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Abstract. The space of measured laminations ML(Σ) associated to a topological surface Σ of genus g with n

punctures is an integral piecewise linear manifold of real dimension 6g − 6 + 2n. There is also a natural symplectic
structure onML(Σ) defined by Thurston. The integral and symplectic structures define a pair of measures onML(Σ)

which are known to be proportional. The projective class of these measures onML(Σ) is called the Thurston measure.

In this note we compute the ratio between two normailzations of the Thurston measure.

1. Introduction

A real vector space V has a unique up to scaling translation invariant measure µ. Endowing V with extra structures
allows to provide natural normalizations of µ. Here are some of them:

• A Euclidean inner product 〈·, ·〉 normalizes the volume by letting the volume of the parallelepiped spanned
by the orthonormal basis be equal to 1;

• A full rank lattice Λ ⊂ V , normalizes µ by letting µ(V/Λ) = 1;
• If dimV = 2n, the standard symlpectic form ω defines a volume form 1

n!ω
n and therefore normalizes µ.

In [Mas85] Masur showed that there exists a unique up to scaling mapping class group invariant measure on the
space of measured laminations ML(Σ) in the Lebesgue class. As in the case of the vector space, there are different
ways to normalize it, and we consider two of them which are the most natural.

The first one comes from the symplectic form onML(Σ) introduced by Thurston. In partucular, this normalization
is natural due to the result of Bonahon and Sözen [BSö01], where they construct a family of symplectomorphisms
between ML(Σ) and Teichmüller space T (Σ) endowed with Weil-Petersson form.

The second normalization comes from the integral affine structure on ML(Σ). It is natural for the counting
problems on the space of quadratic differentials. We call these normalizations (rigorously defined in the Section 2)
symplectic and integral Thurston measures on ML(Σ) and denote them by µω, µZ, respectively. In this paper we
answer the question raised in [RSo17]: What is the ratio between measures µω and µZ?

Theorem. The symplectic Thurston measure on ML(Σ) is 2|χ(Σ)|−1−multiple of the integral Thurston measure:

µω
µZ

= 2|χ(Σ)|−1 = 22g+n−3.

This result was also obtained in [Ar19].

Acknowledgements. We would like to thank Kasra Rafi for introducing the counting problems on Teichmüller
space to us. We also thank Kasra Rafi and Anton Zorich for their interest and support.

2. Background

Fix a topological surface Σ of genus g with n punctures with negative Euler characteristic. Let T (Σ) be the
Teichmüller space of the surface Σ, i.e. the space of isomorphism classes of marked hyperbolic metrics on Σ. Let
ML(Σ) be the space of measured laminations on Σ. For the introduction to these geometric structures we refer the
reader to [Mar16].

2.1. Train track coordinates. A train track on Σ is an embedded 1-complex τ such that

• each edge (branch) of τ is a smooth path with well-defined tangent vectors at the end points. That is, all
edges at a given vertex (switch) are tangent to each other.

• For each component R of Σrτ , the double of ∂R along the interior of the edges of R has negative Euler
characteristic.

For a train track τ we will denote the set of its branches by b(τ) and the set of its switches by sw(τ). A (measured)
lamination λ is carried by τ if there is a differentiable map f : Σ→ Σ homotopic to identity taking λ to τ , such that
the restriction of df to tangent lines of λ is non-singular.
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A measured lamination λ carried by the train track τ assigns the weight to each branch of τ . The weights coming
from a measured lamination are non-negative and satisfy the switch conditions: for every switch the sums of the
weights of the incoming and outgoing branches are equal. Moreover, each collection of positive weights satisfying
switch conditions correspond to some measured lamination carried by τ . We will denote the subspace of the vector
space Rb(τ) satisfying switch conditions by W (τ). Therefore, the set V (τ) of measured laminations that are carried

by τ is identified with a polyhedral cone in W (τ), so that V (τ) ∼= W (τ) ∩ Rb(τ)
+ .

