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Abstract: We demonstrate the common bihamiltonian nature of several integrable sys-
tems. The first one is an elliptic rotator that is an integrable Euler-Arnold top on the
complex group GL(N, C) for any N, whose inertia ellipsiod is related to a choice of
an elliptic curve. Its bihamiltonian structure is provided by the compatible linear and
quadratic Poisson brackets, both of which are governed by the Belavin-Drinfeld clas-
sical elliptic r-matrix. We also generalize this bihamiltonian construction of integrable
Euler-Arnold tops to several infinite-dimensional groups, appearing as certain large N
limits of GL(N, C). These are the group of a non-commutative torus (NCT) and the
group of symplectomorphisms SDiff(T?) of the two-dimensional torus. The elliptic
rotator on symplectomorphisms gives an elliptic version of an ideal 2D hydrodynamics,
which turns out to be an integrable system. In particular, we define the quadratic Poisson
algebra on the space of Hamiltonians on 72 depending on two irrational numbers. In
conclusion, we quantize the infinite-dimensional quadratic Poisson algebra in a fashion
similar to the corresponding finite-dimensional case.
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1. Introduction

One of the most interesting problems in the theory of integrable systems is a description
of infinite-dimensional integrable systems with two or more space variables. In this pa-
per we consider integrable hierarchies in the (2 + 1) dimension, which we call elliptic
and modified hydrodynamics. These are close relatives of the ideal hydrodynamics on
a two-dimensional torus, which is known to be a highly non-integrable system. For in-
stance, even the 4-vortex approximation of the ideal fluid dynamics is non-integrable [1].
We obtain these integrable versions of hydrodynamics starting from finite-dimensional
integrable systems whose dimension of the phase space goes to infinity. Our approach
is somewhat similar to the derivation of Toda field theory from the open Toda chain. In
contrast with the Toda theory, however, we obtain non-local systems.

The classical Euler (or, rather, Helmholtz) equation for the motion of an ideal fluid
on the standard two-torus is

S =1{S,A7'S},

where S is the vorticity function of the fluid flow, { } is the Poisson bracket, and A
is the Laplace operator on T2. The modified and elliptic hydrodynamics are defined
on an elliptic curve, i.e., on a torus with a complex structure fixed. The corresponding
equations are, respectively,

S =1S,078)

and _
S = {8, p (9)S},

where 9 is the corresponding operator of the complex structure, and ¢ is the Weierstrass
g-function. (We postpone the precise description of g () till Sect. 5.) Note that to
define the Laplace operator one needs to choose a metric, while for the operator 9 in the
modified hydrodynamics is defined by a complex structure on 72,

Such a modification of the fluid inertia operator from the Laplace operator A = 99,
which depends on a metric on 72, to 32 or g (3) ', both of which depend on a complex
structure on 72, brings in the integrability and even the bihamiltonian structure for the
systems. We construct an infinite set of involutive integrals of motion with respect to
two Poisson brackets. One of the brackets is the standard linear Lie-Poisson brackets
on the dual space to the algebra of the divergence-free vector fields on 72. The other
Poisson structure is a quadratic Poisson algebra on Hamiltonians of vector fields. These
two brackets are compatible and governed by the same classical r-matrix. Furthermore,
we describe a recursion procedure for constructing the sequence of Hamiltonians for this
linear-quadratic bihamiltonian structure of the hierarchy of the elliptic hydrodynamics,
which thereby exhibits “the strongest form of integrability.”

We come to this construction through the non-commutative deformation of 72 to the
non-commutative torus (NCT). The non-commutative deformation of the Lie algebra of
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vector fields is isomorphic to the Lie algebra of NCT. The latter is a special large N limit
of gl(N, C). We start with the elliptic rotators on GL(N, C) [2, 3] and develop their
bihamiltonian structure based on the Belavin-Drinfeld classical »-matrix [4]. The corre-
sponding quadratic Poisson algebra is the classical limit of the Feigin-Odesski algebra
[5]. We describe natural extensions of the elliptic rotators to the infinite-dimensional
groups, which preserve their main properties. This brings us to bihamiltonian systems
and integrable hierarchies on the NCT, which are of interest by themselves.

As a byproduct, we also describe a quantization of the quadratic Poisson algebra on
NCT. In this way we obtain an infinite-dimensional associative algebra with quadratic
relations depending on the complex structure on 72 and the Planck constant 7 € T2.

Finally, the commutative (“dispersionless”) limit of the elliptic rotators on NCT leads
to the desirable bihamiltonian hierarchies of the elliptic and modified hydrodynamics.

2. Main Results

1. The general setup [6, 7]. Let G be a Lie group and g its Lie algebra. Consider an
invertible linear operator J that maps the coalgebra g* to g. Its inverse operator J~!
is called the inertia tensor. The Euler-Arnold top corresponding to the group G is the
Hamiltonian system on g* with respect to the linear Lie-Poisson brackets on g* and the
Hamiltonian function given by the quadratic form

1
H = _E<S’J(S)> ) S € g*’

where (, ) stands for the pairing between g and g*. Namely, the variation VH can be
regarded as an element of g and the corresponding Hamiltonian equation of motion is
as follows:

%S ={H,S}:=ady,,S.

Recall that the Lie-Poisson brackets are degenerate on g* and their symplectic leaves
are coadjoint orbits of G. To descend to a particular coadjoint orbit O one should fix the
values of Casimirs for the linear bracket.

For some special choices of J the system becomes completely integrable. Some of the
examples are Manakov’s tops on SO (N) [8], their limit N — oo found by Ward [9], the
Korteweg—de Vries equation [10, 11], as well as the Camassa—Holm and Hunter—Saxton
equations on the Virasoro group [12]. (In the infinite-dimensional case, the invertibility
of J is understood as KerJ = 0.)

2. Elliptic Rotators on GL(N, C). The elliptic rotator (ER) on GL(N, C) is an integra-
ble Euler-Arnold top on this group, whose inertia operator is constructed with the help
of the Weierstrass gp-function of an auxilliary elliptic curve, see [2, 3, 13]. Namely, let
Ty, @ = (a1, a2) be the basis of sI(N,C) B.4,)a; = (0,1,... ,N = 1), a # (0,0).
The structure constants in this basis are

1
Cy(a, B) = — sinmf(a x B), 60 =k/N,
T
where 1 < k < N and k, N are coprime, see (B.8). For § = Za S_oTy € sI(N,O)*
the linear Poisson brackets assume the form

{Sa, Sp} = Colat, B)Sa+p - 2.1)
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Let o (x; 7) be the Weierstrass function on the elliptic curve E; = C/(Z + tZ). Con-
sider its values gg (o) = g ((«¢1 + 02 7)6; T) on the lattice parametrized by «, the labels
of the sI(NV, C)-basis. The inverse inertia operator is defined as

J:So = JoSas Jo=g0(a). (2.2)
It was proved in Ref.[2] that the equations of motion
0Su =Y Suy26(¥)Sy, (2.3)
14

defined by the Hamiltonian H = —3(S, J(S)) = 2726%tr(S - J(S)) and the brackets
(2.1), have the Lax representation with the Lax operator L™ (S, z) € sI(N, C) depend-
ing on the spectral parameter z € E;. The traces tr(L" (S, N k=2,...,N being
expanded in the basis of elliptic functions on E; produce the involutive integrals of
motion and the Hamiltonian H is among them.

We call the commuting flows defined by these integrals the ER hierarchy.

Let r(z), z € E; be the Belavin-Drinfeld classical elliptic r-matrix, see [13, 4] and
Sect. 3 below. The main result, which we will also generalize to the infinite-dimensional
situation, can be formulated as follows.

Theorem 2.1. i) In terms of the r-matrix, the linear brackets (2.1) can be written in the
form

(L1 (2), Ly (w)h = [r(z — w), LY (2) + Ly (w)]. (2.4)

ii) Consider the phase space extended by a new variable Sy, which has zero bracket with
all the rest. The same r-matrix defines the quadratic Poisson algebra Py g . related to
GL(N, C) (3.19), (3.20):

{L1(2), La(w)}2 = [r(z —w), L1(z) @ La(w)], where L(z)
= Sold + L (2). (2.5)

iii) The above two brackets are compatible, i.e. any linear combination of them is a
Poisson bracket.
iv) There exists a sequence of integrals of motion in involution with respect to each of the
two brackets {h j, hi}1,2 = O (here the lower indices refer to the linear and the quadratic
brackets respectively). They provide the bihamiltonian structure of the elliptic rotator
(ER) hierarchy

{hj+1,8} = —{h;,S}h .

