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Polar homology and linkings arise as natural holomorphic analogues in algebraic
geometry of the homology groups and links in topology. For complex projective
manifolds, the polar k-chains are subvarieties of complex dimension k with meromorphic
forms on them, while the boundary operator is defined by taking the polar divisor and
the Poincaré residue on it. We also define the corresponding analogues for the
intersection and linking numbers of complex submanifolds, and show that they have
properties similar to those of the corresponding topological objects. Finally, we establish
the relation between the holomorphic linking and the Weil pairing of functions on a
complex curve and its higher-dimensional counterparts.
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1. Introduction

Polar homology groups for complex projective manifolds can be regarded as a
complex version of singular homology groups in topology. The idea of such a
geometric analogue of topological homology comes from thinking of the
Dolbeault (or d) complex of (0, k)-forms on a complex manifold as an obvious
analogue of the de Rham complex of k-forms on a smooth manifold. This poses
an immediate question: ‘what is the analogue of the chain complex relevant to
the context of complex manifolds?’

In this paper, we consider the complex of ‘polar chains’ (proposed in Khesin &
Rosly 2003), which consists of algebraic subvarieties and meromorphic forms on
them, whose poles are of the first-order only. The boundary operator takes the
polar divisor and the Poincaré residue of the corresponding form. An advantage
of considering polar chains is that it allows one to use the analogy between the
boundary operator in topology and the residue in algebraic geometry in a direct
way. In particular, one can define analogues for the intersection and linking
numbers of complex submanifolds mimicking properties of the corresponding
topological notions.

Some features of the above analogy between boundaries and residues can also
be found in the recent literature. In particular, this correspondence leads to an
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3506 B. Khesin and A. Rosly

explicit construction of a group cocycle for the double-loop groups (Frenkel &
Khesin 1996). It is useful in the study of the Poisson structure on the moduli
spaces of holomorphic bundles on complex surfaces (see the description of
Lagrangian submanifolds in Thomas (1997) and Donaldson & Thomas (1998)
and that of symplectic leaves in Khesin & Rosly (2001)). Moreover, the approach
of Donaldson & Thomas (1998) of transferring differential geometric construc-
tions into the context of complex analytic (or algebraic) geometry could lead one
to a ‘complexification of geometry’ in a sense similar to the ‘complexification of
topology’ pursued here.

Below, we briefly mention one of the main motivations, which come
from mathematical physics: a study of the holomorphic Chern—Simons gauge
theory on a Calabi-Yau threefold suggested in Witten (1995). The latter context
leads us immediately to a search for a proper holomorphic analogue of the linking
number (see Khesin & Rosly 2001). The holomorphic linking can be naturally
defined in the language of polar cycles and their intersections, as described below.
Another approach can be found in Thomas (1997) and Frenkel & Todorov (2002).

(a) Motivation and holomorphic linking

The classical linking number arises in the study of quantum theory associated
with the abelian Chern—Simons functional

CS(A) = J AN dA,
M

defined on smooth 1-forms {A} on a real threefold M (Schwarz 1977/78;
Polyakov 1988). (The non-abelian Chern—Simons theory leads to higher link
invariants, such as Jones polynomials (Witten 1989).)

A holomorphic analogue of the Chern—Simons theory on a Calabi—Yau three-
dimensional manifold X (with a holomorphic 3-form u) was suggested in Witten
(1995). In the simplest abelian case, the action functional is

CS,(4) = JX A" A GA" A

where A" is a smooth (0, 1)-forms on X. In the latter case, one can consider the
following natural observables, analogues of Wilson loops: [~ a A A" where C'is
a complex curve in the threefold X and « is a holomorphic 1-form on C. The
correlator of two such observables in this quadratic field theory is given by the
following expression

(Jonat [ Leun iy~ 3 SDBD,

PeCiNS,

Here, S, is a complex surface containing the curve C; and equipped with a
meromorphic 2-form @,, such that diveBy= C5 and res ¢, 8> =as. Such a sum over
the intersection points of C; and S5 can be thought of as a holomorphic linking
number of two non-intersecting complex curves C)} and C,, equipped with
holomorphic 1-forms «; in the Calabi—Yau manifold X

a1(P)/\52(P)‘

(G (Greal)= 2, =P
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Recall that the topological linking number of two closed curves in a real threefold
is defined as the intersection of the first curve with a surface spanning the other
curve. One can show that the expression above does not depend on the choice of
(S2,02), a holomorphic analogue of a spanning surface, and it has certain
invariance properties copying those of the classical linking number in this
holomorphic situation.

(b) Holomorphic intersections

We have implicitly defined a complex analogue of the intersection number in
topology. To make it explicit, let (X, u) be a complex manifold equipped with a
meromorphic volume form u without zeros. Consider two complex submanifolds
A and B of complimentary dimensions that intersect transversely in X and are
endowed with holomorphic volume forms « and @ on the corresponding
submanifolds. Then, the holomorphic intersection number is defined by the formula

B S APIABP)
(aBo) = 3 S0

At every intersection point P, the ratio in the right-hand side is the ‘comparison’ of
the orientations of the ‘cycles’ (4, a) and (B, 8) at that point with the orientation of
the ambient manifold. This is a straightforward analogue of the use of mutual
orientation of cycles in the definition of the topological intersection number. Note,
that in the holomorphic case, the intersection number does not have to be an
integer. Rather, it is a holomorphic function of the ‘parameters’ (4, «), (B, 8) and

(X, ).

