The geometry of dissipative evolution
equations: the porous medium equation

Felix Otto*

Abstract

We show that the porous medium equation has a gradient flow
structure which is both physically and mathematically natural. In or-
der to convince the reader that it is mathematically natural, we show
the time asymptotic behavior can be easily understood in this frame-
work. We use the intuition and the calculus of Riemannian geometry
to quantify this asymptotic behavior.
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1 The porous medium equation as a gradient
flow

1.1 The porous medium equation

The porous medium equation is given by

Op _
ot

Throughout the article, p > 0 should be thought of as a (time-dependent)
density function on the whole N-dimensional space IR". Here, % denotes
the (partial) derivative w. r. t. time ¢ € [0,00), V denotes the gradient with
respect to the spatial variables z € IRY , V. the divergence w. r. t. = and
V? the Laplacian w. 1. t. . In section 2, we will give a brief derivation of
(1) from assumptions on the physics of a gas flow through a porous medium.
We restrict our attention to the case where the exponent satisfies m > 1 — %
and m > <2: the reason for these restrictions will become apparent in the

N+2
sequel.

V™ = 0. (1)



The porous medium equation is a parabolic equation, more precisely: a dif-
fusion equation for p. In case of m > 1, the diffusion degenerates for p = 0.
This for instance has the effect of preserving a compact support and hence
is called “slow diffusion”. The case m < 1 is called fast diffusion. In a weak
setting, which will be intruduced in section 5, the Cauchy problem for (1) is
well-posed. Therefore, (1) defines an evolution of densities on IR", in other
words: a semi group on the space of densities on IR"Y. We will show that this
semi group has the structure of a gradient flow.

1.2 Abstract gradient flow

We claim that the porous medium equation can be interpreted as a gradient
flow. Let us first introduce the notion of a gradient flow in the generality we
need. The mathematical structure required to make sense of a gradient flow
is

e a differentiable manifold M,
e a metric tensor g on M, which makes (M, ¢) a Riemannian manifold,

e and a function(al) E on M.

We call the dynamical system in M given by the autonomous differential
equation

dp

dt
the gradient flow of E on (M,g). Observe that the metric tensor g is a
necessary ingredient to the notion. It converts the differential diff £ of F,
which is a cotangent vector field, into the gradient grad E' of E, which is a
tangent vector field:

= —grad £, (2)

g(grad E,s) = diff E.s for all vector fields s on M. (3)
Hence (2) can be expanded into
d
gp(d—i, s) + diff E|,.s = 0 for all vector fields s along p. (4)

We point out that the basic property of a gradient flow is that the energy is
decreasing along trajectories:

d dp (1)

ZE(p) = diffE,, £ & _
pm (p) ift B.— s (

dp dp

%,%)- (5)



1.3 Two interpretations of the porous medium equa-
tion as gradient flow

It is actually well known that the porous medium equation can be interpreted
as a gradient flow. We will introduce this “traditional” gradient flow inter-
pretation in this section. Parallel to this, we will introduce a new gradient
flow interpretation. In the following two sections, we will try to convince the
reader that our new way of interpreting the porous medium equation is more
natural than the traditional way.

The evolution defined by (1) preserves non negativity of p and its mass [ p.
In both approaches, the manifold is accordingly given by

M = {non negative functions p on IR" with [p =1 } .

We will be deliberately sloppy about the differential structure of the manifold
and think of the tangent space as follows

T\M = {functions son RY with [s=0 } .

We now come to the metric tensor. Both approaches are based on an iden-
tification of the tangent vector space

oM = {functions pon IRY } [ ~. (6)
where the identification is defined via the elliptic equation
—V?p = s for the traditional approach (7)

and
—V - (pVp) = s for the new approach. (8)

The “~” in (6) is to indicate that we identify p’s which only differ by an
additive constant. Now, the metric tensor is defined by

9p(s1,52) = /Vp1 - Vpy for the traditional approach

and
9p(s1,52) = /pr1 - Vpy, for the new approach, 9)
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where p; is related to s; via (7) resp. (8). For further reference, we notice
that this implies

gp(s1,52) = /31p2 for both approaches. (10)

Finally the functional: It is given by

E(p) = m+r1/pm+1 for the traditional approach

and

L/ mof
— [ p" form#1
E(p) = 1

= for the new approach. (11)
/p Inp form=1

Observe that the differential of the functional is given by
diff E(p).s = /pm s for the traditional approach (12)

and

/%pm_ls form # 1

diff E(p).s =
/(lnp+1)s form=1

for the new approach. (13)

We now have to show that the porous medium equation indeed coincides with
the gradient flow of E' on (M, g) for both approaches. First the traditional
approach: According to (10) and (12), the identity (4) takes on the form

dp

et e — ()

ot p + /P S )

where p is related to s via —V?p = s. We substitute s accordingly and obtain

dp
—p — [ p"V’p =0,
ot p /P p

and after integration by parts

ap 2 . m _
/(E—Vp)p—o-



Since p is arbitrary, we recover the porous medium equation.

Now the new approach: According to (10) and (13), the identity (4) takes
on the form

%%p+%/pmfls:0 form # 1
/%p+/(lnp+1)s:0 form =1

where p is related to s via =V - (pVp) = s. We substitute s accordingly and
obtain

)

/%p— /%pmflv.(pvp) =0 form#1
%p—/(lanrl)V'(PVp) =0 form=1

We obtain after integration by parts

ap 2. m _
/(E—Vp)p—o-

Also here, we recover the porous medium equation.

In case of the traditional approach, g does not depend on p and therefore
is a scalar product on the space of functions s with mean value zero. In
fact, it is the homogeneous part of the H '-scalar product. Hence, in the
traditional approach, the Riemannian space (M, g) carries the structure of a
convex subspace of a Euclidean space. On the other hand, the new approach
is genuinely Riemannian. Hence we must bring forth good reasons for con-
sidering the more complicated, new structure. We will attempt to do this in
the next two sections.

2 A physical argument in favor of the new
gradient flow

We give a brief physical derivation of the porous medium equation. The
function p describes the mass density of a gas in a porous medium. The first
assumption is conservation of mass, expressed in the continuity equation

op B
otV (pu) =0, (14)



where the vector field u on IRY describes the (average) velocity of the gas.
The second assumption is Darcy’s law

u = —M.Vp,

where the function p on IRY describes the pressure of the gas and the matrix
M describes the mobility of the gas in the porous medium. M depends on
the permeability of the medium and the viscosity of the gas. We assume
that the permeability is isotropic and homogeneous, so that K = id by an
appropriate non—dimensionalization:

u = —Vp. (15)

The third assumption comes from thermodynamics:

OE

5_/)7 (16)

p:

where E denotes the free energy and ‘fs—f its functional derivative with respect
to p. In case of a free energy of the form

E = /6(p),

where the function z — e(z) describes how the free energy density e depends
on the density p, (16) reads

p = o). (1)
Hence (14), (15) and (17) combine to

op 2 _

5~V ) =0, (18)

where the function z — m(z) describes how the osmotic pressure 7 depends
on the density p and is related to z — e(2) via

m(z) = z€'(z) —e(2). (19)

From (19) we see that (18) turns into the porous medium equation (1), that
is,
(z) = 2™ (20)



if and only if

zlnz form=1

e() = { mop 2" form # 1 } (21)

Hence, only in the new formulation does E have a physical meaning.

Also the metric tensor ¢ of the new formulation has a physical meaning.
For this we observe that the definition (9) of ¢ in the new approach can be
reformulated as

gp(s,s) = inf {/p |u|? ‘ for all vector fields u on IRY

(22)
with s + V- (pu) =0 }.

Indeed, the minimizer u of the quadratic variational problem in (22) satisfies

/U -u for all vector fields v on IRY with V- v = 0,

so that there exists a function p on IRY such that
u = —Vp.

We now observe that the quantity [ p|u|? in (22) has a physical meaning:
It is the rate of dissipation of kinetic energy by friction when the gas moves
with velocity w through the pores of the porous medium. Hence g,(s,s)
measures the minimal rate of dissipation of kinetic energy by friction required
to produce the rate of change s of the density p. This allows for a nice physical
interpretation of (5), that is

d dp dp
G B0 = =g, ).

The right hand side is the rate of change of the free energy, the left hand
side is the rate of dissipation of kinetic energy by friction; the dynamics are
such that both quantities are equal. In general terms: The merit of the
right gradient flow formulation of a dissipative evolution equation is that it
separates energetics and kinetics: The energetics endow the state space M
with a functional E, the kinetics endow the state space with a (Riemannian)
geometry via the metric tensor g.



3 A mathematical argument in favor of new
gradient flow

3.1 Self similar solutions and asymptotic behaviour

It is well-known that the long—time asymptotics of the porous medium equa-

tion is described by the Barenblatt solution. Let us make this more precise:

The porous medium equation allows for a self-similar solution of the form
1 T

pi(t, ) = Na ﬁ*(t—a)

where the profile p, is given implicitly in the “pressure variable” (for a mo-
tivation of this wording see the previous section)

2o (y)™ !t = max{A—azly[%0} form >1
e'(pe(y)) = Inp.(y)+1 = A—aily? form =1
T p(y)m Tt = A—aily? form < 1
Here
1
o=
N(m-1)+2

and A is such that

/m:L

These solutions were discovered by Barenblatt and Prattle [4, 31].

The Barenblatt solution describes the long-time asymptotics of an arbitrary
solution p in the following sense: Rescale time and space according to

x =ty and t = exp(r).

In terms of density functions, this means: pass from p to p given by

1 T
p(t,l‘) = tN—ap(lnt’t_a)
Then p approaches the profile p* of the Barenblatt solution for large times.
In case of m > 1, Friedman, Kamin and Vazquez (in [16] and [23]) have

proved that the profiles converge uniformly

lim 16 = Pull oo vy = 0.
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Their proof is based on a C'*—a priori estimates for the solution of the porous
medium equation by Caffarelli and Friedman [8].

3.2 A new asymptotic result

Hoping to convince the reader of our new approach, we will derive a new
and more quantitative asymptotic result using it. Our arguments are based
on a simple Riemannian calculus applied to the infinite dimensional (M, g).
From now on, the notation g and EF pertains solely to the new approach,
that is, it is defined like in (9) and (11). Next to the metric tensor g, which
we also denote by (-, ), and its induced norm |- |, we will need a few notions
from Riemannian geometry, like the gradient gradF', the Hessian HessF' of a
function F' on M, the latter being defined via the covariant derivative, see
for instance [30, Section 2.1.3], and the induced distance d, see [30, Section
5.3].

The three key ingredients for our asymptotic result are

e [ satisfies
dp

In words, p evolves according to the gradient flow on the same Rieman-
nian manifold (M, g) of an augmented functional F' given by

F(p) = E(p) + aM(p),

where M denotes the second moment of the density p
M(p) = /% I ply) dy.

e ), satisfies
F(p)—F(p,) > 0 forall pe M. (24)

In words, p, is a minimizer of F' on M. Hence it it is also a stationary
point of F', that is
0 = —grad Fj,. (25)

10



e [’ satisfies
Hess Fj; > aid forallp e M

in the sense of
(s,Hess Fjzs) > a|s|* foralls € T;M and p € M. (26)

In words, F' is uniformly strictly convex on (M,g). This is a conse-
quence of

Hess E; > 0 and Hess M), = id forall p € M. (27)

We will check (23) and (24) in subsection 3.4; (27) will be established in
subsection 4.4. The condition m > 1 — % is the one which ensures that £
is convex on (M, g). The condition m > 2 ensures that E(p,) and M (p.)

N+2
are well-defined and finite.

As we will see in subsection 3.5, (23), (25) and (26) yield by formal but basic
Riemannian calculus

d

o (exp(2a7') lgrad ﬂﬁ|2) < 0, (28)
% (exp@ar) (F() = F(p.)) < 0. (29)
diT (exp(ZaT) d(p, ﬁ*)Q) < 0. (30)

We consider these three inequalities the main result of this paper. Observe
that (28), (29) and (30) express a single fact in different form. The single fact
being: p converges to p, with rate . More precisely, « is an exponential rate
with respect to 7 or a polynomial rate with respect to t. The different forms
being: |grad F);| in (28) measures how far p is from being a stationary point
of F', F(p) — F(p.) in (29) is measuring how far p is from being a minimizer
of F and finally d(p, p.) in (30) is measuring how far p is from p,.

In subsection 3.4, we will identify |gradFj,|* as the functional

) ) 1
gradFi|? = /p|Vp|2 where  p(y) = €'(p(y) + o 5[yl

11



and e is the energy density given in (21). In subsection 4.3, we will identify
the induced metric d with the Wasserstein metric, that is

d(po. p1)? =  inf /A'd—qﬂ,
(Po, p1) . E%#ﬁo po i |

P =

where ®#pg denotes the push forward of the density py under the transfor-
mation ® of IRY. By carefully mimicking the formal Riemannian calculus
from subsection 3.5, we will make the above results rigorous in Theorem 1 in
section 5. A relationship, not in the above concise form though, between the
porous medium equation, its self similar solution and the Wasserstein metric
was discovered by the author in [29].