The first two statements of the theorem for GL(N, C) are well known [5, 14]. Appar-
ently, the bihamiltonian structure of the GLy elliptic rotators is new, and it gives the
following

Corollary 2.1. The Casimirs with respect to one of the brackets generate an integrable
dynamics with respect to the other.

In particular, the functional Sp, being the Casimir element of the linear brackets (2.1),
leads to the equations

;S = {80, S}z, (2.6)

that coincide with (2.3).
It turns out that Theorem 2.1 also holds in the infinite-dimensional situation presented
below.
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3. Elliptic Rotators on the Non-commutative Torus. Consider the sin-algebra sing,
called also the Lie algebra of the non-commutative torus (NCT). The Poisson brack-
ets on the Lie coalgebra sinj; of the NCT has the form (2.1) with irrational number
0 < 0 < 1 and the basis Ty, = const - exp(Qmwia1xy) * exp(2mwiax,) is parameterized
by the infinite lattice « € Z @ Z. Here exp(2mwix1), exp(2mwix,) are the generators of the
NCT and * is the Moyal multiplication (see Appendix C). On the NCT we introduce the
complex structure d¢ - depending on v (Im 7 > 0), and two real numbers € = (€, €2),
such that f¢, are irrational and 0 < 0¢, < 1 (see (4.3)). The inverse inertia operator J
is the pseudo-differential operator

J(S)(x) = 9 (0 1)S(x),

where now S(x) = Y, S_4 Ty (x). The equation of motion in the form of the Moyal
brackets has the form

%S =S, 9 (038}’ , 2.7)

where { }? is the Lie—Poisson bracket on si nj. In Proposition 3.1 we find the Lax form
of (2.7). We construct the classical r-matrix (4.11) and prove the counterpart of the the-
orem. The quadratic Poisson algebra Py ¢ . (4.19), (4.20) on the NCT gives rise to the
infinite bihamiltonian hierarchy, where Eqs. (2.7) correspond to the quadratic Hamilto-
nian functional with respect to the linear brackets. At the same time Eqgs. (2.7) can be
interpreted as the Hamiltonian equations (2.6) in the quadratic Poisson algebra Py ¢ .
with a linear Hamiltonian. For SL(2) this representation was found in [15] and for the
general case in [18].

4. Elliptic Rotators on SDiff(T?). In the limit & — 0 the Lie algebra of the NCT
becomes isomorphic to the Poisson algebra A of smooth functions on 7> modulo con-
stants Ham(T?) ~ C®(T?) /C. The algebra of Hamiltonians can also be described by
the corresponding Hamiltonian (or, divergence-free) vector fields on the torus. More pre-
cisely, the Lie algebra SVect (T?) of divergence-free vector fields on T2 is the (universal)
cocentral extension of Ham(T?), defined by the exact sequence

0— Ham(Tz) — SVect(Tz) - C? > 0,

where the image of S Vect(T2) in C2 is generated by the two fluxes €191, €20,>. For
Vv € Ham(T?) we have

1 1
ity) = — v, Va(¥) = —ay,

and Viy 1y = [V (¥), V(¥)']. We construct the elliptic rotator on the Lie group SDif f
(T?) of area-preserving diffeomorphisms, corresponding to the Lie algebra SVect (T?).
Consider the dual space of linear functionals H am(T?)* in the Fourier basis

le(a-x):=exp2mi(a-x) | (x = (x1,x2), (@ x) =ax; +axx2, o € Z},

S = Z Sye(—(a - x)) € Ham(T?)*.

The Poisson structure on A* assumes the form (cf. (2.1))

{Sa, Sph = (& X B)Sa+p -
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This Poisson structure is degenerate and has an infinite set of Casimirs

ckz/ Sk where k=2.,3,....
T2

On a coadjoint orbit @ € Ham(T?)* of SDiff(T?) the brackets are non-degenerate
and values of the Casimirs are fixed.

Define the operator J (after the rescaling) as the pseudo-differential operator g (6_)6,,),
such that the Hamiltonian has the form

H = —1f S 9 (3.0)S. (2.8)
2 T2

We prove that the corresponding Hamiltonian system admits an infinite set of commuting
integrals, see Sect. 5.

Recall that these elliptic rotators are parameterized, in particular, by the auxiliary
elliptic curve. Consider the simplest version of the ER, corresponding to the rational
degeneration of the elliptic curve E-. In the limit the (inverse) inertia operator becomes
J=0" 2 and the limiting Hamiltonian (2.8) takes the form

1

H=—- 972
5 Tzs 3-%s,

see (5.23) and [15].
It is interesting to compare this with the Euler equation for an ideal fluid on a torus,
where the inertia operator is the Laplacian (i.e., J = A~! = (39)~!), and the Hamilto-

nian is
1
H:——/ S-AlS,
2 T2

where S plays the role of the vorticity [7]. While the Euler hydrodynamics equation is
highly non-integrable, the modification of the (inverse) inertia operator from 99 to 8,2
leads to an integrable hierarchy. We call the rational limit the modified hydrodynamics
on T?. (In a sense, these systems are similar in spirit to the Etingof—Frenkel current
algebras [16] on T2, which make use of the complex structure on the elliptic curve to
construct a central extension of smooth currents on the torus.)

Finally, we prove Theorem 2.1 for the generic systems of the elliptic hydrodynamics
(2.8). In particular, the quadratic Poisson algebra Py . (5.27), (5.28) on T2, along with
the linear Poisson bracket, provide the bihamiltonian structure of the hierarchies of the
elliptic and modified hydrodynamics.

3. GL(N, C)-Elliptic Rotators

3.1. Lax representation and integrals of motion.

1. The system description. The elliptic GL(N, C)-rotator is defined on the dual spaces
of gl(N, C) and sI(N, C). Let

S = Z S_oTy,

7(2)
acly
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where T, is the basis of sI(N, C), see (B.4) and (B.5). In what follows we assume that

the Greek indices belong to the lattice Z%) (B.5). Then the Poisson structure on the dual
space sl(N, C)* is given by the linear Lie-Poisson brackets (B.8)

{Sa, St = Co(a, B)Savp (3.1)

where Cg (o, B) are the structure constants of sI(N, C) (B.8). The Hamiltonian has the
form

1
H™" =27%0*u(S - J(S)) = -3 >SS, 3.2)
yez®
It defines the equations of motion
3:S =[J(S),S]. (3.3)

LetJ : Sy — JuoSq, be the (inverse) inertia operator with J, = g («), where
o (o) are the values of the Weierstrass gp-function and defined by (B.11). Then (3.3)
assumes the form

USu= Y SaySyps(¥)Caoly.a). (3.4)

7(2)
vely

2. The linear brackets and r-matrix.

Proposition 3.1. (cf. [2]). The equations of motion (3.2) have the Lax form

L™ (2) = [L""(2), M(2)], (3.5)

where
L = =" Supp(et, )T, (3.6)
M == Sy fo(e, )Ty, 3.7)

and the functions g, fg are given by (B.13), (B.14).
Proof. Substituting (3.6) and (3.7) in the Lax equation we obtain

0 Sapp(@,2) =Y SuySy(po@ =, 2) fo(y,2) — 9o (v, 2) fole — v, 2).
14

Now, using the explicit expressions (B.13) and (B.14) for ¢y and fy respectively, as well
as the Calogero functional equation (A.22), we come to

0Su =Y Su—ySypale. D)(pola — y) — 9o (),
Y
which coincides with (3.4). O
The Lie-Poisson brackets (3.1) admit the following r-matrix description [4, 13, 14,
17]. Define the classical r-matrix by

rnocE—w) =Y go(y.z—w)Ty @ T, (3.8)
14

where ¢y is defined by (B.13).
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Lemma 3.1. [14]. The r-matrix (3.8) satisfies the classical Yang-Baxter equation

(13) (12) (23)

[rz(vl,zg),r(z —w), ryy @1+ [ryy @ —w), ry7y  (w)]
+ry @,y ()] =0. (3.9)

