



































































































































let s be a topologicalspace and let be an

equivalence relation

Ti i s S In

is an openequivalencerelation isopen if IT is an open map
equivalently

if U Cx isopen in S
U
whenever U is openin S

Thin i Suppose µ is openequivrelation Then She isHausdorff iff
thegraph R Cag C KS l Ny of N isclosedin Sas

Sdoesn'tneedto beHausdorff etc

Thini Suppose is an openequiv relation If S is secondcountable

Slr is Secondcountable
prooti If B2 is acountable basis forS

then t Bal is acountable basis forSIN
check

is false

Check locally Euclidean on acase by casebasis

Exercise Definerigorously thetopological Spacey cylinder Tony
Mobiusstrip Kleinbottle a QuotientspacesofthesquareonIR



I

Specific Imf Example

The Real Projective space

IRP is goingtobe the spaceof lines in IR passing

through theorigin



Define an equivalence relation on 112 t o by

ayy
if x forsome tEIRyo3

Define IRP is yo

gn I Any line passingthroughthe
origin can be associated

to a pairofantipodal point ons

X

y

i
Thismotivatesthefollowing

Define an equivalence relation ons by
Xny if x y

Then wehave an obvious bijection Rpn S

let fi R o fCx In
Proposition

This function induces a homeomorphism F IRM 5

A



proof
f Tt

ipn so3 sn snv

IRM SMN exc

some concave pkpin.sn
armament

this.sn e Ia



we could saymore 5
C a

Consider IRP Ove U ft
to

a
u

U UU
isopen

III T.fi 7 IIi.uzs3o h

D MEIR Hefel

Natethat 11 22 How

let 4 H D y z

let 4 D It 4 7

Then 4,4 are cont and one inveses Yeahother

Define onH2 byidentifying antipodalpoints on the equator

Define on D2 by identifying antipodalpoints on 202

Then land 4 induce homeomorphisms 4 Helm D

TY D4n H'In



we have the following sequence of homeomorphisms

IRP
2
5 In I H'In E Dh

IRRasDYN

iii

ng
g t

Q2

i D

Newts d equivalence relation ofIRP is open

Tl i 112 t o RP isopenmap

z 1pm is Hausdorff second countable



3 Rpn admit a c atlas and so is a smoothmanifold

1 IT is open iff if U is open set in IR I o

then If
isopen in R t o

U tu which isopen

tEIRl o

2 Second countable if M issecoondwpn.ie

a

Hausdorff let R x g cSxs my thegraphof

the equivalence relation where 5 42 Y o

so R x tx XEIR t lo telRthol

y
which is closed



T irstspinmoingcacdn.sn
Smoothmanifolds

Definitionof a smooth function

et M be a smoothmanifold
and let fi M IR

Y

Y T
f pg

ER
1

it

Yy acutern

Deff f is atP F F a chart Vio containing Ps t

fooltiolcDs R is c at Hp
F regularCd

f iscont atP since f Hool lool on U



Is this definition welldefined
in themaximalatlas onM

Let C U 4 be another chart near P

fo U f ol 1 o Dott 4 UN R

r a
coat P c atP

fo y l is at P

f is c atp is independent ofthe chart