In the linear case m = 1, above results are known to the Fokker—Planck
community in a different form. In this case,

gradFy? = [ 5[V
N
= [p1=Vi+ay
P
1o . .
= /EWPIQ—?O&JV/H&Q/p|y|2
1
- /E|Vﬁ|2—2aN+2a2M(ﬁ).

In particular, 0 = |gradFj,,

2= [L|Vh[? =20 N +a?M(p,), so that
1, 1 A )
lgrad Fjy|* = /5|Vp|2—/ﬁ—|w*|2 it M(p) = M(p.).

The quantity [ % |V p|? is called the “Fisher information functional”. Also in
this case

F(p) = F(p) = [pmp— [pomp. it M(p) = M(p.)

and the quantity [ p Inp is called the “entropy functional”. The decay of
the Fisher information functional and the entropy functional expressed in
(28) resp. (29) for m = 1 seems to be due to McKean [26] and Toscani
[10]. Recently and independently of our work, these ideas for (28) resp.

12



(29) have been extended to the case m # 1 by Carrillo & Toscani [11] (for
m > 1) and Dolbeault & del Pino [13] (for m < 1). Forerunners in this
Liapunov—functional based approach were also Newman [27] and Ralston
[33]. The novelty of our above results is their formulation, interpretation and
proof in framework of Riemannian geometry, which make the approach more
transparent and the calculations seem less arbitrary.

3.3 The asymptotic result expressed in a more tradi-
tional framework

Convergence with rate o in a more traditional way can be derived from (29)
with help of

e the inequalities

IR\,
=

F(ﬁ)—F(m{ i) o = } (31)

where
H(pr po) = [ {elpr) = elho) = ¢ (3o) (1 = ju)} > 0.

Here the e is the energy density, see (21), and in the case m < 1, we
set H(p1, po) = +o0 if py vanishes on a set of positive measure.

e the estimate for m < 2

[SIES

%
[lo=sl < ¢ ([om) Hipm?t, (52)
where C' is a constant which only depends on m.

It is conceivable that convergence of rate « in stronger traditional norms can
be derived from (28), (29) and (30). But this is not the focus of this paper.

The inequality (31) will be established in subsection 3.4, the non negativity
of H follows immediately from the convexity of e. In the case of m =1, we
have p p

e(z1) —e(z0) — €'(20) (21 — 20) = - lnz—0 20 — (21 — 20),

13



so that
H(p1, po) /Pl In P1 5 (33)

Therefore, H(p1, po) is also called the relative entropy of py w. r. t. py. The
estimate (32) is known to the Fokker-Planck community under the name of
Csiszar-Kullback inequality [25].

Let us now establish (32). Since m < 2 implies
e'(w) = mw™? > m forwe|0,1]

we have

3
\

3
L
3

= e(w) —e(l) —€'(1) (w—1)
> Linf e (w—1)°

= T (w—1)* forallw € [0,1]. (34)

We observe that since
/(ﬁl - ﬁo) = 07
we have
[1i=pl =2 [ lo—pl.
{p1<po}

On the other hand, setting

P e
- if <

u =9 Po prsm € [0,1],
1 else

we have

/A [P~ pol
{p1<po}
= /ﬁ0|u—1|
< (Jar faw-rr)

14



34 ~2—m Am m — %
(/2 51, {ml—lum_ml—l_m—luml(u_l)}>
= ([ [ (s e - )

{p1<po}

[SIES

3.4 Verification of key ingredients to asymptotic result

Let us now check (23). It is left to the reader to verify that p satisfies the
equation

dp
or

.From now on, we drop the subscript y. We observe that the differential of
F'is given by

— V" —aV,-(py) = 0. (35)

/( Tl agly?) s form #1

diff F(p).s =
/(l p+1l+aslyP)s form=1

According to this and (10), the identity (4) takes on the form

[2p + [t +altly®)s = 0 form#1,
/ p+/ np+1l+aszly®)s =0 form=1,

where p is related to s via =V - (pVp) = s. We substitute s accordingly and
obtain after an integration by part

/{% = V-V aglyP)ip = 0 form #1,
/{% — V- pV(np+l+azlyP)tp =0 form=L

Hence (4) can be rewritten as

dp N mo o 1,12
Zr . e 1 = f 1
5, — VPV (" +aglyl)] 0 form #1,
o)
a—ﬁ — V-pVp+l+ally?) = 0 form=1,

which turns into (35).

15



Let us now check that in the notation of (31),

(36)

P - () { 2 G0 oz

Ps
H(p,p.) form<1

This validates both (24) and (31). In order to show (36) in case of m # 1,
we observe that by definition of H(p, p.)

E()) = E(p.) +H(p,p) + [ 22507715 — o),
so that by definition of F,
F(p) = F(p)+Hp.p) + [ (250t + adlyP) (5= o).
In case of m < 1, we have by definition of p,
AT aglylt = A

so that we obtain

F(p) = F(p)+H(p.p)+ A [(6=p) = F(p.) + H(p,p.).
In case of m > 1, we have by definition of p,,

(s it agly) (h—p) > M(p—p.) forallye RY.  (37)
Indeed, if y is such that A —a 3|y[> > 0 then 2= p"~! = X\ — a 3|y|* and the
inequality (37) turns into an equality. On the other hand, if y is such that

A —azlyl* <0, p. = 0 and the above inequality turns into o1 [y[* p > Ap,
which is true since p > 0. Hence we obtain in this case only an inequality

F(p) > F(po)+H(p,po) + A [(5=po) = F(p)+H(p, po)

The identity (36) in case of m =1 is also quite obvious. From definition of
F and p, we obtain

F(p) = [up+ally®p = [Mup+r—tnp)p D Hpp)+ A

16



In particular F'(p,) = A, so that

F(p) = F(p:) = H(p,ps)-
As announced, we will now argue that

. . 1
gradfyl* = [ pIVp where ply) = ¢(p(y) + o3yl

Indeed, we have by the abstract definition (3) of the gradient

1 1
igﬁ(gradFm, gradFj;) = sup {dFm.s — ig,;(s, s)} .
SETﬁM

By definition of our functional F,
dFj.s = /ps with p as above.
By definition of our inner product
1 . 1 9
/ps— 29(s,8) = /pr-Vq— /p§|Vq| ,

if s € T;M and the function ¢ on IRY are related by

-V (pVq) = s.
Hence

1 N 1 2
59s(gradFs, gradFy) = sup {/pvp-vq— /P§|V<}| }

functionpon rRY

1
= 6 —|Vpl|2.
/p 51 VPl

3.5 Derivation of asymptotic result by formal Rieman-
nian calculus

Let us now show how (23), (25) and (26) imply (28), (29) and (30) by formal
Riemannian calculus. For this, we forget about where our structure (M, g)

17



and F' came from and work exclusively within the abstract framework. The
derivation of (28) is easiest:

d D
. lgradFj,]> = 2 (gradF,, Dr gradFj;)

d
= 2 (gradF);, HessFj; e )

2 2 (gradFjy, HessF}; grad Fl)
(26)
2 2agradFyP. %)

Here DQT denotes the covariant derivative along the curve p. The first equality
comes from the fundamental property of the covariant derivative [30, Section
2.1.2]; the second equality follows from the definition of the Hessian [30,
Section 2.1.3].

We now tackle (29) and (30). There are different ways to derive (29) and (30)
from (23), (25) and (26) by Riemannian calculus. We choose the one we are
able to make rigorous in section 5. We need the following auxiliary result.
We recall the definition of the induced metric d(po, p1)* as the infimum of the

energy (modulo a factor 2) f; |dp 2 do over all curves [0,1] 3 o — plo) € M
which connect py to p;:

d(po, p1)* = {fol |dp|2da | [0,1] S0 plo )N
with p(0) = po, p(1) =p1 }.

Let [0,1] 3 0 — p(0) denote a curve of least energy between py and py, that
is,

d(po, Pl / | 0. (39)

In particular, [0,1] 3 o — p(0) is a geodesic, that is

D dp
=0 40
do do ’ (40)
which implies .
dp D dp
2 _ _— — — =
do | | =2 <da’ do da> 0 (41)

18



The auxiliary result we claim is

i

L. .
dO'\U:[]’ gradﬂﬁo> +« id(POa P1)2-

F(p1) — F(po) >

Indeed, this is a consequence of

d - dp
25 F0) = (o gradfj)
and
2 . D dp b
—F(p — — dF iz —, — gradF|
d0_2 (p) <dq d0_7 gra ‘io> + <d0_7 do_ gra |p>
(a0)  ,dp dp
= (%,~HessF|;3 %>
(26) dp
> |d_|2
o
39),(41 S
S d (o, )
By symmetry, we also have
X X dp 1,
F(po) = F(pr) = —<%|(T:1,gradﬂm> + a5 d(po, p1)”
Adding (42) and (43) yields
dp dp -
<%|U:17 gradF"m) - <%|U:07 gradF\ﬁ0> > ad(ﬂo; P1)2'

For later reference, we note that (42) also implies

D
F(p1) — F(po) > - %|U:0| lgradF,, |

(39),(41) d(po, p1) |gradFjs |,

hence by symmetry,
[F(p1) — F(po)| < d(po, pr) max{|gradFjs|, [gradFjs |}.

19
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We now derive (30) by formal Riemannian calculus. Because of (25), po(7) =
p« defines a (stationary) solution of (23). Hence it suffices to show the con-
traction property

ar .. o
= d(p1,p0)” < 2ad(py, o)’ (46)
for two solutions p; of (23). Here, % denotes
d+ _
A (G e ()
At |r 470 T —To

We fix a 7p. For any 7, let [0,1] 5 0 — p(t,0) € M be a curve between
p(1,0) = po(7) and p(7,1) = py(7). We may arrange for that it is the curve
of least energy for 7 = 79 and depends smoothly on 7, so that

1 9p
= /0|8_§|2d0 forr =1y

d(p1, po)’ (47)

IN

1 9p
/ |—p|2da for any 7
0o Jdo
Hence for 7 = 7,

d+ an g L 9p
O dh ) < / 9Py
(plapO) > o |80| o

dT | %m
_ 2/1<0_52 9y 4
N 0 ‘0o’ OT |y Do
L 9p D 0p
_ 2/ g 29 vy
0 9090 9r i 0

— 2/1 i(a_ﬁ 8_5 — 28_5 8_5 > do
B o |do ‘00’ 07 ny do Do’ OT |7
w 5 [t 9
2/0 da<80’87|m do
_ 9 ( dp dpr dp @>>

%|a:1’$> B %\0:0’ dr

(23) dp dp
B o (& dF, ) — (2 dF,
<<d0' \0':17 gra |p1> <dU |a':0, gra p0>>

< _2ad(ﬁ07ﬁ1)27
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which establishes (46).

We finally show how to get (29) by formal Riemannian calculus. We need
the ingredient that
lim (F(p) = F(p.)) = 0, (48)

TToo

which in a finite dimensional context would immediately follow from (30) in

the weakened form of
lim d(p, p.) = 0, (49)

TToo

In our infinite dimensional context, we obtain (48) from (49) and from (28)

in the weakened form of
liTm lgrad Fi;| = 0 (50)

via the interpolation inequality
[F(p) = F(p.)| < lgrad Fisd(p, p.) for all p e M,

which we obtain from (45), using gradFj,, =)

We now derive (29) in form of

d R R R R
o (E() = F(p.)) < —2a(F(p) = F(p.))-
We first observe that
d R R dp, (23)
L (F(p) - F(p.) = (grad Fp, 2y 2 —Jgrad P (51)
Hence we get
d . . 51
—(F() = F(p) " —~lgrad £

o
= /T E|gradF|ﬁ|2dT
—2a/oo|gradF|ﬁ|2d7'

o
L 20 [T (F() - F(p)) dr
= =2a(F(p) — F(p.)).
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4 The geometry of (M, g)

The best way to understand the geometry of (M, g) is: It is induced by a flat
Riemannian space (M?*, ¢*) via a submersion II. The intuition behind this
is the following: The porous medium equation describes the diffusion of gas
particles through a porous medium. M describes the state via the particle
densities p — an Eulerian description. M* will describe the state via the
particle coordinates or flow map ® — a Lagrangian description.

4.1 The isometric submersion II

We fix a pyp € M. We start by introducing the manifold M* and the sub-
mersion II: M* — M. The manifold is the set of all diffeomorphisms of
R":

M* = {diffeomorphisms P of RN } .

And p =TI(®) is given by the push forward of the reference density py under
the map ®. More precisely,

/pg = /po Co® for all functions ¢ on RY. (52)

We also use the notation
p = P#po.

