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1. Introduction

In the 1960’s, Arnold pioneered a geometric approach for studying hydrodynamics [2, 3].
Recall that the motion of an inviscid incompressible fluid filling an n-dimensional Riemannian
manifold M is governed by the hydrodynamic Euler equation

∂tv+∇vv=−∇p

on the divergence-free velocity field v of a fluid flow inM. Here∇vv stands for the Riemannian
covariant derivative of the field v along itself, while the function p is determined by the
divergence-free condition divv= 0 up to an additive constant. Arnold proved that solutions
to the Euler equation describe geodesic curves in the infinite-dimensional group SDiff(M)
of volume-preserving diffeomorphisms of the manifold M with respect to the right-invariant
L2-metric given by the fluid’s kinetic energy. In particular, geometric properties of the corres-
ponding infinite-dimensional Riemannian manifold SDiff(M), such as its curvatures, conjug-
ate points, etc affect the dynamical behaviour of geodesics on it, and hence the corresponding
Euler solutions.

The corresponding groups of measure-preserving diffeomorphisms can be considered for
non-orientable Riemannian manifolds M as well. It turns out that the corresponding Euler
equations can be defined in the non-orientable context with minimal adjustments, see [6, 8,
14]. More precisely, while a non-orientable manifold does not admit a non-vanishing volume
form, one can still define a measure on it as a density (also called volume pseudo-form), see
e.g. [9]. We denote by SDiff(M) the infinite-dimensional group of measure-preserving diffeo-
morphisms ofM, isotopic to the identity.Many questions about those groups for non-orientable
manifoldsM can be addressed by considering them for the corresponding orientable cover M̃.

In this paper we are focusing on non-orientable surfaces, and in particular on theKlein bottle
and projective plane. Their double orientation covers are the torus and the sphere, respect-
ively. For the torus, Arnold computed sectional curvatures in [3]. Those results were general-
ized to the n-torus in [12], where also an infinite-dimensional version of the normalised Ricci
curvature was introduced and computed. The sectional curvatures of the diffeomorphism group
of the 2D sphere in some selected directions were computed in [11].
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Observe that the subgroup of diffeomorphisms that commute with any isometry of a
Riemannian manifold M̃ is a totally geodesic subgroup of SDiff(M̃) for the right-invariant L2

metric (proposition 3.2). This allows one to study curvatures of diffeomorphism groups of non-
orientable manifolds via their lifts to the orientable covers. The corresponding Lie algebras of
divergence-free vector fields on non-orientable M are I-invariant subalgebras in the algebras
of vector fields in M̃, where I is the orientation-reversing isometry of M̃ without fixed points.

Our main objects of study are diffeomorphism groups of non-orientable surfaces. While
exact divergence-free vector fields on surfaces are described by their stream (or Hamiltonian)
functions, for non-orientable surfaces one has to confine to I-anti-invariant stream functions
on their covers. We start with the case of the Klein bottleK, whose orientation cover is the flat
torus T.

In section 4 we first describe a special basis of vector fields ξk, k= (k1,k2) ∈ N2 spanning
the corresponding Lie algebra SVect(K) of divergence-free fields onK, see theorem 4.3. Then,
similarly to [3], we focus on sectional curvatures in two-dimensional planes containing a
specific vector field, mimicking a trade wind. The corresponding curvatures are described in
theorem 4.7. One of interesting conclusions of those explicit computations is the following

Corollary 4.10. If two stream functions ξk, ηl on the Klein bottleK are sufficiently different, in
the sense that k1 6= l1, k2 6= l2, then the sectional curvature C(ξk,ηl) in the plane through them
is strictly negative.

On the other hand, there always exists a vector field η ∈ SVect(K) such that the corres-
ponding sectional curvature is positive, C(ξk,η)> 0, see theorem 4.11.

Another result worth mentioning is an explicit value of the normalised Ricci curvature in
the direction of an arbitrary basis vector:

Theorem 4.17. For any basis vector ξk ∈ SVect(K) the normalised Ricci curvature of the
group SDiff(K) in the direction ξk is negative and, explicitly, Ric(ξk) =−3(k21 + k22)/(16SK),
where SK is the area of the Klein bottle.

We also present results on asymptotics of sectional curvatures C(ξk,ηm) as m→∞ and
show that they are mostly negative, see theorem 4.13.

In section 5 we study curvatures of the group of measure-preserving diffeomorphisms of
RP2. The basis of the corresponding stream functions is formed by a ‘half’ of the spherical
harmonics. We are particularly interested in the vector field e03 = const · (5cos2(θ)− 1)∂ϕ in
spherical coordinates, which is a natural candidate for a trade wind current. Theorem 5.3 gives
a detailed description of the corresponding sectional curvatures C(e03,e

m
l ) in two-dimensional

planes containing e03, while the corresponding asymptotics as l→∞ for a fixed limit m/l→ q
are described in theorem 5.5.

This allows one to describe the corresponding Ricci curvature in this direction:

Corollary 5.7. The normalised Ricci curvature of SDiff(RP2) in the direction e03 is Ric(e
0
3) =

−15/(8π) =−15/(4SRP2).
We also present a comparison with the previously known results for the vector field e20 =

const · cosθ∂ϕ, see [11].
Finally, in section 6 we give estimates for weather unpredictability based on the curvature

computations if the earth were of the shape of the Klein bottle or the projective plane, and
compare themwith those for the earth shaped as a sphere or a torus, see [4]. Here it is important
to agree on which vector field could be a most natural analogue of the trade wind, a strong
west-east current in the earth atmosphere, responsible, in particular, for the shorter time of
flying in the east direction vs. the west one in either hemisphere. The other important point is
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how to estimate the corresponding ‘average sectional curvature’, and we assume it to be the
normalised Ricci curvature in that direction.

Herewe encounter a new phenomenon for non-orientablemanifolds: a typical error increase
may depend on whether we consider the wind’s fastest particles along closed orbits where the
manifold’s orientation changes or does not, and on howwe rescale the manifold. Under certain
assumptions we show that to predict the weather on the Klein bottle (or on the torus) for 2
months for a natural trade wind, one needs to know it today with 4 more digits of accuracy.
On the other hand, on the projective plane for the same period of 2 months one needs to know
it today with 8 more digits of accuracy! Computations in [4] and [11] based on different trade
wind candidates and ‘average sectional curvature’ estimates would give, respectively 5 more
digits of accuracy for the torus and 10 more digits for the sphere. It seems that the weather is
far more reliable on the Klein bottle!

The study of non-orientable surfaces has applications in theoretical physics for toy-models
of space-time Universe with a non-orientable space surface. For instance in [15] Written dis-
cusses a ‘parity’ anomaly appearing under reflection symmetry in (2+1) dimensional topolo-
gical gravity. Another paper [7] quantises BF-theory on non-orientable surfaces and, in partic-
ular, considers the Klein bottle in greater detail. In general one can speculate whether the space
manifold of the space-time Universe is orientable or not. Orientation is a global topological
property of a manifold, and travelling around the Universe along an orientation reversing path
is an unfeasible experiment. Instead one might explore the implications of a non-orientable
space manifold to more local structures that can be verified experimentally. Note that fluid
dynamics might be a model for such experiments on non-orientable surfaces, as for instance
soap films can have a shape of a Möbius band.

2. Measure-preserving diffeomorphism groups

2.1. Definitions and preliminaries

Let M be a compact, non-orientable manifold without boundary and M̃ an orientation double
cover of M. Then there exists a fixed-point-free, orientation-reversing involution I : M̃→ M̃
such thatM' M̃/I. The quotient induces a covering map K : M̃→M. For such a double cover
the deck transformation group consists of the two elements {IdM̃, I}.

Definition 2.1. A density ρ on an n-dimensional manifold M is a section of the bundle∧nT∗M⊗ o(M), where o(M) is the orientation bundle over M.

A density is also referred to as a non-vanishing volume pseudo-form, or a twisted volume-
form, on M. Under a change of coordinates (x1, . . . ,xn) 7→ (y1, . . . ,yn) with Jacobi matrix J=(

∂xi
∂yj

)
one obtains,

ρ

(
∂

∂x1
, . . . ,

∂

∂xn

)
= |det(J) |ρ

(
∂

∂y1
, . . . ,

∂

∂yn

)
.

Given a density ρ on M one can define a measure µ by

µ(A) =
ˆ
A
ρ for Borel subsets A⊂M.

Let M̃ be an orientation double cover of M with covering map K and

ρ :M→
∧2

T∗M⊗ o(M) ,
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Figure 1. Lattice Γ in R2. The green and blue arrows are the identifications defining the
torus T. Identifying the red arrow with the green arrows gives the Klein bottleK, whose
double cover is the torus T.

a density on M. The density ρ can be pulled back to ρ̃= K∗ρ on M̃, while ρ̃ can be identified
with a volume form on M̃.

Example 2.2. Consider R2 with the lattice Γ spanned by (2π,0) and (0,2π)

Γ =
{
(2πa,2πb) ∈ R2 | a,b ∈ Z

}
.

The torus T is defined by the quotient R2/Γ, see figure 1. Define the fixed-point-free,
orientation-reversing involution by I : T→ T by

I(x1,x2) = (2π− x1,π + x2)

and the equivalence relation (x1,x2)∼K I(x1,x2) on T. The Klein bottle K is the quotient K :
T→K= T/∼K endowed with the smooth structure, see figure 1. On the torus T we define
the area form ρ̃= dx1 ∧ dx2 by restricting the standard area form on R2. The density ρ onK is
such that its pull-back to T by K coincides with ρ̃. The covering map K is also required to be
a Riemannian cover, where on T we have the standard Euclidean metric g̃= dx21 + dx22.

Example 2.3. The unit sphere S2 = {(x,y,z) ∈ R3| x2 + y2 + z2 = 1} with the spherical
coordinates

x= sinθ cosϕ,
y= sinθ sinϕ,
z= cosθ,

θ ∈ [0,π], ϕ ∈ [0,2π), (2.1)

is another key example. The antipodal map I : S2→ S2 given by

I(x,y,z) = (−x,−y,−z) or I(θ,ϕ) = (π− θ,π+ϕ) (2.2)

is a fixed-point-free, orientation-reversing involution. Define the equivalence relation
(x,y,z)∼ I(x,y,z) on S2. The real projective planeRP2 is the quotientK : S2→RP2 = S2/∼.
Points on RP2 are given spherical coordinates (θ,ϕ), through the quotient map K. The area
form µ̃= 1

|z|dx∧ dy on the sphere S2 (or in spherical coordinates µ̃= sin(θ)dθ∧ dϕ) induces
a density µ on RP2 by the covering map K. The covering map K is also required to be a
Riemannian cover, where on S2 we have the metric g̃= dθ2 + sin2 θdϕ2 induced from the
ambient Euclidean metric in R3.
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2.2. Measure-preserving groups and their Lie algebras

Definition 2.4. Let N be a compact (oriented or not) manifold without boundary and ρ a
density on N. The group of measure-preserving diffeomorphisms of (N,ρ) is the Lie-Fréchet
group

SDiff(N) = {Φ: N→ N | Φ is a diffeomorphisms and Φ∗ρ= ρ} .

