
 

Def Lota submanifold SEM is anembedded submanifold if it's a

manifold S t c i S Cs M is an embedding

i i S i s is a homeomorphism S isequippedwiththe
subspacetopology

i is a fecocM fIsn foi cC CS
c isinjective allows for awayto seeTps asasubsetATPM

on a

Tangent spaceof a submanifold

let S E M be a hdim embedded submanifold in M
Let Pts

what is Tps isTps ETpM
T L Tdoesn't

N d makesenserecon Ii itp
olddefinition

Recall TPM D cop m IR Disa derivation at P

Sis asmoothmanifold

TPS Di Cfcs IR DisaderivationatP

Let vetps canyou thinkA TEAM that is thesameas v



Proposition for everyvetps F T eTPM with theproperty

tf CCHM T f V f s vCfoi

Proot
ix PCH ft

L
T ix p v

Since i piTps c p Tps is an isomorphism

ETpM Ci isan immersion

ix p Tps is thought of as Tps but asseen as ak dim

subspaceATPM
ix p Tps andTps willbe used

interchangeably

Regular Submanifolds

Anotherapproach modelled after lRkx o EnlRN
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Det 2 SEM is a regularsubmanifold ddimly
if VPES F CU Ol Cx yxD near P s t

Ung isdefined bythe vanishing ofthelast n kcoordinates
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D iff EE UAS

A chart chat like this is called anadarted chat
relativetoS

Nate that furs is a chart ons

where 01g too Uns Rk
P x p xkCM

If 02,0121 is a collection ofadapted charts

relative to 5 covering S

Then Vans Ola I make a atlas on

making a smooth manifold of drink

Exf Let t.IR IR be a function

Iffy
findanadapted AIR relativetoff

Yi as ng x y fall

is achart on
1122

Kisadiffeomorphism Gso up y



Also f il precisely defined by the vanishing of
the last coordinate

so I peut l fo 4G o

So 11274 is an adapted chart relativeto A
making A a regularsubmanifold

Thm SEM is anembedded submanifold ifandonly if
it's a regular submanifold

D Use immersionThm willgiveson adopted Charly

E Use anadapted chart then

Ots ooo f is the canonical immersion

i is an embedding

Think 13 and think it4
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Det let f N M bea chef Let cell
Wesay f c f B is the level set off
with level c

Cis acritical value if Fpf f ke s t f p isnotsurjective

Cisanegular value if it's not a critical value

If so f Cc is aregular level set

f Cc

f ay
T f Cs

Thin Let fi Ms R s t o is a regular rate
and f o then f o is a submanifold

of M J codimension k dim n K

Proof let PE f o then ft p issurjective

sincethis is an opencondition then E Pis surjective
on a neighbourhood U ofP Fisasubmersion on 0



Thenby submersion thin Chahal 7 a chartcoff
neat

in M and a chart CUT 4 near 0 in IR si

YoFool Ct xn G's xD
et Ca ah 46

Then f o AT PET I had for iii ik

Define thechart Icp Cxh xn x a I a that

Then f o RT isdefined bythe vanishing
k Coordinates making Iif an adapted chart reorp

relative to f o f CD isa regular submanifold
A coda

Corollary Regular level setThm i

let fi N Mbe a map set c is a regular

Value Then f l c is asubmanifold of N ofadm
xp whathappens

ns.m

Also kernel ft p ix p Tps Tps
Proven Assignat 3 Problem lb



Moregeneral i ConstantRank Level SetTheorem

Let fi N Mbe a c map and let c c N

If fis ofconstant rank K onaneighhdf f e

Then ftCc is a submanifold ofcod K

Det SEM is a lendset submanifold ofdimU if its

locally a regular level set of amap

Precisely if bPES F f i U IR
h

a map on a

neighhd U of P s t o is a regular valve and

f o uns

The legdmageted s sefmbeandideded Ffkmind

submanifold

Motivation

define Vectorfields differential formsTensorfields
Riemannianmetric
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R n f SIR
9 nA
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Want tomake a smooth choice