A train track τ is called recurrent if each branch b of τ is traversed by some curve α, carried by τ . A train track
τ is called transversely recurrent if for each branch b of τ there is a dual curve γ intersecting b. A train track τ is
called birecurrent if it is both recurrent and transversely recurrent. A train track is called maximal if its complement
Σrτ is a union of trigons and once punctured monogons. The train track is called generic if it has only trivalent
switches. Since every lamination is carried by some generic maximal birecurrent train track, the the collection of
sets V (τ) for such train tracks gives rise to an atlas of charts on ML(Σ).

2.2. Integral lattice and the measure µZ. We will denote by Λ(τ) the lattice of integral points in W (τ), that
is Λ(τ) = W (τ) ∩ Zb(τ). Geometrically Λ(τ) corresponds to integrally weighted multicurves carried by τ . For a
pair of train tracks τ, τ ′ the transition map between the cones V (τ) and V (τ ′) is an integral linear transformation
with respect to the lattices Λ(τ), Λ(τ ′). Thus the train track charts define an integral piecewise linear structure on
ML(Σ).

A collection of lattices Λ(τ) for all birecurrent train tracks define normalizations of a volume form on W (τ), and
therefore on V (τ). These normalizations are consistent since the transition maps in train track coordinates preserve
the lattices. A global volume form defined in such a way provides the measure µZ.

s1

s2
s

Figure 1

2.3. Symplectic form and the measure µω. For a point λ ∈ V (τ), the tangent
space TλML is naturally identified with the vector space W (τ). The symplectic
structure onML(Σ) is defined by the collection of skew symmetric bilinear forms
ω(·, ·)τ for all generic maximal birecurrent train tracks τ , that are consistent with
respect to the transition maps. Such a system was defined by Thurston as a
restriction of a skew symmetric form ω̃ on Rb(τ), where:

ω̃(x, y)τ =
1

2

∑
s∈sw(τ)

s1(x)s2(y)− s2(x)s1(y),

where s1, s2 are two incoming edges of a switch s as on Figure 1. In other terms, the Thurston symplectic form in
the chart V (τ) is given by:

ω̃ =
1

2

∑
s∈sw(τ)

d s1 ∧ d s2.

It is a theorem of Thurston that the restrictions of ω̃ to W (τ) is a collection of nondegenerate bilinear pairings
which define a mapping class group invariant symplectic form ωTh on ML(Σ). The natural volume form defined by

1
(3g−3+n)!ω

3g−3+n
Th gives rise to a measure on ML(Σ) that we denote by µω.

2.4. Euclidean normalization of Thurston measure is not well defined. Another potential normalization
of Thurston measure comes from the standard Euclidean structure on the space Rb(τ). For a given train track τ ,
the standard Euclidean structure on Rb(τ) defines a volume form on the space W (τ) of weights satisfying switch
conditions, and therefore on V (τ). It is proportional to Thurston measure locally in every chart V (τ). Nevertheless,
the Euclidean normalization is not globally well-defined.
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(a) Train track τ on Σ0,4 (b) Train track τ ′ on Σ0,4

Figure 2. Two train tracks corresponding to different Euclidean normalizations of µTh.

To show this we consider two maximal birecurrent train tracks τ , τ ′ on the four-times punctured sphere as on
Figure 2 and compare corresponding Euclidean normalizations with the integral normalization.

(1) For the train track τ , we have Rb(τ) = 〈a, b, c, a′, b′, c′〉 and the switch conditions are given by the following
equations:

a = b+ c′ = b′ + c, a′ = b+ c = b′ + c′.

For the basis of the lattice Λ(τ) given by the vectors v1 = (1, 1, 0, 1, 1, 0), v2 = (1, 0, 1, 1, 0, 1), the Euclidean

area of its fundamental parallelepiped equals to 2
√

3.
(2) For the train track τ ′, we have Rb(τ ′) = 〈a, b, c, a′, b′, c′〉 and the switch conditions are given by the equations:

a = 2a′, b = 2b′, c = 2c′, a+ b = c.

For the basis of the lattice Λ(τ ′) given by the vectors v1 = (2, 0, 2, 1, 0, 1), v2 = (0, 2, 2, 0, 1, 1), the Euclidean

area of its fundamental parallelepiped equals to 5
√

3.

Since the Euclidean areas of the fundamental parallelograms of the lattices Λ(τ),Λ(τ ′) are not equal, the global
Euclidean normalization is not well-defined.

