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Wedefined amanifold withboundary

We defined an interiorpoint asapoint per s t 7 a chat Cup nearp s t

ACDe HM Xn p O

Wedefined a boundarypoint asa pointPEM s t 7 achart Ucd nearp s t

ICP earth once 0

Probity These concepts arewelldefined independent ofcoordinates

They Partition M into M interiorpints and2M boundarypoints

Smothinvariancefdomain If fi us S isa diffeomorphism whereSEIR

isarbitrary and U EIR isopen then Sisopen
rnRn

t.IN
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y.pt RE nu ÉÉnu is a diffeomorphism

W dew
Treninan Fatherint
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1 Def fi M R is a C if for any chat Uid

EthopeninH

er means A smoothextension onanhbelJaco inRN

2 Tangentrectors

span Elp Elpt.IM
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foramanifold withboundary Let Cup be achartnearPEJM

ThenTpMi u Cp M R f vispointderivation

ran Gilpin Bale
Then TM and M aredefined inthesameway

Also distributions and orientation are defined inthesameway

3 TIM is defined in the sameway
And so is 1 TAM and s M

4 embedded regular submanifolds aredefined inthesamenay

I couldbe withor w oboundary
If SA 2M D then it is amanifold Time

with boundary 25 5MOM f

Thai Let M bean n dim manifold with boundary

Then DM is n I dim submanifold IM and is
withoutboundary

Prof Uid Ct ath Chart onM near PEJM

Un JM isdefined asthe vanishing ofthe last coordinate

2M is ant dim submanifoldof M with Chart



CONOM Hom Yea yh
where yi xiii and i OMG M

let Up Op peon beadapted charts relativeto

that cover on

Then Upnom Oram Perm isac atlas bro

since prom toprom isopensubsetofIR'd

OMis a manifold wloboundary

22M p

we make the usual abuseofnotation cap Tp2M Tp2M

let Vip beachat near Pt2M

Then TPM a span Elp Gm p
m

a

W oabuseAnotation Ia p TPM Span Gilpin Emile

Tron span Egilp igrip
and HipEye p go.MY

tkondiiomesm



let PtoM
Wesay XptTPM is inwardpointing if XpATOM
and Fc Co E M St Cco P iced xp

3 equivalentto
xp aigilp
where an 0

Wesay XptTpM isoutward pointing if
Xp is inward pointing

Et

A vector field along OM is amap X 2M TM

Xis c it forevery chart Uid Xg a 9 Filg
Hgtv where ai eco Unam

It is outwardpointing if any Lo AgeU
if Aq is outward pointing AgeJm

Proposition on a manifold with boundary F C outward

parting vectorfield along2M



Proof

M
let Ua beachat then

X Fyn is ace outwardprinting

Vectortield along UNM

use partitionofunity

orientations
proposition Let M bean oriented n manifold with

boundary If W is an orientation form
nowhere vanishing n form That is consistentwiththe fixed

orientation onM and X is acre outwardpointing

vectorfeedalong OM then law is asmoothnowhere

vanishing n I form on JM So2M isorientable

and that orientation iscalled the boundary orientation
or theinduced orientation

Prof Law 8711 Int
WCX E i i Gm



W g 8am l Ftr 1

f did Adt 93m i i i Ina

f ga to

Etc Show that the induced orientation on JM
doesn't depend on X and so depends onlyon
Theorientation ofM

let Uid beachat near p in the orientedatlas9M

Then dy'd Adx is an orientation formonU

let X In Then
Lz

dt d Adan ENdy'd Adi

So VAM U CNN th is a chart in the
oriented atlas of an Art the boundaryorientation

