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Geometry of 2D fluid
Consider an ideal fluid in IR? µ=d×ndy
The fluid velocity field 0 is div- free ⇒ Hamiltonian.

on R2
Let it be the stream f-Hamiltonian) f

'
n for V,

i. e. v=sgrad 4 ⇒ (-0¥ , %-) .

The vorticity function is w = curl v=AY.

Equivalent forms of the 2D Euler equation :

aw = - Lvw or aw + { Y, W} = 0
for w = curlV for W=D 4

( ⇐ frozenness of the vorticity] .



Kirchhoff equations for point vortices
Assume that the singular vorticity w Tj or G- - z;)
is supported on N point vortices zj=Cxj , yj> c-RIG

of strengths Tj. Their Euler evolution is given by
the Kirchhoff equations (187-6) : t.no
Tjxj = ?Yf- , Tj•yj= - od -

-

.

I
>dxj a

5=1 , . . , N

Itn
for Jflz , , . . . >

ZN) = -¥ £ Tjteelnlzj -2*1
j<k

Exes these equations are Hamiltonian in RZN with
N

the Hamill - fin N and the ↳ympl . structure ¥,
Tjdxjndyj

(or the Poiss .
bracket { fig }=¥,¥l¥?¥. -¥?¥;) )



Hint : Here 4=5 'w=¥,§=, tjlnlz -zj ) (Green 's finin R2)
Vlzjfsgrad Y /⇐g. =] grad / (¥-211bn 12--417=1 ]

01
2-=Zj ¥¥. Tj OZJ

Rm_
.

For rigorous derivation ofthe vortex model
lie .
if ↳→ Itjclz -Zj) then wlt→ Jztj .kz-ZJHD)j

see Marchiano - Pulverenti 1994
.



Rm_ The system is invariant w.at . the group
of Euclidean motions F- (2) = so(2) * R2 ( rotationstranslations
The corresponding Noether integrals are
Q = -2 Tjxj , P = -2 Tjyj (translations)
F- Irjcxjty,?) ( rotations )

Nole : e.g. { Q ,
P } = -2 tj (

not in involution for -21-5-10)

there are 3 integrals in involution : H, F , Q'+ P2on RZN
Cos the system of N point vortices on R2 is
integrable for N=1 ,2,3 (and for N=4 if Tj =0

and I 5.zj=0)
Them (Ziglar ) For N -34 and generic Pj it is nonintegrable.



⇐ N=1 A single vortex stays at rest in 1122
N=2 A pair of vortices rotates about their

vorticity center zc=kZ¥¥Z_
Note : A collapse
of 2 vortices
is impossible !

vortex pair dipole
T
,=L IT= - E



•BkqbABos



N=3 The motion of 3 point vortices is
integrable and there are
self-similar collapsing solutions
(Griébi , Aref , P. Newton , . . )
There are similar
results for S2
instead of IR?

Egas

Botomian



Point vortices in the half-plane
Vortices " interact " with the boundary
N= 1 A single vortex moves along the boundary
( it is equivalent to a dipole, the mirror image

Indeed
,
the Green

→

function for half-plane
// / // // / / / / has two mirror terms

→ to provide zero boundary
condition (impermeable
boundary) .



N = 2 Two point vortices can have a variety
of motions , including leapfrogging ,
depending on the interaction parameter W



This (Wang - k .

2021)
At the moment of cusp bifurcation the two vortices
tie on the same vertical

.

The cross- ratio of four
points CR (2-1,2-2,2--2,25)=4 = VJ¥ , the goldenratio

.

•

V•• Kinder :L .

The cross- ratio of 4 pts on a line

⇒ CRCynyz.ys.it,)=&j?¥¥;¥y÷
#r

- Yz Yz Y•3 Y•4



Reminder
✗ = G- =¥• , i- e .
4 is a positive root of
42- Q - 1 = 0

✗=Ñ¥= 1 . 6 1 80 33 . - .
Book



The best application of the golden ratio :

to convert miles→ kilometers take
the next Fibonacci number :

5mi = 8km

55mi a 89km
or 130km = 80mi

Indeed, Fn
→ 4=1.6180. . as h→ 9

Fn
while mi

Thin
= 1. 6093

,

less than 0.5% off 4 I



Reminder: Invariants of the Euler equations.