3. Proof of the main theorem

To find the ratio between measures µω and µZ it is enough to do the computation locally. More precisely, it is
enough to compute the volume of the torus W (τ)/Λ(τ) with respect to the volume form 1

(3g−3+n)!ω
3g−3+n
Th for some

maximal birecurrent train track τ . We define such a train track τg,n for each pair {g, n}, so that there is a natural
embedding of the space W (τg,n) into both spaces W (τg+1,n) and W (τg,n+1). We denote the symplectic form ωTh on
the space W (τg,n) by ωg,n. We show that under the above embedding, the expressions ωg+1,n−ωg,n and ωg,n+1−ωg,n
have standard forms (see the Section 3.3). We use this to prove our main theorem by induction.

3.1. Induction scheme. We prove the main result using the induction with respect to two parameters: the genus
and the number of punctures on the surface. For closed and once punctured surfaces we run induction by adding
a genus with base cases Σ2,0, Σ2,1 (see the first two columns in the Figure 3). For the remaining surfaces we run
induction by adding a puncture using surfaces Σ0,5, Σ1,2, and Σg,1 for g > 2 as base cases. We leave the remaining
three cases of Σ0,3, Σ0,4, and Σ1,1 for the reader. Here is the full scheme of the induction:
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g
...

...

2 B B

1 ∗ B B

0 ∗ ∗ ∗ B B B

0 1 2 3 4 5 n

Figure 3. The induction scheme.

By * we denote the surfaces with non-negative Euler characteristic that aren’t considered in the paper and by
B we denote the base cases of the induction (see the Section 3.2 for the computation). Directions of the arrows
represent the directions of the induction: adding genus or the puncture.

3.2. Base cases. In this subsection we consider the base cases of the inductions described in the Section 3.1.

Five-times punctured sphere. In the case of the five-times punctured sphere, we work in the chart defined by
the train track τ0,5 as on Figure 4. The weight on each branch of τ0,5 can be expressed as a linear combination of
the weights z1, . . . , z4 using the switch conditions. This defines an isomorphism between spaces R(z1, . . . , z4) and
W (τ0,5). It is also easy to see that this is an isomorphism on the level of the integer lattices Z(z1, . . . , z4) and Λ(τ0,5).
In the coordinates z1, . . . , z4, the expression for Thurston symplectic form in this chart is given by

ω0,5 =
1

2
(4 d z1 ∧ d z2 + 4 d(z1 + z2) ∧ d z3 + 4 d(z1 + z2 + z3) ∧ d z4) .

We compute the volume form, which is given by
ω2

0,5

2! = 4 d z1 ∧ d z2 ∧ d z3 ∧ d z4. The integer lattice Λ(τ0,5) coincides
with the standard integer lattice in the coordinates z1, . . . , z4. Therefore the ratio between measures µω and µZ in
this case equals to 4 = 2|χ(Σ0,5)|−1.

Twice punctured torus. In the case of the twice punctured torus, we work in the chart defined by the train track
τ1,2 as on Figure 4. The weight of every branch of τ1,2 can be expressed through the weights s1, . . . , s4. This, as
in the case of the five-times punctured sphere, defines the coordinates on the space W (τ1,2). In these coordinates,
Thurston symplectic form is given by

ω1,2 =
1

2
(d s1 ∧ d s2 + d s3 ∧ d s1 + d s2 ∧ d s3 + d(s1 + s2) ∧ d(s1 + s3) + d s4 ∧ d(s2 + s3)

+ d(2s1 + s2 + s3) ∧ d s4 + d(s2 + s3 − s4) ∧ d(2s1 + s2 + s3 − s4)).

The volume form then equals to
ω2

1,2

2! = 2 d s1 ∧ d s2 ∧ d s3 ∧ d s4. The lattice Λ(τ1,2) is the standard integer lattice in

the coordinates s1, . . . , s4, so the ratio between measures µω and µZ equals to 2 = 2|χ(Σ1,2)|−1.
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z1

z2 z3

z4

s1
s2
s3s4

Figure 4. Train tracks τ0,5 and τ1,2.

