Ergebnisse der Mathematik
und ihrer Grenzgebiete
3. Folge

A Series of Modern Surveys
in Mathematics

Editorial Board
M. Gromov, Bures-sur-Yvette J. Jost, Leipzig
J. Kollár, Princeton G. Laumon, Orsay
H. W. Lenstra, Jr., Leiden J. Tits, Paris
D. B. Zagier, Bonn G. Ziegler, Berlin
Managing Editor R. Remmert, Münster

Volume 51

Boris Khesin

•

Robert Wendt

The Geometry of
Infinite-Dimensional
Groups

123

Boris Khesin
Robert Wendt
Department of Mathematics
University of Toronto
40 St. George Street
Toronto, ON
Canada M5S 2E4
e-mail: khesin@math.toronto.edu and
rwendt@math.toronto.edu

ISBN 978-3-540-77262-0

e-ISBN 978-3-540-77263-7

DOI 10.1007/978-3-540-77263-7
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern
Surveys in Mathematics ISSN 0071-1136
Library of Congress Control Number: 2008932850
Mathematics Subject Classiﬁcation (2000): 22E65, 37K05, 58B25, 53D30
© 2009 Springer-Verlag Berlin Heidelberg
This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations are
liable to prosecution under the German Copyright Law.
The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.
Typesetting: by the author using a Springer TEX macro package
Production: LE-TEX Jelonek, Schmidt & Vöckler GbR, Leipzig
Cover design: WMX Design GmbH, Heidelberg
Printed on acid-free paper
9 8 7 6 5 4 3 2 1
springer.com

To our Teachers:
to Vladimir Igorevich Arnold
and to the memory of Peter Slodowy

Preface

The aim of this monograph is to give an overview of various classes of inﬁnitedimensional Lie groups and their applications, mostly in Hamiltonian mechanics, ﬂuid dynamics, integrable systems, and complex geometry. We have
chosen to present the unifying ideas of the theory by concentrating on speciﬁc
types and examples of inﬁnite-dimensional Lie groups. Of course, the selection
of the topics is largely inﬂuenced by the taste of the authors, but we hope
that this selection is wide enough to describe various phenomena arising in the
geometry of inﬁnite-dimensional Lie groups and to convince the reader that
they are appealing objects to study from both purely mathematical and more
applied points of view. This book can be thought of as complementary to the
existing more algebraic treatments, in particular, those covering the structure and representation theory of inﬁnite-dimensional Lie algebras, as well as
to more analytic ones developing calculus on inﬁnite-dimensional manifolds.
This monograph originated from advanced graduate courses and minicourses on inﬁnite-dimensional groups and gauge theory given by the ﬁrst
author at the University of Toronto, at the CIRM in Marseille, and at the
Ecole Polytechnique in Paris in 2001–2004. It is based on various classical and
recent results that have shaped this newly emerged part of inﬁnite-dimensional
geometry and group theory.
Our intention was to make the book concise, relatively self-contained, and
useful in a graduate course. For this reason, throughout the text, we have
included a large number of problems, ranging from simple exercises to open
questions. At the end of each section we provide bibliographical notes, trying
to make the literature guide more comprehensive, in an attempt to bring the
interested reader in contact with some of the most recent developments in
this exciting subject, the geometry of inﬁnite-dimensional groups. We hope
that this book will be useful to both students and researchers in Lie theory,
geometry, and Hamiltonian systems.
It is our pleasure to thank all those who helped us with the preparation of
this manuscript. We are deeply indebted to our teachers, collaborators, and
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friends, who inﬂuenced our view of the subject: V. Arnold, Ya. Brenier,
H. Bursztyn, Ya. Eliashberg, P. Etingof, V. Fock, I. Frenkel, D. Fuchs,
A. Kirillov, F. Malikov, G. Misiolek, R. Moraru, N. Nekrasov, V. Ovsienko,
C. Roger, A. Rosly, V. Rubtsov, A. Schwarz, G. Segal, M. SemenovTian-Shansky, A. Shnirelman, P. Slodowy, S. Tabachnikov, A. Todorov,
A. Veselov, F. Wagemann, J. Weitsman, I. Zakharevich, and many others.
We are particularly grateful to Alexei Rosly, the joint projects with whom
inspired a large part, in particular the “application chapter,” of this book,
and who made numerous invaluable remarks on the manuscript. We thank
the participants of the graduate courses for their stimulating questions and
remarks. Our special thanks go to M. Peters and the Springer team for their
invariable help and to D. Kramer for careful editing of the text.
We also acknowledge the support of the Max-Planck Institute in Bonn, the
Institut des Hautes Etudes Scientiﬁques in Bures-sur-Yvette, the Clay Mathematics Institute, as well as the NSERC research grants. The work on this
book was partially conducted during the period the ﬁrst author was employed
by the Clay Mathematics Institute as a Clay Book Fellow.
Finally, we thank our families (kids included!) for their tireless moral
support and encouragement throughout the over-stretched work on the
manuscript.
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Introduction

What is a group? Algebraists teach that this is supposedly a set with
two operations that satisfy a load of easily-forgettable axioms. . .
V.I. Arnold “On teaching mathematics” [20]

Today one cannot imagine mathematics and physics without Lie groups, which
lie at the foundation of so many structures and theories. Many of these groups
are of inﬁnite dimension and they arise naturally in problems related to differential and algebraic geometry, knot theory, ﬂuid dynamics, cosmology, and
string theory. Such groups often appear as symmetries of various evolution
equations, and their applications range from quantum mechanics to meteorology. Although inﬁnite-dimensional Lie groups have been investigated for
quite some time, the scope of applicability of a general theory of such groups
is still rather limited. The main reason for this is that inﬁnite-dimensional Lie
groups exhibit very peculiar features.
Let us look at the relation between a Lie group and its Lie algebra as an
example. As is well known, in ﬁnite dimensions each Lie group is, at least
locally near the identity, completely described by its Lie algebra. This is
achieved with the help of the exponential map, which is a local diﬀeomorphism from the Lie algebra to the Lie group itself. In inﬁnite dimensions, this
correspondence is no longer so straightforward. There may exist Lie groups
that do not admit an exponential map. Furthermore, even if the exponential
map exists for a given group, it may not be a local diﬀeomorphism. Another
pathology in inﬁnite dimensions is the failure of Lie’s third theorem, stating
that every ﬁnite-dimensional Lie algebra is the Lie algebra attached to some
ﬁnite-dimensional Lie group. In contrast, there exist inﬁnite-dimensional Lie
algebras that do not correspond to any Lie group at all.
In order to avoid such pathologies, any version of a general theory of
inﬁnite-dimensional Lie groups would have to restrict its attention to certain
classes of such groups and study them separately. For example, one might consider the class of Banach Lie groups, i.e., Lie groups that are locally modeled
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on Banach spaces and behave very much like ﬁnite-dimensional Lie groups.
For Banach Lie groups the exponential map always exists and is a local diﬀeomorphism. However, restricting to Banach Lie groups would already exclude
the important case of diﬀeomorphism groups, and so on. This is why the
attempts to develop a uniﬁed theory of inﬁnite-dimensional diﬀerential geometry, and hence, of inﬁnite-dimensional Lie groups, are still far from reaching
greater generality.
In the present book, we choose a diﬀerent approach. Instead of trying to
develop a general theory of such groups, we concentrate on various examples of inﬁnite-dimensional Lie groups, which lead to a realm of important
applications.
The examples we treat here mainly belong to three general types of inﬁnitedimensional Lie groups: groups of diﬀeomorphisms, gauge transformation
groups, and groups of pseudodiﬀerential operators. There are numerous interrelations between various groups appearing in this book. For example, the
group of diﬀeomorphisms of a compact manifold acts naturally on the group
of currents over this manifold. When this manifold is a circle, this action gives
rise to a deep connection between the representation theory of the Virasoro algebra and the Kac–Moody algebras. In the geometric setting of this book, this
relation manifests itself in the correspondence between the coadjoint orbits of
these groups.
Another strand connecting various groups considered below is the theme of
the “ladder” of current groups. We regard the passage from ﬁnite-dimensional
Lie groups (i.e., “current groups at a point”) to loop groups (i.e., current
groups on the circle), and then to double loop groups (current groups on the
two-dimensional torus) as a “ladder of groups.” On the side of dynamical
systems this is revealed in the passage from rational to trigonometric and
to elliptic Calogero–Moser systems. The passage from ordinary loop groups
to double loop groups also serves as the starting point of a “real–complex
correspondence” discussed in the chapter on applications of groups. There we
study moduli spaces of ﬂat or integrable connections on real and complex
surfaces using the geometry of coadjoint orbits of these two types of groups.
Most of main objects studied in the book can be summarized in the table
below.
In Chapter II, in a sense, we are moving horizontally, along the ﬁrst row of
this table. We study aﬃne and elliptic groups, their orbits and geometry, as
well as the related Calogero–Moser systems. We also describe in this chapter
many Lie groups and Lie algebras outside the scope of this table: groups of
diﬀeomorphisms, the Virasoro group, groups of pseudodiﬀerential operators.
In the appendices one can ﬁnd the Krichever–Novikov algebras, gl∞ , and other
related objects.
In Chapter III we move vertically in this table and mostly focus on the
current groups and on their parallel description in topological and holomorphic
contexts. While aﬃne and elliptic Lie groups correspond to the base dimension

Introduction
Base
dimension
1

2

3

3
Real / topological
theory

Complex / holomorphic
theory

aﬃne (or, loop) groups
(orbits ∼ monodromies
over a circle)
ﬂat connections
over a Riemann surface
(Poisson structures)
connections over a threefold
(Chern–Simons functional,
singular homology,
classical linking)

elliptic (or, double loop) groups
(orbits ∼ holomorphic bundles
over an elliptic curve)
holomorphic bundles
over a complex surface
(holomorphic Poisson structures)
partial connections over a
complex threefold (holomorphic
Chern–Simons functional, polar
homology, holomorphic linking)

1, either real or complex, in dimension 2 we describe the spaces of connections
on real or complex surfaces, as well as the symplectic and Poisson structures
on the corresponding moduli spaces. (In the table the main focus of study is
mentioned in the parentheses of the corresponding block.) In dimension 3 the
study of the Chern–Simons functional and its holomorphic version leads one
to the notions of classical and holomorphic linking, and to the corresponding
homology theories. (Although we conﬁned ourselves to three dimensions, one
can continue this table to dimension 4 and higher, which brings in the Yang–
Mills and many other interesting functionals; see, e.g., [85].)
Note that the objects (groups, connections, etc.) in each row of this table
usually dictate the structure of objects in the row above it, although the
“interaction of the rows” is diﬀerent in the real and complex cases. Namely,
in the real setting, the lower-dimensional manifolds appear as the boundary
of real manifolds of one dimension higher. For the complex case, the lowdimensional complex varieties arise as divisors in higher-dimensional ones; see
details in Chapter III.
Overview of the content. Here are several details on the contents of
various chapters and sections.
In Chapter I, we recall some notions and facts from Lie theory and symplectic geometry used throughout the book. Starting with the deﬁnition of a
Lie group, we review the main related concepts of its Lie algebra, the adjoint
and coadjoint representations, and introduce central extensions of Lie groups
and algebras. We then recall some notions from symplectic geometry, including Arnold’s formulation of the Euler equations on a Lie group, which are the
equations for the geodesic ﬂow with respect to a one-sided invariant metric on
the group. This setting allows one to describe on the same footing many
ﬁnite- and inﬁnite-dimensional dynamical systems, including the classical
Euler equations for both a rigid body and an ideal ﬂuid, the Korteweg–de Vries
equation, and the equations of magnetohydrodynamics. Finally, the preliminaries cover the Marsden–Weinstein Hamiltonian reduction, a method often
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used to describe complicated Hamiltonian systems starting with a simple one
on a nonreduced space, by “dividing out” extra symmetries of the system.
Chapter II is the main part of this book, and can be viewed as a walk
through the zoo of the various types of inﬁnite-dimensional Lie groups. We
tried to describe these groups by presenting their deﬁnitions, possible explicit
constructions, information on (or, in some cases, even the complete classiﬁcation of) their coadjoint orbits. We also discuss relations of these groups to
various Hamiltonian systems, elaborating, whenever possible, on important
constructions related to integrability of such systems. The table of contents is
rather self-explanatory.
We start this chapter by introducing the loop group of a compact
Lie group, one of the most studied types of inﬁnite-dimensional groups. In
Section 1, we construct its universal central extension, the corresponding Lie
algebra (called the aﬃne Kac–Moody Lie algebra), and classify the corresponding coadjoint orbits. We also return to discuss the relation of this Lie
algebra to the Landau–Lifschitz equation and the Calogero–Moser integrable
system in the later sections.
In Section 2 we turn to the group of diﬀeomorphisms of the circle and its
Lie algebra of smooth vector ﬁelds. Both the group and the Lie algebra admit
universal central extensions, called the Virasoro–Bott group and the Virasoro
algebra respectively. It turns out that the coadjoint orbits of the Virasoro–
Bott group can be classiﬁed in a manner similar to that for the orbits of the
loop groups. The Euler equation for a natural right-invariant metric on the
Virasoro–Bott group is the famous Korteweg–de Vries (KdV) equation, which
describes waves in shallow water. Furthermore, the Euler nature of the KdV
helps one to show that this equation is completely integrable.
Section 3 is devoted to various diﬀeomorphism groups and, in particular,
to the group of volume-preserving diﬀeomorphisms of a compact Riemannian
manifold M . The Euler equations on this group are the Euler equations for an
ideal incompressible ﬂuid ﬁlling M . Enlarging the group of volume-preserving
diﬀeomorphisms by either smooth functions or vector ﬁelds on M gives the
Euler equations of gas dynamics or of magnetohydrodynamics, respectively.
We also mention some results on the Riemannian geometry of diﬀeomorphism
groups and discuss the relation of the latter to the the Marsden–Weinstein
symplectic structure on the space of immersed curves in R3 .
Section 4 deals with the group of pseudodiﬀerential symbols (or operators)
on the circle. It turns out that this group can be endowed with the structure of
a Poisson Lie group, where the corresponding Poisson structures are given by
the Adler–Gelfand–Dickey brackets. The dynamical systems naturally corresponding to this group are the Kadomtsev–Petviashvili hierarchy, the higher
n-KdV equations, and the nonlinear Schrödinger equation.
Section 5 returns to the loop groups “at the next level”: here we deal with
their generalizations, elliptic Lie groups and the corresponding Lie algebras.
These groups are extensions of the groups of double loops, i.e., the groups of
smooth maps from a two-dimensional torus to a ﬁnite-dimensional complex
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Lie group. The central extension of such a group relies on the choice of complex
structure on this torus (i.e., on the choice of the underlying elliptic curve).
The coadjoint orbits of the elliptic Lie groups can be classiﬁed in terms of
holomorphic principal bundles over the elliptic curve.
This section also uniﬁes several classes of the groups considered earlier in
the light of an application to the Calogero–Moser systems. It turns out that
the integrable types of potentials in these systems (rational, trigonometric,
and elliptic ones) can be obtained, respectively, from the ﬁnite-dimensional
semisimple Lie algebras, the aﬃne algebras, and the elliptic Lie algebras by
Hamiltonian reductions.
Chapter III deals with far-reaching applications of the parallelism between
the aﬃne and elliptic Lie algebras, which resembles the “real–complex” correspondence. The inﬁnite-dimensional Lie groups we are concerned with here
are groups of gauge transformations of principal bundles over real and complex surfaces. We show how the classiﬁcation of coadjoint orbits of loop groups
(respectively, double loop groups) can be used to study the Poisson structure
on the moduli space of ﬂat connections (respectively, semistable holomorphic
bundles) over a Riemann surface (respectively, a complex surface).
The correspondence between the real and complex cases leads to somewhat surprising analogies between notions in diﬀerential topology (such as
orientation, boundary, and the Stokes theorem) and those in complex algebraic geometry (a meromorphic diﬀerential form, its divisor of poles, and
the Cauchy–Stokes formula). These analogies are formalized in the notion of
polar homology, and their applications include the construction of a holomorphic linking number for a pair of complex curves in a complex threefold.
The deﬁnition of the latter is closely related to a holomorphic version of the
Chern–Simons functional.
In the appendices we mention several topics serving either as an explanation to some facts used in the main text, or as an indication of further
developments. In particular, we include reminders on root systems and some
important facts from the theory of compact Lie groups. Other appendices
provide brief introductions and guides to the literature on the algebra gl∞ ,
the Krichever–Novikov algebras (generalizing the Virasoro algebra and loop
algebras to higher-genus Riemann surfaces), integrable systems on the moduli
of ﬂat connections, the Kähler structures on Virasoro orbits, a relation of diffeomorphism groups to optimal mass transport, the Hofer metric on the group
of Hamiltonian diﬀeomorphisms, the Drinfeld–Sokolov reduction, as well as
proofs of several statements from the main text.
Numeration system and shortcuts. We have employed a single numeration of deﬁnitions, theorems, etc. The Roman numeral in the cross-references
addresses to the chapter number, while its absence indicates that the crossreferences are within the same chapter.
The diﬀerent sections in Chapter II can be read to a large degree independently. Furthermore, Chapter III is based on just two sections from Chapter
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II: those on the aﬃne groups (Section 1) and on the elliptic Lie groups (Sections 5). The section on polar homology is also rather independent, although
motivated by the preceding exposition in Chapter III.
For a ﬁrst reading we recommend the following “shortcut” through the
book: After Chapter I on preliminaries, one can proceed to Sections 1, 2,
and 5 of Chapter II and Sections 2 and 3 of Chapter III. The reader more
interested in applications to Hamiltonian systems will ﬁnd them mostly in
Sections 2 through 5 of Chapter II, while for applications to moduli spaces of
ﬂat connections one may choose to proceed to Chapter III after reading only
Sections 1 and 5 of Chapter II.

I
Preliminaries

In this chapter, we collect some key notions and facts from the theory of Lie
groups and Hamiltonian systems, as well as set up the notations.

1 Lie Groups and Lie Algebras
This section introduces the notions of a Lie group and the corresponding Lie
algebra. Many of the basic facts known for ﬁnite-dimensional Lie groups are
no longer true for inﬁnite-dimensional ones, and below we illustrate some of
the pathologies one can encounter in the inﬁnite-dimensional setting.
1.1 Lie Groups and an Inﬁnite-Dimensional Setting
The most basic deﬁnition for us will be that of a (transformation) group.
Deﬁnition 1.1 A nonempty collection G of transformations of some set
is called a (transformation) group if along with every two transformations
g, h ∈ G belonging to the collection, the composition g ◦ h and the inverse
transformation g −1 belong to the same collection G.
It follows directly from this deﬁnition that every group contains the identity transformation e. Also, the composition of transformations is an associative operation. These properties, associativity and the existence of the unit
and an inverse of each element, are often taken as the deﬁnition of an abstract
group.1
The groups we are concerned with in this book are so-called Lie groups.
In addition to being a group, they carry the structure of a smooth manifold
such that both the multiplication and inversion respect this structure.
1

Here we employ the point of view of V.I. Arnold, that every group should be
viewed as the group of transformations of some set, and the “usual” axiomatic
deﬁnition of a group only obscures its true meaning (cf. [19], p. 58).
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Deﬁnition 1.2 A Lie group is a smooth manifold G with a group structure
such that the multiplication G × G → G and the inversion G → G are smooth
maps.
The Lie groups considered throughout this book will usually be inﬁnitedimensional. So what do we mean by an inﬁnite-dimensional manifold?
Roughly speaking, an inﬁnite-dimensional manifold is a manifold modeled on
an inﬁnite-dimensional locally convex vector space just as a ﬁnite-dimensional
manifold is modeled on Rn .
Deﬁnition 1.3 Let V, W be Fréchet spaces, i.e., complete locally convex
Hausdorﬀ metrizable vector spaces, and let U be an open subset of V . A map
f : U ⊂ V → W is said to be diﬀerentiable at a point u ∈ U in a direction
v ∈ V if the limit
f (u + tv) − f (u)
(1.1)
Df (u; v) = lim
t→0
t
exists. The function is said to be continuously diﬀerentiable on U if the limit
exists for all u ∈ U and all v ∈ V , and if the function Df : U × V → W is
continuous as a function on U × V . In the same way, we can build the second
derivative D2 f , which (if it exists) will be a function D2 f : U × V × V → W ,
and so on. A function f : U → W is called smooth or C ∞ if all its derivatives
exist and are continuous.
Deﬁnition 1.4 A Fréchet manifold is a Hausdorﬀ space with a coordinate
atlas taking values in a Fréchet space such that all transition functions are
smooth maps.
Remark 1.5 Now one can start deﬁning vector ﬁelds, tangent spaces, diﬀerential forms, principal bundles, and the like on a Fréchet manifold exactly in
the same way as for ﬁnite-dimensional manifolds.
For example, for a manifold M , a tangent vector at some point m ∈ M
is deﬁned as an equivalence class of smooth parametrized curves f : R → M
such that f (0) = m. The set of all such equivalence classes is the tangent
space Tm M at m. The union of the tangent spaces Tm M for all m ∈ M can
be given the structure of a Fréchet manifold T M , the tangent bundle of M .
Now a smooth vector ﬁeld on the manifold M is a smooth map v : M → T M ,
and one deﬁnes in a similar vein the directional derivative of a function and
the Lie bracket of two vector ﬁelds.
Since the dual of a Fréchet space need not be Fréchet, we deﬁne diﬀerential
1-forms in the Fréchet setting directly, as smooth maps α : T M → R such
that for any m ∈ M , the restriction α|Tm M : Tm M → R is a linear map.
Diﬀerential forms of higher degree are deﬁned analogously: say, a 2-form on
a Fréchet manifold M is a smooth map β : T ⊗2 M → R whose restriction
⊗2
⊗2
β|Tm
M : Tm M → R for any m ∈ M is bilinear and antisymmetric. The
diﬀerential df of a smooth function f : M → R is deﬁned via the directional
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derivative, and this construction generalizes to smooth n-forms on a Fréchet
manifold M to give the exterior derivative operator d, which maps n-forms
to (n + 1)-forms on M ; see, for example, [231].
Remark 1.6 More facts on inﬁnite-dimensional manifolds can be found in,
e.g., [265, 157]. From now on, whenever we speak of an inﬁnite-dimensional
manifold, we implicitly mean a Fréchet manifold (unless we say explicitly
otherwise). In particular, our inﬁnite-dimensional Lie groups are Fréchet Lie
groups.
Instead of Fréchet manifolds, one could consider manifolds modeled on Banach spaces. This would lead to the category of Banach manifolds. The main
advantage of Banach manifolds is that strong theorems from ﬁnite-dimensional
analysis, such as the inverse function theorem, hold in Banach spaces but not
necessarily in Fréchet spaces. However, some of the Lie groups we will be considering, such as the diﬀeomorphism groups, are not Banach manifolds. For
this reason we stay within the more general framework of Fréchet manifolds.
In fact, for most purposes, it is enough to consider groups modeled on locally
convex vector spaces. This is the setting considered by Milnor [265].
1.2 The Lie Algebra of a Lie Group
Deﬁnition 1.7 Let G be a Lie group with the identity element e ∈ G. The
tangent space to the group G at its identity element is (the vector space of)
the Lie algebra g of this group G. The group multiplication on a Lie group G
endows its Lie algebra g with the following bilinear operation [ , ] : g × g → g,
called the Lie bracket on g.
First note that the Lie algebra g can be identiﬁed with the set of leftinvariant vector ﬁelds on the group G. Namely, to a given vector X ∈ g
 on G by left translation: X(g)

one can associate a vector ﬁeld X
= lg ∗ X,
where lg : G → G denotes the multiplication by a group element g from the
 is invariant under left
left, h ∈ G → gh. Obviously, such a vector ﬁeld X
 =X
 for all g ∈ G. On the other
translations by elements of G. That is, lg ∗ X
 on the group G uniquely deﬁnes an
hand, any left-invariant vector ﬁeld X

element X(e) ∈ g.
 Y ] of two left-invariant vector
The usual Lie bracket (or commutator) [X,
 and Y on the group is again a left-invariant vector ﬁeld on G. Hence
ﬁelds X
 Y ] = Z
 for some Z ∈ g. We deﬁne the Lie bracket [X, Y ] of
we can write [X,
two elements X, Y of the Lie algebra g of the group G via [X, Y ] := Z. The
Lie bracket gives the space g the structure of a Lie algebra.
Examples 1.8 Here are several ﬁnite-dimensional Lie groups and their Lie
algebras:
•

GL(n, R), the set of nondegenerate n × n matrices, is a Lie group with
respect to the matrix product: multiplication and taking the inverse are
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smooth operations. Its Lie algebra is gl(n, R) = Mat(n, R), the set of all
n × n matrices.
SL(n, R) = {A ∈ GL(n, R) | det A = 1} is a Lie group and a closed
subgroup of GL(n, R). Its Lie algebra is the space of traceless matrices
sl(n, R) = {A ∈ gl(n, R) | tr A = 0}. This follows from the relation
det(I + A) = 1 +  tr A + O(2 ) ,

•

as

 → 0,

where I is the identity matrix.
SO(n, R) is a Lie group of transformations {A : Rn → Rn } preserving the
Euclidean inner product of vectors (and orientation) in Rn , i.e. (Au, Av) =
(u, v) for all vectors u, v ∈ Rn . Equivalently, one can deﬁne
SO(n, R) = {A ∈ GL(n, R) | AAt = I, det A > 0}.
The Lie algebra of SO(n) is the space of skew-symmetric matrices
so(n, R) = {A ∈ gl(n, R) | A + At = 0} ,
as the relation
(I + A)(I + At ) = I + (A + At ) + O(2 )

•

shows.
Sp(2n, R) is the group of transformations of R2n preserving the nondegenerate skew-product of vectors.

Exercise 1.9 Give an alternative deﬁnition of Sp(2n, R) with the help of
the equation satisﬁed by thecorresponding matrices for the following skewn
product of vectors u, v := j=1 (uj vj+n − vj uj+n ). Find the corresponding
Lie algebra.
Exercise 1.10 Show that in all of Examples 1.8, the Lie bracket is given by
the usual commutator of matrices: [A, B] = AB − BA.
The following examples are the ﬁrst inﬁnite-dimensional Lie groups we
shall encounter.
Example 1.11 Let M be a compact n-dimensional manifold. Consider the
set Diﬀ(M ) of diﬀeomorphisms of M . It is an open subspace of (the Fréchet
manifold of) all smooth maps from M to M . One can check that the composition and inversion are smooth maps, so that the set Diﬀ(M ) is a Fréchet
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Lie group; see [157].2 Its Lie algebra is given by Vect(M ), the Lie algebra of
smooth vector ﬁelds on M .
Given a volume form µ on M , one can deﬁne the group of volumepreserving diﬀeomorphisms
SDiﬀ(M ) := {φ ∈ Diﬀ(M ) | φ∗ µ = µ} .
It is a Lie group, since SDiﬀ(M ) is a closed subgroup of Diﬀ(M ). Its Lie
algebra SVect(M ) := {v ∈ Vect(M ) | div(v) = 0} consists of vector ﬁelds on
M that are divergence-free with respect to the volume form µ.
Example 1.12 Let M be a ﬁnite-dimensional compact manifold and let G
be a ﬁnite-dimensional Lie group. Set the group of currents on M to be
GM = C ∞ (M, G), the group of G-valued functions on M . We can deﬁne
a multiplication on GM pointwise, i.e., we set (ϕ · ψ)(g) = ϕ(g)ψ(g) for all
ϕ, ψ ∈ GM . This multiplication gives GM the structure of a (Fréchet) Lie
group, as we discuss below.
Example 1.13 A slight, but important, generalization of the example above
is the following: Let G be a ﬁnite-dimensional Lie group, and P a principal
G-bundle over a manifold M . Denote by π : P → M the natural projection to
the base. Deﬁne the Lie group Gau(P ) of gauge transformations (or, simply,
the gauge group) of P as the group of bundle (i.e., ﬁberwise) automorphisms:
Gau(P ) = {ϕ ∈ Aut(P ) | π ◦ ϕ = π}. The group multiplication is the natural
composition of the bundle automorphisms. (Automorphisms of each ﬁber of P
form a copy of the group G, and all together they deﬁne the associated bundle
over M with the structure group G. The identity bundle automorphism gives
the trivial section of this associated G-bundle, and the gauge transformation
group consists of all smooth sections of it; see details in [265].) One can show
that this is a Lie group (cf. [157]), and we denote the corresponding Lie algebra
by gau(P ). For a topologically trivial G-bundle P , the group Gau(P ) coincides
with the current group GM .
Exercise 1.14 Describe the Lie brackets for the Lie algebras in the last three
examples.
Remark 1.15 For a Lie group G, the Lie bracket on the corresponding Lie
algebra g, which we deﬁned via the usual Lie bracket of left-invariant vector
ﬁelds on the group, satisﬁes the following properties:
2

In many analysis questions it is convenient to work with the larger space of diffeomorphisms Diﬀs (M ) of Sobolev class H s . For s > n/2 + 1 these spaces are
smooth Hilbert manifolds. On the other hand, the spaces Diﬀs (M ) are only topological (but not smooth) groups, since the composition of such diﬀeomorphisms
is not smooth. Indeed, while the right multiplication rφ : ψ → ψ ◦ φ is smooth,
the left multiplication lψ : φ → ψ ◦ φ is only continuous, but not even Lipschitz
continuous; see [95].
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(i) it is antisymmetric in X and Y , i.e., [X, Y ] = −[Y, X], and
(ii) it satisﬁes the Jacobi identity:
[[X, Y ], Z] + [[Z, X], Y ] + [[Y, Z], X] = 0 .

The Jacobi identity can be thought of as an inﬁnitesimal analogue of the
associativity of the group multiplication.
1.3 The Exponential Map
Deﬁnition 1.16 The exponential map from a Lie algebra to the corresponding Lie group exp : g → G is deﬁned as follows: Let us ﬁx some X ∈ g and let
 denote the corresponding left-invariant vector ﬁeld. The ﬂow of the ﬁeld
X
 is a map φX : G × R → G such that d φX (g, t) = X(φ
 X (g, t)) for all t and
X
dt
φX (g, 0) = g. The ﬂow φX is the solution of an ordinary diﬀerential equation,
which, if it exists, is unique. In the case that the ﬂow subgroup φX (e, .) exists
for all X ∈ g, we deﬁne the exponential map exp : g → G via the time-one
map X → φX (e, 1); see Figure 1.1.

X

ΦX (e, 1)

e

g
G

Fig. 1.1. The exponential map on the group G associates to a vector X the time-one
map for the trajectory of a left-invariant vector ﬁeld deﬁned by X at e ∈ G.

Example 1.17 For each of the ﬁnite-dimensional Lie groups considered in
Example 1.8, the exponential map is given by the usual exponential map for
matrices:
∞

1 n
exp : A → exp(A) =
A .
n!
n=0
Remark 1.18 The deﬁnition of the exponential map relies on the existence
and uniqueness of solutions of certain ﬁrst-order diﬀerential equations. In
general, solutions of diﬀerential equations in Fréchet spaces might not be
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unique.3 However, the diﬀerential equation in the deﬁnition of the exponential
map is of special type, which secures the solution’s uniqueness upon ﬁxing its
initial condition. Namely, let φ : R → G be a smooth path in the Lie group
d
φ(t) is a tangent vector to the group G at the
G. Its derivative φ (t) := dt
point φ(t). Translate this vector back to the identity via left multiplication
by φ−1 (t). The corresponding element of the Lie algebra g is denoted by
φ−1 (t)φ (t) and is called the left logarithmic derivative of the path φ.
Now consider a Lie algebra element X ∈ g. By deﬁnition of the exponential
map, the curve φ(t) = exp(tX) satisﬁes the diﬀerential equation φ (t) = φ(t)X
with the initial condition φ(0) = e. So for all solutions of this diﬀerential equation, the left logarithmic derivative is given by the constant curve X ∈ g. Now
the uniqueness of the exponential map is implied by the following Exercise.
Exercise 1.19 Show that two smooth paths φ, ψ : R → G have the same left
logarithmic derivative for all t ∈ R if and only if they are translations of each
other by some constant element g ∈ G: φ(t) = g ψ(t) for all t ∈ R. (Hint: see,
e.g., [265].)
Remark 1.20 As far as the existence is concerned, the exponential map exists for all ﬁnite-dimensional Lie groups and more generally for Lie groups
modeled on Banach spaces, as follows from the general theory of diﬀerential
equations. However, there may exist inﬁnite-dimensional Lie groups that do
not admit an exponential map. Moreover, even in the cases in which the exponential map of an inﬁnite-dimensional group exists, it can exhibit rather
peculiar properties; see the examples below.
Example 1.21 For the diﬀeomorphism group Diﬀ(M ) the exponential map
exp : Vect(M ) → Diﬀ(M ) has to assign to each vector ﬁeld on M the time-one
map for its ﬂow. However, for a noncompact M this map may not exist: the
corresponding vector ﬁeld may not be complete. Indeed, for example, for the
vector ﬁeld ξ = x2 ∂/∂x on the real line M = R, the time-one map of the ﬂow
is not deﬁned on the whole of R: the corresponding ﬂow sends some points to
inﬁnity for the time less than 1! Fortunately, for compact manifolds M and
smooth vector ﬁelds, the time-one maps of the corresponding ﬂows, and hence
the exponential maps, are well deﬁned.
Note that the group of diﬀeomorphisms of a noncompact manifold is not
complete, and hence it is not a Lie group in our sense. It is an important open
problem to ﬁnd a Lie group that is modeled on a complete space and does
not admit an exponential map.
3

For instance, the initial value problem u(x, 0) = f (x) for the equation ut (x, t) =
ux (x, t) with x ∈ [0, 1] has wave-type solutions u(x, t) = f (x + t). For nonzero
t such a solution u(x, t) for x ∈ [0, 1] depends on the extension of f (x) to the
segment [−t, 1 − t]. Due to arbitrariness in the choice of a smooth extension of f
from [0, 1] to R, the solution to this initial value problem is not unique.

