
 

Assignment
is due today at5PM

Teatpalogdspace.LATheorem from last lecture
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They Let f X Tx 9 Ts Thefallowing
are equivalent

a f is continuous

b f A is Closed in X whenever A is closed inY

C FLAT E FA forany AEX

Proof Cal Cb due to A isclosed S A isopen

f AC f its

e let f be continuous let AEX

Let ye FCA y fax forsome X E A

let Vy be an arbitrary neighbdof y Then f ly ax is

opensince fiscont Andso f ly intersect A sine ten



Uy intersect HA

Sinceby was an arbitrary neighbdfy Ye FCAT a

c b let BEY be a closed set

WTS A f B isclosed Recall the fallowing two facts

FCF Bl EB forany Bey

F'Cf A 2 A foray AEX

FIA f FCA ÉB
A EB FCA EB since Iggy

Also I E fCf ID E f CB A
by

i F E A A is closed

Canweadd d fan fax where xn X

Thisis Called sequential continuity andisnt always

equivalent to continuity

Related x e I AxnEA s t xn x



Proposition Let fi x Tx 9 Ty be

a homeomorphism Then XandY as topological spaces

are the same up to remaining oftheelements X fix

indistinguishable astopological spaces inthe sense that

every topological property is invariant under f

Ais open closed E fet is open closed

X is a limit isolated boundary interior point of A

fix is a limit isolated boundary interior AFCA

the X fan fix

d Xis Hamdan Y is Hausdorff

e A Ex iscompact Connected 2 5 FCA is compact
connected

Remark Becareful nontopological properties concepts depending

Themetric will not necessarily be invariants under
homeomorhilm for ex f f E IR fat tant

isahomeomorphism but doesn'treserve boundedness



Penal Topological properties arealso called topological

invariants due to the above proposition

T fm.to

Let Ct Tx 9 Ty be topological spares

The Prodait topology on xx isthe topology generatedbythe
basis UN beta VETS verify thisisa basis

So AE NY is open iff AGIDEA Fneisbduxfx
and a neighbdvy of y s t

UxXVg EA

Lemmy If Bx is a basis forTx and Bg is a basis for
Ty Then BxxBy BxeBx andBy eBy is

a basis for the product topology on Xx

Prof
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Et The ProducttopologyonIR RNR is generated by

aib x ad acb cld

open balls wit themetric d can exam

Max in alike sit

Is Generates The Standard topology onR2

TheProduct topology on 1122 Thestandard topology one

The projection functions Tl Ny X

Xy H X

and T2 Xx y y
i Cxiy is y

Nate T and The are surjective

If VEX isopen Then IT U Oxy is open in NY
If VET isopen they Tat V Xxv is open in Xx

Tl and th arecontinuous

gdiserde

Wecanask what is the coarsest fingt topologyaxxy
St both Tl and Th are cont



The coarsest topology mustcontain C Titu Vet

U KID I VET

UNI vets
U XXVI Vet

Define B finiteintersections ofsets in C makes a

basis for atopology on xx which wouldbe the coarsesttopology

Containing C

Note that B UN Vet andVety
since Ti o Attic

whichis a basis forthe product topology UxV

Themes The Coarsest topology on Xx in which Tl andTz
are continuous is the product topology

Add the details to completethe proof

Remark The above them is false for infinite products



Newspacetromold Subspacetopology

Let XT be a topological space
let YEX Is there a topology on Y that is inherited

fromX

Let's first think ofmetric spaces
let Cxd be a metric space Let Y Ex

Then d restricts to a metre on Y

dy Y xy fois definedby dycx.gl day
for XistY

notion ofdistance carries over directly

forxEY no

the men balls BY ex ye dycx.sk r

Brain Y

The topology any generated by theopen balls BYG xEY r 0

is Ty Un Y U ex ismen in X show

Since AET isopen Ais a union of openballs B ex
Yo

Ais a unionof setsoftheform Brea AY I



A UNY for some setU thatisopenin

willnotbeunique

So AEG is open inY A UNY forsome setUthat
isopen in X

Inspired by the above we define the subspace in general

topologicalspaces

let XT beany topologicalspace
Let Tex

ThenThe Subspace topology Is on y isthe topology it inherits

fromX andis defined by Ty ony Vet

T show Is is
indeedatopology

Lemmy If Pisa basis for X then By BAY Be133
makes a basis for the Subspace topology

Proof

Exants A Con EIR
Thesubspace topology isgenerated bythe basis carb Alor

So zig is opening since Cha Ctrl n y
CEB Ny



but Chip isnot open in X

Remark LetA EY Whenwe talk about a topological
property forA we need tospecify which topology

Ail open Closed ins I Ais open closed in

xEY is a limitpointof A I ne y is a limit point

A x

Nate that Y is always open inY but notnecessarily open

in X

Lemmy If y ex isopen in X then

AET isopening IS A isopen in X

Thesubspace topology Ty Vet Vey

showthis



Post Lecture Practice Questions

1 Dothe exercises above

2 find a collection Aa ER LEI satisfying

VAT 4 VAT
3 find a collection Aa ER LEI satisfying

IAI IIM

4 a let fix Y be a contfunction between.Topological spaces
Let an X show fan fix

b Let f X y be a function withthe property that

fan flt wherever th X

i Suppose X andY are metric spaces Showthat f iscont
ii find anexample of X Y and fix y s t f is
notcontinon but has theabove property Hard

5 Show that the supspace topology on Z EIR isthe discrete topology

6 Show that the subspaletopology of y EX is a metrictopology

whenever X is a metric space Anysubspaceof a metricspaceis

ametric space



7 Any subspace da Hausdorffspace is Hausdorff
TheProduct ofHausdorff spaces is Hausdorff

8 Let DEX show that theinclusion map i TSX

defined by ice x for Xe Y iscontinuous

ShowThatThesupspacetopology isthe coarsest topology inwhich c is
Continuous

9 Show that X is Hausdorff iff the diagonal

D exine xxx is closed in Xxx


