CHAPTER 2

Moduli spaces of flat bundles

1. Flat bundles

1.1. Flat connections. For a fixed principal bundle P → B, let Gau(P, b) = {g ∈ Gau(P)| g(b) = e}. We define a moduli space of flat connections and of based flat connections by M_G(P) = A_{flat}(P)/ Gau(P), M_G(P, b) = A_{flat}(P)/ Gau(P, b).

Recall again that Gau(P, b) acts freely on A(P), so M_G(P, b) tends to be “smoother” than M_G(P). The group Gau(P, b) is a normal subgroup of Gau(P), with quotient G. Hence G acts on M_G(P, b), with quotient M_G(P). There are many aspects of the flatness of a connection:

Theorem 1.1. Let P → B be a principal G-bundle over a connected base B, and θ a principal connection. The following are equivalent:

a. The connection θ is flat, i.e. F^θ = 0.

b. Horizontal lift of vector fields is a Lie algebra homomorphism. c. The horizontal subbundle is integrable, i.e. defines a foliation. d. Parallel transport along any path γ : [a, b] → B depends only on the homotopy class of γ for fixed end points.

e. The holonomy group of θ is discrete. f. The reduced holonomy group of θ is trivial.

g. The structure group of G can be reduced to a discrete subgroup. If G is semi-simple, this is also equivalent to

h. The covariant derivative d^θ on the adjoint bundle g(P) squares to 0.

Except for the last property, this all follows immediately from the properties of curvature discussed earlier. For the last property, recall that (d^θ)^2ζ = [F^θ, ζ]. If this is zero for all ζ ∈ Ω^0(B, g(P)), then F^θ = 0 by semi-simplicity of F^θ.)

1.2. Flat bundles. A pair (P, θ) consisting of a principal bundle P → B together with a flat connection is called a flat G-bundle. Two flat bundles (P_j, θ_j) and (P_2, θ_2) are equivalent if there exists a principal bundle isomorphism ϕ : P_1 → P_2 with ϕ^∗θ_2 = θ_1. We denote by M_G(B) the set of equivalence classes of flat bundles. Let Prin_G(B) the space of equivalence classes of principal G-bundles. The natural map M_G(B) → Prin_G(B), [(P, θ)] → [P]. 19

is not always surjective, since a bundle P need not admit any flat connection. The fiber of this map over [P] is the space M_G(P). Thus

M_G(B) = ∐ [P ]∈PrinG(B) M_G(P). 1.3. Framed flat bundles. For any principal bundle over a connected space B with base point b, a framing of P at b is a G-equivariant isomorphism ψ : P_b ∼= G. Thus, picking a framing is equivalent to picking a point p ∈ P_b. The pair (P, ψ) is called a framed principal bundle. A flat bundle (P, θ) with framing ψ is called a framed flat bundle (P, θ, ψ). Two such triples (P_j, θ_j, ψ_j) are equivalent if there exists a principal bundle isomorphism ϕ : P_1 → P_2 with ϕ^∗θ_2 = θ_1 and ψ_2 ∘ ϕ = ψ_1. The space M_G(B, b) of equivalence classes is called the moduli space of framed flat bundles. G acts on M_G(B, b) by changing the framing. Again there is a natural map M_G(B, b) → Prin_G(P), [(P, θ, ψ)] → [P]. Given P with an arbitrary fixed framing ψ, the element in the fiber over [P] has a representative of the form [(P, θ, ψ)], where θ is determined up to a based gauge transformation. Thus we have a G-equivariant isomorphism M_G(B, b) = ∐ [P ]∈PrinG(B) M_G(P, b). The isomorphism is non-canonical, since it involved the choice of a frame. Indeed, even if P_1 ∼ P_2 there is no canonical isomorphism M_G(P_1, b) = M_G(P_2, b). The choice of frames fixes such an isomorphism: It is induced by the map (ϕ^∗)^{−1} where ϕ : P_1 ∼ P_2 is any bundle isomorphism taking the frame for P_1 to that for P_2.

