MAT 157Y — Term exam #1 Solutions

(1) We first observe that
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We now proceed by induction. Let P(n) denote the statement,

S (-0,

k=0

S (=)= ()

Then P(1) is true since

Suppose P(n) is true. Then

which shows that P(n + 1) is true. Hence by induction, P(n) is true for all n.



(2) a) We proceed by induction. Let P(n) be the statement that there are polynomials f,, g, such
that
cos(nzx) = fn(cos(z)), sin(nz) = sin(z) g,(cos(z))
for all z. Then P(1) is trivially true, with fi(z) = z and g;(z) = 1. Suppose P(n) is true. Then
cos((n + 1)z) = cos(nz) cos(z) — sin(nz) sin(z)
) sin®(z)
)

+ gn(cos(z)) cos?(x)

= fn(cos(z)) cos(z) — gn(cos(z
= fn(cos(z)) cos(z) — gn(cos(z
= fnt1(cos(z))
with
far1(z) = 2fa(z) + (2% — 1)ga()
a polynomial of degree n + 1, and similarly
sin((n + 1)z) = sin(nx) cos(x) + cos(nz) sin(x)
= sin(x)gn(cos(x)) cos(z) + fn(cos(z)) sin(z)
= sin(z)gn1(cos(z))
with
gn+1(7) = Tgn(2) + fu(z),
a polynomial of degree n.
b) Using the recursion formulas from part a, we obtain
fz) =z, q(z) =1,
fo(z) =22 =1, go(z) =2
fa(z) = 42° = 3z, gs(x) =4
fa(z) =8z* — 822+ 1, gu(z) = 82> — 4z.



(83) We begin by determining the zeroes of this function: sin(

k €N, ie. for |z| = J5. Thus, the zeroes are at z with
2| 1 1
z|=1, -, =
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Next, sin(—2=) equals +1if —— =1 2 ... je.
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while it is equal to —1 at \/1@ =3 7. 1ie
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) vanishes if and only if

1
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Now one can draw the picture, keeping in mind also that the function f(z) is odd. Your picture

should indicate the following features:

- the graph is trapped between the lines y = z and y = —z,

- f is an odd function,

- f(z) >0 for z > 1,

- f has zeroes at x = il,i}l,i%,
- f(z) = —z for z = +5, and f(z) =z for z = £
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- the function oscillates infinitely often as z — 0.



(4) a) Let A = {n € N| n > 1}. This is an inductive subset, because 1 € A, and since n > 1 implies
n+1>2>1. Thus A=N.

b) Let A be as suggested. Note A C N, since 1 € N, and since z —1 € Nimpliesz = (z—1)+1€ N
(since N is inductive).

We want to show A is inductive. Since 1 € A, it suffices to show that n € A implies n+ 1 € A.
By definition of A, the condition n € A means that n = 1 orn—1 &€ N. Case 1: n = 1. Then
(n+1)—1=1€N,thusn+1€ A. Case2: n—1€N. Thenalso (n+1)—1=(n—-1)+1€N,
and it follows that n + 1 € A.

This proves A=N. Butifz e N— {1} = A— {1}, thenz — 1 € N, thus z — 1 > 1 (by part (a)) or
equivalently z > 2. Q.E.D.

(5) a) We say that the limit lim, ., f(x) exists and write lim,_,, f(z) = [ if
Ve>0 36>0 Vz: |[z—a|<d=|f(z) -1 <e
It is equally fine if you work with the condition
Ve>0 36>0 Vz: O0<|z—a|<d=|f(z)-I<e
b) The expected limit is f(0) = —. We verify:
-1 1] ‘4(x2—1)—($2+4‘

2+4 4l 4(22 + 4)
32
B ‘4(352 +4)’
< 3z

Given € > 0 take § = min(§, 1). Then for |z| < §, we have

3z? = 3|z||z| < 3% 1=k,

and hence

‘x2—1

1
——| <e
2 +4 al<e



