Geowmetric Fluid dynamies

Boris Khesin (Univ of Toronto)

Lecture 8§



v\

/"’B_> lef M %c a W_cenm c,of RBiem. wnid
~ B -a (magnehc) Vﬁof,ﬁ‘c/a(% M (6—} MC%S)
v B=0 y.rt. /\A:a(sX_Ve&‘W-@ o
¢ I on M

The ety of & 05 E(&):\\BH%}:J(B,@/‘A
Covwpder @ v@&xw—mmowf% Aﬁ&o'ﬁ:\w ¢ . M@

hon (2 ‘
Ques Given a %Jﬂ A f’hd CL::% E/%é%)

IS A=0 or Q>O?




Motivaton = B ~ magnetic fa// of o istou (Hhe San)
%ZO?:@#’\ [l/l/‘O ( %_{ VVLQ,OOQ (ﬂéi—w)q el

AB ==L, B =-cwd(vxp) E
The ~howr radiates s &% QJ\

—_— -

Quskion’. Wil {la ator «D,x#v?w‘s/{\ mf&% 7
(\Uiu Q. Be 0798\/1[\4\/{ o =0 7>



%P@&j«mﬂ/ b struction:
A that sgp b = Ule A gotia fer

E(®) \y N most oebits sk

ImoLLZA) (ngﬂn P ’(Z‘yd/;\, time omainh T AL

= Bw B D Eaw E/N?

Bt /&'v\k{v\& prevents Hert prov L’h%.“h;le b&q‘/en us,
MnCR ‘t’:ran57b'7mm,ﬁ“0‘w4 owce Vo@w—p%ééervfhj,



Prop (Renell 1972)  F (8) > c [HA(R)|
whaore Hd[ﬁ)::jx&)wdﬂg)/“ ‘M‘a%eéfﬁ,

omd C= Q(M) (,\/o{_c 1 \(3,@9%&‘7 z%ﬁfa% H)
R Heve A=eanl™'B is & diV-fose veofor-pofenhad o B, ic.
Vi A= B, dev A=0 The wlesyal (S ndeperdont of the oit of .
‘P¥ S an ad’)l"(?ﬁ U Schwew2 § Roincowe fuwikm o ﬂi:cm[/B
Recah Aot “cund cund = —A”) e, ‘ol 2 \[- A
catd ™ on e cpf A is o bounded rymmeliic gprafor,
whose /27—).(,0{'\{(«(_(/1/\ aceumulotes Jo O on U sdey: 0 ,

Tt C(M) 15 te max abr. vale o{ BN 9;3@”1/26”“9
olepends) on M



An (mpofant example  (fMeftatt 1969)
Fov a \/ﬁ(ﬂ‘-f‘«/ﬂ( B ay above, withouwd C @
wAt twist -thside €, Cqp @ A
Het (B)=2 U (C, Cp ) Flux - Flux, # O : B
@m Reca,u e qulﬁb‘(ﬁ nwndbey gﬁ o orseded
8 >
cwei/ey Thond T, th M s
‘7@,\_‘6 O (1, L) =#(')n T,

”o)tﬁl ,% o IS Aymw{lfdc _@_Q
g oaeoﬂ'l\m‘fW o
= boi of 0 [/

¢ bay o ﬁ/iﬁ@,w’d&‘w\ Wtkatmn



AVL Q/;ca,vuﬂ-,& . ’HAL Holp:f %10/6( Ah S%
i ’
For 53:%(&,)(2))@,)(4)4/‘24\ ; XL:‘}
d‘%'u V(X" MZ’X37)(") :(‘X’L> )C\)‘Xzf))(?’)

Sxer V covrespandn
tothe max eigemvalue =3
ej, auxz,(," on 3 6 |
e nmumamad &% | \
cuw\.ona o(,&ﬂ&omofgt‘c onme)

(% VQ&LM&—‘)I‘«%, dA(%go'S)




Lef M ge a A(’%_mn W&(J? M- Velune %ﬁ% M

omd z Q AV‘M “M'Ofgcdd %M,i_e_ L;/"‘:O,
< W, = 5$ M is a coed (exact) 2- ot on M
Hence wsza(o( {wm {-forrm X .

