
 

Algebraic Topology

Given two topologicalspace wewish to know whether ornot

They're homeomorphic

Studying The topological properties topological invariant is a way to

decide if two spaces arehomeomorphic
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leversclosed curve canbe
cont deformedinto apoint

Aspace is simply connected if every closed cure canbe
deformed into apoint

MY point 11242Point

an Kann 4 different fumes

2 differentcures

studying all the different closed canes loops

will introduce a new topological invariant that is more

general than simpleconnectedness



2 Curvesare the same if one can be cont deemed intothe
other This willdefine an equivalence relation on the spaceof
Curves paths Wewill define an operation on equivalence classes

giving it an algebraic structure making it a group calledthe
fundamental group It will turnout that homeomorphic spaces

havethe same fundamental group

This introduces a new tool to prove 7space arent homeomorphic

bystudying their fundamentalgroup

In short Algebraic topology is the study of topological spaces

bymeansof algebraic objects

Homotopy ofpaths

Def If f f X y are continuous function

we say f is homotopic to f if F cont map F XXI y
s t Yea

Fam f x and FG A f x

foreach XEX
Themap f iscalled a homotopy between f and f



If f is homstopic to fl we write f tf
If f e f and f isa constant map wesay f is

Mulhomotopic

Fis a cont 9 Parameter familyof maps from X to

t Ft i x fex.tl

fo f f f

Def A continuous fi Is X is called a path inX
Xo Co is called the initial point
No fo is called the final point

Def Two paths f and f one path homotopic

if They have the same initial and final point and

Then exist a cont map F Ix I X sit
Time Parameter

Fls o fis f S 9 f s

Flott no F dit x

In Ctpath time 4thpath
t site I



tE

forevery tEI

ft setsFls.tl

so the ft safest is a cont

9 Parameter family of paths all starting from

fro and ending at Xi

Wecall f a path homotopy between f and f
and we write f e p f

Lemmy I and p are equivalence relations

Proof
Reflexive Define Fixx Is Y

Flat fix
Symmetric suppose f e f so F homotopy f from

f to f Define G XXI Y



by G Nt FA t t

transitive Suppose f e f with homotopy F
and f e f with homotopy G

Then define H X XIs Y by

Heat
FG Zt IEEE
GL ZEN It EA

then His thedesired homoton
show His cont

Examples let fig X IRZ.be cont

Then FIX t H FCA tact is a homotopy

from f tag
I straight line

homotopy

Let fig be paths in IR startingfromXo andending

at Xi



Define F IKI R2 by

i
FC H f's t's

Then f is ahomotopy from fto 9

Then any twopaths with the same

initial and final point are homotopic

Moregenerally any convex subset of IR will
satisfy

Consider the punctured plane 1122 coin

Definethe following threepaths

f s Costs Sin Is

g s Costs 2SinTs

IM

nis costs sins

Observe Ffs it 1 t tis t 91s is a path



homotopy from f tog so f Ipg

Is f p h Intuitively no provenlater

We now introduce an algebraic operation

Def If f is a path in X from Xo to Xi and

g is a path in X from Xi to Xz then
wedefine the product f Ag tobethe path h

defined by

h s
fast 0942

axe
96511 I 419

EJ

showthat his cont and so is a path from xo to x2

for a path f int let f bethe equivalence
Class Containg f wut Xp I called pathhomstopycias



The product operation induces a welldefined operation

on the path homotopy clauses

f g fig

To verify that is welldefined we need toshowthat
if f sp f and g xp g then flag p fag
Show this

theorem Theoperation hasthe fallowing properties

1 Associativity Cf g D f D
whenevertheabove iswelldefined

2 Rightand left identity Given x EX let

ex be the constantpath ex I X defined

by ex s X USEI

If fisa path from Xo to Xi Then

f ex f and LexDALI LF



f ex Ipf and exo f p f

3 Inverse Given a path f from x tox

define F I X by f s flt s to

be the reverse off
Then f AF exo

Éf x
CF f Lex

Prove

Intro to Groups

Agroup is a set G together with an operation

Gx G G satisfying

1 Associative a b C a b c a b c



2 Fan element EEG that satisfies

g e e g g Age G
e is calledthe identity

3 AgeG the G set g h h.ge
his denoted by g and is called theinverse of g

EI Rit is a group e 0 g g

RKD c d g

it is agroup

IN it is not agroup

Def H is a subgroup of G if HE G and
H is agroupunder thesame operation definedon G

DI let G andGe be groups and a b Ge be a

map Wesay p is a homomorphism linear

if 9 92 p 9 01192 Agent G

Def G is isomorphic to Ge if I bijective homomorphismP
from G to62



Show that p is also a homomorphism

wesay of is an isomorphism

Def Leto G Ge be a homomorphism

The kernel of of isdefined by Kerp geG Oeste

show herd IG

Post Lecta Patie Qations

1 Dothe exercises above
2 Prove The pasting lemma Let A BEX beclosed

sets and let g try and go B y be continuous

functions sit 9 and 921AAB

Show thatthefunction f AUB Y definedby
FG AH YEA

grey xeB is awell defined continuous function



3 Wewill prove the theorem done in lecture regarding the
Properties of A

a let i I I be the identity function whichis

also apath from o to 9 inI Showthatanyother

Path in I from O to 1 is pathhomstopic to i

Hint I isconvex

b let f be a path in X fromxo taxi UseCal to

showthat f p exo f Ep ft ex Conclude

Statement 2 in thetheorem

C Show that any path from o too in I is path

homotopic to the constant path co
Usethis toshow that fat p exo and I f p ex

Conclude statement 3 in The theorem

d let f be a path from to to Xi Averarametrization

of the Path f is anotherpath fo y where Y I I

is a pthfrom a to P

show That f e foll
e Let fig h bepaths in X s t f 9 glo and get h o

show that fig h and falgth are reparamatization

ofeach other and hence pathhomotopic Conclude statement 3 inthm




