
 

Attempt 2 indefining the tangentspace I
ff.ieI

each

As pi
1

Tangent space gives us a notion ofdirection awayfroma point p
andthat givesas anotion ofdirectional derivative

forvetplR we can talk about D i CTR IR
defined by Duff font

OfIp 8
o

Dflp V

for each rector vETpRn weassociate it to
a Dvi C CRn IR
e

let f U IR
UoPenneighhdfPletgiV slR.V open neightedhip

wedefine an equivalence relation i



f Ng if I openneightedW ofP s t WEUAV
and flu 91W

Notice that Duff Dvlog
let h f g then h w o

o Duh Duff g Dvt Drug

Define Cfc112th asthe space of all equivalenceclassy

f is the called thegermof f at P
c CA

Dv CERN IR is constant on equivalence
classes so it induces amap Dr Cf Ren IR

q
1 V S oner IR Cf tfg Cftg

Eff inCcfA
EYE

ring ID
Dv isnot any nap it satisfies

1 linear wrt the Us structureofcop
2 satisfies the Leibnizrule
Dr fog DvCf gcp FCP Dvcg

R ed



Def Amap D ofCRM HR is called
a derivation if it satisfies CD and 2

let Dp D CfcRh IR Disa derivation

Thin 1 Dp is a V S over IR

2 Themap OI TpIR Dp
i V Dv

is an isomorphism

Proof 1 etc

2 first OI is linear

OI Gu vz f Dawn Cf

Of for the

f U Of.bz

c Duff f Duff

CIC n t Ecua



Second Eis injective

Letvetpiph s t Icv Dv D

Consider the coordinate functions ri

a Ducrit IE VI DeCri
s

vi
v D

Third Iis surjective Let DCDp

WTS FuetplRh s t D Du

Lemmat Taylor'sTheorem

If fe u whereV is an openball centredat

Then Tgi CC U s L

1 gicp ftp p
2 fG fcp t.E.fxi.fi giCx



Prout yet Ptt x P

Then FCA Hp dqffoktldt

i.EE h.ixi ritd

iE.cxi.pil.S3fil
dt

gica

et gilt offtp ggdt

Also go.co of ftp pdt ftppfdt ff.fp
Be

LetfeepcRn then

D f D FCP 1 YE CI Pil gig

0 O



D EE flexi PilgicD
cxi.pe

DpCgiDoYi
DfiLzfgdp

Recall Dv 4 0 where cis constant

I v
z

Lemmate forany DEDp Dcc o forany constant
function C

Proof Dlc CDG D Irl

c
Day Ig thgouf

2 CDG

2 Dlc

Dcc o

Dneilf Dqpyieo.tt
11

So Dcf IE Dmx ftp p Of V

ri where v YE Daiei



So D Dv for r I

so Dp is an equivalentdefinition ofTp
1PM

DefoftangentspacemManifoldj

Def let Mbea smoothmanifold

we say v CfcM IR is a derivation at P

if vis linear andsatisfies Leibniz rule
V fog left gcp fcp Vlg

we definethe tangent space of M at P as

Tp M v Cf CA R Ivisadaqiraption



Definingthe derivative of
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