(¢) Holomorphic orientation and boundary operator

The above consideration prompts us to consider a top degree holomorphic
form on a complex manifold as manifold’s ‘holomorphic orientation’. Further-
more, a pair (W, w), which consists of a k-dimensional submanifold W equipped
with a meromorphic top degree form w (with first-order poles on a smooth
hypersurface V), will be thought of as an analogue of a compact oriented
submanifold with boundary.

Below, we start by defining a homology theory in which the pairs (W, w) will
play the role of k-chains. The corresponding boundary operator assumes the form
(W, w)=(V,2mi res w), where Vis the polar set of the k-form w, while res w is
the (k—1)-form on V, the Poincaré residue of w. Note, that in the situation under
consideration, when the polar set V of the form w is a smooth (k—1)-dimensional
submanifold in a smooth k-dimensional W, the induced ‘orientation’ on V is
given by a regular (k—1)-form res w. This means that d(V,res w)=0, or the
boundary of a boundary is zero. The latter will be the source of the identity 3*=0
in the homology theory discussed below. We shall call it the polar homology.

(d) Pairing to smooth forms and the Cauchy—Stokes formula

There is a pairing between polar chains and smooth differential forms on a
manifold: for a polar k-chain (W, w) and any (0, k)-form u such a pairing is given
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by the integral
(W,w),u) =J WA u.
W

In other words, the polar chain (W, w) defines a current on X of degree (n, n—k),
where n=dim X. This pairing descends to (co)homology classes by virtue of the
following Cauchy—Stokes formula.

Consider a meromorphic k-form w on W having first-order poles on a smooth
hypersurface VC W. Let the smooth (0, k)-form u on X be d-exact; that is, u= dv
for some (0, k—1)-form v on X. Then,

J w/\511=27riJ res w A v.
w v

We shall exploit this straightforward generalization of the Cauchy formula
as a complexified analogue of the Stokes theorem. Note that the Cauchy-—
Stokes formula defines the pairing between the polar homology 0%Croups of a
complex manifold X and the Dolbeault cohomology groups H;"(X). In a
separate paper (Khesin et al. 2004) it was shown that this pairing defines
an isomorphism of the corresponding groups, see the polar de Rham theorem
in §3.

This allowed one to give below the definition of the polar intersection for non-
transversal varieties (see §4); namely, the polar de Rham theorem allowed to
express the polar intersection in terms of the product in (Dolbeault) cohomology.
The new consequences of this are as follows:

(i) the polar intersection pairing is non-degenerate;

(ii) there exists a polar intersection product extending the polar intersection
pairing;

(iii) there exist smooth transverse representatives in the polar classes;

(iv) one can give explicit expressions for the intersection product in terms of
the latter. (We note that before the polar de Rham was proved in
Khesin et al. (2004), such propositions were only possible ‘in one
direction’.)

Furthermore, most of our consideration extends to polar chains where the
meromorphic forms are not necessarily of top degree. Another interesting case is
that of degree zero. The corresponding polar homology groups turn out to be
isomorphic to the groups of cycles modulo algebraic equivalence. Along with the
polar de Rham theorem, this gives that the polar homology groups interpolate
between the Dolbeault groups and the groups of algebraic cycles (modulo the
algebraic equivalence).

Finally, it turned out that the polar linking is closely related to the Weil
pairing and Parshin symbols (see §5). Roughly speaking, the holomorphic linking
is the logarithmic ‘rate of change’ of the Weil (or Parshin) pairing.

2. Polar homology

Here, we define a homological complex based on the notion of the polar
boundary. The construction is analogous to the definition of homology of a
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topological space with replacement of continuous maps by complex analytic ones.
The notion of the boundary (of a simplex or a cell) is replaced by the Poincaré
residue of a meromorphic differential form.

(a) Preliminaries: residue and push-forward

The Poincaré residue is a higher-dimensional generalization of the classical
Cauchy residue, where the residue at a point in a domain of one complex variable
is generalized to the residue at a hypersurface.

Let M be an n-dimensional complex manifold and w be a meromorphic n-form
on M, which is allowed to have first-order poles on a smooth hypersurface
V. Then, the form w can be locally expressed as

oNdz

W= g,

where z=0 is a local equation of V and g (respectively, ¢) is a holomorphic
(n—1)-form (respectively, n-form). Then, the restriction g|y is a well-defined
holomorphic (n—1)-form on V.

Definition 2.1. The Poincaré residue of the n-form w is the following (n—1)-
form on V

res w = g|y.

Definition 2.2. The above can be readily extended to the case of normal
crossing divisors. Let V be a normal crossing divisor in M; i.e. V=U,V; has only
smooth components V; (each entering with multiplicity one) that intersect
generically. Suppose that the meromorphic n-form w in M has the first order
poles on V. Analogous to definition 2.1, one can define a residue at each
component V,. The resulting (n 1) forms resyw are then meromorphic and
have first-order poles at the pairwise intersections Vi=ViNV;. One can now
consider the repeated Poincaré residue at V;. Reprebentlng w as
w=pA(dz/z) A (dz/7), where z=0 and z=0 are local equations of the

components V; and V;, respectively, one finds that

dZ,L‘ dZ]
I'eSZ‘J'Q) ‘=res v, (I'eS V]&)) = reszi=0 reSZ]: . VAN _ =
v 7

Note that the repeated residue differs by sign for different order of the
components: res; ;&)= —Tres; ;0.

Definition 2.3. For a finite covering f: X— Y and a function ¢ on X one can
define its push-forward, or the trace, f.¢p as a function on Y whose value at a
point is calculated by summing over the preimages taken with multiplicities. The
operation f, can be generalized to p-forms and to the maps f, which are only
generically finite.