Proof. We reduce the YB equation (3.9) to the following functional equation

0oy, z —weg(a,2) —wgla + v,z — w)es(a, w) + ol + v, Dpg(—y, w) =0,

by using the commutation relations in sl(N, C) (B.7). It easy to see that it can be rewrit-
ten for the functions ¢y (B.12), since all three terms have the common exponent eg ((y2 +
2)z — y2w). Now, it coincides with the Fay identity (A.21), where we put

U1=(V+a)9a M2=_V9, i1l=2, 22=W. O

Proposition 3.2. In terms of the Lax operator (3.7) the brackets (3.1) are equivalent to
the following relation for the Lax operator

(LY (@), LY (w)h = [rne.c(z —w), L™ () @ Id + 1d ® L™ (w)], (3.10)
Li=L®Id, Ly=1d®L.
Proof. To prove (3.10) we rewrite it in the basis T, ® Tg:
{Sa» Sgtive(a, 2)pa (B, w)

= Sa+pCo(a, B) (9o (=B, z —w)pp(a + B,2) — gp(a, 2 — w)gs(a + B, w)) .
The same Fay identity (A.21) implies that

wo(o, D)@ (B, w) = (=B, 2 — w)gg(a + B, 2) — o, z — w)gp(a + B, w) .
Thus we come to (3.1). 0O
3. The hierarchy of the Lax equations. The Lax operator L (3.6) has the following
properties:

i) L™ is an sl(N, C)-valued meromorphic function on E; with a simple pole at the
origin satisfying

Res L' @)z = ) SuTu -
o
ii) L7 satisfies the quasi-periodicity conditions
Lr()l(z + 1) — QLV()I(Z)Qfl , Lr(}I(Z + T) — ALroz(Z)A71 .

These properties imply that 7 (L(z))¥ are doubly periodic functions with the poles up
to the order k. Thereby, they can be expanded in the basis of the Weierstrass function
and its derivatives

(L' @) = Tox + hyo @) + ...+ L2 (2). (3.11)

In particular, in this way we obtain the Hamiltonian

. 2
1
(L™ (2))* = lop + Lo (2) 10,2=2<%> H, L)=tuS.
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Proposition 3.3. The coefficients I i are in involution with respect to the linear bracket
(3.1)

{Isk, Im,j}1 = 0. (3.12)
Proof. We have
{tr(L" ()%, (L5 (w)) 11 = e (L1 (), (L5 (w)) )1 .

Then, it follows from (3.10) that these functionals Poisson commute. Using the expansion
(3.11) we arrive at the involutivity of the coefficients (3.12). O

In particular, all functions I, x Poisson commute with the Hamiltonian H (3.2).
Therefore, they play the role of conservation laws of the elliptic rotator hierarchy on

GL(N, C). We have a tower of w independent integrals of motion

loo Do
lo3 D3 133

Iow by . oo Iny
Note that Iy x, k =0,2,3 ..., N are the Casimirs corresponding to the coadjoint orbit
R ={Segl(N,C), S=g"'80g}.
The conservation laws I ; generate commuting flows on R"%,
05.kS = {Ls.k, Sty (5. 1= ) s

that we call ERy hierarchy.
In what follows we will need another set of the conservation laws coming from the
coefficients of the spectral curve

C: FO,z)=det(h-Id+ L™ (2)) =0. (3.13)
Here

F2) ="+ 0@ + ... +an(2),
ax(2) = Jor + Jup @) + ... + Jup* 2 (@) . (3.14)
Since ay(z) and Tr(L(z))* are related by the Newton formula, one can recursively
represent Jg ¢ as polynomials of I, j, j <k, m < j,
Jx=Yaym: I W™, G=w,h,..). (3.15)
> jimi=k, [;<j;
For example,

Js,2:_s,27 (s=0,2); JS,3:_S,37 (s=0,2,3);

3 2 82 ;2 . —4
Joa=Sloa= 15, — 55, (g2=60) (m+n0)™); (3.16)
m,n
ha==-ha—2lp2bho; Jas==I34 Jaa=—Iss—17,,
2.4 ) 2,4 0,2142,2 3,4 ) 3,4 4,4 ) 4.4 2.2

where in the second line we have exploited the relation 1202 = 20" + g».
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3.2. The classical GL(N, C) Feigin-Odesski algebras. Here we consider the Feigin-
Odesski Poisson brackets related to GL(NN, C). In notations of Ref. [5] it is the classical
limit of the quadratic associative algebra Q 2 ;.

It turns out that the same 7-matrix (3.8) defines a quadratic Poisson algebra. We start
with the Lax operator L (3.6). Modify it in the following way:

L(z) = =Spld + L™ (2), (3.17)

where Sy commute with S, with respect to the linear brackets (3.1). Define the brackets
between the entries of L as follows

{L1(2), La(w)}2 = [rn 0.0 (z — w), L1(2) ® La(w)], (3.18)

(see Ref. [13, 14]). These brackets are Poisson, since the Jacobi identity is provided by
the classical Yang-Baxter equation (3.9). A finite-dimensional quadratic Poisson algebra
is extracted from (3.18) by eliminating the dependence on the spectral parameters z, w.

Proposition 3.4. The quadratic Poisson algebra on gl(N, C)* has the form

{Sur Sod2 = Y Su—y Sy (90(¥) — 0( — ¥)Cale, ) . (3.19)
y#a
{Ser Spha = S0SutpCo, )+ Y Su—ySpiyfo(e, B, ¥)Co(y, a—B),(3.20)
y#a,—f

where Cy(at, B) are the sI(N, C) structure constants (B.8),

fola,B,v) =)+ 8B —a+y)—te(B+y)+la—y)
_ ¥'(0)06 () (B)e (B — a +2y)
Dol — )P (B+y)0(B—a+y)0a(y)’

and Vg, Ly are the zeta constants (B.10), (B.11).

(3.21)

Proof. Equation (3.18) yields the following form of the brackets

{Sar Sohage(a, 2o (b, w) =D Su—y Spiy @0 (v, 2 — W)gs
14
x(a—vy,2)peb+ 7y, w)Co(y,a—>b). (3.22)

Here we assume that the Latin indices (a, b, ...) belong to the lattice Zﬁ) = Zﬁ) u(o, 0),

while the Greek indices belong to Zﬁ) as above. Note first that the common exponents
in the expressions of the functions ¢y (B.13) coincide in the left and the right sides. This
allows one to pass to the functions ¢y and in this way to use the Fay-type identities. We
rewrite the last expression in the form

{Sa> Sphaopo (@, 2o (b, w) = Y Say Sp4y Co(y,a —b)
Y
X (Bo(y, 2 — wigg(a — v, Do (b + v, w)
—pola—b—y,z—w)pg(b+y,)pgla —y,w)) .
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Consider first the case b = 0. Then we can apply (A.30) for u = (a1 + ax7)0, v =
(y1 +y2)0. It immediately leads us to (3.19). If a, b # 0 we have the terms of two types.
For y # a, —b one uses (A.27), (A.28) and finds the second term in the right side of
(3.20). If y = a or y = —b one should take into account that ¢y (0, z) = 1 and then
use the Fay identity (A.21). This gives us the first term. The identity (3.21) follows from
(A29). 0O

We denote by Py g . the quadratic Poisson algebra (3.19), (3.20). Recall that 7 is
the modular parameter of the auxiliary curve E; and 6§ = k/N. The algebra sz 1o is
the classical Sklyanin algebra [14]. In this case the r.h.s. of (3.20) contains only the first
term.

As for the linear brackets, there exist N Casimirs Céz), Céz) e, Cz(\%) of the algebra
Py .- [18]. They can be read off from the expansion of the spectral curve (3.13) in the
basis of elliptic functions

N
det(So- 1d + L™ () = ¢ + > P "2 (o). (3.23)
k=2

It follows from (3.13), (3.14) and (3.17) that they are linear combinations of the integrals
JS,k ’

N
P =8+ S dom. (3.24)
m=2
N—k
= S R k=2,... . N). (3.25)
m=0

3.3. The bihamiltonian structure. Two Poisson structures are called compatible (or, form
a Poisson pair) if their linear combinations are Poisson structures as well.

Proposition 3.5. The linear and quadratic Poisson brackets on gl(N, C) are compatible.

