
MAT137

Today: Integration of rational functions.

Homework before Tuesday’s class: watch video 10.1.

Boris Khesin MAT137 February 2, 2023 1 / 15



Rational integrals

1. Calculate

Z
1

x + a
dx

2. Reduce to common denominator
2

x
� 3

x + 3

3. Calculate

Z �x + 6

x2 + 3x
dx

4. Calculate

Z
1

x2 + 3x
dx

5. Calculate

Z
1

x3 � x
dx
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=h(x+a) +c

=((z - 533)aX
= 2h(x) - 32(x+3)+27 =

h/+2ye) +c
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x

y=xxy =xi1(1) =5 +

1
+11

1 =A(X- 1(x+1) +Bx(x+1) +eX(x- 1)
I plugin:X=0 1 =A(0 - 1)(0 +1) => A = - 1

x =1 1 =B-121+1) => B= E
x=1 1 1 =2.(1)(1 - 1) =c =kz

S*y =

- f-y +1)-+i)1
= - h(x) +bm(x- 1) +te(x+1+C

+C
=m(x+ 1)1 +c I (ay =h(x)
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z-x3 =xtzx =yy,31 =x
1/3

=
-

*3x=x+x+5 = +1BTBx+3

1 =A(x+3) +BX # plug in
I x=0 1 =A(0+3) +10
0x+1 =(A +B)X+3A => A=I

A+B=0 B= - Yy 3

93A=1 => A =Yy
x=
-31 =A(- +39+B73)

=> B =- yz
/x =j5aX - (130)=52(x) -52(x+31 +a

=5m(+3) +c=mv31
+ c



The integral of secant

Compute Z
sec x dx

using the substitution u = sin x .
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Repeated factors

1. Calculate

Z
1

(x + 1)n
dx for n > 1

2. Calculate

Z
(x + 1)� 1

(x + 1)2
dx

3. Calculate

Z
2x + 6

(x + 1)2
dx

4. Calculate

Z
x
2

(x + 1)3
dx

5. How would you calculate

Z
polynomial

(x + 1)3
dx ?
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=

=fa
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1. ayy =f(+1)dx =x++a
n>,) - n +1

17
-n=1

x+1 =uo Sudu =u

n+
c

dX =du

2. Jain =s***-S
=h(x+1) ++ +a

3 -5.u=x+1,X
=u- 1,k

=(u - 1)u
=
2u+1

x =(x+1)- 2(x+1) +1 dx=du
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thensedantaonus

u =x+1
=(n1 - 253,5

-3)du =...

Jelly...



Irreducible quadratics

1. Calculate

Z
1

x2 + 1
dx and

Z
x

x2 + 1
dx .

Hint: These two are very short.

2. Calculate

Z
2x + 3

x2 + 1
dx

3. Calculate

Z
x
2

x2 + 1
dx

4. Calculate

Z
x

x2 + x + 1
dx

Hint: Transform it into one like the previous ones
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= jdArt1+ 3/
+1(x*+1)+3aectam x-> c
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1.

Starsc-audaxzm(y+1) +e
dx =2xdX

3.j*ox-f =sd*acetamx
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Messier rational functions

1. How could we compute an integral of the form

Z
polynomial

(x + 1)3(x + 2)
dx ?

2. How could we compute an integral of the form

Z
polynomial

(x + 1)3(x + 2)x4(x2 + 1)(x2 + 4x + 7)
dx ?

Boris Khesin MAT137 February 2, 2023 12 / 15

degs 4
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Z
polynomial
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A harder antiderivative

1. Calculate

d

dx
[arctan x ] ,

d

dx


x

1 + x2

�
.

2. Use the previous answer to calculate

Z
1

(1 + x2)
2 dx

3. Calculate Z
1

(1 + x2)
3 dx
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