n-spheres. In fact, Kervaire and Milnor showed that for n # 4, the set of (oriented) diffeomorphism
classes of smooth n-spheres forms a finite abelian group under the connected sum operation. This is not
known to be the case in four dimensions. Kervaire and Milnor also compute the order of this group, and the
first dimension where there is more than one smooth sphere is n = 7, in which case they show there are 28
smooth spheres, which we will encounter later on.

The situation for spheres may be contrasted with that for the Euclidean spaces: any differentiable manifold
homeomorphic to R™ for n # 4 must be diffeomorphic to it. On the other hand, by results of Donaldson,
Freedman, Taubes, and Kirby, we know that there are uncountably many non-diffeomorphic smooth structures
on the topological manifold R*; these are called fake R*s.

Example 1.17 (Lie groups). A group is a set G with an associative multiplication G x G —— G , an
identity element e € G, and an inversion map v : G — G, usually written 1(g) = g~ *.

If we endow G with a topology for which G is a topological manifold and m, v are continuous maps, then
the resulting structure is called a topological group. If G is a given a smooth structure and m,t are smooth
maps, the result is a Lie group.

The real line (where m is given by addition), the circle (where m is given by complex multiplication), and
their cartesian products give simple but important examples of Lie groups. We have also seen the general
linear group GL(n,R), which is a Lie group since matriz multiplication and inversion are smooth maps.

Since m : G x G — G 1is a smooth map, we may fix g € G and define smooth maps Ly : G — G and
Ry : G — G via Ly(h) = gh and Ry(h) = hg. These are called left multiplication and right multiplication.
Note that the group axzioms imply that RyLy = Ly R,.
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1.6 Local structure of smooth maps

In some ways, smooth manifolds are easier to produce or find than general topological manifolds, because
of the fact that smooth maps have linear approximations. Therefore smooth maps often behave like linear
maps of vector spaces, and we may gain inspiration from vector space constructions (e.g. subspace, kernel,
image, cokernel) to produce new examples of manifolds.

In charts (U, ¢), (V,4) for the smooth manifolds M, N, a smooth map f : M — N is represented by a
smooth map 1o fop™t € C°(p(U),R™). We shall give a general local classification of such maps, based on
the behaviour of the derivative. The fundamental result which provides information about the map based
on its derivative is the inverse function theorem.

Theorem 1.18 (Inverse function theorem). Let U C R™ an open set and f : U — R™ a smooth map such
that D f(p) is an invertible linear operator. Then there is a neighbourhood V. C U of p such that f(V) is
open and f : V — f(V) is a diffeomorphism. furthermore, D(f~1)(f(p)) = (Df(p))~'.

Proof. Without loss of generality, assume that U contains the origin, that f(0) = 0 and that Df(p) = Id
(for this, replace f by (Df(0))~! o f. We are trying to invert f, so solve the equation y = f(z) uniquely for
x. Define g so that f(z) = x + g(z). Hence g(x) is the nonlinear part of f.

The claim is that if y is in a sufficiently small neighbourhood of the origin, then the map hy : z — y—g(z)
is a contraction mapping on some closed ball; it then has a unique fixed point ¢(y), and so y—g(é(y)) = é(y),
i.e. ¢ is an inverse for f.

Why is h, a contraction mapping? Note that Dh,(0) = 0 and hence there is a ball B(0,r) where
||Dhy|| < 1. This then implies (mean value theorem) that for z,2’ € B(0,r),

||hy(2) — hy(2")|] < 1|z —2||.

Therefore h, does look like a contraction, we just have to make sure it’s operating on a complete metric
space. Let’s estimate the size of hy(z):

1y ()] < {1y (x) = by (0)]] + [y (0)]] < 3l2l] + [lyl]

Therefore by taking y € B(0, §), the map h, is a contraction mapping on B(0,7). Let ¢(y) be the unique
fixed point of h, guaranteed by the contraction mapping theorem.
To see that ¢ is continuous (and hence f is a homeomorphism), we compute

l6(y) — o) = [lhy(S(y)) = hy (d(Y))I
g(e()) — g(eW NI + Iy — 'l
slle(y) — o)+ 1ly — ¥/l

so that we have ||¢(y) — ¢(v')]| < 2|ly — 3|, as required.

To see that ¢ is differentiable, we guess the derivative (Df)~! and compute. Let z = ¢(y) and 2’ = ¢(y/').
For this to make sense we must have chosen r small enough so that Df is nonsingular on B(0,r), which is
not a problem.

16(y) = o(y") = (Df (@) (y =)l = llz — 2’ = (Df ()7 (f(2) = f@))]
< [[(Df (@)D f (@) (@ - 2') = (f(2) = f@@)]]
< o(||x — 2'||), using differentiability of f

IN A

< o(|ly —'|]), using continuity of ¢.

Now that we have shown ¢ is differentiable with derivative (Df)~!, we use the fact that Df is C* and
inversion is C'*°, implying that D¢ is C'*° and hence ¢ also. O

This theorem immediately provides us with a local normal form for a smooth map with D f(p) invertible:
we may choose coordinates on sufficiently small neighbourhoods of p, f(p) so that f is represented by the
identity map R™ — R™.
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In fact, the inverse function theorem leads to a normal form theorem for a more general class of maps:

Theorem 1.19 (Constant rank theorem). Let V,W be m,n-dimensional vector spaces and U C V an open
set. If f: U — W is a smooth map such that Df has constant rank k in U, then for each point p € U
there are charts (U, ) and (V,1¥) containing p, f(p) such that

vofop ti(xr,...,xm)— (x1,...,75,0,...,0).

Proof. since rk (f) = k at p, there is a k x k minor of Df(p) with nonzero determinant. Reorder the
coordinates on R™ and R™ so that this minor is top left, and translate coordinates so that f(0) = 0. label
the coordinates (z1,..., Tk, Y1,---Ym—g) on V and (ug,...ug, v1,...,0,—g) on W.

Then we may write f(z,y) = (Q(z,y), R(z,y)), where @ is the projection to u = (u1,...,ux) and R is
the projection to v. with %—2 nonsingular. First we wish to put @ into normal form. Consider the map

o(x,y) = (Q(z,y),y), which has derivative
9Q  9Q
Do = ox oy
(% %)
As a result we see D¢(0) is nonsingular and hence there exists a local inverse ¢~ (z,y) = (A(z,y), B(z,v)).

Since it’s an inverse this means (z,y) = ¢(¢~'(z,y)) = (Q(A, B), B), which implies that B(z,y) = y.
Then fo¢~': (z,y) — (z, R = R(A,vy)), and must still be of rank k. Since its derivative is

Iixe O
D(f0¢1)=< Y aR)

ox dy

we conclude that % = 0, meaning that

foo™ i (z,y) = (z,5(x)).
We now postcompose by the diffeomorphism o : (u,v) — (u,v — s(u)), to obtain
oo fog ™t (x,y)— (z,0),
as required. O

As we shall see, these theorems have many uses. One of the most straightforward uses is for defining
submanifolds.

Definition 8. A regular submanifold of dimension k£ in an n-manifold M is a subspace S C M such that
Vs € S, there exists a chart (U, ¢) for M, containing s, and with

SNU=¢ Yapyr = =2, =0).
In other words, the inclusion S C M is locally isomorphic to the vector space inclusion R* C R™.

Of course, the remaining coordinates {z1, ...,z } define a smooth manifold structure on S itself, justifying
the terminology.

Proposition 1.20. If f : M — N is a smooth map of manifolds, and if Df(p) has constant rank on M,
then for any q € f(M), the inverse image f~*(q) C M is a reqular submanifold.

Proof. Let x € f~!(q). Then there exist charts ¥, ¢ such that o fop=t: (z1,...,2m) — (z1,...,7%,0,...,0)
and f~1(q)NU = {1 = --- = 7, = 0}. Hence we obtain that f~1(q) is a codimension k regular submani-
fold. O

10



1.6 Local structure of smooth maps 1300Y Geometry and Topology

Example 1.21. Let f : R® — R be given by (z1,...,2,) — Y. 27. Then Df(x) = (221,...,2z,), which
has rank 1 at all points in R™\{0}. Hence since f~1(q) contains {0} iff ¢ = 0, we see that f~1(q) is a reqular
submanifold for all ¢ # 0. Exercise: show that this manifold structure is compatible with that obtained in

Ezample[1.9
The previous example leads to an observation of the following special case of the previous corollary.

Proposition 1.22. If f : M — N is a smooth map of manifolds and D f(p) has rank equal to dim N along
f71(q), then this subset f=*(q) is an embedded submanifold of M.

Proof. Since the rank is maximal along f~'(g), it must be maximal in an open neighbourhood U C M
containing f~1(g), and hence f: U — N is of constant rank. O

Definition 9. If f : M — N is a smooth map such that Df(p) is surjective, then p is called a reqular
point. Otherwise p is called a critical point. If all points in the level set f~!(q) are regular points, then ¢ is
called a regular value, otherwise q is called a critical value. In particular, if f=1(q) = 0, then q is regular.

It is often useful to highlight two classes of smooth maps; those for which D f is everywhere injective, or,
on the other hand surjective.

Definition 10. A smooth map f: M — N is called a submersion when D f(p) is surjective at all points
p € M, and is called an immersion when D f(p) is injective at all points p € M. If f is an injective immersion
which is a homeomorphism onto its image (when the image is equipped with subspace topology), then we
call f an embedding

Proposition 1.23. If f: M — N is an embedding, then f(M) is a regular submanifold.

Proof. Let f : M — N be an embedding. Then for all m € M, we have charts (U, ), (V,1) where
pofopti(x,...,xm) = (T1,...,2m,0,...,0). If f(U) = f(M)NV, we're done. To make sure that some
other piece of M doesn’t get sent into the neighbourhood, use the fact that F(U) is open in the subspace
topology. This means we can find a smaller open set V/ C V such that V' N f(M) = f(U). Then we can
restrict the charts (V',9|y+), (U = f=1(V’),py+) so that we see the embedding. O

Having the constant rank theorem in hand, we may also apply it to study manifolds with boundary. The
following two results illustrate how this may easily be done.