Suppose that f: X— Y is a proper, surjective holomorphic mapping where
both X and Y are smooth complex manifolds of the same dimension n. The
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push-forward (or, trace) map is a mapping
fi (X, Q%) ~ (Y, %),

To define it, one notes that f is finite unramified covering away from a
hypersurface in Y. Thus, fis locally an isomorphism of neighbourhoods, and the
push-forward form is defined by summing the image forms from all the leaves.
The form obtained extends to the whole of Y.

The push-forward map is also defined for meromorphic forms. Furthermore,
the operations of push-forward and residue commute.

(b) Polar chains and boundary

In this section, we deal with complex projective varieties—closed subvarieties
of a complex projective space. (In this setting, the complex analytic
considerations are equivalent to algebraic ones.) By a smooth projective variety,
we always understand a smooth and connected one. For a smooth variety M of
dimension n, we denote by Kj; the sheaf of regular n-forms on M.

The space of polar k-chains for a complex projective variety X, dim X=mn, will
be defined as a C-vector space with certain generators and relations.

Definition 2.4. The space of polar k-chains Cy(X) is a vector space over C
defined as the quotient C,(X)= C,(X)/R;, where the vector space C,(X) is
freely generated by the triples (4, f, «) described in (i), (ii) and (iii) below and Ry,
is defined as relations (R1), (R2) and (R3) imposed on the triples.

(i) A is a smooth complex projective variety, dim A=Fk;
(ii) f: A— X is a holomorphic map of projective varieties;
(iii) « is a rational k-form on A with first-order poles on VC A, where Vis a
normal crossing divisor in 4; that is a€T'(A, K4(V)).

The relations are:

(R1) A4, f,a)=(A, [, Aa);

(R2) > (4, fiy;) =0 provided that >, fi,a; =0, where dim fi(A;)=F for all ¢
and the push-forwards f,«a; are considered on the smooth part of
U, fi(Ay);

(R3) (A, f,a)=0 if dim f(A4)<k.

Remark 2.5. By definition, C(X)=0 for k<0 and k>dim X.

The relation (R2), in particular, represents additivity with respect to «, that is

(Aafa al) + (Avfa 0[2) = (A’fval +0é2).

Here, we make no difference between a triple and its equivalence class. In
particular, if the polar divisor dive () +as) is not normal crossing, then one can
replace A by an appropriate blow-up, by the Hironaka theorem, where the pull-
back of a;+ s is already admissible.

This way, the relation (R2) allows us, in particular, to refer to polar chains

~

as pairs replacing a triple (A4,f,«) by a pair (A4,&), where A=f(A)C X, &
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is defined only on the smooth part of A and a= f.a there. Owing to the
relation (R2), such a pair (A4,a) carries precisely the same information as
(A, f.a)." (The only point of concern is that such pairs cannot be arbitrary. In
fact, by the Hironaka theorem on resolution of singularities, any subvariety
A C X can be the image of some regular A, but the form & on the smooth part
of A cannot be arbitrary.)

Definition 2.6. The boundary operator 9 : C,(X) — C;_;(X) is defined by

(A, f,a) = 27712( Vi, fi resya),

7

(and by linearity), where V; are the components of the polar divisor of «,
divea=U,V;, and the maps f;=f|, are restrictions of the map f to each
component of the divisor.

Theorem 2.7. The boundary operator d is well defined, i.e. is compatible with
the relations (R1), (R2) and (R3).

Proof. We have to show that d maps equivalent sums of triples to equivalent
ones.

It is trivial with (R1). For (R2), this follows from the commutativity of taking
residue and push-forward. To prove the compatibility of d with (R3), consider
first the case of a polar 1-chain, a complex curve with a meromorphic 1-form,
which is mapped to a point.

Then, the image of the boundary of this 1-chain is zero. Indeed, this image
must be the same point, whose coefficient is equal to the sum of all residues of the
meromorphic 1-form on the curve (i.e. zero). The general case is similar: the same
phenomenon occurs along one of the coordinates. [ |

Theorem 2.8. 9°=0.

Proof. We need to prove this for triples (A, f, «) €Cy(X); that is, for forms a
with normal crossing divisors of poles. The repeated residue at pairwise
intersections differs by a sign according to the order in which the residues are
taken (see definition 2.2). Thus, the contributions to the repeated residue from
different components cancel out (or, the residue of a residue is zelro).2 [ |

! Note that the consideration of triples (4, f a) instead of pairs (121764), which we used in §1, is
similar to the definition of chains in the singular homology theory. In the latter case, although one
considers the mappings of abstract simplices into the manifold, morally, it is only ‘images of
simplices’ that matter. Here lies an important distinction; unlike the topological homology, where
in each dimension £, one uses all continuous maps of one standard object (the standard k-simplex
or the standard k-cell) to a given topological space, in polar homology, we deal with complex
analytic maps of a large class of k-dimensional varieties to a given one.

2 An example of the polar divisor {zy=0} for the form dzAdy/zy in C? should be viewed as a
complexification of a polygon vertex in R?. Indeed, the cancellation of the repeated residues on
different components of the divisor is mimicking the calculation of the boundary of a boundary of a
polygon; every polygon vertex appears twice with different signs as a boundary point of two sides.
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(¢) Polar homology of projective varieties

Definition 2.9. For a complex projective variety X, dim X=n, the chain
complex

0> Cp(X) —2oCpy(X) —2s 20y (X) > 0

is called the polar chain complex of X. Its homology groups, HP,(X), k=0, ..., n,
are called the polar homology groups of X.

Functoriality of polar homology is standard; a regular morphism of projective
varieties h: X— Y defines a homomorphism h. : HP(X) > HP(Y).?