Genus two surface. In the case of the genus two surface, we work in the chart given by the train track τ2,0 as on
Figure 5 (right), and the coordinates on the space W (τ2,0) are given by the weights on the branches x1, . . . , x6. In
these coordinates, the Thurston symplectic form is given by

ω2,0 =
1

2
(2 dx1 ∧ dx2 + 2 d(2x1 + 2x2 − 2x3) ∧ dx4 + 2 dx5 ∧ dx6) .

The volume form equals to
ω3

2,0

3! = ±2 dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6. It easy to see that if the weights
on the branches x1, . . . , x6 are integer then all other weights are intefer too. The lattice Λ(τ2,0) is the standard
lattice in the coordinates x1, . . . , x6, therefore the ratio between symplectic and integral Thurston measures equals
to 2 = 2|χ(Σ2,0)|−1.

Genus two surface with a puncture. In the case of the genus two surface with a puncture, we work in the chart
given by the train track τ2,1 as on Figure 5 (left), and the coordinates on the space W (τ2,0) are given by the weights
on the branches y1, . . . , y8. In these coordinates, the Thurston symplectic form is given by

ω2,1 =
1

2

(
d y1 ∧ d y2 + d y2 ∧ d(y3 + y4) + d(y3 + y4 − y2) ∧ d y1 + 2 d y3 ∧ d y4 + d(y3 + y4) ∧ d y5+

d y5 ∧ d(y1 + y2) + d(y1 + y2 − y5) ∧ d(y3 + y4 − y5) + 2 d(y1 + y2 + y3 + y4 − 2y5) ∧ d y6 + 2 d y7 ∧ d y8

)
.

The volume form equals to
ω4

2,1

4! = ±2 d y1∧d y2∧d y3∧d y4∧d y5∧d y6∧d y7∧d y8. It easy to check that the lattice
Λ(τ2,1) is given by the integer weights on the branches y1, . . . , y8, such that the sum y1 − y2 + y3 + y4 is even. In
other words, the lattice Λ(τ2,1) is the kernel of the homomorphism φ : Z8 → Z/2Z given by

φ(y1, . . . , y8) = y1 − y2 + y3 + y4 (mod 2),

where Z8 is the standard lattice in the coordinates y1, . . . , y8. Therefore, the lattice Λ(τ2,1) is the sublattice in Z8 of

index 2, and the ratio between symplectic and integral Thurston measures is equal to 4 = 2|χ(Σ2,1)|−1.

y1
y2

y3

y4

y5 y6

y7

y8

x1

x2

x3 x4

x5

x6

Figure 5. Train tracks τ2,1 and τ2,0.
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Xleft

Yleft
S1 · · · Sg−2

Xright

Yright

Figure 6. Train tracks τg and τg,1.

3.3. Train tracks τg,n and the expressions for ωg,n.

Train tracks τg,n. First, we define the train tracks τg,0 on closed surfaces of genus at least 2. We decompose the
surface into g subsurfaces, such that g − 2 of them are homeomorphic to a torus with two boundary components
denoted by S1, . . . , Sg−2 and the other two Xleft, Xright are homeomorphic to a torus with one boundary component,
as on Figure 6. The restrictions of the train track τg,0 to the subsurfaces S1, . . . , Sg−2 are the same and as on Figure 8
(right). The restriction to the remaining two subsurfaces Xleft, Xright can be glued to a train track τ2,0 as on Figure 5.

For the train tracks τg,1 on once punctured surfaces of genus at least 2, we proceed similarly. We decompose the
surface into g subsurfaces, such that g − 2 of them are homeomorphic to a torus with two boundary components
denoted by S1, . . . , Sg−2, the subsurface Yleft homeomorphic to a punctured torus with one boundary component,
and the subsurface Yright homeomorphic to a torus with one boundary component, as on Figure 6. The restrictions
of the train track τg,1 to g − 2 tori with two boundary components S1, . . . , Sg−2 are as before, see Figure 6. The
restriction to the remaining two subsurfaces Yleft, Yright can be glued to a train track τ2,1 as on Figure 5.