Proposition 1.24. Let M be a smooth n-manifold and f : M — R a smooth real-valued function, and let
a,b, with a < b, be reqular values of f. Then f~Y(la,b]) is a cobordism between the n — 1-manifolds f~*(a)

and f~1(b).

Proof. The pre-image f~!((a,b)) is an open subset of M and hence a submanifold of M. Since p is regular
for all p € f~(a), we may (by the constant rank theorem) find charts such that f is given near p by the
linear map

(T1ye ey Tm) > Ty

Possibly replacing x,, by —z,,, we therefore obtain a chart near p for f~!([a,b]) into H™, as required.
Proceed similarly for p € f=1(b). O

Example 1.25. Using f : R" — R given by (z1,...,2,) — Y. 22, this gives a simple proof for the fact
that the closed unit ball B(0,1) = f~1([-1,1]) is a manifold with boundary.

Example 1.26. Consider the C*° function f : R® — R given by (x,y,2) — 22 +y* — 2%, Both +1 and —1
are regular values for this map, with pre-images given by 1- and 2-sheeted hyperboloids, respectively. Hence
F~Y([=1,1)) is a cobordism between hyperboloids of 1 and 2 sheets. In other words, it defines a cobordism
between the disjoint union of two closed disks and the closed cylinder (each of which has boundary S* 1 S?t).
Does this cobordism tell us something about the cobordism class of a connected sum?

11
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Proposition 1.27. Let f : M — N be a smooth map from a manifold with boundary to the manifold
N. Suppose that ¢ € N is a regular value of f and also of flaoar. Then the pre-image f~1(q) is a regular
submanifold with boundary (i.e. locally modeled on RF C R™ or the inclusion H* C H™ given by (1, .. .xy) —
0,...,0,21,...7%).) Furthermore, the boundary of f~1(q) is simply its intersection with OM.

Proof. If p € f~%(q) is not in M, then as before f~1(q) is a regular submanifold in a neighbourhood of
p. Therefore suppose p € OM N f~1(q). Pick charts ¢, so that ¢(p) = 0 and ¥(q) = 0, and wipe lisa
map U C H™ — R™. Extend this to a smooth function f defined in an open set UcR™ containing U.
Shrinking U if necessary, we may assume f is regular on U. Hence f ~1(0) is a regular submanifold of R™ of
dimension m — n.

Now consider the real-valued function 7 : f~1(0) — R given by the restriction of (z1,...,Zm) — Zp.
0 € R must be a regular value of 7, since if not, then the tangent space to f ~1(0) at 0 would lie completely
in &, = 0, which contradicts the fact that ¢ is a regular point for f|sas.

Hence, by Proposition we have expressed f~1(g), in a neighbourhood of p, as a regular submanifold
with boundary given by {¢~(z) : = € f~(0) and m(z) > 0}, as required. O

12
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2 Transversality

We shall now continue to use the inverse and constant rank theorems to produce more manifolds, except now
these shall be cut out only locally by functions. We shall ask when the intersection of two submanifolds yields
a submanifold. You should think that intersecting a given submanifold with another is the local imposing
of a certain number of constraints.

Two subspaces K, L C V of a vector space V are called transversal when K + L =V, i.e. every vector
in V may be written as a (possibly non-unique) linear combination of vectors in K and L. In this situation
one can easily see that

dimV =dimK +dimL —dim K N L.

We may apply this to submanifolds as follows:

Definition 11. Let K, L C M be regular submanifolds such that every point p € K N L satisfies
T,K+T,L=T,M.

Then K, L are said to be transverse submanifolds and we write K M L.

Note: at this point, we have not defined the tangent bundle of a manifold, but we may understand tangent
spaces locally, in each chart. We may make sense of this as follows: Letk : K — M andl: L — M be
the inclusion maps. Then we may consider T,K,T,L to be the images of the derivatives of k and l, in charts
for K, L, M. Transversality then requires that these images span R™, where m = dim M .

Proposition 2.1. If K, L C M are transverse reqular submanifolds then KN L is also a regular submanifold,
of dimension dim K + dim L — dim M.

Proof. Let p € KN L. Then there is a neighbourhood U of p for which KNU = f~1(0) for 0 a regular value
of a function f: U — R™ % and LNU = ¢g~!(0) for 0 a regular value of a function g : LN U — R™~L,
Then p must be a regular point for (f,g) : LN M NU — R2m™~*=! by the assumption on tangent spaces,
and hence will be regular in a neighbourhood U of p. Therefore (f, g)|51(0, 0)=f~10)Ng=(0) = KNLNU
is a regular submanifold. O

Example 2.2 (Exotic spheres). Consider the following intersections in C°\0:
St={d+2a8+28++L87" =010 {larf + |2 + |zl + 20 + |25]* = 1}.

This is a transverse intersection, and for k =1,...,28 the intersection is a smooth manifold homeomorphic
to S7. These exotic 7-spheres were constructed by Brieskorn and represent each of the 28 diffeomorphism
classes on S7.

We may choose to phrase the previous transversality result in a slightly different way, in terms of the
embedding maps k,l for K, L in M. Specifically, we say the maps k,l are transverse in the sense that
Va € K,b € L such that k(a) = I(b) = p, we have Im(Dk(a)) + Im(DI(b)) = T,M. The advantage of this
approach is that it makes sense for any maps, not necessarily embeddings.

Definition 12. Two maps f : K — M, g : L — M of manifolds are called transverse when Im(D f(a)) +
Im(Dg(b)) = T,M for all a, b, p such that f(a) = g(b) = p.

Proposition 2.3. If f: K — M, g : L — M are transverse smooth maps, then K xpr L = {(a,b) €
K x L : f(a) =g(b)} is naturally a smooth manifold equipped with commuting maps

K x L
\Pz
p1 KXML L
e
g
K4f>M
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where i is the inclusion and fNg: (a,b) — f(a) = g(b).

The manifold K x j; L of the previous proposition is called the fiber product of K with L over M, and is
a generalization of the intersection product.

Proof. Consider the graphs I'y C K x M and I'y C L x M. Then we show that the following intersection of
regular submanifolds is transverse:

Ffﬁg = (Ff X Fg) n (K x L x AJ\/[),

where Ay = {(p,p) € M x M : p € M} is the diagonal. To show this, let f(k) = g(I) = m so that
x = (k,l,m,m) € X, and note that

T,(Ty % Ty) = {((v, Df (), (w, Dg(w))), v € Tk, we TiL} (15)
whereas we also have
Tp(K x L x Ap) ={((v,m),(w,m)) : ve TR, K, weT,L, meT,M} (16)

By transversality of f, g, any tangent vector m; € T, M may be written as D f(v;) + Dg(w;) for some (v;, w;),
i =1,2. In particular, we may decompose a general tangent vector to M x M as

(m1,ma) = (D f(v2), Df(v2)) + (Dg(w1), Dg(w1)) + (D f(v1 — va), Dg(wz — wr)),

leading directly to the transversality of the spaces , . This shows that I'tn, is a regular submanifold
of K x L x M x M. Actually since it sits inside K x L x Aj;, we may compose with the projection
diffeomorphism to view it as a regular submanifold in K x L x Aj;. Then we observe that the restriction of
the projection onto K x L to the submanifold I'yn, is an embedding with image exactly X. Hence X is a
smooth regular submanifold and I'~, may then be viewed as the graph of a smooth map fNng: X — M
which must make the diagram above commute by definition. O

Example 2.4. If K1 = M X Z; and Ko = M X Z3, we may view both K; as “fibering” over M with fibers
Z;. If p; are the projections to M, then K1 Xy Ko = M X Z1 X Zsy, hence the name “fiber product”.

Example 2.5. Consider the Hopf map p : S° — S? given by composing the embedding S® C C*\{0} with
the projection m : C2\{0} — CP! = S2. Then for any point ¢ € S%, p~'(q) = S*. Since p is a submersion,
it 1s obviously transverse to itself, hence we may form the fiber product

3 3
S Xs2S,

which is a smooth 4-manifold equipped with a map p Np to S? with fibers (p Np)~t(q) = St x St.
These are our first examples of nontrivial fiber bundles, which we shall explore later.

The following result is an exercise: just as we may take the product of a manifold with boundary K with
a manifold without boundary L to obtain a manifold with boundary K x L, we have a similar result for fiber
products.

Proposition 2.6. Let K be a manifold with boundary where L, M are without boundary. Assume that
f:K— M and g : L — M are smooth maps such that both f and Of are transverse to g. Then the fiber
product K X L is a manifold with boundary equal to OK X L.

14
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2.1 Stability

We wish to understand the intuitive notion that “transversality is a stable condition”, which in some sense
means that if true, it remains so under small perturbations (of the submanifolds or maps involved). After
this, we will go much further using Sard’s theorem, and show that not only is it stable, it is actually generic,
meaning that even if it is not true, it can be made true by a small perturbation. In this sense, stability says
that transversal maps form an open set, and genericity says that this open set is dense in the space of maps.
To make this precise, we would introduce a topology on the space of maps, something which we leave for
another course.

A property of a smooth map fy: M — N is stable under perturbations when for any smooth homotopy
fi of fo, i.e. a smooth map f:[0,1] x M — N with f|o1xar = fo, the property holds for all f; = f|qyxm
with ¢ < € for some € > 0.

Proposition 2.7. Let M be a compact manifold and fo : M — N a smooth map. Then the property of being
an immersion or submersion are each stable under perturbations. If M’ is compact, then the transversality
of fo: M — N, go: M' — N is also stable under perturbations of fo, go.

As an exercise, show that local diffeomorphisms, diffeomorphisms, and embeddings are also stable.