Example 2.10. For a projective curve of genus ¢, the polar homology groups
are as follows: HPy= C, HP, = C%and HP,=0 for £k>2. Indeed, in this (and in
any) case, all the O-chains are cycles. Let (P, a) and (@, b) be two 0-cycles, where
P, @ are points on X and a, b € C. (For simplicity, we adopt the consideration of
pairs, the images of the triples in the curve, as discussed in footnote 1.) They are
polar homologically equivalent if, and only if, a=b. Indeed, a= b is necessary and
sufficient for the existence of a meromorphic 1-form « on X, such that divea=
P+ @ and respa=2mwia, resga=—27wib. (The sum of all residues of a
meromorphic differential on a projective curve is zero by the Cauchy theorem.)
Then, we can write in terms of polar chain complex that (P, a)— (@, a)=9d(X, «).
Thus, HP()(X) =C.

As to polar 1-cycles, these correspond to all possible holomorphic 1-forms on.
On the other hand, there are no 1-boundaries, since there are no polar 2-chains in
X. Hence, HP;(X) = CY, where g is the genus of the curve X. (In particular, the
polar Euler characteristic of X equals 1—g¢ and coincides with its holomorphic
Euler characteristic.)

Similar considerations show that for any n-dimensional X, we have HP ,(X)=
H(X,Q%) and, if X is connected, also HP,(X)=C.

Definition 2.11 (Relative polar homology). Let Z be a projective subvariety in
a projective X. Analogously to the topological relative homology, we can define

the polar relative homology of the pair ZC X.

The relative polar homology HP,(X, Z) is the homology of the following
quotient complex of chains

Cr(X, Z2) = C(X)/C(2).

Here, we use the natural embedding of the chain groups C,(Z)= Cy(X). This
leads to the long exact sequence in polar homology

... > HP(X) » HPy(X, Z) ——HP;_,(Z) —» HP}_,(X) — ... .

3 Note that the polar homology is an analogue of singular homology with coefficients in R or C.
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3. Dolbeault cohomology as polar de Rham cohomology

As we discussed in §1, the Dolbeault complex of (0, k)-forms should be related to
the polar homology in the same way as the de Rham complex of smooth forms is
related to the topological homology (e.g. singular homology). Now, after the
definitions of §2 are given, we are able to make this point more explicit.

Definition 3.1. In a smooth projective variety X, consider a polar k-chain
a= (A, f,a). Such a triple can be regarded as a linear functional on the space of
smooth (0, k)-forms on X. (In other words, the space of polar chains C.(X) can be
defined as a subspace of currents, functionals on smooth differential forms.) Let u
be a smooth (0, k)-form on X. Then, the pairing is given by the following integral

(a, u) = L aA fru.

The integral is well defined, since a has only first-order poles on a normal
crossing divisor. It is now straightforward to show that the pairing (,) descends to
the space of equivalence classes of triples C(X) and that it is compatible with
the relations (R1), (R2) and (R3) of definition 2.4. Indeed, (R1) is obvious, where
compatibility with (R3) follows from noticing that f*u=0 if dim f(A) <k, and the
compatibility with (R2) follows from the relation [4aA fru= [y, faAwu if
dim f(A) =k, where the last integral is taken over the smooth part of f(A).

Proposition 3.2. The pairing (3.1) defines the following homomorphism in
(co)homology
p: HPL(X) — H" (X)),
where n=dim X.

Proof. By the Serre duality, p is the map HP,(X)— (Hgk(){))* and it is
sufficient to verify that the pairing (3.1) vanishes if da=0 and u= dv, or if Ju=0
and a=49b. This follows immediately from the Cauchy—Stokes formula (§1d),

La/\f*(au) = 27riJ (res @) A f*(u),

divea
that is, (a,du) = (da, u). [ ]

It turns out that for smooth projective manifolds the homomorphism (3.2) is in
fact an isomorphism.

Theorem 3.3. (Polar de Rham theorem; Khesin et al. 2004)

(i) For a smooth projective manifold X, the mapping p : HP,(X) — Hg’nfk(X) is
an isomorphism of the polar homology and Dolbeault cohomology groups.
Equivalently, in terms of dual cohomology groups,

HP*(X) = HYM(X).
(ii) Let V be a normal crossing divisor in a smooth projective X. Then

HP,(X, V)=H" (X, K¢(V)).
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Example 3.4. If Xis a complex curve of genus g, one has HPy(X)=C = Hé1 HX)
and HP,(X) =CY = H,"(X) (see example 2.10).

Note that by theorem 3.3, for an ample divisor V represented by a
smooth hypersurface in X, HP,(X, V)=H""?(X, Kx(V))=0. Such a choice of
the hypersurface V in the complex manifold X is similar to the choice of an
(n—1)-skeleton in an n-dimensional real manifold: the corresponding
relative homology group of the manifold with respect to the skeleton also vanish.

Remark 3.5. So far, we have considered polar chains with top degree forms.
More generally, one could consider polar (k,p)-chains (A, f «), where « is a
meromorphic p-form of not necessarily maximal degree, p<k, on A, which can
have only logarithmic singularities on a normal crossing divisor.® The
requirement of log-singularities is needed to have a convenient definition of the
residue and, hence, the boundary operator 9.

The property =0 and the definition of the polar homology groups can be
carried over to this more general situation. The polar homology groups are then
enumerated by two indices: HPy, ,(M).