14

I. Preliminaries

Let us return to the current group GM , where the exponential map exists
and can be used to give this group the structure of a Fréchet Lie group.
Namely, the space gM = C ∞ (M, g) endowed with the topology of uniform
convergence is a Fréchet space. Moreover, the map exp : g → G can be used to
deﬁne a map e
xp : gM → GM pointwise. In a suﬃciently small neighborhood
xp is bijective. Thus it can be used to deﬁne a local system
of 0 ∈ gM , the map e
of open neighborhoods of the identity in GM . We can use left translation to
transfer this system to any point in GM and thus deﬁne a topology on the
group GM . Again using the exponential map, we can deﬁne coordinate charts
on GM . This deﬁnition implies that multiplication and inversion in GM are
smooth maps. So GM is an inﬁnite-dimensional Lie groups (see, e.g., [157] for
more details).
From the construction of the Lie group structure on GM , it is clear that its
Lie algebra is the current algebra gM , and that the exponential map gM → GM
is the map e
xp described above. Note, however, that e
xp is not, in general,
surjective, even if exp : g → G is surjective. As an example, take the manifold
M to be the circle S 1 and G to be the group SU(2).
Exercise 1.22 Show that the map
 iθ

0
e
θ →
0 e−iθ
1

for θ ∈ S 1 = R/2πZ deﬁnes an element in GS that does not belong to the
1
1
image of the exponential map e
xp : gS → GS .
In contrast to the exponential map in the case of the current group GM ,
the exponential map exp : Vect(M ) → Diﬀ(M ) for the diﬀeomorphism group
of a compact M is not, in general, even locally surjective already for the case
of a circle.
Proposition 1.23 (see, e.g., [265, 301, 322]) The exponential map exp :
Vect(S 1 ) → Diﬀ(S 1 ) is not locally surjective.
Proof. First observe that any nowhere-vanishing vector ﬁeld on S 1 is conju∂
is such a
gate under Diﬀ(S 1 ) to a constant vector ﬁeld. Indeed, if ξ(θ) = v(θ) ∂θ
 θ dt
1
1
.
vector ﬁeld, we can deﬁne a diﬀeomorphism ψ : S → S via ψ(θ) = a 0 v(t)
Here, a ∈ R is chosen such that ψ(2π) = 2π. Then ψ∗ (ξ ◦ ψ −1 ) is a constant
vector ﬁeld on S 1 .
From this observation, one can conclude that any diﬀeomorphism of S 1
that lies in the image of the exponential map and that does not have any
ﬁxed points is conjugate to a rigid rotation of S 1 . Hence in order to see that
the exponential map is not locally surjective, it is enough to construct diﬀeomorphisms arbitrarily close to the identity that do not have any ﬁxed points
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and that are not conjugate to a rigid rotation. For this, one can take diffeomorphisms without ﬁxed points, but which have isolated periodic points,
i.e., ﬁxed points for a certain nth iteration of this diﬀeomorphism. Indeed, if
such a diﬀeomorphism ψ belonged to the image of the exponential map, so
would its nth power ψ n . Then the corresponding vector ﬁeld deﬁning the ψ n
as the time-one map would either have zeros or be nonvanishing everywhere.
In the former case, the n-periodic points of ψ must actually be its ﬁxed points,
while in the latter case, the diﬀeomorphism ψ n , as well as ψ, would be conjugate to a rigid rotation and hence all points of ψ would be n-periodic. Both
cases give us a contradiction.
Explicitly, a family of such diﬀeomorphisms can be constructed as follows:
Let us identify S 1 with R/2πZ. Then consider the map ψn, : x → x +
2π
1
n +  sin(nx). For  small enough, this is indeed a diﬀeomorphism of S .
Furthermore, by choosing n large and  small, the diﬀeomorphisms ψn, can
be made arbitrarily close to the identity while having no ﬁxed points. Finally,
for  = 0, ψn, cannot be conjugate to a rigid rotation. If it were conjugate
n
(0) = 0. But in
to a rotation, it would have to be the rotation ψn,0 , since ψn,
n

this case, we would have ψn, = id, which is not true for  = 0.

1.4 Abstract Lie Algebras
As we have seen in the last section, the Lie bracket of two left-invariant vector
 and Y on a Lie group G deﬁnes a bilinear map [ . , . ] : g × g → g of
ﬁelds X
the Lie algebra of G that is antisymmetric in X and Y and satisﬁes the Jacobi
identity (1.2). These properties can be taken as the deﬁnition of an abstract
Lie algebra:
Deﬁnition 1.24 An (abstract) Lie algebra is a real or complex vector space
g together with a bilinear map [ . , . ] : g × g → g (the Lie bracket) that is
antisymmetric in X and Y and that satisﬁes the Jacobi identity
[[X, Y ], Z] + [[Z, X], Y ] + [[Y, Z], X] = 0 .

(1.2)

All the Lie algebras we have encountered so far as accompanying the corresponding Lie groups can also be regarded by themselves, i.e., as abstract Lie
algebras. A famous theorem of Sophus Lie states that every ﬁnite-dimensional
(abstract) Lie algebra g is the Lie algebra of some Lie group G. In inﬁnite
dimensions this is no longer true in general.
Example 1.25 ([205, 207]) To illustrate the failure of Lie’s theorem in an
inﬁnite-dimensional context, consider the Lie algebra of complex vector ﬁelds
on the circle VectC (S 1 ) = Vect(S 1 ) ⊗ C. Let us show that this Lie algebra
cannot be the Lie algebra of any Lie group. First note that VectC (S 1 ) contains
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as a subalgebra the Lie algebra Vect(S 1 ) of real vector ﬁelds on the circle,
which is the Lie algebra of the group Diﬀ(S 1 ).
Let G1 denote the group PSL(2, R) and let Gk denote the k-fold covering
of G1 . The group G2 is isomorphic to SL(2, R), while for k > 2 it is known
that the groups Gk have no matrix realization. The group Diﬀ(S 1 ) contains
each Gk as a subgroup. Namely, Gk is the subgroup corresponding to the Lie
subalgebra gk spanned by the vector ﬁelds
∂
∂
∂
, sin(kθ) , cos(kθ) .
∂θ
∂θ
∂θ
(Note that each gk is isomorphic to sl(2, R).)
Now suppose that there exists a complexiﬁcation of the group Diﬀ(S 1 ),
i.e., a Lie group G corresponding to the complex Lie algebra VectC (S 1 ). Such
a group G would have to contain the complexiﬁcations of all the groups Gk .
However, for k > 2 the groups Gk do not admit complexiﬁcations: the only
complex groups corresponding to the Lie algebra sl(2, C) are SL(2, C) and
PSL(2, C).
More precisely, if the complex Lie group G existed, the real subgroups
Gk would belong to the complex subgroups of G corresponding to complex
sl(2, C). But these complex subgroups have to be isomorphic
subalgebras gC
k
either to SL(2, C), which contains only SL(2, R) = G2 , or to PSL(2, C), which
contains only PSL(2, R) = G1 . Thus the complex group G containing all Gk
cannot exist, and hence there is no Lie group for the Lie algebra VectC (S 1 ).
Lie algebra homomorphisms are deﬁned in the usual way: A map ρ : g → h
between two Lie algebras is a Lie algebra homomorphism if it satisﬁes
ρ([X, Y ]) = [ρ(X), ρ(Y )] for all X, Y ∈ g. We will also need another important class of maps between Lie algebras called derivations:
Deﬁnition 1.26 A linear map δ : g → g of a Lie algebra g to itself is called
a derivation if it satisﬁes
δ([X, Y ]) = [δ(X), Y ] + [X, δ(Y )]
for all X, Y ∈ g.
Exercise 1.27 Deﬁne the map adX : g → g associated to a ﬁxed vector
X ∈ g via
adX (Y ) = [X, Y ] .
Show that this is a derivation for any choice of X. (Hint: use the Jacobi
identity.)
If a derivation of a Lie algebra g can be expressed in the form adX for some
X ∈ g, it is called an inner derivation; otherwise, it is called an outer derivation of g.

2. Adjoint and Coadjoint Orbits
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Exercise
1.28 Let δ be a derivation of a Lie algebra g, and suppose that
∞
exp(δ) = i=0 i!1 δ i makes sense (for example, suppose, the map δ is nilpotent).
Show that the map exp(δ) is an automorphism of the Lie algebra g.

Deﬁnition 1.29 A subalgebra of a Lie algebra g is a subspace h ⊂ g invariant
under the Lie bracket in g. An ideal of a Lie algebra g is a subalgebra h ⊂ g
such that [X, h] ⊂ h for all X ∈ g.
The importance of ideals comes from the fact that if h ⊂ g is an ideal,
then the quotient space g/h is again a Lie algebra.
Exercise 1.30 (i) Show that for an ideal h ⊂ g the Lie bracket on g descends
to a Lie bracket on the quotient space g/h.
(ii) Show that if ρ : g → 
g is a homomorphism of two Lie algebras, then
the kernel ker ρ of ρ is an ideal in g.
Deﬁnition 1.31 A Lie algebra is simple (respectively, semisimple) if it does
not contain nontrivial ideals (respectively, nontrivial abelian ideals).
Any ﬁnite-dimensional semisimple Lie algebra is a direct sum of nonabelian
simple Lie algebras.
A group analogue of an ideal is the notion of a normal subgroup. A subgroup H ⊂ G of a group G is called normal if gHg −1 ⊂ H for all g ∈ G.
Exercise 1.30 translates directly to normal subgroups.

2 Adjoint and Coadjoint Orbits
Writing out a linear operator in a diﬀerent basis or a vector ﬁeld in a diﬀerent
coordinate system has a far-reaching generalization as the adjoint representation for any Lie group. In this section we deﬁne the adjoint and coadjoint
representations and the corresponding orbits for an arbitrary Lie group.
2.1 The Adjoint Representation
A representation of a Lie group G on a vector space V is a linear action ϕ
of the group G on V that is smooth in the sense that the map G × V →
V , (g, v) → gv, is smooth. If V is a real vector space, (V, ϕ) is called a real
representation, and if V is complex, it is a complex representation. (Here V is
assumed to be a Fréchet space, and, often, a Hilbert space. In the latter case,
the representation is said to be unitary if the inner product on V is invariant
under the action of G.)
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Every Lie group has two distinguished representations: the adjoint and the
coadjoint representations. Since they will play a special role in this book, we
describe them in more detail.
Any element g ∈ G deﬁnes an automorphism cg of the group G by conjugation:
cg : h ∈ G → ghg −1 .
The diﬀerential of cg at the identity e ∈ G maps the Lie algebra of G to itself
and thus deﬁnes an element Adg ∈ Aut(g), the group of all automorphisms of
the Lie algebra g.
Deﬁnition 2.1 The map Ad : G → Aut(g), g → Adg deﬁnes a representation
of the group G on the space g and is called the group adjoint representation;
see Figure 2.1. The orbits of the group G in its Lie algebra g are called the
adjoint orbits of G.

G
e

Adg
cg

g

Fig. 2.1. Conjugation cg on the group G generates the adjoint representation Adg
on the Lie algebra g.

The diﬀerential of Ad : G → Aut(g) at the group identity g = e deﬁnes a
map ad : g → End(g), the adjoint representation of the Lie algebra g.
One can show that the bracket [ , ] on the space g deﬁned via
[X, Y ] := adX (Y )
coincides with the bracket (or commutator) of the corresponding two leftinvariant vector ﬁelds on the group G and hence with the Lie bracket on g
deﬁned in Section 1.2.
Example 2.2
•

Let g ∈ GL(n, R) and A ∈ gl(n, R). Then Adg A = gAg −1 . Hence the adjoint orbits are given by sets of similar (i.e., conjugate) matrices in gl(n, R).
The adjoint representation of gl(n, R) is given by adA (B) = [A, B] =
AB − BA.

2. Adjoint and Coadjoint Orbits
•
•

•
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The adjoint orbits of SO(3, R) are spheres centered at the origin of R3
so(3, R) and the origin itself.
The adjoint orbits of SL(2, R) are contained in the sets of similar matrices.
b
∈ sl(2, R), one sees that the adjoint orbits lie in
By writing A = ac −a
the level sets of ∆ = −(a2 + bc) = const: matrices that are conjugate
to each other have the same determinant. Note, however, that not all
matrices in sl(2, R) that have the same determinant are conjugate. For
instance, the matrices with determinant ∆ = 0 constitute three diﬀerent
orbits:
 0 ±1 the origin and two other orbits, cones, passing through the matrices
0 0 , respectively. For ∆ = 0 the SL(2, R)-orbits are either one-sheet
hyperboloids or connected components of the two-sheet hyperboloids a2 +
bc = const, since the group SL(2, R) is connected.
Let G be the set of orientation-preserving aﬃne transformations of the
real line. That is, G = {(a, b) | a, b ∈ R , a > 0}, and (a, b) ∈ G acts on
x ∈ R via x → ax + b. The Lie algebra of G is R2 , and its adjoint orbits
are the aﬃne lines
{(α, β) ∈ R2 | α = const = 0, β arbitrary} ,
the two rays
{(α, β) ∈ R2 , α = 0, β < 0} and {(α, β) ∈ R2 , α = 0, β > 0} ,

•

•

and the origin {(0, 0)}; see Figure 2.2.
Let M be a compact manifold. The adjoint orbits of the current group
GL(n, C)M in its Lie algebra gl(n, C)M are given by ﬁxing the (smoothly
dependent) Jordan normal form of the current at each point of the manifold M .
Let M be a compact manifold. The adjoint representation of Diﬀ(M ) on
Vect(M ) is given by coordinate changes of the vector ﬁeld: for a φ ∈
Diﬀ(M ) one has Adφ : v → φ∗ v ◦ φ−1 . The adjoint representation of
Vect(M ) on itself is given by the negative of the usual Lie bracket of
∂v
w(x) − ∂w
vector ﬁelds: adv w = ∂x
∂x v(x) in any local coordinate x.

Exercise 2.3 Verify the latter formula for the action of Diﬀ(M ) on Vect(M )
from the deﬁnition of the group adjoint action. (Hint: express the diﬀeomorphisms corresponding to the vector ﬁelds v(x) and w(x) in the form
g(t) : x → x + tv(x) + o(t),

h(s) :

x → x + sw(x) + o(s),

t, s → 0,

and ﬁnd the ﬁrst several terms of g(t)h(s)g −1 (t).)
2.2 The Coadjoint Representation
The dual object to the adjoint representation of a Lie group G on its
Lie algebra g is called the coadjoint representation of G on g∗ , the dual
space to g.
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¯

¯

®

®

Fig. 2.2. Adjoint and coadjoint orbits of the group of aﬃne transformations on the
line.

Deﬁnition 2.4 The coadjoint representation Ad∗ of the group G on the
space g∗ is the dual of the adjoint representation. Let  ,  denote the pairing
between g and its dual g∗ . Then the coadjoint action of the group G on the
dual space g∗ is given by the operators Ad∗g : g∗ → g∗ for any g ∈ G that are
deﬁned by the relation
Ad∗g (ξ), X := ξ, Adg−1 (X)

(2.3)

for all ξ in g∗ and X ∈ g. The orbits of the group G under this action on g∗
are called the coadjoint orbits of G.
The diﬀerential ad∗ : g → End(g∗ ) of the group representation Ad∗ : G →
Aut(g∗ ) at the group identity e ∈ G is called the coadjoint representation
of the Lie algebra g. Explicitly, at a given vector Z ∈ g it is deﬁned by the
relation
ad∗Z (ξ), X = −ξ, adZ (X).
Remark 2.5 The dual space of a Fréchet space is not necessarily again a
Fréchet space. In this case, instead of considering the full dual space to an
inﬁnite-dimensional Lie algebra g, we will usually conﬁne ourselves to considering only appropriate “smooth duals,” the functionals from a certain Ginvariant Fréchet subspace g∗s ⊂ g∗ . Natural smooth duals will be diﬀerent
according to the type of the inﬁnite-dimensional groups considered, but they
all have a (weak) nondegenerate pairing with the corresponding Lie algebra g
in the following sense: for every nonzero element X ∈ g, there exists some element ξ ∈ g∗s such that ξ, X = 0, and the other way around. This ensures that
the coadjoint action is uniquely ﬁxed by equation (2.3). The pair (g∗s , Ad∗ |g∗s )
is called the regular (or smooth) part of the coadjoint representation of G,
and, abusing notations, we will usually skip the index s.
Example 2.6
•

In the ﬁrst three cases of Example 2.2, there exists a G-invariant inner
product on g that induces an isomorphism between g and g∗ respecting
the group actions. Hence the adjoint and coadjoint representations of the
groups G are isomorphic, and the coadjoint orbits coincide with the adjoint
ones.

3. Central Extensions
•

•
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The group of aﬃne transformations of the real line in Example 2.2 has two
2-dimensional coadjoint orbits, the upper and lower half-planes in R2 , and
a set of zero-dimensional orbits, namely, the points (α, 0) for each α ∈ R
(see Figure 2.2).
For a compact manifold M with some ﬁxed volume form dVol, we can
deﬁne a nondegenerate GM -invariant product on the current Lie algebra
gl(n, R)M by setting
X, Y  =

tr(X(x) · Y (x)) dVol(x)
M

for X, Y ∈ gl(n, R)M . This inner product can be used to identify the current algebra gM with a subspace in its dual g∗s ⊂ g∗ . The space g∗s is called
the smooth (or regular) part of g∗ . Thanks to the nondegenerate pairing, the smooth part of the coadjoint representation of GM is isomorphic
to the adjoint representation.
Note that each of the ﬁnite-dimensional coadjoint orbits above is evendimensional. This is a consequence of the general fact that coadjoint orbits
are symplectic manifolds, which we discuss later.
Remark 2.7 In what follows we pay particular attention to the structure
and description of coadjoint orbits of inﬁnite-dimensional Lie groups. We are
interested in coadjoint orbits mostly because they appear as natural phase
spaces of dynamical systems. Another reason to study coadjoint orbits comes
from the orbit method. This is a general principle due to A. Kirillov, which
asserts that the information on the set of unitary representations of a Lie
group G is contained in the group coadjoint orbits. This method has become
a powerful tool in the study of Lie groups and it has been worked out in detail
for large classes of ﬁnite-dimensional Lie groups such as nilpotent and compact
Lie groups (see [206]). In inﬁnite dimensions, the correspondence between
coadjoint orbits and unitary representations has been fully understood only
for certain types of groups, e.g., for aﬃne Lie groups (cf. [132, 322, 385]),
although there are some indications that it works for other classes as well.

3 Central Extensions
In this section we collect several basic facts about central extensions of Lie
groups and Lie algebras. One can think of a central extension of a Lie group
 ﬁbered over the initial group G in such a way
G as a new bigger Lie group G

that the ﬁber over the identity e ∈ G lies in the center of G.
Central extensions of Lie groups appear naturally in representation theory
and quantum mechanics when one lifts a group projective representation to
an ordinary one: one often needs to pass to a central extension of the group
to be able to do this. For us the main advantage of these extensions is that for
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many inﬁnite-dimensional groups their central extensions have simpler and
“more regular” structure of the coadjoint orbits, as well as more interesting
dynamical systems related to them.
3.1 Lie Algebra Central Extensions
Deﬁnition 3.1 A central extension of a Lie algebra g by a vector space n is
a Lie algebra 
g whose underlying vector space 
g = g ⊕ n is equipped with the
following Lie bracket:
[(X, u), (Y, v)]∼ = ([X, Y ], ω(X, Y ))
for some continuous bilinear map ω : g × g → n. (Note that ω depends only on
X and Y , but not on u and v, which means that the extension is central: the
space n belongs to the center of the new Lie algebra, i.e., it commutes with
all of 
g: [(0, u), (Y, v)] = 0 for all Y ∈ g and u, v ∈ n.) The skew symmetry
and the Jacobi identity for the new Lie bracket on 
g are equivalent to the
following conditions on the map ω. Such a map ω : g × g → n has to be a
2-cocycle on the Lie algebra g, i.e., ω has to be bilinear and antisymmetric,
and it has to satisfy the cocycle identity
ω([X, Y ], Z) + ω([Z, X], Y ) + ω([Y, Z], X) = 0
for any triple of elements X, Y, Z ∈ g. (Here and below we always require Lie
algebra cocycles to be continuous maps.)
A 2-cocycle ω on g with values in n is called a 2-coboundary if there exists
a linear map α : g → n such that ω(X, Y ) = α([X, Y ]) for all X, Y ∈ g. One
can easily see that the central extension deﬁned by such a 2-coboundary becomes the trivial extension by the zero cocycle after the change of coordinates
(X, u) → (X, u − α(X)).
Hence in describing diﬀerent central extensions we are interested only in
the 2-cocycles modulo 2-coboundaries, i.e., in the second cohomology H 2 (g; n)
of the Lie algebra g with values in n: H 2 (g; n) = Z(g; n)/B(g; n), where Z(g; n)
is the vector space of all 2-cocycles on g with values in n, and B(g; n) is the
subspace of 2-coboundaries.
Remark 3.2 A central extension of a Lie algebra g by an abelian Lie algebra
n can be deﬁned by the exact sequence
{0} −→ n−→
g−→g −→ {0}
of Lie algebras such that n lies in the center of 
g. A morphism of two central
extensions is a pair (ν, µ) of Lie algebra homomorphisms ν : n → n and
µ:
g→
g such that the following diagram is commutative:
π


0 −→ ⏐
n −→ ⏐
g −→ ⏐
g −→ 0
⏐ν
⏐µ
⏐id
π

0 −→ n −→ 
g −→ g −→ 0.

(3.4)

3. Central Extensions

23

Two extensions are said to be equivalent if the map µ is an isomorphism and
ν = id.
Exercise 3.3 Prove the following equivalence:
Proposition 3.4 There is a one-to-one correspondence between the equivalence classes of central extensions of g by n and the elements of H 2 (g; n).
Example 3.5 Consider the abelian Lie algebra g = R2 , and let ω ∈ Λ2 (R2 )
be an arbitrary skew-symmetric bilinear form on R2 . Then ω deﬁnes a 2cocycle on R2 with values in R (in this case, the cocycle condition is trivial, since g is abelian). The resulting central extension is 
g = R2 ⊕ R with
Lie bracket [(v1 , h1 ), (v2 , h2 )] = (0, ω(v1 , v2 )). Moreover, since g is abelian,
B(g; R) = {0} whence H 2 (g; R) = Λ2 (R2 ) ∼
= R. Note that all ω = 0 ∈ Λ2 (R2 )
lead to isomorphic Lie algebras. The algebra 
g with a nonzero ω, i.e., a representative of this isomorphism class, is called the three-dimensional Heisenberg
algebra.
By taking a nondegenerate skew-symmetric form ω in R2n , we can deﬁne
in the same way the (2n + 1)-dimensional Heisenberg algebra.
An inﬁnite-dimensional analogue of the Heisenberg algebra is as follows.
Consider the space g = {f ∈ C ∞ (S 1 ) | S 1 f dθ = 0} of smooth functions on
the circle with zero mean
 and regard it as an abelian Lie algebra. Deﬁne the
2-cocycle by ω(f, g) = S 1 f  g dθ. (One can view this algebra and the corresponding cocycle as the “limit” n → ∞ of the example above by considering
the functions in Fourier components.)
Exercise 3.6 Check the skew-symmetry and the cocycle identity for ω(f, g).
Deﬁnition 3.7 A central extension 
g of g is called universal if for any other
g→
g of the central extencentral extension 
g , there is a unique morphism 
sions. If it exists, the universal central extension of a Lie algebra g is unique
up to isomorphism.
Remark 3.8 A suﬃcient condition for a Lie algebra g to have a universal
central extension is that g be perfect, i.e., that it coincide with its own derived algebra: g = [g, g] (see, e.g., [276]). Any ﬁnite-dimensional semisimple
Lie algebra is perfect. The universal central extension of a semisimple Lie algebra g coincides with g itself: such algebras do not admit nontrivial central
extensions.
No abelian Lie algebra is perfect. Nevertheless, abelian Lie algebras can
still have universal central extensions: for instance, the three-dimensional
Heisenberg algebra is the universal central extension of the abelian
algebra R2 .
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Example 3.9 Let M be a ﬁnite-dimensional manifold. One can show that
the Lie algebra Vect(M ) of vector ﬁelds on M is perfect. The universal central
extension of Vect(M ) for the case M = S 1 is called the Virasoro algebra, and
we describe it in detail in Section 2 of Chapter II.
Example 3.10 For a simple Lie algebra g and any n-dimensional compact
manifold M , the current Lie algebra gM is perfect. (More generally, for any
perfect ﬁnite-dimensional Lie algebra g the Lie algebra gM is perfect.) Its
universal central extension 
gM can be constructed as follows. Let  ,  be a
nondegenerate symmetric invariant bilinear form on g, where the invariance
means that [A, B], C = A, [B, C] for all A, B, C ∈ g. Denote by Ω 1 (M )
the set of 1-forms on M and let dΩ 0 (M ) be the subset of exact 1-forms. Now
we deﬁne the 2-cocycle ω on gM with values in Ω 1 (M )/dΩ 0 (M ) via
ω(X, Y ) := X, dY  ,
where X, Y ∈ gM . The antisymmetry of ω is immediate, while the cocycle
identity follows from the Jacobi identity in gM and the invariance of the
bilinear form. So ω deﬁnes a central extension of gM . For a proof of universality
of this central extension see, e.g., [322, 247].
In the case of M = S 1 the corresponding space Ω 1 (S 1 )/dΩ 0 (S 1 ) is onedimensional. The current algebra on S 1 is called the loop algebra associated to
g, and it has the universal central extension by the R- (or C)-valued 2-cocycle
X, dY  .

ω(X, Y ) :=
S1

We discuss loop algebras and their generalizations in detail in Sections 1 and
5 of Chapter II.
3.2 Central Extensions of Lie Groups
Central extensions of Lie groups can be deﬁned similarly to those of Lie algebras. However, unlike the case of Lie algebras, not all group extensions can
be described explicitly by cocycles. This is why we start with the alternative
deﬁnition of the extensions via exact sequences.
 of a Lie group G by an abelian Lie
Deﬁnition 3.11 A central extension G
group H is an exact sequence of Lie groups
 → G → {e}
{e} → H → G
 (Here {e} is the trivial
such that the image of H lies in the center of G.
group containing only the identity element.) Morphisms and equivalence of
two central extensions are deﬁned analogously to the case of Lie algebras.
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 is topologically a direct product of G and H,
If the central extension G
 = G × H (or, equivalently, if there is a smooth section in the principal
G
 → G),4 one can deﬁne the multiplication in G
 as follows:
H-bundle G
(g1 , h1 ) · (g2 , h2 ) = (g1 g2 , γ(g1 , g2 )h1 h2 )
for a smooth map γ : G × G → H, which is similar to the case of Lie algebra
central extensions. The associativity of this multiplication corresponds to the
so-called group cocycle identity on the map γ.
Deﬁnition 3.12 Let G and H be Lie groups and suppose H is abelian. A
smooth map γ : G × G → H that satisﬁes
γ(g1 g2 , g3 )γ(g1 , g2 ) = γ(g1 , g2 g3 )γ(g2 , g3 )
is called a smooth group 2-cocycle on G with values in H.
A smooth 2-cocycle on G with values in H is called a 2-coboundary if there
exists a smooth map λ : G → H such that γ(g1 , g2 ) = λ(g1 )λ(g2 )λ(g1 g2 )−1 . As
before, the group 2-coboundaries correspond to the trivial group extensions,
after a possible change of coordinates (more precisely, of the trivializing section
 → G). Similarly, two group 2-cocycles deﬁne isomorphic extensions if
for G
they diﬀer by a 2-coboundary. This explains the following fact.
Proposition 3.13 There is a one-to-one correspondence between the set of
central extensions of G by H that admit a smooth section and the elements in the second cohomology group H 2 (G, H) := Z(G, H)/B(G, H). Here
Z(G, H) and B(G, H) denote respectively the sets of smooth 2-cocycles and
2-coboundaries on G, with the natural abelian group structure.
However, in contrast to the case of Lie algebras, there exist central extensions of Lie groups that do not admit a smooth section, and hence cannot be
deﬁned by smooth 2-cocycles. We will encounter examples for such groups in
Chapter II.
A central extension of a Lie group G always deﬁnes a central extension of
the corresponding Lie algebra. The converse need not be true: the existence
of a Lie group for a given Lie algebra is not guaranteed in inﬁnite dimensions.
Instead, one says that a central extension 
g of a Lie algebra g lifts to the
 of the group G whose Lie
group level if there exists a central extension G
 by H is deﬁned by
algebra is given by 
g. If the group central extension G
a group 2-cocycle γ, one can recover the Lie algebra 2-cocycle deﬁning the
corresponding central extension 
g of the Lie algebra g directly from the group
cocycle γ by appropriate diﬀerentiation.
4

We always require central extensions of Lie groups to have smooth local sections,
in order to secure the existence of a continuous linear section for the corresponding
Lie algebra extensions.

26

I. Preliminaries

Proposition 3.14 Let H be an abelian Lie group with a Lie algebra h, and
 Then the
let γ be an H-valued 2-cocycle on G deﬁning a central extension G.
h-valued 2-cocycle ω deﬁning the corresponding central extension 
g of the Lie
algebra g is given by
ω(X, Y ) =

d2
dt ds

t=0,s=0

γ(gt , hs ) −

where gt is a smooth curve in G such that
d
|s=0 hs = Y .
curve in G such that ds

d2
dt ds

t=0,s=0

d
dt |t=0 gt

γ(hs , gt ) ,

= X, and hs is a smooth

Exercise 3.15 Prove the above proposition.
Example 3.16 Let G be R2 = {(a, b)} with the natural abelian group struc can be deﬁned as the followture. The three-dimensional Heisenberg group G
ing matrix group:
⎧⎛
⎫
⎞
⎨ 1ac
⎬
 = ⎝0 1 b ⎠ | a, b, c ∈ R ,
G
⎩
⎭
001
and it is a central extension of the group G. One veriﬁes directly that the
central extension is deﬁned via the R-valued group 2-cocycle γ given by
γ((a, b), (a , b )) = ab . Using Proposition 3.14, we see that the inﬁnitesimal
form of the cocycle γ is given by
ω((A, B), (A , B  )) = AB  − A B,
 is the three-dimensional Heisenberg algebra disso that the Lie algebra of G
cussed in Example 3.5.

4 The Euler Equations for Lie Groups
The Euler equations form a class of dynamical systems closely related to Lie
groups and to the geometry of their coadjoint orbits. To describe them we
start with generalities on Poisson structures and Hamiltonian systems, before
bridging them to Lie groups. Although the manifolds considered in this section
are ﬁnite-dimensional, we will see later in the book that most of the notions
and formulas discussed here are applicable in the inﬁnite-dimensional context
(where the dual g∗ of a Lie algebra g stands for its smooth dual).
4.1 Poisson Structures on Manifolds
Deﬁnition 4.1 A Poisson structure on a manifold M is a bilinear operation
on functions
{ , } : C ∞ (M ) × C ∞ (M ) → C ∞ (M )
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satisfying the following properties:
(i) antisymmetry:
{f, g} = −{g, f },
(ii) the Jacobi identity:
{f, {g, h}} + {g, {h, f }} + {h, {f, g}} = 0,

and

(iii) the Leibniz identity:
{f, gh} = {f, g}h + {f, h}g
for any functions f, g, h ∈ C ∞ (M ).
The ﬁrst two properties mean that a Poisson structure deﬁnes a Lie algebra
structure { , } on the space C ∞ (M ) of smooth functions on M , while the
third property implies that {f, ·} : C ∞ (M ) → C ∞ (M ) is a derivation for
any function f ∈ C ∞ (M ). Since each derivation on the space of functions is
the Lie derivative along an appropriate vector ﬁeld, the Poisson structure can
be thought of as a map from functions to the corresponding vector ﬁelds on
the manifold:
Deﬁnition 4.2 Let H : M → R be any smooth function on a Poisson manifold M . Such a function H deﬁnes a vector ﬁeld ξH on M by LξH g = {H, g}
for any test function g ∈ C ∞ (M ). The vector ﬁeld ξH is called the Hamiltonian ﬁeld corresponding to the Hamiltonian function H with respect to the
Poisson bracket { , }.
We call a function F : M → R a Casimir function on a Poisson manifold
M if it generates the zero Hamiltonian ﬁeld, i.e., if the Poisson bracket of the
function F with any other function vanishes everywhere on M .
Remark 4.3 Let M be a manifold with a Poisson structure { , }, and we
ﬁx some point m ∈ M . All Hamiltonian vector ﬁelds on M evaluated at
the point m ∈ M span a subspace of the tangent space Tm M . Thus, the
Poisson structure deﬁnes a distribution of such subspaces on the manifold M
(i.e., a subbundle of the tangent bundle T M ) by varying the point m.5 Note
that the dimension of this distribution can diﬀer from one point to another.
This distribution is integrable, according to the Frobenius theorem, since the
commutator of two Hamiltonian vector ﬁelds is again Hamiltonian. Therefore,
it gives rise to a (possibly singular) foliation of the Poisson manifold M [384].
5

Alternatively, a Poisson structure can be deﬁned by specifying a bivector ﬁeld Π
on the manifold M , i.e., a section of T M ∧2 :
{f, g} = Π(df, dg).
Such a bivector ﬁeld deﬁnes a distribution on M as the images of the map Π :
T ∗M → T M .
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The leaves of this foliation are called symplectic leaves. (In short, two points
belong to the same symplectic leaf if they can be joined by a path whose
velocity at any point is a Hamiltonian vector.)
Deﬁnition 4.4 A pair (N, ω) consisting of a manifold N and a 2-form ω on
N is called a symplectic manifold if ω is closed (dω = 0) and nondegenerate.
(In the case of inﬁnite dimensions, the form ω is required to be nondegenerate
in the sense that for each point p ∈ N and any nonzero vector X ∈ Tp N ,
there exists another vector Y ∈ Tp M such that ωp (X, Y ) = 0.) The 2-form ω
is called the symplectic form on the manifold N .
The reason for the name “symplectic leaves” in Remark 4.3 is that one
can deﬁne a symplectic 2-form ω on each leaf. It suﬃces to ﬁx its values on
Hamiltonian vector ﬁelds ξf and ξg at any point:
ω(ξf , ξg ) := {f, g} ,
since the tangent space of each leaf is generated by Hamiltonian ﬁelds.
Exercise 4.5 Show that the 2-form ω deﬁned on the leaf through a point
m ∈ M is closed and nondegenerate.
Note that Casimir functions, by deﬁnition, are constant on the leaves of the
above foliation, and the codimension of generic symplectic leaves on a Poisson manifold M is equal to the number of (locally functionally) independent
Casimir functions on M .
Example 4.6 For the Poisson structure
{f, g} :=

∂f ∂g
∂f ∂g
−
∂x ∂y
∂y ∂x

in R3 = {(x, y, z)}, its symplectic leaves are the planes z = const. The coordinate function z, or any function F = F (z), is a Casimir function for this
Poisson manifold.
Remark 4.7 Locally, a Poisson manifold near any point p splits into the
product of a symplectic space and a Poisson manifold whose rank at p is zero
[384]. The symplectic space is a neighborhood of the symplectic leaf passing
through p, while the Poisson manifold of zero rank represents the transverse
Poisson structure at the point p.
Below we will see that this splitting works in many (but not all!) inﬁnitedimensional examples: Poisson structures can have inﬁnite-dimensional symplectic leaves and ﬁnite-dimensional Poisson transversals.
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4.2 Hamiltonian Equations on the Dual of a Lie Algebra
Let G be a Lie group (ﬁnite- or inﬁnite-dimensional) with Lie algebra g, and
let g∗ denote (the smooth part of) its dual.
Deﬁnition 4.8 The natural Lie–Poisson (or Kirillov–Kostant Poisson)
structure { , }LP on the dual Lie algebra g∗ ,
{ , }LP : C ∞ (g∗ ) × C ∞ (g∗ ) → C ∞ (g∗ ) ,
is deﬁned via
{f, g}LP (m) := [dfm , dgm ], m
∗

for any m ∈ g and any two smooth functions f, g on g∗ ; see Figure 4.1.
(Here dfm is the diﬀerential of the smooth function f taken at the point m,
understood as an element of the space g itself, and  ,  is the natural pairing
between the dual spaces g and g∗ .)
∗
Tm
(g∗ ) ∼
=g

dgm
dfm

g∗
0

m

Fig. 4.1. Deﬁning the Lie–Poisson structure: dfm , dgm ∈ g, while m ∈ g∗ .