Def For 2D and any 12=1,2, . . . the quantities

hklv) =/(curl v5µ :=f(%É -8¥)dxidxz are
M M

called enstrophies .

Thm_ They are invariants (first integrals)of the
Euler equation in 2D

,
lfk -4,2, . . .

.

Farthermore
,

enstrophies are Casimir , i. e.
invariants of the Diffµ (M) -action .



Auxiliary problem: 

Recall : For a manifold M of any dimension with
Tobeme form µ Casimirs for the group Diffp (m)
are invariants of cosets [u] of 1- forms u=Vb
or of the (exact) vorticity 2- form W = die on M

.

In 2D the vorticity 2-form, w =du corresponds
to the vorticity function on a symplectic surface

Find a complete set of invariants of a smooth
function on a symplectic surface ( Ni, p ) .



Det
.

A smooth function F on M is a simple
Morse function if all its critical points are
nondegenerate and all its critical values are distinct .

Def The Reeb graph of F is F- ' =%F- levels} ,the set of F- levels .

EI
.

Properties of F- :F
-

•¥7
• crit

. pts → vertices

Kii
• area pr → measure D

- :*: :÷÷,÷÷¥on M on Tp
Me

.

.

I



Furthermore • at minna✗ (b) D is smooth , daff -1-0
• at saddles (F) N is log - smooth , ie .

Dtv, ×)) = Ei Ylfcx))ln IfG)It yi(fCxD ,
4101=0, 4401=10

for f- (v)= 0

Det
. (p, f , D) is a measured Reeb graph if

P is an oriented graph with 1- or 3- valent vertices of
f-is monotone and D is log - smooth . types *$•or•Y
Thm_ (Izosimov- Kh . 2016) Two simple Morse f 's on (Mip)
are in the same Diffµ - orbit off their measured
Reeb graphs are isomorphic ( i.e. F l- l correspondence
between simple Morse f 's and measured Reeb gr 's
compatible with M : §u=£µ , genus (m) = be (r)) .



Coir the
"

generalized enstrophies " of F are

huge (F) := f FKp and they form a complete
Me

set of Casimir for M=S? where 5- Me:-#
'
(e)

for all edges e c- Tf and all K c-It .

(Proof follows from the Hausdorff moment problem )
Rm_ For a surface M of higher genus one needs to

fix also circulations over handles of M, since

invariants of corsets [a) c- Ñ/dR are more subtle
than for doe] (or the vorticity f

'
n F : = dlype) .



Let M be a surface of genus se (i.e. with se handled .
Consider a coset [u] with vorticity fin F- dugu
and the measured Reeb graph II. It turns out,
one can define

"

an integral " of a 1 -formover a graph. (rather that over a segment ) .
Def_ The circulation spa.ae consists of all functions c.
on the meas .

Reeb grape that are antiderivatives off,
I. i.e. satisfying
f.✗ D V-✗ c- river)

,

f- ftp. and

1) for him ccx) =L one has
✗→ v

2) 1--0 at ↳ T and 3) lo=L, that Yto



In other words , when we integrate over a branch pt,
we take the

"

space of all possible splittings, "
satisfying the Kirchhoff rule.
EI .Given [u] on M @ith F=¥)

,
define a f 'n c : tf V47)→ IR

by eG) = fu .

It does not depend on U c- [U] and f=÷µ .
IT
"
(x)

If u = vb for a rect. field von M , then ccx) is the
circulation of v over the cycle F-

'Cdc M

Prop_( Izosimor - Kh , 20161 The meas . Reeb graph (t, f,A)
admits a circulation function ifff.fm = 0

.

The space of circulation functions has dim =R=b, (F)
= genus M .



Thin (Itosimov- Kh 2016)
coadjoint orbits ofDiffp (M) are in 1- i correspondence
with circulation graphs compatible with M
( i.e. for which meas + genus coincide) .

Pf based on the lemma de Morse isochore Colin de Verdier-Vey)
For a Morse f

'
n F on a surface with area form µ there

is a chart sit . locally µ=dp^d9 and F=xo $ with
S =p2+92 or pq and ✗ is smooth near 0 c- IR and 740340

.

Rin
.

There are versions for the groups Diffµ, ☐
(M ) ,

Ham ( M) , for M with boundary (Izosimov, I. Kirillov,Mousa i. 14
.