The Cauchy—Stokes formula extends to this case as well. As a consequence, the
natural pairing between polar (k, p)-chains and smooth (k— p, k)-forms on X gives
us as before the homomorphism (cf. (3.2)),

p: HPy,(X) — Hy~H PR (),

However, unlike the case p=Fk, the map p is not generally an isomorphism
for other values of p, 0<p<k. For instance, in the case of p=0, the image of p
belongs to the subspace generated by algebraic cycles, while the full Hg "(X) can
be much larger (already for a generic K3 surface).

Corollary 3.6. The groups HP;, ,(X) interpolate between the groups of k-cycles
modulo algebraic equivalence in X and the Dolbeault groups Hg’"_k(X) as
p changes from 0 to k.

Indeed, one can see that for p=0 the polar homology groups HP, z(X) coincide
with the groups of k-cycles in X modulo algebraic equivalence, according to the
Severi theorem (Griffiths & Harris 1978).

4. Intersection in polar homology

Here, we define a polar analogue of the topological intersection product. In
particular, for polar cycles of complimentary dimensions, one obtains a complex
number, called the ‘polar intersection number’.

Recall that in topology, one considers a smooth oriented closed manifold M
and two oriented closed submanifolds A, BC M of complementary dimensions;
that is, dim A+dim B=dim M. Suppose that A and B intersect transversely at a
finite set of points. Then, to each intersection point P, one assigns +1 (local
intersection index) by comparing the mutual orientations of the tangent vector
spaces TpA, TpB and TpM.

4 Animportant property of such forms on projective varieties is that they are closed, see Deligne (1971).
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(a) Polar-oriented manifolds

Now, let M be a compact complex manifold of dimension n, on which we
would like to define a polar intersection theory. It has to be polar oriented (i.e.
equipped with a complex volume form). As the discussion below shows, the n-
form u defining its polar orientation has to have no zeros on M, since we are
going to consider expressions in which u, the orientation of the ambient
manifold, enters a denominator. Therefore, we adopt the following
terminology.

Definition 4.1. (i) A compact complex manifold M, endowed with a nowhere
vanishing holomorphic volume form u, is said to be a polar-oriented closed
manifold. (ii) If the volume form u on a compact complex manifold M is non-
vanishing and meromorphic with only first-order poles on a normal crossing
divisor NC M, then M is called a ‘polar-oriented manifold’” with boundary. The
hypersurface N is then endowed with a polar orientation v:=2wires u#0 and
(N, v) is called the polar boundary of (M, u).

Remark 4.2. By definition, polar-orientable closed manifolds are complex
manifolds whose canonical bundle is trivial (Calabi-Yau, Abelian manifolds
or any complex tori, if we do not restrict ourselves to algebraic manifolds).
In considering the definition of chains, we have defined the notion of the
polar orientation in a more restrictive sense than before. In fact, polar chains
with their orientations are to be compared with oriented piecewise smooth
submanifolds in differential topology, while the ambient space on which we want
to have Poincaré duality has to be smooth and oriented all over. Zeros of a
volume form could be regarded as a complex analogue of singularities of a real
manifold.”

(b) Polar intersection number

Let (M, u) be a polar-oriented closed manifold of dimension n. In such a case,
we define the following natural pairing between its polar homology groups
HP,(M) and HP (M) of complimentary dimension (p+¢=n).

First, we define the polar intersection number for the case of a smooth
and transverse pair of cycles a and b. That is, a= (4, «) and b= (B, (), where A is
a smooth p-dimensional subvariety and « a holomorphic p-form on it (and,
similarly, for (B,f) in dimension ¢), and it is assumed that A and B
intersect transversely. Then, we have the following formula for the polar
intersection index.

SFor instance, on a complex curve X of genus g one has HP,(X)=CY and a holomorphic
1-differential representing a generic element in HP;(X) has 2g—2 zeros. From this point of view,
the complex genus g curve is like a graph that has g loops joined by g—1 edges and having 2¢g—2
trivalent (i.e. ‘non-smooth’) points. The ‘smooth orientable cases’ are CP!, which corresponds to a
real segment, and an elliptic curve, which is a complex counterpart of the circle in this precise
sense.
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Definition 4.3. The polar intersection index of two smooth transverse cycles
(A,«) and (B, B) is given by the following sum over the set of points in AN B,

a(P) A B(P)

(Aaa)'u(Bvﬁ) =
PEANB K (P)

Here, a(P) and B(P) are understood as exterior forms on TpM=TpAX TpB
obtained by the pull-back from the corresponding factors.

To extend this definition to arbitrary and not necessarily transverse polar
cycles, we apply the following.

Proposition 4.4. For any two polar cycles a and b, there exist polar homologous
cycles a' and b, which are represented by smooth transversely intersecting
submanifolds.

Proof. By theorem 3.3, if V is a normal crossing divisor in M, then
HP,(M, V)=H""?(M, Ky (V)). Choose V to be an ample divisor represented
by a smooth hypersurface. Then the right-hand side is 0, and so is HP (M, V')=0.
This shows that any polar cycle is homologous to a cycle lying in an ample smooth
hypersurface V. Iterating this consideration inside V, we arrive at the fact that any
polar cycle is homologous to a smooth one. An analogous reasoning shows that one
can achieve a transversal intersection for two such cycles. [ |

It turns out that the definition of polar intersection extends to the classes of
polar homologous cycles.

Theorem 4.5. The polar intersection is a well-defined pairing in polar
homology.

