
 

ComeEvaluations

Ass6 isdue Sunday And

Fringspace
Coveringspaces is oneofthe tools that allow us tocompute

fundamental group of many topological spaces

Def Let pi E B be a continuous surjective map

We say that the open Setu in B is evenly coveredby
P if p u canbe writtenas a disjoint union of openset Va in

E ft foreach 2 plug Va U is a homeomorphism

Thenthecollection Va willbe called apartitionof P o into slices
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Def let Pie B a continuous surjectivemap Wesay that

pic a coveringmap if for each beB Fneighbd U ofb

that is evenly covered by P Wecall E a covering spared B

The subspace Pt b is discrete

A P is an openmap Let AEE beopen Let b EPA
Then F neighbd Uof bo thatis evenly covered byp Let lo EA
s t Plea bo and let Va be theslice inthepartition

ofP O Thatcontains co Then Plus Va AA is aneighbel

I be in PCA PCA isopen in B

P is a local homeomorphism meaning that tee E
F neighd A de and neighld U of pie e t Plait U

is ahomeomorphism

Exams Let X beany topological space
Let E Xx Is in n disjointcopies

Ax

Then P Es X defined by P Xin X tenet

is a trivial covering map
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We usually restrict ourselves to Path Connected

Covering spaces

II not trivia

Define P IR S by P x cos2Tx Sinax

Us

Yted

Prove P
is a coveringmap



U is evenly covered by p since P U U hint
net

and Plan.my hint U is a homeomorphism

Une Z

So hint
nez

is a partition of p cu intoslices

Not every local homeomorphism is a covering map

Et Define P Coins S by P x losax since

Pil font Suri and is a local homeomorphism

But is it a covering map

spitfire
B P
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Is Vembanad

Flu Coit V14.54

Show F no neighbdU U 7,914 U

All 10 thatitevenlycovered



but play only U

is only an embedding and

not a homeomorphism

Proposition

yet pie B bea covering map If Bo is

asubspace dB and Eo P B Then Pleo Eo Bo

isalso a coveringmap

2 If P E B and Pz Ez Bz are

coveringmaps Then P xPz E x Eze BixBz is
also a covering map

Prove this

EI let Pike S bethe covering map defined

above Then PxP RNR sixs isalso

Coveringmap

S'xS ER but admit a nice embedding into IR



Ffi
Think I amembedding of T.ES xs into R

Tinsmani fill in Coursevaluations

Def let Pie B be amap If fix B
is a continuous map a lifting of f is map Fixse
St Po f f
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What makes coveringmaps agreat tool for
Combating fundamental groups is its ability of
lifting path homotopies from B to E

Lemmy Let P E B be a covering map
Let plea bo Any path f fold B

beginningat bo has aunique lifting to a path Fine
beginning at e o

É plusof

É

Proof CoverB with open set UB thatare



evenly coveredby P Can we find a partition of Cold into

Theintervals Co SD Guss if ne sa s t

f les sit is contained in anopen set that is evenly
covered Yes we can

Lesbegne

f OR yet is an men cover for op and so

by the lebesgue number lemma 7830 S t for
eachinterval with length Lf it is contained in F U2
for some LES
Choose o si S L 2 Sn L S t Sit Si L S

and so flag sit iscontained in Va forsome a EJ

j

iii

Fifo s E

ftp.sisplujofla.sn

Let Us be neighbdof f fossil that is evenly covered

Let V2be The slice inthe partition of P Ua that contain

co Then define fleas P lvjoffo.sn



Then let Up be neighbor of f Is so that isevenly covered

let Up be the slice inthe partition of P Up That contains

ICS Define Iles sn Plui oflasing

Proceed inthis way to define thepath I i LD E

It clearlySatisfies f Pot
feconstruction

offiscompletelydeterbypardf
Uniqueness follows fromthe proof Let I be another
path in E starting ate and satisfying f Pot

Since Flo Flo es then on Corsi plug is a homeomorphism

from Va to Ua And so Fleas ply of Flfois

Thesame holds for anyof the other sub intervals
a

Lemay Let P E B be a coveringmap Let pies bo

let f Ix I B iscontinuous with Floro bo

Thereis aunique lifting off to a continuousmap F I E

s t I Colo co If f is a path homotopy then F
isalso a path homotopy



Proof is similar to the previous lemma Showit rigorously

theorem E
B

let P E B bea covering map LetPles bo

let fig I B bepaths in B s t Flo seokbo

let Fig Is E be their respective lifting topaths

in E starting ater

If f p g then I p 9

Proof Let f IxI B be a path homotopyof
f and g Then bythe previous lemma F a path

homotopy F II E Thatis a lifting of F s t

Floro Co

Since f is apath homotopy

Fco XI es and flax Ikke
g



Showthis fi Fly and 5 Flex inthe respective

lifting ofthe path f and g And so I pT

post lectue PracticeQuestionist
1 show the exercises above

7 In the proof above why is Flax er and Flax er
Deduce That F Flex and 5 Flex

3 Solve 1 3 in section54

4 LetP E B a coveringmap where Bis locally compactandHausdorff

showthat Eis also locallycompactandHandoff

5 Let Pie B becont Isabective Suppose Urs evenly
coveredby