Proposition 4.9 The Hamiltonian equation corresponding to a function H
and the natural Lie–Poisson structure { , }LP on g∗ is given by
d
m(t) = − ad∗dHm(t) m(t).
dt
This equation is called the Euler–Poisson equation on g∗ .
Proof. Let f ∈ C ∞ (g∗ ) be an arbitrary function. Then
LξH f (m) ={H, f }(m) = [dHm , dfm ], m
=addHm (dfm ), m = −dfm , ad∗dHm (m).
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Since the Lie derivative of a function f along a vector ﬁeld is the evaluation
of the function’s diﬀerential df on this vector ﬁeld, this implies that ξH (m) =

− ad∗dHm (m), which is the assertion.

Corollary 4.10 The symplectic leaves of { , }LP on g∗ are the coadjoint
orbits of G. In particular, all (ﬁnite-dimensional) coadjoint orbits have even
dimension.
Proof. Denote by Om the coadjoint orbit through a point m ∈ g∗ in the
dual space. Let H ∈ C ∞ (g∗ ) be a function on the dual. For any vector v ∈ g
of the Lie algebra, one can represent it as v = dHm by taking an appropriate
function H. Therefore, one can obtain as Hamiltonian vectors ad∗dHm (m) at
the point m all vectors in the image of ad∗g (m), i.e., all vectors in the tangent
space to the orbit Tm Om := Tm (Ad∗G (m)). By deﬁnition, all Hamiltonian
vectors span the tangent space to any symplectic leaf at each point m, which
proves that coadjoint orbits are exactly the symplectic leaves of the Lie–
Poisson bracket.


Corollary 4.11 Let A : g → g∗ be an invertible self-adjoint operator.6
For the quadratic Hamiltonian function H : g∗ → R deﬁned by H(m) :=
1
−1
m the corresponding Hamiltonian equation is
2 m, A
d
m(t) = − ad∗A−1 m(t) m(t) .
dt

(4.5)

Indeed, dHm (m) = A−1 m for any m ∈ g∗ .
Deﬁnition 4.12 An invertible self-adjoint operator A : g → g∗ deﬁning the
quadratic Hamiltonian H is called an inertia operator on g.
4.3 A Riemannian Approach to the Euler Equations
It turns out that the Euler–Poisson equations with quadratic Hamiltonians
have a beautiful Riemannian reformulation.
V. Arnold suggested in [12] the following general setup for the Euler equation describing a geodesic ﬂow on an arbitrary Lie group. Consider a (possibly
inﬁnite-dimensional) Lie group G, which can be thought of as the conﬁguration space of some physical system. (Examples from [12, 18]: SO(3) for a rigid
6

Note that one can deﬁne the “self-adjointness property” for an operator from a
space to its dual, similarly to a self-adjoint operator acting on a given space with
respect to a ﬁxed pairing.
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body or the group SDiﬀ(M ) of volume-preserving diﬀeomorphisms for an ideal
ﬂuid ﬁlling a domain M .) The tangent space at the identity of the Lie group
G is the corresponding Lie algebra g. Fix some (positive deﬁnite) quadratic
form, the energy, on g. We consider left (or right) translations of this quadratic
form to the tangent space at any point of the group (the “translational symmetry” of the energy). In this way, the energy deﬁnes a left- (respectively,
right-) invariant Riemannian metric on the group G. The geodesic ﬂow on
G with respect to this energy metric represents extremals of the least-action
principle, i.e., possible motions of our physical system.7 To describe a geodesic
on the Lie group G with an initial velocity v(0), we transport its velocity vector at any moment t to the identity of the group using the left (respectively,
right) translation. This way we obtain the evolution law for v(t) on the Lie
algebra g.
To ﬁx the notation, let ( , ) be some left-invariant metric on the group G.
The geodesic ﬂow with respect to this metric is a dynamical system on the
tangent bundle T G of the group G. We can pull back this system to the Lie
algebra g of the group G by left translation. That is, if g(t) is a geodesic in
∗

the group G with tangent vector g  (t), then the pullback v(t) = lg(t)
−1 g (t)
is an element of the Lie algebra g. (In the case of a right-invariant metric,
∗

we set v(t) = rg(t)
−1 g (t).) Hence, the geodesic equations for g(t) give us a
dynamical system
d
v(t) = B(v(t))
(4.6)
dt
on the Lie algebra g of the group G, where B : g → g is a (nonlinear) operator.
Deﬁnition 4.13 The dynamical system (4.6) on the Lie algebra g describing
the evolution of the velocity vector of a geodesic in a left-invariant metric
on the Lie group G is called the Euler (or Euler–Arnold) equation corresponding to this metric on G.
It turns out that the Euler equation for a Lie group G can be viewed as
a Hamiltonian equation on the dual of the Lie algebra g in the following way.
Observe that the metric ( , )e at the identity e ∈ G deﬁnes a nondegenerate
bilinear form on the Lie algebra g, and therefore, it also determines an inertia
operator A : g → g∗ such that (v, w)e = A(v), w for all v, w ∈ g. This
identiﬁcation A : g → g∗ allows one to rewrite the Euler equation on the dual
space g∗ ; see Figure 4.2. Now, setting m = A(v), one can relate the geodesic
equation (4.6) on the Lie algebra g to the Hamiltonian equation on the dual
g∗ with respect to the Hamiltonian function H(m) = 12 m, A−1 m:
7

Usually, the ﬁnite-dimensional examples below are related to the left invariance,
while the inﬁnite-dimensional ones with the right invariance of the metric. In
particular, for a rigid body one has to consider left translations on SO(3), while
for ﬂuids, one must consider the right ones on SDiﬀ(M ).
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m
g∗

A
v
g

e

g(t)

G

Fig. 4.2. The vector v in the Lie algebra g traces the evolution of the velocity vector
of a geodesic g(t) on the group. The inertia operator A sends v to a vector m in the
dual space g∗ .

Theorem 4.14 (Arnold [12, 13, 18]) For the left-invariant metric on a
group generated by an inertia operator A : g → g∗ , the Euler (or the geodesic) equation (4.6) assumes the form
d
m(t) = − ad∗A−1 m(t) m(t)
dt
on the dual space g∗ .8
We postpone the proof of this theorem until the end of this section.
Remark 4.15 The underlying reason for the Riemannian reformulation is
the fact that any geodesic problem in Riemannian geometry can be described
in terms of symplectic geometry. Geodesics on M are extremals of a quadratic
Lagrangian on T M (coming from the metric on M ). They can also be described by the Hamiltonian ﬂow on T ∗ M for the quadratic Hamiltonian function obtained from the Lagrangian via the Legendre transform.
If the manifold is a group G with a left-invariant metric, then there exists
the group action on the tangent bundle T G, as well as on the cotangent bundle
T ∗ G. The left translations on the group trivialize the cotangent bundle T ∗ G ∼
=
G × g∗ and identify any cotangent space of G with g∗ . By taking the quotient
with respect to the group action, from the (symplectic) cotangent bundle
T ∗ G we obtain the dual Lie algebra g∗ = T ∗ G|e equipped with the negative
8

Note that these signs are diﬀerent from the conventions in the book [24], since we
have used a diﬀerent deﬁnition of Ad∗ here (see equation (2.3)) in order to have
the group coadjoint representation, rather than the antirepresentation.
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of the Lie–Poisson structure (cf. Section 5 below, on symplectic reduction).
The Hamiltonian function on T ∗ G is dual to the Riemannian metric (viewed
as a form on T G), and its restriction to g∗ is the quadratic form H(m) =
1
−1
m, where m ∈ g∗ .
2 m, A
The geodesics of a left-invariant metric on G correspond to the Hamiltonian function H(m) with respect to the standard Lie–Poisson structure.
Remark 4.16 Instead of using a left-invariant metric on G, we could have
used a right-invariant one. This changes the signs in the Euler equation, so
that one obtains
d
m = ad∗A−1 m (m) .
dt
Now the geodesics in a right-invariant metric correspond to the Hamiltonian
−H(m).
Example 4.17 Let us consider the group SO(3). The Lie algebra so(3) of
SO(3) can be identiﬁed with R3 such that the Lie bracket on g is the cross
product on R3 : [u, v] = v × u. Let A be a symmetric nondegenerate 3 × 3
matrix, which we view as an inertia operator for a left-invariant metric on
SO(3). Then by Arnold’s theorem, the Euler equation on so(3)∗ is given by
d
m = m × A−1 m.
dt
For A = diag(I1 , I2 , I3 ) one obtains the classical Euler equations for a rigid
body in R3 :
d
mi = (Ik−1 − Ij−1 )mj mk
dt
for (i, j, k) being a cyclic permutation of (1, 2, 3). Similarly, for G = SO(n), one
obtains the Euler equation for a higher-dimensional rigid body (see Remark
4.28 below).
Example 4.18 Many other conservative dynamical systems in mathematical
physics also describe geodesic ﬂows on appropriate Lie groups. In Table 4.1 we
list several examples of such systems to emphasize the range of applications
of this approach. The choice of a group G (column 1) and an energy metric
E (column 2) deﬁnes the corresponding Euler equations (column 3).
We discuss many of these examples later in the book. There are plenty
of other interesting systems that ﬁt into this framework, such as, e.g., the
super-KdV equation or gas dynamics. This list is by no means complete, and
we refer to [24, 252] for more details.
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Group

M etric

Equation

SO(3)
ω, Aω
SO(3)  R3 quadratic forms
SO(n) Manakov s metrics
L2
Diﬀ(S 1 )
Virasoro
L2
Virasoro
H1
Virasoro
Ḣ 1
SDiﬀ(M )
L2
SDiﬀ(M )
H1
SDiﬀ(M )  SVect(M )
L 2 + L2
1
H −1
Maps(S , SO(3))

Euler top
Kirchhoﬀ equation for a body in a ﬂuid
n-dimensional top
Hopf (or, inviscid Burgers) equation
KdV equation
Camassa–Holm equation
Hunter–Saxton (or Dym) equation
Euler ideal ﬂuid
averaged Euler ﬂow
Magnetohydrodynamics
Heisenberg magnetic chain

Table 4.1: Euler equations related to various Lie groups.

Now we return to the proof of Arnold’s theorem.
Proof of Theorem 4.14. Consider the energy function (or Lagrangian)
L : T G → R deﬁned by the left-invariant metric ( , ) on the group G:
L(g, v) =

1
(v, v)g ,
2

where ( , )g is the metric at the point g ∈ G. Then by deﬁnition, a geodesic
path g(t) on G satisﬁes the variational principle
δ

L(g(t), g  (t))dt = 0

(4.7)

with ﬁxed endpoints. (Here and later, δ denotes the variational derivative,
and the prime  stands for the time derivative d/dt.)
To simplify the notation, we write g −1 (t)g  (t) for lg∗−1 (t) g  (t). (If G is a
matrix group, this notation agrees with the usual meaning of the expression
g −1 (t)g  (t) as a matrix product.) Since the metric ( , ) on the group G is
left-invariant, we can write
(g  (t), g  (t))g(t) = (g −1 (t)g  (t), g −1 (t)g  (t))e .
Then we can calculate
δ

1 −1  −1 
(g g , g g )e dt =
2

(δ(g −1 g  ), g −1 g  )e dt .

Note that we have
δ(g −1 g  ) = g −1 δg  − g −1 δgg −1 g  = (g −1 δg) + [g −1 g  , g −1 δg] ,
since

(4.8)

4. The Euler Equations for Lie Groups

35

(g −1 δg) = g −1 δg  − g −1 g  g −1 δg .
Thus, the left-hand-side in equation (4.8) becomes
(δ(g −1 g  ), g −1 g  )e dt =
=−

((g −1 δg) , g −1 g  )e dt +
(g −1 δg, (g −1 g  ) )e dt +

([g −1 g  , g −1 δg], g −1 g  )e dt
([g −1 g  , g −1 δg], g −1 g  )e dt ,

where we have used integration by parts in the last step. (Since we conﬁned
ourselves to variations of the path g with ﬁxed endpoints, we do not pick up
any boundary terms in the integration by parts.)
Now set v(t) := g −1 (t)g  (t), and let A : g → g∗ be the inertia operator
deﬁned by the metric ( , )e : (u, w)e = u, Aw. Then the right-hand side in
the latter equation becomes
−

(g −1 δg, (g −1 g  ) )e dt +

This implies

([g −1 g  , g −1 δg], g −1 g  )e dt

=−

g −1 δg, (Av) dt +

adv (g −1 δg), Avdt

=−

g −1 δg, (Av) dt −

g −1 δg, ad∗v (Av)dt = 0 .

(Av) = − ad∗v (Av) .

Rewriting this equation in terms of m = Av ﬁnishes the proof of
Theorem 4.14.


4.4 Poisson Pairs and Bi-Hamiltonian Structures
A ﬁrst integral (or a conservation law) for a vector ﬁeld ξ on a manifold M
is a function on M invariant under the ﬂow of this ﬁeld. In this section we
will show that if the vector ﬁeld ξ is a Hamiltonian vector ﬁeld with respect
to two diﬀerent Poisson structures on the manifold M that are compatible in
a certain sense, there is a way of constructing ﬁrst integrals for such a ﬁeld.
Deﬁnition 4.19 Two Poisson structures { , }0 and { , }1 on a manifold M
are said to be compatible (or form a Poisson pair) if for every λ ∈ R the linear
combination { , }0 + λ{ , }1 is again a Poisson bracket on M .
d
m = ξ(m) on M is called bi-Hamiltonian if the
A dynamical system dt
vector ﬁeld ξ is Hamiltonian with respect to both structures { , }0 and { , }1 .
Our main example of a manifold that admits a Poisson pair is the dual
space g∗ of a Lie algebra g. One Poisson structure on the space g∗ is given
by the usual Lie–Poisson bracket { , }LP . We can deﬁne a second Poisson
structure on g∗ by “freezing” the Lie–Poisson bracket at any point m0 ∈ g∗ :
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Deﬁnition 4.20 The constant Poisson bracket on g∗ associated to a point
m0 ∈ g∗ is the bracket { , }0 deﬁned on two smooth functions f, g on g∗ by
{f, g}0 (m) := [dfm , dgm ], m0  .
The Poisson bracket { , }0 depends on the freezing point m0 ∈ g∗ . Note
that at the point m0 itself the two Poisson brackets { , }LP and { , }0
coincide. While the symplectic leaves of the Lie–Poisson bracket { , }LP are the
coadjoint orbits Om of the Lie group G, the symplectic leaves of the constant
bracket { , }0 are given by all translations of the tangent space Tm0 Om0 to
the coadjoint orbit Om0 through the point m0 (see Figure 4.3).

m0
0

Tm0 Om0
Om0
Fig. 4.3. Coadjoint orbit Om0 through m0 and leaves of the Poisson bracket frozen
at m0 .

Lemma 4.21 The Poisson brackets { , }LP and { , }0 are compatible for
every “freezing point” m0 ∈ g∗ .
Proof. We have to check that { , }λ = { , }LP +λ{ , }0 is a Poisson bracket
on g∗ for all λ ∈ R. The latter is true since { , }λ is simply the bracket { , }LP
shifted by −λm0 .


Remark 4.22 Explicitly, the Hamiltonian equation on g∗ with the Hamiltonian function F and computed with respect to the constant Poisson structure frozen at a point m0 ∈ g∗ has the following form:
dm
= −ad∗dFm m0 ,
dt
as a modiﬁcation of Proposition 4.9 shows.

(4.9)
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Going back to the general situation, let { , }0 and { , }1 be a Poisson pair
on a manifold M . In this case one can generate a bi-Hamiltonian dynamical
system by producing a sequence of Hamiltonians in involution, according to
the following Lenard–Magri scheme [246, 321]. Consider the Poisson bracket
{ , }λ = { , }0 + λ{ , }1 for any λ. Let hλ be a Casimir function on M
for this bracket, i.e., a function on the manifold M that is parametrized by λ
and satisﬁes {hλ , f }λ = 0 for all smooth functions f ∈ C ∞ (M ) and λ ∈ R.
Furthermore, suppose that the function hλ can be expanded into a power
series in λ, i.e., that we can write
hλ =

∞


λ i hi ,

(4.10)

i=0

where each coeﬃcient hi is a smooth function on M . Any function hi deﬁnes
a Hamiltonian vector ﬁeld ξi on M with respect to the Poisson bracket { , }1
by setting {hi , f }1 = Lξi f for all f ∈ C ∞ (M ).
Theorem 4.23 The functions hi , i = 0, 1, . . . are Hamiltonians of a hierarchy of bi-Hamiltonian systems. In other words, each function hi generates the
Hamiltonian vector ﬁeld ξi on M with respect to the Poisson bracket { , }1 ,
which is also Hamiltonian for the other bracket { , }0 with the Hamiltonian
function −hi+1 :
{hi , f }1 = Lξi f = −{hi+1 , f }0
for any f . Other functions hj , j = i, are ﬁrst integrals of the corresponding
dynamical systems ξi .
In other words, the functions hi , i = 0, 1, . . . are in involution with respect
to each of the two Poisson brackets { , }0 and { , }1 :
{hi , hj }k = 0
for all i = j and for k = 0, 1.
Proof. Since hλ is a Casimir function for the Poisson bracket { , }λ , we
have {hλ , f }λ = 0 for all smooth functions f on M . Substituting for hλ its
power series expansion (4.10), we get
∞

∞

∞




0 = {hλ , f }λ =
λ i hi , f
=
λ i hi , f
+λ
λ i hi , f
.
i=0

λ

i=0

0

i=0

1

Collecting the coeﬃcients at the powers of λ we ﬁnd that {h0 , f }0 = 0 and
{hi , f }0 = −{hi−1 , f }1 .
The ﬁrst identity expresses the fact that h0 is a Casimir function for the
bracket { , }0 . The next one says that the Hamiltonian ﬁeld for h1 with
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respect to { , }0 coincides with the Hamiltonian ﬁeld for −h0 and the bracket
{ , }1 , and so on.
To see that every function hi is a ﬁrst integral for the equation generated
by hj with respect to each bracket, we have to show that {hi , hj }k = 0 for
i = j and k = 0, 1. Indeed, for instance, for i < j and k = 1 we have
{hi , hj }1 = −{hi , hj+1 }0 = {hi−1 , hj+1 }1 = · · · = −{h0 , hi+j+1 }0 = 0,
since h0 is a Casimir for the bracket {., .}0 , i.e., in involution with any function,

and in particular, with hi+j+1 .

Remark 4.24 The fact that {hi , hj }k = 0 for k = 0, 1 means that the functions hj are ﬁrst integrals of the Hamiltonian vector ﬁelds ξi . So if the functions
hj are independent, Theorem 4.23 provides us with an inﬁnite list of ﬁrst integrals for each of the ﬁelds ξi . In this case one says that the hi are the
Hamiltonians of a hierarchy of bi-Hamiltonian systems. We will treat the KdV
equation as a bi-Hamiltonian system from this viewpoint in Section II.2.4.
Exercise 4.25 Suppose that a manifold M admits two compatible Poisson
structures { , }0 and { , }1 . Show that if symplectic leaves of { , }λ = { , }0 +
λ{ , }1 are of codimension greater than 1, and if there are several independent
(1)
(2)
Casimirs hλ , hλ , . . . , then all the coeﬃcients of their expansions in λ are in
(1)
(2)
mutual involution with respect to both brackets, e.g., {hi , hj }k = 0.
4.5 Integrable Systems and the Liouville–Arnold Theorem
The more ﬁrst integrals a dynamical system has, the less chaotically it behaves.
For a Hamiltonian system the notion of complete integrability corresponds to
the “least chaotic” and “most ordered” structure of its trajectories.
Deﬁnition 4.26 A Hamiltonian system on a symplectic 2n-dimensional manifold M is called (completely) integrable if it has n integrals in involution that
are functionally independent almost everywhere on M . The Hamiltonian function is one of the above ﬁrst integrals. (Alternatively, one can avoid specifying
which of them is a Hamiltonian and describe an integrable system as a set of
n functions f1 , . . . , fn that are functionally independent almost everywhere
and commute pairwise,
{fi , fj } = 0 for all 1 ≤ i, j ≤ n ,
with respect to the natural Poisson bracket deﬁned by the symplectic structure
on M .)
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Example 4.27 Every Hamiltonian system with one degree of freedom is completely integrable, since it always possesses one ﬁrst integral, the Hamiltonian
function itself. This purely dimensional argument implies, for example, that
the Euler equation of a three-dimensional rigid body is a completely integrable
Hamiltonian system on the coadjoint orbits of SO(3).
Indeed, the conﬁguration space of the Euler top, a three-dimensional rigid
body with a ﬁxed point, is the set of all rotations of the Euclidean space,
i.e., the Lie group SO(3). The motion of the body is described by the Euler
equation on the body angular momentum m in the corresponding phase space,
so(3)∗ ; see Example 4.17. Note that the conservation of the total momentum
|m|2 corresponds to the restriction of the angular momentum evolution to a
particular coadjoint orbit, a two-dimensional sphere centered at the origin of
so(3)∗ ∼
= R3 . Hence the Euler equation for the rigid body is a Hamiltonian system on a two-dimensional symplectic sphere, while the Hamiltonian function
is given by the kinetic energy of the body.
Remark 4.28 A more complicated example is a rotation of an n-dimensional
rigid body, where the dimensional consideration is not suﬃcient. Free motions
of a body with a ﬁxed point at its mass center are described by the geodesic
ﬂow on the group SO(n) of all rotations of Euclidean space Rn . The group
SO(n) can be regarded as the conﬁguration space of this system. The leftinvariant metric on SO(n) is deﬁned by the quadratic form − tr(ωDω), where
ω ∈ so(n) is the body’s angular velocity and D = diag(d1 , . . . , dn ) deﬁnes the
inertia ellipsoid. The corresponding inertia operator A : so(n) → so(n)∗ has
a very special form: A(ω) = Dω + ωD.
Now the evolution of the angular momentum is in the space so(n)∗ , the
phase space of the n-dimensional top. The dimension of generic coadjoint
orbits in so(n)∗ is equal to the integer part of (n − 1)2 /2. Therefore the energy invariance alone is insuﬃcient to guarantee the integrability of the Euler
equation for an n-dimensional rigid body. The existence of suﬃciently many
ﬁrst integrals and complete integrability in the general n-dimensional case
were established by Manakov in [249]. In this paper the argument translation
(or freezing) method was discovered and applied to ﬁnd ﬁrst integrals in this
problem.
We note that the above inertia operators (or equivalently, the corresponding left-invariant metrics) form a variety of dimension n in the n(n − 1)/2dimensional space of equivalence classes of symmetric matrices on the Lie
algebra so(n). For n > 3 such quadratic forms are indeed very special in
the space of all quadratic forms on this space. The geodesic ﬂow on the group
SO(n) equipped with an arbitrary left-invariant Riemannian metric is, in general, nonintegrable.
Other examples of integrable systems include, for instance, the geodesics
on an ellipsoid [281] and the Calogero–Moser systems [280, 66, 67].
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The following Liouville–Arnold theorem explains how the suﬃcient number
of ﬁrst integrals simpliﬁes the Hamiltonian system. Consider a common level
set of the ﬁrst integrals
Mc = {m ∈ M | fi (m) = ci , i = 1, . . . , n} .
Theorem 4.29 (Liouville–Arnold [11, 18]) For a compact manifold M ,
connected components of noncritical common level sets Mc of the n ﬁrst integrals are n-dimensional tori, while the Hamiltonian system deﬁnes a (quasi-)
periodic motion on each of them. In a neighborhood of such a component in M
there are coordinates (ϕ1 , . . . , ϕn , I1 , . . . , In ), where ϕi are angular coordinates
system assumes
along the tori and Ii are ﬁrst integrals, such that the dynamical
n
the form ϕ̇i = Ωi (I1 , . . . , In ) and the symplectic form is ω = i=1 dIi ∧ dϕi .
The coordinates ϕi and Ii are called the angle and action coordinates, respectively. For the case of a noncompact M , one has a natural Rn -action on
the levels Mc , coming from the commuting Hamiltonian vector ﬁelds corresponding to the Hamiltonian functions fi , i = 1, . . . , n.
Note that the symplectic form ω vanishes identically on any level set Mc ,
so that each regular level set is a Lagrangian submanifold of the symplectic
manifold M . (By deﬁnition, a Lagrangian submanifold L ⊂ M of a symplectic manifold M is an isotropic submanifold of maximal dimension: for a
2n-dimensional M , a Lagrangian submanifold L is n-dimensional and satisﬁes
ω|L ≡ 0.)
Remark 4.30 While in ﬁnite dimensions there are many deﬁnitions of complete integrability of a Hamiltonian system and they are all more or less
equivalent, this question is more subtle in inﬁnite dimensions. One can start
deﬁning such systems based on the existence of action-angle coordinates, or on
bi-Hamiltonian structures, or on the existence of an inﬁnite number of “suﬃciently independent” ﬁrst integrals, or, even by requiring an explicit solvability. These deﬁnitions lead, generally speaking, to inequivalent notions, and
precise relations between these deﬁnitions in inﬁnite dimensions are yet to be
better understood.
There are, however, examples of inﬁnite-dimensional systems in which
most, if not all, of these deﬁnitions work. This is the case, for example,
for the celebrated Korteweg–de Vries equation. Other systems for which several approaches are also known are the Kadomtsev–Petviashvili equation, the
Camassa–Holm equation, and many others, some of which we will encounter
later in the book.

5 Symplectic Reduction
The Noether theorem in classical mechanics states that a Lagrangian system
with extra symmetries has an invariant of motion. Hence in describing such
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a system one can reduce the dimensionality of the problem by “sacriﬁcing
this invariance.” The notion of symplectic reduction can be thought of as
a Hamiltonian analogue of the latter: If a symplectic manifold admits an
appropriate group action, then this action can be “factored out.” The quotient
is a new symplectic manifold of lower dimension.
This construction can be used in both ways. On the one hand, one can
reduce the dimensionality of certain systems that admit extra symmetries. On
the other hand, certain complicated physical systems can be better understood
by realizing them as the result of symplectic reduction from much simpler
systems in higher dimensions.
5.1 Hamiltonian Group Actions
Consider a ﬁnite-dimensional symplectic manifold (M, ω), i.e., a manifold M
equipped with a nondegenerate closed 2-form ω. Let G be a connected Lie
group with Lie algebra g and suppose that the exponential map exists. If the
group G acts smoothly on M , each element X of the Lie algebra g deﬁnes a
vector ﬁeld ξX on the manifold M as an inﬁnitesimal action of the group:
ξX (m) :=

d
|t=0 exp(tX)m .
dt

The action of the group G on the manifold M is called symplectic if it leaves
the symplectic form ω invariant, i.e., if g ∗ ω = ω for all g ∈ G.
Exercise 5.1 Show that for the symplectic group action, the vector ﬁeld ξX
for any X ∈ g is symplectic, i.e., the 1-form ιξX ω is closed. (Hint: use the
Cartan homotopy formula on diﬀerential forms, Lξ = ιξ d + d ιξ , where Lξ
means the Lie derivative along ξ and the operators ιξ and d stand for the
inner and outer derivatives of forms.)
The closedness of the 1-form means that it is locally exact, and hence
the ﬁeld ξX is locally Hamiltonian: in a neighborhood of each point of the
manifold M , there exists a function HX such that ιξX ω = dHX . In general,
this ﬁeld is not necessarily deﬁned by a univalued Hamiltonian function on
the whole of M . Even if we suppose that such a Hamiltonian function exists,
it is deﬁned only up to an additive constant.
Deﬁnition 5.2 The action of a Lie group G on M is called Hamiltonian if
for every X ∈ g there exists a globally deﬁned Hamiltonian function HX that
can be chosen in such a way that the map g → C∞ (M ), associating to X the
corresponding Hamiltonian HX , is a Lie algebra homomorphism of the Lie
algebra g to the Poisson algebra of functions on M :
H[X,Y ] = {HX , HY } .
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Exercise 5.3 Prove that for a Hamiltonian G-action on M the Lie algebra
isomorphism is equivariant, i.e.,
HAdg X (m) = HX (g(m))
for all g ∈ G, X ∈ g, and m ∈ M .
Deﬁnition 5.4 Assume that the action of a group G on M is Hamiltonian.
Then the moment map is the map Φ : M → g∗ deﬁned by
HX (m) = Φ(m), X ,
where  ,  denotes the pairing between g and g∗ .
In other words, given a vector X from the Lie algebra g, the moment map
sends points of the manifold to the values of the Hamiltonian function HX at
those points.
Summarizing the above deﬁnitions, a symplectic G-action on a symplectic
manifold M is called Hamiltonian if there exists a G-equivariant smooth map
Φ : M → g∗ (the moment map) such that for all X ∈ g, we have dΦ, X =
ιξX ω . Any vector ﬁeld ξX on M that comes from an element X ∈ g for such
a group action has the Hamiltonian function HX = Φ, X.
Exercise 5.5 Consider M = R2 with the standard symplectic form ω =
dp ∧ dq and the group U (1) acting on R2 by rotations. Show that this action
is Hamiltonian with the moment map Φ(p, q) = 12 (p2 + q 2 ).
Exercise 5.6 Consider the coadjoint action of a Lie group G on the dual of
its Lie algebra. Show that this action restricted to any coadjoint orbit O ⊂ g∗
is Hamiltonian with the moment map being the inclusion ι : O → g∗ .
Exercise 5.7 Generalize the deﬁnition of Hamiltonian group actions to Poisson manifolds and show that the coadjoint action of a Lie group G on the dual
g∗ of its Lie algebra is Hamiltonian with the moment map given by the identity
map id : g∗ → g∗ .
5.2 Symplectic Quotients
Let (M, ω) be a symplectic manifold with a Hamiltonian action of the group
G. The equivariance of the moment map Φ : M → g∗ implies that the inverse
image Φ−1 (λ) of a point λ ∈ g∗ is a union of Gλ -orbits, where Gλ := {g ∈
G | Ad∗g (λ) = λ} is the stabilizer of λ. The symplectic reduction theorem
below states that if λ is a regular value of the moment map, and if the set
Φ−1 (λ)/Gλ of Gλ -orbits in Φ−1 (λ) is a manifold, then it acquires a natural
symplectic structure from the one on M .
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Exercise 5.8 Suppose that G is a ﬁnite-dimensional Lie group acting on
the symplectic manifold M in a Hamiltonian way with a moment map Φ.
For m ∈ M , let G.m denote the G-orbit through m and let Gm denote the
stabilizer of m with the Lie algebra gm . Show that the kernel of the diﬀerential
dΦm of the moment map Φ at any point m ∈ M is given by
ker(dΦm ) = (Tm (G.m))ω := {ξ ∈ Tm (M ) | ω(ξ, χ) = 0 for all χ ∈ Tm (G.m)} .
(Here (Tm (G.m))ω is the symplectic orthogonal complement to the tangent
space Tm (G.m) in Tm (M ).)
Show that the image of the diﬀerential dΦm is
im(dΦm ) = ann(gm ) := {λ ∈ g∗ | λ(X) = 0 for all X ∈ gm } .
Conclude that an element λ ∈ g∗ is a regular value of the moment map, i.e.,
dΦm is surjective for all m ∈ Φ−1 (λ), if and only if for all m ∈ Φ−1 (λ) the
stabilizer Gm is discrete.
The restriction of the symplectic form ω to the level set Φ−1 (λ) of the
moment map is not necessarily symplectic, since it might acquire a kernel.
Exercise 5.9 Show that the foliation of Φ−1 (λ) by the kernels of ω is the
foliation into (connected components of) Gλ -orbits. (Hint: for a regular value
λ the preimage Φ−1 (λ) is a smooth submanifold of M , and the exercise above
gives
ker ω|Φ−1 (λ) = Tm Φ−1 (λ) ∩ (Tm Φ−1 (λ))ω
= Tm Φ−1 (λ) ∩ (ker dΦm )ω
= Tm Φ−1 (λ) ∩ Tm (G.m) = Tm (Gλ .m) .)
Hence, if the quotient space of the level Φ−1 (λ) over the Gλ -action is
reasonably nice, the 2-form ω descends to a symplectic form on this quotient;
see Figure 5.1. This is made precise in the following reduction theorem.
Theorem 5.10 (Marsden–Weinstein [254], Meyer [261]) Suppose that
λ is a regular value of the moment map and suppose that Φ−1 (λ)/Gλ is a
manifold (this condition is satisﬁed if, for example, Gλ is compact and acts
freely on Φ−1 (λ)). Then there exists a unique symplectic structure ωλ on the
reduced space Φ−1 (λ)/Gλ such that
ι∗ ω = π ∗ ω λ .
(Here, ι denotes the embedding Φ−1 (λ) → M and π stands for the projection
Φ−1 (λ) → Φ−1 (λ)/Gλ .)
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M

Φ−1 (λ)

Gλ .m
m
Φ−1 (λ)/Gλ

Fig. 5.1. The orbits of the stabilizer group Gλ in the preimage Φ−1 (λ).

The resulting manifold Φ−1 (λ)/Gλ of the above symplectic reduction (also
known as Hamiltonian or Marsden–Weinstein reduction) is called the symplectic quotient.
Finally, if H : M → R is a Hamiltonian function invariant under the
G-action, it descends to a function Hλ on the quotient space Φ−1 (λ)/Gλ .
Furthermore, if two G-invariant functions F and H on M Poisson commute
with respect to the Poisson structure on M deﬁned by the symplectic form ω,
the corresponding functions on the quotient Φ−1 (λ)/Gλ still Poisson commute
with respect to the quotient Poisson structure.
Example 5.11 Consider
the manifold M = Cn+1 with its standard symplec
i
dzi ∧ dz̄i . The group U (1) = R/Z acts on Cn+1 by rotatic structure ω = 2
2πit
z. The moment map for this action is given by Φ(z) = πz2 .
tion: z → e
The reduced space Φ−1 (1)/U (1) is the complex projective space CPn with the
symplectic form being (a multiple of) the Fubini–Study form.
Let fi : Cn+1 → R denote the function fi (z) = zi 2 . The functions fi
are invariant under the U (1)-action on Cn+1 , and the corresponding Hamiltonian functions on the symplectic quotient generate the rotations in the Chyperplanes {zi = const} in CPn .