Lemma 2.5. Let SDiffI(M̃) denote the subset of SDiff(M̃) consisting of diffeomorphisms that
commute with the involution map I. Then SDiffI(M̃) is a subgroup of SDiff(M̃) and there exists
an isomorphism

F : SDiffI
(
M̃
)
→ SDiff(M) ,

that identifies measure-preserving diffeomorphisms of a non-orientable manifold M with
the measure-preserving and involution-commuting diffeomorphisms of its orientation double
cover M̃.

Proof. The proof is immediate by the lifting properties through covering maps. See [13] for
the topological properties of subgroups.

Consider the Lie-Fréchet group SDiff(M̃) of measure-preserving diffeomorphism of M̃ and
its Lie-Fréchet algebra SVect(M̃) consisting of vector fields on M̃ that are divergence-free with
respect to the volume form ρ̃. Thus

SVect
(
M̃
)
=
{
v : M̃→ TM̃ | Lvρ̃= 0 ⇐⇒ div(v) = 0

}
.

Lemma 2.5 shows that for Φ̃ ∈ SDiff(M̃) to induce a measure-preserving diffeomorphism of
M, it needs to satisfy

Φ̃ = I ◦ Φ̃ ◦ I−1. (2.3)

For v ∈ SVect(M̃) the condition (2.3) translates to AdI(v) = v, which reads as I∗v= v ◦ I.
The Lie-Fréchet algebra SVectI(M̃) of SDiffI(M̃) is the subalgebra of SVect(M̃)

defined by

SVectI
(
M̃
)
=
{
v ∈ SVect

(
M̃
)
| Lvρ̃= 0, I∗v= v ◦ I

}
.

Corollary 2.6. There exists an isomorphism of Lie-Fréchet algebras

F∗ : SVectI
(
M̃
)
→ SVect(M) ,

induced by the isomorphism F in lemma 2.5.

3. Curvatures of SDiff(M), isometries, and stream functions

3.1. Riemannian structure and curvatures

Let M be a compact finite-dimensional (oriented or not) manifold with a density ρ and a
Riemannian metric g. A right-invariant Riemannian metric on SDiff(M) is defined at Φ ∈
SDiff(M) by

〈v,w〉Φ = R∗
Φ−1〈v,w〉Id =

ˆ
M
g
(
v ◦Φ−1,w ◦Φ−1

)
ρ, v,w ∈ TΦSDiff(M) ,
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where R∗
Φ−1 is the pull-back by the right translation RΦ−1 .

For the right-invariant Riemannian metric 〈. , .〉 on SDiff(M) the Levi-Cevita connection∇
on SDiff(M) satisfies the Koszul formula

2〈∇uv,w〉= u〈v,w〉+ v〈w,u〉−w〈u,v〉+ 〈[u,v] ,w〉− 〈[v,w] ,u〉+ 〈[w,u] ,v〉,

where [. , .] is the corresponding Lie bracket. Since 〈. , .〉 induces an isomorphism of SVect(M)
and its smooth dual SVect(M)∗, the Koszul formula can be simplified to

∇uv=
1
2
([u,v]−B(u,v)−B(v,u)) , (3.1)

where u and v are right invariant vector fields on SDiff(M) and B is the bilinear operator
implicitly defined by

〈B(u,v) ,w〉= 〈u, [v,w]〉= 〈adTv (u) ,w〉,
see [4] (p. 333).

In the cases when B is well defined, there exists a Levi-Cevita connection on SDiff(M), i.e
the unique connection satisfying

i) u〈v,w〉= 〈∇uv,w〉+ 〈v,∇uw〉 ii) ∇uv−∇vu− [u,v] = 0.

The Riemannian curvature endomorphism R and the sectional curvature C of SDiff(M) is
defined similarly to a finite dimensional Riemannian manifold:

R(u,v)w=−∇u∇vw+∇v∇uw+∇[u,v]w for u,v,w ∈ TΦ SDiff(M) , (3.2)

C(u,v) =
〈R(u,v)u,v〉

〈u,u〉〈v,v〉− 〈u,v〉2
for u,v ∈ TΦ SDiff(M) . (3.3)

Another formula for C(u,v) in the direction determined by an orthonormal pair of vectors
u,v ∈ SVect(M) is provided by Arnold in [4]:

C(u,v) = 〈δ (u,v) , δ (u,v)〉+ 2〈α(u,v) ,β (u,v)〉− 3〈α(u,v) ,α(u,v)〉− 4〈Bu,Bv〉, (3.4)

where

δ (u,v) = 1
2 (B(u,v)+B(v,u)) ,

α(u,v) = 1
2 [u,v] ,

β (u,v) = 1
2 (B(u,v)−B(v,u)) ,

Bu = 1
2B(u,u) .

(3.5)

3.2. Isometries and the totally geodesic property

Geodesics on SDiff(M) with respect to the right-invariant L2-metric are of particular interest,
as they correspond to solutions of the Euler equation on M, as was shown by Arnold [3].

Definition 3.1. A submanifold N of a Riemannian manifold (M, g) is called totally geodesic
if any geodesic on the submanifold N with its induced Riemannian metric g is also a geodesic
on the Riemannian manifold (M, g).

Sectional curvatures of totally geodesic submanifolds N coincide with the curvatures in M
in the corresponding two-dimensional directions tangent to N.

7
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Now consider an isometry τ of a Riemannian manifold (M, g). The following general pro-
position will be particularly useful in the non-orientable context later.

Proposition 3.2. Let SDiffτ (M) denote the subset of SDiff(M) consisting of diffeomorphisms
that commute with the isometry τ . Consider the right-invariant L2 metric on SDiff(M). Then
SDiffτ (M) is a totally geodesic subgroup of SDiff(M).

Proof. Indeed, the compositions and inverses of diffeomorphisms commuting with τ also
commute with it, so SDiffτ (M) is a subgroup. The Koszul formula (3.1) for the covariant
derivative uses only the metric and Lie commutator, both of which are τ -invariant, so the
parallel transport is τ -invariant as well. The latter means that all geodesics started on the sub-
manifold SDiffτ (M)⊂ SDiff(M) remain on this submanifold, which is the totally geodesic
property.

A similar statement for axisymmetric flows was proved in [10].

Corollary 3.3. For a non-orientable manifold M the group of measure-preserving diffeo-
morphisms SDiff(M), understood as a subgroup of I-invariant diffeomorphisms in its orient-
ation double cover SDiffI(M̃)⊂ SDiff(M̃), is a totally geodesic submanifold in SDiff(M̃).

Indeed, the involution I is an isometry of M.
This allows one to employ the curvature formulas for the diffeomorphism groups of the cor-

responding orientation double covers, provided that the basis vector fields are chosen in invari-
ant or anti-invariant way. Furthermore, below we assume that for a non-orientable M and its
orientation cover M̃ the Lie group isomorphism F : SDiffI(M̃)→ SDiff(M) (from lemma 2.5)
is also an isometry of the right-invariant Riemannian metrics 〈·, ·〉M̃ and 〈·, ·〉M on SDiffI(M̃)
and SDiff(M), respectively. In other words, we set the norm of a vector field v ∈ SVect(M) to
be that of its lift ṽ ∈ SVectI(M̃):

‖v‖2M :=

ˆ
M̃
g(ṽ, ṽ) ρ̃= 2

ˆ
M
g(v,v) ρ= ‖ṽ‖2M̃ .

In this isometric normalization sectional curvatures of the group SDiff(M) and the subgroup
SDiffI(M̃)⊂ SDiff(M̃) coincide: CM(u,v) = CM̃(ũ, ṽ).

Remark 3.4. Note that in the normalization ‖v‖2M :=
´
M g(v,v)ρ=

1
2 ‖ṽ‖

2
M̃ , the sectional

curvatures of the group SDiff(M) and the subgroup SDiffI(M̃) are related by a factor of 2,
namely CM(u,v) = 2CM̃(ũ, ṽ), as the formula (3.3) implies.

3.3. Stream functions

Let M̃ be a compact oriented surface and ω an area form on M̃. For a vector field v ∈ SVect(M̃)
consider the 1-form α= ω(v, ·). The 1-form α is closed since v is divergence-free. Consider
a field v for which it is an exact 1-form, i.e. the differential of a Hamiltonian function, dfv :=
ω(v, ·). This Hamiltonian function fv (defined up to an additive constant) on M is called the
stream function of v. We restrict the Lie algebra SVect(M̃) to the subalgebra S0Vect(M̃) of
vector fields v admitting a single-valued, zero-mean stream function. The correspondence v↔
fv is a Lie algebra isomorphism between S0Vect(M̃) and the Poisson algebra

C∞
0

(
M̃
)
=

{
f : M̃→ R | f is smooth,

ˆ
M̃
fω = 0

}
, {f,g}= dg(vf) ,

where vf = sgrad f is the skew-gradient of f, such that df(·) = ω(vf, ·).

8
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Example 3.5. Let M̃= T be the torus and ρ̃= dx1 ∧ dx2 the area form on T. The area form is
a symplectic form on T. A vector field v= v1∂x1 + v2∂x2 ∈ SVect(T) can be identified with a
closed 1-form ρ̃(v, ·) =−v2dx1 + v1dx2. Let S0Vect(T) be the space of exact divergence-free
vector fields on the torus. They are associated to the space gT of zero-mean stream functions:

S0Vect(T) =
{
vf =

∂f
∂x2

∂x1 −
∂f
∂x1

∂x2

∣∣∣Lvf ρ̃= div(vf) ρ̃= 0

}
←→ gT :=

{
f : T→ R | df = ρ̃(vf, ·) =−v2dx1 + v1dx2,

ˆ
T
f ρ̃= 0

}
.

(3.6)

This is a Lie algebra isomorphism, where the Lie bracket of vector fields corresponds to the
canonical Poisson bracket of stream functions:

[vf,wg] =−(vfwg−wgvf) ←→ {f,g}= ∂f
∂x2

∂g
∂x1
− ∂f

∂x1

∂g
∂x2

.

Example 3.6. Let M̃= S2 and consider the area form µ= sinθdθ∧ dϕ, which is also a sym-
plectic form on S2. A vector field v(θ,ϕ) = vθ∂θ + vϕ ∂ϕ ∈ SVect(S2) can be identified with a
closed 1-form µ(v, ·) = sinθ(−vϕ dθ+ vθdϕ). On S2 all closed 1-forms are exact and a field
v corresponds to a zero-mean stream function fv : S2→ R. The corresponding Lie algebra iso-
morphism of vector fields and their stream functions

SVect
(
S2
)
=

{
vf =

1
sinθ

∂f
∂ϕ

∂θ −
1

sinθ
∂f
∂θ

∂ϕ

∣∣∣Lvfµ= div(vf)µ= 0

}
←→ gS

2

:=

{
f : S2→ R | df = µ(vf, ·) = sinθ (−vϕ dθ+ vθdϕ) ,

ˆ
S2
fµ= 0

} (3.7)

is as follows:

[vf,wg] =−(vfwg−wgvf) ←→ {f,g}= 1
sinθ

(
∂f
∂ϕ

∂g
∂θ
− ∂f

∂θ

∂g
∂ϕ

)
. (3.8)

Remark 3.7. Let M̃ be the orientation cover of a non-orientable surface M= M̃/I. Then the
Lie algebra of I-invariant exact vector fields is isomorphic to the Lie algebra of I-anti-invariant
zero-mean stream functions on M̃.