Dof The Kebicily Hl(Z) of T on M s
Hel (3) = fdadd _—:fdo(/\o(:j UO%/\A We
M %

A for clol = We.
Hed ()= [ L M /\o{“‘(c"%/««):f:fx/\u :fgadft{qf)/w



Cor (of cord-free dtf'n of Gebichy)
/Tﬁl MC’/{? /{zj(%) (S W@w,:[g wvw(—érwz
achion on % 97 VOZUJ’%//??C%, a@:ﬁfea's ? M
(z-e- + s « 759/)94%4‘@5 y\mua/m'('/)“
@t@ f\ﬁ\fms Wan ovv\&l\njf ol ol e
what s e M@%{ﬁ mez{vmé? é

fef M & o @“%»Wa@a( cbored 3D %fa(
witl & valiue fgju,.,‘ /A QU-/-C do wnot %ﬁx e e 'Ls-u))



MFMQM VW%JJ%%M Coe__/lLLE/“v)
inhoduce tha {éﬂ%y«ﬁ%«? ﬁw-‘aé% ;l (Xy) XJéM
Let 556, 7°)) 6 pieo of
?—’{Fﬁ%@[e—rﬁ@ &47/ -é/\h’% 7;8 QW%,
A (st et A g a W o
whoet patls’ ( joinin pedr of-
om‘s %M/:Mo( oéﬁieu g,o:«:?e;gw@



R The L exisds xé—/wﬁmoﬁaﬂ X,Jé/k/\
oo drein't dopend on A weder sowr coud's (Aoustl)
Befter : L — a sgifem of geodmrics | te Lot
evists i (mxm) (T [/o;@/)
Pl is Gased on Hthe &,QLKO# o [ - ergoctic theorsuns.

Thon (VAowold 193) helicit, Hell(z) = |17, w)ad (s
s egteal +o the Mwna‘pz( ﬁdhkt‘*&a /< £ /A)
Hel {%) :ff 9% (XJj)/b‘x/"i

ﬂ s aaturad o m it Hea Q@WW#D‘/LC }{%f covafuanmt .



P sketch fov MecP?  Consider the Biot- Savart

: ' ' :UA/JP(?:
o for vestor—gotuind A% T
A(U)ch REREEE Ma

qm 5 I %_g”s

Tlen e szy s

(209,%3(y), *9)
Hd (3)=((3,A) = LT'%JL T s

On Yo hr Bamd, vocalh the explict 2
6‘” e &“k"vg Lkl &T& W




D@%ﬂ/yéﬂ% on the Gous %wawa,&

¥, G

£ A
Z x z 8/2[42)///7\ —=_
Sl YA > I8
b R>

G e o e ,@mkma serdben % closed cwven
[(S), 12(8) e R givem 4

U (v, ¥2)= f f m\&) m\\w e
X& K’L
Note: e (o de) = ougU@ \43) hee 0 F/ig)

b U map Flot)= ¥ ) o (o)




H‘@V\C—L :{\?V 20){%@ 9/ i— #aJeoF@ft‘w tni- U Is

S an i
?‘i G 9) = fim <lw—l~r.’s f(%[é), d (), 2y & dtds
T, SSoe o

=te-g I

._&
(),
a(g): <(y) ovey /X&W&/ﬁm A

Now Wae Qw(?xlv\(y M&ms gzmnﬁ&z @ikﬂ@%
m@od&c thm e time Qv e eaﬂ ?‘%(’“(7)
al@na tha MLAAUNE = DKL . %»/GLA) of ? concidin wilka
e apace 1542 e by oo integral
Liprefion  of Hel (). QED.



Cor o div free it Ran nomzers Aebieity,
(te W cannot e made M&;mﬂ% N7
For ‘nstom ce Ltwo ooa/{lfs g/ 49&0( Hori &hkeo(
Ln QFPOS{M divecfions 7
T,ﬁ_m (Fmea(wmm—He 129)) sSu pose a \/eo{{b‘c/o( Z th A?S
bon oM vanfomt J4orus T %gmm'h& a nemivial

fenot of {aype K. T/C‘«?/v\ ! ”
c(8) > (s et (et 2)
Cor For a nendetvial K E(¢p)>0




Cor W afecld £hap ol leant ome closed {inked
trajecdory o om LYPHC yne o E(0B) >0

Tl Sakbarov - 2ldovich V?/@g/(?/w\
Lob B be Aha vokhon fell

O{ A gﬂé/fm (K?) 7 @
Orollonn - Ts X E(eP)=0

Thm (Freea(mam qua) W exists

11 L . ) M
o MARURNL «9% velume e d/vﬁ(co’s (./0' - M
Ach Haak E_C“P;:) %) — 0 a0 how



171@ Wleag, -
ol

\}.