6 Bibliographical Notes
There are many books on Lie groups and Lie algebras covering the material
of this chapter ([345, 383, 93, 60] to name a few). The treatment of various
aspects of inﬁnite-dimensional Lie groups can be found in [12, 157, 265], as well
as in the thorough monographs [301, 322]. The calculus on inﬁnite-dimensional
manifolds is developed in [157, 222]. For more details on central extensions
(Section 3) we recommend [322, 276], while for the Euler equations on groups
(Section 4) see [18, 24, 252].
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The Lie–Poisson structure on the dual space of a Lie algebra was already
known to Sophus Lie. The symplectic structure on the coadjoint orbits of a
Lie group goes back to Kirillov, Kostant, and Souriau. The local description
of a Poisson manifold, including its symplectic realizations and the transversal
Poisson structure, was given in [384]. A generalization of Poisson manifolds are
Jacobi manifolds, functions on which form a Lie algebra (but not necessarily
a Poisson algebra). Jacobi manifolds are also called local Lie algebras, and
their local structure was described in [199].
There is vast literature on integrable systems; see e.g., [18, 31, 90, 165, 280,
299, 330], and in particular, on integrability of the Euler equations on dual
Lie algebras [47, 48, 114, 300, 311]. The Euler equations for an n-dimensional
rigid body were considered back in the nineteenth century by Cayley, Frahm,
and others; cf., e.g., [128, 266]. Schottky proved the integrability of these equations in the four-dimensional case [339], by giving an explicit theta-function
solution for SO(4). The idea of freezing the Lie–Poisson bracket, which resolved the integrability issue in the general n-dimensional case, was proposed
by Manakov in [249].
Among other mechanisms of integrability, not discussed in this book, we
would like to mention the Adler–Kostant–Symes theorem [3, 213, 362, 328],
the R-matrix method, see, e.g., [348, 330]; integrability of geodesic ﬂows on
quadrics and related systems, see [281, 23]; as well as discrete analogues of
the Euler equation on Lie groups [282, 373, 45].
For the description of the symplectic reduction we followed [154] and [259].
The construction of symplectic reduction does not generalize directly to the
case of inﬁnite-dimensional manifolds and inﬁnite-dimensional Lie groups. In
spite of the lack of a suﬃciently broad general theory, there are many concrete constructions in various inﬁnite-dimensional situations. In particular,
Hamiltonian actions of loop groups and, more generally, Hamiltonian actions
of gauge transformation groups on Riemann surfaces, which we are going to
deal with further in this book, have been considered, for example, in the
papers [28, 260].

II
Inﬁnite-Dimensional Lie Groups: Their
Geometry, Orbits, and Dynamical Systems

1 Loop Groups and Aﬃne Lie Algebras
For any ﬁnite-dimensional Lie group G one can deﬁne the corresponding loop
group LG as the set of smooth maps from a circle to the group G endowed
with pointwise multiplication.
We are interested in the coadjoint representation of the group LG or,
 of the group LG. While the loop group itself
rather, of a central extension LG
turns out to be “too simple” to give rise to a rich theory, its central extension,
called the aﬃne (Kac–Moody) group corresponding to G, possesses a beautiful
geometry and is related to many other ﬁelds in mathematics and mathematical physics. It turns out that the coadjoint orbits of the aﬃne groups have
ﬁnite codimension and are closely related to their ﬁnite-dimensional counterparts. This makes such groups attractive for representation theory: a complete
classiﬁcation of their coadjoint orbits indicates existence of rich representation
theory for them, according to Kirillov’s orbit method.
Here we describe the geometric features of loop groups and their extensions. We also comment on more general current groups GM of smooth maps
from a manifold M to a ﬁnite-dimensional Lie group G and consider certain
classes of such groups in subsequent sections. Throughout this section, G denotes a ﬁnite-dimensional connected and simply connected Lie group, and g
stands for its Lie algebra.
1.1 The Central Extension of the Loop Lie algebra
Deﬁnition 1.1 The loop algebra Lg is the Lie algebra of smooth maps from
the circle S 1 to a ﬁnite-dimensional Lie algebra g with the pointwise Lie
bracket.
In this section we are mostly interested in a nontrivial central extension of
the loop algebra Lg, which is essentially unique if the ﬁnite-dimensional Lie
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algebra g is simple. First we recall the deﬁnition of an invariant bilinear form
on a Lie algebra g.
Deﬁnition 1.2 A bilinear form  ,  : g × g → R is invariant if A, [B, C] =
[A, B], C for all A, B, C ∈ g.
For instance, for matrix Lie algebras g the pairing A, B := tr(AB) is invariant.
Any invariant bilinear form on a Lie algebra g gives rise to a Lie algebra
2-cocycle and hence to a central extension of the corresponding loop algebra
Lg in the following way:
Deﬁnition / Proposition 1.3 Let  ,  be an invariant bilinear form on g.
The map ω : Lg × Lg → R deﬁned by
ω(X, Y ) :=

1
2π

X, dY  =
S1

1
2π

2π

X(θ),
0

d
Y (θ)dθ
dθ

is a 2-cocycle on the loop algebra Lg. The corresponding one-dimensional central extension of Lg, given by the commutator
[(X(θ), α), (Y (θ), β)] = ([X, Y ](θ), ω(X, Y )) ,
 and is called the aﬃne Lie algebra corresponding to the
is denoted by Lg
algebra g and the form  , .
Proof. The antisymmetry of the map ω follows from integration by parts.
The cocycle identity for ω is veriﬁed by a direct calculation also using integration by parts and the invariance of the inner product on g.


Exercise 1.4 Verify the cocycle identity for ω.
Remark 1.5 In the algebraic literature, one is usually interested in the algebra Lgpol of polynomial loops in g (i.e., trigonometric polynomials with values
in g). Obviously, the construction of the cocycle ω on Lg restricts to Lgpol ,

and we shall denote the corresponding central extension by Lg
pol . If g is a
simple Lie algebra, there exists a unique (up to a scalar factor) invariant bilinear form on g, and the corresponding aﬃne Lie algebra is called the aﬃne
Kac–Moody algebra corresponding to g.
The (complexiﬁed) algebra Lgpol can be thought of as the space of g-valued
Laurent polynomials
Lgpol := g ⊗ C[z, z −1 ] ,
while in the cocycle formula the integral over the circle is replaced by taking
the residue at z = 0:
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ω(X, Y ) := res |z=0 X(z), dY (z) .
The equivalence of polynomial loops with the latter description is delivered
by the change of variable θ → z = eiθ , which sends Fourier polynomials in θ
to Laurent polynomials in z and identiﬁes d/dθ with iz · d/dz.
It turns out that if the Lie algebra g is semisimple, the aﬃne Lie algebras
corresponding to g for diﬀerent invariant forms exhaust all nontrivial central
extensions of the loop algebra Lg:
Proposition 1.6 For the Lie algebra g of a semisimple compact Lie group
G, any continuous 2-cocycle ω on the loop algebra Lg is cohomologous to a
cocycle of the form
2π 

d
1
X(θ), Y (θ) dθ
2π 0
dθ
for some bilinear invariant form  ,  on g.
Proof. (See [322]): We ﬁrst note that it suﬃces to consider cocycles ω
invariant under conjugation by constant loops g ∈ G. Indeed, if ω is not
invariant under conjugation, the cocycle
g ∗ ω dVol

ω
=
G

is invariant and belongs to the same cohomology class as ω. (Here dVol denotes
the normalized
Haar measure on G, i.e., the left-invariant volume form such

that G dVol = 1.)
Let us consider the complexiﬁcation LgC = Lg ⊗ C of the loop algebra
 Lg.
Xr z r ,
An element X ∈ LgC can be expanded into a Fourier series X =
iθ
where z denotes the function e , and the Xr are elements of the ﬁnitedimensional Lie algebra g. Any 2-cocycle ω on Lg can be extended to a bilinear
map LgC × LgC → C. By continuity, this cocycle ω is completely determined
by its values on Laurent polynomials in z (i.e., on Fourier polynomials in θ).
Let us deﬁne maps ωp,q : gC × gC → C by
ωp,q (A, B) := ω(Az p , Bz q ).
Each of these maps is G-invariant and hence symmetric. (This follows from
the general fact that for a semisimple Lie algebra g, any G-invariant bilinear
map gC × gC → C has to be symmetric. The latter is an easy consequence of
the Schur lemma.) Using the antisymmetry of the cocycle ω and the symmetry
for ωp,q we obtain
ωp,q (A, B) = −ωq,p (B, A) = −ωq,p (A, B) ,
i.e., ωp,q = −ωq,p . Moreover, the cocycle identity for ω implies
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ω([Az p , Bz q ], Cz r ) + ω([Cz r , Az p ], Bz q ) + ω([Bz q , Cz r ], Az p ) = 0.

Rewriting this in terms of the maps ωp,q , we get
ωp+q,r ([A, B], C) + ωr+p,q ([C, A], B) + ωq+r,p ([B, C], A) = 0 .
Using the G-invariance and symmetry of ωp,q we can rewrite the second term
on the left-hand side of the equation above as
ωr+p,q ([C, A], B) = ωr+p,q ([A, B], C)
and similarly for the third term. Finally, using the fact that g = [g, g] for
semisimple g, we obtain
ωp+q,r + ωr+p,q + ωq+r,p = 0 .

(1.1)

From now on, we have only to exploit the latter relation. Setting p = q = 0
in this relation yields
ω0,r = 0.
On the other hand, setting r = −p − q gives
ωp+q,−p−q + ω−p,p + ω−q,q = 0 ;
hence by induction we get
ωn,−n = nω1,−1 .
Finally, putting r = n − p − q in (1.1), we obtain
ωp+q,n−p−q + ωn−q,q + ωn−p,p = 0 ,
which implies ωn−k,k = kωn−1,1 for all n and k. Hence
0 = kω0,n = kωn−n,n = nkωn−1,1 = nωn−k,k ,
from which we deduce that ωp,q = 0 for all p, q with p + q = 0.
Returning to the cocycle ω, we obtain for X, Y ∈ Lg,





p
q
Xp z ,
Yq z
ωp,q (Xp , Yq )
ω(X, Y ) =ω
=
p

=


p

=

i
2π

q

i
p ω1,−1 (Xp , Y−p ) =
2π
2π

p,q
2π
0


p



ipθ d
−ipθ
ω1,−1 Xp e , Y−p e
dθ
dθ

ω1,−1 (X(θ), Y  (θ))dθ ,

0

which is of the required form, since ω1,−1 is an invariant bilinear form on the

Lie algebra g (recall that here z = eiθ ).
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Remark 1.7 Let g be a simple ﬁnite-dimensional Lie algebra and M a
compact oriented connected manifold. Consider the current algebra gM =
C ∞ (M, g), the Lie algebra of smooth maps from M to g with the pointwise
bracket. Denote by  ,  the nondegenerate bilinear form on g, which is unique
up to a multiple. One can show that the universal central extension of gM is
given by the 2-cocycle
ω(X, Y ) = X, dY 
with values in the quotient space Ω 1 (M )/dΩ 0 (M ) of all 1-forms in M modulo
all exact 1-forms; see [322].
Note that if the dimension of the manifold M is at least 2, then the
space Ω 1 (M )/dΩ 0 (M ) is already inﬁnite-dimensional. However, if M is onedimensional, i.e., a circle M = S 1 , any 1-form on M is closed. Hence
Ω 1 (M )/dΩ 0 (M ) is exactly the ﬁrst de Rham cohomology group of M , which
is one-dimensional. Thus in the latter case, the universal central extension of
gM = Lg is exactly the central extension from Proposition 1.6.
To visualize the Ω 1 (M )/dΩ 0 (M )-valued central extension of the current
algebra gM for higher-dimensional M , we ﬁx an element in the dual space
to Ω 1 (M )/dΩ 0 (M ) and associate to it an R-valued central extension. First
note that the (smooth) dual to the quotient space V = Ω 1 (M )/dΩ 0 (M ) is
the space V ∗ = Z n−1 (M ) of all closed (n − 1)-forms on M . Indeed, there is a
natural pairing between any 1-form
u ∈ Ω 1 (M ) and an (n − 1)-form γ on the

compact manifold: u, γ := M u ∧ γ. For a closed form γ ∈ Z n−1 (M ) this
pairing gives zero if and only if the form u is exact: u = df , i.e., if u ∈ dΩ 0 (M ).
Now the real-valued 2-cocycle ωγ associated to the form γ ∈ Z n−1 (M ) is
X, dY  ∧ γ.

ωγ (X, Y ) =
M

Note that if the closed (n−1)-form γ is not smooth, but a singular δ-type form
(i.e., a de Rham current) supported on a closed curve Γ ⊂ M , then the cocycle
ωγ (X, Y ) degenerates
exactly to the
 2-cocycle of the aﬃne algebra situated

on the curve Γ : M X, dY  ∧ γ = Γ X, dY . In a sense, the 2-cocycle ωγ on
the current algebra gM for a smooth (n − 1)-form γ on M is a diﬀused version
of the 2-cocycle for the aﬃne algebra on the curve Γ .
Example 1.8 Current Lie algebras and their extensions have the following
natural generalization. Consider the gauge transformation Lie algebra gau(P )
associated with a principal G-bundle P → M on a compact manifold M ,
where G is a compact simple Lie group. Fix some connection dA in the bundle P . Then ωA (X, Y ) := X, dA Y  deﬁnes a Lie algebra 2-cocycle (with
values in Ω 1 (M )/dΩ 0 (M )) on the gauge algebra gau(P ) of the bundle P . The
corresponding central extension does not depend on the connection dA .
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1.2 Coadjoint Orbits of Aﬃne Lie Groups
 corresponding
In the last section, we constructed the aﬃne Lie algebra Lg
to a ﬁnite-dimensional Lie algebra g. Now we are interested in the adjoint
 This
and coadjoint representations of the corresponding aﬃne Lie group LG.
group itself will be explicitly constructed in the next section.
Note that in order to understand the adjoint and coadjoint orbits of the
 we do not have to know what the extended group looks like, but
group LG
 should
we need just its nonextended version! (Indeed, the would-be group LG
be a central extension of the loop group LG for the Lie group G. On the
other hand, one can immediately see that for any Lie group, its center acts
trivially in the adjoint representation of the group. In particular, the center
 acts trivially, and in order to study the
of the centrally extended group LG
adjoint action of this large group, we have only to understand the action of
 The same consideration is
the nonextended group LG on the Lie algebra Lg.
valid for the coadjoint action.) Here is the explicit description of the group
adjoint action.
 an
Proposition 1.9 In the adjoint representation of the aﬃne group LG,

element g ∈ LG acts on (X, c) ∈ Lg = Lg ⊕ R via

Adg (X), c −

Adg (X, c) =

1
2π

2π
0


 
d
g −1 (θ) g(θ), X(θ) dθ .
dθ

Proof. First, one has to check that the map above deﬁnes a group rep = Lg ⊕ R, i.e., Adgh (X, c) =
resentation of the loop group LG on Lg
 = Lg ⊕ R. The loops
Adg (Adh (X, c)) for all g, h ∈ LG and (X, c) ∈ Lg
g and h act on the ﬁrst factor by the pointwise adjoint action, so there is
nothing to check. For the second factor we calculate
c−

1
2π

1
g −1 g  , Adh (X)dθ
2π
1
h−1 h , Xdθ ,
−
2π

(gh)−1 (gh) , Xdθ = c −

as required. (Here and below the prime  stands for d/dθ.)
In order to see that the action deﬁned above is indeed the adjoint represen we have to check that the corresponding inﬁnitesimal
tation of the group LG,
action coincides with the adjoint action of the centrally extended loop algebra
 on itself. To this end, let gs be a path in LG with a tangent vector Y ∈ Lg,
Lg
i.e., gs is a family of loops in G depending smoothly on a parameter s ∈ R
d
|s=0 gs = Y . Then we have
such that g0 = e, the constant loop, and ds
d
ds

1
s=0 2π

2π
0

gs−1 (θ)gs (θ), X(θ)dθ =

1
2π

2π
0

Y  (θ), X(θ)dθ .
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So we obtain


2π
d
1
−1

gs (θ)gs (θ), X(θ)dθ
Adgs (X), c −
ds s=0
2π 0


2π
1
Y  (θ), X(θ)dθ = ([Y, X], ω(Y, X)) =: adY (X, c),
= [Y, X], −
2π 0
where we have used integration by parts in the last step. This implies that we

diﬀerentiated the group action Adgs (X, c) with respect to s.
 on its
Let us turn to the coadjoint representation of the aﬃne group LG
∗
∗



dual Lie algebra Lg . The smooth dual Lgs for this algebra Lg can be thought
of as the space of the following pairs:
∗

 s = {(A, a) | A ∈ Lg, a ∈ R} .
Lg
 via
It possesses a nondegenerate pairing with Lg
(X, c), (A, a) =

1
2π

2π

X(θ), A(θ)dθ + ca .
0

Abusing notation, we are going to drop the index s in the sequel, although in
∗
∗
 , the whole dual space Lg
 includes also “singular functionaddition to Lg
s
als.”9 As in the case of the adjoint representation, to describe the coadjoint
 it is enough to consider the action of the loop
representation of the group LG
∗

 → LG (i.e.,
group LG on Lg , since the former factors through the map LG

the center of LG acts trivially in the coadjoint representation as well).
∗

 on Lg
 , an element
Proposition 1.10 In the coadjoint representation of LG
s
g ∈ LG acts via




d
g g −1 , a .
Ad∗g (A, a) = Adg (A) + a
dθ
∗

 s is deﬁned via
Proof. Recall that the coadjoint action of LG on Lg
Ad∗g (A, a), (X, c) = (A, a), Adg−1 (X, c) .
Now the required statement follows from the above formula for Adg by a
direct calculation.

9

 ∗ are pairs (A, a), where A(θ) dθ is a gFormally, elements of the dual space Lg
valued de Rham current, not necessarily represented by a smooth 1-form; cf. the
discussion of currents in Section II.3.5.
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 on its dual
Corollary 1.11 In the coadjoint representation of the algebra Lg
∗

Lg , an element X ∈ Lg acts via
ad∗X (A, a) = ([X, A] + aX  , 0) .
Exercise 1.12 (i) Verify this formula for ad∗X (A, a) by diﬀerentiating the
group coadjoint action above, as in the proof of Proposition 1.9.
(ii) Verify the same formula directly from the deﬁnition of the Lie bracket
in the aﬃne algebra.
(iii) Check that the formula for Ad∗g (A, a) indeed deﬁnes a representation
of the corresponding group, i.e., that Ad∗g Ad∗h = Ad∗gh .
This exercise gives an alternative way of verifying the formula for the loop
∗
 without calculating the corresponding group
group coadjoint action on Lg
adjoint action.
Remark 1.13 Let g be the Lie algebra gl(n, R). The above proposition and
∗
 = {(A, a)} can be identiﬁed with the
corollary show that the dual space Lg
space of matrix-valued ﬁrst-order linear diﬀerential operators on the circle:
∗

 =
Lg

−a

!
d
+ A | A ∈ Lg, a ∈ R .
dθ

This identiﬁcation is natural in the sense that the group coadjoint action Ad∗g
∗
 coincides with the gauge action on diﬀerential operators:
on the dual space Lg
d
d
g : − a + A → −a + gAg −1 + a
dθ
dθ




d
g g −1 .
dθ

d
(Note that in terms of the connection ∇ = −a dθ
+ A, the gauge action of a
loop g can be written is the usual conjugation: ∇ → g ◦ ∇ ◦ g −1 .) Accordingly,
∗
 can be written in the form of a
the algebra coadjoint action ad∗X on Lg
commutator:
"
#
d
dX
X, −a + A = a
+ [X, A] = ad∗X (A, a) .
dθ
dθ

(Here we used the Leibniz rule for the operators of multiplication by X and
∗
d
d
d

diﬀerentiation in θ: dθ
◦ X − X ◦ dθ
= X  .) The cocentral direction a dθ
in Lg

is dual to the central direction in the aﬃne Lie algebra Lg.
A similar consideration holds for any Lie algebra g, where instead of matrix
diﬀerential operators one has the identiﬁcation of the dual space with the space
of connections in the (topologically trivial) G-bundle over S 1 .
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Remark 1.14 Sometimes it is convenient to combine the aﬃne algebra with
d
 Namely, the map
to Lg.
its dual by adding the “cocentral direction” a dθ
X →

d
X
dθ

is a derivation of the Lie algebra Lg. It extends to a derivation of the centrally
 by the trivial action on the center. Thus one can deﬁne
extended algebra Lg
$ = Lg
  Rd, which is also sometimes called the
the semidirect product Lg
aﬃne Lie algebra or doubly extended loop algebra corresponding to g. The
$ is that unlike Lg,
 it admits
advantage of the doubly extended loop algebra Lg
a nondegenerate invariant bilinear form given by
 

2π

1
d
d
=
X(θ), Y (θ)dθ + ad + bc .
X + a ,c , Y + b ,d
dθ
dθ
2π 0
This invariant bilinear form allows one to identify the adjoint and coadjoint
$
actions on the doubly extended aﬃne Lie algebra Lg.
Now we would like to study the orbits in the coadjoint representation of
∗
 Since for an element (A, a) ∈ Lg
 , the value a is invariant under
the group LG.
the action of LG, we can study the orbits in a ﬁxed hyperplane a = const. To
simplify the notation, let us ﬁx a = 1. Other hyperplanes with a = 0 diﬀer
from this one by an overall rescaling. We will comment on the case a = 0 later
(see Remark 1.20).
Theorem 1.15 ([329]) Let G be a compact, connected, and simply connected
Lie group. There is a one-to-one correspondence between the set of LG-orbits
∗
 and the set of conjugacy classes in the group
in the (a = 1)-hyperplane in Lg
∗
 is isomorphic to the
G. Moreover, the stabilizer of an element (A, 1) ∈ Lg
centralizer of the corresponding conjugacy class in G.
∗

 is
Corollary 1.16 Every coadjoint orbit in the (a = 1)-hyperplane in Lg
isomorphic to LG/H for some subgroup H ⊂ G. In particular, the codimension of such orbits in the hyperplane is always ﬁnite and not greater than
dim G.
Proof of Theorem 1.15.
diﬀerential equation

∗

 the
Let us associate to each (A, 1) ∈ Lg
s

d
ψ − Aψ = 0 ,
(1.2)
dθ
and let ψ be a solution of this diﬀerential equation. Since A assumes values
in the Lie algebra g, any solution ψ(θ) of equation (1.2) with ψ(0) ∈ G stays
in the group G and hence deﬁnes a path ψ : R → G. (We can think of G as a
matrix group to invoke the intuition from the theory of diﬀerential equations,
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although all the steps can be translated to purely group-theoretical language;
see, e.g., [322].)
First we note that the gauge action on diﬀerential operators becomes
rather simple in terms of the action on the solutions. Namely, suppose that
the solution ψ of equation ψ  = Aψ is multiplied on the left by a function
g : R → G. Then the G-valued function φ(θ) = g(θ)ψ(θ) is a solution to the
new diﬀerential equation φ = Ãφ, where
Ã := gAg −1 + g  g −1 ,
i.e., Ã is gauge equivalent to A. Thus, the gauge action by g on the diﬀerential
operator −d/dθ + A corresponds to the multiplication of solutions by g on the
left.
Now recall that A is a loop in g, i.e., A(θ) is periodic in θ. This implies that
the map ψ(θ + 2π) is also a solution of equation (1.2). Note that all solutions
of the linear diﬀerential equation ψ  = Aψ have the form ψ(θ) · h, where h is
a constant matrix h ∈ G. In particular, the ratio of two solutions
Mψ := ψ(θ + 2π)−1 ψ(θ),
the monodromy of ψ, is a constant matrix from the same group: Mψ ∈ G. The
monodromy matrices Mψ corresponding to diﬀerent solutions or to diﬀerent
initial conditions ψ(0) can diﬀer by conjugation. In this way, we assign to each
element (A, 1) the corresponding conjugacy class of the monodromy Mψ in
the group G.
One can see that this construction assigns the same conjugacy class of
 containing (A, 1).
the group G to each element in the coadjoint orbit of LG
Indeed, diﬀerent elements of the same coadjoint orbit correspond to gaugeequivalent diﬀerential operators. Hence their solutions diﬀer by multiplication:
φ(θ) = g(θ)ψ(θ) with a periodic g(θ) = g(θ + 2π). Then
Mφ = φ(θ + 2π)−1 φ(θ) = ψ(θ + 2π)−1 g(θ + 2π)−1 g(θ)ψ(θ)
= ψ(θ + 2π)−1 ψ(θ) = Mψ ,
i.e., the monodromy matrix (deﬁned modulo conjugation in G) is the same.
Therefore, the conjugacy class of G corresponding to Ad∗g (A, 1) is the same
as the conjugacy class corresponding to (A, 1).
Conversely, two diﬀerential operators with the same (or conjugate) mon∗
 . Indeed, choose the
odromy matrix belong to the same coadjoint orbit in Lg
solutions φ(θ) and ψ(θ) so that their monodromy matrices would be the same.
Then deﬁne g(θ) := φ(θ)ψ(θ)−1 . Due to the equality of monodromies, g(θ) is
periodic: g(θ) = g(θ + 2π). Thus we have deﬁned an element of the loop group
g ∈ LG that sends one of the solutions to the other g : ψ → gψ = φ, and
hence makes the corresponding diﬀerential operators gauge-equivalent.
Finally, we have to check that the map from the LG-orbits in the (a = 1)hyperplane to the conjugacy classes in G is surjective. This is a consequence
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of the surjectivity of the exponential map of the ﬁnite-dimensional compact
connected Lie group G (see Appendix A.2). Indeed, ﬁx some g ∈ G, and let
H ∈ g be an element of the inverse image of g under the exponential map.
∗
 , and
Then we can view (H, 1) as an element of the (a = 1)-hyperplane in Lg
the conjugacy class of G corresponding to the coadjoint orbit through (H, 1)
contains g.


Remark 1.17 The above proof shows, in particular, that every coadjoint
 in the (a = 1)-hyperplane contains a constant element.
orbit of LG
∗
 in the coadIt also shows that the stabilizer of an element (A, 1) ∈ Lg
joint representation of LG is conjugated to the stabilizer of the corresponding
∗
 is the whole group G, so
conjugacy class in G. The stabilizer of (0, 1) ∈ Lg
that the coadjoint orbit through (0, 1) is isomorphic to LG/G.
To give a more precise description of the stabilizers, let T ⊂ G be a
maximal torus in the compact group G. Then every element of G is conjugate
to some element of the torus T . (For G = SU(n), this is the classical fact
that every unitary matrix is diagonalizable.) Furthermore, two elements of
the maximal torus T are conjugate in the group G if and only if they are
conjugate under the group W = NG (T )/T , where NG (T ) is the normalizer of
T in G. The group W is a ﬁnite group, the so-called Weyl group of G. It follows
from the discussion above that the set of conjugacy classes in G, and hence
∗
 , can be identiﬁed
the set of coadjoint orbits in the (a = 1)-hyperplane in Lg
with the quotient T /W of the maximal torus over the Weyl group. This set,
in turn, is a convex polytope, the fundamental alcove of G (see Appendix
A.2). The codimension of a conjugacy class in G is determined by its position
in this polytope. For example, the stabilizer of every conjugacy class in the
interior of the fundamental alcove is the maximal torus T itself. Hence the
corresponding coadjoint orbits of LG are isomorphic to LG/T .
Corollary 1.18 The conjugacy class of the monodromy is the only invariant
of the coadjoint action of the aﬃne group. The group invariants of G deﬁne
∗
 with respect to the coadjoint action
Casimir functions on the dual space Lg

of the group LG.
Indeed, the one-to-one correspondence in Theorem 1.15 between the coadjoint LG-orbits and conjugacy classes in G is furnished by monodromies of
the corresponding diﬀerential operators.
Example 1.19 Consider the aﬃne algebra for g = sl(2, R) and the hyperplane a = 1 in its dual. The corresponding monodromies belong to the group
G = SL(2, R), and the trace of the monodromy matrices is a Casimir function
∗
 .
on the dual space to the aﬃne algebra Lg
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The codimension of the orbits is equal to 1 or 3. The only orbits of codimension 3 are those corresponding to the monodromy M = id or − id. If M is
a Jordan 2 × 2 block or M has distinct eigenvalues, the codimension is equal
to 1.10 We are going to study the adjacency of the orbits in this case in more
detail when we discuss the Virasoro coadjoint orbits in the next section.
Remark 1.20 It is curious to compare the orbit classiﬁcation for aﬃne (i.e.,
extended loop) groups with that for the nonextended loop groups LG. The
smooth dual Lg∗ of the corresponding loop algebra is isomorphic to Lg. The
corresponding LG-action on this dual is given by the pointwise conjugation
action of LG. (In the absence of the cocycle, the actions at diﬀerent points
of the circle are not related!) By deﬁnition, smooth currents A(θ) and B(θ)
belong to the same coadjoint orbit if and only if A(θ) and B(θ) are conjugate in
g for each θ ∈ S 1 and the conjugating map is a smooth loop in G. (For a simply
connected group G there are no topological obstructions for the existence of
such a loop for smooth and pointwise conjugate A and B, since the stabilizer
of any element in G is connected.) Hence the classiﬁcation of coadjoint orbits
for the loop group reduces to the classiﬁcation of families of matrices up to
conjugation; cf. [15, 17]. Every function f : S 1 → R that depends only on the
eigenvalues of the family A(θ) is invariant under the coadjoint action of the
group LG, i.e. it deﬁnes a Casimir for Lg∗ . This shows that every coadjoint
orbit of the nonextended loop group has inﬁnite codimension! This diﬀers

drastically from the extended case, i.e., orbits of the aﬃne groups LG.
Note that one can view the corresponding dual space Lg∗ of the nonex∗
 . The
tended loop algebra as the (a = 0)-hyperplane in the extended dual, Lg
corresponding aﬃne group action in this hyperplane is exactly the loop group
action, i.e., it is given by the pointwise conjugation action of LG. Thus, the
aﬃne coadjoint orbits for a = 0 are all of inﬁnite codimension, while the orbits
 in other hyperplanes a = 0 are all of ﬁnite codimension.
of the same group LG
1.3 Construction of the Central Extension of the Loop Group
As we learned in Section 1.1, for a ﬁnite-dimensional semisimple Lie algebra g
every central extension of the loop algebra Lg is given by means of the cocycle
ω(X, Y ) =

1
2π

2π

X(θ), Y  (θ)dθ ,

(1.3)

0

where  ,  : g × g → R is some invariant bilinear form on g.
10

Note that the group SL(2, R) is not simply connected, and hence the loop group
 ∗ with the
of SL(2, R) is not connected. Diﬀerent diﬀerential operators from Lg
same monodromy can be conjugated by an SL(2, R)-loop that does not belong
to the identity component of LG. Nevertheless, the same correspondence of the
coadjoint LG-orbits and G-conjugacy classes still holds.
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Suppose that the Lie algebra g is simple. Then up to a multiple, there
exists a unique invariant bilinear form on g, the Killing form. Throughout
this section, we shall normalize the Killing form in such a way that the long
roots in g have the square length 2 (see Appendix A.1 for some facts about
root systems). Abusing notation slightly, we will often write tr(XY ) = X, Y 
for the normalized Killing form.
The choice of the bilinear form  ,  ﬁxes the 2-cocycle ω and hence the
 of the loop algebra Lg. The goal of this section is to
central extension Lg
show that this central extension lifts to the group level. In other words, we
are looking for a central extension
 → LG → {e}
{e} → S 1 → LG
 If such a central
of the loop group LG whose Lie algebra is given by Lg.
1


extension LG of LG exists, it deﬁnes an S -bundle LG → LG. The problem in
 comes from the fact that this S 1 -bundle
constructing the central extension LG

LG → LG turns out to be topologically nontrivial. This is why it is impossible
to write down a continuous group 2-cocycle that deﬁnes the corresponding
group extension. Indeed, otherwise this would imply the existence of a global
section and hence the triviality of the bundle.
Theorem 1.21 ([322]) Let G be a simple compact simply connected Lie
group and let ω be the 2-cocycle on Lg deﬁned by formula (1.3), where the
bilinear form  ,  on g is the (normalized) Killing form. Then the Lie algebra central extension of Lg deﬁned by the cocycle ω lifts to a group central
 of LG.
extension LG
 is called the aﬃne Lie group. The rest of
This centrally extended group LG
this section is devoted to the proof of this theorem by explicitly constructing
the extended loop group as a certain quotient group (cf. [262]). In fact, the
construction below shows that the central extension of the loop algebra Lg
deﬁned by a multiple kω of the cocycle ω lifts to a central extension of the
loop group LG whenever k is an integer.
 let us
Step 1. Before we start constructing the extended loop group LG,

give an alternative construction of the centrally extended loop algebra Lg.
Let D be a closed two-dimensional disk whose boundary is the circle S 1 =
∂D. The loop algebra Lg can be regarded as a quotient Lg = gD /gD
S 1 , where
gD := C ∞ (D, g) is the Lie algebra of smooth maps from the disk D to g, and
∞
gD
S 1 = {X ∈ C (D, g) | X|S 1 = 0}

denotes the subalgebra of maps that vanish on ∂D = S 1 , the boundary of D.
Deﬁne a bilinear map ω D : gD × gD → R by
ω D (X, Y ) =

1
2π

tr(dX ∧ dY ) .
D
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Here dX and dY are g-valued 1-forms on the disk, and in order to obtain the
2-form on D we consider their wedge product as 1-forms on the disk and the
Killing pairing of their values in the target space, in g. (It helps, however,
to think of G as a matrix group, so that the standard matrix calculus is
applicable. Then dX and dY should be viewed as matrix-valued 1-forms on
the disk D, while dX ∧ dY is the usual matrix product combined with the
wedge product. So tr(dX ∧ dY ) is a 2-form on D, which can be integrated
over the disk D.) One can easily see that ω D is a 2-cocycle on the current Lie
D of the current Lie algebra
algebra gD . Hence it deﬁnes a central extension g
D
g . Furthermore, by the Stokes formula, we have
1
2π

tr(dX ∧ dY ) =
D

1
2π

d tr(XdY ) =
D

1
2π

tr(XdY ) .
∂D=S 1

This shows that the 2-cocycle ω D depends only on the boundary values of X
and Y (and it coincides with the cocycle of the aﬃne algebra on the boundary
D
D
∂D = S 1 ). In particular, it vanishes on the subalgebra gD
S 1 ⊂ g , so that gS 1
D
D
D
%
%
is an ideal in the Lie algebra g . This implies that the quotient g /gS 1 with

respect to this ideal is isomorphic to the aﬃne algebra Lg.
 as a quotient,
Step 2. Our goal is to construct the group extension LG
 above. First note
similar to the construction of the Lie algebra extension Lg
that one can easily present the nonextended group LG as a quotient: LG =
D
∞
GD /GD
S 1 , where G = C (D, G) is the current group on the disk and
∞
GD
S 1 = {g ∈ C (D, G) |

g|S 1 = e ∈ G}

is the subgroup of currents based on the boundary ∂D = S 1 .
% D of the Lie group GD whose
Now we are looking for a central extension G
D
%
Lie algebra is given by g . After that, we are going to embed GD
S 1 as a normal
% D such that the Lie algebra of GD1 will be isomorphic to gD1 .
subgroup in G
S
S
 = G
% D /GD1 , which is a central
In this way, we construct the Lie group LG
S
 =%
extension of LG and whose Lie algebra is Lg
gD /gD
S1 .
% D of the
Lemma 1.22 There exists a one-dimensional central extension G
D
1
D
D
% = G × U(1)) and
group G by S ≈ U(1) that is topologically trivial (G
whose Lie algebra is %
gD .
Proof. Let g ∈ GD be a map from the disk D to G. Then g −1 dg and
(dg)g −1 are g-valued 1-forms on D. Let us deﬁne a map
γ : GD × GD → R
by the formula
γ(g1 , g2 ) =

1
4π

tr(g1−1 dg1 ∧ dg2 g2−1 ) .
D
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Exercise 1.23 Verify the group 2-cocycle identity
γ(g1 g2 , g3 ) + γ(g1 , g2 ) = γ(g1 , g2 g3 ) + γ(g2 , g3 ) ,
which shows that γ is a 2-cocycle on GD with values in the additive group R.
(Hint: it follows from
(g1 g2 )−1 d(g1 g2 ) = g2−1 g1−1 dg1 g2 + g2−1 dg2
and

d(g1 g2 )(g1 g2 )−1 = dg1 g1−1 + g1 dg2 g2−1 g1−1 .)