1.4. Holonomy description of the space of flat bundles. Pick a frame ψ : P_b ∼= G. This identifies Aut(P_b) with G. For θ ∈ A_{flat}(P), the holonomy at b defines a group homomorphism S_θ : π_1(B, b) → Aut(P_b) ∼= G.

Changing θ by a gauge transformation ϕ ∈ Gau(P ) replaces S_θ with S_{ϕ.θ} = ϕ(b) S_θ ϕ(b)^{−1}. In particular, Gau(P, b) fixes S_θ. We thus obtain a G-equivariant map

A_{flat}(P)/ Gau(P, b) → Hom(π_1(B), G), θ → S_θ.

Theorem 1.2. The holonomy map at b ∈ B defines isomorphisms,

M_G(B, b) = Hom(π_1(B, b), G), M_G(B) = Hom(π_1(B, b), G)/G

Proof. An inverse map is given as follows. Suppose S : π_1(B, b) → G is a group homomorphism. Let B̃ be the universal covering of B with respect to b. Using S define a principal bundle P = (B̃ × G)/π_1(B, b).

The natural connection on the trivial bundle B̃ × G → B̃ is π_1(B, b)-invariant, hence it descends to a flat connection θ on the quotient. Clearly, its holonomy map of θ is just the map S.

Notice that under this isomorphism, framed connections that are reducible to H ⊂ G correspond to homomorphisms π_1(B, b) → H ⊂ G.

2. Principal bundles over low dimensional manifolds

Let B be a connected manifold, with base point b ∈ B. Many of the principal bundles we will encounter in this course are actually trivial, for the following reason.

Proposition 2.1. Suppose G is connected, simply connected, and semi-simple (e.g. G compact, connected, simply connected). For dim B < 4, any principal G-bundle over B is trivial: M_G(B) = {pt}

Proof. Let P → B be a principal bundle. We have to show that P admits a section. It is enough to construct a continuous section, since smooth sections are dense in continuous ones. Choose a triangulation of B. Over each simplex Δ ⊂ B, P is trivial: P|_Δ = Δ × G. A given section over the boundary ∂Δ corresponds to a map ∂Δ → G. It can be extended to Δ, since dim ∂Δ ≤ 2 and π_0(G), π_1(G), π_2(G) are all trivial. Hence, one can construct a section over B by induction: First, define the section over the 0-skeleton, then extend to the 1-skeleton and so on.

On the other hand, we will sometimes be interested in non-simply connected groups. For instance, the holonomy group H of a connection on a trivial G-bundle often defines a reduction of the structure group to a non-trivial H-bundle. For dim B = 1, 2, the set of principal G-bundles P → B can be classified by hand. We begin with the simplest case: a circle S^1.

Let G_0 be the identity component of G. Since G_0 is a normal subgroup of G, the quotient G/G_0 is a discrete group.

Proposition 2.2. There are canonical bijections,

M_G(S^1) ∼= Conj(G), Prin_G(S^1) ∼= Conj(G/G_0).

with the set of conjugacy classes in G resp. G/G_0.

Proof. Since π_1(S^1) = Z, we have Hom(π_1(S^1), G)) = G and therefore M_G(S^1) = G/ Ad(G) = Conj(G). The natural map M_G(S^1) → Prin_G(S^1) is surjective since over S^1, every connection is flat. Since any two connections on a given bundle P are isotopic, and the holonomy of θ changes continuously with θ, the isomorphism M_G(S^1) ∼= Conj(G) descends to give a bijection Prin_G(S^1) ∼= Conj(G/G_0).

In particular, if G is connected, any G-bundle over S^1 is trivial. It is important to keep in mind, however, that two trivializations P ∼= S^1 × G need not be homotopic:

Indeed, a change of trivializationis described by a map S^1 → G, and homotopy classes of such maps are classified by π_1(G).