Proof. Let fi,t € [0, 1] be a smooth homotopy of fj, and suppose that fj is an immersion. This means that at
each point p € M, the jacobian of fy in some chart has a m xm submatrix with nonvanishing determinant, for
m = dim M. By continuity, this m X m submatrix must have nonvanishing determinant in a neighbourhood
around (0,p) € [0,1] x M. {0} x M may be covered by a finite number of such neighbourhoods, since M is
compact. Choose € such that [0,€) x M is contained in the union of these intervals, giving the result.

The proof for submersions is identical. The condition that fy be transversal to gg is equivalent to the
fact that I'y, x I'g, is transversal to C'= M x Z x Ay. Choosing coordinate charts adapted to C', we may
express this locally as a submersion condition. Hence by the previous result we have stability. O

2.2 Genericity of transversality

The fundamental idea which allows us to prove that transversality is a generic condition is a the theorem of
Sard showing that critical values of a smooth map f: M — N (i.e. points ¢ € N for which the map f and
the inclusion ¢ : ¢ < N fail to be transverse maps) are rare. The following proof is taken from Milnor, based
on Pontryagin.

The meaning of “rare” will be that the set of critical values is of measure zero, which means, in R™, that
for any € > 0 we can find a sequence of balls in R™, containing f(C') in their union, with total volume less
than e. Some easy facts about sets of measure zero: the countable union of measure zero sets is of measure
zero, the complement of a set of measure zero is dense.

We begin with an elementary lemma describing the behaviour of measure-zero sets under differentiable
maps.

Lemma 2.8. Let I"™ = [0,1]™ be the unit cube, and f : I'™ — R"™ a C* map. If m < n then f(I™) has
measure zero. If m =n and A C I"™ has measure zero, then f(A) has measure zero.

Proof. Since f is C!, we have the mean value theorem stating for all z,y € I"™

fly) = f(x) = Df(2)(y — )

for some z one the line from z to y. The derivative Df has an upper bound on the compact I™ and we
conclude |f(z) — f(y)| < alz — y| for some constant a > 0 depending only on I"™ and f (this is called a
Lipschitz constant). Then the image of a ball of radius r contained in K would be contained in a ball of
radius at most ar, which would have volume proportional to v, n > m.

A is of measure zero, hence for each ¢ we have a countable covering of A by balls of radius r, with
total volume ¢, >, " < €. We deduce that f(A;) is covered by balls of radius arj with total volume
< a"cp Y, ry and since n > m this is certainly arbitrarily small. We conclude that f(A) is of measure zero.

15



2.2 Genericity of transversality 1300Y Geometry and Topology

If m < n then f defines a C! map I™ x I"~™ — R" by pre-composing with the projection map to I™.
Since I x {0} C I™ x I"~™ clearly has measure zero, its image must also. O

Remark 3. If we considered the case n < m, the resulting sum of volumes may be larger in R™. For
exzample, the projection map R? — R given by (z,y) — x clearly takes the set of measure zero y = 0 to one
of positive measure.

A subset A C M of a manifold is said to have measure zero when its image in any coordinate chart
has measure zero. Since manifolds are second countable and we may choose a countable basis V; such that
Vi C U; are compact subsets of coordinate charts (any coordinate neighbourhood is a countable union of
closed balls), it follows that a subset A C M of measure zero may be expressed as a countable union of
subsets Ay C V; with ¢;(Ay) satisfying the Lemma. We therefore obtain

Proposition 2.9. Let f : M — N be a C' map of manifolds where dim M = dim N. Then the image
f(A) of a set A C M of measure zero also has measure zero.

Corollary 2.10 (Baby Sard). Let f : M — N be a C' of manifolds where dim M < dim N. Then f(M)
(i.e. the set of critical values) has measure zero in N.

16
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Now we investigate the measure of the critical values of a map f: M — N where dim M = dim N. Of
course the set of critical points need not have measure zero, but we shall see that because the values of f on
the critical set do not vary much, the set of critical values will have measure zero.

Theorem 2.11 (Equidimensional Sard). Let f : M — N be a C* map of n-manifolds, and let C C M be
the set of critical points. Then f(C) has measure zero.

Proof. Tt suffices to show result for the unit cube. Let f : I — R™ a C'! map and let C C I™ be the set of
critical points.
Let a be the Lipschitz constant for f, I™, obtained from the mean value equation

fly) = f(x) = Df()(y — ), (17)
and let T}, be the affine map approximating f at z, i.e.
To(y) = f(z) + Df(x)(y — =). (18)
Then subtracting equations (I7), (18], we obtain
fy) = Ta(y) = (Df(z) — Df(@))(y — ). (19)

Since Df is continuous, there is a positive function b(e) with b — 0 as € — 0 such that

I1f(y) = T < b(ly — z)lly — =[]

If x is a critical point, then T, has vanishing determinant, meaning that it maps R™ into a hyperplane
P, C R™ (i.e. of dimension n —1). If ||y — z|| < ¢, then [|f(y) — f(z)|| < ae, and by (19), the distance of
f(y) from P, is less than eb(e).

Therefore f(y) lies in the cube centered at f(z) of edge ae, but only ebe in distance from the plane P,.
Choose the cube to have a face parallel to P,, and we conclude f(y) is in a region of volume (ae)™ 12¢b(e).

Now partition I™ into h™ cubes each of edge h~'. Any such cube containing a critical point  is certainly
contained in a ball around x of radius 7 = h~1/n. The image of this ball then has volume < (ar)"~12rb(r) =
Ar™b(r) for A =241, The total volume of all the images is then less than

R Arb(r) = An"/?b(r).

Note that A and n are fixed, while »r = h~!y/n is determined by the number h of cubes. By increasing the
number of cubes, we may decrease their radius arbitrarily, and hence the above total volume, as required. [

The argument above will not work for dim N < dim M; we need more control on the function f. In
particular, one can find a C! function from I? — R which fails to have critical values of measure zero
(hint: C'+ C = [0,2] where C is the Cantor set). As a result, Sard’s theorem in general requires more
differentiability of f.

Theorem 2.12 (Big Sard’s theorem). Let f : M — N be a C* map of manifolds of dimension m, n,
respectively. Let C' be the set of critical points, i.e. points x € U with

rank Df(x) < n.

Then f(C) has measure zero if k > = — 1.

Proof. As before, it suffices to show for f: I"™ — R"™.
Define C; C C to be the set of points z for which D f(z) = 0. Define C; C C;_; to be the set of points z
for which D7 f(z) = 0 for all j <i. So we have a descending sequence of closed sets:

CoOCi;DCy DD C.

We will show that f(C) has measure zero by showing

17
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1. f(Ck) has measure zero,
2. each successive difference f(C;\C;t+1) has measure zero for ¢ > 1,

3. f(C\C1) has measure zero.

Step 1: For x € Cy, Taylor’s theorem gives the estimate
flx+1t) = f(z) + R(x,t), with |[R(z,t)|| < ¢f|t]|*,

where ¢ depends only on I™ and f, and ¢ sufficiently small.

If we now subdivide I™ into h™ cubes with edge h™!, suppose that z sits in a specific cube I;. Then any
point in I; may be written as x + t with ||t|| < h~'/m. As a result, f(I;) lies in a cube of edge ah~(++1)
where a = 2em®*1/2 is independent of the cube size. There are at most h™ such cubes, with total volume

less than
hm(ahf(kqtl))n _ anhmf(k+1)n.

Assuming that k > “* — 1, this tends to 0 as we increase the number of cubes.
Step 2: For each z € C;\Ci11, i > 1, there is a i + 1" partial 01 f; /0xy, - - - Oz
Therefore the function

it which is nonzero at x.

w(z) = 8kfj/3x32 c 0%,

vanishes at z but its partial derivative dw/0xs, does not. WLOG suppose s; = 1, the first coordinate. Then
the map

h(z) = (w(x),z2, ..., Tm)

is a local diffeomorphism by the inverse function theorem (of class C*) which sends a neighbourhood V' of
x to an open set V. Note that h(C; N V) C {0} x R™~1. Now if we restrict foh~! to {0} x R~ NV,
we obtain a map g whose critical points include h(C; N V). Hence we may prove by induction on m that
g(h(C;NV)) = f(C; N V) has measure zero. Cover by countably many such neighbourhoods V.
Step 3: Let € C\Cy. Then there is some partial derivative, wlog 0 f;/0x1, which is nonzero at z. the
map

h(z) = (f1(z),z2,...,Tm)

is a local diffeomorphism from a neighbourhood V of  to an open set V' (of class C*). Then g = f o h™!
has critical points h(V N C), and has critical values f(V N C). The map g sends hyperplanes {t} x R™~1 to
hyperplanes {t} x R~ call the restriction map g;. A point in {t} x R™~1 is critical for g; if and only if it
is critical for g, since the Jacobian of g is
)
. o

By induction on m, the set of critical values for g; has measure zero in {t} x R"~!. By Fubini, the whole set
g(C") (which is measurable, since it is the countable union of compact subsets (critical values not necessarily
closed, but critical points are closed and hence a countable union of compact subsets, which implies the same
of the critical values.) is then measure zero. To show this consequence of Fubini directly, use the following
argument:

First note that for any covering of [a,b] by intervals, we may extract a finite subcovering of intervals
whose total length is < 2|b—a|. Why? First choose a minimal subcovering {I1, ..., Iy}, numbered according
to their left endpoints. Then the total overlap is at most the length of [a, b]. Therefore the total length is at
most 2|b — al.

Now let B C R™ be compact, so that we may assume B C R"~! x [a,b]. We prove that if BN P, has
measure zero in the hyperplane P. = {™ = ¢}, for any constant ¢ € [a, ], then it has measure zero in R™.

If B N P. has measure zero, we can find a covering by open sets R. C P. with total volume < e. For
sufficiently small o, the sets R: X [c — ., ¢+ a.] cover BN |J P, (since B is compact). As we

zE€[c—ae,ctac]
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vary c, the sets [c — ae, ¢+ a.] form a covering of [a, b], and we extract a finite subcover {I;} of total length
<2|b—al.
Let R; be the set R. for I; = [c — a,,c+ a.]. Then the sets Rg x I; form a cover of B with total volume
< 2¢|b — a|]. We can make this arbitrarily small, so that B has measure zero.
O

Corollary 2.13. Let M be a compact manifold with boundary. There is no smooth map f : M — OM
leaving OM pointwise fized. Such a map is called a smooth retraction of M onto its boundary.