of a dual rector at eachpoint P

Thiswill becalled a differential 1form

rak l tensor onTpM is

me
Ip ca e i Tp't x xTp M xTpm x TPM 1B

and is multilinear

we want tomake a smoothchore of a tensorTp cue
at

eachPoint Call it T smooth tensorfield

Adifferential h form is Co k smathtensorfield

satisfying

Ed n

Eq ateachpoint PeM

doe thereexist a submanifold of M

s t ix pops EP
Answered by FrobeniusThm



Tangent Bundle
thekeytothe3rdstepofgeneralizing Calculus

Det let Mbe acre manifold
The tangent bundle denoted by TM isdefinedby

TM HehnTPM i p.vn P3xTpM

nets
Piv PEM veTpm

I f't's we have thenaturalmap

q
p t TM M

i Cau vs p

Vii Vz E Ts
Pri que ETS Not The Coarsesttopology that

makes IT continues

let Vid be a chart on M ThenTU pUeoTPM

U ACU ERM
P to CH xn



for PEU then Ip n p
is the coordinat

basis Atp M

for any reTpm v iE.ci opwheeci IYIe.R
s
Wl m

Define ITU oleo xRn C R

RN H yl xn c oh

Iisbijective j pep d ion is E if o p
Equip TV with theunique topology that makes

a homeomorphism

Deline T A ETM Aisopen in TUa for

every coordinate opensetU

Proposition Tisa topologyMTM

Proposition HTT TM M is continnay etc

2 IT is onopenmap etc

Proposition This second countable Hausdorff

exc



TM is a topological manifold ofdim2n

Let Cva Old beanakasonM

Wewant toshow Tua Fa is a

atlas onTM

Let ITG Fa and TUp AI becharts

for veTpM v Ecifzilp Isbiffilp
Quada Tumolo

Then ndainm.ae 7 sciBjij
Ipo Ij CH xn c ich M y yn b ibn is e

TIE urtext
sincetherelation
islinear

bi Nyi Eachz4p si E ch p
n
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Ipo II is c

so Tua Fa is a C atlas onTM
making it asmoothmanifold of dim2n

Proposition t.TN M is co g
P i v t P

Ay
Tootop C g

n n vs Ct xh

d ich is CA

Proposition Let Fi Ne M bea C map

theglobal differential of f is f TN TM
iz C

Piv t LfCP fpCu

coordinate representationof f I
To of x oh c cn tsff Fn.ff f9n

in 1.1 t

fin goof

Vectorfields



puff factor
at each point

4 X pts Xp CTPM

pts EM
X M TM

Pts P Xp

17 Asection of the tangent bundle is a
map x M TM s t Fox Idm

to XCP TICXp P

Asection is smooth if X M TM is smooth

Asection iscalled a vectorfield onM

A smoothsection is called a smooth vectorfield onM

Proposition let X y be C section ATM
Then y

section

i Define Xty M TM defined by
Xty P Xp t y p

C section

2 tf form define f X Ms TM

defined by f X r ftp.Xp
exc



Dude MCM as thespace of all sections

ThePrevious Proposition implies

MCM is 1 Vectorspace MR

2 Module over the ring M

Post Lecture Practice questions

g Do allthe aboveexercises

2 Let fi N M be a submersion Then f c is a

submanifold ofdim n m whathappenswhen nem

3 ApplicationofRegular levelset thm Problem 9.1 9.2 9.3

4 Showthat AEMataCR 1 HAHEl detAko
is a 2 dim submanifoldAMatador ERK

5 If Vid isachat near P and VCTPM
showthat V Vail Ip

in



f If Mis diffeomorphic toRh show
TM isdiffeomorphic to 1PM

In Generalshow.TN islocally diffeomorphic toMxIR

7 let filth Rh bea rector field onIR
Describe it asa section of TR

8 for fi R2 R fly g 54 3 5 9

find A Ca b I o is a criticalrakeoff
sketch typical lendsets f o for Cab El A


