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Reed
A teamw isa section A M

w M TM
P to Paup where wpETpM

W is smooth if it's smooth asasection

Examplett for feces M wedefinethe t form df iM M

where Ifp Etp M definedby
for VETpM Ifp V f fap v Id

Bproposition

proposition The following diagram commutes

Tpm Is IR

y
Lol

where cddxlx.ge

Tap IR

Under The identification Tap IRI IR
wehavethat fap dfp
Both arecalled the differentialoff at P

Examplett let Uid be acoordinate chat
Then X Ec o and so did isa t form satisfying



dxip Eff Eg xi 85

dip dip is thedual basis of

Gilpin Gulp calledthe coordinate

dual basis

Spoiler Just like thecoordinate vectorfields 8711 xn
onU make abasis of FCO wrt module structure

wealso have dx da make a basis ofthespaceof smooth

tformonU wit the module structure

Then for any fec o

Ifp di dxip for a EIR

Apply gyp toboth sides

Efi p dfp Elp di dxip Exilp as

If Eg did ono

In adifferent coordinate chart U 4 6 ight
then df Bfg dye



If
t.FI iIIaT

d
d

sin

Of dxi

im.mn mIgdf
Ifidx

satisfying

Ffp V
Dfp o

VVETPM

notice men Of ErEr Yoga

I pRecall

Smoothies criterion lemma for V f
Let X be asection over TM The fallowing
areequivalent

1 Xi M TM is smooth

2 forany Uol coordinate chat

X aiFyi onU where aceCoco



Smoothresscrieterionlemmafortform

let w M TAM be a l form Then thefollowingareequirald

1 W is smooth asasection

2 Onany chart Uid w ai dxi where ai cCoco

In particular dx aresmooth t forums on U

Exc

Recall whatwedid for vectorfields

1 Wedefined theaction ofa rectorheld on Cocu

for Fec M XH M IR
i pts XCf P XpCf

2 Second Smoothies criterion

A section X M TM is smooth iff Xcf Ecocm
whenever Fe GCM

x c M c M

3 Any vectorfield defines aderivation on CTM

Xi cen cam is aderivation

Every derivation one m coincides withtheaction

Jaurigue smooth vectorfield on Crm



H MMI E Der Carl

smooths

May I
Derivations Xian caus

isomorphic wrt themodulestructure

We then denoted thespace Asmooth rectorfields byHCM
Derk

We will do the same for 1 forms

9 Let w beat form Let X E M

M walk

Pts Wp Xp

WP Xp

We define theaction of t forms on HCM
for XetCM define WIX M IR

i pts WpcXp



Proposition Let wheat form Then theaction Jw m M

is co linear

proof for t.ge CM and FEC M

Then W fley p up fer Xp typ
f P up Xp aplyp

LfWG wyd p

2 2ndsmothressanterionfortfons

W is C asa section sort M iff
WCx ECU M whenever XE Eon

Etc W FCM CCM

3 fromabove we know That any smooth t
form

W defines a co linearmap Wi M c M

Then Let A HCM CCM be a Co linear
Map Then 7 Smootht form W s t

theaction of w on m coincideswith A



Prof thefact that Ais co liner willimply
That Act P onlydepends on XP

Then we candefine WP ETIM byfor

u etpm Wp v Alt p where XE n

s t Xp V

let Nyt HCM s t XP Yp
WTS ACNCP Aly p ALY g P O

ItsttiastoshowthatwhenengZEID.INALZ P O

g

É

Then thedefinition of wp iswell defined and defines

a t form W M TM
i Pts P Wp

and it satisfies for team wCX p Wp Xp

ACT CP

WA AG

since Wix Act ECACM forevery TEAM wissmoth

C



Wiman switch cxm is iso

smansectingtm Ed Wilton em

wiser liner

e
modulesones CTM 9

for winze feces formant feel
define future P P wiptwap define

Fw P p fopjamp
with X Witten

f wi x fact
show wit Wz for G show witwzifw E

Yowtaimamdulesover Crm
Denote by r M thespace ofsmooth
1 form either or

I M isamodide over CTM
v s over R



Post lecture Practice questions

1 Do the exercisesalone

2 Let fecal and let Uid x'i ans and

U 4 yl yn be charts orM

Define thevectorfield D É ZI Zi onU

Write X wrt the basis Fyi Fyn

andshow it'snot necessarily equal toEEye Eye
3 Let F Ns M beasmothmap

and consider Charts O 0 41 th and V4 9 ight

on Nand M respectively

Show That

F dy II dx's where isthe
pullback

4 What's
wrong

with this argument

let Aiken c M be a co linearmap and letZe M

sit Zp O
let Uid beachart nearp and so Z a i whereaicp 0



Then A 2 P A ai
o p

a'CMA Jai p since tis C linear

O

5 If wer M and UEM isopen
then we e n u where who is defined by

WI U to
Pts Pimp

6 show that smoothsections win T'M and

witch c M wiser linear aremodulesover CTM

and I Wi M TM Wilton GCM

is an module isomorphism

7 ret f R R definedby flx.si est sinx

let gear be the function gear UV

compute dg F dg fig and dlf's

Noticethat F dg d fog



8
let O R R2 tts costSint

which is an integral curve of X 3 93
Let B dryer CR

compute B x 8 13 8136 Bot

Notice that 8 13 E