Proof. Such a map f must have a regular value by Sard’s theorem, let this value be y € M. Then y is
obviously a regular value for f|sa; = Id as well, so that f~!(y) must be a compact 1-manifold with boundary
given by f~1(y) NOM, which is simply the point y itself. Since there is no compact 1-manifold with a single
boundary point, we have a contradiction. O

For example, this shows that the identity map S™ —— S™ may not be extended to a smooth map
f:B(0,1) — S™.

Lemma 2.14. Every smooth map of the closed n-ball to itself has a fized point.

Proof. Let D™ = B(0,1). If g : D™ — D™ had no fixed points, then define the function f : D" — Sn~1
as follows: let f(x) be the point nearer to  on the line joining x and g(x).
This map is smooth, since f(x) = x + tu, where

u= |z —g(@)||""(x - g(x)),

and t is the positive solution to the quadratic equation (x+tu)- (x4 tu) = 1, which has positive discriminant
b — dac = 4(1 — |z|? + (z - v)?). Such a smooth map is therefore impossible by the previous corollary. [

Theorem 2.15 (Brouwer fixed point theorem). Any continuous self-map of D™ has a fized point.

Proof. The Weierstrass approximation theorem says that any continuous function on [0, 1] can be uniformly
approximated by a polynomial function in the supremum norm |[|f[|ec = sup,eo 1 [f(#)]. In other words,
the polynomials are dense in the continuous functions with respect to the supremum norm. The Stone-
Weierstrass is a generalization, stating that for any compact Hausdorff space X, if A is a subalgebra of
C°(X,R) such that A separates points (Vz,y,3f € A : f(z) # f(y)) and contains a nonzero constant
function, then A is dense in CV.

Given this result, approximate a given continuous self-map g of D™ by a polynomial function p’ so that
[lp' — glloo < € on D™. To ensure p’ sends D™ into itself, rescale it via

/

p=(1+e'p.

Then clearly p is a D™ self-map while ||p — g||co < 2e. If g had no fixed point, then |g(x) — x| must have a
minimum value g on D™, and by choosing 2¢ = p we guarantee that for each x,

Ip(z) — x| > |g(x) — x| — [g(x) — p(z)| > p—p=0.

Hence p has no fixed point. Such a smooth function can’t exist and hence we obtain the result. O
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We now proceed with the first step towards showing that transversality is generic.

Theorem 2.16 (Transversality theorem). Let ' : X x S — Y and g : Z — Y be smooth maps of
manifolds where only X has boundary. Suppose that F' and OF are transverse to g. Then for almost every
s€S, fs=F(,s) and Ofs are transverse to g.

Proof. The fiber product W = (X x S) xy Z is a regular submanifold (with boundary) of X x S x Z and
projects to S via the usual projection map w. We show that any s € S which is a regular value for both the
projection map 7 : W — S and its boundary map On gives rise to a fs which is transverse to g. Then by
Sard’s theorem the s which fail to be regular in this way form a set of measure zero.

Suppose that s € S is a regular value for w. Suppose that fs(x) = g(z) = y and we now show that f is
transverse to g there. Since F(x,s) = g(z) and F is transverse to g, we know that

ImDF 5 +ImDg, =T,Y.

Therefore, for any a € T,Y, there exists b = (w,e) € T(X x S) with DF(, ;b — a in the image of Dg.. But
since D7 is surjective, there exists (w',e,c’) € T4 ,,.)W. Hence we observe that

(Dfs)(w—w") —a= DF, g[(w,e) — (w',€e)] —a = (DF, b —a) — DF, o (w',e€),

where both terms on the right hand side lie in ImDg, .
Precisely the same argument (with X replaced with 0X and F replaced with OF) shows that if s is
regular for 07 then Jf is transverse to g. This gives the result. O

The previous result immediately shows that transversal maps to R™ are generic, since for any smooth
map [ : M — R™ we may produce a family of maps

F:MxR"—R"

via F(z,s) = f(x) + s. This new map F' is clearly a submersion and hence is transverse to any smooth map
g : Z — R"™. For arbitrary target manifolds, we will imitate this argument, but we will require a (weak)
version of Whitney’s embedding theorem for manifolds into R™.

2.3 Partitions of unity and Whitney embedding

In this section we develop the tool of partition of unity, which will allow us to go from local to global, i.e. to
glue together objects which are defined locally, creating objects with global meaning. As a particular case of
this, to define a global map to RY which is an embedding, thereby proving Whitney’s embedding theorem.

Definition 13. A collection of subsets {U,} of the topological space M is called locally finite when each
point z € M has a neighbourhood V intersecting only finitely many of the U,,.

Definition 14. A covering {V,} is a refinement of the covering {Usz} when each V, is contained in some
Us.

Lemma 2.17. Any open covering {Aa.} of a topological manifold has a countable, locally finite refinement
{(Us, 1)} by coordinate charts such that ¢;(U;) = B(0,3) and {V; = ;' (B(0,1))} is still a covering of M.
We will call such a cover a regular covering. In particular, any topological manifold is paracompact (i.e.
every open cover has a locally finite refinement)

Proof. If M is compact, the proof is easy: choosing coordinates around any point x € M, we can translate
and rescale to find a covering of M by a refinement of the type desired, and choose a finite subcover, which
is obviously locally finite.

For a general manifold, we note that by second countability of M, there is a countable basis of coordinate
neighbourhoods and each of these charts is a countable union of open sets P; with P; compact. Hence M
has a countable basis {P;} such that P; is compact.
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Using these, we may define an increasing sequence of compact sets which exhausts M: let K; = Py, and
KiJrl :P1U-~'UPT,

where r > 1 is the first integer with K; C Py U---U P,.

Now note that M is the union of ring-shaped sets K;\K? , each of which is compact. If p € A,, then
p € Kito\K; | for some i. Now choose a coordinate neighbourhood (Up,q, ¢p.o) With U, o C Kiy2\KS 4
and ¢p.(Up.«) = B(0,3) and define V,, , = ¢~ 1(B(0,1)).

Letting p,« vary, these neighbourhoods cover the compact set K;11\K; without leaving the band
K;12\K; ;. Choose a finite subcover V;j for each i. Then (U, , ;) is the desired locally finite re-
finement. O

Definition 15. A smooth partition of unity is a collection of smooth non-negative functions { f, : M — R}
such that

i) {suppfa = fa '(R\{0})} is locally finite,
ii) >°, fa(x) =1 Va € M, hence the name.
A partition of unity is subordinate to an open cover {U;} when Ve, suppf, C U; for some i.

Theorem 2.18. Given a reqular covering {(U;, p;)} of a manifold, there exists a partition of unity {f;}
subordinate to it with f; >0 on V; and suppf; C ¢; *(B(0,2)).

Proof. A bump function is a smooth non-negative real-valued function § on R" with g(x) =1 for ||z|| < 1
and g(x) = 0 for ||z|| > 2. For instance, take
sy = b2 el
h(2 = [[]) + (]| + 1)

for h(t) given by e/t for t > 0 and 0 for ¢ < 0.

Having this bump function, we can produce non-negative bump functions on the manifold g; = g o ¢;
which have support suppg; C ¢; 1(B (0,2)) and take the value +1 on V;. Finally we define our partition of
unity via

O

We now investigate the embedding of arbitrary smooth manifolds as regular submanifolds of R¥. We shall
first show by a straightforward argument that any smooth manifold may be embedded in some R for some
sufficiently large N. We will then explain how to cut down on N and approach the optimal N = 2dim M
which Whitney showed (we shall reach 2 dim M +1 and possibly at the end of the course, show N = 2dim M)

Theorem 2.19 (Compact Whitney embedding in RY). Any compact manifold may be embedded in RN for
sufficiently large N.

Proof. Let {(U; D Vi, @)}, be a finite regular covering, which exists by compactness. Choose a partition
of unity {f1,..., fx} as in Theorem and define the following “zoom-in” maps M —s RIm M.

- oy fil@ei(z)  zelU;
‘Pi(x) = {0 z ¢ U

Then define a map ® : M — RF(AmM+1) which zooms simultaneously into all neighbourhoods, with extra
information to guarantee injectivity:

O(z) = (P1(2), ., or(@), [i(@), -, ().
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Note that ®(z) = ®(2’) implies that for some i, f;(x) = f;(2’) # 0 and hence x,2’ € U;. This then implies
that p;(x) = ¢;(2), implying = z’. Hence ® is injective.

We now check that D® is injective, which will show that it is an injective immersion. At any point z the
differential sends v € T, M to the following vector in RE™M x ... x RUMM » R x ... x R.

(Dfi(v)p1(x) + fi(x)Dp1(v), ..., Dfr(v)or(z) + fu(x)Dp1(v), Dfi(v), ..., Dfr(v)

But this vector cannot be zero. Hence we see that ® is an immersion.

But an injective immersion from a compact space must be an embedding: view ® as a bijection onto
its image. We must show that ®~! is continuous, i.e. that ® takes closed sets to closed sets. If K C M is
closed, it is also compact and hence ®(K') must be compact, hence closed (since the target is Hausdorff). O

Theorem 2.20 (Compact Whitney embedding in R?"*1). Any compact n-manifold may be embedded in
R2n+1.

Proof. Begin with an embedding ® : M — RY and assume N > 2n + 1. We then show that by projecting
onto a hyperplane it is possible to obtain an embedding to RN 1.

A vector v € SV=1 € RY defines a hyperplane (the orthogonal complement) and let P, : RN — RN —1
be the orthogonal projection to this hyperplane. We show that the set of v for which ®, = P, o ® fails to be
an embedding is a set of measure zero, hence that it is possible to choose v for which ®,, is an embedding.