Proof. Let us replace Sy — So + A in the quadratic brackets (3.19), (3.20). Then (3.19)
does not change, while (3.20) acquires an additional linear term. In this way we define
a one-parameter family of the brackets

{S,S}, :={S,S}> + A{S, S}1, (3.26)

where {8, S}; denote the linear brackets (3.1). Therefore, the linear combination {S, S},
of two brackets can be obtained from the quadratic bracket by a simple shift of Sy. The
result of the shift, of course, still satisfies the Jacobi identity, and hence it is a Poisson
bracket forany .. 0O

We denote this family of the quadratic Poisson algebras by Py g - 5. The algebras
are isomorphic for different A and degenerate to the linear Poisson algebra gl(N, C)* as
A — o0.

Consider the Casimir functions of the Poisson algebra Py ¢ 7.1,

he() = CP(So+2) (k=0,2,...,N).
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It follows from (3.24) and (3.25) that A (A) are polynomials in A,

N—k
(L) = Z B A (3.27)
m=0

The coefficients are defined as

1 2
hax = ;aia)c,ﬁ )(So + Ao -

It implies that

N—a
N on (N=m)! N
ha0 = (N—a)!a!SO o Zz (N—m—a)!a!SO "o (3.28)
m=.
N—k—a
(N—k=m)! N tm
hak =Y Sy ——_ ) kom=a g am s k=2, N). (3.29)
— la!

In particular,

N(N —1)
hn_10=NSo, hy_20= ng + Joo - (3.30)
Conversely, one can express Jy,; k+m as alinear combinationof Any_—s.m, s =0,... .k

from the relations (3.28) and (3.29). For example,

Jjjj=hn—jj, Jjjr1=hn_j1,;— N — j)Sohn-j,j,
N—=j)HWN—-j—=1

Jij+2 =hn-j—2j — (N — j)Sohn—j-1,; + > S¢hn—j,; -
We arrange the quantities £, x in the triangular tableau
h0,0hl,O hN—l,OhN,O
h(),z h1,2 e e e hN_3’2 hN—2,2
h(),3 h1,3 e e e hN_4’4 hN_3’3 (3.31)
ho.N-1 hin-1
ho,n

Note that the second line corresponding to A 1 is absent since /11(A) = 0. The left
side of the triangle contains the Casimirs Ao ; = Cf) (3.24), (3.25) of Py g, ¢, while the

right side represents the Casimirs sAy_; ; = J; ; of the linear brackets on gl(N, C)*.
The remarkable property of the quantities 4, x is that they are in involution with
respect to both the linear and quadratic brackets:

{hak, ho,j}12 =0,
see, e.g., [19]. This fact follows from the identities
{hic(A), hj()} =0, (3.32)
held for each A.
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Proposition 3.6. The integrals h, i provide the recurrence relation for the elliptic rota-
tor hierarchy ERy,

{hax, Sh = —{hat1.4, S)2 . (3.33)

Proof. Since hy(A) are the Casimirs, we have {h; (1), S}, = 0. Substitute the repre-
sentation (3.27) into this equation. Then the recurrence relation (3.33) comes from the
coefficient in front of A%. O

In this way one can start with the Casimirs of the linear brackets and produce a
non-trivial dynamical system using the quadratic brackets

{Jkk> Stz = —{Jk k41, Sh (3.34)

(see (3.30)). In particular, the flow (3.4) corresponding to H = Iy > can be represented
by the quadratic brackets with Sp:

9:S = {So, S} .

Alternatively, one can start with the Hamiltonians in the left side of the table (3.31) and
the linear brackets.

This allows us to conclude the proof of Theorem 2.1 for the hierarchy ER . Namely,
Propositions 3.2, 3.4, 3.5, and 3.6 are equivalent, respectively, to i), ii), iii), and iv).

4. Elliptic Rotators on Non-Commutative Torus

4.1. The Lax equation and integrals of motion.

1. The system description. The elliptic rotator on the non-commutative torus Ay is a
generalization of the elliptic rotator on GL(N, C). We consider the Euler-Arnold top
on the group SINy of the NCT algebra Ay (Appendix C). The Lie coalgebra sinj is
equipped with the linear Poisson brackets

{Sas Spht = Co(er. B)Sarp . (¢ € Z?), 4.1)
where S = > S_,T, and
7? = {da =(a1,2), aj €Z, a #(0,0)}.
The inverse inertia tensor J maps sinj — sing, and depends on four parameters:

0,7 € C, (Smt > 0) and € = (€1, €2), where 0 < f¢, < 1 and ¢,0 are irrational
numbers. The components of J are given by the elliptic constants J, = ¢ (o) (C.18),

J®) =) oe@S Ty
A
The Hamiltonian has the form

H =2n292fA S-JOS) = —% Z 0. (@) Sy S_ . 4.2)
0

«eZ®
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Introduce a complex structure on the NCT Ay depending on € = (€1, €2) and t such
that for X = )", ¢, T, one has:

dec X = Z(qm + e2a07)cq Ty . (4.3)

a

Then, in the Moyal representation, the operator J can be identified with the pseudo-
differential operator

J(S)(x) = 9 (03, 1)S(x) , (4.4)
and
H = 2n292/ S 00:.)S. (4.5)
Ao
The equation of motion in the form of the Moyal brackets has the standard form
%S =S, (9 (00 1)9)} 1= adj)S, (4.6)
or, in the components,
USu= Y Sy6.e(¥)Say - (4.7)
yeZ®

2. The r-matrix and the Lax equation. Define formally the Lax operator
L@ ==Y Suppel@, )T, (4.8)
aeZ®

where ¢y  is given by (C.19). Below we formulate the conditions on the phase space,
which show that L"%!(z) is well defined for z € E, z # 0. Note that

/ Lrol‘(Z) — O
Ag

The following proposition is an infinite-dimensional analog of Proposition 3.1.

Proposition 4.1. The equations of motion (4.7) have the Lax form

8tLr0t — [Lrot Mrot] = {Lrot Mrot}H (49)
with
M) ==Y Safoel@.)Ta, (4.10)
«eZ®

and fp ¢ (C.21).

The proof is analogous to the finite-dimensional case. It is based on the Calogero func-
tional equation (A.22).
Introduce the classical r-matrix on sing ® sing as the following sum:

er@—w)= Y @oc(y.z—wT, ®T, (4.11)
yezZ®

Lemma 3.1 and Proposition 3.2 have the following analogs for the NCT:
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Proposition 4.2. a) The r-matrix (4.11) satisfies the classical Yang-Baxter equation
(3.9).
b) The r-matrix defines the Poisson brackets for the entries of the Lax operator (4.8),

(L1 (2), LY (w)}1 = [ro,ec(z —w), L' (2) @ Id + 1d L™ (w)].  (4.12)
They are equivalent to the linear brackets (4.1) on sinj.

The proof of Proposition 4.2(a, b) is similar to those of Lemma 3.1 and Proposition 3.2
and is based on the Fay identity (A.21).

3. The hierarchy of the Lax equations. In order to construct integrals of motion we first
discuss the properties of the Lax operator. This operator is the meromorphic quasi-peri-
odic function on E; with a simple pole

Res L™ (2)|;=0 = S,
Lr()l(z + 1) — UlflLral(Z)Ul—él , Lr()t(z + T) — U;ZLVOI(Z)Uz—GZ ,

where Uy, U are the generators of NCT A4y (C.1). (This follows from (4.8), (A.9) and
(B.15).) It means that the integrals
/ (L (2))
Ay

are doubly periodic functions on E; with poles up to order j. Thereby, we have the
expansion

J
[ Ly =t 4 Y e e, “.13)
Ag r=2

In particular,

. \2
/ (Lo)*(z) = Ipo + p(z)/ S?, where Ipr =2 <l—> H.
Ay Ay

26
I = / S/
Ap

are the Casimirs of the linear brackets.
The phase space R of the elliptic rotator is determined by the following properties
of the integrals Iy ;:

Note that

I i+1(S
R={SeAi|i)l,; <oo, ii) lim Lj1®)

< 1foralls < j}. 4.14
oo Iy ;(S) SRR

The first condition means that the traces (4.13) of the Lax operator are well defined on
E for z # 0. In particular, we have

Iy <00, ie. Y 99(@)SuS_a < 00. (4.15)

We will use the second condition below to define the Casimir functions for the family
of quadratic Poisson brackets.
Further, due to Lemma 3.1, an analog of Proposition 3.2 is the following.