We now endow M* with a metric tensor g*. Again, we will be sloppy about
the differential structure of M™* and think of the tangent space as the space
of all vector fields on IRY

TeM* = {Vector fields v on IR } ,

which we endow with the scalar product

QE(U1,U2) = /P0U1 * V2.

In other words, (M?*, g*) carries the geometry of the ambient L?-space with
weight po. In particular (M*, g*) is flat.

We now argue that IT is an isometric submersion from (M*, ¢*) into (M, g);
for the notion of isometric submersion, see for instance [30, Chapter 1.1]. We
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have to show: For any ® € M, the tangential

Tell: To M* — T,M (53)
of I at ® has the property
gp(s,s) = . ian go(v,v) foralls € T,M, (54)
e 1ll. V=S8

where p = II(®). We observe that (54) implies that 7311 is an isometry when
restricted to the orthogonal complement (ker T3IT)* of its kernel ker Tl C
TeM*. In the language of differential geometry: A tangent vector in ker 111
is called ‘vertical’, a tangent vector in (ker ToII)* is called ‘horizontal’.

In order to establish property (54), we give a characterization of the tangen-
tial TpIl and the spaces ker TIT and (ker TpIl)L. Tt is convenient to do so
in terms of the identification (8) of tangent vectors s € T, M with potentials
p and the following identification of tangent vectors v € T M™* with velocity
fields u:

ToM* = {vector fields v on IRY } (55)

via
v = uod.

We observe that in terms of u, the metric tensor ¢g* assumes the form

gp(v1,v2) = /pul-ug, where p = II(®). (56)

We now show that in terms of p and u,

e Tyll.u is the function p on RY (determined up to additive constants)
which solves
—V-(pVp) = =V - (pu). (57)

e u € kerTII if and only if the vector field u on IRY satisfies

V-(pu) = 0. (58)

e u ¢ (kerTpII)* if and only if the vector field u on IRY satisfies

u = Vp for some function p on IRY. (59)
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The line (58) follows immediately from (57). The line (59) follows from (57)
easily: Because of (56) and (58), u € (kerTyIl)* means

/w cu = 0 for all vector fields w on RN with V- w =0,

which implies (59) by elementary vector calculus.

It remains to establish (57), which we will do in the variational form

/pr -V( = /pu -V(¢  for all functions ¢ on RY. (60)
Obviously, .
8(13( ) (o), @(0) o (61)
_ _= @) _=
50 (7 u o),

defines a curve o — ®(0) € M* which for ¢ = 0 passes through ® and
has tangent u there. Now consider the image o — p(o) of this curve under
I1. Tt suffices to show that its tangent p at o = 0 satisfies (60). Indeed, by
definition of II,

/ﬁ(a)( = /po (Co®(0)) for all functions ¢ on R, (62)

which we differentiate w. r. t. ¢ and evaluate at o = 0,
dp (61)
- = D) - )
Ba\azoc /po (VCo @) (uod)
= /p V¢ -u for all functions ¢ on RY.

On the other hand, we have by definition (8) of p, after integration by parts,

/pVC -Vp = % ¢ for all functions ¢ on R".
O |o=0

This establishes (60).

In view of the definition (9) and of (56), the identity (54) turns into

9
2 : 2
[olvp = it [ plul,

which now is an immediate consequence of the characterization (60) of ToII.u.
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4.2 A property of the map II

The map IT has the following important property. Let o — ®(o) be a geodesic
on (M*, ¢*). Then

dd dd

d—(O) € (kerTpyI)" implies d—(o) € (kerTpyII)" for allo. (63)
o o

Let us establish this property. Since (M*, g*) carries the geometry of the

ambient Euclidean L?-space with weight pg, the geodesic equation is
0*P
do?
We express the geodesic equation in terms of the tangent field o — u(0)
given by by

= 0.

()
g— = uod. (64)
o
Since
0*d (1) O
90z~ oo
ou 0o

© <% + Du.u) o®,
do

where Du denotes the Jacobian of u w. r. t. the spatial variables, the geodesic
equation reads

% + Du.u = 0. (65)
According to (59), the left hand side of (63) means that there exists a function
po on IRY such that u(0) = Vps. Now let the function p(o,z) solve the
Hamilton—Jacobi equation

op 1
9P |Vp2 = 0 with initial data po.
do 2
Then its spatial gradient u = Vp solves
ou o e
% + Du.w = 0 with initial data Vpy.
o

25



Hence u and u solve the same evolution equation with identical initial data.
Therefore, @ and u coincide. In particular,

u(o) = Vp(o) forallo,

which according to (59) entails the right hand side of (63).

4.3 Identification of geodesics and the induced dis-
tance

We will first characterize geodesics and the induced distance on (M, g) in
terms of geodesics and the induced distance on (M?*, g*). For this, we forget
about where our structure II: (M*, g*) — (M, g) came from and work exclu-
sively within the abstract framework of a Riemannian submersion with the
additional property established in the previous subsection.

The first observation states how the ‘energy’ of curves transforms under II:
Let o0 — ®(0) be a curve on M*. Consider its image o — p(o) on M under
I, that is: p(o) = II(®(0)). Then

dp dp d® do
P Py 4o < / (L2 2y 66
[ e i < [ ) do (66)
AP
with equality if = € (kerTpIT)*.
g

d

Indeed, we have 72 = Tq)H.Z—f, and therefore, according to (54),

dp dp < d® do

*

gp(%:%) = g@(%:%)a
with equality if 2 € (kerTpII)™.
The second observation states what happens to geodesics under II.

If o — ®(0) is a geodesic on (M*, g*) with 92 € (kerToII)*, (67)
then its image o — p(0o) is a geodesic on (M, g).

If 0 — p(0) is a geodesic on (M, g) with p(0) = py, then there

exists a geodesic o — ®(0) on (M*, g*) with ®(0) =id, 22 € (68)
(kerTpIT)* and such that o — p(o) is its image under II.
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Indeed, for (67), it suffices to show that o — p(o) has lowest energy among
all small variations on small o—intervals, using the fact that o — ®(o) has
the same property. Let (¢,0) — p(€, o) be a given variation of o — p(o), that
is: p(0,0) = p(o). Since T,II is an isomorphism of (kerT,II)* onto Tie)M,
and since 22 € (kerTpIl)*, we can ‘lift’ the variation (e,0) — p(e,0) to a
variation (e,0) — ®(e,0) of o = ®(0), that is: II(®(e,0)) = p(e, o), with
9 ¢ (kerT3II)*. Therefore the energy of o — p(o) does not exceed the
energy of the variation o — p(e, o) for any e:

dp dp (66) / . AP dP
/ (da da)da N Jo (da da)da

/ d(I) dCI>
g(b do’ da

dp dp
o

The argument for (68) goes as follows: Let o — p(a) be a geodesic on (M, g)
with p(0) = po. Let o — ®(o) be the geodesic on (M*, g*) with ®(0) = id

and
do d ddo
T@(O)H%(O) = é([}) and E(O) S (keI‘Tq>(0)H)L.

According to the previous subsection, namely (63), the last property is pre-

served along the geodesic:
dd
d_(U) = (l‘iel"T<1>(a)1_I)L for all o.
o

By (67), this implies that the image under II, o — [I(®(0)), is a geodesic on
(M, g). By construction, it has the same initial data as o — p(c). Hence
both geodesics coincide:

[I(®(0)) = p(o) forallo.
The third observation states what happens to the induced distance under II.

Let d* denote the induced distance on (M?*, ¢*) and d the one on (M, g).
Let p € M be arbitrary; then

e For all & with II(®) = p,
dpo, p)? < d'(id, )7, (69)
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e There exists a ® with II(®) = p and
d(po,p)* > d*(id, ®)*. (70)

We observe that (69) and (70) imply

2 : * [ 2
dipo,p)” = | inf d'(id, ®)°. (71)

Let us start with (69). Indeed, let [0,1] > o — ®(o) be any curve on M*
with ®(0) = id and ®(1) = ®. Consider its image [0,1] > ¢ — p(o) under
II. By assumption, p(1) = p, and by definition of II, p(0) = py. Therefore
L dp dp
2 < / ap ap
dpo,p)” = | 95( 5 0) do

(66) /1 dd dd
0

*

: (—, —) do.
gq’(do’da) “

Since ® was an arbitrary curve connecting id to ®, this inequality yields (69).
Now let [0,1] 3 0+ p(0) be a curve connecting po to p with minimal energy.
According to (68), there exists a curve [0,1] 3 0 — ®(0) on (M*, ¢g*) such
that

dd - N
o € (kerT3I)*, ®(0) = id and M(®(0)) = p(o).
o
In particular, ® := ®(1) satisfies II(®) = p, and we have
L dp dp
2 f— ~ — —_—
d(po, p)° = /ng(da,da)da
66) [t . dP dP
N /0 g‘b(da’da)da
> d'(id, ®)°

This establishes (70).

We will now use the above characterization of geodesics on (M, g) in terms
of geodesics on (M*, g*) and our good understanding of the latter to identify
the former. Since (M?*, g*) carries the geometry of the ambient L*-space
with weight po, geodesics o — ®(0) are characterized by

0*®

do?

= 0. (72)
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Now let 0 +— p(o) be a geodesic on (M, g) with the initial data

dp
p(0) = ppy and %(O) = s. (73)
We represent the tangent vector s € T,) M by
=V (pVp) = s. (74)

According to (68), there exists a geodesic o — ®(o) on (M*, g*) with ®(0) =
id, 22 € (kerTII)* and such that o — p(0) is its image under II, that is

plo) = ®(o)#py for all o.

Since in particular, ®(0) = id and

dd dd
Tiall.—(0) = s and ——(0) € (kerTiqIl)*,
do do
we must have by our characterization of Ti4ll
od
o

Together with (72), we infer that ®(o) is of the form
1
2(0) = V(P + o).

Therefore, we have characterized our geodesic o +— p(o) with initial data
(73) as

o(o) = [Vlul + o) 00 (75)

where p is related to s by (74).

We will now use the above characterization of the induced distance on (M, g)
in terms of the induced distance on (M*, g*) and our good understanding of
the latter to identify the former. Since (M?*, g*) carries the geometry of the
ambient L?-space with weight pg, d* is given by

d*((bo, (1)1)2 = /pg |(I)0 — ®1|2.
We therefore obtain from (71) that
Ao p)* = inf [ polid - of (76)
p=2#po

Hence we have identified the induced distance on M with what is called the
Wasserstein distance, which we formally introduce in section 5.

29



4.4 Computation of the Hessians HessE and HessM

The Hessian HessF' of a function F on a Riemannian manifold (M, ¢) can be
computed by taking second derivatives of F' along geodesics. More precisely,
if o — p(0o) is a geodesic on (M, g) with

dp
0) = d =£(0) =
p0) = p and L0) =,
then )
9o (5, HessFlyys) = = F(p(0))jo—o. (77)

As always, we represent the tangent vector s € 1,, M by
~V-(poVp) = s.
In the previous subsection, we characterized the geodesic o — p(o) as

plo) = V(o)#po, (78)

where the function ¢(o) on IR is given by

ploy) = 1yl +op(y) (79)

Hence convexity of a function F' on the Riemannian manifold (M, g) reduces
to McCann’s ‘displacement convexity’ [9]. McCann introduced, established
and used this notion for our energy functional F to prove uniqueness for a
variational problem on M — without referral to the Riemannian structure.
As a guideline for our rigorous arguments in the next section, it will be
convenient to explicitly find HessE),, (as opposed to just showing that it is
positive semi definite). Therefore the calculation which now follows deviate
a bit from McCann’s.

We observe that (78) can be reformulated as
det D*¢(0) (p(0) © Vip(0)) = po,
so that

Bplo)) = [ (W) det D%p(0), (50)
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where D?p(0) denotes the N x N—matrix of second spatial derivatives of
¢(0) and e the energy density, as defined in (21).

Guided by the above, we consider a curve o — A(0) in the space of symmetric
and positive definite N x N—matrices and a positive number z > 0. Let us
recall that the energy density e and the osmotic pressure 7 (defined in (20))
are related by

m(z) = z€e'(2) —e(2).

Therefore, we have

d z z d

@ th] - ( >—d tA,

do [e (detA) ¢ "\ deta) do ¢

d? z z z d

— th] = ’< ) det A
do? [e (detA) ¢ ™ \qeta) @eray (o y

z d?
- <detA> oz detd.

By elementary linear algebra,

d 0A

I — 1
- det A tr(A” 5 — ) detA,
d? 04\’ 04’
d*A
+ tr(A? o — ) det A.
Hence if the curve o — A(0) additionally satisfies 3%1 = 0, we obtain

d2
do? [ (detA

)detA] = (wr'(w ( ) detA
B)” detA,

+ 7r (
where we have used the abbreviations

dA z
B = I and w = Tetd”

Since

(A1B)? = A Y202 AY? with C = AV2BA Y2
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where C' is a symmetric matrix, we have

tr (A_IB)2 = trC? > %(’WC’)2 =

Since 7(w) = w™ > 0, we therefore obtain

% (e B))’. (81)

dd%? [e (d:tA> detA] > (wa'(w) — (1 — %)W(w)) (tr (A7 B))” detA.