Lemma 3.8. Let M̃ be the double orientation covering of a non-orientable surface M= M̃/I.
The Lie algebra S0VectI(M̃) of exact vector fields v on M̃ satisfying I∗v= v ◦ I is isomorphic
to the subalgebra of zero-mean stream functions f on M̃ satisfying f ◦ I=−f.

Proof. Let f be the stream function associated to a vector field vf ∈ S0VectI(M̃), i.e. df(·) =
ω(vf, ·). Since v is I-invariant, while ω is I-anti-invariant (I∗v= v ◦ I, I∗ω =−ω), the differ-
ential df is I-anti-invariant, I∗df =−df. This proves that f is I-anti-invariant up to an additive
constant, f ◦ I=−f+C. The zero-mean condition implies that C= 0 and the statement fol-
lows, f ◦ I=−f.

Below we will denote by gM̃1 and gM̃−1 the Lie subalgebras in S0VectI(M̃) spanned, respect-
ively, by I-invariant and I-anti-invariant zero-mean stream functions. According to lemma 3.8
the Lie algebra of exact vector fields on M= M̃/I is SVect(M)' gM̃−1.

9
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4. Curvatures of SDiff(K)

4.1. Riemannian structure on SDiff(K)

Consider the Klein bottleK and its orientation double covering T, see example 2.2. We fix the
standard flat metric g= dx21 + dx22 on T. Restrict SDiff(T) to Hamiltonian diffeomorphisms
S0Diff(T), i.e. measure-preserving diffeomorphisms isotopic to the identity and leaving the
‘centre of mass’ of the torus fixed. The subgroup S0Diff(T) is a totally geodesic submanifold
of the group SDiff(T), see [5]. Its Lie algebra is S0Vect(T) from (3.6).

Denote by SDiff(K) the subgroup of I-invariant diffeomorphisms S0DiffI(T) (via the iso-
morphism of lemma 2.5):

SDiff(K)' S0DiffI (T) =
{
Φ̃ ∈ S0Diff(T) | Φ̃ ◦ I= I ◦ Φ̃

}
,

and its Lie algebra SVect(K)' S0VectI(T) = {v ∈ S0Vect(T) | I∗v= v ◦ I}.
Let the vector fields vf,wg on T be associated to the stream functions f,g ∈ gT. The

Riemannian metric at the identity of the group is given by

〈vf,wg〉=
ˆ
T

(
∂f
∂x1

∂g
∂x1

+
∂f
∂x2

∂g
∂x2

)
dx1dx2 =: 〈 f,g〉gT .

To describe below the curvatures for SDiff(K)we first recall Arnold’s results for the torus, and
following [3] we consider the complexified Lie algebra gTC of gT, together with a C-linearly
extended inner product 〈. , .〉 on gTC.

Theorem 4.1 ([3, 4]). Consider the Lie algebra

gTC =

{
f : T→ R |

ˆ
T
f dx1dx2 = 0

}
⊗C

with the basis {
ek := ei(k1x1+k2x2) | k1,k2 ∈ Z

}
,

and let ST denote the area of the torus. Then

(1) 〈ek,el〉= 0, for k+ l 6= 0,
(2) 〈ek,e−k〉= ‖k‖2 ST = (k21 + k22)ST,
(3) {ek,el}= (k× l)ek+l = (k1l2− k2l1)ek+l,

(4) B(ek,el) = (k× l) ‖k‖
2

‖k+ l‖2
ek+l,

(5) ∇ekel =
(k1l2− k2l1)(k1l1 + k2l2 + ‖l‖2)

‖k+ l‖2
ek+l,

(6) Rk,l,m,n = 〈R(ek,el)em,en〉= 0 if k+ l+m+ n 6= 0,
(7) Rk,l,m,n = (dlndkm− dlmdkn)ST if k+ l+m+ n= 0,

where duv =
(u× v)2

‖u+ v‖

10
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Corollary 4.2. A basis for the real Lie algebra gT is given by{
cos(k1x1 + k2x2) =

1
2
(ek+ e−k) , sin(k1x1 + k2x2) =

1
2i

(ek− e−k)

}
, (4.1)

with (k1,k2) ∈
(
Z2 \ {(0,0)}

)
/{−1,1}, whereZ2/{−1,1} is the quotient ofZ2 under the equi-

valence (k1,k2)∼ (−k1,−k2). Equivalently the basis (4.1) is given by{
cos(k1x1)cos(k2x2) k ∈ N2

0 \ (0,0) , cos(k1x1)sin(k2x2) k ∈ N0×N,
sin(k1x1)sin(k2x2) k ∈ N2, sin(k1x1)cos(k2x2) k ∈ N×N0

}
, (4.2)

where N0 = {0,1,2, . . .} and N= {1,2, . . .}.

4.2. Basis for SVect(K)

Denote the subalgebra of zero-mean stream functions on T such that f ◦ I=−f by gT−1. By
lemma 3.8, we have the following isomorphisms of Lie algebras

SVect(K)' S0VectI (T)' gT−1.

Note that the basis
{
ek = ei(k1x1+k2x2)

}
for gT⊗C from theorem 4.1 does not restrict to a basis

for gT−1⊗C since ek /∈ gT−1⊗C for arbitrary k ∈ Z2. However, a part of the basis in (4.2) are
elements of gT−1. Define index sets J

ℜ,Jℑ ⊂ N2
0 to remove zero functions in the basis for gT−1 :

Jℜ =
{
k= (k1,k2) ∈ N2

0 | k 6= (n,0)and k 6= (0,2n) for all n ∈ N0
}

Jℑ =
{
k= (k1,k2) ∈ N2

0 | k 6= (0,2n) for all n ∈ N0
}
.

(4.3)

Theorem 4.3. An orthogonal basis for the real Lie algebra SVect(K)' gT−1 is given by

B = { Eℜ
k = 4cos(k1x1)cos(k2x2) = ek+ e−k+ ek+ e−k, k ∈ Jℜ, k2odd }

∪ { Eℑ
k = 4cos(k1x1)sin(k2x2) =−i ( ek− e−k− ek+ e−k

)
, k ∈ Jℑ, k2odd }

∪ { Eℜ
k = 4sin(k1x1)sin(k2x2) = ek+ e−k− ek− e−k, k ∈ Jℜ, k2even }

∪ { Eℑ
k = 4sin(k1x1)cos(k2x2) =−i ( ek− e−k+ ek− e−k

)
, k ∈ Jℑ, k2even } ,

(4.4)

where k= (k1,k2) ∈ Z2, −k := (−k1,−k2) and k := (k1,−k2).

Introduce the following stream functions

ξk := akek+ a−ke−k+ akek+ a−ke−k, ak ∈ C (4.5)

with

a−k = ak, ak = (−1)k2+1 ak, (4.6)

which we will denote by ξk or ξ(k1,k2) if the value of ak is irrelevant. (Note that conditions (4.6)
imply that a−k = (−1)k2+1ak.)

The notation (4.5) compresses the information about whether ak is real, pure imaginary or
complex and k2 being odd or even. For instance, for an odd value of k2, see also figure 2:

11
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Figure 2. A vector field v= sin(x2)∂x1 ↔ ξ(0,1) =−cos(x2) on the torus in the sub-
algebra S0VectI(T), i.e. where I∗v= v ◦ I. Thus this gives a vector field on the Klein
bottle.

• if ak = α is real (hence the superscript < in Eℜk ) and k2 is odd, then
ξk = α

(
ek+ e−k+ ek+ e−k

)
= αEℜk ,

• if ak = iβ is pure imaginary (hence the superscript= in Eℑk ) and k2 is odd, then ξk = iβ
(
ek−

e−k− ek+ e−k

)
=−βEℑk

• if ak = α+ iβ and k2 is odd, then

ξk = α
(
ek+ e−k+ ek+ e−k

)
+ iβ

(
ek− e−k− ek+ e−k

)
= αEℜk −βEℑk ,

and hence ξk is always a real-valued function.

Analogously one calculates the expressions for an even value k2.

Proof of theorem 4.3. Consider the stream function

f = ek+ e−k+ ek+ e−k = 4cos(k1x1)cos(k2x2)

from (4.2). We have

f ◦ I= 4cos(k1 (2π − x1))cos(k2 (π + x2)) = 4cos(k1x1)cos(k2x2 +π k2) .

The latter equals −f if and only if k2 is odd and it equals f if and only if k2 is even. Similar
statements hold for the other elements in (4.2). The index sets are defined to remove zero

12
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elements from the basis. Since gT = gT−1⊕ gT1 the even/odd restriction on k2 implies that B ⊂
gT−1.

Orthogonality is checked by employing the notation (4.5) and expanding the inner product
of basis elements ξk,ηl using (1) and (2) in theorem 4.1. The only non-trivial verification is
that 〈ξk, ηk〉= 0 for ξk = Eℜk and ηk = Eℑk . In that case the coefficients of ξk and ηk are ak = 1
and bk =−i, respectively, and hence

〈ξk, ηk〉= 〈ek, ie−k〉+ 〈e−k,−iek〉+(−1)2k2+2 (〈ek,−ie−k〉+ 〈e−k, iek〉
)
= 0.

The closedness of the Poisson bracket is also verified by a direct computation in the
basis (4.5). For two elements

ξk = akek+ a−ke−k+ akek+ a−ke−k, ak ∈ C,

ηl = blel+ b−le−l+ blel+ b−le−l, bl ∈ C.

we obtain

{ξk,ηl}=
∑

j={l,−l,l,−l}
(k× j)ζk+j,

where ζk+j also has the form (4.5) with coefficients ck+j = akbj, c−(k+j) = a−kb−j, ck+j = akbj,
and c−(k+j) = a−kb−j.

Corollary 4.4. A general element η ∈ SVect(K)' gT−1 can be written as

η =
∑
l∈Z2

blel =
∑
l∈Z2

ble
i(k1x1+k2x2),

with constraints

b−l e−l = bl e−l,

bl el = (−1)l2+1 bl el,

(and their combination b−l e−l = (−1)l2+1 bl e−l.) In particular, it is enough to specify the
elements blel for l ∈ N2

0 ⊂ Z2, i.e. in the first quadrant. (Here <(bl) = 0 for l ∈ N2
0 \ Jℜ and

=(bl) = 0 for l ∈ N2
0 \ Jℑ.)

Corollary 4.5. The group SDiff(K)with the Lie algebra SVect(K)' gT−1 is a totally geodesic
submanifold in the group S0Diff(T). In particular, its curvatures in two-dimensional planes
containing basis elements (4.5) can be computed by using the curvatures in the ambient group
S0Diff(T).

Indeed, it follows from proposition 3.2. It can also be seen directly, as the covariant deriv-
ative of ηl along ξk will be given by a linear combination∇ξkηl =

∑
j={l,−l,l,−l}Γk,jζk+j, with

Γk,j ∈ R and ζk+j ∈ B, cf (5) in theorem 4.1

13
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4.3. Sectional curvatures of SDiff(K)

We start by recalling the sectional curvatures of the group S0Diff(T) found in [3]. Namely, in
any two dimensional planes containing elements ζk from the basis of corollary 4.2 they are as
follows.