To define the polar intersection pairing, one can compose the homomorphism p
and the product in the Dolbeault cohomology. Namely, according to theorem 3.3,
the groups HP (M) and HP,(M) can be mapped isomorphically to the Dolbeault

cohomology groups H;""" (M) and H;"" "(M), respectively. On a polar-oriented
closed manifold, we are given a nowhere vanishing section u of the line

21
bundle Kj. Hence, we have the isomorphism Hgl’"_q(M)i—»Hg’"_q(M).
Using this and the product in Dolbeault cohomology, we obtain the following
pairing for p+q¢=n

n,n—1 n,n— id®u™ n,n— 0,n— n,n ~
HM (M) @ H" (M) 2 HM P (M) @ HY" (M) — H"™" (M) > C.

One can see that this definition of pairing coincides with the one given in definition
4.3 for transverse representatives. As a by-product, one has the following non-
degeneracy theorem.

Corollary 4.6. The polar intersection pairing is non-degenerate, as a bilinear
form on the polar homology groups

HP,(M)®HP (M) — C,
where p+ g=n.
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(¢) Polar intersection product

Now, consider the case when on a polar-oriented closed manifold (M, u), we have
two polar cycles of arbitrary dimensions p and ¢ (not necessarily complimentary
ones). For any p and ¢, one can define an intersection product in polar homology.

Definition 4.7. To describe this intersection product on two smooth transverse
cycles, we need the following construction from the linear algebra for C-oriented
vector spaces. Let V4, VC W be two transverse vector subspaces of dimensions
p and ¢, respectively, in a complex n-dimensional vector space W (p+g=>n).
Suppose we are given ‘C-orientations’ of all these spaces; that is, the (non-zero)
exterior forms ay € AP Vi, B € A? Vi and uy € A" W*. Then, the intersection
V4N Vg can be naturally endowed with a C-orientation, that is with the exterior
form

_ APy
Yo=———
Mo
This notation stands for the following. In coordinate form, we can always choose
the coordinates z, ..., 2, in W such that the space V4 is spanned by 2z, ..., 2, and
Vp is spanned by z,_,41,...,%, while a=dxA---Adz, and B=dz,— ;41

A+ Adz, Then, for wo=cy-dz; A--- Adz,, one has

dzy g A Az,
Cy '

Yo+

It can be readily verified that v, does not depend on a coordinate choice (see
Khesin & Rosly 2003).

Now, we can define the polar orientation for intersection of polar cycles.

Definition 4.8. For a pair of two smooth transverse polar cycles a= (A4, a)
and b= (B, ) of dimensions p and ¢, respectively, in a polar-oriented closed
manifold (M, u), their intersection is a polar (p+¢—n)-cycle a-,b=c=(C, ),
where C=ANB and

aNf
L

’Y:

(Here, the definition of the holomorphic form y on C is given by the linear
algebra above at every point of C). If p+¢<n, then a-,b=0.

The intersection of smooth transverse cycles
(A, 0)-4(B,8) = (C,7)
defines the intersection product in polar homology
HP,(M)®HP ,(M)—HP,, (M),

upon finding smooth transverse representatives for every pair of homology
classes. By theorem 3.3 this product agrees with the product in Dolbeault

Proc. R. Soc. A (2005)



3518 B. Khesin and A. Rosly

cohomology:
HPP(M) ®HPq(M) = H;’"_p(M) ®ng,n—q(M)

o N
S H (M) @ H (M) — H M) SHP, (M),

Remark 4.9. We have defined the polar intersection on any complex
manifold M that can be equipped with a holomorphic non-vanishing volume
form u. This is analogous to the topological intersection theory on a compact
smooth oriented manifold without boundary. (Note that the Poincaré duality
in this context should correspond to the Serre duality; cf. Thomas 1997;
Donaldson & Thomas 1998) Furthermore, the consideration above easily
extends to the case of a complex manifold possessing a meromorphic non-
vanishing form u (in particular, to a complex projective space), especially to
the case of a polar-oriented manifold (M, u) with boundary (N,27ires u). The
latter setting is similar to the topological intersection theory on manifolds with
boundary. In this case, the above formulae can be used to define the pairing
between polar homology HP,(M) and polar homology relative to the boundary
HPn— k(M’ N)

5. Polar linking number and Weil pairing

Recall that the Gauss linking number of two oriented closed curves in R® is an
integer topological invariant equal to the algebraic number of crossings of one
curve with a two-dimensional oriented surface bounded by the other curve. The
linking number does not depend on the choice of the surface. This follows from
the fact that the algebraic number of intersections of a closed curve and a closed
surface in a simply connected three-dimensional manifold is equal to zero. Note
that the Gauss linking number is a homology invariant in that it does not change
if one of the curves is replaced by a homologically equivalent cycle in the
compliment to the other curve. More generally, the linking number can be
defined for two oriented closed submanifolds of linking dimensions in any
oriented (but not necessarily simply connected) manifold, provided that both
submanifolds are homologous to zero.

(a) Definition of polar linking number

Polar linkings mimic the classical definition of linking in the polar language.
Let a=(A,a) and b=(B,0) be two polar smooth non-intersecting cycles of
dimensions p and ¢ in a polar-oriented closed n-manifold (M, u). Suppose that
these cycles are polar boundaries (i.e. they are polar homologous to 0) and are of
linking dimensions p+ ¢=n—1. Then, one can associate to them the following
polar linking number.

Definition 5.1. The polar linking number of cycles a and b in (M, u) is
a(P) A a(P)
Lk, (a, b) = —
2o wlr)
where a chain (5, 0) has the polar boundary (B, ), 4(S,a)=(B, ().
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In other words, £k, (a,b) is the intersection of the polar cycle a and the polar
chain s=(S, ), provided they intersect transversely.

(b) Properties of polar linking number

It turns out that the polar linking, being defined analogously to the topological
one, also mimics the properties of the latter.