Since wn'(w) — (1 — %) m(w) = (m — (1 —
m>1-— %, this implies

%)) w™ > 0 by our assumption

d—z[(z>th]>o (82)
do? |“\deta) 7 = 7

For later reference, we notice that if in addition A(0) = id,

%|020 [e (d:tA) detA] = (27'(2) — 7(2)) (tr B)* + 7(2) tr B, (83)

Now consider D*p(c). We observe that 1) D?p(c) is symmetric, 2) D%p(0) is
positive definite (for sufficiently small o) since D%p(0) = id, 3) 2, D?p(0) = 0
because of (79). Hence we may apply the above to A(o) = D%*p(0) and obtain

L ey @ [2 [e( Py )detD(I)}

do? O0o? det D®
(82)
> 0.
Since %|U:0D2<p ® D?p and D?%p(0) = 0, we also get
d’ 0 Po
— E = | = det D?
do?|o=0 (p(2)) 002 |o=0 [6 (det D2y ey

(83)

B[ (o) oo = 7(0)) (F29)* + (o)t (D)2}

We conclude by

(o Hessiz ) 2L (o)
= [{@(00) o = () (V2p)? + () tr (D))
> 0. (84)

32



This establishes the first part of (27). Let us point out again that it is the

condition m > 1 — + which ensures that E is convex on (M, g).

Let us now identify HessM|,,. It follows immediately from (78) that

1
Miplo) = [ po5IVelo)
Hence we obtain
77y d?
9po (57 HeSSM|p05) = W‘U 0 M(p(O’))

(78) / OV 2
o PO 80' lo= 0

79

= Gpo(5,9). (85)
This establishes the second part of (27).

—~
~

4.5 Formula for the sectional curvature

In this section, we derive a formula for the sectional curvature (see for in-
stance [30, Section 2.2.3] or [17, 3.7 Definition]) of (M, g). This is not re-
quired for our program, but might be enlightening. O’Neill discovered a sim-
ple relation between the sectional curvature of two Riemannian manifolds
(M*, ¢g*) and (M, g) under an isometric submersion II: (M*, ¢*) — (M, g),
see for instance [30, 2.7 Exercises, exercise 21] or [17, 3.61 Theorem|. If
(M*, ¢g*) is flat, as in our case, one so obtains a formula for the sectional
curvature of (M, g). In order to state this formula, we need some notation:
For any vector field u on M* we define the vector field u¥ on M* via

u’(®) is the gi—orthogonal projection of u(®) onto kerTsII.

For two vector fields uy, up on M*, let [u;, ug| denote their bracket; [u;, ug|
is itself a vector field on M*, see for instance [17, Chapter 1 C]. Now let
P1, P2 be two vector fields on M and let uy, us be two vector fields on M*
related to pq, p2 via

w(®) € (kerTpIl)™ and Tpllug(®) = piy(II(®)) for all ® € M.
(86)
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Then, according to O’Neill, for fixed & € M*,
[u1,u2]"(®) depends only on  pi(p),p2(p) where p =TII(®)

and the sectional curvature K, of (M, g) in p is given by

9,(P1(p); P1(p))  9,(P1(p), P2
Ky (p1(p), p2(p)) det (gp(m(p),pl(p)) 9,(p2(p), P2())

3 * v v
= 7 9 ([us, w]"(®), [uy, uz]"(@)). (87)
Let us now derive what (87) means in our concrete case. Again, it is con-
venient to do so in terms of the identification (8) of elements of the tangent
space T, M with functions p on IR" and the identification (55) of elements

of the tangent space TpM* with vector fields u on IRY. In this sense, for
any two functions pi, p, on IRY, (87) turns into

3
K, (p, dt(Qp(plapl) gp(p17p2)> _ _/ 2 38
pP1,p2) de 9p(p2, 1) 9p(p2, P2) 1) Pl (88)

where the vector field u on IRY and the function p on IR are given by
u = Vp—[Vp,Vpy] and V-[p(Vp—I[Vp,Vpe])] = 0. (89)

Here [u1, uy] denotes the bracket of the vector fields u; and us on IRY, that
is
[Ul, Ug] = DU/2.U/1 — Dul.ug.

Let us now argue why (87) turns into (88). To this purpose, consider the
vector fields p1, p2 on M and the vector fields u;, us on M* given by

pi(p) = pi forallpe M and u(®) = Vp; foral ® e M*. (90)

According to (57) and (59), p; and u; are related as in (86). Let us argue
that in case of “constant” vector fields u; on M* like in (90), that is

u;i(®) = u; forall ® € M,
also the bracket is a constant vector field on M*, that is,

[ug, uz)(®) = [ug,us] for all ® € M*, (91)
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with the understanding that the r. h. s. bracket is the bracket for vector fields
on IRY. Indeed, for given vector field v on IR", consider the function(al) V

on M* defined via
V(®) = /v-@ for all ® € M™.

According to the identification (55), we have for any vector field u on M*

that
(diff V.u)(®) = /v-(u(cp)ocp) for all & € M.

In particular for our constant vector fields uy, us
(diff V.uy) (@) = /v (u;0 @) for all® € M*,
and therefore, again using (55),
(diff (diff V.ug).uy)) (@) = / v+ (Dujuj) o @) for all @ € M,
so that by definition of [uy, us] and [u;, us] we obtain

(diff V.[us, uz]) (®)

= /v - ((Dug.uy — Duy.uy) o @)

- /U ([u1, ] 0 ) for all ® € M.
On the other hand, (92) implies

(diff V.[uz, ug]) (@) = /v-([ul,uz](@) o®) for all ® € M*.

(92)

(93)

(94)

Since v was an arbitrary vector field on IR" | we infer from (93) and (94) that

[ug, uz](®) o ® = [ug,uz) o ® for all® € M*,
which implies (91).
According to (91) and the definition (90), we have

[ug, uz](®) = [Vpy,Vpy| forall @ € M".
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It follows from (58), (59) that
[uy, ux]V(®) = u forall® € M*, (95)

where u is given by (89). We therefore obtain

(s, ua]" (@), [y, us]" (@) 2 gi(w,w) 2 [ pluf®
This shows that (87) turns into (88).
We may learn two things from (88):
e (M, g) is a space of non negative curvature,
e (M,yg) is flat for N =1 and non flat for N > 1.

The first point is immediate from (88). Also the flatness of (M, g) for N =1
follows immediately from (88). The fact that (M, g) is not flat for N > 1
can be seen as follows: Let the density function p on IR™ and the functions
p1,p2 on IRY be given, assume that p > 0 on all of IR". Then according to
(88), K,(p1,p2) = 0 if and only if u = 0 in IRY, which according to (89) is
true if and only if [Vp;, Vps| is a gradient. By elementary vector calculus,
this is true if and only if D[Vp;, Vps] is pointwise symmetric. But since

D[Vpy, Vps] = (D[Vpy, Vo)) = 2 (D’p1.D?py — D*py. D?py)

D[Vp1, Vpy] is pointwise symmetric if and only if D?p; and D?p, point-
wise commute. Since there are symmetric matrices which do not commute,
it is clear that we can construct many functions p;,p, on IRY such that

K,(p1,p2) > 0.

We remark that the geometry of (M, g) is “orthogonal” to the geometry
of Arnold’s group of volume preserving diffeomorphisms [2]. The geometry
of this group is of interest, since the geodesic equation is the Lagrangian
formulation of the Euler equations for an incompressible, inviscid fluid. The
geometry and its pathologies is well-studied, see [14], [34], [3] and [6]. Let
us make more precise what we mean when we say that their geometry is
orthogonal to ours. To this purpose, we replace IR by the N-dimensional
torus TV and let py be the uniform density on T%. Then II7'({py}) is the
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space of volume preserving transformations. Hence they study the geometry
of the “kernel” II7'({po}) of II, endowed with the Riemannian structure
induced from (M*, g*). We on the other hand study the geometry of the
“image” II(M*) of II, endowed with the Riemannian structure induced from
(M*, g*). Since (M*,g*) is flat, this is also reflected by the fact that the
curvature of II(M?*) is positive, whereas the curvature of IT™' ({py}) is mostly
negative.

4.6 A natural time discretization

Also this section is not required for our program but makes the connection
to earlier work of the author.

Let us return to the abstract gradient flow setting from subsection 1.2. The
dynamical system (2), that is

dp

= —gradE),, (96)

has a natural time—discretization, which we will introduce now: Let A > 0
(the time step size) be given. Consider the algorithm
k) minimizes

25 A"V, p)* + E(p) ¢, (97)
among all p € M

o

where d denotes the induced distance on (M, g). Let us now argue why (97)
is a discretization of (96).

To this purpose, we derive the first variation of the minimization problem in
(97). Let [0,1] 2 0 = p¥) € M denote a curve of least energy connecting
p*=Y to p*). Consider a variation p{¥) of p*), that is: a curve e = p*) € M
which passes through p*) for € = 0. Let [0,1] > o +— p¥) € M be a curve
connecting p*~1 to p{¥) which coincides with [0,1] 3 o — p*) € M for
¢ = 0. We have by (97) and the definition of the induced distance that

Lot dp®™ k) Lo h=1) (k)2 0
[T Pdo+ B(p®) = - d(p Y, ) + B(p®)
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1
< 57 A, o) + B (o)

1t dpo
- e 1205 + E(p*)
5 [ 1o+ (),

IN

so that

d 1 dp®
= — — e 12d0 4+ E(pk)
0 dé\e 0 ( / | do ["do + E(p7)

dp®) ) dp!
= “—Yd difft B ). ——
/ do ’ dqe o do ) do+ diff E o de |e=0

1 dp D dp®) dp'*)
< d dE —_—
/ do " do de \e:0> o+ {gradBj,m, de |e=0

/ d dp K dp) - (de K dp) W
= o
h da do ' de |e=o do do ' de |e=o

k)

dok)
+ (grad E) ), ——

de |e=0
1 dp*) dpk) dpk)
= — : dE — :
h < do |o=1" de \e:0> + (gra P8 " e le=0
Since dfige : =0 varies freely in 7, M, we obtain
1 dp®
E F\a:l + gradE‘p(k) = 0, (98)

which is the first variation. Hence in a Euclidean setting, the first variation
of (97) coincides with the implicit Euler method for (96). Now consider the

interpolation
(k-1
k #) for t € [(k — 1) h, kh].

Then the curve [0,00) 3 ¢ — p(t) € M is continuous and piecewise differen-
tiable with

dp(k ) = 1 dp®

dt T R do ot

p(kh) = p*® and
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Together with the first variation (98), we obtain
dp
dt

This visualizes that (97) is a discretization of (96).

(kh ) = —gradE|p(kh).

In our non—smooth infinite—dimensional setting, this time discretization pro-
vides a connection between the the partial differential equation (1) on one
side and the Wasserstein metric d (76) and the energy functional £ (11) on
the other side, without referring to the shaky differential structure of (M, g).
Indeed, In [28] (see also [24]), we rigorously proved convergence of the scheme
for m = 2, N = 2, in [22], we proved convergence for m = 1 and arbitrary
N. Kinderlehrer and Walkington work on numerical schemes for (1) based
on the time discretization (97).

5 Rigorous results

5.1 Weak solutions of the porous medium equation

In case of m > 1 and for non—zero initial data with compact support, there
is no (classically) differentiable solution of the porous medium equation. We
therefore must work with the notion of a weak solution. The well-established
existence and uniqueness theory for weak solutions is based on the traditional
gradient flow approach, as presented in the subsection 1.3. In particular, ex-
istence is based on the identity (5) in subsection 1.2, which in the traditional

approach reads as
dt/me i /WP

This identity yields the essential a priori estimates. Uniqueness is based on
the convexity of the functional in the traditional approach, which leads to a
contraction property of the semi group in the induced norm (remember that
in the traditional approach, the space carries the geometry of a convex subset
of a euclidean function space, so that intrinsic convexity of the functional
reduces to ordinary convexity). Here that means that if py, p; are solutions,
then

G0 = [(01(8) — ml@) (a0 — &)™) < 0.
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where, in the spirit of (7),

=Vp(t) = pa(t) — po(t).

Definition 1 Let py be a measurable and non negative function on IR™ with

1 m+1
/m+1 Po < oo.

Let p be a measurable and non negative function on [0,00) x IRY with

m+1

ess sup [ —Lsp(t) < oo.

Then p™ s locally integrable, more precisely

ess sup [ (p™(t)™ ) < oo,

where (m + 1)* denotes the dual exponent to m+ 1. Assume further that p™
has a distributional spatial gradient Vp™ satisfying

/Ooo/|me(t)|2dt < .