2.1. Topology of surfaces. We next classify G-bundles over surfaces. We first recall the classification of surfaces. It is known that (in contrast to manifolds of higher dimension) any given topological 2-manifold admits a unique differentiable structure, up to isomorphism. Smooth, compact, orientable surfaces are classified by their genus (number of handles). From any surface one obtains a non-orientable surface by inserting a “cross-cap”: Cut out a small disk, and identify antipodal points on the boundary S^1. (Equivalently, glue in a Moebius strip.) Applying this to S^2 gives RP (2), applying this

to RP (2) gives a Klein bottle. It is a somewhat surprising fact that inserting a cross-cap

in the Klein bottle or in a 2-torus gives isomorphic surfaces:

T^2#RP (2) ∼= RP (2)#RP (2)#RP (2).

This is part of the content of

Theorem 2.3 (Classification of surfaces). Any orientable surface Σ is diffeomorphic to S^2 or to a connected sum of 2-tori:

Σ ∼= T^2#T^2 · · · #T^2

h times

Any non-orientable surface Σ is diffeomorphic to a connected sum of real-projective planes:

Σ ∼= RP (2)#RP (2) · · · #RP (2)

h times

In both cases, h depends only on the surface, it is called the genus and the non-orientable genus, respectively. (For Σ ∼= S^2 one puts h = 0).

Exercise 2.4. Let Σ be a non-orientable surface of given non-orientable genus. What is the genus of its oriented double cover?

One way of proving Theorem 2.3 starts from the observation that any surface is obtained by gluing 2-dimensional polyhedra. Choosing a triangulation of Σ, one obtains a suitable polyhedron by gluing the triangles together, one triangle along one side at a time. Of course, there are many different gluing schemes for a given surface, and one would like to have a “normal form”.

One can encode a gluing scheme by writing down words in letters α, β, ... such that each letter appears exactly twice. We glue the 2n-gon by attaching the letters to the faces of the 2n-gon and identifying sides with the same letter. We put a superscript −1 on one of the leters if we glue by an orientation-reversing diffeomorphism, otherwise no superscript. For instance,

αα^{−1} = S^2, αα = RP (2), αβα^{−1}β^{−1} = T^2, αβα^{−1}β = ααββ = RP (2)#RP (2)

and so on.

Proposition 2.5. Any orientable surface is obtained by a gluing scheme α_1β_1α^{−1}_1 β^{−1}_1 · · · α_hβ_hα^{−1}_h β^{−1}_h (we declare that this is S^2 for h = 0). Any non-orientable surface is obtained by a gluing scheme α_1α_1 · · · α_hα_h.

A proof can be found in e.g. Fulton, “Algebraic topology”, or Thurston, “Threedimensional geometry and topology”. We indicate the main ideas. First of all, cyclic permutation of the letters or reversion A → A^{−1} of the word A does not change the surface, and repeated letters with opposite orientations cancel: γA ∼= Aγ, A ∼= A^{−1}, Aαα^{−1}B ∼= AB. Furthermore, there are two main tricks. First, if A, B are given words then AαBα ∼= AB^{−1}αα. (1) To see this, cut the polyhedron AαBα in two polyhedra Aαγ ∼= γAα and γ^{−1}Bα ∼= α^{−1}B^{−1}γ. Glue back together again, using the identification of α, α^{−1}, to obtain a polyhedron γAB^{−1}γ ∼= AB^{−1}γγ, and rename γ as α. The second key trick is the “elementary move” DAαXα^{−1} ∼= ADαXα^{−1}. (2) For a proof, we first cut DAαXα^{−1} ∼= AαXα^{−1}D in two polyhedra Aαγ ∼= γAα and γ^{−1}Xα^{−1}D ∼= α^{−1}Dγ^{−1}X. Then glue α, α^{−1} to obtain γADγ^{−1}X. Finally rename γ^{−1} as α. Using only the first move, we can show e.g. that the gluing schemes αβα^{−1}β^{−1}γγ for T^2#RP (2) and ααββγγ for the connected sum of three copies of RP (2) are equivalent: αβα^{−1}β^{−1}γγ ∼= αβγβαγ ∼= β^{−1}γ^{−1}β^{−1}ααγ ∼= γβ−1β−1ααγ ∼= β^{−1}β^{−1}ααγγ. At each stage, we applied the move to the underlined word. Finally, rename β^{−1} as α and α as β.