®,, fails to be an embedding exactly when ®,, is not injective or D®,, is not injective at some point. Let
us consider the two failures separately:

If v is in the image of the map 3, : (M x M)\Ay — SV~1 given by

_ P(p2) — 2(p1)
APLP) = T, @l

then @, will fail to be injective. Note however that 0, maps a 2n-dimensional manifold to a IV — 1-manifold,
and if N > 2n 4+ 1 then baby Sard’s theorem implies the image has measure zero.

The immersion condition is a local one, which we may analyze in a chart (U, ). ®, will fail to be an
immersion in U precisely when v coincides with a vector in the normalized image of D(® o p~!) where

Popl:pU)CR” — RV,
Hence we have a map (letting N(w) = ||w]|)

D(®o <p*1)

. n—1 N—-1
—NOD(Qogp—l)'UXS — ST

The image has measure zero as long as 2n — 1 < N — 1, which is certainly true since 2n < N — 1. Taking
union over countably many charts, we see that immersion fails on a set of measure zero in SN~1.

Hence we see that ®, fails to be an embedding for a set of v € S™V~1 of measure zero. Hence we may
reduce N all the way to N = 2n + 1. O

Corollary 2.21. We see from the proof that if we do not require injectivity but only that the manifold be
immersed in RY, then we can take N = 2n instead of 2n + 1.
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Theorem 2.22 (noncompact Whitney embedding in R?"*1). Any smooth n-manifold may be embedded in
R2"*L (or immersed in R?™).

Proof. We saw that any manifold may be written as a countable union of increasing compact sets M = UK,
and that a regular covering {(U;x D Vi, @i k)} of M can be chosen so that for fixed i, {V; ;}x is a finite
cover of K;1\K? and each U, j is contained in K;2\K; ;.

This means that we can express M as the union of 3 open sets Wy, Wy, Ws, where

W; = U (UkUi,k)-
i=j(mod3)

Each of the sets R; = U,U; ,, may be injectively immersed in R?"! by the argument for compact manifolds,
since they have a finite regular cover. Call these injective immersions ®; : R; — R2"*!. The image ®;(R;)
is bounded since all the charts are, by some radius ;. The open sets R;, i = j(mod3) for fixed j are disjoint,
and by translating each ®;, ¢ = j(mod3) by an appropriate constant, we can ensure that their images in
R2?"*1 are disjoint as well.

Let @) = ®; + (2(ri—1 +ri—2 + -+ ) + 7)) €1. Then ¥; = U;=j(moaz)®} : W; — R?"*! is an embedding.

Now that we have injective immersions Wq, U1, Uy of Wy, Wy, Wo in R?™+! we may use the original
argument for compact manifolds: Take the partition of unity subordinate to U; ; and resum it, obtaining a
3-element partition of unity {f1, f2, f3}, with f; = Zizj(modB) > fi.e- Then the map

U = (f1Vy, f2Vs, f3VU3, f1, fo, f3)

is an injective immersion of M into R6"*3. To see that it is in fact an embedding, note that any closed set
C C M may be written as a union of closed sets C' = C1 U Cy U C3, where Cj = Uj=j(moas3)(C N Ki11\K7)
is a disjoint union of compact sets. W is injective, hence C; is mapped to a disjoint union of compact sets,
hence a closed set. Then ¥(C') is a union of 3 closed sets, hence closed, as required.

Using projection to hyperplanes we may again reduce to R2"*+!, but if we exclude all hyperplanes perpen-
dicular to Span((es,0,0,0,0,0),(0,e1,0,0,0,0),(0,0,e1,0,0,0)), we obtain an injective immersion ¥’ which
is proper, meaning that inverse images of compact sets are compact. This space of forbidden planes has
measure zero as long as N — 1 > 3, so that we may reduce to 2n + 1 for n > 1. We leave as an exercise the
n =1 case (or see Bredon for a slightly different proof).

The fact that the resulting injective immersion ¥’ is proper implies that it is an embedding, by the closed
map lemma, as follows. O

Lemma 2.23 (Closed map lemma for proper maps). Let f : X — Y be a proper continuous map of
topological manifolds. Then f is a closed map.

Proof. Let K C X be closed; we show that f(K) contains all its limit points and hence is closed. Let y € Y
be a limit point for f(K). Choose a precompact neighbourhood U of y, so that y is also a limit point of
f(K)NU. Since f is proper, f~*(U) is compact, and hence K N f~*(U) is compact as well. But then by
continuity, f(K N f~Y(U)) = f(K)NU is compact, implying it is closed. Hence y € f(K)NU C f(K), as
required. O

We now use Whitney embedding to extend our understanding of the genericity of transversality. First we
need an understanding of the immediate neighbourhood of an embedded submanifold in RY. For this, we
introduce a new manifold associated to an embedded submanifold: its normal bundle (for now we assume
the manifold is embedded in RY).

If Y ¢ RY is an embedded submanifold, the normal space at y € Y is defined by N,Y = {v € RV
vLT,Y}. The collection of all normal spaces of all points in Y is called the normal bundle:

NY ={(y,v) €Y xRY : ve N, Y}.

Proposition 2.24. NY C RY x R" is an embedded submanifold of dimension N.
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Proof. Given y € Y, choose coordinates (u!,...u") in a neighbourhood U C R¥ of y so that Y NU =
{untl = ... =y = 0}. Define ® : U x RN — RN~" x R" via

O(z,0) = (W (@),...,uN (@), (v, 5orla)s - (V) gomle)),

so that ®~1(0) is precisely NY N (U x RY). We then show that 0 is a regular value: observe that, writing v

in terms of its components v7 % in the standard basis for RV,

N
J
orle) = (07 5 e (ul2)) g ) ZJSZ

(v, Bt

Therefore the Jacobian of @ is the ((N —n) 4+ n) x (N + N) matrix

u?

The N rows of this matrix are linearly independent, proving ® is a submersion. O

The normal bundle NY contains Y 2 Y x {0} as a regular submanifold, and is equipped with a smooth
map 7 : NY — Y sending (y,v) — y. The map 7 is a surjective submersion and is known as the bundle
projection. The vector spaces 7~ 1(y) for y € Y are called the fibers of the bundle and we shall see later that
NY is an example of a vector bundle.

We may take advantage of the embedding in RY to define a smooth map E : NY — RY via

E(z,v) =2+ v.

Definition 16. A tubular neighbourhood of the embedded submanifold Y ¢ R¥ is a neighbourhood U of
Y in R¥ that is the diffeomorphic image under E of an open subset V C NY of the form

V={(y,v) e NY : [v] <d(y)},
for some positive continuous function § : M — R.

If U ¢ RY is such a tubular neighbourhood of Y, then there does exist a positive continuous function
€:Y — R such that U, = {x € RN : Jy € Y with |z — y| < e(y)} is contained in U. This is simply

€(y) =sup{r : B(y,r) C U},

which is continuous since Ve > 0,3z € U for which €(y) < |z — y| + €. For any other ¢/ € Y, this is
Sly—y|l+lz—y|+e Since |z —y'| < €(y'), we have |e(y) —e(y')| < |y —¢/| + €.

Theorem 2.25 (Tubular neighbourhood theorem). Every reqular submanifold of RN has a tubular neigh-
bourhood. Postpone proof briefly.

Corollary 2.26. Let X be a manifold with boundary and f : X — Y be a smooth map to a manifold Y.
Then there is an open ball S = B(0,1) C RY and a smooth map F : X x S — Y such that F(x,0) = f(x)
and for fized x, the map f, : s — F(x,s) is a submersion S — Y. In particular, F and OF are submersions.

Proof. Embed Y in RV and let S = B(0,1) C RY. Then use the tubular neighbourhood to define

F(y,s) = (mo E7N)(f(y) + e(y)s),
O

The transversality theorem then guarantees that given any smooth g : Z — Y, for almost all s € S the
maps fs,0fs are transverse to g. We improve this slightly to show that f; may be chosen to be homotopic

to f.
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Corollary 2.27 (Transversality homotopy theorem). Given any smooth maps f : X —Y ,g9:Z —Y,
where only X has boundary, there exists a smooth map [’ : X — Y homotopic to [ with f',0f" both
transverse to g.

Proof. Let S, F be as in the previous corollary. Away from a set of measure zero in .S, the functions f,, dfs
are transverse to g, by the transversality theorem. But these fs are all homotopic to f via the homotopy
X x[0,1] — Y given by

(x,t) — F(xz,ts).

O

Proof, tubular neighbourhoood theorem. First we show that F is a local diffeomorphism near y € Y C NY.
if ¢ is the embedding of Y in R, and /' : Y — NY is the embedding in the normal bundle, then Fo/ = ¢,
hence we have DE o D/ = D, showing that the image of DE(y) contains T,Y. Now if ¢ is the embedding
of N,Y in RY, and ¢/ : N,Y — NY is the embedding in the normal bundle, then E o/ = . Hence we see
that the image of DFE(y) contains N,Y, and hence the image is all of T,RY. Hence E is a diffeomorphism
on some neighbourhood

Vs(y) ={(/,v") e NY : |y —y| < §, || <d}, d>0.

Now for y € Y let r(y) = sup{d : Ely;(y,) is a diffeomorphism} if this is < 1 and let 7(y) = 1 otherwise. The
function 7(y) is continuous, since if |y — 4’| < r(y), then Vs(y') C V,()(y) for § = r(y) — |y —¥'|. This means
that r(y') > 4, i.e. r(y)—7r(y’) < |y—y'|. Switching y and ¢/, this remains true, hence |r(y) —r(v')| < |ly—v/|,
yielding continuity.

Finally, let V = {(y,v) € NY : |v| < 37r(y)}. We show that E is injective on V. Suppose (y,v), (y/,v’) €
V are such that E(y,v) = E(y’,v’), and suppose wlog r(y") < r(y). Then since y + v =y’ + v', we have

ly =y =lv =2 < |o| + 0] < 3r(y) + 57(¥) < r(y).