Theorem 4.6 ([3, 4]). Let

ζk = cos(k1x1 + k2x2) =
1
2
(ek+ e−k) ,

and let η =
∑
l∈Z2

blel be a general element in S0Vect(T)' gT with the constraint b−l = bl and

orthogonal to ζk. Then the sectional curvature of the group S0Diff(T) in any two-dimensional
plane containing the stream function ζk is

C(ζk,η) ·

(∑
l∈Z2

‖bl‖2 ‖l‖2
)

=− 1

2ST ‖k‖2
∑
l∈Z2

(k× l)4

‖k+ l‖2
|bl+ b2k+l|2 , (4.7)

where ST denote the area of the torus.

The following theorem gives the sectional curvature of SDiff(K) for the Klein bottle,
whenever one fixes an arbitrary stream function of the form (4.5).

Theorem 4.7. Let ξk be of the form (4.5) and η =
∑

l∈Z2 blel ∈ gT−1 as in corollary 4.4. Assume
that the corresponding vector fields are orthogonal in SVect(K). Then the sectional curvature
of SDiff(K) in any two-dimensional plane containing ξk is

C(ξk,η) ·

(
|ak|2

∑
l∈Z2

|bl|2 ‖l‖2
)

=− 1

2ST ‖k‖2
∑
l∈Z2

(k× l)4

‖k+ l‖2
|akbl+ akb2k+l|2

+(−1)k2 1

ST ‖k‖2
∑
l∈Z2

(
k× (k+ l)

)2
(k× l)2

‖k+ l‖2
Re
(
a2kblb−k+k−l+ |ak|

2blb−k−k−l

)
+(−1)k2+1 4k21k

2
2

ST ‖k‖2
∑
l∈Z2

l21Re
(
a2kblb−k+k−l

)
+ l22Re

(
|ak|2blb−k−k−l

)
, (4.8)

where Re stands for taking the real part.

The proof is a direct but involved computation using expressions for sectional curvatures
from section 3.1 and formula (3.2) for the Riemannian curvature tensor.

Example 4.8. Let us consider a pair of vectors

ξ(1,1) = e(1,1) + e(−1,−1) + e(1,−1) + e(−1,1) = 4cos(x1)cos(x2) ,

and

η(2,2) = b(2,2)e(2,2) + b(−2,−2)e(−2,−2) + b(2,−2)e(2,−2) + b(−2,2)e(−2,2),

where

b(−2,−2) = b(2,2), b(2,−2) =−b(2,2), b(−2,2) =−b(2,2),

14
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and compute the sectional curvature C(ξ(1,1),η(2,2)) using theorem 4.7. The terms bl in the
sums in (4.8) are non-zero for

l ∈ J= {(2,2) ,(−2,−2) ,(2,−2) ,(−2,2)} .

Notice that here k= (1,1) and for all l ∈ J,

2k+ l /∈ J, −k− k− l /∈ J, −k+ k− l /∈ J.

Thus for all l ∈ J, b2k+l = b−k−k−l = b−k+k−l = 0. This simplifies the calculation of
C(ξ(1,1),η(2,2)) to

C
(
ξ(1,1),η(2,2)

)(
32|b(2,2)|2

)
=− 1

4ST

∑
l∈J∪(J−2k)

(k× l)4

‖k+ l‖2
|bl|2 .

This implies that C(ξ(1,1),η(2,2))'−0.0203.

Remark 4.9. It is worth mentioning that the basis (4.4) for gT−1 for the Klein bottle does not
‘behave’ as nicely as the basis{

2cos(k1x1 + k2x2) = ek+ e−k, 2sin(k1x1 + k2x2) =−i(ek− e−k) | k ∈ Z2/{−1,1}
}

for the torus in theorem 4.6. For the torus the sectional curvature turns out to be negative in
any two-dimensional plane containing the direction ek+ e−k, but it is not the case for the Klein
bottle. In a nutshell, the reason is that basis elements for K are sums of four parts (rather than
two for T), the corresponding curvature tensor Rk,l,m,n contains 44 = 256 terms and there are
more interactions between them than in the torus case, resulting in two extra sums in (4.8) not
appearing in (4.7).

The following corollary shows that if two stream functions of the form (4.5) are sufficiently
different, the sectional curvature in the plane through them is strictly negative.

Corollary 4.10. Let k1 6= l1, k2 6= l2 for two stream functions ξk, ηl as in (4.5). Then the sec-
tional curvature of the group SDiff(K) in the two-dimensional direction given by ξk and
ηl is

C(ξk,ηl) =−
1

4ST ‖k‖2 ‖l‖2

(
(k× l)4

‖k+ l‖2
+

(k× l)4

‖k− l‖2
+

(
k× l

)4∥∥k+ l
∥∥2 +

(
k× l

)4∥∥k− l∥∥2
)
,

and, in particular, it is strictly negative and bounded as follows:

−
min

{
‖k‖2 ,‖l‖2

}
ST

⩽ C(ξk,ηl)< 0.

Proof. Having fixed index l for ηl, we use j as the summing index in (4.8). The two last sums
in (4.8) vanish as all products bjb−k+k−j and bjb−k−k−j are zero. In the first sum, bj is non-zero

when j ∈ {l,−l, l,−l}, and similarly with b2k+j. Employing the normalization from the l.h.s.
of (4.8), we get the desired result.

15
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Recall that by theorem 4.6 the sectional curvatures of S0Vect(T) are always negative in
planes containing ζk from the basis of corollary 4.2. However, the following theorem shows
that in SVect(K) in certain two-dimensional directions containing a stream function ξk, which
is an analogue of ζk for T, the sectional curvature is positive.

Theorem 4.11. Let ξk = akek+ a−ke−k+ akek+ a−ke−k, with ak ∈ R or iR, as in (4.5). Then
there exists a direction η ∈ SVect(K) such that C(ξk,η)> 0.
Namely, there exists a sequence of stream functions ηlm ∈ SVect(K) such that

{C(ξk,ηlm)}m∈N is a monotonically increasing sequence, converging to

lim
m→∞

C(ξk,ηlm) =


k22

2‖k‖2 ST

(
4k21− 3k22

)
, if k1 ⩾ k2

k21
2‖k‖2 ST

(
4k22− 3k21

)
, if k1 ⩽ k2.

Proof. Given k with k1 ⩾ k2 we set

ηlm = b(m,k2)e(m,k2) + b(−m,−k2)e(−m,−k2) + b(m,−k2)e(m,−k2) + b(−m,k2)e(−m,k2) ∈ B,

for m 6= k1. We will later specify b(m,k2) to be 1 or −i, but either way we will choose |bl|= 1.
We now compute C(ξk,ηlm) by using theorem 4.7.

The normalization constant on the left-hand side of (4.8) equals 4|ak|2 ‖l‖2 = 4|ak|2(m2 +
k22). By expanding the first sum in (4.8) in terms of m= j1, we obtain

− |ak|2

2ST ‖k‖2
∑
j∈Z2

(k1k2− j1k2)4

(k1 + j1)
2
+(k2 + j2)

2 =−4|ak|2
k42

ST ‖k‖2
m2 +O

(
1
m

)
,

as m→∞. The expansion of the second sum in (4.8) in terms of m= j1 gives

(−1)k2 1

ST ‖k‖2
∑
j∈Z2

(k1k2 + j1k2)
2
(k1k2− j1k2)2

(k1 + j1)
2 Re

(
a2k (−1)

k2+1 b2j
)

=−2a2kb2l
k42

ST ‖k‖2
m2 +O

(
1
m

)
.

The third sum in (4.8) simplifies to

(−1)k2+1 4k21k
2
2

ST ‖k‖2
∑
j∈Z2

j21Re
(
a2k (−1)

k2+1 b2j
)
= 8a2kb

2
l
k21k

2
2

ST ‖k‖2
m2.

Combining these terms and dividing by the normalization constant, we obtain

C(ξk,ηlm) =
k22

2|ak|2 ‖k‖2 ST

(
4a2kb

2
l k

2
1− a2kb2l k22− 2|ak|2k22

)
+O

(
1
m

)
.

Choose bl such that a2kb
2
l > 0, i.e. set bl = 1 for ak ∈ R and set bl =−i for ak ∈ iR. Then

C(ξk,ηlm) =
k22

2‖k‖2 ST

(
4k21− 3k22

)
+O

(
1
m

)
,
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Table 1. The table shows the sectional curvatures of SDiff(K) in the two dimensional
planes spanned by ξ(20,10) and η(m,10) for selected values of m ∈ N. The sequence of
stream functions η(m,10) is given by theorem 4.11. As m→∞, C(ξ(20,10),η(m,10)) will
converge to 65

2π2 ≃ 3.2929. The graph of the sequence is shown in figure 3.

m 0 5 10 15 20 25 35 45 100 300 500

C(ξ(20,10),η(m,10)) 0 −1.6 −0.3 0.5 0 1.1 1.7 2.2 3.1 3.2 3.2843

which is positive for large m, since k1 ⩾ k2.
Finally, a vector η satisfying C(ξk,η)> 0 can be chosen as η = ηlm for m large enough, so

that C(ξk,ηlm)> 0.

Example 4.12. Table 1 illustrates theorem 4.11 for

ξ(20,10) = e(20,10) + e(−20,−10)− e(20,−10)− e(−20,10). (4.9)

The proof of theorem 4.11 suggests that for

η(m,10) = e(m,10) + e(−m,−10)− e(m,−10)− e(−m,10),

with m ∈ N the sequence C(ξ(20,10),η(m,10)) converges to
65
2π2 ' 3.2929.

Note that the sequence η(m,10) contains all stream functions ηl of type (4.5) such that
C(ξ(20,10),ηl)> 0 since the elements ηl with l= (l1, l2), l1 6= k1 = 20 and l2 6= k2 = 10

satisfy the hypothesis of corollary 4.10. Candidates ηl for which C(ξ(20,10),ηl) is posit-
ive are on the lines l1 = k1 = 20 or l2 = k2 = 10. The construction in theorem 4.11 implies
that if the coefficients of ηl are imaginary, then C(ξ(20,10),ηl)< 0, and if l1 = k1 = 20, then
C(ξ(20,10),η(20,l2))⩽ 0.

Figure 3 shows the graph of C(ξ(20,10),ηl) as a function of l= (l1, l2), where the sequence
η(m,10) is clearly visible. The points on the graph of C(ξ(20,10),ηl) happen to lay on a smooth
surface, with the exception of the elements ηl with l1 = k1 or l2 = k2. This observation is made
rigorous in the next section where the asymptotic value of C(ξk,ηl) is calculated as ‖l‖→∞.

4.4. Asymptotics of sectional curvatures for SDiff(K)

In order to compute the normalised Ricci curvature in S0DiffI(T), we first describe the asymp-
totic behaviour of sectional curvatures as the eigenvalues of the Laplace–Beltrami operator
tends to infinity, see figure 3.

Theorem 4.13. Fix a stream function ξk as in (4.5) and let κ := arctan

(
k2
k1

)
. Consider a

sequence of stream functions ηlm where (lm)1 6= k1, (lm)2 6= k2, and

‖lm‖
m→∞−→ ∞,

lm
‖lm‖

−→ l, λ= arctan

(
l2
l1

)
.