Denote by Σkg,n the surface of genus g with n punctures and k boundary components. To define the general train
track τg,n we consider three cases. In each of them we cut the surface into two subsurfaces by a simple closed curves,
such that one subsurface is Σ1

0,n and the restriction of the train track τg,n to this subsurface is as on Figure 7.

In the case of the sphere with n punctures (n > 5), we decompose the sphere into subsurface Σ1
0,n−4 and the

complementary subsurface C homeomorphic to Σ1
0,4. We complete the train track τ0,n in such a way that the red

subtrack on Figure 7 together with the restriction of τ0,n to the subsurface C form the train track τ0,5 as on Figure 4.
In the case of the torus with n punctures (n > 2), we decompose the surface into subsurface Σ1

0,n−1 and the

complementary subsurface C homeomorphic to Σ1
1,1. We complete the train track τ1,n in such a way that the red

subtrack on Figure 7 together with the restriction of τ1,n to the subsurface C form the train track τ1,1.
In the case of the genus g surface with n punctures (g > 2, n > 1), we decompose the surface into subsurface Σ1

0,n

and the complementary subsurface C homeomorphic to Σ1
g,0. We complete the train track τg,n in such a way that

the red subtrack on Figure 7 together with the restriction of τg,n to the subsurface C form the train track τg,1.

Expressions for ωg,n. Having defined the train tracks τg,n, we proceed by expressing inductively the symplectic
forms ωg,n following the induction scheme in the Section 3.1. As it was mentioned in the Section 3.1, for closed and
once punctured surfaces of genus at least 2, the base cases of the induction are the surfaces Σ2,0 and Σ2,1.

To define the coordinates on the space W (τg,0) we use the branches Ai, . . . , Fi on subsurfaces Si as on Figure 8
(right) and branches x1, . . . , x6 on the remaining two subsurfaces Xleft, Xright as on Figure 5 (right).

Similarly, to define the coordinates on the space W (τg,1) we also use the branches Ai, . . . , Fi on subsurfaces Si
and the branches y1, . . . , y8 in the remanining two subsurfaces Yleft, Yright as on Figure 5 (left).

In these cases, the symplectic forms can be written as follows:

(1) ωg,0 = ω2,0 +

g−2∑
i=1

�i, ωg,1 = ω2,1 +

g−2∑
i=1

�i,

where �i is the contribution of the switches on the subsurface Si and the expressions for the symplectic forms
ω2,0 and ω2,1 are as in the Section 3.2. We note that this choice of coordinates allows us naturally embed spaces



ON NORMALIZATIONS OF THURSTON MEASURE ON THE SPACE OF MEASURED LAMINATIONS 7

∆1

∆2

...

∆k

Figure 7. On top: the subsurface Σ1
0,n with the restriction of the train track τg,n to it.

On the bottom: the complementary subsurface C.

W (τg,0),W (τg,1) into the spaces W (τg+1,0),W (τg+1,1) and under this embedding

(2) ωg+1,0 = ωg,0 +�g−1, ωg+1,1 = ωg,1 +�g−1.

To give an explicit expression for �i we introduce auxiliary variables given by weights of branches Gi on the subsur-
faces Si as on Figure 8 (right). The weights of branches Gi can be expressed through the other variables inductively
in the following way:

Gi+1 = Gi + 2Bi − 2Ei,

with G1 = x1 + x2 − 2x3 for closed surfaces and G1 = y1 + y2 + y3 + y4 − 2y5 for once-punctured surfaces. In these
coordinates the expression for �i is given by

�i =
1

2

(
dAi ∧ dBi + dGi ∧ dAi + dBi ∧ d(Gi −Ai) + 2 d(Ai +Bi) ∧ dCi

+2 d(Gi −Ai +Bi) ∧ dDi + d(Gi −Ai +Bi) ∧ dEi + dEi ∧ d(Ai +Bi)

+ d(Ai +Bi − Ei) ∧ d(Gi −Ai +Bi − Ei) + 2 d(Gi + 2Bi − 2Ei) ∧ dFi

)
.

(3)

2
Ai

Bi

Ci

Di

Ei
Fi

Gi Gi+1

Figure 8. The trigon ∆i and the torus with two boundary components �i.