(i) The polar linking is (anti-)symmetric
Ok, (a,b) = (=) P Dok (b, a).

(ii) It is well defined; that is, €k, does not depend on the choice of the polar
chain s=(S,g), provided that d(S,a)=(B, ().

(iii) For a polar oriented manifold with (polar) boundary there exists a relative
version of £k,, as in topology.

The simplest curves that can have non-trivial linking are elliptic curves. The
linking number of a rational curve with any other curve is zero since any
holomorphic differential on a rational curve must vanish. (As discussed above, a
rational curve CP! equipped with a meromorphic 1-form with two simple poles is
a complexification of a segment, while an elliptic curve with a holomorphic
1-form on it is an analogue of a circle.)

Similar to the Gauss formula for the topological linking number, the polar
linking can be defined via integrals involving the Green function for 9. This
approach to a complex analogue of the linking number can be seen in Atiyah
(1981), Thomas (1997) and Frenkel & Todorov (2002). As noted by Geramisov
(1995, unpublished work), such a Green function plays the role of the propagator
in the holomorphic Chern—Simons theory, which should cause the appearance of
the complex linking number in that quantum theory (in the very same way as the
Gauss linking number appears in the ordinary Chern—Simons theory).

Note also that the polar linking is an invariant of the corresponding polar
homology class [a] € HP?(M\ B). To formulate this property precisely, one needs
a definition of the polar homology of complex quasi-projective manifolds and we
describe it elsewhere.

While the topological linking has a polar counterpart, it is an interesting open
question to find a similar counterpart for the self-linking

Question 5.2. Find a polar analogue of the self-linking number of a framed
knot.

A framing of an oriented knot allows one to define its oriented satellite knot
and to consider linking of the initial knot with this satellite. It would be very
interesting to find analogues of the framings and satellites in the complex
algebraic setting. This might be closely related to the Viro self-linking-type
invariant of real algebraic knots (Viro 2001).

(¢) Intersections with various coefficients

Now, we would like to extend the notion of polar chains and cycles to include
the chains (A, a), where a can be not only a differential form on a subvariety
AC M, but also, for example, a meromorphic section of the normal bundle to A.
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With this more general understanding of polar cycles, one does not need to fix
the non-vanishing form u in the ambient manifold M (and hence to confine
oneself to the class of polar-oriented closed manifolds) to define the polar
intersection theory.

One can define the polar intersection index of two smooth transverse cycles
(A,«) and (B,B) in M by

(4,0)(B,8) = Y («(P),B(P)),
PeANB
if « and B at points P assume values in dual spaces. In other words, we consider
the polar chains with appropriate coefficients and (,) is the corresponding
pairing. Recall that the polar intersection

(4,d)-,(B,B) = a(P) A B(P)

PeANB H(Iw

of polar p- and g¢-cycles (A, &) and (B, ) in (M, u) with p+ g=n discussed in §5b
corresponds to the one just described as follows: a =& is a p-form on A, while
B=0/u is a ratio of an (n—p)-form on B and an n-form on M; that is, a
meromorphic section of A’ NB, the pth power of the normal bundle to B, or, in
other words, a p-vector field normal to B in M. The latter can be contracted with
the p-form on A at the intersection points AN B.

(d) Linkings with other coefficients

Similarly, one can define the polar linking of more general polar boundaries
‘with coefficients’. After passing to a polar chain bounded by one of the cycles,
this chain and the other cycle have to be equipped with appropriate sections
assuming values in dual spaces.

Example 5.3. Let a and b’ be 0-boundaries with certain coefficients on a
complex curve X. Namely, a=>"(P;, ;) is a O-cycle, where P;€ X are points with
complex coefficients r; € C, satisfying the exactness condition ) r; = 0, ensuring
that a is the boundary of a 1-chain. The cycle b'=3"(Q;,v;) is a set of points
Q;€EX with vectors v, € Ty X assigned to them. (We discuss below the
restriction on b’ 1mposed by the condition of 0-boundary.)

In this setting, the following polar linking number of a and b is defined. Let
a=dc, where a polar 1-chain ¢= (X, &) is such that the 1-form « has poles of the
first order at P; and satisfies 27i resp a = ;. Then,

kaolar(b/a a) = Z Lv]a(Qj)'
J
It turns out that this linking number does not depend (up to a sign) on which of
the two O-boundaries, a or b, we use. The fact that the O-cycle b' is a polar
boundary means that there exists a function ¢ with poles of the first order at @),
such that 27i resq ¢ = v;. (Note that the Poincaré residue of a function is a vector
attached at its pole). Then, b’ =9(X, ¢).

One can see that the linking number ko ( b', a), evaluated with the help of
the chain (X, ¢) bounding b (rather than a), leads to the same result. Indeed,
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consider the 1-form ¢a on X. It has poles where so does either the function ¢, or
the form «. Denote by I' the contour encompassing only the poles of a. Then,

Z‘P(Pi)'% = QWiZI‘eSpZ((ﬁ'a) = ggr(p.a

i

= —27rinesQ](q5~a) = —vaja(Qj)'

J J
Note also that the vector field v; attached to @); can be regarded as an

infinitesimal deformation of the divisor ;. We are going to exploit this point of
view below.

Remark 5.4. The holomorphic linking suggested by Atiyah (1981) can be
thought of as the polar linking with appropriate coefficients.

(e) The Weil pairing and reciprocity law
Let f and ¢ be two meromorphic functions on X with disjoint divisors:
divf=3,nP; and divg=7}_,¢S;, where P;, S;€ X, while r,=degpf and
q; = deg 5,9 are integers.