Then lim
m→∞

C(ξk,ηlm) =−
‖k‖2

2ST

(
sin4 (λ−κ)+ sin4 (λ+κ)

)
.
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Figure 3. The value of C(ξ(20,10),ηl) along the x3-axis for ηl with various l= (l1, l2) ∈
Jℑ satisfying ∥l∥⩽ 50. On the ‘cross’ passing through l1 = 20, l2 = 10, the hypothesis of
corollary 4.10 is not fulfilled. The sequence η(m,10) from table 1 is going along l2 = 10.
(The colours are to distinguish individual points.).

Proof. Under the hypothesis of the theorem one can apply Corollary 4.10 to obtain

C(ξk,ηlm) =−
1

4ST ‖k‖2 ‖lm‖2
∑
jm∈Jm

(k× jm)4

‖k+ jm‖2
, for jm ∈

{
lm, −lm, lm, −lm

}
= Jm.

We have that

k× jm = ‖k‖‖jm‖sin
(
θkjm
)
,

k× jm = k× (k+ jm) = ‖k‖‖k+ jm‖sin
(
θkk+jm

)
, (4.10)

where θkjm is the angle between the vectors k and jm, while θkk+jm is the angle between k and
k+ jm. Substituting (4.10) into the formula for C(ξk,ηlm) we obtain

C(ξk,ηlm) =−
‖k‖2

4ST

∑
jm∈Jm

sin2
(
θkk+jm

)
sin2

(
θkjm
)
.

It is clear that

lim
m→∞

sin
(
θkk+jm

)
= lim

m→∞
sin
(
θkjm
)
,

since lim
m→∞

k
∥jm∥ = (0,0), as ‖jm‖ −→∞ by hypothesis. Putting this together with the expres-

sion for C(ξk,ηlm), we obtain

lim
m→∞

C(ξk,ηlm) = lim
m→∞

−‖k‖
2

4ST

∑
jm∈Jm

sin4
(
θkjm
)
=−‖k‖

2

4ST

∑
l∈J

sin4
(
θkl
)
. (4.11)
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Figure 4. The vectors k, l, −l, l, −l and corresponding angles κ, λ, π +λ, −λ, π −λ
between them and the positive x-axis.

Now express θkl in terms of the angle κ between k and the positive x-axis, and the angle λ
between l and the positive x-axis. As one can see in figure 4,

θkl = λ−κ, θk−l = π +λ−κ θk
l
=−λ−κ, θk−l

= π −λ−κ,

and thus

sin4
(
θkl
)
= sin4 (λ−κ) , sin4

(
θk−l

)
= sin4 (λ−κ) ,

sin4
(
θk
l

)
= sin4 (λ+κ) , sin4

(
θk−l

)
= sin4 (λ+κ) .

Combine these with (4.11) to obtain

lim
m→∞

C(ξk,ηlm) =−
‖k‖2

2ST

(
sin4 (λ−κ)+ sin4 (λ+κ)

)
.

4.5. Normalised Ricci curvature of SDiff(K)

We now give a definition of the normalised Ricci curvature of S0Diff(M) for a compact
Riemannian surfaceM. It is an infinite-dimensional analogue of the normalised Ricci curvature
for a finite-dimensional manifold, see e.g. [5].

Definition 4.14. Let (M, g) be a compact Riemannian manifold without boundary and

∆g =
1√
|g|

∂i

(√
|g|gij∂j

)
the Laplace–Beltrami operator on M. The eigenfunctions

∆gEi = λi Ei
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can be considered as a basis for S0Vect(M). Define a (partial) order on this basis by descending
eigenvalues, λi ⩾ λi+1. The normalised Ricci curvature of S0Diff(M) in the direction ξ is

Ric(ξ) = lim
N→∞

1
N− 1

N∑
i=1

C(ξ,Ei) ∈ R∪{±∞} .

When computing the normalised Ricci curvature we consider a subsequence of

SN (ξ) =
1

N− 1

N∑
i=1

C(ξ,Ei) , (4.12)

which only employs the first N elements Ei of the basis with
√
|λi|⩽ R.

Let now M be the torus or Klein bottle, and we consider the basis B and ξ := ξk ∈ B. We
need to express N as a function of R.

Lemma 4.15. Let |BR| be the number of basis elements Eℜl ,Eℑl from the basisB in theorem 4.3
with ‖l‖⩽ R. The sequence is given by

|BR|= 2

(
A(R)−

⌊R
2

⌋
− 1

)
−R,

where A(R) is the number of non-negative integer solutions to the inequality

x2 + y2 ⩽ R2.

In particular, |BR|= π
2 R

2 +O(R) as R→∞.

Proof. Counting the elements in the basis is the same as counting the elements in the index
sets in (4.3) with ‖l‖⩽ R:

JℜR =
{
l= (l1, l2) ∈ N2

0 | l21 + l22 ⩽ R2, l 6= (n,0)and l 6= (0,2n) for all n ∈ N0
}
,

JℑR =
{
l= (l1, l2) ∈ N2

0 | l21 + l22 ⩽ R2, l 6= (0,2n) for all n ∈ N0
}
.

The number of points in JℜR is the number of integer solutions to x2 + y2 ⩽ R2, minus R points
of the type (n,0) for 0⩽ n⩽ R;

⌊
R
2

⌋
points of the type (0,2n) for 0⩽ 2n⩽ R; and minus the

origin. Hence |JℜR |= A(R)−
⌊
R
2

⌋
− 1−R. Similarly, |JℑR |= A(R)−

⌊
R
2

⌋
− 1.

To prove the growth rate we note that there are (R+ 1)2 points (l1, l2) ∈ N2
0 in the box

[0,R]× [0,R]⊂ R2. A(R) is defined by intersecting this box with the disk x2 + y2 ⩽ R2, hence
|A(R)| grows as π

4 R
2 +O(R) and thus |BR| grows as π

2 R
2 +O(R).

Finally we need a bound on the sectional curvature for the stream functions ξk,ηl as in (4.5)
that are not in a sequence satisfying theorem 4.13.

Lemma 4.16. Let ξk,ηl be as in (4.5) with ξk 6= ηl. Then

∣∣C(ξk,ηl)
∣∣⩽ 9‖k‖2

2ST
+

2min
{
k21,k

2
2

}
ST

.

Proof. We apply theorem 4.7 with the two elements

ξk = akek+ a−ke−k+ akek+ a−ke−k, |ak|= |a−k|= |ak|= |a−k| ,
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ηl = blel+ b−le−l+ blel+ b−le−l, |bl|= |b−l|= |bl|= |b−l|,

and k 6= l ∈ N2
0. The normalization factor in (4.8) is 4|ak|2|bl|2 ‖l‖2. The first sum in (4.8) is

bounded by

16‖k‖2

ST
‖l‖2 |ak|2|bl|2,

since there are 8 index pairs j = ( j1, j2) ∈ Z2 such that 0< |akbj+ akb2k+j|2 ⩽ 4|ak|2|bj|2,
while all other indices do not contribute. The second sum in (4.8) is bounded by

2‖k‖2

ST
‖l‖2 |ak|2|bl|2,

since there are at most 2 index pairs j = ( j1, j2) ∈ Z2 such that 0< Re(a2kbjb−k+k−j+

|ak|2bjb−k−k−j)⩽ |ak|2|bj|2, while there is zero contribution from all other index pairs.
The third sum in (4.8) is bounded by

8min
{
k21,k

2
2

}
ST

‖l‖2 |ak|2|bl|2,

since there are at most 2 index points j = ( j1, j2) ∈ Z2 such that either 0< Re(a2kbjb−k+k−j)⩽
|ak|2|bj|2, or 0< Re(|ak|2bjb−k−k−j)⩽ |ak|2|bj|2, with no contribution from other indices.

Theorem 4.17. Let ξk = akek+ a−ke−k+ akek+ a−ke−k, with ak ∈ C, as in (4.5). Then the
normalised Ricci curvature of SDiff(K) in the direction ξk is

Ric(ξk) =−
3‖k‖2

8ST
=−3‖k‖2

16SK
.

Proof. Consider a partial order on El = blel+ b−le−l+ blel+ b−le−l ∈ B for el := ei(l1x1+l2x2)

by descending eigenvalues

∆El =
(

∂2

∂x21
+

∂2

∂x22

)
El =−‖l‖2 El.

Let SN(ξk) be the sequence (4.12) converging to the normalised Ricci curvature. Let

BR = {El ∈ B | ‖l‖⩽ R} . (4.13)

From now on we consider the subsequence of SN(ξk) where N is restricted to N=
∣∣BR∣∣, where∣∣BR∣∣ is the number of basis elements in B with ‖l‖⩽ R, see lemma 4.15. Then

SN (ξk) = S|BR| (ξk) =
1
|BR|

∑
El∈BR

C(ξk,El) . (4.14)

The subsets of BR which grows as ∼ R2 will determine the value of the sequence.

• For fixed k the sectional curvatures C(ξk,El) are uniformly bounded when varying El, see
lemma 4.16. One can thus remove a finite set D, i.e. a set where |D| does not depend on R,
from BR without changing the value of lim

R→∞
S|BR|.
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Figure 5. Here R= 25 and k= (20,10) as in figure 3. The green points correspond to
the indices l such that Eℜ

l ∈ AR, the blue to the indices l such that Eℜ
l ∈ BR \AR and the

red to the l such that Eℜ
l /∈ B.

• Similarly, one can remove thin sets ER, where |ER| grows as∼ R, from BR, since if Ck is the
constant bounding C(ξk,El) from lemma 4.16. Indeed, given any ϵ> 0

∣∣∣∣∣ 1
|BR|

∑
El∈ER

C(ξk,El)

∣∣∣∣∣⩽ 1
|BR|
|ER|Ck ⩽

cR
π
2 R

2 + c1R+ c0
Ck < ϵ,

for R sufficiently large.

Let AR be the set of basis elements Eℜl ,Eℑl ∈ BR where ‖l‖⩽ R, k1 6= l1 and k2 6= l2. The set
AR grows as∼ R2. Actually, since the indices of BR \AR consist of four lines, two in each copy
ofN2

0, see figure 5, |BR \AR|⩽ 4R and hence both |AR| and |BR| grow as π
2 R

2, see lemma 4.15.
By removing the thin set BR \AR we obtain that

lim
R→∞

S|BR| = lim
R→∞

1
|BR|

∑
El∈AR

C(ξk,El) .

Now set

f(λ) =
‖k‖2

8ST
(4cos(2λ)cos(2κ)− cos(4λ)cos(4κ)) , λ= arctan

(
l2
l1

)
,κ= arctan

(
k2
k1

)
.

By theorem 4.13 and using trigonometric identities we have that for ‖l‖= R

lim
R→∞

C(ξk,El) =−
3‖k‖2

8ST
+ f(λ) .

By removing the finite set AR1 , where C(ξk,El) is not well approximated by the asymptotic
function, we get
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lim
R→∞

S|BR| = lim
R→∞

1
|BR|

∑
El∈AR\AR1

(
−3‖k‖2

8ST
+ f(λ)

)

=−3‖k‖2

8ST
lim
R→∞

|AR \AR1 |
|BR|

+ lim
R→∞

1
|BR|

∑
El∈AR\AR1

f(λ) .