By exponentiating the cocycle γ we obtain the U(1)-valued map eiγ , which
is a group 2-cocycle on the current group GD with values in the multiplicative
% D of GD by U(1) with
group U(1). It deﬁnes the desired central extension G
% D given by
the multiplication in G
(g1 , a1 )(g2 , a2 ) = (g1 g2 (x, y), a1 a2 eiγ(g1 ,g2 ) ) .
% D is given by %
gD . To
Finally, we have to check that the Lie algebra of G
iγ
do this, we calculate the inﬁnitesimal version of the cocycle e : Let gs and
d
d
ht be two smooth curves in GD such that dt
|t=0 gt = X and ds
|s=0 hs = Y .
According to Proposition 3.14 of Chapter I, the inﬁnitesimal version of the
group 2-cocycle eiγ is given by
d2
dt ds

t=0,s=0

exp(iγ(gt , hs )) −

d2
dt ds

t=0,s=0

=−

1
2π

exp(iγ(hs , gt ))
tr(dX ∧ dY ) = −ω D (X, Y ) .

D


%D
Step 3. Our ﬁnal goal is to embed GD
S 1 as a normal subgroup into G .
2
Let B be a three-dimensional ball bounded by the two-sphere S . In turn,
this sphere is represented as the union of two disks D and D glued together
along the common boundary. Given a G-valued map g ∈ GD
S 1 on the disk
D that is based on S 1 = ∂D, one can extend it trivially to the other disk
D : g|D ≡ e ∈ G, and hence to the whole of S 2 . Now choose an arbitrary
extension g of the group current g from S 2 to the three-dimensional ball B
(see Figure 1.1). This is possible due to the following topological fact.
Fact 1 (see, e.g., [60]): Let G be a ﬁnite-dimensional Lie group. Then
π2 (G) = {e}, that is any continuous map f : S 2 → G can be extended to
a continuous map f˜ : B → G.
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g
D

G

g

B

D

e

Fig. 1.1. Extension of the map g : D → G to a map g̃ : B → G such that g(D ) = e.

This allows us to deﬁne the number
λ(g̃) =

1
12π

tr(g̃ −1 dg̃)∧3 .
B

The origin of the above expression for λ(g̃) is as follows.
Fact 2 (see, e.g., [60]): Let G be a compact simple and simply connected Lie
group. Then the third cohomology group H 3 (G, Z), with values in Z, is generated by a single element, a closed diﬀerential left-invariant 3-form η on G.
For a smooth map g̃ : B → G from a three-dimensional manifold B to the
group G, the pullback of the form η for the map g̃ is given by the following
3-form on B:
1
tr(g̃ −1 dg̃)∧3 .
g̃ ∗ η =
24π 2
Note that this form η can be deﬁned as the left-invariant diﬀerential
3-form on the group G whose value at the identity of the group, evaluated on
three tangent vectors A, B, C ∈ Te G = g, is given by 8π1 2 A, [B, C].
Remark 1.24 Both of the above facts follow from the Hopf theorem
on compact simple Lie groups; see Appendix A.2 and, in particular,
Proposition A.2.16 for the discussion, references, and more details on compact Lie groups.
Summarizing the above, we see that the image g(S 2 ) is a spheroid in
the group G, while the extension g̃ deﬁnes a topological 3-dimensional ball
g̃(B) ﬁlling this spheroid. The value λ(g̃) is the (normalized) integral of the
form η over this topological ball. Although the number λ(g̃) depends on the
extension g̃ from the sphere S 2 to the ball B, the following lemma shows that
this dependence is easily controlled.
Lemma 1.25 Consider extensions g̃, h̃ : B → G of two group currents g, h :
S 2 → G from the sphere S 2 to the ball B. Then
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λ(g̃ h̃) = λ(g̃) + λ(h̃) + γ(g, h) .

(1.4)

Moreover, for any current g : S 2 → G the number eiλ(g̃) does not depend on
the choice of the extension g̃ of the current g from S 2 to B.
Proof. Let g̃ and h̃ be extensions of g and h to the ball B. Then
&
'∧3
&
'∧3
1
1
λ(g̃ h̃) =
tr (g̃ h̃)−1 d(g̃ h̃)
=
tr h̃−1 g̃ −1 dg̃ h̃ + h̃−1 dh̃
12π B
12π B
&
1
−1
= λ(g̃) + λ(h̃) +
tr g̃ dg̃ ∧ g̃ −1 dg̃ ∧ dh̃h̃−1
4π B
'
+ g̃ −1 dg̃ ∧ dh̃h̃−1 ∧ dh̃h̃−1
''
& &
1
d tr g̃ −1 dg̃ ∧ dh̃h̃−1
= λ(g̃) + λ(h̃) +
4π B
= λ(g̃) + λ(h̃) + γ(g, h),
where we have used the Stokes formula in the last step.
Next, we show that the value λ(g̃) (modulo 2π) depends only on the current
g on the sphere, but not on its extension g̃ to the ball. Indeed, any two
extensions g̃ and g̃  of the group current g from S 2 to B diﬀer by a map
h̃ : B → G such that g̃ = g̃  h̃ on the ball B, while on the boundary h̃|∂B ≡ e.
This means that h̃ deﬁnes a map from the ball B to the group G, which
sends the whole boundary sphere S 2 = ∂B into the unit element e ∈ G. In
other words, the image h̃(B) is a closed 3-cycle (a topological
 three-sphere) in
G. Then by deﬁnition of the integral 3-form η, its integral η over any closed
3-cycle in G, and in particular, over the image h̃(B), is an integer. This gives
that
η ∈ 2πZ .
h̃∗ η = 2π
λ(h̃) = 2π
B

h̃(B)

Finally, since h̃|∂B ≡ e, we have γ(g, h̃|∂B ) = 0 by the deﬁnition of γ.
Hence by the ﬁrst part of the lemma, we have the following additivity: λ(g̃ h̃) =
λ(g̃) + λ(h̃). The latter means that λ(g̃  ) = λ(g̃) (modulo 2π), i.e., the value
eiλ(g̃) indeed does not depend on the choice of extension g̃, but it depends on
g only.

In particular, we can use the notation eiλ(g) with g instead of g̃.
% D of the group of based
Now we can deﬁne the embedding ψ : GD
S1 → G
% D via
currents GD1 into the centrally extended group currents G
S

g → (g, eiλ(g) ) .
% D deﬁnes an embedding of GG1 as a
Lemma 1.26 The map ψ : GD
S1 → G
S
%D .
normal subgroup in G
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Proof. The preceding lemma implies that the map ψ is well deﬁned and
the injectivity of ψ is obvious. Furthermore, the established relation (1.4)
%D
between λ and γ exactly means that ψ(GD
S 1 ) is indeed a subgroup of G . The
D
normality of GS 1 follows from the identity
λ(g̃ h̃g̃ −1 ) = λ(h̃) + γ(gh, g −1 ) + γ(h, g −1 ),


which can be deduced directly from relation (1.4).

Now the construction of the required group extension is completed with
the following observation.
D
%D
Lemma 1.27 Under the embedding GD
S 1 → G , the Lie algebra of GS 1 gets
D
D
%
identiﬁed with the Lie subalgebra gS 1 ⊂ g .

Proof. The form tr(g̃ −1 dg̃)∧3 is a homogeneous polynomial of degree 3 in
the derivatives of g̃. Hence all its derivatives at g̃ ≡ e vanish (see Figure 1.2).
% D coincides
Therefore the tangent space to this subgroup GD
S 1 in the group G
D
D
g , X → (X, 0).

with the “horizontal” embedding gS 1 → %

c

%D
G

GD
S1
gD
S1

gD

% D in a neighborhood of the identity of the group G
%D .
Fig. 1.2. GD
S 1 as a subset of G
D
Here c denotes the central direction of the Lie algebra %
g .

Remark 1.28 Let us brieﬂy remark on other central extensions of the loop
group LG. Each multiple kω D of the cocycle ω D deﬁnes a central extension of
the Lie algebra gD and hence gives rise to an extension of the Lie algebra Lg.
% D )k
Obviously, each of these extensions of gD lifts to a central extension (G
D
of the group G . The problem, however, is that there exists a topological
obstruction to the existence of an embedding of the group GD
S 1 into the correD
D
% D )k , we have
sponding extension of G . Indeed, in order to embed GS 1 into (G
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to use the map g → (g, eikλ(g̃) ). However, Lemma 1.25 shows that the number
eikλ(g̃) depends on the choice of g̃ unless k is an integer. Hence, we can lift
the central extension of the loop algebra Lg with the cocycle kω to the group
level whenever k ∈ Z. It can be shown [322] that these exhaust all possible

central extensions of the loop group LG. Moreover, the group extension LG
with k = 1 considered above is singled out among other extensions of the loop
 by the fact that it is simply connected.
group LG
1.4 Bibliographical Notes
The standard reference for the material of this section is the by now classical
monograph by Pressley and Segal [322]. The book [178] describes the theory
of Kac–Moody Lie algebras, while the corresponding groups are treated from
an algebraic point of view in [225].
The central extension of the loop algebra goes back to Kac [177] and
Moody [275]. The classiﬁcation of coadjoint orbits of the aﬃne groups was
given by Reyman and Semenov-Tian-Shansky [329], Segal [342], and Frenkel
[132].
Normal forms of families of matrices up to conjugation are described in
[15, 17]. They are related to the description of the coadjoint orbits of nonextended loop groups in the GL(n) case. Such families also provide versal deformations of the orbits of GL(n)-aﬃne groups in terms of deformations of the
corresponding monodromy operators.
For a ﬁnite-dimensional group G that admits an outer automorphism σ of
ﬁnite order one can deﬁne the twisted loop group LGσ = {g : R → G | g(θ +
2π) = σ(g(θ)) for all θ ∈ R}. Central extensions of the twisted loop groups are
constructed in a similar fashion as for the untwisted ones. The corresponding
Lie algebras are called the twisted aﬃne Lie algebras. The classiﬁcation of the
coadjoint orbits of the latter algebras is similar to that of the untwisted ones,
except that one has to use conjugacy classes of nonconnected compact Lie
groups [385].
Irreducible highest-weight representations of aﬃne Lie algebras in both the
twisted and nontwisted cases naturally correspond to, respectively, twisted
and standard conjugacy classes in the corresponding compact Lie group [270].
In [132] it is shown how the orbit classiﬁcation for aﬃne groups gives an analogue of Kirillov’s character formula for compact Lie groups in the loop group
setting and relates it to the Wiener integration on the space of continuous
paths in the compact group.
An important class of algebras, related to the aﬃne ones, is given by the
Krichever–Novikov-type algebras [219, 220, 336, 353], which we discuss in
Appendix A.3. Loop algebras along with their central extensions can be regarded as subalgebras of the gl∞ algebra (see Appendix A.9), which relates
them to inﬁnite-dimensional Grassmannians and provides a universal treatment of the corresponding soliton equations [75, 176, 372].
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The quotient construction of the central extension of the loop group,
as described in Section 1.3, has appeared in the physics literature on the
Wess–Zumino–Witten (or Wess–Zumino–Novikov–Witten) model [263]. Similar constructions of this group cocycle, its variations, and generalizations
can be found in the papers by Faddeev and Shatashvili [109], Polyakov and
Wiegmann [319], Witten [387], Mickelsson [262], Pressley and Segal [322],
Losev, Moore, Nekrasov, and Shatashvili [241], and others.
Hamiltonian systems related to loop groups and the description of some
integrability mechanisms can be found in [4, 110, 119, 328, 330, 365]; see also
[2, 308]. We will touch on certain dynamical systems related to loop groups
in Sections 3 and 5.
Note that systems on loop groups help explain integrability of ﬁnitedimensional discrete systems [77]. The study of Poisson structures of
diﬀerential-geometric type on loop spaces and the corresponding integrable
systems, initiated by Dubrovin and Novikov in [91, 92], is another direction
of active current research; see [272]. It also prompted the theory of Frobenius
manifolds [89, 251]. Finally, we mention the construction of a universal symplectic form for a large class of soliton equations in [221, 218], and the relation
between integrable Hamiltonian systems and the Riemann–Hilbert problem
[76].
For manifolds M of higher dimensions the corresponding current groups,
i.e., the spaces of maps from M to a ﬁnite-dimensional Lie group G, along
with their central extensions, are studied in more detail, for example, in [264,
322, 248]. We discuss some of these groups in more detail in Section 5, where
we deal with the case of a two-dimensional manifold M . The case of current
groups on noncompact manifolds is treated in [288].
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2 Diﬀeomorphisms of the Circle and the Virasoro–Bott
Group
This section deals with the Lie group Diﬀ(S 1 ) of orientation-preserving diﬀeomorphisms of the circle and its Lie algebra Vect(S 1 ) of smooth vector ﬁelds on
the circle, as well as with their central extensions. We start by showing that
the Lie algebra of vector ﬁelds on the circle admits a unique nontrivial central
extension, the so-called Virasoro algebra. This central extension gives rise to a
central extension of the Lie group of circle diﬀeomorphisms, which is called the
Virasoro–Bott group. Similar to the case of loop groups, the Virasoro–Bott
group has a “nicer” coadjoint representation than the nonextended group of
circle diﬀeomorphisms. Its coadjoint orbits can be classiﬁed in terms of conjugacy classes of the ﬁnite-dimensional group SL(2, R). Finally, we describe
the Euler equations corresponding to right-invariant metrics on the Virasoro–
Bott group and encounter the KdV and related partial diﬀerential equations
among them.
2.1 Central Extensions
Let us consider the Lie algebra Vect(S 1 ) of smooth vector ﬁelds on the circle.
After ﬁxing a coordinate θ on the circle, any vector ﬁeld can be written as
∂
. Under this
f (θ)∂θ , where f is a smooth function on S 1 and ∂θ stands for ∂θ
1
identiﬁcation, the commutator of two elements in Vect(S ) is given by
[f (θ)∂θ , g(θ)∂θ ] = (f  (θ)g(θ) − g  (θ)f (θ))∂θ ,
where f  denotes the derivative in θ of the function f .11
Deﬁnition / Proposition 2.1 The map ω : Vect(S 1 )×Vect(S 1 ) → R given
by
f  (θ)g  (θ)dθ

ω(f (θ)∂θ , g(θ)∂θ ) =

(2.5)

S1

is a nontrivial 2-cocycle on Vect(S 1 ), called the Gelfand–Fuchs cocycle. The
corresponding central extension of Vect(S 1 ) is called the Virasoro algebra and
is denoted by vir.
Exercise 2.2 Prove the cocycle identity for ω.
The following proposition shows that the Virasoro algebra is the unique
(up to isomorphism) nontrivial central extension of the Lie algebra Vect(S 1 ).
Proposition 2.3 The second continuous cohomology group H 2 (Vect(S 1 ), R)
is one-dimensional and is generated by the Gelfand–Fuchs cocycle ω.
11

Note that this Lie bracket is the negative of the commonly assumed commutator
of vector ﬁelds, as the calculations in Exercise 2.3 of Chapter I shows; see [24].
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Proof.
The proof of this proposition (see [322]) is similar to that of
Proposition 1.6. Our goal is to show that, up to a coboundary, any continuous
2-cocycle ω on the Lie algebra Vect(S 1 ) is a multiple of the Gelfand–Fuchs
cocycle. First, let us extend the cocycle ω from Vect(S 1 ) to a complex bilinear form on the complexiﬁcation Vect(S 1 )C = Vect(S 1 ) ⊗ C of the Lie algebra
Vect(S 1 ). An element f (θ)∂θ ∈ Vect(S 1 )C can be expanded into a Fourier
series

f (θ) =
fn einθ .
By continuity, the cocycle ω is completely determined by its values on the
basis ﬁelds Ln = ieinθ ∂θ . Note that the commutator of the ﬁelds Ln and Lm
is given by
[Ln , Lm ] = (m − n)Ln+m .
The cocycle identity for ω and the triple L0 , Lm , Ln gives
ω([L0 , Lm ], Ln ) + ω(Lm , [L0 , Ln ]) = ω(L0 , [Lm , Ln ]) ,
which implies that the cohomology class of the cocycle ω is unchanged under
rotations of S 1 that are generated by the vector ﬁeld L0 . Indeed, the righthand side of the equation above is an exact cocycle (i.e., coboundary) dα,
where α is the linear functional on Vect(S 1 ) deﬁned by α(Lm ) := ω(L0 , Lm ).
(Here by deﬁnition dα(Ln , Lm ) := α([Ln , Lm ]).) In particular, the cocycle
obtained from ω by averaging over S 1 belongs to the same cohomology class
as ω. Therefore, we can assume ω to be rotation invariant, i.e.,
ω([L0 , Lm ], Ln ) + ω(Lm , [L0 , Ln ]) = 0 .

(2.6)

Set ωn,m := ω(Ln , Lm ). Then the commutator relation of the ﬁelds Ln
and Lm and equation (2.6) imply
mωm,n + nωm,n = 0 .
This implies that ωm,n = 0 for m + n = 0. Antisymmetry of the cocycle ω
implies ωn,−n = ω−n,n , so that it is enough to determine ωn,−n for n ∈ N.
The cocycle identity for ω evaluated on the triple Lm , Ln , L−m−n implies
(m − n)ωm+n,−n−m + (2m + n)ωn,−n − (2n + m)ωm,−m = 0 .
In particular, for m = 1 the equation above reads as follows:
(−n + 1)ωn+1,−n−1 + (n + 2)ωn,−n − (2n + 1)ω1,−1 = 0 .
Hence ωn,−n is deﬁned recursively once ω1,−1 and ω2,−2 are ﬁxed. This shows
that the space of the bilinear forms ω that satisfy the 2-cocycle condition is
at most two-dimensional. Two linear independent elements of this space are
given by ωn,−n = n3 and ωn,−n = n. But the 2-cocycle deﬁned by ωn,−n = n
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is exact, since it coincides with d
α, where α
 is the linear functional deﬁned
by α
(Ln ) = − 21 δn,0 .
So up to a 2-coboundary, any 2-cocycle ω has the “cubic” form
ω(Ln , Lm ) = cδn,−m n3
for some c ∈ C.
It remains to show that the “cubic” cocycle ω is nontrivial. Suppose
that ω = dβ for some 1-cocycle β. This means that β is a linear map and
ω(Ln , Lm ) = β([Ln , Lm ]). In particular, we have β([Ln , L−n ]) = 2niβ(L0 ),
which shows that in this case ω(Ln , L−n ) would have to depend linearly on n.
This contradiction completes the proof.

Our next goal is to show that the central extension of the Lie algebra of
vector ﬁelds Vect(S 1 ) deﬁned by the Gelfand–Fuchs cocycle ω can be lifted to
a central extension of the group of circle diﬀeomorphisms Diﬀ(S 1 ). It turns
out that the situation here is much simpler than that in the case of the loop
groups. The central extension of the group Diﬀ(S 1 ) corresponding to the Lie
algebra vir is topologically trivial and hence can be deﬁned by a continuous
group 2-cocycle.
Let ϕ : θ → ϕ(θ) be a diﬀeomorphism of the circle, and ϕ stands for its
derivative in θ.
Deﬁnition / Proposition 2.4 The map B : Diﬀ(S 1 ) × Diﬀ(S 1 ) → S 1 given
by
1
log(ϕ ◦ ψ) d log ψ 
(ϕ, ψ) →
2 S1
is a continuous 2-cocycle on the group Diﬀ(S 1 ). The Lie algebra of the corre 1 ) is the Virasoro algebra vir. The 2-cocycle
sponding central extension Diﬀ(S
B is called the Bott cocycle, and the corresponding central extension of the
group Diﬀ(S 1 ) is called the Virasoro–Bott group.
Proof. To show that the map B deﬁnes a group 2-cocycle, we have to check
the identity
B(ϕ ◦ ψ, η) + B(ϕ, ψ) = B(ϕ, ψ ◦ η) + B(ψ, η) .
It is provided by the chain rule, which immediately gives
B(ϕ◦ψ, η) =
and

1
2

log(ϕ◦ψ◦η) d log η  =
S1

1
2

log(ϕ ◦ψ◦η) d log η  +B(ψ, η)
S1
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B(ϕ, ψ ◦ η) =

1
2

log(ϕ ◦ ψ ◦ η) d log(ψ ◦ η)
S1

= B(ϕ, ψ) +

1
2

log(ϕ ◦ ψ ◦ η) d log η  .
S1

Now we verify that the inﬁnitesimal version of the Bott group cocycle B
coincides with the Gelfand–Fuchs Lie algebra 2-cocycle ω. Let f ∂θ and g∂θ be
two smooth vector ﬁelds on S 1 and consider the corresponding ﬂows ϕs and
ψt on S 1 , starting at the identity diﬀeomorphism: ϕ0 = ψ0 = id.
We have to check that
ω(f ∂θ , g∂θ ) =

d2
dt ds

t=0,s=0

B(ϕt , ψs ) −

d2
dt ds

t=0,s=0

B(ψs , ϕt )

(see Proposition 3.14 of Chapter I). The latter holds, since
d
dt

and

t=0

1
2
1
=
2



B(ϕt , ψs ) =

d
ds

1
s=0 2

S1

S1

S1

log (ϕ0 ◦ ψs ) (f ◦ ψs ) d log ψs

(f  ◦ ψs ) d log ψs

(f  ◦ ψs ) d log ψs =

1
2

f  dg  .
S1

Similarly, we obtain
d2
dt ds

t=0,s=0

B(ψs , ϕt ) =

1
2

g  df  = −
S1

1
2

f  dg  ,
S1

which, combined with the equation above, yields the assertion.



2.2 Coadjoint Orbits of the Group of Circle Diﬀeomorphisms
Before we start classifying the coadjoint orbits of the Virasoro group, let
us take a look at the coadjoint representation of the nonextended group of
orientation-preserving diﬀeomorphisms of the circle. Observe that the dual
spaces to the inﬁnite-dimensional Lie algebras considered below are always
understood as smooth duals, i.e., they are identiﬁed with appropriate spaces
of smooth functions.
Let Diﬀ(S 1 ) be the group of all orientation-preserving diﬀeomorphisms of
1
S and let Vect(S 1 ) be its Lie algebra.
Proposition 2.5 ([202]) The (smooth) dual space Vect(S 1 )∗ is naturally
identiﬁed with the space of quadratic diﬀerentials Ω ⊗2 (S 1 ) = {u(θ)(dθ)2 } on
the circle. The pairing is given by the formula
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u(θ)v(θ) dθ
S1

for any vector ﬁeld v(θ)∂θ ∈ Vect(S 1 ). The coadjoint action coincides with the
action of a diﬀeomorphism on the quadratic diﬀerential: for a diﬀeomorphism
ϕ ∈ Diﬀ(S 1 ) the action is
Ad∗ϕ−1 : u (dθ)2 → u(ϕ) · (ϕ )2 (dθ)2 = u(ϕ) · (dϕ)2 .
(
It follows from this proposition that the square root u(θ)(dθ)2 (when
it makes sense) transforms under a diﬀeomorphism as a diﬀerential 1-form.
In particular, if the function u(θ)does
( not have any zeros on the circle (say,
u(θ) > 0), then Φ(u(θ)(dθ)2 ) := S 1 u(θ) dθ is a Casimir function, i.e., an
invariant of the coadjoint action. One can see that there is only one Casimir
function in this case, since the corresponding orbit has codimension 1 in the
dual space Vect(S 1 )∗ . Indeed, there exists a diﬀeomorphism that sends the
quadratic diﬀerential u(θ)(dθ)2 without zeros to the√constant quadratic dif2
ferential u0 (dθ)
( , where the constant u0 is such that u0 is the average value
of the 1-form u(θ) dθ on the circle:
√
2π u0 =

(

u(θ) dθ .

S1

The value u0 parametrizes the orbits close to u(θ)(dθ)2 , and hence all these orbits have codimension 1 in Ω ⊗2 (S 1 ). The stabilizer of a constant quadratic differential is the group S 1 of rigid rotations, so that the orbit through u(θ)(dθ)2
is diﬀeomorphic to Diﬀ(S 1 )/S 1 .
On the other hand, if a diﬀerential u(θ)(dθ)2 changes sign on the circle,
then the integrals
b(
|u(θ)| dθ ,
a

evaluated between any two consecutive zeros a and b of the function u(θ), are
invariant. In particular, since u(θ) has at least two zeros, the coadjoint orbit
of such a diﬀerential u(θ)(dθ)2 necessarily has codimension higher than 1,
and there exist coadjoint orbits of the group Diﬀ(S 1 ) of arbitrarily high
codimension. The classiﬁcation of orbits in Vect(S 1 )∗ was described in
[201, 203].
Remark 2.6 One can show that if the function u(θ) has two simple zeros,
changing sign exactly twice on the circle, then the corresponding coadjoint
2; see [203]. (The correspondorbit of the group Diﬀ(S 1 ) has codimension
(
ing two Casimirs are the integrals of |u(θ)| dθ over two diﬀerent parts of
the circle between these two zeros, while there are no extra local invariants
at zeros themselves: quadratic diﬀerentials with simple zeros are all locally
diﬀeomorphic to ±θ (dθ)2 .)
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In other words, in a family of quadratic diﬀerentials ū := u (θ) (dθ)2 ,
where the function u is everywhere positive for  > 0, has a double zero
for  = 0, and has two simple zeros for  < 0 (e.g., u = cos θ + 1 + ) the
codimension of the coadjoint orbit of ū = u (dθ)2 changes from 1 for  > 0
to 2 for  ≤ 0, since the number of Casimirs jumps from 1 to 2. (Note that
for  = 0 the orbit codimension of ū0 is also 2, since the existence of a double
zero imposes an extra constraint on a quadratic diﬀerential.)
This change of “codimension parity” of the (inﬁnite-dimensional) coadjoint orbits is rather surprising, since in ﬁnite dimensions the existence of a
symplectic structure on each coadjoint orbit forces all of them to be evendimensional, and hence codimensions of coadjoint orbits for a given (ﬁnitedimensional) group are always of the same parity: either all even or all odd.
However, for Vect(S 1 )∗ = Ω ⊗2 (S 1 ) we observe that there exist orbits of both
codimensions 1 and 2!
In particular, this shows that the Weinstein theorem [384] on the existence of the transverse Poisson structure to symplectic leaves does not hold
for inﬁnite-dimensional Poisson manifolds; cf. Remark I.4.7. Indeed, on a twodimensional transversal to ū0 in Vect(S 1 )∗ , neighboring coadjoint orbits of ū
have traces of both codimensions 1 and 2. One can consider the following example, clarifying how the change of parity can occur for inﬁnite-dimensional
symplectic leaves. Deﬁne the Poisson structure in an inﬁnite-dimensional vector space {(x0 , x1 , x2 , . . . )} by the bivector ﬁeld
Π = x0 ∂x1 ∧ ∂x2 + ∂x2 ∧ ∂x3 + ∂x3 ∧ ∂x4 + . . . .
Its symplectic leaves are hyperplanes {x0 = const = 0}, while for x0 = 0 the
symplectic leaves are planes {x0 = 0, x1 = const} of codimension 2.
In the next section, however, we shall see that coadjoint orbits of the
Virasoro group, the central extension of the diﬀeomorphism group Diﬀ(S 1 ), do
respect the codimension parity and behave much more like ﬁnite-dimensional
coadjoint orbits.
2.3 The Virasoro Coadjoint Action and Hill’s Operators
Let vir be the Virasoro algebra, whose elements are pairs (f (θ)∂θ , c), where
f (θ)∂θ is a vector ﬁeld and c is a real number. We can think of its (smooth)
dual space as the space of pairs vir∗ = {(u(θ)(dθ)2 , a)} consisting of a
quadratic diﬀerential and a real number (the cocentral term). The pairing
between vir and vir∗ is given by
(f (θ)∂θ , c), (u(θ)(dθ)2 , a) =

f (θ)u(θ)dθ + c · a .
S1

Our goal in this section is to derive a classiﬁcation of the coadjoint orbits
 1 ). This classiﬁcation turns out to be similar
of the Virasoro–Bott group Diﬀ(S
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to that of the coadjoint orbits of the centrally extended loop groups in
Section 1.2.
 1 ) acts trivially
We begin by noticing that the center of the group Diﬀ(S
on the dual space vir∗ . This is why to describe the coadjoint representation of
the Virasoro–Bott group we need the action of (nonextended) diﬀeomorphisms
only.

Deﬁnition / Proposition 2.7 The coadjoint action of a diﬀeomorphism
ϕ ∈ Diﬀ(S 1 ) on the dual vir∗ of the Virasoro algebra is given by the following
formula:

Ad∗ϕ−1 : (u (dθ)2 , a) → u(ϕ) · (ϕ )2 (dθ)2 + aS(ϕ) (dθ)2 , a ,
(2.7)
where
S(ϕ) =

ϕ ϕ − 32 (ϕ )2
(ϕ )2

is the Schwarzian derivative of the diﬀeomorphism ϕ.
The same formula can be used to deﬁne the Schwarzian derivative S(φ)
for a smooth map φ : R → R or R → RP 1 S 1 .
Proof.
identity

The coadjoint action of the Virasoro algebra is deﬁned by the

ad∗(v∂θ ,b) (u(dθ)2 , a), (w∂θ , c) = −(u(dθ)2 , a), [(v∂θ , b), (w∂θ , c)].
Using the deﬁnition of the Virasoro commutator and integrating by parts we
obtain that the right-hand side is equal to
−w(2uv  + u v + av  ) dθ .
S1

Thus the coadjoint operator is
ad∗(v∂θ ,b) (u(dθ)2 , a) = −((2uv  + u v + av  )(dθ)2 , 0).

(2.8)

It remains to check that equation (2.7) indeed deﬁnes a representation of
the group Diﬀ(S 1 ) on the space vir∗ and that the inﬁnitesimal version of this
action is given by equation (2.8). Both assertions can be checked by direct
calculations, which we leave to the reader.


Exercise 2.8 Prove the following transformation law for the Schwarzian
derivative:
(2.9)
S(ϕ ◦ ψ) = (S(ϕ) ◦ ψ) · (ψ  )2 + S(ψ) .
Check that the formula (2.7) deﬁnes a group representation by using this law.
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It turns out to be more convenient to regard the dual Virasoro space vir∗
not as the space of pairs {(u(θ)(dθ)2 , a)}, but as the space of Hill’s operators,
i.e., diﬀerential operators a∂θ2 +u(θ), where ∂θ2 stands for the second derivative
d2 /dθ2 . Indeed, the group action on Hill’s operators
Ad∗ϕ−1 : a∂θ2 + u(θ) → a∂θ2 + u(ϕ) · (ϕ )2 + aS(ϕ)

(2.10)

has the following nice geometric interpretation (see, e.g., [342, 202, 205, 304]).
Look at a hyperplane a = const corresponding to nonzero a in the dual
space vir∗ . For instance, we ﬁx a = 1 and consider Hill’s operators of the form
∂θ2 + u(θ), where θ is a coordinate on S 1 . Let f and g be two independent
solutions of the corresponding Hill diﬀerential equation
(∂θ2 + u(θ))y = 0

(2.11)

for an unknown function y. Although this equation has periodic coeﬃcients,
the solutions need not necessarily be periodic, but instead are deﬁned over R.
Consider the ratio η := f /g : R → RP 1 . (Below we use the same notation θ
for the coordinate on the circle S 1 = R/2πZ and on its cover R.)
Proposition 2.9 The potential u is (one-half ) the Schwarzian derivative of
the ratio η:
S(η)
u=
.
2
Proof. First we note that the Wronskian


f g
W (f, g) := det   = f g  − f  g
f g
is constant, since it satisﬁes W  = 0. For two independent solutions the
Wronskian does not vanish, and we normalize W by setting W = −1.
This additional condition allows one to ﬁnd the potential u from the
ratio η. Indeed, ﬁrst one reconstructs the solutions f and g from the ratio
η by diﬀerentiating:
η =

f  g − f g
−W
1
= 2 = 2.
g2
g
g

Therefore,
1
g = √ ,
η

η
f = g · η = √ .
η

Given two solutions f and g, one immediately ﬁnds the corresponding diﬀerential equation they satisfy by writing out the following 3 × 3 determinant:
⎤
⎡
y f g
det ⎣ y  f  g  ⎦ = 0 .
y  f  g 
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Since f and g satisfy the equation y  + u · y = 0, one obtains from the
determinant above that
-  .
f g
u = − det   .
f g
The explicit formula for u expressed in terms of η turns out to be one-half the
Schwarzian derivative of η.


Corollary 2.10 The Schwarzian derivative S(η) is invariant with respect to
a Möbius transformation η → (aη+b)/(cη+d), where a, b, c, d are real numbers
such that ad − bc = 1.
In particular, if η itself is a Möbius transformation η : θ → (aθ+b)/(cθ+d),
then S(η) = S(id) = 0, where id : θ → θ.
Proof. Indeed, for a given potential u the solutions f and g of the corresponding diﬀerential equation are not deﬁned uniquely, but up to a transformation of the pair (f, g) by a matrix from SL(2, R). Then the ratio η changes
by a Möbius transformation. Thus Möbius equivalent ratios η correspond to
the same potential u = S(η)/2. For the identity diﬀeomorphism id : θ → θ,
the explicit formula for the Schwarzian derivative gives S(id) = 0.