For the remaining surfaces, the coordinates we use are the weights on the branches ai, bi as on Figure 8 (left) on
each of a trigon as on Figure 7 and the weights of branches on the subsurface C chosen as before.
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In these coordinates we write the symplectic forms as follows:

(4) ω0,n = ω0,5 +

n−5∑
i=1

∆i, ω1,n = ω1,2 +

n−2∑
i=1

∆i, ωg,n = ωg,1 +

n−1∑
i=1

∆i,

where ∆i is the contribution of the 3 switches of the i−th trigon as on Figure 7. As before, to write the explicit
expression for ∆i, we use auxiliary coordinates ci, that can be expressed through other variables inductively in the
following way:

ci+1 = ci − 2ai + 2bi,

with c1 = 2(z1 + z2 + z3 + z4) for the punctured spheres, c1 = 2(s1 + s2 + s3 − s4) for the punctured tori and
c1 = y1 − y2 + y3 + y4 for the remaining surfaces. In these coordinates the expression for ∆i is given by

(5) ∆i = 2 d ai ∧ d bi + d ci ∧ (ai − bi).
We note that this choice of coordinates allows us naturally embed the space W (τg,n) into the space W (τg,n+1) and
under this embedding

ωg,n+1 − ωg,n = ∆k,

with k = n− 4 for punctured spheres, k = n− 1 for punctured tori, k = n for the remaining surfaces.

3.4. Induction by genus. In this subsection we run the induction by genus for closed and once-punctured surfaces
of genus at least 2. We use the recurrent expressions for ωg+1,0 and ωg+1,1 from Equation (2) and the induction
hypothesis to compute their top wedge powers.

In the case of closed surfaces we obtain

ω3g
g+1,0 = (ωg,0 +�g−1)3g =

3g∑
i=0

(
3g

i

)
ωig,0 ∧�

3g−i
g−1 .

Notice that ωkg,0 = 0 for k > 3g− 3, since ωg,0 depends only on 6g− 6 coordinates, and also �kg−1 = 0 for k > 3 since
the form �g−1 depends only on 7 coordinates, see the Equation (3). So the only non-zero monomial in the above

expression is
(

3g
3

)
ω3g−3
g,0 ∧�3

g−1, and therefore we get:

1

(3g)!
ω3g
g+1,0 =

1

(3g)!
(ωg,0 +�g−1)3g =

1

(3g)!

(
3g

3

)
ω3g−3
g,0 ∧�3

g−1 =
1

(3g − 3)!
ω3g−3
g,0 ∧

�3
g−1

6
.

A direct calculation shows that

(6) �i ∧�i ∧�i = ± 24 dAi ∧ dBi ∧ dCi ∧ dDi ∧ dEi ∧ dFi + dGi ∧ [. . . ].

Recall that the coordinate Gi is a linear combination of the coordinates x1, x2, x3 and Bj , Ej for j < i, so the product

ω3g−3
g,0 ∧ dGg−1 vanishes. Having this in mind we obtain:

1

(3g)!
ω3g
g+1,0 =

1

(3g − 3)!
ω3g−3
g,0 ∧

�3
g−1

6
= = ± 1

(3g − 3)!
ω3g−3
g,0 ∧ 24

6
dAg−1∧dBg−1∧dCg−1∧dDg−1∧dEg−1∧dFg−1.

Since the lattice Λ(τg+1,0) coincides with the standard lattice in the coordinates {xi, Ai, Bi, Ci, Di, Ei, Fi}, by the
calculation above and the induction hypotheses the ratio between measures µω and µZ equals to

24

6
22g−3 = 22(g+1)−3,

as required.
For the once-punctured surfaces, we proceed similarly. First we notice that the only non-zero monomial of the

sum

1

(3g + 1)!
ω3g+1
g+1,1 =

1

(3g + 1)!
(ωg,1 +�g−1)3g+1 =

1

(3g + 1)!

3g+1∑
i=0

(
3g + 1

i

)
ωig,1 ∧�

3g+1−i
g−1

is
(

3g+1
3

)
ω3g−2
g,1 ∧�3

g−1, and therefore

1

(3g + 1)!
ω3g+1
g+1,1 =

1

(3g − 2)!
ω3g−2
g,1 ∧

�3
g−1

6
.