Hence y,%" are in V,.(,)(y), on which E is a diffeomorphism. The required tubular neighbourhood is then
U=E({V). O

The last theorem we shall prove concerning transversality is a very useful extension result which is
essential for intersection theory:

Theorem 2.28 (Homotopic transverse extension of boundary map). Let X be a manifold with boundary and
f: X — Y a smooth map to a manifold Y. Suppose that Of is transverse to the closed map g: Z — Y.
Then there exists a map f' : X — Y, homotopic to [ and with Of' = Of, such that f' is transverse to g.

Proof. First observe that since 0f is transverse to g on X, f is also transverse to g there, and furthermore
since g is closed, f is transverse to ¢ in a neighbourhood U of 0X. (for example, if z € X but x not in
f~Y(g(Z)) then since the latter set is closed, we obtain a neighbourhood of x for which f is transverse to g.)

Now choose a smooth function v : X — [0, 1] which is 1 outside U but 0 on a neighbourhood of 9X.
(why does v exist? exercise.) Then set 7 = 72, so that dr(z) = 0 wherever 7(z) = 0. Recall the map
F: X xS —Y we used in proving the transversality homotopy theorem and modify it via

F'(z,8) = F(z,7(x)s).

Then F’ and OF' are transverse to g, and we can pick s so that f/: x — F'(x,s) and df' are transverse to
g. Finally, if = is in the neighbourhood of X for which 7 = 0, then f'(z) = F(z,0) = f(x). O

Corollary 2.29. if f : X — Y and ' : X — Y are homotopic smooth maps of manifolds, each transverse
to the closed map g: Z — 'Y, then the fiber products W = Xyx,Z and W' = Xy x4Z are cobordant.

Proof. if F : X x [0,1] — Y is the homotopy between {f, f'}, then by the previous theorem, we may
find a (homotopic) homotopy F’ : X x [0,1] — Y which is transverse to g. Hence the fiber product
U = (X x[0,1])prx4Z is the cobordism with boundary W L W’. O
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2.4 Intersection theory

The previous corollary allows us to make the following definition:

Definition 17. Let f : X — Y and g : Z — Y be smooth maps with X compact, g closed, and
dim X 4+ dim Z = dimY. Then we define the (mod 2) intersection number of f and g to be

Ir(f,9) = 4(Xy x4 Z) (mod 2),

where ' : X — Y is any smooth map smoothly homotopic to f but transverse to g, and where we assume
the fiber product to consist of a finite number of points (this is always guaranteed, e.g. if g is proper, or if
g is a closed embedding).

Example 2.30. If C1,Cy are two distinct great circles on S? then they have two transverse intersection
points, so I2(C1,C2) = 0 in Zs. Of course we can shrink one of the circles to get a homotopic one which
does not intersect the other at all. This corresponds to the standard cobordism from two points to the empty
set.

Example 2.31. If (e, ez, €3) is a basis for R3 we can consider the following two embeddings of S' = R/2nZ
into RP2: 11 : 0 +— {(cos(0/2)e; + sin(0/2)es) and 13 : @ — {(cos(0/2)es + sin(0/2)e3). These two embedded
submanifolds intersect transversally in a single point {(es), and hence I3(t1,t2) =1 in Zo. As a result, there
is mo way to deform v; so that they intersect transversally in zero points.

Example 2.32. Given a smooth map f: X — Y for X compact and dimY = 2dim X, we may consider
the self-intersection Io(f, f). In the previous examples we may check Iy(Cy,C1) = 0 and Iz(t1,01) = 1.
Any embedded S in an oriented surface has no self-intersection. If the surface is nonorientable, the self-
intersection may be nonzero.

Example 2.33. Let p € S'. Then the identity map Id : S* — S is transverse to the inclusion v : p — S?!
with one point of intersection. Hence the identity map is not (smoothly) homotopic to a constant map, which
would be transverse to v with zero intersection. Using smooth approximation, get that Id is not continuously
homotopic to a constant map, and also that S is not contractible.

Example 2.34. By the previous argument, any compact manifold is not contractible.

Example 2.35. Consider SO(3) = RP? and let £ C RP? be a line, diffeomorphic to S*. This line corre-
sponds to a path of rotations about an axis by 0 € [0, 7] radians. Let P C RP? be a plane intersecting £ in
one point. Since this is a transverse intersection in a single point, £ cannot be deformed to a point (which
would have zero intersection with P. This shows that the path of rotations is not homotopic to a constant
path.

If v : 0 1(0) is the embedding of S*, then traversing the path twice via (' : 6 — 1(20), we obtain a map
V" which is transverse to P but with two intersection points. Hence it is possible that ' may be deformed so
as not to intersect P. Can it be done?

Example 2.36. Consider RP* and two transverse hyperplanes Pi, Py each an embedded copy of RP3. These
then intersect in PLN Py = RP2, and since RP? is not null-homotopic, we cannot deform the planes to remove
all intersection.

Intersection theory also allows us to define the degree of a map modulo 2. The degree measures how
many generic preimages there are of a local diffeomorphism.

Definition 18. Let f: M — N be a smooth map of manifolds of the same dimension, and suppose M is
compact and N connected. Let p € N be any point. Then we define deg,(f) = I2(f, p).

Example 2.37. Let f: S' — S be given by z +— zF. Then deg,(f) = k (mod 2).
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Example 2.38. Ifp: CU{oc} — CU{oc} is a polynomial of degree k, then as a map S* — S? we have
deg,(p) = k (mod 2), and hence any odd polynomial has at least one root. To get the fundamental theorem
of algebra, we must consider oriented cobordism

Even if submanifolds C,C’ do not intersect, it may be that there are more sophisticated geometrical
invariants which cause them to be “intertwined” in some way. One example of this is linking number.

Definition 19. Suppose that M, N C R**! are compact embedded submanifolds with dim M +dim N = k,
and let us assume they are transverse, meaning they do not intersect at all.
Then define A : M x N — S* via
r—y
|z —y|
Then we define the (mod 2) linking number of M, N to be degy()\).

Example 2.39. Consider the standard Hopf link in R3. Then it is easy to calculate that degy(\) = 1. On
the other hand, the standard embedding of disjoint circles (differing by a translation, say) has degy(A) = 0.
Hence it is impossible to deform the circles through embeddings of ST 1S! — R3, so that they are unlinked.
Why must we stay within the space of embeddings, and not allow the circles to intersect?

(z,y) —

3 The tangent bundle and vector bundles

The tangent bundle of an n-manifold M is a 2n-manifold, called T'M, naturally constructed in terms of M,
which is made up of the disjoint union of all tangent spaces to all points in M. If M is embedded in RY, then
TM is a regular submanifold of RY x RY, but we define it intrinsically, without reference to an embedding.

As a set, it is fairly easy to describe, as simply the disjoint union of all tangent spaces. However we must
explain precisely what we mean by the tangent space T, M to p € M.

Definition 20. Let (U, ¢), (V,9) be coordinate charts around p € M. Let u € T,,,)(U) and v € Ty (V).
Then the triples (U, ¢, u), (V,1,v) are called equivalent when D(¢) o ¢~1)((p)) : u — v. The chain rule for
derivatives R” — R”™ guarantees that this is indeed an equivalence relation.

The set of equivalence classes of such triples is called the tangent space to p of M, denoted T, M, and
forms a real vector space of dimension dim M.

As a set, the tangent bundle is defined by
™ = | | T,M,
pEM

and it is equipped with a natural surjective map 7 : TM — M, which is simply 7(X) =z for X € T, M.
We now give it a manifold structure in a natural way.

Proposition 3.1. For an n-manifold M, the set TM has a natural topology and smooth structure which
make it a 2n-manifold, and make w : TM — M a smooth map.

Proof. Any chart (U, ¢) for M defines a bijection
To(U) =2 U x R" — 77 1(U)
via (p,v) — (U, p,v). Using this, we induce a smooth manifold structure on 7=1(U), and view the inverse
of this map as a chart (7=*(U), ®) to p(U) x R™.
given another chart (V,), we obtain another chart (7=1(V), ¥) and we may compare them via
Tod ':pUNV)xR" — p(UNV) xR",
which is given by (p,u) — ((¢ o =) (p), D(¢ 0 ¢~1),u), which is smooth. Therefore we obtain a topology
and smooth structure on all of TM (by defining W to be open when W N7~1(U) is open for every U in an

atlas for M; all that remains is to verify the Hausdorff property, which holds since points x,y are either in
the same chart (in which case it is obvious) or they can be separated by the given type of charts. O
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A more constructive way of looking at the tangent bundle: We choose a countable, locally finite atlas
{(U;, ;) } for M and glue together U; x R™ to U; x R™ via an equivalence

(z,u) ~ (y,v) & y=yp;o0; (z) and v = D(p;j0¢; ")u,

and verify the conditions of the general gluing construction 1.7 Then show that a different atlas gives a
canonically diffeomorphic manifold, i.e. that the result is independent of atlas.

A description of the tangent bundle is not complete without defining the derivative of a general smooth
map of manifolds f : M — N. Such a map may be defined locally in charts (U, ¢;) for M and (Vy, 14)
for N as a collection of vector-valued functions v, o f o %—1 = fia : ©i(U;) — ¥4 (V) which satisfy

(g oat) o fia = fipo (wjoph).

Differentiating, we obtain
D(¢goty") o Dfia = Dfjso D(pjop; ),

and hence we obtain a map T'M — T'N. This map is called the derivative of f and is denoted Df :
TM — TN. Sometimes it is called the “push-forward” of vectors and is denoted f.. The map fits into the
commutative diagram

Df
TM —TN

M *f> N
Just as 77 1(z) = T,M C TM is a vector space for all z, making TM into a “bundle of vector spaces”, the
map Df : TuM — TN is a linear map and hence Df is a “bundle of linear maps”.
The usual chain rule for derivatives then implies that if fog = h as maps of manifolds, then D foDg = Dh.

As a result, we obtain the following category-theoretic statement.