Proposition 2.11 The Virasoro coadjoint action of a diﬀeomorphism ϕ on
the potential u(θ) gives rise to a diﬀeomorphism change of coordinate in the
ratio η:
ϕ : η(θ) → η(ϕ(θ)) .
Proof. We look at the corresponding inﬁnitesimal action on the solutions
of the diﬀerential equation (∂θ2 + u(θ))y = 0. For a diﬀeomorphism ϕ−1 (θ) =
θ + v(θ) close to the identity, consider the inﬁnitesimal Virasoro action of
ϕ−1 on the potential u(θ):
1
u → u +  · δu, where δu = 2uv  + u v + v 
2
(cf. formula (2.8) for a = 12 and note that we are considering the action of
ϕ−1 ). It is consistent with the following action on a solution y of the above
diﬀerential equation:
1
y → y +  · δy, where δy = − yv  + y  v.
2
The consistency means that (∂θ2 + u +  · δu)(y +  · δy) = 0 + O(2 ).
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Note that the action  · δy =  · (− 12 yv  + y  v) is an inﬁnitesimal version of
the following action of the diﬀeomorphism ϕ−1 (θ) = θ + v(θ) on y:
ϕ−1 : y(θ) → y(ϕ(θ))(ϕ (θ))−1/2 .
Thus solutions to Hill’s equation transform as densities of degree −1/2. Therefore the ratio η of two solutions transforms as a function under a diﬀeomorphism action.

In short, to calculate the coadjoint action on the potential u one can ﬁrst
pass from this potential to the ratio of two solutions of the corresponding Hill
equation, then change the variable in the ratio, and ﬁnally take the Schwarzian
derivative of the new ratio to reconstruct the new potential Ad∗ϕ−1 u (see
Figure 2.1).

(f, g)
g
f

(i) Two solutions of ∂ 2 y + uy = 0

(ii) η = f /g

(f, g)
g
f

(iii) η = f/
g

(iv) Two solutions of ∂ 2 y + u
y = 0

Fig. 2.1. Schematic picture of the action of a diﬀeomorphism of S 1 on Hill’s operators and their solutions: To two solutions of the equation (∂ 2 +u)y = 0, one associates
their ratio η : R → RP 1 . A diﬀeomorphism ϕ acts on the ratio η by reparametriza
tion, and one reconstructs the corresponding solutions and Hill’s operator ∂ 2 + u
from the new ratio η.

Now we return to our goal, the classiﬁcation of the Virasoro coadjoint
orbits. Any (a = const)-hyperplane in the Virasoro dual vir∗ is invariant
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under the coadjoint action (see equation (2.10)), and identiﬁed with Hill’s
operators for a = 0. While all of the above considerations of Hill’s operators
were of local nature (local in θ), now we will make use of the fact that Hill’s
operators are periodic: u(θ) is deﬁned on a circle.
$ R) of the group SL(2, R). The group
Consider the universal covering SL(2,
$ R) admits an outer automorphism of order 2, taking the inverse of a
SL(2,
matrix. One can see that the identity is its only ﬁxed point on the universal
$ R) \ {id})/Z2 , where we ﬁrst dropped
covering group. Consider the set (SL(2,
$
the identity element from SL(2, R) before taking the quotient. The main result
of this section is the following theorem.
Theorem 2.12 ([342, 202]) Given a = 0, there is a one-to-one correspondence between the set of coadjoint orbits of the Virasoro–Bott group in the
hyperplane {a∂θ2 + u(θ)} ⊂ vir∗ and the set of conjugacy classes in the quo$ R) \ {id})/Z2
tient (SL(2,
Proof. Consider a pair (f, g) of linearly independent solutions of the Hill
equation (a∂θ2 + u(θ))y = 0. For a periodic potential u(θ) these solutions are
quasiperiodic, i.e., the values (f (θ), g(θ)) and (f (θ +2π), g(θ +2π)) are related
by a monodromy matrix M ∈ SL(2, R):
(f (θ + 2π), g(θ + 2π)) = (f (θ), g(θ)) M .

(2.12)

Recall that we use the same notation θ for the coordinate on the circle S 1 =
R/2πZ and on its cover R. Note that the monodromy matrix M can be viewed
$ R), where the lift to the cover is
as an element in the universal cover SL(2,
provided
' by the fundamental solution (f (θ), g(θ)), starting at the identity:
&
f g
|θ=0 = id.
f  g
Similarly, the values of the “projective solution,” the ratios η(θ) :=
f (θ)/g(θ) and η(θ + 2π) := f (θ + 2π)/g(θ + 2π), are related by a Möbius
transformation M ∈ PSL(2, R) = SL(2, R)/{± id}. The monodromy matrix
M (respectively M) changes to a conjugate matrix if we pick a diﬀerent pair
of solutions (f, g) for the same diﬀerential equation.
Now regard the ratio η = f /g for θ ∈ [0, 2π] as a map η : [0, 2π] → RP 1
describing a motion (“rotation”) along the circle RP 1
S 1 . One can see
that the condition W = 0 on the Wronskian is equivalent to the condition
η  = −W/g 2 = 0, i.e., that the rotation “does not stop.” Choosing the positive
sign of the Wronskian, W > 0, we can assume that the rotation always goes
in the negative direction: η  < 0.
Recall that the Virasoro action on η is, in fact, a circle reparametrization
for the coordinate θ. By a diﬀeomorphism change of the coordinate θ → ϕ(θ),
one can always turn the map η : [0, 2π] → RP 1 into a uniform rotation
along RP 1 , while keeping the boundary values of η(θ) on the segment [0, 2π]
satisfying the monodromy relation η(θ + 2π) = η(θ)M. Furthermore, the
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number of rotations (the “winding number”) for the map η : [0, 2π] → RP 1
does not change under a reparametrization by a circle diﬀeomorphism ϕ.
In other words, the orbits of the maps η (or, equivalently, of the potentials
{u(x)}) are described by one continuous parameter (the conjugacy class of
M ) and one discrete parameter (the winding number). One can see that these
two parameters together encode nothing else but the conjugacy class of the
monodromy matrices M in the universal covering of SL(2, R).
Note that the choice in the sign of the Wronskian reﬂects the Z2 -action
$ R). Indeed, with this choice (W > 0) the path
on the universal covering SL(2,
η always goes in the negative direction (η  < 0), so one can reach only the
$ R).
“negative half” of the conjugacy classes in the universal cover SL(2,
$ R)
Finally, note that the identity matrix in the universal covering SL(2,
$
(or in its projectivization SL(2, R)/Z2 ) cannot be obtained as a monodromy
matrix for the maps η : [0, 2π] → RP 1 . Indeed, any map η starting at the

identity has to move out from it, since η  (0) = 0.

Corollary 2.13 The Virasoro orbits in the hyperplane {a∂θ2 + u(θ) | a =
a0 } ⊂ vir∗ with ﬁxed a0 = 0 are classiﬁed by the Jordan normal form of
matrices in SL(2, R) and by a positive integer parameter, the winding number. In this hyperplane {a = a0 } of the dual vir∗ the orbit containing Hill’s
operator a∂θ2 + u(θ) has codimension equal to the codimension in SL(2, R) of
the conjugacy class of the monodromy matrix M corresponding to this Hill’s
operator.
Matrices in the group SL(2, R) split into three classes, whose normal forms
are the exponentials of the following three classes in the Lie algebra sl(2, C),
the complexiﬁcation of sl(2, R):




 
µ 0
0 ±1
00
(i)
, (ii)
, and (iii)
;
(2.13)
0 −µ
0 0
00
see Figure 2.2. The codimensions of the corresponding conjugacy classes in
SL(2, R) are 1 in cases (i) and (ii), and 3 in case (iii). Note that the set of real
matrices that are exponentials of (i)-type matrices consists of the elliptic and
hyperbolic parts: rotation matrices (for µ ∈ iR) and hyperbolic rotations (for
µ ∈ R). Furthermore, hyperbolic rotations correspond to one-sheeted hyperboloids. Rotations in the clockwise and counterclockwise directions correspond
to diﬀerent sheets of two-sheeted hyperboloids, and they belong to diﬀerent
conjugacy classes in SL(2, R). (The rotation by 180◦ has a three-dimensional
stabilizer and corresponds to a one-point conjugacy class.) The group SL(2, R)
is topologically a solid torus, and the adjacency of conjugacy classes described
in Figure 2.2 is observed near both id and − id in this group.
The equality of the codimensions of the Virasoro coadjoint orbits in
vir∗ and the codimensions of (the conjugacy classes of) the corresponding
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M1

0

Fig. 2.2. The points M1 , M2 , and 0 in sl(2, R) (which is a local picture of the group
SL(2, R)) correspond to Virasoro orbits of types (i), (ii), and (iii) respectively.

monodromy matrices in SL(2, R) follows from the smooth dependence on a
parameter in the above classiﬁcation. (The versal deformations of the Virasoro orbits can be deﬁned in terms of the Jordan–Arnold normal forms of the
monodromy matrices depending on a parameter; cf. [15, 233, 306].) Alternatively, one can describe the dimensions of the corresponding stabilizers; see
[202, 342]. To visualize (the three-dimensional transversal to) the set of the
Virasoro orbits, one can imagine the universal covering of SL(2, R) as a cylinder ﬁlled with an inﬁnite number of copies of Figure 2.2, stacked one on top
of another, while the Z2 -quotient keeps only “half” of this inﬁnite cylinder.
Remark 2.14 Regarded as homogeneous spaces, the orbits of type (i) are
often denoted by Diﬀ(S 1 )/S 1 , the notation Diﬀ(S 1 )/R1 stands for (ii) (and
sometimes for the case µ ∈ R in (i)), and Diﬀ(S 1 )/ SL(2, R) corresponds to
(iii).
To see the reasoning for this, we describe the stabilizers for coadjoint orbits containing constant elements, i.e., Hill’s operators ∂θ2 +u(θ) with constant
potentials u(θ) ≡ p = const. For such an operator, the corresponding monodromy matrix Mp ∈ SL(2, R) is given explicitly:


√
√ 
√1 sin(2π p)
cos(2π p)
p
Mp =
for p > 0 ,
√
√
√
− p sin(2π p) cos(2π p) ,


√
√
√1 sinh(2π −p)
cosh(2π −p)
−p
√
√
Mp = √
for p < 0 ,
−p sinh(2π −p) cosh(2π −p)


and
M0 =

1 2π
0 1


for p = 0 .

One can see that for Hill’s diﬀerential operators with potentials p < 0 or p = 0
the stabilizer is R. In the case p > 0 it is the group S 1 of rigid rotations, provided that Mp = ± id ∈ SL(2, R). Finally, the stabilizer is three-dimensional,
once the monodromy Mp is plus or minus the identity matrix, i.e., the exponential of type (iii) in the list (2.13). This can be the case only if p = m2 /4
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for some m ∈ N. In the latter case, the stabilizer of the corresponding Hill’s
equation is the m-fold covering of PSL(2, R) in Diﬀ(S 1 ).
Finally, we note that the trace function tr : SL(2, R) → R is invariant on
conjugacy classes in SL(2, R) and it gives rise to a Casimir function on the
hyperplane {a = a0 } ⊂ vir∗ for the Lie–Poisson bracket: tr{a0 ∂θ2 + u(θ)} :=
tr(M ), where M is a monodromy matrix of the given Hill operator. Along
with the value of a, this is the only Casimir for generic Virasoro orbits, since
their codimension in the hyperplane {a = a0 } is equal to 1.

2.4 The Virasoro–Bott Group and the Korteweg–de Vries
Equation
The Korteweg–de Vries (or KdV) equation is the nonlinear evolution equation
ut = −3uu − au ,

(2.14)

which describes traveling waves in a shallow canal. Here, u is a function of the
time variable t and one space variable θ, ut and u denote the corresponding
partial derivatives in t and θ, and a is a nonzero constant. A brief history of
this equation can be found in [294].
In this section we show how the Korteweg–de Vries equation appears as
the Euler equation with respect to a certain right-invariant metric on the
Virasoro–Bott group. Recall that the Euler equation with respect to a rightinvariant metric on a Lie group G is a dynamical system on the corresponding
Lie algebra g describing the evolution of the tangent vector along a geodesic on
G, where this vector is pulled back to the Lie algebra of G by right translation;
see Section I.4.
Consider the L2 -inner product on the Virasoro algebra vir = Vect(S 1 ) ⊕ R
deﬁned by
v(θ)w(θ)dθ + a · c .

(v(θ)∂θ , a), (w(θ)∂θ , c) =

(2.15)

S1

Extend this quadratic form to every tangent space on the Virasoro–Bott group
by right translations to deﬁne a (weak) right-invariant L2 -metric on the group.
Theorem 2.15 ([305]) The Euler equation for the right-invariant L2 -metric
on the Virasoro group is (the family of ) the KdV equation:
ut = −3uu − au ,

(2.16)

at = 0 .

(2.17)

Proof. According to Arnold’s Theorem I.4.14, the Euler equation on g∗ for
the right-invariant metric on the group G has the form
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m(t) = ad∗A−1 m(t) m(t) ,
dt
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where m(t) is a point in g∗ , and A : g → g∗ is the inertia operator deﬁned by
the metric (using the left-invariant metric would give the minus sign in the
equation; cf. Remark I.4.16).
In the Virasoro coadjoint action, an element (v∂θ , c) ∈ vir of the Virasoro
algebra acts on an element (u(dθ)2 , a) ∈ vir∗ of the dual space via
ad∗(v∂θ ,c) (u(dθ)2 , a) = ((−2v  u − vu − av  )(dθ)2 , 0) ;
see equation (2.8). Furthermore, the L2 -inner product gives rise to the “identity” inertia operator A : vir → vir∗ :
(u∂θ , a) → (u(dθ)2 , a) ,
mapping a vector ﬁeld u(θ)∂θ to the quadratic diﬀerential u(θ)(dθ)2 with the
same function u(θ).
Then, substituting (u(dθ)2 , a) for m, we see that the Euler equation (2.18)
becomes
d
(u(dθ)2 , a) = ((−3uu − au )(dθ)2 , 0) ,
dt
from which one immediately reads oﬀ the KdV equation (2.16), (2.17).

The component a does not change with time (see equation (2.17))and plays
the role of a constant parameter in the KdV equation. It has the physical
meaning of the characteristic thickness of the shallow-water approximation
(see, e.g., [228], p. 169).
Remark 2.16 One can study more general metrics on the Virasoro algebra,
some of which are of particular interest in mathematical physics. Consider, for
1
-inner products
instance, the following two-parameter family of weighted Hα,β
on vir:
1
=
(α vw + β v  w ) dθ + bc .
(v∂θ , b), (w∂θ , c)Hα,β
S1

The case α = 1, β = 0 corresponds to the L2 inner product above, while
α = β = 1 corresponds to the H 1 product.
1
Theorem 2.17 ([192]) The Euler equations for the right-invariant Hα,β
metric (with α = 0) on the Virasoro group are given by the following system:

α(ut + 3uu ) − β((u )t + 2u u + uu ) + au = 0 ,
at = 0 .

(2.19)
(2.20)
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Exercise 2.18 Give a proof of the latter theorem along the lines of the proof
of the L2 -case above. (Hint: The inertia operator for the weighted H 1 metric
is
A : (v∂θ , a) → ((Λv)(dθ)2 , a),
where Λ := α − β∂θ2 is a second-order diﬀerential operator. Verify that in
terms of v = Λ−1 u the Euler equation has the form
d
(Λv) = −2(Λv)v  − (Λv  )v + av  ,
dt
which is equivalent to equation (2.19).)
Remark 2.19 For α = 1, β = 0, equation (2.19) is the KdV equation (2.16).
For α = β = 1, one recovers the Camassa–Holm equation (see [268]). For
α = 0, β = 1, equation (2.19) becomes the Hunter–Saxton equation. We note
1
-metric becomes the homogeneous Ḣ 1 that in the case of α = 0, the Hα,β
metric, which is degenerate. Therefore, to deﬁne the Euler equations one has
 1 )/S 1 (or Diﬀ(S 1 )/S 1 ) and deﬁne the
to pass to the homogeneous space Diﬀ(S
geodesic ﬂow on it; see details in [192]. It turns out that the space Diﬀ(S 1 )/S 1
equipped with the Ḣ 1 -metric is isometric to an open subset of an L2 -sphere;
see [237, 238]. This isometry, in particular, allows one to extend solutions of
the Hunter–Saxton equation beyond breaking time and interpret them after
wave-breaking in an appropriate weak sense.
We also note that the case a = 0 corresponds to the nonextended Lie
algebra Vect(S 1 ) of vector ﬁelds on the circle, rather than to the Virasoro
algebra vir. In the nonextended case, depending on the values of α and β,
one obtains the Hopf (or inviscid Burgers) equation ut + 3uu = 0 or the
nonextended Camassa–Holm equation [69, 127]
ut + 3uu + 2u u + uu + (u )t = 0 .
2.5 The Bi-Hamiltonian Structure of the KdV Equation
The KdV equation is not only a Hamiltonian system; it also exhibits strong
integrability properties. As we discussed before, there are various deﬁnitions
of what an integrable inﬁnite-dimensional system is: one can require from
the system either the existence of action-angle coordinates, or the existence of
“suﬃciently many” independent integrals of motion, or some other properties,
which may diﬀer substantially in inﬁnite dimensions. In this section we show
that the KdV equation is not only Hamiltonian, but in fact bi-Hamiltonian,
thus exhibiting one of the “strongest forms” of integrability. More precisely,
in addition to being Hamiltonian with respect to the Lie–Poisson bracket on
the dual space vir∗ , this equation turns out to be Hamiltonian with respect
to another compatible Poisson structure on the same space.
Recall that for any Lie algebra g, every point m0 ∈ g∗ gives rise to a
“constant” Poisson bracket { , }0 on g∗ by “freezing” the usual Lie–Poisson
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bracket { , }LP at the point m0 . The constant Poisson bracket is deﬁned for
smooth functions f, g on g∗ by
{f, g}0 (m) := [dfm , dgm ], m0  ;
see Section I.4.4. Furthermore, the Poisson brackets { , }LP and { , }0 are
compatible for all choices of the point m0 (see Lemma I.4.21). The main goal
of this section is to show that for a certain choice of the “freezing point”
m0 ∈ vir∗ , the KdV equation is Hamiltonian with respect to the constant
Poisson structure { , }0 . Note that other equations discussed above (Camassa–
Holm, Hunter–Saxton) have a similar bi-Hamiltonian structure, but related
to diﬀerent choices of the “freezing point”; see [192].
Theorem 2.20 The KdV equation (2.14) is Hamiltonian with respect to the
constant Poisson bracket on vir∗ with the “freezing point” m0 = ( 12 (dθ)2 , 0) ∈
vir∗ .
Proof.
Let F (u, a) be a function on vir∗ and let (v∂θ , b) :=
(δF /δu, δF /δa) ∈ vir be the (variational) derivative dF(u(dθ)2 ,a) of F at
(u(dθ)2 , a). Then the Hamiltonian equation with the Hamiltonian function
F , computed with respect to the constant Poisson structure “frozen” at
(u0 (dx)2 , a0 ), has the form

d
(u(dθ)2 , a) = ad∗(v∂θ ,b) (u0 (dθ)2 , a0 ) = − (2u0 v  + (u0 ) v + a0 v  )(dθ)2 , 0 .
dt
(Here we use Remark I.4.22 and the explicit form (2.8) of the coadjoint action
ad∗ for the Virasoro algebra.)
Now specifying the “freezing” point to (u0 (dθ)2 , a0 ) = ( 12 (dθ)2 , 0) ∈ vir∗ ,
we come to
d
(u(dθ)2 , a) = −(v  (dθ)2 , 0) ,
(2.21)
dt
where v is deﬁned as the “partial derivative” of the functional F , i.e., v∂θ =
δF /δu.
Next, consider the functional F of the form


1 3 a  2
u − (u ) dθ .
F (u, a) =
2
2
S1
By deﬁnition, the variational derivative (δF /δu, δF /δa) ∈ vir of the functional
F is determined by the following identity satisﬁed for any (ξ(dθ)2 , c) ∈ vir∗ :

/
0
δF δF
d
2
,
F (u + ξ, a + c).
(ξ(dθ) , c) ,
=
δu δa
d =0
For equation (2.21) we need only the partial derivative δF/δu, and we ﬁnd it
as follows:
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d
d




1
a 
3
 2
(u + ξ) − (u + ξ ) dθ
2
2
=0 S 1




3 2
3 2
 

u ξ − au ξ dθ =
u ξ + au ξ dθ
=
2
2
S1
S1





3 2
u + au ∂θ , a , (ξ(dθ)2 , 0) .
=
2

d
F (u + ξ, a) =
d
=0

Hence we obtain the derivative δF /δu = ( 32 u2 + au )∂θ . Since v∂θ = δF /δu,
now we substitute v = 32 u2 + au into the equation (2.21), which gives
ut = −3uu − au ,


the KdV equation.

Corollary 2.21 The KdV equation is bi-Hamiltonian with respect to the compatible Poisson structures { , }LP and { , }0 on vir∗ , where { , }0 denotes
the constant Poisson structure, frozen in the point ( 12 (dθ)2 , 0) ∈ vir∗ .
The constant bracket for the KdV is usually called the ﬁrst KdV structure,
or the Gardner–Faddeev–Zakharov bracket [140, 392], while the linear Lie–
Poisson structure is called the second KdV, or the Magri bracket [246]. The
analogues of these structures for higher-order diﬀerential operators are called
the ﬁrst and second Adler–Gelfand–Dickey structures; see Section 4.
Remark 2.22 Similarly, one can show that both the Camassa–Holm and
Hunter–Saxton equations are bi-Hamiltonian with respect to the Lie–Poisson
structure and a constant structure on vir∗ . The respective “freezing” points
of the constant Poisson bracket on vir∗ are m1 = ( 12 (dθ)2 , 1) for the
Camassa–Holm equation and m2 = (0, 1) for the Hunter–Saxton equation (see
Figure 2.3).
a
HS

0

CH

KdV

{u(θ)(dθ)2 }

Fig. 2.3. The freezing points of the constant Poisson bracket on vir∗ that give rise
to the bi-Hamiltonian structures for the KdV, the Camassa–Holm, and the Hunter–
Saxton equations respectively.
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Remark 2.23 The bi-Hamiltonian nature of the KdV equation allows one to
obtain the whole hierarchy of the KdV Hamiltonians via the Lenard–Magri
scheme discussed in the introduction.
Namely, consider the linear combination of the Poisson brackets for the
KdV: the Virasoro Lie–Poisson and the constant ones:
{ , }λ := { , }LP + λ2 { , }0 .
Since the corresponding brackets are compatible, { , }λ deﬁnes a Poisson
bracket for all λ ∈ R, which is the usual Lie–Poisson bracket on vir∗ shifted
in the direction of m0 = ( 12 (dθ)2 , 0) ∈ vir∗ . (Note that one uses here the
parameter λ2 rather than λ for the expansion below to have a simpler form.)
Recall that we think of the dual space vir∗ = {a∂θ2 + u(θ)} as the space of
Hill’s operators. The monodromy of a diﬀerential operator ∂θ2 + u(θ), which
is a matrix in SL(2, R), changes to a conjugate matrix under the Virasoro
coadjoint action (see Theorem 2.12). Therefore, the trace of the monodromy
is a Casimir function for the Poisson bracket { , }LP on (the hyperplane a = 1
in) the dual space vir∗ . The same reasoning allows one to obtain the following
result.
Lemma 2.24 Let Mλ denote the monodromy of the diﬀerential operator
d2
2
dθ 2 + u(θ) − λ . Then the function
hλ := log(tr(Mλ ))
is a Casimir function for the Poisson bracket { , }λ on the space vir∗ .
Indeed, { , }λ is the usual Lie–Poisson bracket on vir∗ shifted in the direction
of m0 = (0·∂θ2 +1/2) ∈ vir∗ , and so, instead of the Lie–Poisson Casimir tr(M ),
we can use the shifted Casimir tr(Mλ ) or any function of it, in particular,
log(tr(Mλ )).
Finally, by expanding hλ into a power series in λ−1 one produces ﬁrst
integrals of the KdV equation:
hλ = 2πλ −

∞


h2n−1 λ1−2n ,

n=1

where
h1 =

1
2

u dθ,
S1

see, e.g., [31, 37].

h3 =

1
8

u2 dθ,
S1

h5 =

1
16

S1

1
(u3 − (u )2 ) dθ,
2

...;
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2.6 Bibliographical Notes
The cohomology of the Lie algebra of vector ﬁelds on the circle was computed
by Gelfand and Fuchs in [143], where the term Virasoro algebra was coined
after the paper [376] (see also [118, 138]). The Bott cocycle on the group
Diﬀ(S 1 ) ﬁrst appeared in [53].
The group Diﬀ(S 1 ) (and hence the Virasoro group) does not admit a
natural complexiﬁcation, i.e., a group corresponding to the complexiﬁed Lie
algebra Vect(S 1 )C ; see [205, 322] and Example I.1.25. However, for a cone in
this complex Lie algebra consisting of those vector ﬁelds that “point outside of
the circle,” there exists a semigroup. This annulus semigroup appeared in the
papers of Neretin [291] and Segal [343]. For more details on representations
and applications of the Virasoro group and algebra see [292, 322, 153].
The classiﬁcation of the coadjoint orbits of the Virasoro group can be
found in the literature under diﬀerent guises: as a classiﬁcation of projective
structures on the circle by Kuiper [223], as a classiﬁcation of Hill’s operators
by Lazutkin and Pankratova [233], and in the present form, as Virasoro orbits,
in the papers by Kirillov [202, 205] and Segal [342]; see also [164, 304, 388, 32].
The adjoint orbits of the diﬀeomorphism group of the circle were described in
[164].
The Virasoro coadjoint orbit Diﬀ(S 1 )/S 1 can also be understood as the
universal Teichmüller space [326]; cf. [284, 285]. Curvatures of a Kähler metric on this orbit were described in [208], while its complex Hilbert manifold
structure is discussed in [338, 363]. The Virasoro group itself admits a complex structure and can be viewed as a holomorphic C∗ -bundle over its orbit
Diﬀ(S 1 )/S 1 [236].
There is a vast literature related to the geometry and Hamiltonian properties of the KdV equation, which is one of the key examples in any book
on soliton theory. The description of the KdV equation, as well as its superanalogue, as an Euler–Arnold equation on the Virasoro group with respect to
the L2 -metric can be found in [305, 344, 346]. More general, H 1 -type, metrics
on this group were considered in [268, 189, 192], and we followed the latter
paper in our exposition. Regularity properties of the Riemannian exponential
maps for these and other Sobolev metrics on the Virasoro and the diﬀeomorphism groups are described in [73, 74].
The Adler–Gelfand–Dickey structures [3, 141, 142] are the generalizations
of the KdV Poisson structures from Hill’s operators to linear diﬀerential operators of higher order, and we discuss them in Section 4.
For the algebro-geometric approach to constructing solutions of the KdV
equation we address the reader to [216]; the description of the corresponding inﬁnite-dimensional Grassmann manifolds can be found in [347] and the
references therein. Various analytical aspects of the KdV theory, its spectral
theory, and the angle-action variables are discussed in the book [182]. The
geometry related to the KAM theory for near-integrable Hamiltonian systems,
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applied in the inﬁnite-dimensional context, e.g., to the KdV-type equations,
is discussed in [224, 182].
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3 Groups of Diﬀeomorphisms
Diﬀeomorphism groups constitute one of the most intriguing classes of inﬁnitedimensional Lie groups. They often serve as conﬁguration spaces for various
equations of ﬂuid and gas dynamics. In this section, our main objects of study
are the groups of volume-preserving diﬀeomorphisms, in particular their geometry and coadjoint orbits. The Euler geodesic equations for such groups and
for their generalizations deliver the Euler equations for ideal incompressible
ﬂuids on manifolds, as well as the equations of compressible ﬂuids and magnetohydrodynamics. We also discuss how invariants of the coadjoint action of
certain diﬀeomorphism groups are related to knot theory and to the symplectic structure on the space of immersed curves in R3 .
3.1 The Group of Volume-Preserving Diﬀeomorphisms
and Its Coadjoint Representation
Let M be an n-dimensional compact manifold (possibly with boundary) and
let µ be a volume form on M .
Deﬁnition 3.1 The group of volume-preserving diﬀeomorphisms of the manifold M consists of all diﬀeomorphisms of M preserving the volume form µ:
SDiﬀ(M ) = {ϕ ∈ Diﬀ(M ) | ϕ∗ µ = µ} ,
where the group multiplication is the composition of diﬀeomorphisms. (Whenever this group of diﬀeomorphisms is not connected, our notation SDiﬀ stands
for the connected component of the identity of this group.)
Exercise 3.2 The corresponding
divergence-free vector ﬁelds on M :

Lie

algebra

SVect(M )

consists

of

SVect(M ) = {ξ ∈ Vect(M ) | Lξ µ = 0 and ξ is tangent to ∂M } ,
where the algebra commutator is the negative of the Lie bracket of two vector
ﬁelds: [ξ, η] = −Lξ η; cf. Example I.2.2.
It turns out that the (smooth part of the) dual of the Lie algebra SVect(M )
has a natural geometric description.
Proposition 3.3 The smooth part of the dual of the Lie algebra SVect(M )
is naturally identiﬁed with the space Ω 1 (M )/dΩ 0 (M ) of smooth 1-forms on
M modulo exact 1-forms on M . The pairing is as follows:
ξ, [u] =

ιξ u ∧ µ ,
M

where u ∈ Ω 1 (M ) is any 1-form from the coset [u].
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In the coadjoint representation, a diﬀeomorphism ϕ ∈ SDiﬀ(M ) acts by
“change of coordinates”: it sends a coset [u] ∈ Ω 1 (M )/dΩ 0 (M ) to the coset
[(ϕ−1 )∗ u]. Accordingly, the coadjoint action of SVect(M ) on Ω 1 (M )/dΩ 0 (M )
is given by the negative of the Lie derivative:
ad∗ξ : [u] → −[Lξ u]
for any divergence-free vector ﬁeld ξ on M .
Proof. Assume ﬁrst that the manifold M has no boundary. Note that
divergence-free vector ﬁelds on M are in one-to-one correspondence with the
space of all closed (n − 1)-forms on M . Indeed, any vector ﬁeld ξ on M
deﬁnes an (n − 1)-form νξ via interior product with the volume form on M :
νξ = ιξ µ. Moreover, this form νξ is closed for a divergence-free ﬁeld ξ, since
0 = Lξ µ = dιξ µ + ιξ dµ = dνξ .
The pairing between Ω 1 (M )/dΩ 0 (M ) and SVect(M ) can now be rewritten
as
u ∧ νξ
ξ, [u] =
M

for any representative 1-form u. Two diﬀerent representatives u and ũ diﬀer
by a diﬀerential df and give the same pairing. Indeed, since the form νξ is
closed, so is df ∧ νξ . Then the Stokes formula gives
df ∧ νξ =

ξ, df  =
M

d(f ∧ νξ ) = 0
M

for M without boundary.
In the case of a manifold M with boundary ∂M , the restriction of the
closed (n − 1)-form νξ vanishes on ∂M . Then the application of the Stokes
formula gives the same result as above. Thus, the pairing between SVect(M )
and Ω 1 (M )/dΩ 0 (M ) is indeed well deﬁned.
Finally, recall that in the adjoint representation, the group Diﬀ(M ) acts
on its Lie algebra Vect(M ) by coordinate changes: Adϕ (ξ) = ϕ∗ ξ ◦ ϕ−1 . Hence
we obtain
ξ, Ad∗ϕ [u] = Adϕ−1 ξ, [u] =
M

u ∧ ιϕ−1
µ=
∗ ξ


(ϕ−1 )∗ u ∧ ιξ (ϕ−1 )∗ µ .
M

Since ϕ preserves the volume form µ, we have Ad∗ϕ [u] = [(ϕ−1 )∗ u]. The statement on inﬁnitesimal coadjoint action of the Lie algebra SVect(M ) readily
follows.
Note also that the actions Ad∗ and ad∗ are well deﬁned on the cosets,
since changes of coordinates commute with taking d.
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Exercise 3.4 Complete the proof of Proposition 3.3 in the case of a manifold
M with boundary. (Hint: in order to show that the restriction of the closed
(n − 1)-form νξ vanishes on ∂M , use the fact that the ﬁeld ξ is tangent to
∂M .)
3.2 The Euler Equation of an Ideal Incompressible Fluid
Imagine an ideal incompressible ﬂuid occupying a domain M in Rn .
Deﬁnition 3.5 The ﬂuid motion is described by a velocity ﬁeld v(t, x) and
a pressure function p(t, x) that satisfy the classical Euler equation of an ideal
incompressible ﬂuid:
∂t v + (v, ∇)v = −∇p ,

(3.22)

where div v = 0 and the ﬁeld v is tangent to the boundary of M . The function
p is deﬁned uniquely modulo an additive constant by the conditions that v
have zero divergence and be tangent to the boundary.
In Euclidean coordinates, equation (3.22) reads
∂ t vi +

n

j=1

vj

∂vi
∂p
=−
.
∂xj
∂xi

The same equation describes the motion of an ideal incompressible ﬂuid
ﬁlling an arbitrary Riemannian manifold M equipped with a volume form µ.
In the latter case, v is a divergence-free vector ﬁeld on M , the notation (v, ∇)v
stands for the Riemannian covariant derivative ∇v v of the ﬁeld v in the direction of itself, and div v is taken with respect to the volume form µ.
Remark 3.6 Equation (3.22) has a natural interpretation as a geodesic equation [12, 18]. Indeed, consider the ﬂow (t, x) → φ(t, x) deﬁned by the velocity
ﬁeld v(t, x), which describes the motion of ﬂuid particles:
∂t φ(t, x) = v(t, φ(t, x)), φ(0, x) = x
for all x ∈ M . The chain rule immediately gives
∂t2 φ(t, x) = (∂t v + (∂x v)(∂t φ))(t, φ(t, x)) = (∂t v + (v, ∇)v)(t, φ(t, x)) ,
and hence the Euler equation (3.22) is equivalent to
∂t2 φ(t, x) = −(∇p)(t, φ(t, x)),
while the incompressibility condition div v = 0 becomes det(∂x φ(t, x)) = 1.
The latter form of the Euler equation (for a smooth ﬂow φ(t, x)) says that the
acceleration of the ﬂow is given by the gradient of a function. Therefore this
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acceleration is L2 -orthogonal to the set of volume-preserving diﬀeomorphisms
(or, rather, to its tangent space, the space of divergence-free ﬁelds):
(∇p, ξ)µ = 0
M

for all divergence-free vector ﬁelds ξ and all smooth functions p on M . In other
words, the ﬂuid motion φ(t, .) is a geodesic line on the set of volume-preserving
diﬀeomorphisms of the domain M with respect to the induced L2 -metric on
energy of the ﬂuid ﬂow:
the group SDiﬀ(M ). This L2 -metric is the kinetic

for a velocity ﬁeld v its energy is E(v) = 12 M (v, v)µ. Fluid ﬂows describe
geodesics on the group SDiﬀ(M ), since they extremize this energy according
to the least action principle.
In the case of an arbitrary Riemannian manifold M , the Euler equation
deﬁnes the geodesic ﬂow on the group of volume-preserving diﬀeomorphisms of
M with respect to the right-invariant L2 -metric on SDiﬀ(M ); see [12, 96, 24].