From the gluing scheme, one can read off the fundamental group of the surface:

Theorem 2.6. The fundamental group of an orientable surface of genus h is the group with 2h generators α_1, . . . β_h and relation h∏ j=1 [α_j, β_j] = α_1β_1α^{−1}_1 β^{−1}_1 · · · α_hβ_hα^{−1}_h β^{−1}_h = e.

The fundamental group of an non-orientable surface of non-orientable genus h is the group with h generators α_1, . . . α_h and one relation h∏ j=1 α^2_j = α_1α_1 · · · α_hα_h = e.

As a consequence, we have:

Theorem 2.7. If Σ is an orientable surface of genus h, M(Σ, b) = {(a_1, b_1, . . . , a_h, b_h) ∈ G^{2h}| h∏ j=1 [a_j, b_j] = e} and M(Σ) = M(Σ, b)/G (quotient by conjugation action on each factor). If Σ is a non-orientable surface of genus h, M(Σ, b) = {(a_1, . . . , a_h) ∈ G^h| h∏ j=1 a^2_j = e}

and M(Σ) = M(Σ, b)/G (quotient by conjugation action on each factor).

Suppose Σ is orientable of genus h, and G is compact. In general M(Σ) will be a singular space, but we will see that it contains an open, dense, subset. A naive dimension count (“the relation imposes dim G conditions, and we divide by the action of G, so we should subtract 2 dim G”) gives dim M(Σ) = (2h − 2) dim G. Of course, this argument can only be correct if none of the relations are redundant and if the G-action has discrete stabilizers. Since the center Z(G) acts trivially, and since the relation takes values in the commutator subgroup^1 [G, G] ⊂ G, a better estimate is

dim M_G(Σ) = (2h − 2) dim G + 2 dim Z(G) = 2h dim G − 2 dim[G, G]. We will see later that this estimate is correct for h ≥ 2. The cases h = 0, 1 are special:

For h = 0, Σ is a 2-sphere, and M_G(Σ) is simply a point. (That is, there is a unique flat G-bundle, up to isomorphism.)

For h = 1, Σ is a 2-torus, and the above description identifies M_G(Σ) with the moduli space of commuting pairs (a, b) ∈ G^2, up to conjugation. If G is compact, connected, and simply connected, a theorem due to Borel says that any two such elements are

1For any group G, the commutator subgroup [G, G] is the smallest subgroup containg all group commutators [a, b] = aba�^1b�^1. For a compact connected Lie group, one can (and we will) show that [G, G] is exactly the set of all commutators, and its Lie algebra is [g, g]. Group multiplication Z(G) × [G, G] → G is a covering, with kernel the center of [G, G].

contained in a maximal torus T of G.^2 Moreover, any two elements in T are conjugate in G if and only if they are conjugate by some element of the Weyl group. Hence M_G(Σ) is isomorphic to the quotient of T × T by the diagonal action of W . In particular, dim M_G(Σ) = 2 dim T .^3

For the non-orientable case, a similar discussion gives a dimension estimate

dim M(Σ) = (h − 2) dim G + dim Z(G).

Exercise 2.8. Verify that this is exactly half the expected dimension of the oriented double cover over Σ. An intuitive explanation for this fact is that flat bundles on Σ are in 1-1 correspondence with Z_2-equivariant flat bundles on the oriented double cover.

We can also use the polygon description to classify principal bundles over Σ. We had already seen that for G connected and simply conected, any such bundle is trivializable. For non-simply connected groups the situaltion is as follows.

Theorem 2.9. Let G be a connected Lie group, and Σ a compact, connected, oriented surface. Then Prin_G(Σ) ∼= π_1(G).

Proof. We first construct a map π_1(G) → Prin_G(Σ). Let D ⊂ Σ be an open disk around x ∈ Σ. Any element in π_1(G) can be represented by a smooth map γ : D\{x} → G. Let P be the principal G-bundle obtained by gluing trivial bundles over Σ\{x} and over D, using γ as a transition function. Since any two representatives γ are homotopic, the isomorphism class of P depends only on the given element in π_1(G). To show that different elements give rise to non-isomorphic bundles, we construct an inverse map Prin_G(Σ) → π_1(G). For this, it is convenient to represent Σ as a glued polyhedron Σ = X/ ∼ according to the standard gluing scheme ∏ j[α_j, β_j] = 1, with D ⊂ int(X).