Proposition 4.3. The quantities I y pairwise Poisson commute.
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The conservation laws I ; generate commuting flows on the phase space R with respect
to the linear brackets

9s.4S = {Is.k, Sh, (4.16)

where 9 stands for the corresponding time derivative d; . We call these equations
E Ry hierarchy on the NCT.

One can show that all flows can be represented in the Lax form with L™ (4.8) and the
corresponding M; ;. Furthermore, there exists a set of the integrals of Jg x-type. They
are related to the integrals I, ; by the same formulae (3.15), (3.16).

4.2. Quadratic Poisson algebras and the bihamiltonian structure on NCT. To define the
quadratic Poisson algebra on the phase space R (4.14) we modify the Lax operator (4.8):

L==8 To+L"==S-To— Y Saupp.c(e, )Ty, (4.17)
o

where Sy commutes with S, with respect to the linear brackets. Due to the YB equation,
the r-matrix (4.11) defines the quadratic Poisson brackets

{L1(2), La(w)}2 = [rg,e,c(z — w), L1(2) ® La(w)]. (4.18)
Again, we can get rid of the dependence on the spectral parameter.

Proposition 4.4. The quadratic Poisson brackets on the phase space R are defined as
follows

{Sar Sok2 = Y Sy Sy (6.6 () — 6.e(@ — ¥))Co(e, ) , (4.19)
y#a
{Sus Sgho = S0SarpCole. B)+ Y Su—ySpiyfocle. B.v)
y#a,—p
xCo(y,a — B), (4.20)

where Cy(w, y) is a structure constant of the sing-algebra,

fo.e(e. B,v) =80,e(¥) +8pe(B—a+y) —oe(B+y)+ioela—y) (421)
_ 3'(0)0,e ()9, (B)Dg,e (B — @ +2y)
90.c(@ = ¥)00.e(B+¥)00.c(B—a+y)Vgc(y)’
and ¥g.¢, (g, are the constants (C.17), (C.18).
Proof. The equality (4.18), being reduced to the coefficients in the front of 7, ® Tj, can
be rewritten in the form (3.22) where the functions ¢y (a, z) are replaced on ¢y ((a, z).
Then using the cubic functional equations (A.27) and (A.28) we obtain to the algebra

(4.19), (4.20). Due to the definition of the phase space (4.15) the series in the right-hand
sides of (4.19), (4.20) converge. O

We denote this Poisson algebra by Py ¢ ;. Set now €; = € = 1. The corresponding
algebra Py 1 . can be considered as a special large N limit of the finite-dimensional
algebras Py g, (3.19), (3.20). For this we just replace the rational number 6§ = k/N by
an arbitrary irrational number 0 < 6 < 1 in the algebra Py g .

Proposition 4.5. a) The linear (4.1) and quadratic (4.19), (4.20) Poisson brackets
defined on 'R are compatible.
b) The E Ry hierarchy admits the bihamiltonian structure.
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Proof. One can shift Sp + A and define the family of Poisson algebras Py ¢ ;. To define
the Casimir elements on Py ¢ ., we consider

o (_1)k+1
logdet(Sp + A + L™ (2)) = log(So + A) + Z trL(2)* .
k=2

— k(So + MF

Then we come to the infinite set of Casimirs !

(_1)k+l
Lok,

o0
CP(So+1) =log(So+ A1)+ Y ——
0 (S0 + %) = log(So )Zk(SOH)

k=2

(_1)k+1
Ko yF ik U=23).

oo
~(2) —
CPSo+m=7

k=2

These functionals are well-defined on the phase space (4.14). This allows us to introduce
the new set of conserved quantities

é(()z)(So +A) = Z hs o)t
N

~(2) -

Ci7(So+1) = > ho
N

The latter Poisson commute with respect to both types of brackets and give rise to the
bihamiltonian structure of the hierarchy

the.j.Sh = ~ {5415, ). (4.22)
In particular, we can represent the flow (4.6) in the form
S = {So, S}2.
(see (3.30)). 0O

This proposition concludes the proof of Theorem 2.1 for the hierarchy E Ry.

5. Elliptic Rotators on SDiff(T?)

5.1. Description of the hierarchy. In the "dispersionless" limit & — O the Lie algebra
sing turns to the Lie algebra H am(T?) of Hamiltonians on a two-dimensional torus,
see (C.22). This algebra of Hamiltonian functions can be represented by the Lie alge-
bra of the corresponding divergence-free vector fields SV ect(T?). More precisely, to
pass from H am(T?) to SVect(T?) one has to discard the constant Hamiltonians, but
add the “flux” vector fields 9/9x and d/9dx; corresponding to multivalued Hamiltonian
functions x; and x» on the torus.

We define the elliptic rotator system E R on the Lie group SDi f f (T?) by considering
the limit & — O of the E Ry-system described above. Let & — 0, €12 — o0, such that

3 / / . .
6113})(961,2) =€, < 1, €) 5 are irrational . 5.1

In what follows we drop the superscript .

1 Since we pass from det to log det the basis of the Casimir functions differs from (3.24).
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LetS=), S_qe(x-x) € Ham*(T?), where e(« - x) is the Fourier basis (C.23) of
Ham*(T?). In the Fourier basis, the linear Poisson bracket assumes the form

{Sa: Sph1 = (@ X B)Sa+p, a X B=a1fr — a2 . (5.2)
The inverse inertia operator J : H am*(T?) — Ham(T?) becomes
J: So = pe(@)Sa, pe(a) =g (101 + 20275 7),

where a € Z® (B.5). The operator is well defined since € are irrational. In other words,
the operator J is the pseudo-differential operator

J: Sx) > @(55,1)5()6)9

where 9, ; is the operator of the complex structure on the elliptic curve, commutative
torus 7'2. In fact, the complex structure depends on the ratio tes /€.
The quadratic Hamiltonian of the system is

1 1 -
H=-7 Xy:Syéoe(V)S—y =-3 sz S( (0¢,0)S) (5.3)

and the corresponding equations of motion are
%S = {S.  (0c.0)Sh - (5.4)

This equation is an elliptic analog of the hydrodynamics equation on the torus 72,
regarded as an elliptic curve, see the Remark below. We call it the elliptic hydrodynamics.
Define the Lax operator

L (x;2) == ) Sape(e, D)e(@ %), ¢, 2) = (101 + 16202, 2) . (5.5)
aeZ®

The conditions on the phase space formulated below, see (5.12), ensure that the operator
L™ (x, z) is well defined for z € E;, z # 0. Note that

/Tz LI (2) =0.

Proposition 5.1. The equations of motion (5.4) have the dispersionless Lax representa-
tion
Lrot — {Lrot Mrot}l

with L™ given by (5.5) and

M (x;2) == ) Safela,2e(@-x), (5.6)

aeZ®
where
fela, 2) = ferar + Te20, 2) = e(€202) 04 P (U, 2)lu=e a1 +rer05 -

The proof of Proposition 5.1 is the same as Proposition 3.1.
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Note that operators L™ and M"°" satisfy the quasi-periodicity properties,

L™ (x1,x2;2) = L™ (x1 + €2, x2; 2 + 1), (5.7)
L™ (x1,x2;2) = L™ (x1,x2 — €152+ T), (5.8)
M (x1,x2;2) = M (x1 + €2, x0; 2+ 1), (5.9)

and
M (x1,x2:2) — M™ (x1,x2 —€1; 2+ 1) = 2mi L™ (x1, x2, 2) . (5.10)

Furthermore, it follows from (5.7) and (5.8) that there exists the expansion

k
[ oot = to+ 3 st . 510

s=2

The phase space R of the elliptic rotator on SDiff(T?) can be described similarly
to the phase space R for S1Ny-group, see (4.14):

RY ={S e Ham*(T?)|i) I;; < o0,

I iv1(S
ii) lim Ljrt®) s < ). (5.12)
Jj—00 Is,j(S
Define the r-matrix on 72 ® T2 by
rer(x,y;2)= Y ¢e(@,2e(@-x)e(—a-y), z € Eqr. (5.13)

aeZ®@

Proposition 5.2. a) The r-matrix (5.13) satisfies the "dispersionless" YB equation