Then p s called a weak solution of the porous medium equation with initial
data poy if

0
/(Ooo)xRN {—Pa—gﬂLme-VC} = /POC(O)

for all¢ € C5°((—o0,00) x RY).

5.2 The Wasserstein metric

In subsection 4.3, we formally derived that the induced metric d on (M, g)
is given by

d(po, p1)? = m:igl;po /Po lid — @,

Morally speaking, this is the Wasserstein metric. The precise definition of
the Wasserstein metric relaxes the above variational problem. This is done
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by embedding the set of one-to—one transformations ® with p; = ®#p, into
the set of all probability measures 2 on IRY x IRY with marginals given by
the Lebesgue densities pg, p; via

po= (id x ®)#py, (99)
that is
[ o) pdrodz) = [ polieo) G, @(a0)) da
for all ¢ € C°(IRY x RY).
Then

/Po id— @ = /Iyo — w1 |* u(dyo, dyr),

and it is the latter functional one minimizes on the set of all probability
measures p with marginals py dyy and p; dy,. The relaxed variational problem
is one version of the Monge-Kantorowicz mass transference problems; the
w's are called “transference plans”, the function |yo — y1|? is the “cost” of
transferring a unit mass from yy to y;.

Definition 2 For two non negative Borel measures jig and py of equal mass,
we introduce

P(Hﬁ: P’l)
= { non negative Borel measure 1 on IRY x RN ‘

[ <o) sty dys) = [ C(o0) mo(d) - and
/C(yl) p(dyo dy,) = /C(y1) pi(dyy)  for all ¢ € CF(IRN) }

d(po, p11)? is defined as

d(po, pn)* = inf )/Iyl—yo|2u(dyody1)- (100)

REP (po,u1

If po and 1y have Lebesgue densities pg = po dyo resp. iy = py dyy, we also
write

d(po, p1)? = d(po, 1)*.
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The space P(uo, p1) always contains the product measure po X pp. Hence
d(po, p1) € [0,00] is well defined. If the second moments of py and py are
finite, then the transference plan po x p1 has finite cost, so that d(pug, p1) €
[0,00). It is then an easy exercise in soft methods that the variational problem
(100) admits a minimizer of finite cost. It has been known to the probabilists
for a long time that d indeed defines a metric on the space of probability mea-
sures on JR" with finite second moments. This distance function is popular
in probability theory since it metrizes the topology of weak—* convergence
(up to second moments). We found the few results on d we need in [32] or
[21]. We summarize them in the following Lemma.

Lemma 1 Let {ji0,}ur0o and {1,100 be two sequences of non negative
Borel measures on RY. We assume that the masses of po, and py, are
finite and equal and that there exist two non negative Borel measures gy and
py on RN of finite mass such that

/(dui = lim /Cd,uw for all ¢ € C(RY) andi=0,1.

Then
d(/LO) /ul)2 S hg%olonf d(uﬂ,w lul,ll)2'

If in addition
[ Sloldn = tim [ Lldp, fori=0.1
- i — 11m - iV ort—=Vu, 1.
2?/ K o 29 i,

then
d(ﬂﬂaul)2 - lll#ro% d()LLO,I/7lLL1,I/)2'

The variational problem in (100) has recently received some attention by
analysts. If the measures o and p; have bounded support and Lebesgue
densities 119 = po dyo resp. p1 = p1 dyp, Brenier [5] has shown uniqueness of
the minimizing transference plan p and proved that the support of u is the
graph of the gradient of a (generically non smooth) convex function, more
precisely,

o= (id x Vo) #po. (101)
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A glance back to (99) then shows that the initial relaxation from one-to-
one transformations ® to transference plans p is non essential and just of
technical convenience. In particular, (101) yields that

p1 = Vo#po. (102)
We also invite the reader to compare (102) with (78) in subsection 4.4.

Caffarelli [7] and Gangbo & McCann [18, 19, 20] have extended Brenier’s re-
sult to more general strictly convex cost functions. The case of cost functions
of degenerate convexity [15] and concave cost functions [20] is qualitatively
different.

5.3 The statement of the rigorous result

Theorem 1 Let m satisfy m > NLH and m > 1 — % Let p be a weak
solution of the porous medium equation with initial data py in the sense of

Definition 1. We assume that additionally
Lo
/po =1 and /p0§|x| < 00.

We consider the function p on (—oo,00) x IRY given by

T
ta

),

L.
p(t,x) = tN—ap(lnt’

where o = ( L Then, in a distributional sense,

m—1) N+2°

d
. [exp(2a7') |gradF|ﬁ(T)|2] < 0,

diT[exp(zm) (F(p(r)) = F(p.))] < 0,

= Jesp2am) d(plr), p.)7] < O

with the understanding that the quantities in the square brackets are finite
for 7> —oo. The precise meaning of |gradF;|* and F(p) — F(p.) is given in
(104) resp. (105), d denotes the Wasserstein distance as in Definition 2.
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Let us now explain what we understand by |gradF;|* and F(p) — F(p.) in
Theorem 1. In subsection (3.4), we have identified |gradFj|? as

. . 1
gradFplt = [ 5IVpl2 where ply) = €/(p(y)) + o 5 lyl

We observe that thanks to the fundamental relationship ze”(z) = 7'(z) be-
tween energy density (21) and osmotic pressure (20), we have

1o .
Evﬂ(p) = pVe(p)

and thus
[519x@) @il = [ 10k (103)

provided p is locally bounded away from zero. Observe that even if this is
not the case, the 1. h. s. of (103) is well defined as a number in [0, oo}, since
Vr(p) vanishes almost everywhere on the set where p vanishes. It is this
weak formulation

jgrad F|* = / V() +apyl, (104)
we use in Theorem 1.
By F(p) — F(p.) we understand

F(p) = F(p.) (105)
{ (Sep) +a [pdlyl?) = (Je(p) + o f pu§lyl?) form > 1, }
J{e(p) —e(pe) = €(p:) (p— i)} form <1

The second line is inspired by the identity (31) in subsection 3.3. We point
out that in both lines, the integrands are non negative; hence the number
F(p) — F(ps) € [0,00] is well defined.

The main technical difficulty in mimicking the Riemannian calculus is the
possible lack of regularity of solutions of the porous medium equation. Our
approach is to mimic the Riemannian calculus in a completely smooth setting
(Proposition 1) and then to use an approximation argument (in the proof of
Theorem 1).
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Proposition 1 Let e and m be smooth functions on (0,00) related by
m(z) = z€é'(z) —e(z) andthus 7'(z) = z€e"(2) (106)

and satisfying

w(z) > 0 and z7'(z)—(1—
lim,pe'(z) = —oo and lim,ppe(z) =

Let the open Q C RN satisfy
Q is conver and 0S) is smooth.

Let the function p of be a smooth and positive function on (—oo,00) x Q
which solves

9 _

57 V- (pVp) = 0 in(—o00,00) x €, (109)

pVp-v = 0 on(—o0,00)x 09, (110)
where .
p = €(p) + 04§|Z/|2

for some fized o > 0. We observe that the evolution equation (109,110)
conserves mass. Thanks to (108), there exists a smooth stationary solution
P« of (109,110) with the same mass, it is given by

o) gl = A and [ po= [om. ()
Then p and p. satisfy
= [ewzan) [ o0)19p00] < o (112
L fexp(2ar) (F(p(r)) ~ F(p.)] < 0, (3
2 Jesp@an) d(p.olr)] < 0, (114)

where
F(G) = B@)+aM(p) = [ ed)+a [ o3l
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5.4 Proof of the Proposition
We start with the proof of (112). At the center of our attention is

. 1
ply) = €(by) +aglyl,
that is, p = gradF; = —%. We have
d N 2 ~ ~ 2
d—/ pIVP]T = / {p2Vp-Va.p+0,5|Vp*}
T Ja Q
109 . . 1
2o [{p2Vp Yo+ V- (Vi) 5V0P)
. 1 .
= 2 / pVp- [VOTP—V(—IVPIZ)] +/ pVp-v|Vp|?
Q 2 0
110 R 1
W2 [ 5vpe [Vop - V(IVP)]
= 2 / pVp- [Vo.p—D*p.Vp|,
Q
which mimics %|gradF|ﬁ|2 = 2 (gradFj,, %gradFm). We now split p into
. 1
p=pitap where piy) = ¢(py) and pa(y) = Syl
that is, p; = gradE|; and py = gradM ;. We will show that
—/QﬁVP' [Vanl - D2p1.Vp]
= [ {@ (@)= m(3) (V*9)* +7(5) tr (D)?)
+ / () Vp- 11.Vp, (115)
o0
where v - I1.v denotes the second fundamental form of 0f). This mimics
D
—(grad Fj;, d—gradEW = (gradFj;, HessE; grad Fi;),
T
as can be seen from (84). On the other hand, it is obvious that

/QﬁVp- [VO,p2 — D’p.Vp| = —/QﬁIVpF, (116)
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which mimics
D 2
(gradﬂﬁ,agradM|ﬁ> = —(gradFj;, HessM; gradF);) = —|gradFjy|°,

as can be seen from (85).

Let us establish the identity (115). For this, we write the first part of the
integrand of the L. h. s. in (115) as follows:

(P

(p) V- (pVp)]

= —Vp-V[pe'(p) V- (pVp)+Vp-Vpe'(p) V- (pVp)
0) V

)
(pVD)| + Vp-Vpe"(p) V- (pVp).
Thanks to the formula

V- [Vp-VppVp] = V(Vp-Vp1)-(sVp)+Vp-Vp, V- (pVp)
= pVp-D’pi.Vp+pVp - D’p.Vp
+ Vp-Vp V- (pVp),

which we rearrange to

pVp-D’p.Vp = —{Vp-VpN-(ﬁVp)+ﬁVp1-D2p-Vp}
+ V- [Vp-VppVp],

we have for the second part of the integral of the 1. h. s. in (115):
/QﬁVp -D?p,.Vp
= —/ -(pVp) Vp- Vp1 + pVp1 - D*p.Vp}
+ / Vp-Vp1pVp-v
o0

= —/Q{V-([)Vp) Vp-Vp1+ﬁVp1-D2p-Vp}
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and rewrite the integrand as

V-(pVp)Vp-Vp,+pVp, - D*p.Vp

"2V (5 V) ¢"(p) V- Vi + VIn(p)] - D*p.Vp.

Hence we obtain for the whole integral of the 1. h. s. in (115):
/Q pVp- [VO,p1 + D*p.V)
= = [ {p- V() V- (5p)] + VIr()] - Dp.Vp} .
A further integration by parts yields

/QﬁVP ' [Vanl + D2p1-VP]
= [ {7 D)V () +7() V- (D*.Vp)}
= [ AVp-v® () V- (6Vp) +7(5) v- (DpVP)}  (117)
Let us consider the boundary integral in (117). The Neumann boundary con-

dition (110) means that Vp is a tangential vector field on 092. Differentiating
the Neumann boundary condition along this tangential vector field yields

v-D?*p.Vp+Vp-II.Vp = 0 on 0. (118)
We use the identity (118) to substitute v - D?p.Vp in (117) and obtain
/Q pVp-[VO,p1 + DV
= [{¥*7(3) V- (pVp) +7(5) V - (D*.Vp)}
+ /mﬂ(ﬁ) Vp . I1.Vp. (119)
We reconsider the first part of the bulk integrand on the r. h. s. in (119):

PPV (V) Vi = () p (V) +7'(5) V- Vp Vi
= 7(p) p(V?p)* + V[r(p)]- VpV?p

48



and perform a last integration by parts
IRUDIRYAS:
_ —/QW(['))V-(V2pr)+/89W(ﬁ)V-VpV2p
g /Qﬂ(ﬁ) V- (V'pVp).
Hence we obtain
/Q pVp- [VO,p1 + D*pr.Vy)
= [ {=@)p (V) +7(3) [-V - (V*p V) + V- (D*.9p)]}
+ /8Q7r(ﬁ) Vp-I1.Vp.
We conclude the proof of identity (115) by evoking the formula

—V - (V?pVp)+ V- (D’p.Vp) = tr(D’p)* — (V?p)*.

In order to conclude
d ~ 2 ~ 2
d—/pIVpl < —2a/p|Vp| ,
T Jo Q

and thereby the proof of (112), it remains to show that the right hand side of
(115) is non negative, that is: (s, HessE;s) > 0. Here we use our assumptions
on 7 and (). The integral over €2 is non negative, since its integrand is non
negative:

(m'(p) b — m(p)) (V?p)* + 7 (p) tr (D*p)”

(107) P . . 1

> (7'(p)p—=(p)) (Vp)* + 7 (p) ¥ (V?p)?
(107)

>,

where we have used trC? > +(trC)? for a symmetric N x N-matrix C' as in
(81) of subsection 4.4. The integral over 0S2 is non negative since its integrand
is non negative: Our assumption (107) on 7 implies that the first factor 7(p)
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is non negative; the convexity of €2 implies that the second fundamental form
IT of 0L) is positive semi definite, hence also the second factor Vp - I1.Vp is
non negative.