If U2 02 1 2 xD is an oriented atles forM

Then Uan2M Ya A x's that is



anoriented atlas for2M thatGingAMthe boundaryorientate

ont

y
If

dildt Is dildildt

ITOH ELA
dx'ldx2

Let M Carb then2M a b
equippedwith
thestandard

orientation Theboundaryorientation andMis

Affix
a ts t

b ts th

Please fillout thecourseevaluating

Role of alternatingU tensors inthe theoryof
integration

Defy Integration onmanifolds

StakesThm



We cannot integrate functions on manifolds in
a coordinate independentway

let firm M BID

Then Integral f Snf Safety dady
usingthe
standard

coordinationsystem
independent

Let Xis to CIN be a diffeomorphism

Sfa5 didi Smfh Id
et call dady

M

Safeties dxdy

Recall LEM Vt canbe interpretedas a
signed h dim volumemeter

Q Vi run to signed volume of Pri vn

Etiviltiecon



Espen union

Ut case
supported

let M beamanifold and let were m
becondady

let Ji CaiB M be an

yj
embeddedcame jct att
oriented boy

forPES
hip uts Wplv defines

Approximate signedlength
a signed lengthmeter

gasegment is
wp rice tin ti So ApproxlengthApecane is up Yeti tie ti

i

Define signed lengthAS
gym wpC8 til tin tiwit w

if gifted at

sogiven a signed lengthmeter wer'm

signed lengthycues
4asyffdt

y.pppamnp.am
wit w

If J iCait M isanother embedding set Join 5 withthe
sanesriental

asf
2
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8ofCat aib

Then fwy Ect dt Ifwrit HttDdt is andiron

Wedefine Joy 141iced at
thiswelldefined
dependsonly on S and W

General Kuen
becomathysuated oriented

let werden and lets beath dim submanifold

Suppa

up
forsimplicity suppose f canbe covered withoriented
onenchat

d S Rk
Then I ti i ta to a Cainta

a parametrizationof S

signed k dimvalaneAS
wit w

S catalthgggrta tn
at.in drt dr

des



Soles W Fx Zu
ya

dot dx

oriented

let 4 S IRN beanother Chart Precarious

Then Soles 487 Er pig any dt
dt

b
bi

Sacs W Fyi Byu
pig n

det Dyads'd

d

detxteYII.atSee whoa b harsh

Sues wGy Byu
qq.ua

das dish

Given a k form we run

Sg is Jay Wynn Ga yea
dx d

M independent

ofthe orientedI crated



I A
cratered

signedh dimValeryS
wit w

becompactly
supported

It hen and westen and SM assurghay is
coveredbychat

Then signedValue AM SW E E
WA W

letfe is R Thenff Fpi fail

whatif supper
comfit Éngjiffy

I
compactlysmported

let we rn M whee

Mos orientedmanifold

let Ua b bean oriented atlas

let sabe a partitionofunity

Then Saw iscompactlysupported inUa sincesupp saw

sums
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And so we canalready makesense J

dx r dah
Sysaw

i f WH Jamaican.nl
SICH

mm

we now define Sy is Sm Saw

proposition 1 Guy is independent of Partition family
andthe oriented atlas

2 Sum is finite a is opencoversurplus

3 Sw Sg
M

4 HaER w yer m thatarecompactly
supported

fawn afun Sr
M

Sm ricin IR is IR liner

Let



5 Ldf N M let werner compactly
supported

then fly fewN
U

Et 6 It M canbe covered by I chat up to
a measure o set

then Sy SY

fMbeamntdmfitnboanday
and let JM bethe boundary with the boundary

orientation

Let we r M becompactly supported

Then Say fi w when i omen
2M

S

bffcadxStamm a
fcb flaf

d d
iscompletely

determined

by informationonJM



Suppose Ma Carb Then an a b with theboundaryonetation

withstardedgation a to I

b is tl

let ft ICM Then baffledx Sadf Sfm flat Fcb

Corollary FTC

Proof you proved it on IR and H in 2ft let 523bepartition

ofunity subordinate

omw to 023 amented
ath

famsaw

L
202

a Soju 02 Law
MonRn I

Jay d 02 saw usingstonsthm
onHh

Sonu 92 dean

L Sadist
S E d saw



Smd Esau
Sndw

We xdyldt
9dtddt

zdxldy.se
2 format Atldyldt

Sy Idw faxdsdz
BBid
YIP r

Post Leaceaation

1 Dothe exercises above

2

Define f H R by f xx X'X

showthat f is co standard find anextensionFEC o

where U217 and isopen s t Flar If

3 let fec H
Define ftp

e
i gflea where fisarextension off

nearCon

Showthat Falcon is independentofthe extension



41
Show that Xp EtpM is inwardpointing iff
on everyChart Un rear p Xp digit wherean o

5 Show that X JM TM is c iff
KPEDM 7 nabd VEM AP and YEACO s t

lameNomo

6 Thereisa natural isomorphism

Ii warn rnc rn
f rs f dit Adx

Thatallows forawelldefined notion on integration of functions

let ferocity with compactsupport Then wedefine

Sf i f fdtl AdanRn

Wehavethis became A comeswith astandardcoordinatesystemand

hasastandard nowhere vanishingn form

on amanifold forevery ween m that isnowherevanishing

comeupwith a notion ofintegrationof functions onM thiswilldependon w

showthat foreveryfixed isomorphism A M r M we have

a notion on tf integration onM thatdepends on I
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Define a 2 form WE r I3 by
W xdyldztydzldx.tt daddy

a compute win sphericalcoordinates r 4,0 defined by
Clay 2 rsing cost rsinesino r cos o

b compute dw in bothCartesian sphericalcoordinates

and verify that bothexpression represent the same 3 form

C compute it W to52 where cigar
Using coordinates 4,0 on the opensubset where

these coordinates aredefined

d show that i w is nowhere vanishing2 form

anduse stones theorem tocompute Spider Showit'Etact

8 let wa Iif est run betheclosedform

defined in assignment 6 Compute Sjw
where i s or

usingstonesthin and show thatempties c w is notexact

9 let P QE CBI be functionson closedunitball BIER

she use stolleythm toshow that

SEE Ky dads S kdxtQdy
BID

A Green'stheorem



10 Let w Z X xy daddy dyldz dzAdx

compute fitter where i D es IR
D and D exist er NY E3

11 Problem 22 7 22.11
12 Problem 23.3

13 whatiswrong with thefollowingargument

let B o be the openunit ball whichis ann dimmanifold

without boundary

IT Jae dxtdyldz tfagdfxdyldttgdzldx.cz
dad

ffypgfxdsldttydtldxtzdxldbye.to
key

Then

D since 2B 6 P

so 413 0

14 Recall for Xe Ham O X ecocide satisfying

Lydia Ada D X dx'd Adm



Showthat J D X din Adt G Lx N Ln din nda

Bits
wheeN IE Fyi

use stonesthn and Cartan's magic formula

LxCdt'd Adan


