
 

Assign is due on Sunday at11 59 BUT
Piazza

Assign Mistake in Problem4 CIremored thequestion

A Most Assign questions need today's lectures except Pa 2,39

OH

Topology opensets

Topologicalproperties Concepts

Basis B Topology unionsA basisset
It setsinB

U is open AXEU ABEBA ABE U

O isa union of basisset

Topology I BET is abasis iff every open
set is a union of basissets



Topological Properties concepts

let Xt bea topologicalspace Let B be a basis fort

Importanttermindogy let xeX Let U branden setcontaining X

Wesay That Visa neighbor J X

Def Let th beasequence inX We say xu conversesto x

if for every neighbhd U Ax F NEX s t XnEU An N

ni
Et

X Tdiscate an x iff xnis eventuallyconstant

Equal tox Show this

X Tindisente All sequences converse to very element
Showthis inlettubeasequence Let ex Then X istheonlyneighbor

Define I ans afirs Showthisa topology A

show Xn x ES XI liming xn

GI xn xliminfth Am at
easy th

n y



I

egginglinesman him synthMrs

Lemmy Xn y ES forevery basis set B containing

X FNEX S t Xn E B
proof EJ by definition by BET

DI Suppose X Tx Y Ty betopological

spaces A map f X Tx Y Ty is

Continuous if f U isopen in X whenever U isopening

for a set VEY f u xen fuel

Preimage

Lemmy let By bea basis for Ty Then

f Atx g Ty is continuous iff
f B isopen in X forevery BE By

Prof G fallows from Bye Ty
Hint f f Ba Lf Ba



Def fi titty ly Ty is ahomeomorphism if
fisbitectine andcontinuous with continuousinverse

Def fi ttx ly Ty is an openmap if

f U isopening whenever bisopen in X

lemmy f is a homeomorphism iff it's bijective continuous

and an open map

Effie continuant

EI A What are the continuousfunctions from X Tdisente

to itself Everyfunction
What are the continuousfunctions from X Tindesente

to itself Evey function

A What are the continuousfunctions from X Eto finite
to itself Thinkaboutit



Metric Topology

Anotionof distance between Antinof closeness
Pointe

calleda metric
called metric topology

Let Xbeaset

Def A metric is a function di Xxx Coins

Satisfying
basic
properties a dais 0 ES Ry
wewant bl dCxig7dlyix7VXistXasensifdex.z I deny digit Visitednotion

I distance
between N Generalization of
pointsto
satisfy triangleinequality

The pair X d is called ametric space

E Let 1111 P fois be a norm onRh
Then d x y I 117 yl is ametric Verifythis

Lett beaset Define dex
o x y

This isometric called the q
discretemetric Verifydie

ametric



X f Cain RI fiscontinuous

Then d fig f I fix gal dx is
ametric on X Venty disametric

Let x ed beametric space

Then d x y df.gg is another metric

Def Let CAd bea metric space For Xf X
and r 0 we define the open ball centered atx

with radius r at Br x yet dhikr

Then B Bren r one X is a

basis for a topology called The metric topology verify

C isopen E Attu Foden ball centered att insideO

S U is a union ofopen balls

Terminology A metric inducer a topology called metrictopelos



A metric space comes with notions concerts that

are not topological

Thediameter of set A EX is defined as

diam A Ifa dexis

Ail bounded diam A Lrs andunbounded storm

Cauchysequences completeness wewill talkaboutlater

A metric topology is aspecial kind of topology For
instance

kxistx.my F neighed UN X

q

y
and a neighborby of y that
aredisjoint
let ridge then let Ux Bret

and Uy Bily

Aneta topology fan separate points

but not every topology fan suchas the indiscretetopology
andtheray topology

DI Let tit Lea topologicalspace XT is called

Hausdorff if Axiy EX xty Then exists a neighbd

of x anda neighbor of y that aredisjoint



MetricsparesaneHausdorf

Proposition Let XT be a Hausdorff space Thenseance
converse to at most one point

Proof Let tube a sequence that converges to Randy
Suppose X y Let Ux andby be a neighedofxp

and a neighbor of y that aredisjoint

Since then IN ENS t the Ux
This inparticular implies that by contains at
most finitelymanyof the xn's as Uy is disjoint from Ux This

contradict that they

Carton In Metricspares sequencer converse toatust

onePoint

Def Atopological Space XT is metrizable

if 7 metric on X s t The metro topology induced

by d coincides with T

Indiscrete Raytopology are not metrizable



Faint
let Kit be a topological space

Def A set A EX is closed it A il open

Theorem The fallowing properties of closed set one

satisfied

i D andX areclosed

2 Arbitrary intersection ofclosed set is closed

3 finite union of Closed sets is closed

Proof follows from properties of opensets together with
DeMorgan's law

Def Let A EX The closures A denotedby A
is the intersection of all closed sets containingA

set

It followsthat A F isthe smallest closed containing
A inthesense if BIA is closed

then BIA



F A iff Aisclosed

verify

PostPake antas
1 Doth above exertises

2 Suppose f Xit X Te is

a homeomorphism Show I Tz

3 Show that f Aid 9 d is

Continuous iff HEX HE o 7870 s t

daffy ta E whenever dix g 28

4 aglet Xd bea meth spare
Define d tin Egg Show d isometric

b Show that X is bounded wrt d
c Showthat d xn I deny



conclude that f X'd x d

defined by f x x is continuous

5 Let f X Y beamap

for each choice of topology mX what isthe finest

topologyany sothat f is continuous

For each choice oftopology on what is the coarsest topology

M X sothat fit continuous

6 Is it true that f X Y is continuous iff
AXE X andevery sequence xn converging tox fkn
converge to fix

7 Let X d be a meth space

Define d exg min day B
Showthat d is ametric that induces the same topologyasd


