
 Assignment 4 isdue today by 5PM

Separation Axioms

Wehave studied

TI Aspace ist if thy ex set xty I neighbd U

Ax thatdoesn't contain y

T2 Hausdorff

Def let X beat spare X is regular Tz if for

each pairof disjoint closedsets A and B where Aisa singleton

7 neighbelsof Aand Bthat aredisjoint

Let X beat space Xis normal Ty if foreach

Pairofdisjoint closedset Aand B Aneighbor of A and B that

aredisjoint

Lemmy T Tz ETS Ty

lemma let X beat space

a Xis regular iff forany EX andneighbdU of x

7 neighbd Vof x s t TEU



b Xis normal iff foranyclosedsetA andneighbelU ofA
7 neighbd VofA s t T E U

U

Prostay D Suppose Xis regular

Letxe X and U be aneighbor DX
Then t and U are disjointclosedsets andso I neighbd

Uof x and V of O that are disjoint

Since Vnv p ve v Te vie

since U EV V EU

I let EX and A be a closed set that doesn'tcontain x

Then A is a neighborof X andso 7 neighbd V f x s t
T E AC Then Vand T are disjoint neighbdsof

3and A respectively

Thy Both Hausdorff and regular are hereditary
and productive

provethis



Examples 1 Define Rk to be IR equippedwith the
topological space generated bythe basis

D said a B U cark 194
when K tinea

Rk is finer Than IR so it's also Hausdorff

Ruis not regular Theset Kis closed in Rk and
OER but B and R cannot beseparated by
disjoint byopensets fill in thedetails

2 Re is normal Singletons are closed in IRL since
Re is finerthan IR Suppose Aand B are disjoint

closedsets
For a cA let Caixa be disjoint fromB

for bet let bits be disjoint fromA

Then O
a
Caixa and U G Cbixs are the

desired opensets Show that U and U are disjoint

However IRL is Not normal
Thatshow a regular normal

b normal is not finitely productive



Mt
Let L ex peril xer ER

L isclosed inMe and hat thediscrete topology

Then forany ALL A and LIA are É
Closed in L and so in Me

Suppose Me is normal

Then forevery nonempty proper subset A of L F disin
neighbds VAand VA of A and LIA

Let D R'e nd which is dense in IRL

We define a map F PCL PCD by

FIA
CARD A OIL
P A p
D A L

Then Fis injective Showthis

IPARHIPIDI LIP DJ HR
contradiction A



Tates
Theoremf Evey Second countable regular space

is normal

Proof Let B be a countable basis

Let A and B be disjoint closed sets

foreach at A F neighed Ua of a s t.IE Be
foreach be B F neighbd Vb of b s t VT E AC

foreach a and b pick abasis neighbd of a andb that
iscontained in Va and Uy respectively

let Unlner and Unlnen be thecollection

Aneighbor that wedefined

U An Un and Vi Iftn are neighborsof

A andB but are not necessarily disjoint



Define Un Un Itn
Un Un zig

bothopen

Then U myUn and V'snylon are the

desired neighbds Show a U'andV are neighids of A
and B respectively

b U ar p
a

theorem Every metrizable space is normal

Proof Let Xd be a meth space

let Aand B be disjoint closed sets

B
foreach act

7Easos.t.Ba4EBA.aJforeachbeBiFeysos.t.BeCb EAC

let U Benga and Vi G Be b



Then Uand U are neighbor of A and B respectively

Weshow that Vand V are disjoint
Suppose F Ze Bega ABeylb

Then d la b 2 Eat by the triangle inequality
I Eb assumingwhog Ey I Ea

d aib Eb at Bey b which is a contradiction

Theory Every compact Hausdorff space isnormal

Proven inthe Past

Theorem UrsSohn lemma

Let X be a normal space Let A and B be disjoint
closedsubsets of X

7 a continuous function fi Xs old

sit fix O Axe A and FCA D Axe B

Aff o and B Ef CA



Def If Aand B are subsets of atopological spacex

and if 7 a continuous fi x Co D s t

f A B and F B D we say
that Aand B can be separated by a continuous fund

Def AT spare X is completely regular II 5 ifforeach XEX
and each closed set A not containing X F continuous

