
MAT137

Today: Integrable functions.

Homework before Tuesday’s class: watch videos 7.7,

7.8, 7.11.
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Warm up: partitions

Which ones are partitions of [0, 2]?

1. [0, 2]

2. (0, 2)

3. {0, 2}
4. {1, 2}
5. {0, 1.5, 1.6, 1.7, 1.8, 1.9, 2}
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Partitions of di↵erent intervals

1. Let P be a partition of [0, 1].
Let Q be a partition of [1, 2].
How do we construct a partition of [0, 2] from them?

2. Let R be a partition of [0, 2].
How do we construct partitions of [0, 1] and [1, 2]
from it?
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Warm up: lower and upper sums

Let f (x) = cos x .

Consider the partition P = {0, 1, 2, 4} of the interval

[0, 4].
Calculate LP(f ) and UP(f ).
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Reminder (p (7) =2nmi1X: for a continf

bxi =xi -Xi-1, mizinffemin 1 seed

↑



Boris Khesin MAT137 January 12, 2023 6 / 12

P =

30,1,2,
i

es

***********.
(p(ax) =(2,1)(1- 0)

+(0-2)(2- 1) +(3+)(4 -2)
f(x) x-x=11 +12 - 1.2

Up((x) =(20)(1 - 0)
+(0- 1)(2- 1) +(2)(4 -2)

= 1 +(1+2c2



Lower and upper sums

Let f be a decreasing, bounded function on [a, b].
Let P = {x0, x1, . . . , xN} be a partition of [a, b]

Which one (or ones) is a valid equation for LP(f )? For Uf (P)?

1.
NX

i=0

�xi f (xi )

2.
NX

i=1

�xi f (xi )

3.
N�1X

i=0

�xi f (xi )

4.
NX

i=1

�xi f (xi+1)

5.
NX

i=1

�xi f (xi�1)

6.
N�1X

i=0

�xi+1 f (xi )

Recall: �xi = xi � xi�1.
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Joining partitions

Assume

LP(f ) = 2, UP(f ) = 6

LQ(f ) = 3, UQ(f ) = 8

1. Is P ✓ Q?

2. Is Q ✓ P?

3. What can you say about LP[Q(f ) and UP[Q(f )?
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More on upper/lower sums

1. Let f be a bounded function on [0, 1].
Assume f is not constant.

Prove that there exists a partition P of [0, 1] such that

LP(f ) 6= UP(f ).

Hint: This is easier than it looks.

2. For which functions f

is there a partition P of [0, 1] such that

LP(f ) = UP(f )?
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