{rec(x,yiz—w), rec(x,v; ) + {re(x, y; 2 —w), re (¥, v; wh
Hre (x,v;2), re,c (y,v; W)} =0. (5.14)

b) In terms of the Lax operator (5.5) the canonical brackets on T2 take the form

(L™ (x;2), L™ (y; wh = {rer(x,y,z—w), L™ (x; 2}
+Hr(x,y,z—w)L™ (y; w)} . (5.15)

Proof. These statements are consequences of the Fay identity (A.21), cf. Proposition
42. O

The form of the brackets (5.15) implies that

{ / (L™ (x, )", f (L"”(x,z»f} =0.
T2 T2 1

In turn, then (5.11) produces the infinite sequence of conservation laws I j in involution.
They define the hierarchy of commuting flows

I5.kS = {Is , S}, (5.16)

which is the dispersionless limit of the hierarchy (4.16). The equations can be represented
in the form of the dispersionless Lax equations.
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5.2. Quadratic Poisson algebras, and the bihamiltonian structure on SDiff(T?). To
describe the quadratic Poisson brackets, we first pass from the Lie algebraic Lax operator
L"°" to the operator

Le=—S0+ L™ (x;2). (5.17)

Define the quadratic Poisson algebra by the formula

{Le(x;2), Le(y; w2 = {rec(x, ;2 —w), Le(x; 2)Le(y; w}i - (5.18)
Proposition 5.3. In terms of the Fourier modes, the Poisson algebra (5.18) has the form
{Sas So}2 = Z Sa—y Sy (9 (V) — pe(a — y))( X ), (5.19)
y#o
{Sa> Sphr = S0Sarp(@ x B+ Y Su—ySpiyfe(e, B,¥)
V?éa’iﬂ
x(y x (@—p)), (5.20)

where

fea.B.y) =Cc(¥) +te(B—at+y) —Le(B+y)+lla—y)
___ V(O0(@)Pe(B)Oe(f —a +2y)
Dela = Y)Ve(B+1)0e(B—a +y)0e(y)’
Le(v) = g1yt + 1€202), Ue(y) = C(e171 + T€2)2).
The proof of this proposition is similar to that of Proposition 3.2.

By the same trick as before we can show that the linear and the quadratic brackets are

compatible. It allows us to construct the integral of the fzs, x type and define the recur-
rence representation (4.22) for the bihamiltonian structure on the hierarchy. In particular,
Eq. (5.4) can be represented as

0:S = {So, S} .

5.3. Rational limit of the elliptic hydrodynamics.

1. Description of the limit. So far we have been dealing with the elliptic curve E, param-
eterized by the two half-periods w1, w3, T = wy/w;. We replace our main functions in
the following way:

Le(y) = L(eryio1 + e2yrwp; w1, w2, ),
P (y) = pe1y1or + e2y202; w1, @2,) . (5.21)

Now we are going to consider the rational limit of the elliptic curves, i.e., degeneration
lim w; 2 — oo. We look at the double scaling limit,

lime; o - 0, limw; 2 — o0, limejw; =1, limewry=r71.
Then lim w; » — oo leads to the rational degeneration of the elliptic functions (5.21),

. 1 . 1
lim fe(y)=—, lim p(y)=—, yr=y1+7r7.
(1)112—>OO VT w1,2—>00 f

YV
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This implies, in particular, that the inverse inertia tensor assumes the form

- 1
J® =078 x) = Y —Salu, (5.22)
wez

where oy = &1 + ap 7. The equations of motion are defined by the corresponding qua-
dratic Hamiltonian,

; 1 1
_ ! —2g_ _! 1
H = 2/T258 S=—2 2 —S5a. (5.23)

= o
acZ® °

with respect to the linear Poisson bracket on H am(TZ):
S =1S,37%9);. (5.24)
In the Fourier components the latter becomes
1
USu= D Sy—5Suy-
yeZ®@ v

We call these equations the modified hydrodynamics on the torus T2,

Remark 5.1. Recall that the standard hydrodynamics of an ideal fluid on the torus 72 is
given by the Euler equation

S =1{S,A7'S},
on the vorticity function S. The definition of the Laplace operator uses metric, while to
define the modified hydrodynamics (5.24) we need to fix a complex structure on 72,

Now consider the Lax representation for the modified hydrodynamics. In the double
scaling limit we have

i . 1 1
lim @e (o, 7) = expricz) <_ + _> i
(627 Z

1
lim fe(a, z) = —exp(Znioqz)a—z.
T

Therefore, the Lax pair (5.6) in the rational limit is

; 1 1
L(x1,x2;2) = — Z Sy exp(2mia;z) + - T,,
o

ar
) 1
M(xy, x3) = — Z Sa exp(2moz1z)ETa .
o T
We can drop the exponents in both operators and come to the following expressions

_ 1
L(x1,%2;2) = = 'S(x1, x2) — ~Sx,x2), (5.25)

and
M(x1,x2) = =3 2S(x1, x2) . (5.26)
It is easy to see that the dispersionless Lax equation
0rL(x1, x2; z) = {L(x1, x2; 2), M(x1, x2)}2
is equivalent to Egs. (5.24).
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The infinite set of the integrals of motion comes from the decomposition

k

(—D* /2 L (x1, 23 )dxidxy = Tox + ) Inaz ™™
T
s=2

The corresponding infinite hierarchy of the modified hydrodynamics
8S,IS = {IS,kv S}l
has the dispersionless Lax form representation.
2. Bihamiltonian structure. It turns out that the bihamiltonian structure survives in this

limit. In fact, we have the following quadratic Poisson algebra P ; on the commutative
torus T'2:

{Sas Sob2 = ) Su—y S (- —L Daxy (5.27)

: y#a e 2 (ar — Vr)z ' .

{Sus Sphr = SoSarp(@ x B)+ Y Su—ySpiy fle. B, )
y#Fa.—B
x(y x (@ —p)), (5.28)
where
f@ By = ( 1 1 Loy ! ) —yitr
Y Br —ar + o /31+Vr Or — Vo ERARRES va-

Similarly to the above, we can consider a one-parameter family of the quadratic algebras
by replacing So — Sp 4+ A. Note that it degenerates to the standard Poisson brackets
on T? in the limit 4 — oo. This allows us to define the bihamiltonian structure for the
hierarchy of the modified hydrodynamics. In particular, Eq. (5.24) can be rewritten as

= {So. S}z

Such a bihamiltonian structure is a curious feature in the modified hydrodynamics,
emphasizing its drastic difference from the classical hydrodynamics.

6. Quantum Counterparts

In this section we present two associative algebras “quantizing” the two Poisson alge-
bras discussed above in the case of the NCT. It is easy with the linear bracket. Indeed,
the quantization of the Lie-Poisson algebra on sinj leads to the universal enveloping
algebra of sing. R

Replace the classical variables S on the NCT 4y by non-commuting variables S.
Now we consider the quantization of the quadratic Poisson algebra Py ¢ ; and construct
the associative algebra Pg e.v.h» Where Tt € E7 is the deformation parameter. For this we
introduce the quantum R-matrix related to the group S Ng. The quantum Yang-Baxter
equation defined on GL(N, C) [13, 14] is generalized to SINy in the following way.
The quantum R-matrix on SINg ® SI Ny assumes the form

Riz,w) =Y gpelc.z—wT. T,
c
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where T, is the basis of SI Ny and the main ingredient in our construction is the function
@o.e(c, z|T) = eg(e2c22)Pp((€1c1 + T€202)0 +T,2), e Er.

Note that, in contrast with the classical r-matrix (4.11), there is an additional term
09,0,z —wlh)To ® Tp.

Proposition 6.1. The matrix R satisfies the quantum YB equation
Ri2(z — w)R13(2) Ro3(w) = Rp3(w)Ri3(2)Ri2(z — w) . (6.1)

Proof. Consider the coefficient in front of 7, ® Tp ® T in the L.h.s of (6.1). It vanishes
if a + b + ¢ # 0. Therefore (6.1) implies

e(a x b+2bxc)pge(c,z—wMegela—c,z[M)pg (b +c, wlh)
—eg(a X b+2b x fege(f,z— whpgela— f,z2[Meseb+ f,wh) =0

Here a, b are fixed and c, f are arbitrary elements of the lattice Zg () (C.16). Choose
f in the form f = a — b — c to obtain

eg(a x b+2bxc)(po.e(c,z—whgg.cla—c, 2o+ c, wh)
—@pela—b—c,z—whgycla—c, whgyb+c, zh)=0.

