
 Deadline forAsi4 ispushed to Wednesday 5PM

and Problem4 isremoved

Reading from last week shipparts wedidn't cover

Tschonff Thm

Howdid we prove Xxx iscompact if Xi Xzare compact

n nd't
Beginwithan opencoverfor Xi xX2

Fft find a finite subcorerfor Any for
each REX a Axy I Y iscompact
Construct a finitesubcover forXx

Alternateapproach we will use

Xiscompact ES Everycollection of Closedsets

withthe finite intersection property
hasa nontrivial intersection

let's first use this proof toprove thatX xM R compact wheres

XiandMe arecompact



Let it bea collection ofclosed sets with thefinite intersection

property

Then it TCA Ae it and its TTA IAEA
are collections of closed sets in X and X2 respectively

withthe finite intersection property

By compactness ofX andN F X E IATA andXz EITI
will x ite E heyA Not necessarily

Oneway tothink about it FIAT NTIA Aet it
Also elements inA are not oftheform A xAz whereA andAr

areclosed Exc if allthe elements in it areindeed ofthisform then
Chin EAAA

Think of anexample in R

HeuristicArgument

If it is a collection of sets with the finite

intersection property sit it's as big as possible



Let X E ATI NE ATI
Act Act

let U be anyneighd Ax then U X Xz intersect
every set in it Since it is asbig aspossible

VixXz E it
Similarly XinUz E it forevery neighbd Uz Hazintr

U xUz Ainur A Dix Xz Thatalso mustbe
an element in it

In particular U xU2 intersects A forevery Acct
ix in et the A

Def let X beast let Dbe a collectionofsubsets ofX
We say D is maximal wrt the
finite intersection property it

1 Dhan the finite intersection property
2 No collection ofsubsets of X That

Properly Contain D hasthe finite intersection

property



Lemmy let X bea set Let it be a collection

of subsets of X with the finite intersection

property There is a collection D Thatcontains
it and is maximal wut finite intersectionproperly

lemmat let D bea collection ofsubsets of X
that ismaximal wrt finite intersection property
1 If AE X That intersects everyelement
in D then AE D

2 Any finiteintersection ofelements in D is
in D

Prof

lemmas let X Iha
Let Dbe a collection ofsubsets of X that
ismaximal wrt finite intersection property

Suppose A TAT is nonempty to EJ

DED



let a act E X s t the Deptfor LEJ

Then I a Les
E A D
DED

VadtalD 0
KDED

let 2ft Let Usbe anarbitrary neigh'dof
X2 in XL Since MetacDDED we have that

Tj Ua A D I 0 forevery D E D

And so by lemma2 TI Ua E D
Since every basis neighborhood of takes is an

intersection of finitely many sets ofthe form Oa

where U2 is a neighed of xx it follows by lemma
That every basis neighbd is in D

Every basic neighbor of a net intersects every
element in D

Cade J E D K D ED



Tychonoff Theorem

Compactness is arbitrarily productive

Proof Let XD yet be a collection of
compact spaces let X Iya

Let Abe a collection of closed sets with
Thefinite intersection property

By lemmad F acollection D of subset DX
containing it and ismaximal art the finite
intersection properly

By compactness Axa The collection TIDED
have a nontrivial intersection foreach LET

let a ate X s t Ne N To
DED

then by lemma 3 CADET ED ABED



xx get EF A GAEA

And so it hasa nontrivial intersection
Weconclude X its compact

post lectane

Practice Quations
1 Do the above exercises
2 let itbethe collectionof all closed elliptical regions

bounded by ellipses in for thatharethepoint P C's
and9 11 as their foci

a Verify that it hasthe finiteintersection property Find the intersection

of allthesets in it

b findapoint x y Ef s t XE TI andyenta
Act

but x feat

c showthat it isnotmaximalwrt thefinite intersection property

byfinding a set BE Cold s t it U B has thefinite

intersectionproperty

3 Solve 9 in Mankres Ch 37



4 Wewill prove lemma l Let beast and let it bea
collection of subsets of X with thefinite intersection property

Define E B It B hasthe finite intersectionpesty

a Convinceyourselfthat E defines a strict partial order on E meaning

D B E B never holds

2 B G Ba and Ba G B 3 B E Bs

b Let E E E be a simplyordered subsetof E meaningHB BE E

either B Be B E Bz or BzE B

Show That E has an upperbound in E meaning FB E E
St t Be E either B B or B EB

c Recall Zorn's lemma

let E be astrictly partially ordered set If every simplyorderedset

of E hasan upperbound in E then E hasa maximal element
whichis an element BEE s t theredoesn'texist B EE
satisfying B E Bl
Conclude the proof of lemma 9 by invoking Zorn's lemma

m E G