By auxiliary lemma A.1, proved in appendix, the term with f(λ) vanishes. Since the set
|AR \AR1 | grows as π

2 R
2, we get the desired result.

5. Curvatures of SDiff(RP2)

In this section we describe sectional and normalised Ricci curvatures for the group of measure-
preserving diffeomorphisms of the projective plane. Since the sphere S2 is the orientation cover
forRP2, we will start our investigation by finding a suitable basis for SVectI(S2), similarly to
section 4.

5.1. Spherical harmonics and a basis for SVect(RP2)

Divergence-free vector fields on the sphere can be described by their stream functions. As
before, we consider a Laplace eigenbasis on the sphere. A solution to the Laplace equation
restricted to S2 is a linear combination of the functions Yml (θ,ϕ) satisfying the eigenvalue
problem

∆Yml (θ,ϕ) =−l(l+ 1)Yml (θ,ϕ) , l ∈ N0, m ∈ {−l, . . . , l} , (5.1)

and called spherical harmonics. They can be written in the form

Yml (θ,ϕ) =

[
(l−m)!
(l+m)!

(2l+ 1)
4π

]1/2
eiϕmPml (cosθ) , (5.2)

where for z= cosθ and m ∈ {−l, . . . , l}

Pml (z) =
(
1− z2

)m/2 1
2ll!

dl+m

dzl+m
(
z2− 1

)l
are the associated Legendre polynomials3.

The normalization constants are chosen so that the complex spherical harmonics form an
orthonormal system with respect to the Hermitian scalar product. Namely:

‖Yml (θ,ϕ)‖2 =
ˆ
S2
Yml (θ,ϕ)Y

m
l (θ,ϕ)sinθdθdϕ = 1,

〈Yml ,Ykn〉=
ˆ
S2
Yml (θ,ϕ) ·Ykn (θ,ϕ)sinθdθdϕ = δl,nδm,k. (5.3)

The group SDiff(S2) consists of measure-preserving diffeomorphisms of the sphere S2
with the area form µ= sinθdθ∧ dϕ. The corresponding Lie algebra SVect(S2) is formed by

3 We do not include the Condon–Shortley phase (−1)m into the definition of the associated Legendre polynomials,
nor in the definition of spherical harmonics. The same (acoustics communities) convention is used in [11].
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divergence-free vector fields. For computations belowwe use complex valued vector fields and
then project them to the real subspaces. Extend the inner product on SVect(S2) to a Hermitian
inner product on SVect(S2)⊗C

〈u,v〉=
ˆ
S2

(
u(p) ,v(p)

)
µ(p) , u,v ∈ SVect

(
S2
)
⊗C, (5.4)

where (u(p),v(p)) is the standard Hermitian product in C3, complexification of R3 ⊃ S2. The
inner product on SVect(S2) defines the right-invariant L2-metric on SDiff(S2).

Stream functions fv = sgradv for complexified vector fields v ∈ SVect(S2)⊗C are defined
as in section 3.3. The spherical harmonics Yml form an orthonormal basis, denoted by Y , for
the Poisson algebra

gS
2

⊗C=
{
f : S2→ C | df = µ(vf, ·) = sinθ (−vϕ dθ+ vθdϕ)

}
.

Vector fields sgradYml are normalised using the inner product (5.4) in SVect(S2)⊗C,
ˆ
S2
sgradYml · sgradYml dµ= l(l+ 1)

ˆ
S2

∣∣Yml ∣∣2 dµ= l(l+ 1) ,

where we used (5.1). Denote by

eml = sgrad

(
1√

l(l+ 1)
Yml

)
(5.5)

the elements of the orthonormal basis of SVect(S2)⊗C.
Recall that the orientation-reversing involution I : S2→ S2, defining RP2, is the antipodal

map given by

I(x,y,z) = (−x,−y,−z) or I(θ,ϕ) = (π− θ,π+ϕ)

in different coordinate systems, see (2.2). The corresponding complexified Lie algebra is
defined as the set of I-invariant vector fields:

SVect
(
RP2

)
⊗C=

{
v ∈ SVect

(
S2
)
⊗C | I∗v= v ◦ I

}
.

The associated stream functions f ∈ gS
2

−1⊗C are, respectively, I-anti-invariant, f ◦ I=−f, see
lemma 3.8.

Lemma 5.1. The Lie algebra SVect(RP2)⊗C is isomorphic to the direct sum of the spaces
of spherical harmonics with odd l and equipped with the Poisson bracket. More precisely,
the space Yl = {⊕mYml , m ∈ [−l, l]}, splits into the direct sum of the I-invariant and I-anti-
invariant subspaces:

gS
2

⊗C=

(⊕
l odd

Yl

)
︸ ︷︷ ︸

gS2
−1⊗C

⊕

(⊕
l even

Yl

)
︸ ︷︷ ︸

gS2
1 ⊗C

,

and SVect(RP2)⊗C' gS
2

−1⊗C.
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Proof. Since

cosθ ◦ I=−cosθ, sinθ ◦ I= sinθ, e−ϕ ◦ I=−e−ϕ,

the spherical harmonics with odd l satisfy f ◦ I=−f.

Corollary 5.2. The group SDiff(RP2) with the Lie algebra SVect(RP2)' gS
2

−1 is a totally
geodesic submanifold in the group SDiff(S2). In particular, its curvatures in two-dimensional
planes containing odd spherical harmonics can be computed by using the curvatures in the
ambient group SDiff(S2).

Note that unlike the Fourier basis of functions on the torus, the Poisson algebra of spherical
harmonics is not a graded Lie algebra. This leads to difficulties with computing the sectional
curvatures in the planes spanned by an arbitrary pair of spherical harmonics, cf [1] or [16].

5.2. Sectional and Ricci curvatures of SDiff(RP2)

We first note that ‘rotational vector field’ e01 =
√

3
8π

∂
∂ϕ descends from S2 to RP2, while for

the planes passing through it the sectional curvatures of SDiff(S2) (and hence of SDiff(RP2))
were found in [11]:

C
(
e01,e

m
l

)
=

3m2

8π l2 (l+ 1)2
.

Below we describe the sectional curvature of SDiff(RP2) for planes containing the ‘trade
wind’ vector field e03, as well as compute asymptotic and normalised Ricci curvatures in those
directions.

Consider the basis vector field e03 in SVectI(S2)⊗C, obtained by taking the skew-gradient
of the spherical harmonic Y03 =

1
4

√
7
π

(
5cos3 θ− 3cosθ

)
:

e03 =
1√
12

sgrad
(
Y03
)
=

1
8

√
21
π

(
5cos2 θ− 1

) ∂

∂ϕ
. (5.6)

see figure 6.

Theorem 5.3. The sectional curvature of SDiff(RP2) in the planes spanned by the vector
field e03 and the basis element e

m
l is given by
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Figure 6. The vector field e03 =
1
8

√
21
π
(5cos2(θ)− 1) ∂

∂ϕ
on the sphere in the subalgebra

SVectI(S2) gives a vector field on RP2. The visualization of RP2 is given by the so-
called cross-cap immersion. The lower figure is an illustration of the ‘trade wind’ on
Earth. Figure attribution: Kaidor, CC BY-SA 3.0 via Wikimedia Commons.

C
(
e03,e

m
l

)
=−525m2

32π

(
3γml − 2

(
12

l(l+ 1)
+ 1

)
ϱml −

(
12

l(l+ 1)
− 1

)2

ϑml

)
, (5.7)

where

ϑml =
1
8

(
(l+ 2)2−m2

)(
(l+ 1)2−m2

)
(l+ 1) l

(2l+ 3)2 (2l+ 5)(2l+ 1)(l+ 2)(l+ 3)

+
1
8

(
(l− 1)2−m2

)(
l2−m2

)
(l+ 1) l

(2l− 3)(2l− 1)2 (2l+ 1)(l− 2)(l− 1)

+
1
8

(
l2−m2

(2l+ 1)(2l− 1)
+

(l+ 1)2−m2

(2l+ 3)(2l+ 1)
− 1

5

)2

,
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Table 2. C(e03,e
m
l ) from theorem 5.3 for 3⩽ l⩽ 10.

l= 3 l= 4 l= 5 l= 6 l= 7 l= 8 l= 9 l= 10

m=±1 0.010 0.001 0.000 0.000 −0.000 −0.000 −0.000 −0.000
m=±2 −0.172 −0.072 −0.034 −0.018 −0.010 −0.006 −0.004 −0.003
m=±3 −0.172 −0.283 −0.164 −0.094 −0.056 −0.035 −0.023 −0.016
m=±4 −0.190 −0.343 −0.241 −0.157 −0.103 −0.070 −0.048
m=±5 −0.194 −0.373 −0.299 −0.215 −0.152 −0.109
m=±6 −0.190 −0.385 −0.339 −0.263 −0.198
m=±7 −0.184 −0.387 −0.367 −0.302
m=±8 −0.177 −0.383 −0.385
m=±9 −0.169 −0.376
m=±10 −0.161

ϱml =
1
8

(
(l+ 2)2−m2

)(
(l+ 1)2−m2

)
(2l+ 1)(2l+ 3)2 (2l+ 5)

+
1
8

(
(l− 1)2−m2

)(
l2−m2

)
(2l− 3)(2l− 1)2 (2l+ 1)

+
1
8

(
l2−m2

(2l+ 1)(2l− 1)
+

(l+ 1)2−m2

(2l+ 3)(2l+ 1)
− 1

5

)2

,

γml =
1
8

(
(l+ 2)2−m2

)(
(l+ 1)2−m2

)
(l+ 2)(l+ 3)

(2l+ 1)(2l+ 3)2 (2l+ 5)(l+ 1) l

+
1
8

(
(l− 1)2−m2

)(
l2−m2

)
(l− 2)(l− 1)

(2l− 3)(2l− 1)2 (2l+ 1)(l+ 1) l

+
1
8

(
l2−m2

(2l+ 1)(2l− 1)
+

(l+ 1)2−m2

(2l+ 3)(2l+ 1)
− 1

5

)2

.

Numerical values for small l are shown in table 2. One can see that, while most of the
curvatures are negative, the first row contains positive values. We address this observation in
the next theorem.

The proof of theorem 5.3 is a rather tedious computation. It uses the following symmetry
property, which is of independent interest. Recall that the space Yl consists of spherical har-
monics with eigenvalues −l(l+ 1).

Lemma 5.4. Let u ∈ Yl and v ∈ Yk. The operator B defined by 〈B(u,v),w〉= 〈u, [v,w]〉 in
SVect(S2) satisfies

k(k+ 1)B(u,v) =−l(l+ 1)B(v,u) .

The proof of lemma is based on the fact that for a two-dimensional manifold B(u,v) =
−∆fu∇fv+∇h, where sgrad( fu) = u, sgrad( fv) = v, and h is a function uniquely defined by
the condition that divB(u,v) = 0, see [4]. Now the result follows from the fact that for u ∈ Vl
one has ∆fu =−l(l+ 1)fu.
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Figure 7. Lattice of the points (l,m) where |m|⩽ l. The line intersects (0, 0) and (7, 4)
and by using theorem 5.5 with q= 4

7 we get that liml→∞
C(e03,e

m
l )≃−0.3749 for elements

eml along the line.