Proposition 3.2. The map T which takes a manifold M to its tangent bundle TM , and which takes maps
f: M — N to the derivative Df : TM — TN, is a functor from the category of manifolds and smooth
maps to itself.

For this reason, the derivative map D f is sometimes called the “tangent mapping” T'f.

Example 3.3. Ift: M — N is an embedding of M into N, then Dv: TM — TN is also an embedding,
and hence D*v: TEM — TEN are all embeddings.

The tangent bundle allows us to make sense of the notion of vector field in a global way. Locally, in a
chart (U;, ¢;), we would say that a vector field X; is simply a vector-valued function on Uj;, i.e. a function
Xi 1 o(U;) — R™. Of course if we had another vector field X; on (Uj;, ¢;), then the two would agree as vector
fields on the overlap U; NU; when D(p; 0 ;1) : X; +— Xj. So, if we specify a collection {X; € C>(U;,R")}
which glue on overlaps, this would define a global vector field. This leads precisely to the following definition.

Definition 21. A smooth vector field on the manifold M is a smooth map X : M — TM such that
moX : M — M is the identity. Essentially it is a smooth assignment of a unique tangent vector to each
point in M.

Such maps X are also called cross-sections or simply sections of the tangent bundle T'M, and the set
of all such sections is denoted C*°(M,TM) or sometimes I'*°(M,TM), to distinguish them from simply
smooth maps M — T'M.
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Example 3.4. From a computational point of view, given an atlas (U;, ;) for M, let U; = ¢;(U;) C R and
let ;5 = ;0 cpi_l. Then a global vector field X € T'°°(M,TM) is specified by a collection of vector-valued
functions X; : Uy — R™ such that D (Xi(z)) = X;(@ij(x)) for all z € 0i(U; N T;).

For example, if S* = Uy MU/ ~, with Uy = R and Uy = R, with z € Ug\{0} ~ y € U;\{0} whenever
y = a7 Y, then wo1 : @ — 2~ and Dy (x) : v — —x~2v. Then if we define (letting x be the standard

coordinate along R)

)
Xo=5s
)
X, = —y* =
1 yaya

we see that this defines a global vector field, which does not vanish in Uy but vanishes to order 2 at a single
point in Uy. Find the local expression in these charts for the rotational vector field on S' given in polar
coordinates by %.

3.1 Properties of vector fields

The space C*°(M,R) of smooth functions on M is not only a vector space but also a ring, with multiplication
(f9)(p) := f(p)g(p). That this defines a smooth function is clear from the fact that it is a composition of
the form

M—A3MxM LIS RRZSR.

Given a smooth map ¢ : M — N of manifolds, we obtain a natural operation ¢* : C*°(N,R) — C*°(M,R),
given by f +— f o . This is called the pullback of functions, and defines a homomorphism of rings since
Aop=(pxp)oA.

The association M +— C*°(M,R) and ¢ +— ¢* is therefore a contravariant functor from the category of
manifolds to the category of rings, and is the basis for algebraic geometry, the algebraic representation of
geometrical objects.

It is easy to see from this that any diffeomorphism ¢ : M —— M defines an automorphism ¢* of
C*(M,R), but actually all automorphisms are of this form (Exercise!).

The concept of derivation of an algebra A is the infinitesimal version of an automorphism of A. That is,
if ¢ : A — A is a family of automorphisms of A starting at Id, so that ¢:(ab) = ¢:(a)d:(b), then the map
ar— L|,_o¢i(a) is a derivation.

Definition 22. A derivation of the R-algebra A is a R-linear map D : A — A such that D(ab) =
(Da)b + a(Db). The space of all derivations is denoted Der(A).

In the following, we show that derivations of the algebra of functions actually correspond to vector fields.

The vector fields I'°(M,TM) form a vector space over R of infinite dimension (unless dim M = 0).
They also form a module over the ring of smooth functions C°°(M,R) via pointwise multiplication: for
fe€C®(M,R) and X € T°°(M,TM), we claim that fX : z — f(x)X(x) defines a smooth vector field: this
is clear from local considerations: if {X;} is a local description of X and {f;} is a local description of f with
respect to a cover, then

Dopij(fi(2)Xi(2)) = fi(z) Dpis Xi(x) = f;(pij (€)X (i (2))-

The important property of vector fields which we are interested in is that they act as R-derivations of

the algebra of smooth functions. Locally, it is clear that a vector field X = ). a a?;i gives a derivation of

the algebra of smooth functions, via the formula X (f) =Y, a’ 88 $ft , since

X(fg) = Za%ﬁﬁg + %) = X(f)g + [X(9).

We wish to verify that this local action extends to a well-defined global derivation on C*°(M, R).
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Lemma 3.5. Let f be a smooth function on U C R™, and X : U — R" a vector field. Then Df : TU —
TR =R xR and let Dfy : TM — R be the composition of Df with the projection to the fiber TR — R.
Then

X(f) = Dfa(X).
Proof. In local coordinates, we have X (f) = Y, a’ afi whereas Df : X(x) — (f(z),3, 2La?), so that we

i 9z ®

obtain the result by projection. O

Proposition 3.6. Local partial differentiation extends to an injective map T°° (M, TM) — Der(C*(M,R)).

Proof. Globally, we verify that

X;(f5) = X;(fiowi;") = ((pig)«Xi) (fi 0 i) (20)
= D(fio @5, )2((ij)«Xs) (21)

= (D fi)2(X;) = Xi(fi)- (22)

O

In fact, vector fields provide all possible derivations of the algebra A = C*°(M,R):
Theorem 3.7. The map I'*°(M,TM) — Der(C>*(M,R)) is an isomorphism.

Proof. First we prove the result for an open set U C R". Let D be a derivation of C*°(U,R) and define
the smooth functions a* = D(x?). . We prove this by testing against smooth
functions. Any smooth function f on R™ may be wrltten

0) + Z z'gi(x)

with g;(0) = ggi (0) (simply take g;(x) = 01 aagl (tx)dt). Translating the origin to y € U, we obtain for any
zelU

+Z gi(2),  gily) = 2L ().

Applying D, we obtain

Df(z) = (Da')gi(z) = Y _(2'(2) — ' (y)) Dgi(2)-

% %

Letting z approach y, we obtain

Z a' 55 (y) = X(H) (),

as required.

To prove the global result, let (V; C U;,¢;) be a regular covering and 6; the associated partition of
unity. Then for each i, ;D : f — 0,D(f) is also a derivation of C°°(M,R). This derivation defines a
unique derivation D; of C°°(U;,R) such that D;(f|u,) = (6;Df)|u,, since for any point p € U;, a given
function g € C*(U;, R) may be replaced with a function § € C°°(M,R) which agrees with g on a small
neighbourhood of p, and we define (D;g)(p) = 0;(p)Dg(p). This definition is independent of g, since if
h1 = hs on an open set, Dh; = Dho on that open set (let ¢ = 1 in a neighbourhood of p and vanish outside
U;; then hy — hg = (hy — ho)(1 — %) and applying D we obtain zero).

The derivation D; is then represented by a vector field X;, which must vanish outside the support of 6;.
Hence it may be extended by zero to a global vector field which we also call X;. Finally we observe that for

X =3, X;, we have
= ZXz(f) = ZDz(f) -

as required. O
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Since vector fields are derivations, we have a natural source of examples, coming from infinitesimal
automorphisms of M:

Example 3.8. Let ¢, : be a smooth family of diffeomorphisms of M with @9 = Id. That is, let ¢ : (—€,€) X
M — M be a smooth map and ¢, : M — M a diffeomorphism for eacht. Then X (f)(p) = %|=o(} f)(p)
defines a smooth vector field. A better way of seeing that it is smooth is to rewrite it as follows: Let % be
the coordinate vector field on (—e¢,€) and observe X (f)(p) = %(gp*f)((),p).

In many cases, a smooth vector field may be expressed as above, i.e. as an infinitesimal automorphism of
M, but this is not always the case. In general, it gives rise to a “local 1-parameter group of diffeomorphisms”,
as follows:

Definition 23. A local 1-parameter group of diffeomorphisms is an open set U C R x M containing {0} x M
and a smooth map
.U — M
(t, ) = pu(x)
such that R x {x} N U is connected, ¢o(z) = x for all x and if (¢, ), (t +t',z), (', p:(x)) are all in U then
ev (pi(x)) = priv (2).

Then the local existence and uniqueness of solutions to systems of ODE implies that every smooth vector
field X € I'°(M, T M) gives rise to a local 1-parameter group of diffeomorphisms (U, ®) such that the curve
Yo ¢t @u(z) is such that (v,;).(%) = X (7(t)) (this means that v, is an integral curve or “trajectory”
of the “dynamical system” defined by X). Furthermore, if (U’, ®’) are another such data, then ® = & on
unu'.

Definition 24. A vector field X € T'>°(M,TM) is called complete when its local 1-parameter group of
diffeomorphisms has U = R x M.

Theorem 3.9. If M is compact, then every smooth vector field is complete.

Example 3.10. The vector field X = xQ% on R is not complete. For initial condition xo, have integral
curve y(t) = xo(1 — tzo) ™1, which gives ®(t,z0) = wo(1 — txg) L, which is well-defined on {1 — tx > 0}.
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3.2 Vector bundles

Definition 25. A smooth real vector bundle of rank k over the base manifold M is a manifold E (called
the total space), together with a smooth surjection 7 : E — M (called the bundle projection), such that

e Vp € M, 7~ !(p) = E, has the structure of k-dimensional vector space,

e Each p € M has a neighbourhood U and a diffeomorphism ® : 7=1(U) — U x R* (called a local
trivialization of E over U) such that 7, (®(7~1())) = x, where 7, : U x R¥ — U is the first projection,
and also that ® : 771(z) — {x} x R¥ is a linear map, for all x € M.