Definition 5.5. The Weil pairing of functions fand gis {f, g} =][; f (Sj)deg‘fz‘g :
The Weil reciprocity law is the symmetry of this bracket

{f.9t ={9./}-
It follows from the identity

98 log f-dlog g = —¢ log g-d log f,
r r

applied to a contour I' embracing div g and leaving div f outside, and using the
identity, that degpg=resp(dlog g) for all points PE€ X.

(f) Relation of the Weil pairing and polar linking

Let f; and g, be one-parameter families of meromorphic functions on X with
disjoint divisors a;:=2x1i div f; and b,:=2wi div g, for all ¢. Note that the divisors a;
and b, define polar 0-cycles and these are, in fact, polar 0-boundaries: a;=9d(X, a),
where a;=df;/f;, and similarly for b;.

Consider the infinitesimal deformation a; (respectively, b;); that is the derivative
in ¢ of a, (respectively, b;), which can be defined as follows: a; = d(X, ¢,), where
¢, = (d/dt)log f; is a meromorphic function on X. Suppose that ¢, has only simple
poles, so that (X, ¢,) is a polar chain. Note that a; and b} are polar O-boundaries ‘with
coefficients’—a set of points with certain vectors attached.

Proposition 5.6. The following relation between the Weil pairing and the polar
linking holds

. d
QWIEIOg{ﬁa gt} = Ek’Polar(al/fa bf) + kaOIHT( ;’ at)'

Proc. R. Soc. A (2005)



3522 B. Khesin and A. Rosly

Proof. Indeed,

). dgf d

df;
—(log ¢;)- —*
(log g;) 7

d o
2ri g g} = P (0w ) L~

- kaolar(az‘a bz‘) + Ekpolar(bh at)'

Here, we used that

d dg, 95 dg, ’
—(log f) =L = P ¢~ = Chyrae(al, b),
gsrdt(ogft) 0 T¢t . Eotar (at, 0y)

and, similarly, for £k, (b}, a;). [

(g) Higher-dimensional generalization and Parshin symbols

On an (n—1)-dimensional complex manifold X, consider n functions fi, ..., f,
whose poles and zeros are of the first-order. Assume also that their poles and
zeros divisors are normal crossing and in general position. Define the bracket
{fi, .-, Jn}, which has similar symmetry properties to the Weil pairing.

Definition 5.7. For meromorphic functions fi, ..., f, on X, define the following
bracket

{flv- 7fn Hf f”

where the product is taken over all points P belonging to the intersection of the
divisors |div fo| NN |div f,|. If P € DyN---N D,,, where D; is a component of the
divisor div f; entering with multiplicity d; (which is +1 by the assumption), then
Aplforooor )= o ..,

In fact, here we iterate the following procedure. Take div f,, and restrict to it the
remaining functions fi, ..., f,—1. (For dim X=1above, we considered the restriction
of f=f; to the divisor of f, = g.) Repeat the procedure until we come to the points and
can consider the corresponding Weil pairing.

Remark 5.8. Note that the brackets {f,...,f,} can be thought of as the
Parshin symbols defined generally for meromorphic functions in the presence
of a flag of subvarieties (see Parshin 1977; Brylinski & McLaughlin 1996). The
symmetry properties of the above brackets in fi, ..., f, are a particular case of
Parshin’s reciprocity laws. For instance, the symmetry in f; and f, is evident,
as it follows from the Weil reciprocity law in dimension 1 after the restriction
to a curve.

(h) Higher-dimensional brackets and higher polar linking

To discuss the relation of the bracket in definition 5.7 above and the polar
linking of cycles, we confine the discussion to the case of dim X=3, although
what follows can be carried over to n dimensions.
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Let fi,...,fr; be meromorphic functions on X as above, depending on a
parameter t. Define

Q¢ 7= d(X, dlog fz‘,t);

an exact 2-cycle on the three-dimensional X with values in integers (0-forms). Its
derivative

d
az,',t =0 <X7 alog fn>
is an exact 2-cycle with values in normal vector fields. (Here, ¢,,= (d/dt)log f;,
is a meromorphic function, assumed to have simple poles. Its residue is a normal
vector field on the corresponding divisor of poles.)
Then, the following relation holds:

a3 d
(27”)35108;{]”1,“ Bt} =D Lk (a1, 037 037 ay),

where the sum is taken over all cyclic permutations. Here, ay- a3- a4 is the exact
polar O-cycle, obtained by intersecting the corresponding divisors a; and
multiplying the numbers on them, which can be linked with the 2-cycle af in
the three-dimensional X.

By definition of @k, the right-hand side can also be rewritten as the
multiple polar intersection

Qk’polar(a{u 0’2'@3'0’4) = Al'a’Z'a?)'aéb

where dA; = a;. This form can be rewritten via pairwise intersections, for
example, as (A;-a)-(a3-ay). The latter product establishes the relation of the
bracket in definition 5.7 with the polar linking of 1-cycles

3 d
(2W1)3alog{fl,tv "'7f4,t} = kaolar(ci% C34) + ’ekpolar(céﬁla 012)7

where the curves cjo=a,-ay and c3s=a3 a4 are pairwise intersections of the
divisors, and, cj,:=a]-ay+ ay-a;, for instance, can be regarded as the
t-derivative of cps.

Remark 5.9. The higher polar linkings appear as the answers for the
correlators of the abelian holomorphic Chern—Simons functional on higher-
dimensional complex manifolds. The most intriguing case is that of a non-abelian
holomorphic Chern—Simons theory on a three-dimensional Calabi—Yau manifold,
which is expected to produce holomorphic analogs of Vassiliev (finite-order) link
invariants.
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