
 

Fastnet
Urysohnlemma let Aand B be disjoint closed sets in a

normal topological space Fa cont function fix 915 s t

f A a and FCB b

Remain Let X d be a metric space Then for disjoint
closed sets Aand B we can define

flt gaffes Show'tsatisfiestheconclusion
ofOrysohn Lemma

Def Let Xbe a topologicalspace and AIR A collection

A open sets Upper is said tobe normally ascending

Provided that for any A Feel
UI E Up if Ail Az

Example Let f X IR be continuous and let AIR
for Xe R U F'C o a

Then forany A Az Va Efc o AD Eff e Az Up

And so Ukaea is normally ascending



Lemmy Let X bea topological space Let AE 0,1 bedenseinto

let Up yen be a collection of opensets that are normally ascending

Define the function fix IR as follows

FCA
aetherVa

inflyenlxeva XEYeh

j

Then f X CoD is continuous

Proof let aib be an arbitrary interval

f aib U Va Omaha showthis
IEthiaid

show Ua Ff na

Lemmy Let X be anormalspace Let Abe aclosed set
and U be a neighbor ofA Then 7 a countable dense

set Aecom and a normally ascending Ox aen s t

AE WA EUI SU tae A



Mtiet A bethe dyadic rationals
A E miner I M 2 13

which isdense in old show this

Wewill inductively define a sequence of collectionof
normally ascending open sets UBaean where An 71mm

Choose anopen set by sit

AE Uh Etyz E V

Then wehave defined Axed
Since A isclosed and Oy is aneighbor of A we can

choose anopen set by sit

Al UYL E UT E V42

Since UI is a closed set and U is aneighbor YUI we can

Choose an open set V34 s t



UT 0314 E UT E U

SO A EUN EUI EUN EUI EUN EUI EU

Then we have extended thenormally ascending collection UBae

to the normally ascending Collection Up year

We proceed inductively todefine foreach net a

normally ascending collection UaeAn

Observe That The union of those collections is
a normally ascending collection ofopensets Parametrized
bush

So Up
yen

is thedesired collection

so

Now we can prove Urssohn Lemma

Proof Let A and B be disjoint closed sets
in a normal top space X



Let U Be whichis a neighed of A

Using lemma2 we can find a normally

ascending collection of open set Upgen

St A dyadic rationals and A EU EVI EBC
ITEM

Then the continuous function fi X Co D fromlemma
is the desired function

f B B by construction
txt A then XE Uy tael Flying tell up

f A a

Unsohn Lemma is an extension thm

let fi AUB CoD defined by FCA 03
andFIB 93



whichis a continuous function

Urysohn lemma ascents That 7 a cont extension Fi Xy old

TietzeExtensionthm let Xbe a normal space A EX

be a closet set and f A Carb bea continuous function

Then Fa cont extension fix fab

Proof Assume why that Laib f lid

Wewill construct asequence of cont functions 9h X Elm

satisfying

fornew 19h1 43 on X

If Ega I 3 on A

Claim for a o and font function hi A IR s t

1h11 a on A Fa sont function g X IR
satisfying 191121379 on X

and 1h 911 3 a on A

proofofflain Let f k Ga ta and



fr i N Ga 9

which are disjoint closed sets

By Unsohn lemma There is a continuous function

gits Ga Ja s t g fi ja and getz ja

Then 1912 3 a and 1h 91439
on X onA p showthis

takecases
Aff XEfz xafuf

Be

Applythe claim for h f and a 1 to find a cont
function g X R satisfying

1911 33 on X and If 911 on A

We applytheclaim again for he f g and a 3
to find a cont function 92 X IR satisfying

1921437 on X and If 9 921435mA

Proceed inductively to define a sequence Sn X R



A continuous function satisfying

KNEE on X

If EH EH on A

Then define I X IR by

f x Nlt which converges uniformly

and so I is continuous Therewill be apost lecture
Practice question tohelp you
provethis

and f f on A sine for each XEA we

havethat Ifk E gun 43J Knew

and hence Ha Fal 0 FG G

F is the desired extension
Do



Tenextconsencefrysohnamai
a metrication thin

brysonnMetrizationthm

Let X besecond countable space Then X is metrizable
iff Xis normal

Proof

Suppose X is normal and second countable

Let Unfren be a countable basis

Define A Chim er UT sum

Ais nonempty show this

foreach nm EA byUrysohn lemma There is a continuous

function firm Xs Con s t



finulun B and fenn Unc 03

for try EX define deny Ina Ifan.mil Anima

Showthat dis indeed ametric
To show that thetopology induced byd isthe given topology onX

we need to prove
for ve Fe o s t Belt Uh
for Esoand TEX UKE Belt forsomeKen

i let E tu then ye ByuG

fam lx family and fining x fink 9 AnimeM

M

andso fcu.my x 0

andfun g p sin geum
which is acontradiction

Check Post Lecture Question 4



Show this
checkpost lecture question 5

if

Another approach is to show that

f X IRA defined by

f x fermi en met
is an embedding

Showing that X ishomeomorphic to asubsetg R
and hence X is metrizable

Post lecttieQation
1 Dothe exercises above

2 Let a be Con a Lb

a Show that 7rem s t 2n b a I

b Show F men sit m 22 b a Emt



C show that A In miner m 22 B isdenseincoil

3 Let fr X R bea sequence of continuous functions

we say fn of uniformly if f Eso F NEX s t

Ifn x FCA L E

a show that if firs f uniformly then f is continuous

Hint Let ab EIR and let X E f aib

Arguethat F NEX and f o s t Xe f j tix s fiats Eftais

b Let an ne n be a positive sequence in IRS t

Lan Lo

Let In X IR be asequence offunctions s t
Ign E an Knew

Show that fn i E In converges uniformly to

fi E In Conclude that f iscontinuous

4 Wewill prove inthe proofof Urysohn Metrizationthan

a Let xe X and let Me NS.t XE UK
Suppose Uk X orelse more done



Arguethat FMEA s t miR EA

b Let U famine Cont Show that XEVEUK

C for E Ent Show that Be G EVE Un

5 Wewill prove in the proof of themetrizationthm

Let Eso andxEX Wewish toshow that UK EBeCx
forsome KEN

a Let LEN s t I Eg

Let U A femini Coif which is openin X
MinEA
mince

Show that U E Belx

b Conclude that Un EBelx forsome Ken

Lets e U



6 Write The collection fining emmet fromtheproof

ofthe metrizationthin as 9Bn ex

Define the map F X IRM by

f x 19nA new

Show that FLU isopen in F x whenever U isopen

Conclude that Fis an embedding and that X ismetrizable

7 Let X be anormal space and let A bea closedset
let f A IR bea continuous function

a Apply The Tietze Extension than to obtain a

continuous extension I X loin of h ft
b Apply the Union lemma to obtain a continuous function

X Co D s t 0117 493 and ACHA a

c Showthat 7 continuous extension F X R of f
consider F 14h



8 Solve 3 5 in Section 34

9 Solve 3 4 in section 35