Let us now tackle (114). Following the lines of subsection 3.5, we start by
deriving an auxiliary result. Let py, p1 be smooth and positive functions on €.
We think of p; (i = 1,2) as being extended on IR™ by zero so that according
to (108),

Fp) = B +aM(p) = [e(p)+a [ 55l

Let 4 denote an optimal transference plan in the definition of d(py, p1)?. We
consider p; = gradF|;,, that is,

pily) = ¢(u(w) + gyl

The auxiliary result states that

F(p1) = F(po) > /Vpo(yo) (Y1 — o) pldyodyr) + o %d(ﬁo, p1)?. (120)

The integral is well defined, since py is smooth on  and p is supported on
Q x Q. In order to derive and interpret inequality (120), we need the curve
[0,1] 2 0 — p, of least energy between py and p;. In this sense, (120) mimics
(42) in subsection 3.5, that is,

~

. . d
F(p1) — F(po) > (gradFjs,, ——

4 Lo 9
~d .
d0_|020> +a sd(po, pr)

In terms of [0,1] > 0 — p,, inequality (120) obviously is a consequence of

d+ .
dojo=0 F(pr) 2 /Vpo(yg) - (1 = yo) p(dyody:) (121)
and
d? . o
WF(pU) Z ad(pojpl) . (122)
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The latter obviously splits into

d? .

W E(po—) Z 0 and (123)
d? . 9

752 M(ps) = d(po, p1)" (124)

For these statements to make sense, we need the existence of a (weak) curve
[0,1] > 0 +— p, of least energy between py and p;. It is provided by results
of McCann [9], which rely on earlier work by Brenier [5]. Let us state these
results: According to Brenier [5], there exists a convex function ¢; on RY
such that

p = (id x Vr)#py  and in particular  p; = Vi # . (125)

According to McCann [9, Proposition 1.3 (ii)],

. ) 1
P = Vo, #po where ¢,(y) = (1—0)§|Z/|2+0901(?J)

defines a non negative and integrable function p, on IRY. A glance back to
(75) in subsection 4.3 will convince the reader of our interpretation of o +— p,
as a geodesic — which by construction is the curve of least energy between
po and p;. We observe that in terms of p,

[ 006 = [Clo+(1=0)yo) pldyody) for all ¢ € CF(RY).  (126)

Furthermore, McCann shows in [9, Theorem 4.4] that the transformation
formula (80) in subsection 4.4 can be made rigorous: For all o € (0,1) we
have

[elortmay = [o(Gils) det Do) dm. (120

We recall that a convex function ¢ has a gradient V and a Hessian D?¢ in
the sense that for almost every yy,

o(y)
= o(yo) + (¥ — ) - Veo(yo) + (¥ — w0) - D*0(y0)-(y — o) + o((y — 10)?).
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A proof of this result of Alexandrov can be found in [12, Theorem A.2.].
The symmetric and positive semi definite matrix D%y, (o) in (127) is to be
understood in this sense. We observe that D%p, (yo) = 0 D?p(yo) + (1 — o) id
is positive definite for ¢ < 1. Hence the division by det D*p(yo) in (127)
causes no problem.

Let us start with (121). We note that our assumptions on e and 7 imply the
convexity of [0,00) 3 z + e(z). Indeed,

(107) 1 (107)
Z2 6”(,2) (126) Z’]I',(Z) Z 2 (1 _ N) 7((3) Z 0 forall z>0.

Therefore, we have
e(z) —e(z) > €'(20) (2 —29) forall 2 >0and z > 0.
We thus obtain
E(ps) = Ep) = [ ¢(p0) (s — o).
Trivially,

M(p) = M(p0) = [ Sl (holy) — pnl)) .

so that by definition of pg

%( () = F()) (128)
> [nli
2 [ wlow+ (L= 0) o) — o)) ldyody). (129

We observe that 1.) the u—integral is supported on QxQ, 2.) for all (yo, 1) €
2 x €2 we have, as a consequence of the convexity of (2, oy, + (1—0)yo €1,
3.) po is smooth in Q. This implies that

1
Llin (po(oyr + (1 —0)yo) —po(v0)) = Vpo(yo) - (y1 — Yo)
uniformly in (yo,y;) in the support of p.
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Therefore, the passage to the limit o | 0 in the inequality (129) yields (121).

Convexity of E along geodesics as expressed in (123) can be derived from
the representation (127) by copying the arguments given in subsection 3.5.
The argument for the strict convexity of M along geodesics as quantified in
(124) is simpler: According to (126),

R 1 R 1
M(p,) = /§|y|2pa(y) dy = /§|ay1+(1—0) yol® pe(dyo, dy1),
and therefore
d2

WM(/A’J) = /|y1—yg|2u(dy0,dy1) = d(ﬁo,fh)z-

Now that we have established our auxiliary result (120), we observe that by
symmetry, we also have

F(po) = F(p1) =2 — /Vpl(yl) (Y1 — yo) pldyodyr) + a%d(ﬁo,ﬁl)Q. (130)

Adding (120) and (130) yields

/(Vpl (1) = Vo(wo)) - (y1 — wo) n(dyodyr) > ad(po, pr)*. (131)
Furthermore, we obtain from (120), dropping the « %d(ﬁo, p1)*—term,

F(pn) = F(jo)
> [ Vpuwo) - (v = o) u(dyodyy)

> - </|Vpo(yo)|2 M(dyodyﬁ)% </|y1 — yol? u(dyody1)>

= - </Qﬁo|vpo|2>2 d(ﬁ07ﬁ1)7

and thus by symmetry

2

< max{(/ﬂ Po |Vp0|2> ’ ) (/Q P1 |Vp1|2> 2} d(ﬁo;ﬁl)- (132)
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We now are in the position to prove that for two smooth and positive solutions
po and pp of (109,110) we have

at o
Ed(Poapl)Q < —2ad(po, 1)*. (133)
Since po(7) = ps defines a (stationary) smooth and positive solution of

(109,110), this proves (114). In order to prove (133), we consider the smooth
velocity fields

R 1
w = =Vpi where pi(y) = €(pi(y) + o |yl (134)
Since p; satisfies (109,110), we have

dp;
or

+V-(piu;)) = 0 in[0,00) x Q,
ui-v = 0 onl0,00) x 0€Q.

Let us fix a time 79 and show that the last two lines imply that

o 4po(r), ()’
dT‘T:TO pO 7p1

< 2 /(U1(To,y1) — (70, %0)) - (Y1 — Yo) 1(70, dyodyr), (135)

where p(7) is an optimal transference plan in the definition of the Wasser-
stein metric d(po(70), p1(79))?. Obviously, (135) together with the definition
(134) of the velocities and the inequality (131) imply (133). In order to prove
(135), we observe that

0P,
or

(1) = ui(1) o ®;(7) and @;(r9) = id;

defines a family {®;(7)}, of diffeomorphism of €2 which are such that for any
7 € [0, 0]

pi(T) = Pi(7)#pi(70).
Therefore,

(1) = (Po(7) x @1(7))#1(70)
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defines an admissible transference plan in the definition of d(po(7), p1(7))”
(observe that u(7p) is supported in 2 x Q, where ®y(7) x ®(7) is defined).
Hence for all 7 > 7,

1

T — To

(d(po(r), pr(7))* = d(po(70), p1(70))?)

1
</ ly1 — yol? (7, dyody,) — / ly1 — vol® p(7o, dyody1)>

T — T

= / ! (|(I>1(T: y1) — @o(7, y0)|* — |y1 — yo|2) (70, dyody,) (136)

T —To

We observe that by definition of ®;

1' CI) —CI) 2 - 2
lim —— (121(r, 1) = @o(7,90)|° = Iy = wo*)

= 2 (u1(70,y1) — uo(70,%0)) - (¥1 — ¥o)
uniformly in (yo, 71) in the support of (7).

Therefore, the passage to the limit 7 | 7y in the inequality (136) yields (135).

We finally address (113). As in our formal calculus in subsection 3.5, we need
to know beforehand that

lim(F(p) = F(p.)) = 0. (137)

TToo

As in subsection 3.5, we obtain (137) from (112) and (114) in the weakened
form of

I /Av2:0 esp.  limd(p, p*)2 = 0
lim /7 |Vpl resp.  limd(p, 7")

via the interpolation

PG -G < ([ p1902)" o)

which follows from (132) and (111). The other ingredient is - (F(p) —
F(p.)) = —|gradF};|*, that is,

dr



The rest of the argument follows the few corresponding lines in subsection
3.5.

5.5 Proof of the Theorem, part I

Deriving Theorem 1 from Proposition 1 is an uninspiring exercise in approx-
imation arguments. For convenience, we set again

e(z) = {ﬁzm form%l},

zIlnz form=1

w(z) = 2™,
Zb(z) — #ﬂzm+1

and observe that these functions are related by
ze"(z) = 7'(2) and ¢'(2) = 7w(z).

We divide the statement of the theorem into two parts. The first part is to
show that for a. e. 7y and a. e. 7 with 7 > 75 we have

exp(2aT) / ﬁ(lT)

1 R R
< exp(2am) /ﬁ_ V7 (po) + « po yl?, (138)
0

exp(2a7) {(/e(ﬁ(T)) +a [ () %|y|z> _ </e(ﬁ*) +a [ %|y|2>}
< expam) {([ )+ [ oo soP) ~ ([ et +o [ 5. 2) )
3

form > 1, (139)

exp2at) [ {e(p(r)) = e(p.) =€ (p) (5(r) = )}

V7 (p(r)) + o p(r) yl*
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< expan) [{e(p) - e(p.) — ¢/(5.) (o — p.)}
form <1, (140)
exp(2a7) d(p(), p.)* < exp(2amo)d(py, p1)*, (141)
where py = p(19). We start by observing that for a. e. 7o = In(¢y) we have
/ﬁo =1 and /w(Po) < o0,
(po) € Ly (IR") and Vr(p) € L*(IRY),

where py = p(ty). We fix such a 70 = In(tp). W. L. 0. g. we may assume that
the r. h. s. of (138), (139), (140) and (141) are finite, that is

1 . .
/T|Vﬂ(po)+apoy|2 < oo,
Po
/e([)g) < oo form>1,
[ {elbo) = e(p) = €(p) (o = p)} < o0 form <1,
1
/po§|y|2 < o0,

the latter being a consequence of the assumption that d(p., py)? < oo and
the fact that [ p, 3|y|* < oc.

We now approximate py. We will construct functions py, and R, < oo such
that

Q, = {lyl <R},
Po, 1is smooth and positive on Q,

with

AN
8

L

RV
{ ﬁo,ll on Qu }
0 else
1 A A 2
| = 197 (us) + s ]

v [30,1/
| etn)

o0,

AN
8

L

po in L*(IRY), (142)

AN
3

l

1 R R
/ o V7 (po) +apoyl®, (143)
0

<

l

fog /e(ﬁo) for m > 1, (144)
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o, (e(Po) —e(p) = ¢'(p+) (Po — Pa)}

vToo ~ ~ ~ ~ ~
M5 [{elp) = ep) — €/ (0.) (bo — p)} form <1, (149)
~ 1 v1oo ~ 1
| mmaglo 25 oSl (146)
QO 2 2

and such that py, and Q, (defined by po,(t,z) = ltN%Xﬁg,,,(%) and Q, =
0 0
tleQ,) satisfy

{pg’” 02152”} % e in LY(IRY), (147)
. vtens) 5 [l (148)

We construct py, in three steps. The first step: For R < 0o we set
Qp = {lyl <R}, Qr = {|z] <ty R}.

and observe that

op on 2 Rtoo . .
{pOO elseR} -3 po in L'(RY),

Q o0 :
{pOO OIellseR} 3 po in L(RY).

By monotone convergence,
1 . . 2 Rfoo 1 . "

/ — V7 (po) + apoyl” — /T|VW(po)+apoy|

Qr Po Po
/ e(po) Bl /e(ﬁo) form > 1,
Qg

[ (eli) = (o) = €(5.) (70— )

R

B [elp) = ep) € (02) (bo — p)} form <1,
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! 92 Rfoo /A 1 2
_ - _

f,, wlen) ©F [ (o).

The second step: We fix R < oo an set for § > 0

1
pos = min{max{py,d}, 3} and hence
) 1

Pos = min{maX{PO;%\/—a}:W}‘
Obviously
. 8l0 . .
Po.s 040, po  in L*(Qg),
510 : ¢
Po.s 040, po  in L'(Qpg).
Since 1
V() e 6 h)
V7(pos) = { 0 else ’
we have
1

~

. . slo 1 . . :
P (V7 (pos) +  posyl? LALN P (Vr(po) + apoyl’ a.e.in Qp.
0, 0
We also have for sufficiently small §
1 . ) 2 . R
P V7 (pos) + aposyl® < o V7 (p0,6)|* +20° pos lyl?