3.3 The Hamiltonian Structure and First Integrals of the Euler
Equations for an Incompressible Fluid
The geodesic properties of the Euler equation can also be described within
the Hamiltonian framework. The latter turns out to be useful in establishing
numerous conservation laws for ﬂows of an ideal ﬂuid.
Consider the Lie algebra SVect(M ) of divergence-free vector ﬁelds on a
compact manifold M and its dual space SVect(M )∗ = Ω 1 (M )/dΩ 0 (M ) of
1-forms modulo exact 1-forms. This algebra is equipped with the L2 quadratic
form
(ξ1 , ξ2 )µ ,
(3.23)
(ξ1 , ξ2 )SVect =
M

which is induced by ﬁxing a Riemannian metric ( , ) on the manifold M . The
corresponding inertia operator
A : SVect(M ) → Ω 1 (M )/dΩ 0 (M )
sends a vector ﬁeld ξ to the coset [u] of the 1-form u that is obtained from the
ﬁeld ξ by “raising indices” with the help of the metric: u( . ) = (ξ, . ). (In Rn
with
the standard Euclidean metric,
the inertia operator A maps a vector ﬁeld
ξi dxi .) Since the Riemannian metric is
ξ=
ξi ∂/∂xi to the 1-form uξ =
nondegenerate, so is the map A : ξ → [u]. Note that in each coset [u] there
is a unique representative 1-form, which is obtained by raising indices from a
divergence-free ﬁeld.
Lemma 3.7 Let H be the quadratic Hamiltonian on Ω 1 (M )/dΩ 0 (M ) deﬁned
by the inertia operator A:
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H([u]) =

1 −1
A [u], [u] .
2

Then the Hamiltonian equation on Ω 1 (M )/dΩ 0 (M ) for the Hamiltonian function −H with respect to the Lie–Poisson bracket is the following:
d
[u] = −Lξ [u] ,
dt

(3.24)

where [u] is the coset of the 1-form u related to the divergence-free ﬁeld ξ with
the help of the metric, u( . ) = (ξ, . ).
Proof. Recall from Corollary I.4.11 that the Hamiltonian equation with
respect to the function −H is given by
d
[u] = − ad∗(−A−1 [u]) [u] = ad∗A−1 [u] [u] .
dt
The coadjoint action of the Lie algebra SVect(M ) on its dual is given by the
negative of the Lie derivative, so that we get equation (3.24).

Corollary 3.8 The Hamiltonian equation (3.24) is equivalent to the Euler
equation for an ideal incompressible ﬂuid on the manifold M .
Proof. Rewriting equation (3.24) in terms of the coset representative, the
1-form u ∈ [u], gives
(3.25)
∂t u = −Lξ u − dp̃
for a time-dependent function p̃. Passing back to vector ﬁelds, i.e., applying
A−1 to both sides of equation (3.25), we get our ﬁnal equation
∂t ξ = −(ξ, ∇)ξ − ∇p .
(Here we use the fact that “raising indices” sends the covariant derivative
(ξ, ∇)ξ to the Lie derivative Lξ u up to a full diﬀerential; see, e.g., [24].) The
latter is the Euler equation for an ideal incompressible ﬂuid on M , where p is
interpreted as the pressure function.

This description of the dual space and the Euler hydrodynamics equation
allows one to describe certain ﬁrst integrals of the ﬂuid motion practically
without calculations. Indeed, start with the following proposition, which provides certain Casimir functions for the coadjoint action of the group SDiﬀ(M ).
Let M be a compact manifold equipped with a volume form µ.
Proposition 3.9 ([307]) If the manifold M is of odd dimension 2m+1, then
the function
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Ω 1 (M )

0

dΩ (M )
u

g∗ = Ω 1 (M )/dΩ 0 (M )

[u]
A

ξ

g = SVect(M )

Fig. 3.1. Projection of u ∈ Ω 1 (M ) to the coset [u] ∈ Ω 1 (M )/dΩ 0 (M ). The inertia
operator A sends a vector ﬁeld ξ to the coset [u] of 1-forms.

u ∧ (du)m

I([u]) =
M

on the space of cosets, Ω 1 (M )/dΩ 0 (M ) = SVect(M )∗ , is invariant under the
coadjoint action of the group SDiﬀ(M ).
If dim(M ) = 2m, then for each k ∈ N, the function

k
(du)m
µ
Ik ([u]) =
µ
M
on the space of cosets is invariant under the action of the group SDiﬀ(M ).
Here, (du)m /µ denotes the ratio of a 2m-form over the volume form on
M . This ratio is a function, which can be integrated against the volume form
µ on M .
Proof. First we have to check that I and Ik are well-deﬁned functionals on
Ω 1 (M )/dΩ 0 (M ). Note that for any exact 1-form df we have I(df ) = 0 and
Ik (df ) = 0. Similarly, one can see that each of the functionals I and Ik depends
not on a representative, but just on the corresponding coset, e.g., I(u) = I(u+
df ) = I([u]). Furthermore, the group SDiﬀ(M ) acts on Ω 1 (M )/dΩ 0 (M ) by
change of coordinates. Since the integrals I and Ik are deﬁned in a coordinatefree way, they are indeed invariant under this action.

Corollary 3.10 The functionals I and, respectively, Ik on Ω 1 (M )/dΩ 0 (M )
are ﬁrst integrals of the Euler equation for an ideal incompressible ﬂuid ﬁlling
M of odd and, respectively, even dimension.
Proof. As we have seen in Corollary 3.8, the Euler equation is Hamiltonian
with respect to the usual Lie–Poisson bracket on the dual space of the Lie
algebra SVect(M ). Therefore its ﬂow lines are always tangent to coadjoint
orbits of the group SDiﬀ(M ). But by Proposition 3.9, the functions I and
Ik are constant on the coadjoint orbits and hence constant along the ﬂow
lines.
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Remark 3.11 Being Casimirs, the functionals I and Ik give conservation
laws for any Hamiltonian equation on SVect(M )∗ = Ω 1 (M )/dΩ 0 (M ) with
respect to the Lie–Poisson bracket. In particular, the functionals I and Ik
are ﬁrst integrals of the Euler equation for an arbitrary metric on M . These
integrals manifest the “kinematic symmetries” of the hydrodynamical system,
while the energy is an invariant related to the system’s “dynamics.”
Example 3.12 Specifying to the case of a three-dimensional domain M ⊂
R3 , we see that the function
u ∧ du ,

I(ξ) =
M

where u and ξ are related by means of the Euclidean metric, is a ﬁrst integral
of the Euler equation. A short direct calculation allows one to rewrite I(ξ) in
the form
(ξ, curl ξ) d3 x .
I(ξ) =
M

The latter integral has a natural geometric meaning of helicity of the vector
ﬁeld curl ξ:
Deﬁnition 3.13 Let M be a three-dimensional compact manifold with a
volume form µ and suppose that the second de Rham cohomology group of
M vanishes: H 2 (M, R) = 0. Then, if η is a divergence-free vector ﬁeld on M
tangent to the boundary of M , the corresponding 2-form ωη = ιη µ is closed,
and hence exact. So we can ﬁnd a 1-form α on M such that ωη = dα. The
helicity of the vector ﬁeld η is deﬁned by
d−1 (ωη ) ∧ ωη .

α ∧ dα =

Hel(η) =
M

M

Exercise 3.14 Show that the helicity does not depend on the ambiguity in
the deﬁnition of the 1-form α = d−1 ωη .
The helicity of a vector ﬁeld η has a topological interpretation as the asymptotic Hopf invariant, or “average linking number” of the trajectories of the
vector ﬁeld η (see [16, 24, 269] for details).
Example 3.15 Similarly, specifying to the case of a two-dimensional domain
M ⊂ R2 , we ﬁnd inﬁnitely many ﬁrst integrals of the Euler equation, namely
(curl ξ)k d2 x ,

Ik (ξ) =
M

where curl ξ :=

∂ξ1
∂x2

−

∂ξ2
∂x1

is the vorticity function on M ⊂ R2 .
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Remark 3.16 The functions I and Ik on Ω 1 (M )/dΩ 0 (M ) are invariant under the coadjoint action of the group SDiﬀ(M ). However, it should be noted
that they do not form a complete set of invariants of the coadjoint representation. One can construct parametrized families of orbits on which these
functions take the same values.
Exercise 3.17 Prove that for an odd-dimensional manifold M not only is
the integral I([u]) over the entire manifold M invariant under the coadjoint
action of SDiﬀ(M ), but so are the integrals
u ∧ (du)m

IC ([u]) =
C

over every set C invariant with respect to the vorticity vector ﬁeld η = curl ξ.
This ﬁeld is deﬁned for any odd n = 2m + 1 as the kernel ﬁeld of the 2m-form
(du)m on the manifold M : ιη µ = (du)m , where the 1-form u is related to the
vector ﬁeld ξ with the help of the Riemannian metric.
Certain nonanalytic invariants of the coadjoint action on SVect(M )∗ can
be extracted from the ergodic description of the helicity functional as the
average of pairwise linkings of the trajectories of the ﬁeld η; see [16]. In the
even-dimensional case, slightly more general invariants than Ik are obtained
by replacing ((du)m /µ)k with f ((du)m /µ) for any function f : R → R.
The full classiﬁcation of the coadjoint orbits of the diﬀeomorphism groups
is still an open problem [24, 205]. Below we show that a complete set of such
invariant functionals deﬁned on singular coadjoint orbits of this group would
include all knot and link invariants!
3.4 Semidirect Products: The Group Setting for an Ideal
Magnetohydrodynamics and Compressible Fluids
It is curious to note that the similarity pointed out by V. Arnold between
the Euler top on the group SO(3) and the Euler ideal ﬂuid equations on
SDiﬀ(M ) has a “magnetic analogue”: a parallelism between the Kirchhoﬀ
and magnetohydrodynamics (MHD) equations; see the table in Example 4.18
of Chapter I.
The latter equations are both related to the groups that are semidirect
products. The Kirchhoﬀ equations for the motion of a rigid body in a ﬂuid
are associated with the group E(3) = SO(3)  R3 of Euclidean motions of the
three-dimensional space. In this group, a Euclidean motion is described by a
pair (a, b), a rotation a ∈ SO(3) and a translation by a vector b ∈ R3 , so that
the group multiplication law between two such pairs,
(a2 , b2 ) ◦ (a1 , b1 ) = (a2 a1 , b2 + a2 b1 ) ,
is determined by the consecutive application of motions.
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Similarly, magnetohydrodynamics is governed by the group SDiﬀ(M ) 
SVect(M ). Elements of the corresponding Lie algebra are pairs of divergencefree vector ﬁelds (v, B), which can be interpreted as the velocity ﬁeld v and
the magnetic ﬁeld B.
In the idealized setting, an inviscid incompressible ﬂuid obeying hydrodynamical principles transports a magnetic ﬁeld. In turn, the medium itself
experiences a reciprocal inﬂuence of the magnetic ﬁeld. The evolution is described by the following system of Maxwell’s equations.
Deﬁnition 3.18 Consider an electrically conducting incompressible ﬂuid
that ﬁlls some domain M ⊂ R3 and transports a divergence-free magnetic
ﬁeld B. Then the evolution of the ﬁeld B and of the ﬂuid velocity ﬁeld v is
described by the system of ideal magnetohydrodynamics (MHD) equations
∂t v = −(v, ∇)v + (curl B) × B − ∇p ,
∂t B = −Lv B ,
where div B = div v = 0 with respect to the standard volume form µ = d3 x
in M and the coeﬃcients are normalized by a suitable choice of units.
Here, the second equation is the deﬁnition of the “frozenness” of the magnetic ﬁeld B into the medium, and Lv B denotes the Lie bracket of two vector
ﬁelds. (Note that a frozenness-type condition usually indicates the structure
of a semidirect product in the corresponding symmetry group; cf. [253].) The
term (curl B) × B represents the Lorentz force j × B, which acts on a unit
charge moving with velocity j in the magnetic ﬁeld B. The motion of electric
charges produces the electrical current ﬁeld j proportional to curl B.
Theorem 3.19 ([377, 253]) The magnetohydrodynamics equations are the
Euler equations corresponding to the right-invariant metric on the group
SDiﬀ(M )  SVect(M ) generated by the sum of the kinetic and magnetic
energies
1
[(v, v) + (B, B)] µ
E(v, B) :=
2 M
on its Lie algebra of pairs (v, B).
A somewhat similar description is available for compressible ﬂuids as well.
Consider, for instance, barotropic gases or ﬂuids, whose pressure is a ﬁxed
function of density.
Deﬁnition 3.20 The equations of motion of a barotropic gas (or ﬂuid) on a
Riemannian manifold M are given by

ρ ∂t v = −ρ (v, ∇)v − ∇h(ρ) ,
(3.26)
∂t ρ + div(ρ · v) = 0 ,
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where ρ ∈ C ∞ (M ) is the density of the gas, the time-dependent vector ﬁeld v
is the velocity vector ﬁeld, and h : C ∞ (M ) → C ∞ (M ) is the ﬁxed correspondence between the density function ρ and the pressure function p = h(ρ). The
equations of barotropic gas dynamics usually correspond to a speciﬁc choice
2
, where D is the number of
of h(ρ) = const · ρa . For an ideal gas, a = 1 + D
degrees of freedom of a molecule. For instance, for monatomic gases (argon,
krypton) D = 3 and a = 5/3, while for diatomic gases (such as nitrogen,
oxygen, and hence approximately for air) D = 5 and a = 7/5.
To describe these equations as Euler equations we note ﬁrst that the main
player here will be the group Diﬀ(M ) of all (not only volume-preserving)
diﬀeomorphisms of a manifold M . Its Lie algebra Vect(M ) consists of all
smooth vector ﬁelds on M .
For the barotropic gas dynamics we need a certain extension of this group.
Namely, consider the semidirect product group G = Diﬀ(M )  C ∞ (M ). This
is the group consisting of pairs (ϕ, f ), where ϕ is a diﬀeomorphism of the
manifold M , and f is a smooth function. The product on the group Diﬀ(M ) 
C ∞ (M ) is given by
(ϕ, f ) · (ψ, g) = (ϕ ◦ ψ, ϕ∗ g + f ) ,
where ϕ∗ g = g ◦ ϕ−1 denotes the pushforward of the function g by the diffeomorphism ϕ (or, equivalently, the pullback by ϕ−1 ). The smoothness of
the group product on Diﬀ(M )  C ∞ (M ) follows from that of the product on
Diﬀ(M ) and that of the action of Diﬀ(M ) on C ∞ (M ).
Diﬀ(M )  C ∞ (M )
(ψ, g)

(ϕ ◦ ψ, ϕ∗ g + f )
(ϕ, f )
ϕ◦ψ

ψ

ϕ

Diﬀ(M )
Fig. 3.2. As a topological space, the semidirect product Diﬀ(M )  C ∞ (M ) is the
product of the spaces Diﬀ(M ) and C ∞ (M ). The group structure is not a direct
product, but is twisted by the action of Diﬀ(M ) on C ∞ (M ) by pushforwards.

The Lie algebra g of the group Diﬀ(M )  C ∞ (M ) is also a semidirect
product, the Lie algebra Vect(M )  C ∞ (M ). As a vector space, it is the
direct sum Vect(M ) ⊕ C ∞ (M ), while the Lie algebra structure on this space
encompasses the natural action of vector ﬁelds on functions.
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Exercise 3.21 Find explicit formulas for the adjoint representation of the
group Diﬀ(M )  C ∞ (M ) and the Lie bracket of its algebra. (Hint: for more
details on this and the following exercises, see Appendix A.7.)
To describe the corresponding dual space, we return ﬁrst to the group
Diﬀ(M ) of all diﬀeomorphisms, whose Lie algebra Vect(M ) consists of all
smooth vector ﬁelds.
Exercise 3.22 Show that the (smooth) dual of the Lie algebra Vect(M ) can
be naturally identiﬁed with the space Ω 1 (M ) ⊗C ∞ (M ) Ω n (M ). Elements of
this space are linear combinations of tensor products of 1-forms with n-forms
on M , where given a 1-form α and an n-form µ we identify the elements
f · α ⊗ µ with α ⊗ f · µ for any smooth function f . The pairing between vector
ﬁelds on M and elements of this space Ω 1 (M ) ⊗C ∞ (M ) Ω n (M ) =: Vect(M )∗
is given by
ξ, α ⊗ µ =

(ιξ α)µ .
M

The naturality of the pairing means that the coadjoint action of Diﬀ(M ) is
the change of coordinates by a diﬀeomorphism.
Now the smooth part of the dual of the semidirect product Lie algebra
Vect(M )C ∞ (M ) can be identiﬁed with the space (Ω 1 (M )⊗C ∞ (M ) Ω n (M ))⊕
Ω n (M ) via the pairing
(ξ, f ), (α ⊗ µ, ν) =

(ιξ α)µ +
M

fν .
M

Exercise 3.23 Show that the coadjoint action of the group Diﬀ(M )C ∞ (M )
on the space (Ω 1 (M ) ⊗C ∞ (M ) Ω n (M )) ⊕ Ω n (M ) is given by
Ad∗(ϕ,f )−1 (α ⊗ η, ν) = (ϕ∗ α ⊗ ϕ∗ η + ϕ∗ df ⊗ ϕ∗ ν, ϕ∗ ν) .

(3.27)

In order to deﬁne a dynamical system related to this group, we need some
additional data. Fix a Riemannian metric ( , ) and a volume form µ on the
manifold M . Furthermore, ﬁx a function h : C ∞ (M ) → C ∞ (M ) that assigns
to a density ρ of the ﬂuid its pressure h(ρ).
Deﬁne the Hamiltonian functional H : Vect(M ) ⊕ C ∞ (M ) → R by


1
H(ξ, ρ) =
(ξ, ξ) ρ + ρ Φ(ρ) µ ,
2
M
where Φ(ρ) is chosen such that ρ2 Φ (ρ) = h(ρ).
Exercise 3.24 Show that the Euler equation corresponding to the lift of the
Hamiltonian −H to the dual of the Lie algebra is exactly the Euler equation
of a barotropic ﬂuid. (The lift of H to the dual space is given by the inertia
operator deﬁned by the Riemannian metric, see details in Appendix A.7.)
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Exercise 3.25 Find Casimir functions similar to the ones we discussed in
the case of the Euler equation of an ideal incompressible ﬂuid. (Hint: in the
coordinate system “moving with the ﬂuid” the equations of motion can be
thought of as those for an incompressible ﬂuid.)
Remark 3.26 Thus it turns out that the barotropic ﬂuid equations also have
an inﬁnite number of conservation laws in the even-dimensional case, and at
least one ﬁrst integral in the odd-dimensional case; see [24, 307].
The Hamiltonian approach allows one to apply the technique of Casimir
functions to the stability study of barotropic ﬂuids and ideal MHD systems:
their dynamics take place on coadjoint orbits of the corresponding groups,
and the Casimir functions help in describing the corresponding conditional
extrema of the Hamiltonians.
More general equations of compressible ﬂuids include also the function of
entropy. The corresponding Lie group can be identiﬁed with the semidirect
product G = Diﬀ(M )  (C ∞ (M ) ⊕ C ∞ (M )): the ﬁrst summand of the extension stands for the density, while the second one represents the entropy
function; see [90].
3.5 Symplectic Structure on the Space of Knots
and the Landau–Lifschitz Equation
Consider an embedding of the (oriented) circle S 1 into Euclidean space R3 ,
i.e., a knot in R3 . Associate to this curve a linear functional on the space
SVect(R3 ) of divergence-free ﬁelds in R3 , that is, an element of the dual
space SVect(R3 )∗ , as follows. Take a compact oriented surface S ⊂ R3 such
that the oriented boundary of S coincides with the knot γ: ∂S = γ. Such a surface is called a Seifert surface for γ. Then to any vector ﬁeld ξ ∈ Vect(R3 ) we
can associate its ﬂux through the surface S. If the vector ﬁeld ξ is divergencefree, the ﬂux does not depend on the choice of the surface S, so that the curve
γ deﬁnes a functional on the Lie algebra SVect(R3 ):
γ, ξ = Flux(ξ)|S =

ιξ µ ,

(3.28)

S

where µ = d3 x is the standard volume form in R3 ; see Figure 3.3.
Remark 3.27 Obviously, the functional on the Lie algebra SVect(R3 ) deﬁned by the curve γ does not lie in the smooth part of the dual of SVect(R3 ).
But we can still associate to γ a coset of singular, rather than smooth, 1-forms
on R3 . Namely, given a Seifert surface S we consider the “δ-type” 1-form uS
supported on S, whose integral over any closed curve σ in R3 intersecting the
surface S transversally counts (with signs) the intersections of the curve σ
with this surface S.
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Fig. 3.3. A Seifert surface for a knot deﬁnes the ﬂux functional on vector ﬁelds.

Exercise 3.28 Verify that although the 1-form uS depends on the choice of
the surface S, its coset [uS ] does not: the choice of another Seifert surface S
changes the 1-form uS by a complete diﬀerential.
This coset [uS ] belongs to a closure Ω 1 (R3 )/dΩ 0 (R3 ) of the smooth dual
space SVect(R3 )∗ = Ω 1 (R3 )/dΩ 0 (R3 ). Note that the latter space of all smooth
1-forms modulo exact 1-forms is isomorphic to the space Z 2 (R3 ) of all smooth
closed 2-forms in R3 : The exterior derivative d takes any such coset of 1-forms
to a closed 2-form without any loss of information, since H 1 (R3 ) = 0.
Alternatively, one can directly associate to the curve γ a singular closed
2-form ωγ in R3 . This is the δ-type 2-form (called the de Rham current) supported on γ. (More precisely, de Rham currents are, by deﬁnition, continuous
linear functionals on diﬀerential forms. The curve γ deﬁnes
 the current ωγ ,
whose value on any smooth 1-form α on R3 is ωγ , α = γ α. Similarly, the

current uS is deﬁned by prescribing its value uS , β = S β for any smooth
2-form β on R3 .) The relation duS = ωγ between these currents exactly manifests the relation ∂S = γ between a knot γ and its Seifert surface S.
In this way, a knot γ in R3 can be seen as an element of the (full) dual space
to the Lie algebra of divergence-free vector ﬁelds on R3 . From this viewpoint,
the coadjoint orbit through γ is the equivalence class of the knot γ under
various isotopies. (Evidently, any isotopy of a knot γ ⊂ R3 can be extended to
a volume-preserving diﬀeomorphism of the ambient space R3 .) This leads to
the curious observation that knot invariants constitute a part of the coadjoint
invariants of the whole Lie group SDiﬀ(R3 ); see, e.g., [16, 24].
Let us extend our consideration from embedded to immersed closed curves
in R3 . The space C of such curves can be regarded as an inﬁnite-dimensional
symplectic manifold. Let γ = γ(S 1 ) ⊂ R3 be a closed immersed curve in R3 ,
and for now ﬁx a parametrization θ of the circle S 1 . A tangent vector α to C
at γ is an inﬁnitesimal variation of the curve γ, that is, a normal vector ﬁeld
attached to γ(S 1 ).
Deﬁnition 3.29 The Marsden–Weinstein symplectic structure is the following 2-form ωMW on the space C of immersed closed curves in R3 with a ﬁxed
volume form µ. Its value on the two tangent vectors a and b to C at γ is given
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by the oriented volume of the collar spanned along γ by the vectors a(θ) and
b(θ); see Figure 3.4. Explicitly, for the chosen parametrization θ,
µ(a(θ), b(θ), γ  (θ))dθ =

ωMW (a, b) :=
S1

ιb ιa µ .
γ

The latter integral shows that the value of ω does not depend on the parametrization, i.e., ωMW is indeed a symplectic structure on the space of nonparametrized curves.

γ
Fig. 3.4. The value of the symplectic structure ωMW evaluated on two variations of
the curve γ is the volume of the collar spanned by the variations.

Proposition 3.30 The Marsden–Weinstein symplectic structure on the space
of embedded curves containing γ coincides with the natural Kirillov–Kostant
symplectic structure on the coadjoint orbit of the group SDiﬀ(R3 ) through the
curve γ, regarded as an element of the dual space to SVect(R3 ).
Exercise 3.31 Prove this proposition. (Hint: see [255, 24].)
Remark 3.32 The same construction works for any three-dimensional manifold equipped with a volume form. In higher dimensions, a similar construction
allows one to deﬁne a symplectic structure on the space of closed immersed
submanifolds of codimension 2. One can also prove its equivalence with the
Kirillov–Kostant symplectic structure on (“singular”) coadjoint orbits for
SDiﬀ(M n ), which are linear functionals on divergence-free vector ﬁelds in
M , represented by “ﬂuxes through” hypersurfaces in M bounded by these
submanifolds; cf. [156].
Returning to the 3D case, we are going to make use of not only the volume
form, but also the Euclidean structure in R3 . Deﬁne the following “energy”
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function H on the space of immersed closed curves that assigns to a loop
γ ∈ C its length:
(

γ  (θ) dθ =

H(γ) =
S1

(γ  (θ), γ  (θ)) dθ .

S1

Proposition 3.33 The Hamiltonian equation corresponding to this energy
function H with respect to the Marsden–Weinstein symplectic structure is
given by the binormal (or ﬁlament) equation
∂t γ = γ  × γ 

(3.29)

in the arc-length parameter θ, see Figure 3.5. (Here, γ  denotes the derivative
∂

1
∂θ γ, and in the arc-length parametrization γ (θ) = 1 for all θ ∈ S .)
γ
∂t γ =

γ

×

γ 

γ 

γ

Fig. 3.5. The binormal equation describes the movement of a curve in R3 in the
direction ∂t γ = γ  × γ  .

Exercise 3.34 Prove this proposition. Show also that if θ is not arc-length,
then the corresponding Hamiltonian equation becomes
∂t γ = k(θ, t)γ  × γ  ,

(3.30)

where k(θ, t) is the curvature of the curve at the point θ at time t.
(Hint: For the functional H(γ) in the arc-parametrization, the variational
derivative (i.e., the “gradient” of H in the space of curves C) is δH/δγ =
−(length of γ)−1 γ  . This can be thought of as a vector ﬁeld normal to γ. In
turn, the Marsden–Weinstein symplectic structure at γ ∈ C can be regarded
as the symplectic structure averaged from all two-dimensional planes normal
to the loop γ. Then to obtain the corresponding Hamiltonian ﬁeld vH , which
is the skew-gradient of H, we have to rotate the above gradient ﬁeld δH/δγ by
π/2 around each tangent vector γ  (θ): if Jγ (∗) = γ  × ∗ is the corresponding
rotation operator, we get
vH = Jγ (δH/δγ) = −(length of γ)−1 γ  × γ  . )
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Notice that the binormal vector γ  × γ  is, in particular, orthogonal to γ  ,
and hence the evolution of the curve γ does not change the length of γ, i.e.,
the Hamiltonian is indeed preserved.
This equation is also called the da Rios or localized induction approximation (LIA) equation; see the nice survey [331]. It can also be obtained from
the three-dimensional Euler equation (3.22) by keeping only “local terms” in
the corresponding evolution law for a vortex ﬁlament; see, e.g., [139].
Remark 3.35 Equation (3.29) is equivalent to the Heisenberg magnetic chain
equation. Namely, set L = γ  . Then equation (3.29) becomes
∂t L = ∂t γ  = γ  × γ  + γ  × γ  = γ  × γ  ,
so that we get

∂t L = L × L ,

(3.31)

which is also the simplest form of the Landau–Lifschitz equation.
Remark 3.36 The Heisenberg magnetic chain (or Landau–Lifschitz)
equation has another interpretation as the Euler equation for a certain left-invariant sub-Riemannian metric on the loop group LSO(3) =
C ∞ (S 1 , SO(3)). The Hamiltonian formulation is as follows. Let us identify
the Lie algebra Lso(3) = C ∞ (S 1 , so(3)) with the smooth part of its dual
Lso(3)∗ via the pairing
X, Y  = −

tr(X(θ)Y (θ)) dθ .
S1

Now instead of deﬁning an inertia operator A : Lso(3) → Lso(3)∗ we deﬁne
the following noninvertible self-adjoint operator B : Lso(3)∗ → Lso(3) acting
in the opposite direction: B(Y ) = −Y  . (If B were invertible, it would have
the meaning of the inverse of the corresponding inertia operator: B = A−1 .)
The corresponding Hamiltonian function on the dual space Lso(3)∗ requires
only the operator B for its deﬁnition and it is given by
H(Y ) :=

1
1
1
Y, B(Y ) = − Y, Y   = Y  , Y  
2
2
2

for Y ∈ Lso(3)∗ .
The image of B in Lso(3) is the subspace n0 of so(3)-valued functions on
the circle with zero mean. On this hyperplane n0 ⊂ Lso(3) the operator B
can be inverted, and this gives rise to the so called H −1 -metric
E(X) =

1 −1
∂ X, ∂θ−1 X ,
2 θ

since it is given by the squared L2 -norm of the antiderivative ∂θ−1 X for functions X with zero mean, X ∈ n0 ⊂ Lso(3).
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Note that the quadratic form on the subspace n0 does not extend to a leftinvariant Riemannian metric on a subgroup of LSO(3). Indeed, this subspace
n0 ⊂ Lso(3) does not form a Lie subalgebra: the bracket of two loops with zero
mean does not necessarily have zero mean. The subspace n0 of the tangent
space at the identity id ∈ LSO(3) generates a left-invariant distribution on
the group LSO(3), and we can extend the quadratic form E(X) from n0 to a
metric on this distribution. This is an example of an inﬁnite-dimensional nonintegrable distribution on a group with a left-invariant sub-Riemannian metric. Normal geodesics for this metric are described by the same Hamiltonian
picture as for a left-invariant Riemannian metric on the group, i.e., by the
Heisenberg magnetic chain (or Landau–Lifschitz) equation (3.31).
Note also that the same Hamiltonian equation on Lso(3)∗ can be obtained
from an invertible operator B̄ := id +B, i.e., for B̄(Y ) := Y −Y  , which deﬁnes
a left-invariant Riemannian metric on the group LSO(3); see [7]. Indeed, the
addition of the identity inertia operator does not change the Hamiltonian
dynamics on the orbits, since the latter operator corresponds to the Killing
form, and hence on each coadjoint orbit the new Hamiltonian diﬀers from the
old one by a constant.
Exercise 3.37 Show that the Landau–Lifschitz equation (3.31) is the Euler
equation for the energy E (or, equivalently, for the Hamiltonian function H).
Derive the Landau–Lifschitz equation with the same Hamiltonian H for
the loops in any semisimple Lie algebra g, where − tr(XY ) is replaced by the
Killing form on g.
Remark 3.38 One can rewrite the binormal equations in the Frenet frame for
γ as evolution equations for the curvature k(θ, t) and torsion τ (θ, t). Curiously,
by passing to the new functions “velocity” v := τ and “energy density” ρ := k 2
one obtains exactly the equations of a 1-dimensional barotropic ﬂuid for a
speciﬁc function h relating density and pressure; see [370].
Exercise 3.39 Find this function h(ρ) corresponding to the binormal
equation.
Another important feature of the binormal equation was observed by
Hasimoto [158]. He found the transformation


θ

ψ(θ, t) = k(θ, t) exp i ·

τ (η, t)dη

,

0

which sends the binormal equation to the nonlinear Schrödinger equation
1
−i ∂t ψ = ψ  + |ψ|2 ψ
2
for a complex-valued wave function ψ : S 1 → C. The latter equation is
known to be a completely integrable (bi-Hamiltonian) inﬁnite-dimensional
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system (see, e.g., [90]). And so is the binormal equation, since the Hasimoto
transformation respects the corresponding Poisson and symplectic structures;
see [232, 65]. A direct relation between the Schrödinger equation and the
barotropic ﬂuid equation is described in [360].
3.6 Diﬀeomorphism Groups as Metric Spaces
In this section we sidestep slightly from our main theme, the coadjoint orbits
of the group of diﬀeomorphisms, and take a look at the geometry of the diffeomorphism groups themselves. We discuss without proofs various peculiar
properties of the groups of volume-preserving and Hamiltonian diﬀeomorphisms.
Consider a volume-preserving diﬀeomorphism of a bounded domain and
regard it as a ﬁnal ﬂuid conﬁguration for a ﬂuid ﬂow starting at the identity
diﬀeomorphism. In order to reach the position prescribed by this diﬀeomorphism, every ﬂuid particle has to move along some path in the domain. The
distance of this diﬀeomorphism from the identity in the diﬀeomorphism group
is the averaged characteristic of the path lengths of the particles.
It turns out that the geometry of the groups of volume-preserving diffeomorphisms of two-dimensional manifolds diﬀers drastically from that of
higher-dimensional ones. This diﬀerence is due to the fact that in three (and
more) dimensions there is enough space for particles to move to their ﬁnal
positions without hitting each other. On the other hand, the motion of the
particles in the plane might necessitate their rotations about one another.
The latter phenomenon of “braiding” makes the system of paths of particles
in 2D necessarily long, in spite of the boundedness of the domain. The distinction between diﬀerent dimensions can be formulated in terms of properties of
SDiﬀ(M ) as a metric space.
Recall that on a Riemannian manifold M the group SDiﬀ(M ) of volumepreserving diﬀeomorphisms is equipped with the right-invariant L2 -metric,
which is deﬁned at the identity by the L2 -energy of vector ﬁelds.
Deﬁnition 3.40 To any smooth path {φ(t, .) | 0 ≤ t ≤ 1} on the group
SDiﬀ(M ), i.e., to a family of volume preserving diﬀeomorphisms, we associate
its (L2 -) length:
1/2
1
2
{φ(t, .)} :=
|∂t φ(t, x)| µ
dt.
0

Mn

Then the distance between two ﬂuid conﬁgurations ϕ, ψ ∈ SDiﬀ(M ) is the
inﬁmum of the lengths of all paths in SDiﬀ(M ) connecting them:
distSDiﬀ (ϕ, ψ) = inf {φ(t, .)} ,
where the φ(0, .) = ϕ and φ(1, .) = ψ. It is natural to deﬁne the (L2 -) diameter
of the group SDiﬀ(M ) as the supremum of distances between any two of its
elements:
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diam ( SDiﬀ(M ) ) =

sup

distSDiﬀ (ϕ, ψ).