Figure 8. The value of C(e03,e
m
l ) along the x3-axis for e

0
3 fixed and e

m
l with 2⩽ l⩽ 100

and |m|⩽ l. For fixed large l, C(e03,e
m
l ) is approximately given by − 525

32π (m/l)
4(1−

(m/l)2), see theorem 5.5. The colours are to distinguish individual points.

In order to compute the normalised Ricci curvature of SDiff(S2) in the direction of the
‘trade wind’ vector field e03 in (5.6), consider the basis vectors e

m
l = 1√

l(l+1)
sgrad(Yml ). Since

−l⩽ m⩽ l, the quotient ml gives the slope of the straight line through the origin and the point
(l,m) ∈ N2

0, see figures 7 and 8.

Theorem 5.5. Consider a sequence of basis elements {eml
l }l∈N, where |ml|⩽ l and

lim
l→∞

ml
l = q. Then

lim
l→∞

C
(
e03,e

ml
l

)
=− 525

32π
q4
(
1− q2

)
.
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Corollary 5.6. (1) The sectional curvature C(e03,e
m
l ) is positive only for m=±1, and

lim
l→∞

C(e03,e
±1
l ) = 0.

(2) The infimum of the sectional curvature C(e03,e
m
l ) is equal to − 175

72π . The sequences

{C(e03,e
ml
l )} converges to the infimum, when lim

l→∞
ml
l =±

√
2
3 .

Proof of theorem 5.5. Rewrite the expression for C(e03,e
ml
l ) from theorem 5.3 in the form

C
(
e03,e

ml
l

)
=− 525

32π

(
−h2lml

2ϑml
l + 2hlml

2 (ϱml
l −ϑml

l )+ml
2 (3γml

l − 2ϱml
l −ϑml

l )
)
,

where hl = 12
l(l+1) . Since as l→∞ the terms with hl and h2l vanish, one gets

C
(
e03,e

ml
l

)
=−525ml

2

32π
(3γml

l − 2ϱml
l −ϑml

l )+O(1/l) . (5.8)

Expanding in powers of l and ml and using that ml
l = q+O(1/l), after tedious computations,

one obtains

C
(
e03,e

ml
l

)
=− 525

32π
q4
(
1− q2

)
+O(1/l) .

Corollary 5.7. The normalised Ricci curvature of SDiff(S2) and SDiff(RP2) in the direction
e03 is

Ric
(
e03
)
=− 15

8π
=− 15

2SS2
=− 15

4SRP2
.

Proof. First note that for l⩽ R, there are
∑R

l=0(2l+ 1) = (R+ 1)2 elements in the basis {eml }.
According to definition 4.14 we need to find

Ric
(
e03
)
= lim

R→∞
SR = lim

R→∞

1

(R+ 1)2

R∑
l=0

l∑
m=−l

C
(
e03,e

m
l

)
, eml =

1√
l(l+ 1)

sgrad(Yml ) .

As in the proof of theorem 4.17, we remove a finite set of elements from the sum with l< R1

without changing the value of the sequence SR, such that for every l⩾ R⩾ R1 one can apply
theorem 5.5. Thus for q= lim

l→∞
m
l one has

Ric
(
e03
)
= lim

R→∞
− 1

(R+ 1)2

R∑
l=R1

2l+ 1
2l+ 1

l∑
m=−l

525
32π

q4
(
1− q2

)
.

For each l, the sum

1
2l+ 1

l∑
m=−l

525
32π

(m
l

)4(
1−

(m
l

)2)
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is a Riemann sum over an evenly spaced partition. The integral of the corresponding function
is 15/8π, hence the Riemann sums will converge to 15/8π as l→∞. Therefore

Ric
(
e03
)
= lim

R→∞
− 15
8π

1

(R+ 1)2

R∑
l=R1

(2l+ 1) =− 15
8π

.

When calculating the normalised Ricci curvature in SDiff(RP2)we only consider the basis
elements eml where l is odd. This removes half of the basis elements, but does not change the
limit value of the average.

5.3. Ricci curvature of SDiff(S2)

Recall that theorem 5.3 applies to both SDiff(RP2) and SDiff(S2), giving an explicit formula

for sectional curvatures in planes containing the vector field e03 =
1
8

√
21
π

(
5cos2 θ− 1

)
∂
∂ϕ on

the sphere. In [11], Lukatskii obtained a similar formula for sectional curvatures in planes

containing the vector field e02 =
√

15
8π cosθ ∂

∂ϕ . Namely, those curvatures are given by

C
(
e02,e

m
l

)
=

15m2

32π

((
1− c2l

)(
aml bl+

aml+1

bl+1

)
+ 2(1+ cl)

(
aml + aml+1

)
−3
(
aml
bl

+ aml+1bl+1

))
, (5.9)

where

cl =
6

l(l+ 1)
, bl =

l+ 1
l− 1

, aml =
l2−m2

4l2− 1
.

The vector field e02 on the sphere S2 does not satisfy I∗v= v ◦ I since l is even, and therefore it
does not descend to a vector field on RP2. Yet, it is interesting to compare the values of the
normalised Ricci curvatures Ric(e02) with Ric(e03) for the sphere case. The following theorem
gives the asymptotic values of sectional curvatures C(e02,e

ml
l ) as l→∞ for sequences with

lim
l→∞

ml
l = q.

Theorem 5.8. Consider a sequence of basis elements {eml
l }l∈N, where |ml|⩽ l and

lim
l→∞

ml
l = q. Then

lim
l→∞

C
(
e02,e

ml
l

)
=− 15

8π
q4 .

Proof. In (5.9) denote

A0 =
aml
bl

+ aml+1bl+1, A1 = aml + aml+1, A2 = aml bl+
aml+1

bl+1
.

Then equation (5.9) can be rewritten as a second order polynomial in cl = O(1/l2):

C
(
e02,e

ml
l

)
=

15m2
l

32π

(
(A2 + 2A1− 3A0)+ 2cl (A1−A2)+ c2l A2

)
.
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As l→∞ the terms with cl and c2l both vanish. Expanding the rest, using
ml
l = q+O(1/l) and

simplifying, one obtains:

C
(
e02,e

ml
l

)
=

15m2
l

32π

(
−4q2

l2

)
+O(1/l) =− 15

8π
q4 +O(1/l) .

Corollary 5.9. The normalised Ricci curvature of SDiff(S2) in the direction e02 is given by

Ric
(
e02
)
=− 3

4π
=− 3

SS2
.

6. Unreliability of weather forecasts on the Klein bottle and projective plane

Following Arnold [4, 5] we make the following assumptions:

• The earth has the shape of the Klein bottle or projective plane, respectively.
• The atmosphere is a two-dimensional homogeneous incompressible inviscid fluid.
• The motion of the atmosphere is approximately a ‘trade wind,’ which we will model by an
appropriate vector field v.

For now, letM be a compact Riemannian surface. If a surface is negatively curved, this leads to
the exponential divergence of the geodesics on it. The characteristic path length is the average
path length on which a small error in the initial condition of a geodesic on SDiff(M) grows
by a factor of e, see [4]. For a geodesic with an initial vector v its characteristic path length
is given by s0 = 1/

√
−C0(v), where C0(v) is the ‘average sectional curvature’ in the planes

containing v. Below we assume that this average curvature on the group SDiff(M) is the Ricci
curvature Ric(v) in the v-direction and then

s0 = 1/
√
−Ric(v) .

Recall that Arnold’s reasoning in [4] for the instability of the earth atmosphere is based on
the following consideration. Let a vector field v onM have L2-norm ‖v‖ and the ‘average sec-
tional curvature’C0(v). Then the time it takes for our fluid or atmospheric flow (corresponding
to the geodesic on SDiff(M) with initial vector v) to travel the characteristic path length s0 is
the characteristic time t0 := s0/‖v‖, while for this time the errors grow by a factor of e.

One also assumes that the vector field v has many periodic trajectories onM, and its fastest
particles have a typical period T := sorb/|v|rapid, where sorb stands for typical lengths of periodic
orbits of those particles with speed |v|rapid. Then during the characteristic time t0 the fastest
particles make t0/T part of the full period. This implies that the error in the initial condition
will grow by a factor of eα, where

α :=
T
t0

=
sorb/|v|rapid
s0/‖v‖

=
sorb ‖v‖

√
−Ric(v)

|v|rapid
, (6.1)

after each full period of the fastest particle.
To apply this consideration to the earth-like atmosphere one needs to rescale the units. In [4]

one assumes that the ‘equator’s circumference’ of the compact Riemannian surfaceM is equal
to the earth’s equator of 40000 km, which will be the orbit length sorb of the fastest particles,
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and sets the vector field v to be a ‘trade wind’ current with maximal velocity of 100 kmh−1.
This implies that the orbit time (i.e. the period) for the fastest particles in the earth atmosphere
is 400 h, and hence the number of periods of those particles per month is

n=
30 · 24
Tin hours

=
30 · 24
40 000km
100 km h−1

.

Therefore, if at the initial moment, atmospheric measurements are known with an error ϵ, the
magnitude of the error of prediction after N months would be ϵ · 10kN, where k is

k= α · n · log10 e .

Thus the value of k tells us how many more digits of accuracy we need to know today in order
to predict the weather on M for 1 month for a typical trade wind v.

Remark 6.1. The values of α and k depend on properties of the chosen ‘trade wind’. In par-
ticular, α is proportional to the ratio of the average speed of all particles over the fastest ones.
Hence the magnitude of error will also depend on this ratio.

Recall that for a vector field v on a non-orientable M we use the isometric normalization,
i.e. ‖v‖2 = ‖ṽ‖2 for the lifted field ṽ on the orientation double cover M̃. (Note that the value
of α is not affected by the normalization, as any rescaling changes both the norm of v and the
sectional curvatures, but not the product ‖v‖

√
−Ric(v), see remark 3.4.)

However, for a non-orientablemanifold there arises another interesting phenomenon. Recall
that |v|rapid is defined as the maximal average speed |v|rapid = sup{ 1

b−a

´ b
a |γ̇(t))|dt} on v-

trajectories γ. We will be looking at the periodic orbits of the field v onM. Such closed curves
onM can be of two types: either i) the orientation ofM does not change after travelling along
the orbit, or ii) it does. In the case i), the fastest particles of the trade wind fly mostly along
orbits that do not change the orientation of M, and one may assume that the lengths of their
orbits on M and on its cover M̃ coincide, s̃orb = sorb.

On the other hand, in the case ii), a neighbourhood of an orientation-changing orbit looks
like a Möbius band, while the orbit itself is half as long as the neighbouring closed ones.
Respectively the lift of such an orbit to M̃ is not closed, being a half of the closed orbit for ṽ.
Thus if the orbits of the fastest particles lie in the vicinity of an orientation-changing trajectory,
one may assume that s̃orb = 2sorb, i.e. the length of the equator of M (for the trade wind field
v) is equal to half the length of the equator of the cover M̃.

