
 Required readings from last week
Mistake in proof of

countably compact first countable sequentiallycompact

I.ltbeamdnispaee.TXiscomaiff
Xis complete and totally bounded

Proof FS Xiscompret X is sequentiallycompact sinceXiefirstcounty

X is complete
let Bren bea cauchysequenceThen
it hasa subsequence thatconverses

whichimplies That then converses

let 9 0 Then BN ex isanopen coverhasa finite
Subconer and so Xis totally bounded

4 Suppose X is complete and totally bounded Wewillprove

Xis sequentially compact Let xDmen bea sequence in X
Wewill construct aconverging sequence Assumewhythatan m forntm

Cover Xwith finitely many balls with radius 9 oneofwhich must

contain infinitely many elements of the sequence Call it B

let J ne N Xn E B whichis infinite

Cover Xwith finitelymany balls with radius 42 oneofwhich mustcontain

infinitelymany Xn's where NE Ji



Call it B Htt nn1ntBiy

y.gContinue this procedure recursively

Then 51rem are allinfinite and
nestedin thesense that Jn 2 Tnt Knelt
Constructa subsequence Annen St Nut Ju

Then forany n KEN d line xnn.in L t since na Num Este implyin

AnuitnuentBawhichis aball of radius th Thisimplies Area is a Cauchy
sequence inX By completeness Thesubsequence xnu uen converses

This isa generalization of Heinebored

local compactness compactification

Def X is locally compact at xeX if there issome

compact set C that contains a neighbourhood of X

X is locally compact if it's locally compact at every
Point

Et Any compact set islocally compact
Thislocally compact

Similarly IR is locally compact to



IRM is not locally compact Take any basis
set U Car bi x Caribe x Alan but XIRxRxRx

Notice D a bBx x fan buy RxRx isnot comped

and soU cannotbe contained in a compact set

Theres Let Abe a Hausdorff space Then X islocally
compact

if f Apex F neighbd U of x s t J is compact

Proof E

S let xeX
Since Xis locally Compact F neighed U Ax

andacompact set c s t UEC

TEE C
SinceXie Handoff

Since Tisaclosed subset of a compact set C T is

compact



Two important types of topological spaces Metricspacer

Compact Hausdorff

spaces

The next bestthing is ifX is asubset of oneof those
two topological spaces

Def Let X be a Hausdorff space Wesay Y is
a compactification of X if y is a compactHandy

space that contain X asasubspace and I Y
A one point compactification ofX is a compactificationy
S t 9 X is a Singleton

Del An embedding f X y is a function that

is a homeomorphism onto its image

y
f

o

f X flt is a homeomorphism



Def Wesay that thecompactification Y and Y DX
are equivalent if F a homeomorphism f Y y s t

fly Id

Observation let Y be a compact Handoff space
let peg s t X 9148 is noncompact

Then X is a locally lompact Hausdorff space withy
as a onepoint compactification

show tis locally compact

9
In fact

Theorem X is a noncompact locally compact
Hausdorff space iff it admits a one point

compactification furthermore theone pointcompactification

isunique up to equivalence

Proof E

let X be a non compact locally compact



Hausdorff space

Let re be a pointnot int and
let 9 11063

Define T VEX Visopen in X

U VEY REV and OC is compacting

wewant toshow T is indeed a topologyany
m s Y T is compact and Hausdorff
Assignat
4

T y

Dis a one point compactification AX

Show Y is unique up to equivalence

LY y y

let f 11043 XUE 13

fixed and first x



Post season

1 Do The exercises above

2 Use onepoint compactification Theorem toprove the following

a AHausdorffspace istotally compact iff HEX
and foreveryneighbor U ofx F neighbd Vfx s t
V ETEU and V iscompact

b Let X be locally compact andHausdorff It A Ex

isopen in Then A islocally compact useCal

3 Show That every closed subspace of a locally impartHausdorff
space is locally compact

4 Ita istotally compact iff Xa is totally
compact th EJ and tail compact forall butfinitely
Many 255

5 Let A taken and let D VER Uisandeninteral
notcontaining 0



U xx IA x o

showthat B isa base fora topology Ton R s t R T

is not locally compact and Ais closed

6 Let X be connected locallyconnected locally compact
Hausdorff space Let my EX Show that 7 compact
connected subset ofX containing both xandy

7 Solve 114,516