This equality can be transformed to the form
P9,e(a + 27, z|T)po,e (b, w[h)eg(a x b +2b X ¢)

X (Lg.elc+M) —Cocl@a—b—c+n) +locla—c+h) —Lpeb+c+h) =0

by means of (A.27). If b = 0 then the L.h.s. vanishes and we come to (6.1). Let b # 0 and
consider the shift c — ¢ + jb, where j € Z. The shift does not change the exponential
factor. Take the sum over the orbit generated by the shifts

Y (et jb+h)—Lg.(a—b—jb—c+h)+ip.(a—c+jb+T)—Lo e (b+c+ jb+h) .
JEZ

One can see that the neighboring terms in the series vanish and we come to (6.1) for an
arbitrary b. O

This proposition allows us to define the associative algebra 139,6,1,;,- by the relation
Rz —w)Li () Ly (w) = LYw) L] ) R(z — w) , (6.2)
where

L") = S0¢e (0. 2 To + Y _ Sapp e (o, 2T, .
o

In order to obtain the relations in IA’H c.r.# one should exclude the spectral parameters
z, w from (6.2).
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Lemma 6.1. The relations in the associative algebra 139 . assume the form

> SueSpiceal(c x (a—b)fgc(a bclh) =0, foranya,b e ZOZ. (6.3)

where
focla,b,clh) =Cp.e(c+h) —Cpela—b—c+h) —Cpc(b+c+h)
+ipela—c+ 1) (6.4)
0’ (0)09 (@ + 27)09 ¢ (b)Vg e (b — a + 2c)
CWpla—c+ b +ct+Mgb—a+c+M)gelct+h)
and Vg.¢, {p.c(.) are the constants (C.17), (C.18).
Proof. Consider in (6.2) the matrix element 7, ® 7. We come to the relation

> " Su-eSprelgo.clc.z — wih)gg.e(a — ¢, zlMgg (b +c. wih)  (6.5)

c
—@g.el@a—b—c,z—wMhgyela—c, wMes(b+c,z|h)}
xeyp(c x (a— b)) =0.
The expression in the brackets { } is equal to
eg((a2€2z + breaw){dp e (¢, 2 — w|M)Po.c (a — ¢, z[W) o (b + ¢, w[h)
—¢p.e(@a—b—c,z—wh)Pgela—c,wh)pged+c,z[M)},

where ¢y ¢ (c, z|) = ¢ ((€1c1 +T€202)0 + T, 2). Finally, by using (A.27) we come from
(6.5 to(6.4). O

We rewrite (6.3) in the form most resembling the original Sklyanin relations [14].
Let 2(a, B) (respectively, S(«, B)) be the operator of antisymmetrization (respectively,
symmetrization) with respect to the permutations of two indices (¢, ).

Proposition 6.2. The relations (6.4) are equivalent to the commutator relations
fo.c(0, b, y|h)

(S0, Sp] = V;b S_y Sb+y90 bxy )m , (6.6)
~ A & f@,G(aa ﬂv (Xl—h)
[Sa, Sgl = A, B) {( +ﬂ5069( B xa)— SOSa+ﬁee(ﬂ X Of)) m (6.7)
+ 2 (SerSprrenr x @ = B) = S5y Sumyea(—y x (@ = B))
y#o,—p
Xfe,s(% B, yIh) }
f9,€(a’ ﬂ’ O|—h)
where Cq(a, B) are sI(N, C) structure constants (B.8), and
A oA A A fy e (@, B, )
S@p) {(Sa+,350€9(—ﬁ x o) = SoSupes (f x ) EECEE
+ 2 (SerSprrenr x @ = B) = S5y Sumyea (= x (@ = B))

y#o,—p
f@e(a B, V|"h)}
f@e(a B, 0[7)
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Proof. The relation (6.3) can be rewritten in the form

> (Sa-cSpcentc x @ = b)) = SpreSu—ces(c x (@ = b)) fo.e(a. b, cl) =0,

c

due to the equality fy (a, b, c|h) = —fg (a, b, a — b — c|#). For the case a = 0 this
relation assumes the form (6.6). To come to (6.7) we single out the two terms with ¢ = 0
and put them in the left-hand side. In the right-hand side we first write down the terms
with ¢ = a and ¢ = —b and obtain the required relations. O

It would be interesting to describe a quantum version of the whole bihamiltonian
structure for elliptic rotators on sin* or Ham(T?). Posing the problem more gener-
ally, the bihamiltonian recursion procedure of generating the conserved quantities from
a Casimir function for a linear family of Poisson structures (see [19]) might have a
quantum analog as an expansion of a central element for a linear family of associative
algebras. The latter seems to be a very strong requirement on a pair of associative alge-
bras and it would be very interesting to find any non-trivial example of this kind. Namely,
one is looking for a pair of associative algebras, such that their mixed associator satisfies
some consistency condition. This would provide the most straightforward quantization
for a system with a bihamiltonian structure.
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Appendices

Appendix A. Elliptic functions. Here we summarize the main formulae for elliptic func-
tions. Consider an elliptic curve

E.=C/(Z+<Z), q =e(t) =expmit). (A.1)
The basic element in our consideration is the theta function:

Dz 1) = q% Z(_l)neni(n(nJrl)rJanz)
nez
— qge_T(emZ _ e—l?TZ) 1_[(1 _ qn)(l _ qneZlTL’Z)
n=1

x(1—q"e %77y, (A.2)

1. The Weierstrass functions

V(z; T)

S0 (A.3)

o(z; 1) = exp(nz?)
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where

19”(0; 1)

() = =500

$(z;1) = 0. log ¥ (z; T) +2n(v)z, &(z37) ~ % + 0@,
Pz 1) = -0z 1),

1
Pl ) = ++Z((1+kr+u)2 (j+kr)2> '

2. Function ¢

¥ (u + 2)9'(0)

P2 = =@

It has a pole at z = 0 and the expansion

¢(u,2) = —+§(M|T)+277(T)Z+ ((C(u ) +20(0)2)° —p W) + ...,

as z — 0. Furthermore,

G, 2) " 0up(u, 2) = C(u+2) — C(w) +2n(1)z,

. 2) = exp(—znum% ,

¢, 2)p(—u,z) = p2) —p©).

3. Quasi-periodicity

Yz+1;1)=—-0(1), dz+131)= —e(—%r —2)0(z; 1),

te+11)=280(z1)—2n, ((z+71;7)=¢(z; 1) — 2(wi + 7)),

pu+l;1)=pu+t,17)=0W;1),
dpu+1,2) =¢Ww,2), ¢(u+7,2) =e(—2)p(u,z).

4. Parity

P(—=z;7) = -}z 1),

t(—z;1)=—¢(z 1),
p(—u; 1) =pW; 1),
¢(—u,—z2) = ¢, 2).