Remark 6.2. Intuitively the exponent k should not depend on the length of the orbit of the
fastest particle sorb: indeed, α is proportional to sorb, as doubling the orbit length doubles the
number of characteristic times per period, while the number of periods of the fastest particles
per month is inversely proportional to the orbit length sorb.

What it does depend upon is the rescaling factor cM relating the metric on the manifold M
with distance on the earth, ĝ= c2Mg. Combining this with the above one obtains, after certain
simplifications,

k=
‖v‖
√
−Ric(v)

|v|rapid cM
· 30 · 24 · 100log10 e .

Note that there are different ways to introduce rescaling factor cM. For instance, Arnold
suggested that the equator EM of the manifold M, should have length 40 000km, and hence
cM = 40000km/EM. The value of the equator length for a non-orientable manifold is an
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ambiguous notion, as it can be defined by longest loops preserving or changing its orienta-
tion. Alternatively, one can relate the areas of M and the earth, which might be more relevant
for the non-orientable case, as we discuss below.

6.1. Weather forecasts on the Klein bottle

If the earth were of the shape of the Klein bottle a natural model for the ‘trade wind’ would be
the vector field (corresponding to a stream function)

v= sin(x2)
∂

∂x1
←→ ξ(0,1) =−cos(x2) =−

1
2

(
e(0,1) + e(0,−1)

)
, (6.2)

see figure 2. By theorem 4.17 the normalised Ricci curvatures of SDiff(K) in the planes con-
taining the ‘trade wind’ ξ(0,1) is RicK(ξ(0,1)) =− 3

16SK
. The normalised Ricci curvature of

S0Diff(T) in the same direction is RicT(ξ(0,1)) =− 3
8ST

, since ST = 2SK, also see [12].

The L2-norm of v on SDiff(K) is ‖v‖2 = ST/2= SK. The fastest particles in the ‘trade
wind’ (6.2) on the Klein bottle have the speed |v|rapid = 1. An orbit on ‘the equator’ of the
Klein bottle (or on the torus) can be parametrized by

γ (t) = (x1 (t) , x2 (t)) = (t, π/2) , t ∈ [0,2π] .

Following [4], we assume that the ‘equator’s circumference’ of the torus and Klein bottle
is equal to the earth’s equator of 40000 km. Since γ has length 2π onK and T, we get the res-
caling factor cK = cT = 40000km/2π. Therefore for initial atmospheric measurements with
an error ϵ, the magnitude of the error of prediction after N months would be ϵ · 10kN, where k
is

kK = kT =

√
ST
2

√
3

8ST

1 · 40 000
2π

30 · 24 · 100log10 e' 2.1 .

We conclude that to predict the weather on the Klein bottle (or on the torus) with the ‘equator’s
circumference’ equal to that of the earth’s, for such a typical trade wind, for 2 months, one
needs to know it today with 4 more digits of accuracy.

Remark 6.3. In [4], Arnold obtained kT ' 2.5 (and hence 5 more digits of accuracy for a two-
month weather prediction). This was based on estimating the ‘average sectional curvature’
C0(v) in planes containing the ‘trade wind’ v= ξ(0,1) to be C0 =− 1

2ST
. Above, instead, we

used the normalised Ricci curvature to interpret the ‘average sectional curvature’ value C0 =
Ric(ξ(0,1)) =− 3

8ST
.

6.2. Weather forecasts on the real projective plane

If the earth were of the shape of the real projective plane it would be natural to model the ‘trade
wind’ by the vector field

v= e03 =
1
8

√
21
π

(
5cos2 θ− 1

) ∂

∂ϕ
, (6.3)

33



Nonlinearity 38 (2025) 055017 B Khesin et al

see figure 6. This field is normalised, so that ‖v‖2 = 1. The normalised Ricci curvature
of SDiff(RP2) in the planes containing this vector field is RicRP2(e03) =− 15

4S
RP2

, accord-

ing to corollary 5.7. The normalised Ricci curvatures of SDiff(S2) in the same direction is
RicS2(e03) =− 15

2SS2
, since 2SRP2 = SS2 . The orbits of v= e03 are given by ‘circles of latitude’

z= const on the sphere, or θ = const in spherical coordinates, and on each orbit the speed is
constant.

The ‘fastest particles’ are the ones with highest average speed: they maximize
1

b−a

´ b
a |5cos

2(θ)− 1|sin(θ)dt. One can show that the fastest particles in the ‘trade wind’ (6.3)
on the sphere and on the real projective plane (along orbits not changing orientation) have the

speed |v|rapid = 2
3

√
14

5S
RP2

. The orbits of such fastest particles have length 4π√
15

at the latitude

z= 2√
15
, see figure 6.

However, note that the equator for RP2 = S2/I is equal to π: it is twice as short as that
of S2, as there are orbits of the field v along which the orientation changes. They are not the
fastest ones, but they affect the equator length, and hence the scaling factor cM.

Computations for S2 and RP2 (similar to the above for T and K) give that kS2 ' 8.5 and
kRP2 ' 4.3. Note that these values differ by a factor of 2 due to the above-mentioned equator
shortening. As we discussed the corresponding values of k describe the loss of accuracy in
weather predictions in terms of the number of digits per month.

The above computations are summarized in the following table:

M K T RP2 S2

∥v∥
√

ST
2

√
ST
2 1 1

Ric(v) − 3
8ST

− 3
8ST

− 15
2SS2

− 15
2SS2

|v|rapid 1 1
√

28
5SS2

√
28
5SS2

EM 2π 2π π 2π
cM 40 000km

2π
40 000km

2π
40 000km

π
40 000km

2π
k 2.1 2.1 4.3 8.5

Thus assuming the above trade wind models, we conclude that to predict the weather on
the projective plane for 2 months one needs to know it today with 8 more digits of accuracy,
while on the sphere – with 17 more digits! It is worth noting that such weather forecasts are
much more unreliable than on the torus or the Klein bottle.

Remark 6.4. One should note that the predicted forecast trustworthiness is strongly affected
by one’s choice of e03 as a ‘trade wind’, see [4]. We argue however that e03 is a more realistic
approximation of the ‘trade wind’ observed in the earths atmosphere than e02 used before, see
figure 6.

In [11] the results of calculations for the vector field

e02 =

√
15
8π

cosθ
∂

∂ϕ
,

taken as the ‘trade wind’, are as follows: Ric(e02) =− 3
SS2

, see corollary 5.9; ‖v‖= 1, and

|v|rapid = 1
2

√
15
8π = 1

2

√
15
2SS2

. The sphere has the rescaling factor cS2 =
40 000km

2π and hence for
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v= e02 we get

kS2 =
1 ·
√

3
SS2

40 000
2π

1
2

√
15
2SS2

30 · 24 · 100log10 e' 6.2 ,

where an error grows by a factor 10kN after N months. In this case to predict the weather on
the sphere for 2 months, one needs to know it today with 12 more digits of accuracy.

If for the ‘average sectional curvature’ instead of Ric(e02) one uses the estimate that
Ric(e02)' 1

4 inf C(e
0
2,e

m
l ) =− 15

4·8π , as in [11], one obtains k̃S2 ' 4.9. This estimate for the
sphere is more ‘inline’ with Arnold’s computations for the torus, where a similar estimate
for the ‘average sectional curvature’ was used, and one concludes that to predict the weather
on the sphere for 1 month, one needs to know it today with 5 more digits of accuracy (and
respectively with 10 more digits for 2 months).

Remark 6.5. Alternatively, instead of rescaling the equator’s length, one can rescale the man-
ifold’s area. The area of the earth is Searth = 5.1 · 108 km2. The corresponding rescaling factor
cM for the length on M, is the square root of the ratios of the areas, i.e.

cM =

√
5.1 · 108km2

SM
.

The corresponding values of SM and k are summarized here:

M K T RP2 S2

SM 2π2 4π2 2π 4π
k 2.6 3.8 6.0 8.5

Note that the areas of the non-orientable manifolds and their orientation covers differ by a
factor of 2, and hence the corresponding factors cM and, respectively, the exponents k for the
manifold and its cover differ by a factor

√
2.
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Appendix. Lemma for theorem 4.17 on the Ricci curvature

Lemma A.1. Define λ= arctan
(
l2
l1

)
, κ= arctan

(
k2
k1

)
for indices k, l and set

f(λ) =
‖k‖2

8ST
(4cos(2λ)cos(2κ)− cos(4λ)cos(4κ)) .

Then the average value of f over all basis elements El ∈ B vanishes, i.e. forBR defined in (4.13)

L= lim
R→∞

1
|BR|

∑
El∈BR

f(λ) = 0.

Sketch of proof. For each R, the number 1∣∣BR

∣∣ ∑El∈BR
f(λ), is the mean value of f evaluated

over λ= arctan(l2/l1) of El ∈ BR. The angle λ ∈ [0,π/2] since (l1, l2) ∈ N2
0. If λ were a con-

tinuous parameter in [0,π/2], then the mean value of f over [0,π/2] would be zero. However,
the sum is finite for each R and its value will depend on the (measure theoretic) density of
angles λ= arctan(l2/l1), i.e. the density of lines through the origin intersecting a point (l1, l2)
with integer coefficients.

We give a sketch of a more formal proof of the lemma. From lemma 4.15 the set BR grows
as π

2 R
2. Subsets that grows as ∼R can be removed from the sum over f, without changing

the value of the sum, see figure 5. Consider the indices l= (l1, l2) ∈ N2 such that El ∈ B. The
indices are symmetric with respect to reflection through the ray λ= π/4 in N2 (modulo sets
that grows as∼ R), mapping (l1, l2) into (l2, l1). Since λ ′ = arctan(l1/l2) = π/2−λ, then also
f(λ)+ f(λ ′) =−2cos(4λ)cos(4κ). Thus

L= lim
R→∞

‖k‖2

4ST
∣∣BR∣∣

∣∣∣ ∑
El∈BR

0⩽λ⩽π/4

cos(4λ)
∣∣∣. (9)

Now we reflect l= (l1, l2) with 0⩽ λ⩽ π/4 through the ray λ= π/8 in N2 into points l̃, see
figure A1. The indices are not symmetric with respect to this reflection, but are uniquely paired
with another index j = ( j1, j2) with π/8⩽ λj = arctan( j2/j1)⩽ π/4, where Ej ∈ BR (modulo
sets that grows as ∼ R). The distance between the reflected point l̃ and its partner j is less than
1
∥j∥ . Hence

∣∣cos(4λ)+ cos(4λj)
∣∣= ∣∣− cos

(
4λ̃
)
+ cos(4λj)

∣∣⩽ 4
∣∣λ̃−λj

∣∣⩽ 4
1
‖j‖

.

Applying the above procedure to (9), we obtain that

L= lim
R→∞

‖k‖2

4ST
∣∣BR∣∣ ∑

El∈BR
0⩽λ⩽π/8

|cos(4λ)+ cos(4λj)|= 0,

since this is the average value of a function over a discrete set, where the limit of the function
as R→∞ goes to zero.
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Figure A1. Reflection of the indices in Jℑ through the ray θ = π/8 for ∥l∥⩽ 15 and
λ= arctan(l2/l1)⩽ π/4. The green points correspond to l ∈ Jℑ and the red points to
the points of Jℑ with λ < π/8, reflected through the ray θ = π/8, which is the ray in
blue.
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