
 

1 Assignment3 duetwell 459PM
2 Termtest mock Termtest onTurela
3 Post lecture practice questions

finger exercises

Submanifolds

Westart bystudying more the algebraic Propertiesof fix

Let fi N M be a c map

rk FCP is rank f p i Tpb Tap M
dim f p Tpm

rann Nofoot'll rank f Ip

opencondition

Defy f is an immersion at P if f p is injective
Fisan immersion if f p is injective fPEN

we say f hasconstant rankn
opencondition

Det f is a submersion at Pif p issurjective

f is a submersion if f p issurjective WPEN
we say f hasconstantrank m

Proposition Fisa load diffeomorphism at p iff f is a submersion
andanimmersimatp
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EI Canonical immersion i Rh RM where nem

iCH an 1 Cx 1 70 no

Check iii
i is smooth an open

i Fulp Fyilap it in
map

fix D i Ifm injective KP

EI Canonical submersing Tl 112 RM where nsm
x xn 1 Cx xm

i issmooth

i 3 Di Imam o which is

surjective KP

Theimmersiontheorem Let f N M be an immersion

let PEN
3 Vid nearponN andCV 4 nearfcp mM s t

Yofo 0
1 Cx xn 1 x xn a co

C ay An immersion islocally injectine

Compare f with f



SubmersionTheorem Let F N M be a submersion
Let PEN

7
Y o fo Ol ti x n Cx Xm

Corollary ASubmersion is an openmap

More generally i

Constantranntheorem i Let fi N M be cosmap
with constant rank r LetPEN

F
ft YoFool i CH r n xn ng x ix o yo

proven in Appendix

Def let fi N s M be a C map We say f is
an embedding if it's an immersion that is
homeomorphic onto its image

1 f is an immersion L

2 f N FCN is a homeomorphism

f
F equippedwith subspaggpo



pological embedding

µ
N F

EF

Ex 1 canonical immersion

Danielithonenfi
An immersion is locally an embedding

ExI i let M bea k dim manifold in IRA
asdefined in Assignment 9

staff.Ynstrate
regained

smoth

Thenthe inclusionmap i Mes IR is strike

Membedding p ng p
Ar

cswbspa.etepalg.gg

Iot Clearly ii M ICM is a

homeomorphism onto its image because M is
equipped with thesubspace topology

let f I µ opevn.mn be amap satisfying
open

the 3Properties in Assignment 9

then U is achart



Coordinate representation of i is

Ido is f i U Rn
Ats FCI which is

and D Lido iof Df is injectine by
the third property So i is an immersion

ad

Remade the smooth structure of M inherited the
Smoothstructure on inThe followingsense

If f IR HR is co
Then fl µ foie M IR is CS

Beta SEM is an embedded submanifold
i

of M if it's amanifold S t

ii S Cs M is an embedding

Ext k dim manifolds inRh



Eff Let f IR IR fct 1 1

E
Then I Gif Ctl x EIR is a smooth

manifold with C atlas

ff.IT q where IT x g tsx

Is this an embedded submanifold ofR2

Is i iff R an embedding

topological embedding

Nate that
I do is TY i x Cx IxD

which is not so i isnstan
embedding

Etf Graphof a smooth function

Let fi Ns M beacomap

Then tf CP fog ENxM if PEN
E NxM



N

is an embedded submanifold
of NyM Etc

ExI opensubsets UEM are

embedded submanifolds of the
same dimension

they are the only ones
etc

Ext Let fi N M be an embedding

then 3 smoothstructure on f CN

s t f CN is an embedded submanifold
with the Property

f N FCN is
a diffeomorphism

Es tem
f 3 3



forevery diffeomorphism f 523 1123

f S2 is a submanifold of 1123

That is diffeomorphic to S2

S2 E ellipse

f Ct y 8 axis et

Sf restricts to an embedding
embedded

In fact Every manifold is afubmaniked of
a Euclidean space

Whitney's EmbeddingThur i

for any smooth manifold Mf dim n

F f i M 112 that is an embedding

one youstudied in252

So
ML

a submanifold of 11224diffeomop

O



Shar pff Weinbone
are 2 dim manifolds that
cannotbe embedded in IRS

post lecture Practice questions

1 dothe exercises above

2 Show f x sit ax by et
restricts to anembedding on S2

Assignment 3 problem9 c then impliesthat the

ellipse f S2 is diffeomorphic to 52

3 show rk f i N R is continuous iff fisof
constant rank

4 for PEN showthat f XM is an embedded

Submanifold of NXM

5 If SEM is anembedded submanifold Showthat thereis
no other smooth structure on Smalling 5 a submanifold

of M



6 Thinkof an immersion that is notan embedding

Thinkof an injective immersion that is not an embedding

7 suppose F N M is and FCN ES where S is
a submanifold

Showthat f i N S isalso

8 Problem 11 I Il 2 11.3