Given two local trivializations ®; : #=1(U;) — U; x R¥ and ®; : 7=2(U;) — U; x R¥, we obtain a
smooth gluing map ®; o ®; ' : U;; x R¥ — U;; x R¥, where U;; = U; N U;. This map preserves images to
M, and hence it sends (z,v) to (z, gj;(v)), where gj; is an invertible k x k matrix smoothly depending on z.
That is, the gluing map is uniquely specified by a smooth map

9ji : Uij — GL(k,R)

These are called transition functions of the bundle, and since they come from ®; o <I>;1, they clearly satisfy
Gij = gj_i1 as well as the “cocycle condition”

9ij95k9ki = Id|v,nu;nu, -

Example 3.11. To build a vector bundle, choose an open cover {U;} and form the pieces {U; x R¥} Then
glue these together on double overlaps {U;;} via functions g;; : Uj; — GL(k,R). As long as gi; satisfy
9ij = g;il as well as the cocycle condition, the resulting space has a vector bundle structure.

Example 3.12. Let S? = Uy U Uy for U; = R2, as before. Then on Uy = R2\{0} = C\{0}, define
go1(2) = [2*], keZ.

cos(k@) —sin(k0)
sin(kf)  cos(k6)
rank 2 for each k € Z (or a complex vector bundle of rank 1, since go1 : Upy — GL(1,C)). Actually, since
the map go1 s actually holomorphic as a function of z, we have defined holomorphic vector bundles on CP!.

In real coordinates z = re'®, go1(r,0) = r* ( ) This defines a vector bundle E;, — S? of

Example 3.13 (The tangent bundle). The tangent bundle TM is indeed a vector bundle, of rank dim M.
For any chart (U, @) of M, there is an associated local trivialization (x=*(U),®) of TM, and the transition
function gj; : Uj; — GL(n,R) between two trivializations obtained from (Us,p;), (Uj, ;) is simply the
Jacobian matriz
gji = p = D(pj 097 ) (p).
Just as for the tangent bundle, we can define the analog of a vector-valued function, where the function

has values in a vector bundle:

Definition 26. A smooth section of the vector bundle E —— M is a smooth map s : M — E such that
mos =Idy. The set of all smooth sections, denoted I'°(M, E), is an infinite-dimensional real vector space,
and is also a module over the ring C*°(M, R).

Having introduced vector bundles, we must define the notion of morphism between vector bundles, so as
to form a category.

Definition 27. A smooth bundle map between the bundles E — M and E’ i M’ is a pair (f, F) of
smooth maps f: M — M’ and F : E — E’ such that 7’ o F = f o7 and such that F : E, — E}(p) is a
linear map for all p.
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Example 3.14. I claim that the bundles E;, — S? are all non-isomorphic, except that Ej, is isomorphic
to E_}, over the antipodal map S*> — S2.

Example 3.15. Suppose f : M — N is a smooth map. Then f.: TM — TN is a bundle map covering
fy e (f«, f) defines a bundle map.

Example 3.16 (Pullback bundle). if f : M — N is a smooth map and E . N is a vector bundle over
N, then we may form the fiber product MyxE, which then is a bundle over M with local trivializations
(fYU,), f*gij), where (Uy, gi;) is the local transition data for E over N. This bundle is called the pullback
bundle and is denoted by f*E. The natural projection to E defines a vector bundle map back to E:

f*E p2 E

M —

f

There is also a natural pullback map on sections: given a section s € T°°(N, E), the composition so f gives
a map M — E. This then determines a smooth map f*s : M — f*E by the universal property of the
fiber product. We therefore obtain a pullback map

F*:T°(N,E) — T®°(M, f*E).

Example 3.17. If f : M — N is an embedding, then so is the bundle map f, : TM — TN. By the
universal property of the fiber product we obtain a bundle map, also denoted f., from TM to f*TN. This is
a vector bundle inclusion and f*TN/f,TM = NM is a vector bundle over M called the normal bundle of
M. Note: we haven’t covered subbundles and quotient bundles in detail. I'll leave this as an exercise.

3.3 Associated bundles

We now describe a functorial construction of vector bundles, using functors from vector spaces. Consider the
category Vecty of finite-dimensional real vector spaces and linear maps. We will describe several functors
from Vecty to itself.

Example 3.18. If V € Vectg, then V* € Vectg, and if f : V — W then f* : W* — V*. Since the
composition of duals is the dual of the composition, duality defines a contravariant functor * : Vectg —
Vectg.

Example 3.19. If VW € Vecty, then V & W € Vectgr, and this defines a covariant functor Vectgr x
Vectrg — Vectg.

Example 3.20. If V,W € Vectg, then V@W € Vectr and this again defines a covariant functor Vectr x
Vectrg — Vectg.

Example 3.21. IfV € Vectg, then
RV=RaVoVeV)e --&@@V)®---

is an infinite-dimensional vector space, with a product a ® b. Quotienting by the double-sided ideal I =
(v@wv : veV), we obtain the exterior algebra

ANV =RV V& -G A"Y,

with n = dim V. The product is customarily denoted (a,b) — a A'b. The direct sum decompositions above,
where A¥V or @*V is labeled by the integer k, are called Z-gradings, and since the product takes A\F x Al —
NEFL these algebras are called Z-graded algebras.
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If (v1,...v,) is a basis for V., then vy, A--- Av;, foriy < --- < iy form a basis for N€V. This space then
has dimension (Z), hence the algebra N*V has dimension 2™.

Note in particular that A"V has dimension 1, is also called the determinant line det V', and a choice of
nonzero element in det V is called an “orientation” on the vector space V.

Recall that if f : V. — W is a linear map, then A*f : N¥V — AFW is defined on monomials via

AR flay A= Nag) = fla)) A A flag).

In particular, if A : V — V is a linear map, then forn = dimV, the top exterior power A" A : A"V — A"V
is a linear map of a 1-dimensional space onto itself, and is hence given by a number, called det A, the
determinant of A.

We may now apply any of these functors to vector bundles. The main observation is that if F' is a vector
space functor as above, we may apply it to any vector bundle E — M to obtain a new vector bundle

F(E) =UpcmF(E,).

If (U;) is an atlas for M and E has local trivializations (U; x R¥), glued together via g;; : U;; — GL(k,R),
then F(E) may be given the local trivialization (U; x F(R*)), glued together via F(g;;). This new vector
bundle F(FE) is called the “associated” vector bundle to E, given by the functor F'.

Example 3.22. If E — M is a vector bundle, then E* — M s the dual vector bundle. If E, F are vector
bundles then E @ F is called the direct or “Whitney” sum, and has rank tk E + 1k F. E® F' is the tensor
product bundle, which has rank tk E -rk F.

Example 3.23. If E — M is a vector bundle of rank n, then @*E and A\FE are its tensor power bundles,
of rank n* and (Z), respectively. The top exterior power A"E has rank 1, and is hence a line bundle. If this
line bundle is trivial (i.e. isomorphic to M x R) then E is said to be an orientable bundle.

Example 3.24. Starting with the tangent bundle TM — M, we may form the cotangent bundle T*M, the
bundle of tensors of type (r,s), @ TM @ QST*M.

We may also form the bundle of multivectors N*T' M , which has sections T> (M, N*T M) called multivector
fields.

Finally, we may form the bundle of k-forms, A*T*M, whose sections T°(M, \N*T*M) = QF(M) are
called differential k-forms, and will occupy us for some time.

We have now produced several vector bundles by applying functors to the tangent bundle. We are familiar
with vector fields, which are sections of 7'M, and we know that a vector field is written locally in coordinates

(xt,...,2") as
_ )
X*Zalax“
i

with coefficients a® smooth functions.

There is an easy way to produce examples of 1-forms in Q! (M), using smooth functions f. We note that
the action X — X(f) defines a dual vector at each point of M, since (X(f)), depends only on the vector
X, and not the behaviour of X away from p. Recall that X (f) = D fo(X).

Definition 28. The exterior derivative of a function f, denoted df, is the section of T* M given by the fiber
projection D fs.

Since da'(7%) = 6%, we see that (dz',...,dz™) is the dual basis to (6%1’ ..., 5%). Therefore, a section

oz ) 9xm
€ = Z fidxi,
[

of T* M has local expression
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for &; smooth functions, given by & = &( 821» ). In particular, the exterior derivative of a function df can be

written
5 )
df =Y SLda’.
i

A section of the tensor bundle ®"T'M @ ®*T*M can be written as
O= Y alhr e @k ed) @ ®dd,
11 s

JissJs
where azlly
A general differential form p € QF(M) can be written

p= Z iy i AT A N da®

i< <ig

are n" 1% smooth functions.

3.4 Differential forms

There are several properties of differential forms which make them indispensible: first, the k-forms are
intended to give a notion of k-dimensional volume (this is why they are multilinear and skew-symmetric,
like the determinant) and in a way compatible with the boundary map (this leads to the exterior derivative,
which we define below). Second, they behave well functorially, as we see now.

Given a smooth map f: M — N, we obtain bundle maps f. : TM — TN and hence f* := AF(f,)* :
AFT*N — AFT*M. Hence we have the diagram

ART* M <T AET*N

Wi lw

M——>N

The interesting thing is that if p € QF(N) is a differential form on N, then it is a section of 7y. Composing
with f, f*, we obtain a section f*p:= f*opo f of mp;. Hence we obtain a natural map

QF (V) L5 k().
Such a natural map does not exist (in either direction) for multivector fields, for instance.
Suppose that p € QF(N) is given in a coordinate chart by p = > pi,...;, dy®* A --- A dy**. Now choose

a coordinate chart for M with coordinates z!,...2™. What is the local expression for f*p? We need only
compute f*dy;. We use a notation where f* denotes the k" component of f in the coordinates (y*,...y"),

ie. fF=qyFof.

Frdyi(35) = dyi(fe52) (23)
= dyi(z gi: %) (24)

k
- (25)

Hence we conclude that

Finally we compute

Fo=3 Fouead (@dy™) Ao A f(dy) (26)
1< <ip
= Y (i o NS DL U gy - da (27)
i <o <lig J1 Jk
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