
 

AMidaleslastlechecondedMPiazzyEmail me if youcannotmakethe midterm

theorem R and intervals are connected onPiazza

Lemmy If YER isconnected and Xisey s t XLY

then xD EY
Prof suppose 7 Celxidly ThenC a dry

and Cars My form aceparation ofy contradicting the
connectedness of

Themes Theonly nonempfishbsetsof IR areintervals Provethis

weprovedlastlecture

Themes Let X be connected Let fits 9 be a continuous function

Then f x isconnected

II let X beconnected and let fix R be continuous

Let a be X andre IR s t flake feb Then Fee Rst

fl r

Proof Since Xis connected f x is a connected subspace AIR
B lemma since f a Lf b fca Fcb EfCx

In particular FCE X sit flier



Theoremfarsubspaci Let TEX The fallowing are equivalent

a Y isnot connected

b 7 disjoint sets A and B whole unionisY neither
of which contains a limitpoint oftheother
ie In B D AAB

C Fopen set Vand V in X s t Unyth VA
un un y D and YE V U V

Proof Aac

a b Let A and B form a separation ofY
A EYAA FRY
Fine
figs

closed Josue
in X

and so D AAB AY AB AND
Similarly AAB P

b a

Provethis Hint let U Any ptarmigan

D AY Ay



Corollary Let Tex be a connectedsubspaceax

Then J is connected Furthermore
anyY'EX

satisfying y e y Ey is connected

Proof use a b in theabove thm

Is The Product of connected sets connected

lemma If sets U and V form a separationof
X and Y is a connected subspace DX

then YE U or YE V

Prod If not then
YAU and YAU
will form a separation AT
contradicting that y is connected

Lemmy let ABaes be connected subsetgx

as



If AA 401 then UA is connected

LET

A t
let U andU forma separation

of UA2 Let xfyffa.supp.ie xeU
LET

Bylemmad Sine Axis connectedand xeAa
Then ALE U ALES

Itta EU V d contradict

Themes A finite product of connected sets is
Connected

Proof We prove it for a productof 2spacesX
andY use induction to prove it forany finite produe

forany fig eXxY we know that Xx and
Xx y are homeomorphic to Y and X respectively

and hence connected

fix torso e Xx



I XXTM acxo.se

Trx
Define

Texan Xx 930 0309 which is connected bylemmas

since they havethepoint Homo incommon

So UTeng isconnected since eachTex a is

TEX
connected forevery XE X and HaydenTex so

XEX

Since Xx Keyton we conclude Xxy
is connected

By

IR isconnected And

Can thisbe generalized forarbitrary products



Tiene

Def A path in atopological SpaceX from X toy
is a continuous function f old X satisfying

flo x andfer

Def X is Pathwise connected ifthere pairxiyeX
7 path from X toy

Theres Pathwile Connected Connected

Proof Suppose U and V forma separation

DX let XEU and yet
Then 7 path fi Cold X from X to y

Thisimplies that f b and f V forma

U vseramtion A CoD contradicting

y y
The connectedna A Cold



Post lect e Pacie Questions

1 Dothe exercises above
2 Is IR Tco finite Connected

3 a Ietf Cops old Show That F afixedpoint
ie Fx CoD r t f X X

b show that thefixedpoint property described above is a
topological invariant

4 Let p beapoint in a connectedspace X Wesay
p is a cut point of X if XP isnot connected

Let fi Xyy be a homeomorphic between connected sets

Showthat FCP is a fatpoint ofy if Pisacat pointofX

5 Prove that no two ofthe intervals on
Co D Co l are homeomorphic

Hint Use theabove two questions

6 Consider thespace IRN Tba Let AIR
Theset of all bounded sequences and BER bethe



set fall unbounded sequences Showthat AandB
forma separation of Rt Tbox andhence itsnot
connected

7 Showthat themen ball Bex r EIR is

Pathwise connected Hint Check example 3in pg156

8 a Show that Continuous functions map pathwiseconnected

sets to pathwise Connectedsets

b show that S is Pathwise connected

Hint define g 112483 s byget

9 Define S x sing no

a find 5

b show that S is connected and therefore Jis
connected

5 is called thetopologist's sinecarve
andis an example of a connected space that
is not pathwise connected
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let An nen be a collection of connected

subspaces of X satisfying And Any 4
Show Gran is connected

000000

A
A As Ay

As Ag

11 let ABbe connected sets in X Showthat

ARB is connected