(A4)

(A.5)
(A.6)

(A7)

(A.8)

(A.9)

(A.10)
(A.11)
(A.12)

(A.13)

(A.14)
(A.15)
(A.16)

(A.17)
(A.18)
(A.19)
(A.20)
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5. The Fay three-section formula

o1, 2@ 2, z2) — ¢(uy +uz, 1) (U2, 22 — 21)
—¢(uy +uz, 22)pW1,z1 —22) =0. (A.21)

Particular cases of this formula are (A.12), the Calogero functional equation
¢, 2)0u¢ v, 2) =P, 2)P(u,2) = (P ) —pPW)Pu+v,2), (A22)
and

dur, P2, 2) — Pur + uz, 2)(§(ur) + ¢ (u2) — 2n(r) (U1 + u2))
4+0,0(u1 +uz,z7) =0. (A.23)
Foru; +us +u3z =0,
Gur, 2P 2, )¢ W3, 2) = [0 (2) — o W3)][E 1) + & (u2)
+o(u3 —2) + 521, (A.24)
as follows from (A.10), (A.12), and (A.23). Then

1 1
¢y, 2)p(u2, 2)¢p U3, 2)|:»0 = 3 + 2 [£@u1) + $u2) + £ 3)]  (A25)

1
—E&O’(w) — o W3) [§(u1) + $(u2) + E(u3)] + O(2).
From (A.21) and (A.10) we have
¢, )¢ —ui,z2) = ¢, 2)(Cw1) + ¢ —ur) —¢u+2)+ (). (A26)

Another important relation is
¢,z —w)pur —v, )2+ v, w) —du; —uz — v,z —w)
X2+ v, 2)pu1 — v, w)
=i, )¢ 2, w) f(ur, uz, v), (A.27)

where

flur,uz,v) =¢() = ¢ —uz —v) + ¢ —v) =Sz +v).  (A28)
One can rewrite the last function as

' (0)9 (u)? (u2)? (uy — uy + 2v)

O — )Py + 0)0 (2 — 1y + )P ()
To prove (A.27) one should consider the expression

fur, uz,v) = (A.29)

v,z —w)p(u; —v,2)¢p w2 + v, w) —du; —uz — v,z —w)P Uz +v, )P U] — v, w)
¢y, 2)¢(u2, w) ’

It is a doubly periodic function in z and w without poles. Therefore, it is a constant,
which depends on u1, ua, v. This constant is equal to f(u1, us, v) (A.28). It is easy to
check that the elliptic functions (A.28) and (A.29) coincide.

A particular case of (A.27), which corresponds to the case v = u; (or v = —uy), is
the Fay identity (A.21). Another particular case comes from uy = 0 (or u; = 0):

¢,z —w)p —v, )¢, w) —P(u —v,z—w)P(v, 2)¢ — v, w)
= ¢, 2)(p W) —pW—v)). (A.30)
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Appendix B. Elliptic constants related to gl(N, C). Let1 < k < N be acoprime number
with respect to N and set 8 = % Define

e9(z) = exp(2mifz), (B.1)
0 = diag(eg(1), ... ,eg(m), ..., 1), (B.2)
010 ---0
00 1 -0
A= (B.3)
000 ---1
100 ---0

Consider a finite two-dimensional lattice of order N2,
¥ =Z/NZLSZ/NT.

The matrices

1
T, = 50 (“57) QUA®, a = (@, a) € 2 (B4)
2mif 2
generate the basis in gl(N, C). We use the Greek letters for the elements of the lattice
= (2 2
ZP =72\ 0,0). (B.5)
Thus, {Ty} define a basis in sI(N, C). Since
1 axb
T,Ty = —ep | — Tovp, (axb=ajby —axby) (B.6)
26 2
the commutation relations in this basis assume the form
[To, Tpl = Co(a, B)Tu+p » (B.7)
where
1
Cy(a, B) = -3 sinf(a x B). (B.8)
g
Let
ZP (@) =+ 0o, vy e Ly (B.9)

be a regular lattice of order N> — 1 on E.. Introduce the following constants on Zéz) (7):

o (y) = 3 ((y1 + 127)0), (B.10)
So(y) =&((r1 +720)0), po(y) =@ ((y1 +1210)0), (B.11)
and the quasi-periodic functions on E,
(v, 2) = ¢((y1 + 1210, 2), (B.12)
Po(y,2) = e (Y22)Po(y, 2) » (B.13)
Jo(v:2) = ea(¥22)0u@ (U, 2)|u=(y1+727)6 - (B.14)

It follows from (A.8) that
oy, 2+ 1) =ea(2)oo(v.2), oy, z2+71) =¢e9(—yDeo(y,z). (B.15)
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Appendix C. Non-commutative torus.

1. Definition and representation. The non-commutative torus 4y is a unital algebra with
the two generators (U1, U») that satisfy the relation

UiUy = e; ' UaUy, g = ™%, 6 €0, 1). (C.1)

Elements of Ay are the double sums

a a
Ar=1X= > c4.U"U3? | cayay €C1 .

ay,ay€l
where ¢, 4, are elements of the ring & of rapidly decreasing sequences on 72,
S = {caj.ar | SUPy, ayez (1 + a7 +a3) |cayan|* < 00 forallk e N}.  (C.2)
The trace functional tr(x) on Ay is defined by
tr(X) = coo - (C.3)
It satisfies the evident identities
tr(l) =1, tr(XY) =tu(¥YX).

The dual space to G is the space

&' = {Suar | Y CayarS—ar—ay < 00, Cay.ay € S} . (C4)

ap,az

The relation with the commutative algebra of smooth functions on the two-dimen-
sional torus

T?={R*’/ZDZ} ~ {0 <x1 <1,0<x <1} (C.5)
comes from the identification
Ui — e(x), Uy — e(y), (C.6)

while the multiplication on 72 becomes the Moyal multiplication:

o0
(6)"
() = g+ ) “—ens - sy O, N5, 0)- (C.7)
n=1 ’
The trace functional (C.3) in the Moyal identification is the integral
1
trf = ——2/ fdxi1dxy = foo - (C.8)
4= J 4,

We can identify Uy, U, with matrices from GL(00). Define GL(00) as the associative
algebra of infinite matrices c ji E jx, where E j; = ||§¢|], such that

supj7k€Z|cjk|2|j —k|" < o0 forn e N.
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Consider the following two matrices from GL(00):
Q = diag(e(j0)) and A = |8 j11ll, j € Z.
We have the following identification:
U — Q, Uy~ A. (C9)
Another useful realization of Ay in the Schwartz space on R by the operators

Urf(x)=fx=0), Usf(x)=expQmix)f(x). (C.10)

2. sin-algebra. Define the following quadratic combinations of the generators

i oo
T, = (

5 (2
¢ 0) urvy, aez®, (C.11)
72 — {a =(a1,2),0; € Z, a # (0,0)} .

Their commutator has the form of the sin-algebra
[Ty, Tgl = Cy(a, B)Toyp (C.12)

where
1
Co(a, B) = -3 sinmf(a x B). (C.13)
g
We denote by sing the Lie algebra with the generators Ty, over the ring & (C.2),

V= Valu. Va€B, (C.14)

and by S1Nj the group of invertible elements from Ag. The coalgebra sinj; is the linear
space

siny = 1S = Z soTo, 54 € &
a€Z®
In the Moyal representation (C.7) the commutator of sing has the form

1
[f(x, ), 8, M1 =(f, g} := G(frg—gxf). (C.15)

3. Elliptic constants related to NCT Ay. Introduce two numbers € = (€1, €;) such that
€,60 < 1 and €,0 are irrational. Consider the dense set Zg ((7) in E;:

Zo.e(1) = {(e1y1 +1e2y2)b € Ex | (y1,y2) € ZP). (C.16)
The corresponding elliptic functions with the arguments from Zy ((t) are as follows:
U.e(y) = 0 ((e1y1 + €2121)0) , (C.17)
o.e(v) =C((e1y1 +Te2y2)0) . pp.e(y) = p((e1y1 +Te2y2)0), (C.18)
Po.e(v,2) = dp(—(e1y1 + 1€212)0, 2) (C.19)
Po,e(r) = eg(e2722)¢0,e (v, 2) (C.20)

Jo.e(¥) = eg(€2122)0uP (U, 2)lu=(e1y1+re21)0 - (C.21)
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4. Dispersionless limit. Inthe limitd — O the Lie algebra sing becomes the Lie algebra
of Hamiltonian functions

Ham(T?*) ~ C®(T?)/C (C.22)
equipped with the canonical Poisson brackets. In Ham (T?) we have the Fourier basis
e(o - x) =exp(Cmi(a1x1 + oax2)) (C.23)

instead of the basis (C.11). The commutator (C.12) becomes

[e(ax), e(Bx)] = (a x Be((a + B) - x).

The algebra H am(T?) (without constant Hamiltonians) is isomorphic to the Lie alge-
bra SVecty(T?) of the divergence-free zero-flux vector fields on T2 equipped with the
area form —4m2dx;dxy. Let h(xy, x2) € Ham(T?). Then the Hamiltonian field V,
corresponding to the Hamiltonian function £ is

1
Vi = —4—2((32h)31 — (01h)32), (C.24)
T

while
Vi, Virl = Vig oy - (C.25)
For f(x) =}, fue(a - x)

1
- f= —mfoo- (C.26)
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