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2 Test onJune17
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TM pfnTpM Chu VETPM

LetCU D CH XM bea chat nearPEA

Wedefined 8 i TU Gcu xRn
ffuTpM g

coefficients if u wrt thebasis

i Chul Cx xn d en File np

EEciIilp
Weequipped TU with thetopology thatmakesof a homeomorphism

If U 4 4 isnt is anotherchart then

to Cx xn Cl r oh tng yl cyn b ibn isa homeomorphism
diffeomorphism

thetopology onTU is independentofthecoordinatemap

Weascerting AETM isopen inTM if A ATU isopen inTU for

everycoordinate set UEM ThistopologyonTM is Hausdorffandsecondcounts

Ten CTU F is a chat MTM and if Cyold iae A isao atlas

onM Tbd Ea a cA is a c atlas on TM



setcfimnmfftntid.dk
is a smooth

X M TM Fox Idm
P XCP CpXp

CTPM

Recallthat f M is a vectorspace oner IR and
a module over CTCM

Ex Let Vid Ct ant beachart Then c
C f U

i Pts Pi Ip

incoordinates i Ct ith H xn o A O

If ai CCTU for ish in

then X EE ai

EtfIn fact all smoothsections onU one of that form

let XE f U cosinceXissmoth

Then o Xo Ili Cx xn Ct oh c ich

where Xg EECibo ftp q HEEU



In Palmiter Cii Co IR is

Then ai CioOt Us IR is c

And X Eeai i

Proposition for any coordinate opensetU f U is an

h dim module overcoat with basis

if
Remind as a vectorspace north PCO is infinitedimensional

SmoothnessCriterion of Vectorfields i Cavectorfield

et X Ms TM beasection onerTM

Xis smooth iff on anychart Vio CH Ant

thecoefficients ai i U IR are smooth

where X a

An equivalent definitionof
vector fields



Let s bea section arerTM
S M TM
pts PSp

9

Ateverypoint P Sp is a derivation at P Sp Cfc SIR

so Sp EIR

This defines a function D Cf on M

DsCf M IR
i p Spots

So we have themap Dg Whichtakes functions

to functions on M



Notice
1 Ds islinear Ds fig p Sp Atg

SPCff3tSp gD

fDsCfltDsCgBlp2JDgi5atisfiesTheLeibnizmlei.D

sCfg Ip Sp Cfd
Sp Cfd gcp 1 fcp SpEgs

CDsA g t f Ddg Ip

Suppose S is smooth Let CU a CH am be
a chart

Then onU S Ee ai fzi whereai E C Ko
bysmoothness
Criterion

let f c CTM Then on U

DsCf p Sp Ef

Eaa f p
CCA



EI aicp 3 Ip

BCH Iz ai I c CTU on U
axi

DsCf form

So if SE f M is a smooth section

then Ds CRM c CM is a derivation

on the algebra CHM

Renick VCTPM is not aderivation on thealgebraCop M

visa derivation at P v Cfc SIR
visa point derivation einer

Leibniz
Let DerCorms is D cam scentDaimama

vectorspace our IR
module oner CRM

Detini II RM Derwent
S Ds



This OI is an isomorphism wrt themodule andUSstructure

Prooti Iis linear andinjective Assignment3 44

Weshow surfectivity

let D C DerCC CMI
Wewant tofind Se Pon s t D PICS D

Roughened

The sections that we are looking for willsatisfy

foranyPEM andFECKM Def p Dscalp SP

Define Sp CfcM IRAtty
DAY

gneedstobedetined

Mall M

Lemmy forany f f CCop M FF ECT n s t FEED
etc

for PEM define Spi Op M IR
Cf DCF IP

where F is an extensionoff



WTI Spiswelldefined

Sp CTPM

Let fi fzeff befunctions defined near P

Let fi Fa ECT n be extensions of fiandfz
Fifi Effs

We want toshow DCF Ip DCE Ip

ie DCF ft Ip D

Note that I Izzo onaneighhd Vof P
Let SECKM be a bump function at P supported in V

Then SCI fi o so DCSCI ft 0

So o D SCI Tn DG fffif IDTF.fr
FralnateatP weget o DCfF Fz lp

Sp Cf H Dflp is linear andsatisfiestheLeibnizrule

SpeTPM



We then define thesection Si M TM
i p n CRSp

Thenfor f Eos cm Dcf p Sp ft D Cf Ip

D Ds I n.inta7ntmowif

Sissmooth

Weneedtoshow Sissmooth as asection

Let CU ol Cx exn bea chart near PEM

Then on U S Es ai i

let Ii
qq.cm

be an extension Ax's Iie fxD
Then D xi p Sp Ext

Es air 1pm

again Ip

r aicp

DC a on 0 ai E Coco
as DC Ecru
Is



And so D o I is surfectivity
Be

from now on denote the grace ofsmoothvectorfields

by M sand Ds onedescribing thesameelement

in Ml

XE M is asmooth vectorfield
Xi M TM fineIfm

x CRM can
denial

Sm t2 i

A section X is ca Iff XCf is C wharf Eco.CM

Midtemdosnte.ve

Integral curves
flowsfVectorfields

let xe M



Defy An integral cane cica b M of X is a co

Carne s t CCtl Xcees

i ii
Anintegral cane is maximal if its
domain cannot be extended

example 22g E HCR2

integralcare starting at Ico

is Htt Ft co

t.es
et Vio Ct itn be a chart narp

Suppose c aib M is an integral care starting at P

Then X cats t.E.dk Zxilcce

and c'let C Cddz Iz I c Ct if
Since c'Ct Xue



o c Ct aicutt
o P n

iEEE E9

whichis asystem of ODES

Thin Existence anduniqueness ofODES

Let VEIR and let fill IR bea C function

LetPoe U

ThentheODE d f yet

T o Po

hasaunique C solution yi acpo KP V

where acpo bipod is themaximal openinterval containing0

on which y is defined

a
innit



Notice thata function fr V Rn defines a vectorfield

MV The corresponding section

X V TIR n

i p P Dfopy

satisfies II

and 2 o Po

Then C E Ea EcacPol bool

and Z TICE eu

Corollary Let UEM be a coordinateopenset
and let XEACU

Then forany peu 7 maximal integral came
rt X starting at P



we want to varythe initial point and see if the
Solutionchanges smoothly

Think of y as a functionJ2 variables yet g satisfying

btw I f yet oh

g oig of

Thin i Smooth dependence ofsolutions ontheinitialpoint

Let f V Rn bea C map manopensetVERN
for each point Po 3neighbhdA Po W E V and 3 Eso
and a c map

y C e E xW V s t

9Ctia fcyct.gl w



post bet
I dotheabove exercises

2 show NU is an infinite dim vectorspace overIR
forany coordinate openset

3 Makesure youseethat foray sectionX MSTM
and acoordinate chart Vio
F ai i U R s t

X EEai on U

Xmightnot be or even cont andso al isnotnecessarily co

hencountingenfutthatateaenroint

Kilifi
abasis forTPM

4 showthat any derivation Dican calm
is a local operator That is forany FEC CMI
DH Ip onlydepends on f near P

5 Problem 14.1 14.2 14 3