2 R N
< % [V (po)l” + 20 max{po, 1} [y|*
0

with

1

([, 1on(mE)

1 1
1 . . ? . 3
< (/ — |V7r(p0)+ongy|2> + (/ Do |y|2> < 00,
Qr PO Qr

/ max{pg, 1} [y]* < oo.
Qg
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Therefore by dominated convergence

1 N . 510
J s 19 (a) + syl 25 |
Qr P0,6 Qr

1 . .

— |V (po) + a poyl*.
Po

In case of m > 1 we have for § < 1

0 < elpos) < max{e(po),1}.

Since max{e(py), 1} is integrable on {2, we obtain by dominated convergence

~ 010 ~
€ — (& .
[, elins) =% [ (o)

In case of m < 1, we observe that for

—_

1
25 = min{max{z,é},g} and 6 < z, < =

>

we have
0 < e(zs) —e(z) —€'(2) (25 — 2) < e(2) —e(z) —€'(2) (2 — 24).

Since

(%)
VAN
*b>

AN

on QR

S| =

for § < 1, we have
, elns) = e(p) =€) (s — )}
< [ elin) = elp) = €60 (o~ )}
On the other hand, we have by Fatou’s lemma
[ {elo) = () =€/ (p.) (o= )}
< timnf [ {e(o) —e(p) = ¢/(p) (o = )}

so that we obtain

/QR {e(pos) — e(ps) — €' (ps) (Po,s — ps)}
- o {e(po) — e(ps) — € (ps) (Po — ps)} -
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Finally, we have for § < 1

0 < ¥(pos) < max{tp(po),1}.

Since max{(py), 1} is integrable on Qz, we obtain by dominated convergence

/QR Y(pos) ~ /QR ¥(po)-

The third step: Fix R < oo and ¢ > 0. Since

1
Pos € [5,5] on 2z and
[ Vrmal < 5 [ V(o)
m S < = m 0
Qp pos 0 Jr Pos ’
2 1 . R 2, 2 4 ~ 2
< = — |V (pos) + aposyl” + <« / po,s Y|
0 Jar Pos 0 Qr
< 00,

there exists for e > 0 a function pg s, with
Pose 1s smooth and [J, %]fvalued on Qg
and

N el0 ~ .

Pose 5 pos in LN(Qr),

N el0 N .
Vr(pose) <> Vrlps) in L3(Qn).

This obviously implies

1 ~ ~ el0 ]- ~ N
/ —— |V (po,5.e) + @ Pose yl? 2 / — |V (po,s) + & pos y|?
QR p0,6,6 QR p0)6

N €l0 N
/ e(pos.) 0 e(pos) form > 1,
Qr Qr

/QR {e(pose) —e(ps) — €' (px) (Pose — pe)}

€l0 ~ ~ ~ ~ ~
— /Q {e(pos) — e(pe) — €' (ps) (pos — ps)}  form <1,
R
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~ 1 92 €l0 / ~ 1 2
€5 — Y )
/QR Po,s, 5 Y| O Po,8 5 Y|
and

€l0 . ~

/QR 1/)(00,6,5) ﬂ /QR 1/)(00,5)-

Collecting all these results, we obtain

TR Pose on Qg P Iy *
g{il lgf[r)l 1551 { 0 else } = fo in LT,
1

1
hm lim lim [ —— [Va(fose) + @ fose 2:/A—v7w +a o yl?
Rtoo 610 el0 Jag pose V7 (Pos.e) P05, Y| 0 [V (o) oyl

zlleI?o l(}gl lelgl o e(pose) = /e(pg) for m > 1,

. . . ~ ~ 1/ ~ ~ ~
lim lim lim [ {e(ns) = e(p.) = €/(p.) (pose = p)}

= [Hep) = e(p) = €' (.) (o — )} form <1,

1 1
lim Lim 1 / o5 — 2 _ /A L 2,
N L T | pos 511 Po 51yl

and

: : : Po,5,e O QR _ . 1/ pN
}#?olalﬂ)lléfél{ 0 else } = po i LT,

lin lim L [ (s = [ (o).

Rfoo 610 €l0 JQp
Choosing appropriate sequences R, vIge 00, 0, 10 and €, 10 gives the
desired €, = Qp, and po, = Pos, e, -

We have to approximate 7 in the degenerate case, that is, for m > 1. We
start by constructing a smooth m; with

71'1(2 > 0
cri(2) — (- Yym(z) > 0} for all z > 0, (149)
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and

T = const onl0,1],
T = @  onl2,00),
m > 7w on0,00).

Indeed, consider

mz for z <1
71'1(2’) = s

2"+ (m—1) forz>1

which is differentiable with

SCIR U S

mz forz>1

It is easy to check that this 7 satisfies (149) and

m = const on[0,1],
. = @  onll, 00),
7 > @ onl0,00).

It remains to smoothen m; in a neighborhood of z = 1. We now set

z
m5(2) = (5m7r1(5).
Then we have by rescaling
ms(z > 0
crh(2) — (1— L)my(z) > 0 } for all z > 0, (150)
and
s = const on [O,g,
s = @  onl20,00), (151)
w5 > @ on|0,00),
while 5
7 2% 1 uniformly in 0, 00). (152)
We define es by
/ 2 d ]' / /
m5(z) = zes(z) —es(z) = 2 E[; es(z)] and eg(l) = €'(1)
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and observe that this automatically implies
zeg(z) = ms(2), (153)
and, thanks to the first line in (151),

lzig)leg(z) = —oo and lzig)le,g(z) = 0.

Since also e(0) = 0, we infer that
540

es — e uniformly in [0, c0).

Since for fixed v < o0, py, is bounded away from zero on the bounded set

Q,, we have we may choose a sequence of positive numbers ¢, “1° () such
that for (m,,e,) = (ms,, es,) we have
m,(poy) = 7 (poy) onQ, forv>1,  (154)

sup ey (2) —e(2)] %] 2% 0. (155)

z2€(0,00

Whenever it is notationally convenient, we write (7,,e,) = (7, ) in the case
of m <1.

We now consider the solution of

05,

5~ Vi, (p,) —aV-(py) = 0 in(m,00) % €, (156)
(Vr,(py) +apyy)-n = 0 on (19,00) x 9y, (157)
[31, = [30,,, on {7'0} X QU. (158)

Since py,, is bounded on §2,,

~

p(r,y) = Cexp(atN)

is a supersolution for (156,157,158) for C' > 1. Since fy, is bounded away
from zero on €2,

o 1
6y(£(7,?J))+065|y|2 = —C
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defines a subsolution for (156,157,158) for C' > 1. Since for both m > 1
and m < 1, lim, g e}, (2) = —oo, this subsolution is bounded away from 0 in
(—00, 00) x €. By the comparison principle for (156,157), p, is bounded away
from 0 and oo on bounded subsets of (—oo,00) x €. Since in addition, gy,
is smooth and positive on €2, also p, is smooth and positive on (—o0o, c0) x Q
by standard linear parabolic theory. Hence, thanks to the relationship of m,
and e, expressed in (153), p, is a smooth and positive solution of

0p,
or

—V-(p,Vp,) = 0 1in (7,00) x €,
o Vp,-n = 0 on (1,00) x 08,,
where
I (A 1 2
b = €p) +aglyl

Hence we may apply Proposition 1 and obtain

d%- {exp(2a7') /Q., b (T) IV (T)?| < 0, (159)

2) )] <o, (160)
<

—

exp(20:7) d(puy, pu(7))’]

where p, , is defined via

1
: A*u + o 7 = A d / A*I/ = / D v — / Al/ .
€y (Prw(y)) + a5yl and | P, o, o . Pr(™)

We again use the relationship between e, and 7, in (153) to reexpress (159)
and the definition of p, , to reexpress (160) (at least in case of m < 1): For
all 7 € (79, 00)

exp(2aT) /Q,, ﬁ%(T) V7, (pu (7)) + a pu(7) y|?

< expan) [ ——Vm (o) + @ dou yl? (161)

v pO,I/
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expar) { ([ e(putr)+a [ alr) 5lu?)

v

. O "
([ o) +a ] uslil)}

) 1
< exp@am) { ([ el +a [ b5l
. R
_ (/QV ey (Pew) +Oz/QV P §|y| ) } form > 1, (162)

exp@a7) [ {en(pu(r) = eulpes) = lpon) (ulT) = s}
< exp@am) | {eu(pnn) = eul(pes) = €4 (pus) (o — s}

form <1, (163)
exp(2a7) d(pu(r), pon)? < exB(2070) d(Gosr o) (164)

We will recover (138), (139), (140) and (141) from the above in the limit
v 1 oo.

The first goal is to identify the limit of p, with p. To this purpose, we
consider the p, related to p, via the usual transformation

I
pl/(tax) = t]\r—apu(lnta_)-

We now derive the energy estimate (in the traditional sense). From (156,157)
we infer the identity

d
% /Q,, 77b(pAV) - Q, V¢’(ﬁy) : (ij([)y) +ap, y) .
Since
(151)
V()m(z) = () 7'(z) = (7'(2))%
2'(z) = my(z),
we obtain the inequality

= [ i)

< = [ (Ve +am V() -y}

v
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= — [ 19rG)E+amN [ w(p) —am [ w@p)yn
Q, Qy,

oy,
— N 2 P
L, V@R +amN [ w(p).

IN

where we have used in the last line that the integrand of the boundary integral
is non negative (remember that €, is a ball with center 0). We reformulate
the inequality as

d

= |expcam N ) [ w(p)| +expamN ) [ VR(p)P < o,

which translates into the usual energy estimate

A ] f o <

where Q, = Q,(t) = t¥*Q,. Since [5, ¥(po,) is bounded for v 1 oo by
construction of py, (see (148)), we have

sup [ ¥(p,(t)) is bounded for v 1 oo, (165)

te(tg,00) 7/ w

/Oo/ V7, (p,(t))[*dt s bounded for v 1 co.
to Q,

Of course, (156,158) translates into

0p,

o —V?m,(p,) = 0 in (ty,00) x Q,,

pr = pop on {te} X Q,.

Together with (147) and (152), we obtain by standard techniques for porous—
medium type equations (see for instance [1])

{ py on (tg,00) X Q, } vtoo in L1

N
0 else P loc((to, 00) X IR™).

In particular we have for a. e. 7 € (79, 00)

pu(T) on €y, | v . in L}, (IR") and
{ 0 else } — o) { a. e. in IR for a subsequence |- (166)
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We now pass to the limit in the inequalities (161,162,163, 164). We first
investigate the convergence of p,, to p.. We consider the case of m < 1.
According to (142) we have

pow O3 [0 =1, (167)

so that p,, satisfies

v1oo

1
¢ (po) +aglylt = A forye @, and / oy 051
Q,
whereas p, is characterized by
1
e'([)*(y))+a§|y|2 =\ forye RY and /[)* = 1.

It is therefore a matter of elementary analysis to show

Psp 0N, vhoo . in L'(IRY) and
{ 0 else } 7 { a. e. in IRYN for a subsequence [’ (168)

~ 1 9 vioo /A 1 2
*,V o * o ) 169
R T (169)
1
l' / A*V / A*I/_ 2) ]-
tim { ([ o)+ [ posly (170)
. J SN
— X = =0, 171
(f eoara [ poslu)} (ar)

N

w5 ensures that [ |e(p.)], [ . %|y|2 < 00.

keeping in mind that m >

We now consider the case m > 1. We observe that p,, and p, are also
characterized by

P+, Minimizes
1
ey(p +a/ H=|yl|? 172
J e+ [ o3l (172)
among all p > 0with o p = [, po.

resp.
px Minimizes

. 1
[e@+a [p5lP - (173)
among all p > Owith [p =1
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We will employ a variational argument to conclude

[3*,,, on Ql, vToo ~ . 1 N
{ 0 else } — P in L°(RY), (174)
~ 1 9 vl /A 1 2
v = — « =|Y|°%, 175
I pe 5wl (175)

~ vToo ~
| enlpe) 25 [ el (176)
Indeed, consider

Pv = al/ﬁ* with a, = Lp?,u,
fQ,, P+

that is, a, is chosen such that p, is admissible in (172). Hence

R .1 R 1
/ eV(p*,V) + / P, _|y|2 S / el/(pu) +a / Pv _|y|2' (177)
Q, 2 o, Q2

v

We would now like to pass to the limit in the r. h. s. of (177). We start by
observing that according to (167),

vToo

a, 1% 1. (178)

According to (155), limyto fo, [€4(Pn) — €(py)| = 0; according to (178) and
monotone convergence,

J ey = ap [ o) T3 [elp).

so that

[ elp) 23 [ ez,

According to (178) and monotone convergence,

~ 1 2 ~ 1 9 vtoo /A 1 2
VS — Uy * o — x .
/Qyp2|y| “/Qup2ly| P51yl

Together we obtain
~ ~ 1 9 vioo ~ ~ 1 2
/ 6:/(pu)+oz/Q poglyl” = /e(p*)+a/p*§|y| : (179)
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In particular, the r. h. s. of (177) is bounded, hence is the 1. h. s.. This
implies due to e > 0 and (155)

1
/ e(p«y) and / P 3 ly|* are bounded for v 1 co.
v QU

Since e has superlinear growth, there exists a p with

[3*,1/ on Ql/ vtoo o : 1 N
{ 0 else } — p weakly in L (IR"), (180)

in particular by (167),

A:li/A*,,zli/A,,zl. 181
/p lim | P lim | p, (181)

According to (155), limytso Jo, |€v(Ps) — €(Ps,)| = 0; moreover, e > 0 is
convex, so that (180) is sufficient to ensure

/ e(p) < liminf [ ey(poy). (182)

vtoo Q.

