
MAT137

Today we will discuss limit laws.

Homework before Wednesday’s class: watch videos 2.12, 2.13.
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Proof of non-existence

Goal
We want to prove that

lim
x!0+

1

x
does not exist (1)

directly from the definition.

1. Write down the formal definition of the statement (1).

2. Write down what the structure of the formal proof should be, without

filling the details.

3. Write down a complete formal proof.

Boris Khesin MAT137 October 4, 2022 2 / 10

"



Proof of non-existence

Goal
We want to prove that

lim
x!0+

1

x
does not exist (1)

directly from the definition.

1. Write down the formal definition of the statement (1).

2. Write down what the structure of the formal proof should be, without

filling the details.

3. Write down a complete formal proof.

Boris Khesin MAT137 October 4, 2022 2 / 10



Boris Khesin MAT137 October 4, 2022 3 / 10

PI
.

WTS VEER ZE > ◦ d.t.VE > 0

2- % at . 0<1%8 ,
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Indeed
,
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any
↳> 0

it¥ T and E> ◦(consider L≤ 0 later
.
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◦
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WTS V-LEIR FE > 0 sit . to>0 3- ✗
◦
at

.

◦ < ✗
◦
< 8

,
but I ¥ - Ll ≥ E

Indeed
,
take any

L> 0

( consider L ≤ 0 similarly yourself)

rough work : we need ↳ &"ᵈ
and take E. = 1

.

&⇔ such an * that 1¥-4 ≥ 1
We will solve a "

more difficult
"

problem : find ✗◦ such that ¥ - L≥ 1
or
,
equivalently, ¥≥ [+1 .

Note that 2+1 >°
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since Xo> 0
,
it suffices to take 0# ≤ ¥1

Also given any 870 we need ◦ < ✗◦< 8
Clean proof : Take any L >0, any 8>0and 5-1. Then take ✗

◦
c- R suchthat

0 < ✗
◦ <min (E

,

Then for this ✗◦ we have 04×0<8
and ¥ > L -11 , and hence 1¥ - Ll≥1
This means that * ¥, ¥ Be



Uniqueness of limits

Theorem
Let a, L1, L2 be real numbers. Let f be a function defined on an interval
containing a 2 R, except possibly at a. Suppose that

lim
x!a

f (x) = L1 and lim
x!a

f (x) = L2

Then L1 = L2.

By contradiction: assume that L1 6= L2. Then take " = |L1 � L2|/3 > 0.

Then 9� > 0 s.t. ...
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e-_ 143¥> ◦

limfcx) -_Lies V-E >028%0 at .
✗→ a

OCIX- akai ⇒ Ifad - Liu / < e--14¥
E- 1,2

Take F- min 181,82)
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Then for all ✗
it;

◦ < Ix - at < or ⇒

/f-G) -41 < 14¥
and Iflxl - Lz / 2143¥ .

Then

14-121=14 - fcxltfcx) - Lz / ≤

≤ 14 - fail / + I fix - Lz / <
↑

☐ ineq .

/¥4 '
= } 14-1-21

We obtained that for those ×'s

/ 4- Lz / < 2-314 - Lz / ⇒ Which is a

contradiction
.

Hence 4=12 Be
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Recall the limit laws :

Assume that

Flint a)=L
, Fling 41 = M

✗→ a ✗ → on

then e) 7 him I + g) Kk LtM
✗→ a

2) 3- lion f-g CH = L .M
✗→ a

3) If M≠ 0 then 3- : ¥! ≤m



Some strange guys

Can you find functions f (x) and g(x) with the following properties?

1 limx!0 f (x) does not exists and limx!0(f (x) + g(x)) = 0.

2 limx!0 f (x) = 0 and limx!0 f (x)g(x) = 14.

3 limx!0 f (x) does not exist and limx!0 g(x) does not exist, but
limx!0 f (x)g(x) = 0.

4 limx!0 f (x) = 2 and limx!0 g(x) = 3, but limx!0 g(f (x)) = 14.
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e) f- CH = ¥ , 91×1=-1×-1 ✗
Then film fad DNE , but limcfeg)=lim✗=O✗ → 0 ✗→ 0
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2) fix)=✗ gcxl =

him fcx/= 0 him galDNF.gg?Ef-1F?ie:a.m--xDNE
✗→ 0

◦-i gag linga DNE
✗→ 0

but him f.gg __ him 0=0

4)faD=z,⇒¥÷'#him f- A) = 2

91×1=3 -1¥ × ,
⇒ living =3

, limglx) -14
✗→o ✗→2

and then limglfcxD-h.mg/z)=l4
✗→ 0 2-→ z
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Question : Can it be that him f.G) DNE
,

✗→a
but 3- linga and ]- limcfcxtgcx) ?

✗→a ✗→ a



Indeterminate form

Let a 2 R.
Let f and g be functions defined near a.
Assume lim

x!a
f (x) = lim

x!a
g(x) = 0.

What can we conclude about lim
x!a

f (x)

g(x)
?

1. The limit is 1.

2. The limit is 0.

3. The limit is 1.

4. The limit does not exist.

5. We do not have enough

information to decide.
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Let a=O in all examples and
consider line

✗→ 0

e) § = ¥ 3) _
•
=

2) ¥ 4) ¥ 4 ') ×siy