Since the punctured polyhedron X\{x} retracts to its boundary ∂X, we see that Σ\{x} retracts onto the union of α_j, β_j thought of as loops in Σ. Since G is connected, any G-bundle over a wedge of circles is trivial. This means that we can trivialize P over the union of α_j, β_j, and using the retraction we can extend this trivialization over all of Σ\{x}. Choose another trivialization over D, and define an element [γ] ∈ π_1(G) as the homotopy class of the transition function over D\{x}.

We have to check that [γ] is well-defined, i.e. independent of the choice of trivialization. Changing the trivialization over D does not change γ, since any two such

2For any connected Lie group, the centralizer Ga of any element a ∈ G is a maximal rank subgroup. If G is simply connected, Ga is connected by a result of Bott-Samelson (1958). (More generally, by a Theorem of Borel (1961), the fixed point set of any automorphism of a simply connected Lie group is connected.) If b ∈ Ga, choose a maximal torus T ⊂ Ga containing b. It is automatic that a ∈ T , since maximal tori are maximal abelian. For non-simply connected groups, this argument fails: For G = SO(3), the elements a ∈ G given by rotation by π about the x-axis and b ∈ G given by rotation by π about the y-axis commute. The unique maximal torus containing a are all rotations about the x-axis, but this does not contain b.

3Moduli spaces of commuting pairs and triples in arbitrary compact Lie groups have been classified in a recent paper by Borel-Friedman-Morgan.

trivializations are homotopic. Let ψ : Σ\{x} → G describe the change of trivialization over Σ\{x}. We want to show that ψ| D\{x} is homotopic to the trivial map. Any loop λ generating π_1(D\{x}) can be deformed inside Σ\{x} into the concatenation of paths ∏ j [α_j, β_j]. (The deformation is obtained from the retraction of X\{x} onto its boundary.) Since the fundamental group π_1(G) of any Lie group is abelian, it follows that the image of λ^∗ψ in π_1(G) is trivial.

In the proof we showed that a compact connected oriented surface Σ with 1 boundary component retracts onto a wedge of 2h circles. An modification of this argument shows that any such surfcae with r ≥ 1 boundary components retracts onto a wedge of 2h+r−1 circles. For non-orientable surfaces one obtains similarly a retraction onto a wedge of h + r − 1 circles. It follows that G-bundles over a compact orientable surface with non-empty boundary are always trivializable.

To describe Prin_G(Σ) for non-orientable surfaces, let 2π_1(G) be the subgroup consisting of squares of elements in π_1(G).

Theorem 2.10. For any compact, connected, non-orientable surface Σ, there is an isomorphism Prin_G(Σ) ∼= π_1(G)/2π_1(G).

Proof. Repeating the first part of the proof for orientable surfaces, we construct a surjective map π_1(G) → Prin_G(Σ). The proof of injectivity of this map fails in the non-orientable case, but shows that an element λ ∈ π_1(G) gives rise to a trivial bundle if and only if there is a map ψ : Σ\{x} → G such that λ is the image of α^2_1 · · · α^2_h under the restriction of ψ to α_1, . . . , α_h. Since π_1(G) is abelian, this is the same as the image of (α_1 · · · α_h)^2. Clearly, elements in π_1(G) obtained in this way are exactly the elements of 2π_1(G).

Example 2.11. The fundamental group of the unitary group is π_1(U(N)) = Z. Thus if Σ is orientable, principal U(N)-bundles over Σ are classified by Z, while for nonorientable surfaces there is exactly one non-trivial bundle.

Example 2.12. The fundamental group of the projective unitary group PU(N) = U(N)/ U(1) = SU(N)/Z_N

is ZN. Thus if Σ is non-orientable, there is exactly one non-trivial PSU(N)-bundle over

Σ if N is even, and none if N is odd.