By monotone convergence and (180),

Lo : Lo
H— = lim 0 —
/p2|y| W L P2l
1
= lim lim Pew =|yI?
Rtoo voo J{ly|<r} " " 2
1
< if/ e = |yl?. 183
< liminf | pes 51yl (183)

Now by inequality (177) and the convergence expressed in (179), (182), (183),
A N 5 .
/e(p)+a /p§|y| < /e(p*)+oz /p*§|y| :

Line (181) ensures that p is admissible in (173) and thus also a minimizer.
Since e is strictly convex, the minimizers coincide

~

p = P
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so that (182) and (183) turn into

/e(ﬁ*) < liminf | ey(puy),

vtoo Q.

1 1
[ p gl < timint [ p Sl
According to (177) and (179), we also have
. 1o, : . R
/e(p*) + o /p* §|y| > hmsup </ el/(p*,ll) +a /p*,u §|y| )
v1oo

This establishes (175) and (176). Thanks to the strict convexity of e, (175)
and (176) ensure that the weak convergence (180) turns into the desired
strong convergence (174).

We now investigate the convergence of the r. h. s. of the inequalities (161),
(162), (163) and (164). According to (154), (143) turns into

1 R . v 1 . .
| == 19 os) + aponyl I3 [ 1V (a0) + apoyl?
2 Po,p Po

Let us now consider the case of m > 1. According to (155), (144) turns into

[, elinn) 5 [ el

Together with (146), (175) and (176), we obtain as desired

([ etimo)+a [ ouglol) = ([ etom)+a [ puslo?)}
5 ([ e +a [ hoglol) = ([ e +a [5.507)}
We now address the case of m < 1. By definition of p,, and p, we have
([ 1e(hos) = €(hen) = €(5u0) (o) = )} )
([ {e(0.) = ) =€/ (52) (30.) = 51}

. 1
— </ e(puy) + / P —|y|2>
, Q, 2

71



([ etpr+a [ o3P)

+)\ 7 v A*
QU(po, P+)

170),(142),v1c0 ~ ~
WL A/(po—m«)zo-

Hence (145) turns into

a, {e(ﬁO,V) - e(ﬁ*,,,) - el(ﬁ*,ll) (ﬁO,V) - ﬁ*,l/)}

viog / {e(po) = e(p.) — €'(p.) (po) — )}

Finally, since [ poy = Jq, f+p by construction of p,,, (142), (146) resp.
(168), (169) (for m < 1) or (174), (175) (for m > 1) imply by Lemma 1

N N vToo ~ A~
AP, Pow)? = d(ps, po)’.

We finally address the convergence of the 1. h. s. of the inequalities (161),
(162), (163) and (164). This will be an exercise in lower semi—continuity
arguments. Let us start by showing that for a. e. 7 € (79, 00),

V7, (pu (7)) + 0 pu(7) Yl

(184)
Because of the second statement in (166) and (152), we have pointwise almost
everywhere convergence of m,(p,(7)) to m(p(7)) for a subsequence. Since
1 dominates 7, uniformly in v 1 oo, and the latter quantity is controlled
according to (165), this pointwise almost everywhere convergence improves
to

1 1
— Vr(p(r)) +ap(rt)yl? < liminf _
[ 56y V7)) +ap(e) ol < timint [

e o B S s ) s

for a. e. 7 € (79, 00). We set for convenience

fulr) = Vm,(pu(7)) +apy(T)y and  f(r) = Va(p(r)) +ap(r)y.

We restrict ourselves to one of the almost every 7 with f(7) € L}, (IR") (keep
in mind that our notion of weak solution presumes V7 (p) € L},.((—00, 00) X
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IRM)). We observe that the first statement in (166) and (185) imply
/Q pu(T) ¢ 1 /[)(T)C for all ¢ € C°(IRY),
/Q fo(r)-€ 7% /f(T) ¢ forall € € CP(IRN).

It is obvious that this implies (184) in form of
1

2 pu(T)

|fo ()],

[ 55 ) < timins

once we established the identity

/%%W - gej;&,v){/f'f—/pélilﬂ, (186)

which we claim is true for all non negative p € L} (IR") and vector valued
f € L} (IR") with the understanding that

loc
11|f|2_ 0 ifp=0and f=0
p 2 T | +oo ifp=0and f#£0 [°

Let us now prove (186). The >—part is an immediate consequence of the

Cauchy—-Schwarz inequality:
1 1, 0\? |
[r-e=[ozlr < ([oler [21r) - [oler
1 11 1
[ o3Il + [ 511 = [ pgler
11
= [,5HP

The <—part can be seen as follows: We would like to set & = %f and hence
need an approximation argument. For R < 0o, we consider

pr(y) = {p(yH% if|y|§R}7

IN

IN

0 else

fr(y)

0 else

{ fly) if|f(y)| < Rand|y| <R }
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By monotone convergence, we have
11 . pr— ip
[osiE =t [ PR
p 2 Rtoo J{ly|<R} PR

Set 1 o
Erly) = { pR—@gR(y) if [y| < }

else

and let &g, € C$°(IR™) be a mollification of ¢z. For fixed R < oo, the
&R, stay uniformly bounded, have uniformly bounded support and converge
pointwise a. e. to £g for € | 0. We therefore have by dominated convergence

. 1 1
lelgl{/f'fR,e_/p§|€R,e2} = /f'fR—/P§|§R|2
f 1 f
— / f- JR _/ = _R|2
{lyl<rRY " pr  HlyI<R} 2 pr
1
PR — 5P
= [ PR
{lyI<R} Pr

Putting both approximations together, we see
)

11,0 . 1
[ 5l = mim {1 -€no— [o5len

which proves the <-part in (186).

Let us now consider the case of m > 1. Fix one of the almost all 7 € (7, 00)
with
po(r) 23 p(r) e in RV, (187)

(the second statement in (166). Since e > 0 is continuous and thanks to
(155), we obtain by Fatou’s lemma

/e(ﬁ(T)) < liminf [ e, (p,(7)).

vtoo Q.

We immediately obtain from (187) and Fatou’s lemma

vtoo

1 1
[ o) 3ol < timin [ () 5ol
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Together with (175) and (176), we obtain

([ etotm) +a [ o) 51uP)
([ eto)+a [ 5 10)

Now for the case of m < 1. Again, we fix one of the almost all 7 € (79, 00)
with
pu(r) % (1) a. e in RV,

Since we also have by (168)

Pu ﬂ‘i ps > 0 a.e. in]RN,

we obtain from the continuity of e on [0, 00) and the continuity of e’ on (0, c0)
that

e(ﬁu(T)) - e(pAV,*) - el(ﬁu,*) (/A)I/(T) - /A)l/,*)
1% e(p(r) — e(py) — €' (p.) (p(r) — p) a. e. in RV,

Since e(z) —e(z.) —€'(2«) (z—2.) > 0 by the convexity of e, we get by Fatou’s
lemma

[ {elo(r)) = () = €62 (0(r) = )}

< h’r/r%olonf {6(@,(7’)) - e(ﬁu,*) - el(ﬁu,*) (ﬁu(T) - ﬁu,*)}'

Finally, we observe that (166) implies that for a. e. 7 € (79, 00)
| a6 S [an ¢ forall ¢ e G (IRY).
We recall that the evolution (156), (157) preserves mass:

/ ﬁy(T) :/ Pow :/ P
QV Qu QV
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Together with (174) for m > 1 resp. (168) for m < 1, this implies by Lemma
1 that

d(p(7), p)* < liminf d(p,(7), ﬁ*,V)Z-

vToo

This achieves the passage to the limit v 1 oo in the L. h. s. of the inequalities
(161,162,163,164) and thereby the proof of (138), (139), (140) and (141).

5.6 Proof of the Theorem, part II

The second part of the proof of the theorem is to show that for a. e. 7 €
(0, 00),

exp(2a7) [ o (Va(p(r) +aplr) ol < a* [plef (59
exp2ar) {(f el +a [ o) 3loP) = ([ o +a [ 5. 500F) }
< a /po %|3:|2 form > 1, (189)
exp2at) [ {e(p(r)) = e(p.) =€ (p) (5(r) = )}
< w /p0%|x|2 form <1, (190)
exp2ar) d(p(r).p.)* < [ polaf. (191)

To this purpose, we approximate the initial data p by p,’s with the additional
regularity expressed by

1
[— 19wl < o,

Po,v
[l < .
in the following sense
Do 71 po in L*(IRY) and /po,,, = /pg, (192)
[ 5 [ we) < o, (193)
/Po,u%|x|2 vi /p0%|x|2 < 0.
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This can be done in two steps: The first step is to mollify py into a py.. The
second step consists in passing to

Po,e,6 — Qe max{po,e,ép*},

where p, denotes a fixed smooth and positive function with f - | Vr(p)]? <

00, [le(ps)] < 00, [ ps 5lw]? < 0o and [1h(p.) < oo, and ac,s 1s chosen such
that [ po.s = 1. This time, we leave the details to the reader.

Now for § > 0, let p?) denote the solution of the porous medlum equation
(in the sense of Definition 1) for ¢ > § with p{(8) = pp,. Let p{¥) and p( )

be related to p{® and po,, via the usual transformation. By the first part of

this proof we have for a. e. 7 € (Ind, c0)

ew2ar) [ g 190 0) + )l

< exp(2aln6)/( V7 (pg ))+ap0,,y|2 (194)
Po,v

expzar) {([ @) +a [ 800) 0P) - P}
< eatd) {([eG)+a [ 4 S117) - Fo)]
form > 1, (195)
exp2at) [{e() (1) = e(p) = ¢ (5.) (6(7) = 5.}
< exp2alnd) [{e(pg)) — e(p) —€(0.) (A6 — p)}
form <1, (196)
exp2a7)d(p) (1), p)? < exp(2a o) d(ph), p)%  (197)

We pass first to the limit 6 | 0 and then to the limit v T co. We consider
the right hand side of (194), (195), (196) and (197) first. Our strategy is to
express these terms in terms of py, and then pass to the limits. We obtain

1 (6 (6
exp(2a nd) [ [Vr(pf) + a pll) yl?
pO,I/
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= / 16V (po,) + apo, x|
pOI/

5
2 g /poy|yc|2 for fixed v < o0

5 ot [t
In case of m > 1, we have
expatnd) {([e@i)+a [ 4 5WP) - o)
= 5/6(P0,u) t+a /Po,u%mz — 0% F(p.)
240 a/po,,l|3:|2 for fixed v < oo

5 [ g lal?

In case of m < 1, we have by definition of p,
(6 . Ay A) A
J e = etbe) = €5 G~ )}

= ([ +a [ 0@ S - F o)

and then the same argument as in the case m > 1 applies. Finally,

GXp(QOé In 6) d(p() V)p*) - d(ﬁU,Vap*(é))27

where p,(0,2) = s3zp.(Z). Since p,(d) converges to the Dirac measure at
the origin, ug, in the sense of

/p* )¢ 2 /(duo for all ¢ € C(IRY),

0 1
[ p.0 |x|2 2 [ Skl duo

we obtain by Lemma 1 that

. 510 .
(o, pe(8))% 25 d(po,,s 110)-
It follows immediately from Definition 2 that

dp[]w/uo /p0u|$|
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so that also here we obtain

lim lim exp(2 « In 6) d(ﬁ@), pe)? = /pg |z|?.
vtoo 640 ’

Altogether, we see that the r. h. s. of (194), (195), (196) and (197) converge
to the r. h. s. of (188), (189), (190) and (191).

We now consider the 1. h. s. of the inequalities (194), (195), (196) and (197)
in the limit ¥ 1 co and § | 0. From (192) and (193), one can deduce by
standard techniques for the porous—medium type equations (see for instance
[1]), that

limp!® = p in L}((0,00) x R"),

v
vToo

510

with no restriction on the relation between 0 and v. By the lower semicon-
tinuity arguments from the first part of the proof we see the L. h. s. of (188),
(189), (190) and (191) are estimated by the limes superior of the l. h. s. of
(194), (195), (196) and (197). This achieves the second part of the proof,
that is, the proof of (188), (189), (190) and (191).
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