_

~7
P .

\_/

Abo M

Shelch a oubbell +o shordes,
*t‘;rzgeo'r@fj and /}u—#

He Anake obfoined
% inside the sphera.
\ Uee Moser's Lemuna



%mwbl/ divection: Fant o&nowwo aym&{&m

Def The feinematic dygnanao eguahon is
9t3>=~L\,E>+'2AE>
v B=0
M#Wﬁ@mwh W?ﬂ; %z/o( B0
& Ahre d 4 M
W(?ffw veloc %”U‘, ile aﬁ; 6\
ol Ston 009?0'09@7% e ma Id @n% E(8)
Proéﬁxwx Doer Huve oCAlsf a&@i% Vieol. {,Mﬂ*
M A E:_(bH/)) grows W@’MW%% . hme
(for wome twitial Bl9)) ar 9> O ov 7=0 7




Look for seluchons B =™ VCp0)  pud ot

Qe%[7)>/;\o>o MY, 5O or J=0.

A h»evm-»anSs[Pa:H\/«e dagnanmo (n=0) cerrapoud) +o

& 10204 madrefic Fredd
P\ﬂ 711&'42 e mavv wonke ms#w‘fvg Q/ﬁﬁaa% 0%7"0“4‘05
owd proviky o necersity of bactic Gellasior &P

69’ N#0. VOn of poputor %Wfp@o < the AEDC//@Q
Ex The ABC %@(Arwf&—&eﬁ&am-c@vﬂ%) are.

V = (Asinz + CC@J)%Q—X + (B sin X+ A ceﬁ%)(”\zit((’,s{m&qt beed x)%
on 3D dovus T2 = §(x,4,2) | mod 27},

’Ifqv Foe Q*?‘QM 69” el cwd v =\



Bonus : Why Hopf 7
Recall : The H@(Pf invauant of a map Jj 33’*'3
bon 2 def's S
2 Oﬂ»eomef('wc/f@,ao& cal:
Hopt, (1) = Lk (7(a), "[é))
Jt ate%n#a@/\lwﬂ( on a%(S
b) {hieﬁ-/a,(: toke Pe N° ( 52), JP:i)
Yoo TP e [55) is cfosed = exact en <Pl
Hopt). (r) f T4~ A7 (T%)

i bt s o e

TLge




Noter tn o Wq for flopt, thu closed 27&%/)

con At ‘7—209{%@0( éy a coﬁomo&jx;c@ﬂ W)/,SWSZ

tonce tuair o&‘ﬁ@chq (S »@yac;ﬁ P/’E:&o(, xé&‘(gf&)
Jwnd (1) - fnr*m d (1) = ] ond () L
Q> S <>

:jv¥PAT¥oL = S’ Pack =0 .
S 7 s

y\}ow {ake P= 5 (a) ) /5 =5(8) Al X—{mw; Z- s in Sl,,
supporfed ot pis a and 6. Thouw 19 =5 (37'(a) awd
—w-*ﬁ&:g[w"/g) | O-Ype 2-formp in SB/Xu/a/vo’L%@( on T ()

m’\ at-l[’ﬁ‘v/)); 5(?—(7:"%\)) -0 suppored 27}
on A 5&#/7:/ WACQ 9'(1\\“(01) S 53<



Houce Heply ()= [ 0P d62)= [ 10 o (77
:f (T ()~ 5 ( j(fl[“)) — 4 @) nT (8)
5’3

=k (17' (), 71:((5)) = HOﬁg (v)
Tlis roves T @/%M/J\/a»@mca of 2 dﬁ%m’%b’w)_
Monld' < thn, is oun %m‘mbﬁ‘c Ve Lgron egf’éeth
valomee. o insdead a R §3__> SZ
fg;: e ft{eﬂwﬁe ctosed (a%me@fow%g
o il 5 whose ol ijectories ane closed )
Cowndi & MV~ pree vff with %ntrata ‘vgrechvies,