Again, as in the previous case, the product ω3g−2
g,1 ∧ dGi vanishes, and therefore we obtain

1

(3g + 1)!
ω3g+1
g+1,1 =

1

(3g − 2)!
ω3g−2
g,1 ∧ 24

6
dAg−1 ∧ dBg−1 ∧ dCg−1 ∧ dDg−1 ∧ dEg−1 ∧ dFg−1.
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The lattice Λ(τg+1,1) coincides with a sublattice of the standard lattice in the coordinates {yi, Ai, Bi, Ci, Di, Ei, Fi},
given by the condition that the sum y1 − y2 + y3 + y4 is even (see Section 3.2). Then by the calculation above and
the induction hypotheses, the ratio between measures µω and µZ equals to

24

6
22g−2 = 22(g+1)−2,

as required.

3.5. Induction by the number of punctures. In this subsection we run the induction by the number of punctures
for the remaining surfaces using the same approach as in the Section 3.4. We use the recurrent expressions for ω0,n+1,
ω1,n+1 and ωg,n+1 from Equation (4) and the induction hypothesis to compute their top wedge powers. In the case
of punctured spheres we obtain

ωn−2
0,n+1 = (ω0,n + ∆n−4)n−2 =

n−2∑
i=0

(
n− 2

i

)
ωi0,n ∧∆n−2−i

n−4 .

Notice that ωk0,n = 0 for k > n − 3, since ω0,n depends only on 2n − 6 coordinates, and also ∆k
n−4 = 0 for k > 1

since the form ∆n−4 depends only on 3 coordinately, see the Equation (5). Thus the only non-zero monomial in the
above expression is

(
n−2
n−3

)
ωn−3

0,n ∧∆n−4, and therefore we get:

1

(n− 2)!
ωn−2

0,n+1 =
1

(n− 3)!
ωn−3

0,n ∧∆n−4.

Recall that the coordinate ci is a linear combination of the coordinates z1, . . . , z4 and aj , bj for j < i, so the product

ωn−3
0,n ∧ d cn−4 vanishes. We obtain

1

(n− 2)!
ωn−2

0,n+1 =
1

(n− 3)!
ωn−3

0,n ∧∆n−4 =
1

(n− 3)!
ωn−3

0,n ∧ 2 d an−4 ∧ d bn−4.

Since the lattice Λ(τ0,n+1) coincides with the standard lattice in the coordinates {ai, bi, zi}, by the calculation above
and the induction hypotheses the ratio between measures µω and µZ equals to

2 · 2n−3 = 2(n+1)−3,

as required.
In the case of punctured tori we similarly get

1

(n+ 1)!
ωn+1

1,n+1 =
1

(n+ 1)!
(ω1,n + ∆n−1)n+1 =

1

n!
ωn1,n ∧∆n−1 =

1

n!
ωn1,n ∧ 2 d an−1 ∧ d bn−1.

Since the lattice Λ(τ1,n+1) coincides with the standard lattice in the coordinates {ai, bi, si}, by the calculation above
and the induction hypotheses the ratio between measures µω and µZ equals to

2 · 2n−1 = 2n,

as required.
Finally, for the punctured surfaces of genus at least 2 we obtain

1

(3g − 2 + n)!
ω3g−2+n
g,n+1 =

1

(3g − 2 + n)!
(ωg,n + ∆n)3g−2+n =

1

(3g − 3 + n)!
ω3g−3+n
g,n ∧∆n =

1

(3g − 3 + n)!
ω3g−3+n
g,n ∧ 2 d an ∧ d bn.

(7)

The the lattice Λ(τg,n+1) coincides with the standard lattice in the coordinates {ai, bi, yi, Ai, Bi, Ci, Di, Ei, Fi},
such that the sum y1 − y2 + y3 + y4 is even (see Section 3.2). Therefore by the calculation above and the induction
hypotheses the ratio between measures µω and µZ equals to

2 · 22g+n−3 = 22g+(n+1)−3,

as required.
The computations of the Section 3.4 and Section 3.5 together with base cases considered in Section 3.2 complete

the proof of the main theorem.

�
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