function fix Coin s t f x p andFCA 03

Lemmy Tas Tz f Colle and fifteen
are the desired neighbor

Tecencompatican

A compactification Ja topological space is a

compact Hausdorff space Y s t X is a subspace

and I Y

If Xis noncompact locallycompact Hausdorff



Then it admits a unique one point compactification
which is a compactificationyof X s t 9 X is asinglet

If X hasa compactification then X is regular

fix y is an embedding if f is homeomorphic

onto its image

Lemmy Suppose fix Z is an embedding

of X into a compact Hausdorff Space Z

Then 7 a compactification Y of X it has the

Property that thereis an embedding F Y Z
sit fly f The compactification y isuniquely

determined up to equivalence

recall Y and y are equivalent compactification of X if

F homeomorphism g Ys y s t 9k Id

Wecall y the compactification induced by the embedding f
Provethis



It Let f op s definedby flt frostit Sinat

Then fisan embedding and S is thecompactification
inducedby f which is equivalent totheone point
Compactification N old

X Coil Then Y old is another

compactification ofX thatdistinct from theoneabove

Let h on IR definedby
h x x Sint which is an embedding

Then hot Topologist's sine curve is the compactification

ACoil induced by h

Question If Y is a compactification J X
under what conditions can a continuous real valued
function onX be extended continuously to y

A necessary condition on f is that it hasto be
bounded

for ex Sufficient conditions tf isbounded

7 andnecessary fig f fling f



I Sufficient andnecessary fis bounded

condition limit and

Igf need toexist

Sufficient and necessary
condition

i f isbounded
more

But collectionoffunctionRemy thatcanbe extended
FG Sint on Coll contain and
Canbeextended Continomly
to it 3rd compactification
despite thefact that

Tim f DN E

theorem let Abe a completely regular space

F a compactification of X having theproperty

that every bounded continuousmap fix IR can be

extended uniquely to a continuous function F Y R

This compactification is Stone Cech compactification

ÉEEETH



Post Lecture Practise Questions

1 Solvethe exercises above

2 Definean equivalence relation on Cold asfollows try if x yea

Showthat Coin n is not Hausdorff

3 Show everymeth space is completely regular Don'tneurysohnlen

4 Let D Giger 920 Define abas B for

a topology on X asfollows

for a b EX with b so Belab E B for OLE b

for ibex aid U Bela e E B

X iscalled the Mooreplane

a show X is completely regular

b show X is not normal and hence not metrizable

Hint let A can at a and B 1910 a483

5 Let X Hider azo U 61 11 Define a basisB fora

topologyonX asfollows

If His ex andy o Then Ny EB
foreachXER let My x y oyez Nx 4 919714223



andPx be a finite subset of MxUNx Ctia

Then MUNDIE EB
Showthat X is regular but not completely regular

f Show that Completely regular is arbitrarily productive and

hereditary

7 Let A bea compact subset of a regular space and
let U be areighbd of A Show Fareighbd V of A s t

T EU

8 AT spare isnormal iff foreach pairof disjoint closedsets

A andB F neighbors V andV of Aand B respectively s t

Thi P

9 Every closed subset of a normal space isnormal

10 let fi Con R be a bounded continuousfunction

Let YES 92 Cold 93 topologist Sinecurve be

three compactification of Coil

a Show 91,92 93 are not equivalent



b show f can be extended to Y iff Igf Igf
C Show f can be extended toy iff first andlingf exist

d show f canbe extended to y if tiff andlying f exist
e Show f x Sint can be extended to93 but

ft lost cannot beextended toys Concludethat

93 isnot the Stone Cech compactificationofX
f find another compactification 94 of foil s t all bounded

continuous function St