ϕ,ψ∈SDiﬀ(M )

Theorem 3.41 ([355, 357]) For a unit n-dimensional cube M n where n ≥
3, the diameter of the group of smooth volume-preserving diﬀeomorphisms
SDiﬀ(M n ) is ﬁnite in the right-invariant metric distSDiﬀ and it is bounded
above as follows:
1
n
n
.
diam ( SDiﬀ(M ) ) ≤ 2
3
Finiteness of the diameter holds for an arbitrary simply connected manifold M of dimension three or higher. The two-dimensional case is completely
diﬀerent:
Theorem 3.42 ([100]) For an arbitrary manifold M of dimension n = 2,
the diameter of the group SDiﬀ(M ) is inﬁnite.
Note that the diameter in the case n ≥ 3 can become inﬁnite if the fundamental group of M is nontrivial [100]. On the other hand, in the twodimensional case the inﬁniteness of the diameter is of “local” nature. The
main diﬀerence between the geometries of the groups of diﬀeomorphisms in
two and three dimensions is based on the observation that for a long path
on SDiﬀ(M 3 ) that twists the particles in space, there always exists a “shortcut” untwisting them by making use of the third coordinate. One can compare this with the corresponding linear problems: π1 (SL(2, R)) = Z, while
π1 (SL(n, R)) = Z/2Z for n ≥ 3. (Such a linear problem arises if we associate
to a diﬀeomorphism in SDiﬀ(M ) and some ﬁxed point in M the Jacobi matrix
of the diﬀeomorphism at that point. Then for a path in SDiﬀ(M ) this gives
a path in SL(n, R).)
Remark 3.43 More precisely, for an n-dimensional cube (n ≥ 3) the distance
between two volume-preserving diﬀeomorphisms ϕ, ψ ∈ SDiﬀ(M ) is bounded
above by some power of the L2 -norm of the “diﬀerence” between them:
distSDiﬀ (ϕ, ψ) ≤ C · ||ϕ − ψ||α
L2 (M ) ,
where the exponent α in this inequality is at least 2/(n + 4), and, presumably, this estimate is sharp [357]. This property means that the embedding of
the group SDiﬀ(M n ) into the vector space L2 (M, Rn ) for n ≥ 3 is “Hölderregular” (the greater α, the more regular is the embedding, although apparently, it is far from being smooth). Certainly, this Hölder property implies
the ﬁniteness of the diameter of the diﬀeomorphism group. A similar estimate
exists for a simply connected higher-dimensional M .
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Fig. 3.6. Proﬁle of the Hamiltonian function (left) whose ﬂow (right) for suﬃciently long time provides a “long path” on the group SDiﬀ(B 2 ) of area-preserving
diﬀeomorphisms.

However, no such estimate can hold for n = 2: one can ﬁnd a pair of
volume-preserving diﬀeomorphisms arbitrarily far from each other on the
group SDiﬀ(M 2 ), but close in the L2 -metric on the square or a disk. For
instance, let M be the unit disk B 2 ⊂ R2 with the standard volume form.
An explicit example of a long path on the group SDiﬀ(B 2 ) is given by the
following ﬂow for suﬃciently long time t: in polar coordinates it is deﬁned by
(r, φ) → (r, φ + t · v(r)),
where the angular velocity v(r) is nonconstant; see Figure 3.6. One can show
that the distance of this diﬀeomorphism from the identity in the group grows
linearly in time.
Remark 3.44 This also allows one to give the following example of an
unattainable diﬀeomorphism of the square [356], i.e., a diﬀeomorphism that
cannot be connected to the identity in SDiﬀ(M ) by a piecewise-smooth path of
ﬁnite length. The corresponding Hamiltonian has “hills” of inﬁnitely increasing heights with supports on a sequence of disks converging to the boundary
of the square (see Figure 3.7). In contrast, if M is an n-dimensional cube and
n ≥ 3, then all volume-preserving diﬀeomorphisms of M are attainable [356].

Fig. 3.7. An unattainable diﬀeomorphism of the square.
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Furthermore, the above 2D results hold in the more general context of
Hamiltonian diﬀeomorphisms of symplectic manifolds. Let M 2n be a compact
manifold with a symplectic form ω that is exact: ω = dα for some 1-form α
on M . Note that such a manifold M has to have a nonempty boundary, since
otherwise we would have
d(α ∧ ω n−1 ) = 0 ,

ωn =
M

M

which contradicts the nondegeneracy of the symplectic form.
Deﬁnition 3.45 Let Ham(M ) be the group of Hamiltonian diﬀeomorphisms
of M , i.e., the group of time-one ﬂows of Hamiltonian vector ﬁelds on M . The
Lie algebra of the group Ham(M ) is the Lie algebra of Hamiltonian vector
ﬁelds on M tangent to ∂M .
Theorem 3.42 on the inﬁnite diameter in 2D admits the following generalization to the case of the group Ham(M ) for an exact symplectic 2ndimensional manifold M .
Theorem 3.46 ([100]) The Lp -diameter diamp (Ham(M )) of the group of
Hamiltonian diﬀeomorphisms of M is inﬁnite in any right-invariant Lp metric.
Here we deﬁne the right-invariant Lp -metric on the group Ham(M ) or
SDiﬀ(M ) by the same formula as above, but using the Lp -norm instead of
L2 : the Lp -length of a path is
1

p {φ(t, .)} :=
0

1

∂t φ(t, x)Lp (M ) dt =

0

1/p
|∂t φ(t, x)|p µ
dt ,


M

where µ = ω n is the volume form. Note that the strongest result is in the
L1 -metric, since
p { . } ≥ CM,p · 1 { . }
for some constant CM,p > 0.
In Appendix A.6.2 we give a proof of a simpliﬁed version of this theorem, following [99]. It turns out that the L1 -lengths of paths on the group of
Hamiltonian diﬀeomorphisms stationary on the boundary of M are bounded
below by the Calabi invariant.
Remark 3.47 Yet another manifestation of the diﬀerence between the
geometries of the groups of volume-preserving diﬀeomorphisms in the twoand three-dimensional cases is the geometry of their Riemannian exponential
maps. The corresponding problem of description of conjugate points along geodesics in SDiﬀ(M ) was posed by Arnold back in the 1960s in the paper [12]
on the geometry of the Euler equation. It is shown in [97] that for a compact
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two-dimensional surface M without boundary the exponential map of the L2 metric on SDiﬀ(M ) is a nonlinear Fredholm map of index zero. In particular,
this implies that conjugate points are isolated and of ﬁnite multiplicity along
ﬁnite geodesic segments. In other words, in this case the Riemannian exponential map on SDiﬀ(M ) has the same structure of singularities as that on a
ﬁnite-dimensional manifold. For a three-dimensional M the situation changes
drastically: the set of conjugate points is not discrete. In particular, conjugate
points cluster to the ﬁrst one, while the exponential operator is not Fredholm,
as its range is not closed [97, 323].

Remark 3.48 Finally, it is interesting to relate the geometry of the group of
volume-preserving diﬀeomorphisms to that of all diﬀeomorphisms. In a sense,
the dynamics of an ideal ﬂuid are dual to the Monge–Kantorovich mass transport problem, which asks for the most economical way to move, say, a pile
of sand to a prescribed location. Mass (or density) is transported most eﬀectively by gradient vector ﬁelds. The latter are L2 -orthogonal to divergence-free
ones, which, in contrast, preserve the volume (or mass). The corresponding
transportation (also called Kantorovich or Wasserstein) metric on the space
of densities and the L2 -metric on volume-preserving diﬀeomorphisms can be
viewed as natural extensions of each other within the framework of the group
of all diﬀeomorphisms, see [303, 374, 193] and Appendix A.5.
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group-theoretical and Hamiltonian aspects of hydrodynamics. The analytical
questions of this approach were treated in [96]; see also more on analysis on
diﬀeomorphism groups in [95, 157]. The classical treatise on ﬂuid dynamics is
the Landau–Lifschitz book [229].
The Hamiltonian nature of the Euler equation was described in [13, 18].
The geometry of coadjoint orbits of the Lie algebra of divergence-free vector
ﬁelds was studied in [255, 205, 24]. Finite-dimensional mechanical prototypes
of ideal ﬂuid dynamics were discussed in [13, 18, 24, 82, 214].
The frozenness of the vorticity in the two- and three-dimensional cases was
known to Helmholtz and Kelvin. The invariance of the helicity for the Euler
equation was observed in [269, 278]. The fact that the helicity and energy are
the only invariants of the ﬁrst order (i.e., whose local density depends only on
the ﬁeld and on its ﬁrst partial derivatives) for the three-dimensional Euler
equation was established in [351]. In higher dimensions the above-mentioned
ﬁrst integrals of the Euler hydrodynamics equation were found in [352] for the
case of Rn and in [307, 187] for the general case.
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The general two-point variational problem for ﬁnding a shortest geodesic
between two diﬀeomorphisms in SDiﬀ(M ) does not always have a solution,
as was shown by Shnirelman in [355, 357]. Brenier proved that the solution,
however, always exists in a wider class of generalized ﬂows [59]. Peculiar weak
solutions to the Euler equation are discussed in [358]. The group-theoretic
meaning of various equations of mathematical physics and, in particular, those
related to semidirect products and extensions, is discussed in [253]; see also
[24, 42, 90, 295, 167, 187, 245, 377, 378].
The symplectic structure on curves in R3 appeared in [255]. The book
[62] is a good source of references for various geometric structures on such
curves and for the corresponding evolution equations. The interpretation
of the Landau–Lifschitz equation as the Euler equation on a loop group
was obtained in [7]; see [244]. For ﬁnite-dimensional examples of invariant
sub-Riemannian metrics on Lie groups, similar to the inﬁnite-dimensional
Example 3.36, see [44, 113, 114, 273].
The results on the diameter of the groups of volume-preserving diﬀeomorphisms in right-invariant metrics can be found in [355, 357] and [99, 100]. We
also discuss the bi-invariant Hofer metric on the group of Hamiltonian diﬀeomorphisms in Appendix A.6.1 and address the reader to the book [317] for
more detail. Curvature calculations for diﬀeomorphism groups can be found in
[12, 243]. The structure of the exponential map on the diﬀeomorphism group
was treated in [97, 323]. Appendix A.5 discusses the Riemannian geometry of
the full diﬀeomorphism group and its relation to problems of optimal mass
transport; see the references therein.
The structure theory of various diﬀeomorphism groups is discussed in [368,
33, 172]. Semigroups of polymorphisms (or stochastic kernels) can the thought
of as natural completions of the groups of diﬀeomorphisms; see [293] on their
geometry and representation theory.
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4 The Group of Pseudodiﬀerential Symbols
The Lie algebra of vector ﬁelds on the circle embeds naturally into the
Lie algebra of diﬀerential operators on the circle, where the Lie bracket of
two diﬀerential operators of arbitrary degrees is given by their commutator:
[A, B] = A ◦ B − B ◦ A. In this section, we study yet a bigger Lie algebra of
pseudodiﬀerential symbols on the circle, which contains the algebra of diﬀerential operators as a subalgebra.
We have seen in Section 2 that the Lie algebra of vector ﬁelds on the circle
admits a unique nontrivial central extension, the Virasoro algebra vir. It turns
out that both the Lie algebras of diﬀerential operators DO and pseudodiﬀer and ψ

ential symbols ψ DS on the circle also admit central extensions, DO
DS
respectively, which, upon restriction to the subalgebra of vector ﬁelds, give
the Virasoro algebra; see the following diagram:
Vect(S 1 ) → DO → ψ DS
↑
↑
↑
 → ψ

vir
→ DO
DS .
From this point of view, the algebra of pseudodiﬀerential symbols is the most
general of the three Lie algebras mentioned above. Somewhat surprisingly,
when passing to this big Lie algebra ψ DS, the construction of its central
extension drastically simpliﬁes and resembles the construction of the aﬃne
Lie algebras in Section 1.

Furthermore, roughly “half of the algebra ψ
DS” can be exponentiated
to a Lie group of pseudodiﬀerential symbols of arbitrary real (or complex)
degrees. This group turns out to be a Poisson Lie group. Its Poisson structure
is closely related to the theory of the KdV- and KP-type equations, and we
describe a universal hierarchy of Hamiltonians on this group encompassing
many integrable systems.
4.1 The Lie Algebra of Pseudodiﬀerential Symbols
Deﬁnition 4.1 The associative algebra ψ DS of pseudodiﬀerential symbols on
the circle consists of formal semi-inﬁnite series
A(θ, ∂) =

n


ak (θ)∂ k

k=−∞

with coeﬃcients ak ∈ C ∞ (S 1 ). The product of two such symbols is deﬁned
according to the Leibniz rule
∂ ◦ f = f∂ + f ,
where f  = df /dθ. (This relation explains the meaning of the symbol ∂ :=
d/dθ: applying both sides to any “test” function g gives ∂(f g) = f ∂g + f  g,
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where f stands for the operator of multiplication by a function f .) The natural
extension of this rule to arbitrary integers k and n gives
∞  

k
k
n
n+k
+
(4.32)
f (i) ∂ n+k−i ,
∂ ◦ f∂ = f∂
i
i=1

where

 
k(k − 1) · · · (k − i + 1)
k
:=
i
i!

(4.33)

denotes the binomial coeﬃcient. The Lie algebra structure on ψDS is given
by the usual commutator [A, B] = A ◦ B − B ◦ A.
Exercise 4.2 Check the associativity of the product ◦ on ψDS.
Remark 4.3 For integral k > 0 the sum in equation (4.32) is ﬁnite and
manifests the composition of diﬀerential operators.
For k < 0 the binomial coeﬃcients (4.33) are never zero, so that the sum
in the right-hand side of equation (4.32) is inﬁnite. For example, for k = −1
and n = 0, we obtain
∂ −1 ◦ f = f ∂ −1 − f  ∂ −2 + f  ∂ −3 − · · · .
To make sense of this equality, one can apply ∂ to both sides and get the
identity
∂ ◦ (∂ −1 ◦ f ) = ∂ ◦ (f ∂ −1 − f  ∂ −2 + f  ∂ −3 − · · · )
= f + f  ∂ −1 − f  ∂ −1 − f  ∂ −2 + f  ∂ −2 + · · · = f .
Thus ∂ and ∂ −1 are indeed inverses of each other.
Remark 4.4 The Lie algebra ψ DS has two natural subalgebras: the Lie algebra DO of diﬀerential operators on the circle
DO :=

n


!
ak (θ)∂ k | ak ∈ C ∞ (S 1 )

k=0

and the Lie algebra INT of integral symbols, which is given by
INT :=

−1


!
ak (θ)∂ k | ak ∈ C ∞ (S 1 ) .

k=−∞

As a vector space, the Lie algebra ψ DS is a direct sum of these subalgebras:
ψ DS = DO ⊕ INT.
Furthermore, the Lie algebra of pseudodiﬀerential symbols admits an algebraic trace, an analogue of the trace of usual matrices:
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Deﬁnition 4.5 The trace of a pseudodiﬀerential symbol A =
deﬁned by
 n


tr
ai (θ)∂ i :=
a−1 (θ)dθ .
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ai (θ)∂ i is

S1

i=−∞

Exercise 4.6 (i) Show that tr[A, B] = 0 for all A, B ∈ ψ DS. This implies that the bilinear form A, B := tr(A ◦ B) is invariant, i.e., it satisﬁes
[A, B], C = A, [B, C].
(ii) Show that the bilinear form A, B = tr(A ◦ B) is nondegenerate on
ψ DS and that the subalgebras DO and INT are isotropic subspaces of ψ DS,
i.e., that the restrictions of this form to both DO and INT vanish.
Remark 4.7 One can deﬁne the pseudodiﬀerential symbols on C∗ , rather
iθ
than on the circle S 1 , using
nthe variable zk = e , similarly to Remark 1.5. Here
one considers the series k=−∞ ak (z)∂z , where ak is a Laurent polynomial
in z. The relation of the corresponding Lie algebras is provided by the chain
(∂z/∂θ)∂z = iz · ∂z . Then the trace for symbols on C∗ can be
rule: ∂ := ∂θ =

n
k
deﬁned by tr
k=−∞ ak (z)∂z := res|z=0 (a−1 (z)/z) .
4.2 Outer Derivations and Central Extensions of ψ DS
It is well known that the exponent of the derivative is the shift operator on
functions, as given by the Taylor formula:
∞

 tk
t2
k
exp(t∂) f (θ) =
∂
f (θ) = f (θ) + tf  (θ) + f  (θ) + · · · = f (θ + t) .
k!
2
k=0

Below we are going to deﬁne the logarithm of the derivative operator ∂. This
notion turns out to have a completely diﬀerent ﬂavor: this will be an operator
not on functions, but on pseudodiﬀerential symbols, and it appears rather
useful in describing their central extensions
To introduce this notion we ﬁrst remark that in the deﬁnition of the product of two pseudodiﬀerential symbols in formula (4.32) one can replace the
integer k by an arbitrary real (or complex) number α to obtain
[∂ α , f ∂ n ] =

∞  

α
i=1

i

f (i) ∂ n+α−i ,

(4.34)

where the binomial coeﬃcients on the right-hand side are deﬁned just as in
the integer case:
 
α(α − 1) · · · (α − i + 1)
α
.
(4.35)
:=
i
i!
Let us formally write the identity ∂ α = eα log ∂ , which implies
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d
dα

α=0

∂ α = (log ∂) ∂ α |α=0 = log ∂ .

Hence, diﬀerentiating both sides of equation (4.34) at α = 0 gives
[log ∂, f ∂ n ] =

∞

(−1)i+1

i

i=1

f (i) ∂ n−i .

(4.36)

We use this formula to deﬁne the map [log ∂, . ] : ψ DS → ψ DS, where log ∂
can be thought of as the “velocity vector” to the family of diﬀerentiations ∂ α .
Deﬁnition / Proposition 4.8 The linear map [log ∂, . ] : ψ DS → ψ DS
given by formula (4.36) is an outer derivation of the Lie algebra ψ DS of
pseudodiﬀerential symbols.
Exercise 4.9 Verify that the map [log ∂, . ] is indeed a derivation of the associative algebra ψ DS:
[log ∂, A ◦ B] = [log ∂, A] ◦ B + A ◦ [log ∂, B] ,
which implies the statement about the Lie algebra.
We postpone the explanation why this derivation is outer until Proposition
4.12 and Remark 4.13. Now we employ the derivation [log ∂, . ] to deﬁne a
central extension of the Lie algebra ψ DS.
Theorem 4.10 ([215]) The map  : ψ DS ×ψ DS → R given by
(A, B) := tr([log ∂, A] ◦ B)
deﬁnes a Lie algebra 2-cocycle on ψ DS.
Exercise 4.11 Prove the theorem.
It turns out that the cocycle  on the Lie algebra ψDS generalizes some
of the Lie algebra cocycles we have come across before:
Proposition 4.12 The restriction of the 2-cocycle  to the subalgebra
Vect(S 1 ) ⊂ ψ DS gives the Gelfand–Fuchs 2-cocycle
(f ∂, g∂) =

1
6

f  g  dθ
S1

for any vector ﬁelds f (θ)∂ and g(θ)∂ on S 1 .
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Proof. This is a direct calculation. We have
(f ∂, g∂) = tr([log ∂, f ∂] ◦ g∂) = tr(g∂ ◦ [log ∂, f ∂])

'
&
f  −1 f  −2
∂ +
∂ − ···
= tr g∂ ◦ f  ∂ 0 −
2
3


&

 '
f
f
= tr · · · + − g
+g
∂ −1 + · · ·
2
3


1
= tr · · · − gf  ∂ −1 + · · · ,
6
where the dots denote terms other than ∂ −1 . Hence by the trace deﬁnition,
we have
1
1
f  g dθ =
f  g  dθ ,
(f ∂, g∂) = −
6 S1
6 S1
which is a multiple of the Gelfand–Fuchs cocycle.



Remark 4.13 The logarithmic cocycle  on the Lie algebra ψ DS is nontrivial, since even its restriction to the subalgebra Vect(S 1 ) ⊂ ψ DS is nontrivial.
Furthermore, the nontriviality of the cocycle  also implies that the derivation [log ∂, . ] is outer, since otherwise the 2-cocycle  would be cohomologous
to a 2-coboundary on ψ DS. Indeed, if log ∂ were a pseudodiﬀerential symbol,
we could rewrite the cocycle (A, B) = tr([log ∂, A] ◦ B) = tr(log ∂ ◦ [A, B]) =
log ∂, [A, B] as a linear functional on the commutator, i.e., as a 2-coboundary
on ψ DS. Of course, log ∂ ∈ ψ DS, and the above line is not justiﬁed. (The
above “transformations” are useful to keep in mind, however, when checking
the cocycle identity for ; cf. Exercise 4.11.)
Exercise 4.14 Show that the restriction of the 2-cocycle  to the subalgebra
of diﬀerential operators DO ⊂ ψ DS is a multiple of the Kac–Peterson cocycle:
(f ∂ n , g∂ m ) =

n! m!
(n + m + 1)!

f (m+1) g (n) dθ .
S1

 of diﬀerential operators is often
(The corresponding central extension DO
called the W1+∞ -algebra in the physics literature. The reason for this funny
notation is that the algebra W∞ , which appeared ﬁrst, was the subalgebra
of diﬀerential operators generated by the Virasoro generators, i.e., by vector
ﬁelds, and did not include functions. The above notation W1+∞ emphasizes
that this larger algebra of all diﬀerential operators includes functions as well.)
In particular, the restriction of the cocycle  to the abelian subalgebra
C ∞ (S 1 ) of smooth functions on the circle gives the 2-cocycle that deﬁnes the
inﬁnite-dimensional Heisenberg algebra:
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f  g dθ

(f, g) =
S1

for any smooth functions f = f (θ) and g = g(θ) on S 1 .
Remark 4.15 One can easily generalize the cocycle  to the Lie algebra of
gl(n)-valued pseudodiﬀerential symbols. Then the restriction to the subalgebra of Lie-algebra-valued functions gives back the cocycle deﬁning the aﬃne

Lie algebra Lgl(n).
But rather than viewing the cocycle of the aﬃne algebra as a particular
case of the logarithmic cocycle, one can see the following parallelism in the
two constructions. The 2-cocycle on the loop algebra Lg was deﬁned by
tr(XY  ) dθ = X, [∂ , Y ] ,

ω(X, Y ) =
S1

d
where ∂ = dθ
; see Section 1. So the outer derivation [∂ , . ] of the loop algebra
Lg is “replaced” by the outer derivation [log ∂ , . ] of the Lie algebra ψ DS.

Remark 4.16 Consider the linear function f : R → R, f (θ) = θ. Even
though the function θ is not periodic and hence not deﬁned on the circle S 1 ,
its commutator [θ , A] with any pseudodiﬀerential symbol A ∈ ψ DS is again a
pseudodiﬀerential symbol on S 1 . This allows one to deﬁne another 2-cocycle
 on the Lie algebra ψ DS by
 (A, B) := tr([θ, A] ◦ B) .
The similarity between the cocycles  and  becomes more apparent if
we consider the Lie algebra of pseudodiﬀerential symbols on C∗ . By identifying
eiθ with z, one rewrites θ as −i log z, and hence the cocycle  assumes the
form
 (A, B) = −i · tr([log z, A] ◦ B) .
On the other hand, an analogue of the above cocycle  in the coordinate z
has a similar form,
(A, B) = tr([log ∂z , A] ◦ B) , .
cf. Remark 4.7. The cocycles  and  span the second cohomology of the Lie
algebra ψ DS, since this cohomology group is known to be two-dimensional
[116, 94]. For us, however, the cocycle  will play a more important role,
since its restriction to vector ﬁelds gives the Virasoro algebra, while the other
cocycle  vanishes there.
Exercise 4.17 Show that the restriction of the cocycle  to the subalgebra
DO ⊂ ψ DS vanishes:  (A, B) = 0 for any two diﬀerential operators A and
B on the circle.
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4.3 The Manin Triple of Pseudodiﬀerential Symbols
The 2-cocycle  discussed in the preceding section deﬁnes a central extension

ψ
DO of the Lie algebra ψ DS. In this section we are concerned with yet a
bigger Lie algebra, obtained by extending ψ DO by adding both the central
extension and the derivation [log ∂, . ].
Deﬁnition 4.18 The doubly extended Lie algebra of ψ DS is the semidirect

product of the (centrally extended) Lie algebra ψ
DS of pseudodiﬀerential
symbols with the one-dimensional space of derivations {λ log ∂ | λ ∈ R}. As
a vector space, this Lie algebra can be written as


ψ
DS = ψ
DO ⊕ R log ∂ = ψ DO ⊕ R ·  ⊕ R · log ∂ ,
while the Lie bracket between log ∂ and ψ DO is given by the derivation
[log ∂, . ], and the center R ·  commutes with everything: [ , . ] = 0. (Here,
slightly abusing notation, we denote by R ·  the central direction in the

algebra ψ
DS.)

Remark 4.19 Furthermore, as a vector space, the Lie algebra ψ
DS has a
 ⊕ INT
 , where DO
 denotes the centrally

direct sum decomposition ψ
DS = DO
extended Lie algebra of diﬀerential operators on S 1 :
 = b +
DO

n


!
ai (θ)∂ i | ai ∈ C ∞ (S 1 ), b ∈ R ,

i=0

 denotes the Lie algebra of integral symbols INT extended by the
while INT
“cocentral” direction log ∂:
 = α log ∂ +
INT

!
ai (θ)∂ i | ai ∈ C ∞ (S 1 ), α ∈ R

−1

i=−∞

(see Figure 4.1).

DO

c
∂0
∂ −4

∂1

∂2

∂3

∂4

∂ −3 ∂ −2 ∂ −1


INT

log ∂

 and INT
 as subalgebras of the Lie algebra ψ

Fig. 4.1. DO
DS.
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The advantage of the double extension ψ
DS is that this Lie algebra admits
a nondegenerate invariant bilinear form (the “Killing form”):

Exercise 4.20 Check that the bilinear form  ,  on the Lie algebra ψ
DS
given by
A1 +b1 ·+α1 ·log ∂ , A2 +b2 ·+α2 ·log ∂ := tr(A1 ◦A2 )+b1 α2 +b2 α1 (4.37)
 and INT
 are
is nondegenerate and invariant. Show that the subalgebras DO

isotropic subspaces of ψ DS with respect to this form.


Corollary 4.21 The bilinear form  ,  on ψ
DS identiﬁes the subalgebra INT

with the (smooth part of ) the dual to the subalgebra DO and vice versa.
These observations can be summarized in the language of Manin triples.
Deﬁnition 4.22 Three Lie algebras g, g+ , and g− form a Manin triple if the
following two conditions are satisﬁed:
1. The Lie algebras g± are Lie subalgebras of g such that g = g+ ⊕ g− as
vector spaces.
2. There exists a nondegenerate invariant bilinear form on g such that g+
and g− are isotropic subspaces.
Example 4.23 (i) The algebras (ψ DS, DO, INT) form a Manin triple with
respect to the bilinear form A , B = tr(A ◦ B); cf. Exercise 4.6.
 INT)
 form a Manin triple with respect to the

(ii) The algebras (ψ
DS, DO,
bilinear form (4.37), as Exercise 4.20 shows.
The importance of Manin triples comes from the fact that there is a oneto-one correspondence between Manin triples and Lie bialgebras:
Deﬁnition 4.24 A Lie algebra g is called a Lie bialgebra if its dual space
g∗ comes equipped with a Lie algebra structure [ , ]∗ such that the map
α : g → g ∧ g dual to the commutator map [ , ]∗ : g∗ ∧ g∗ → g∗ satisﬁes
adX α(Y ) = α([X, Y ]) .

(4.38)

Here ad denotes the adjoint action adX (Z ∧ W ) = adX (Z) ∧ W + Z ∧ adX (W )
of g on g ∧ g.
The condition on the map α : g → g ∧ g can be stated in terms of Lie
algebra cohomology: the map α has to be a Lie algebra 1-cocycle on g relative
to the adjoint representation of g on g ∧ g.
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Theorem 4.25 Let (g, g+ , g− ) be a Manin triple. Then the Lie algebra g−
is naturally identiﬁed with g∗+ and it endows g+ with the structure of a Lie
bialgebra. On the other hand, for any Lie bialgebra g there is a natural Lie
algebra structure on g = g ⊕ g∗ such that (g, g, g∗ ) is a Manin triple.
Namely, given a Lie bialgebra g, one can deﬁne a commutator on g = g⊕g∗
by
[X + A, Y + B]g = [X, Y ]g − ad∗B (X) + ad∗A (Y ) + [A, B]g∗ + ad∗X (B) − ad∗Y (A)
for all X, Y ∈ g and A, B ∈ g∗ . The condition that this commutator satisfy
the Jacobi identity is equivalent to the condition (4.38) on the map α. For a
full proof of Theorem 4.25, see, e.g., [349, 242].
Summarizing the discussion above we come to the following result.
 and INT
 form a

DS, DO,
Corollary 4.26 (= 4.21 ) The Lie algebras ψ

Manin triple. In particular, INT is a Lie bialgebra.
Although the above correspondence of Manin triples and Lie bialgebras, as
well as the relation to Poisson Lie groups discussed below, is proved in a ﬁnitedimensional context only, the related explicit formulas for the commutators,
products, pairings, etc. work in many speciﬁc inﬁnite-dimensional situations.
In particular, they can be checked directly for the case of pseudodiﬀerential
symbols.
4.4 The Lie Group of α-Pseudodiﬀerential Symbols
The Lie algebra of vector ﬁelds is the Lie algebra of a Lie group, the group
of diﬀeomorphisms. However, when we pass from vector ﬁelds to diﬀerential
operators of all degrees, there is no natural Lie group attached to the corre 12
sponding Lie algebra DO or to its central extension DO.


Interestingly, the Lie algebra INT of integral symbols, which is dual to DO



in the the Manin triple (ψ DS, DO, INT), comes with a group attached to it.
 INT .
Below we describe this group of α-pseudodiﬀerential symbols G
Deﬁnition 4.27 Deﬁne the group of α-pseudodiﬀerential symbols to be the
set of monic (i.e., with the highest coeﬃcient equal to 1) pseudodiﬀerential
symbols of degree α ∈ R:


−1
!

α
i

GINT = ∂
ai (θ)∂
1+
| α ∈ R, ai ∈ C ∞ (S 1 ) .
i=−∞
12

One can show, for instance, that the would-be group adjoint orbits in DO are
dense, which is impossible for any reasonable deﬁnition of a (smooth) group
action.
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 INT is deﬁned by equation (4.34):
The group multiplication in G
∂ ◦ f = f∂ +
α

α

∞  

α
i=1

i

f (i) ∂ α−i .

 INT is indeed a group, i.e., that it is closed under
Exercise 4.28 Check that G
taking products and inverses.
 INT is a semidirect product
Remark 4.29 The group G
 INT = GINT  {∂ α | α ∈ R} ,
G
where
GINT = 1 +

−1


!
 INT
ai (θ)∂ i ⊂ G

i=−∞

denotes the group of monic pseudodiﬀerential symbols of degree 0, while
{∂ α | α ∈ R} is the abelian one-parameter group of “fractional diﬀerentiations”: ∂ α ◦ ∂ β = ∂ α+β , which acts on GINT .
 = INT
∗
DO

log ∂

GINT


INT

 INT
G

∂α

α = const

 INT of α-pseudodiﬀerential symbols and its Lie algebra INT.

Fig. 4.2. The group G

 INT , ﬁrst we consider the ﬁniteTo identify the Lie algebra for the group G
dimensional example of the unipotent Lie group of upper triangular matrices with 1’s on the diagonal. Its Lie algebra is nilpotent and represented by
strictly upper triangular matrices. Similarly, we expect the Lie algebra of the
group GINT to be given by the Lie algebra INT of integral symbols. On the
other hand, we already know the Lie algebra of the one-parameter subgroup
 INT , since it is given by R log ∂ by our construction. Thus we
{∂ α | α ∈ R} ⊂ G
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 = INT {α log ∂ | α ∈ R}
 INT to have the Lie algebra INT
expect the group G
(see Figure 4.2). The following theorem formalizes this argument.
 →G
 INT is well deTheorem 4.30 ([198]) The exponential map exp : INT
ﬁned and bijective.
 →G
 INT means
The bijective property of the exponential map exp : INT

that the group GINT is quasi-unipotent, i.e. it is an inﬁnite-dimensional analogue of the ﬁnite-dimensional unipotent group.
Remark 4.31 The idea of the proof of Theorem 4.30 is as follows. Assume
the existence of the exponential map on this group. Then for an integral
symbol A ∈ INT, the one-parameter family Ls = exp(s(a log ∂ + A)) should
(by deﬁnition) satisfy the equation


d
Ls ◦ L−1
(4.39)
s = a log ∂ + A
ds
with the initial condition L0 = 1. Equation (4.39) gives a system of diﬀerential equations on the (s-dependent) coeﬃcients of Ls , which turns out to
be uniquely solvable. Hence equation (4.39) can be used to deﬁne the oneparameter subgroup Ls and therefore the exponential map. Now the proof
of Theorem 4.30 follows from the following two exercises and the Campbell–
Hausdorﬀ formula; see details in the next section.
Exercise 4.32 Show that the formula
 1
Pk
exp(P ) =
k!
k≥0

for an integral symbol P ∈ INT gives a well-deﬁned map INT → GINT : the
coeﬃcient at each ∂ j in the right-hand side is a ﬁnite sum. Similarly, show
that the inverse map GINT → INT given by
log(1 + P ) =

 (−1)k
k≥1

k

P k+1

is well deﬁned. (Hint: use the fact that deg P k ≤ −k.)
The above exercise proves the following proposition, which is a “restricted”
version of Theorem 4.30, by giving the explicit formula for the exponential
map and its inverse.
Proposition 4.33 The map exp : INT → GINT is well deﬁned and bijective.
The next exercise makes sense of the formal calculation
we made before.

d
dα |α=0

∂ α = log ∂
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 generates
Exercise 4.34 Verify that the element log ∂ in the Lie algebra INT
 INT by computing the limit
the one-parameter subgroup {∂ α | α ∈ R} ⊂ G
of the commutation relations of the tangent elements to the subgroups {∂ α }
and GINT :
∂  ◦ exp(δP ) ◦ ∂ − ◦ exp(−δP ) = 1 + δ[log ∂, P ] + O(2 , δ 2 )
for any P ∈ INT and as , δ → 0.
(Hint: By using the approximation exp(δP ) = 1 + δP + O(δ 2 ) show that
the left-hand side, modulo the terms O(δ 2 ), is equal to
1 + δ [∂ , P ] ◦ ∂


−

=1+δ

∞  


k=1

k

(k)

aj ∂ j−k

for a symbol P = aj (θ)∂ j . Then employ the identity

d
d |=0

 

=
k

(−1)k+1
k

and the deﬁnition of log ∂.)
 INT is a Fréchet Lie group. Indeed, the decomRemark 4.35 Note that G
 INT = GINT  {∂ α | α ∈ R} can be used to deﬁne a topology on
position G
this group as follows. The group GINT is the inverse limit of Fréchet vector
spaces (each one being the direct sum of ﬁnitely many C ∞ (S 1 )’s, the spaces of
the ﬁrst n coeﬃcients of the integral symbols, with the usual C ∞ topology).
 INT
Hence it can be endowed with the inverse limit topology. Then we equip G
with the direct product topology of GINT and the usual topology on R in the
α-direction.
4.5 The Exponential Map for Pseudodiﬀerential Symbols
In this section we prove Theorem 4.30 on the surjectivity of the exponential
 →G
 INT on pseudodiﬀerential symbols.
map exp : INT
If P is an element in a Lie algebra (think of a matrix Lie algebra, for instance), the would-be exponential Ls := exp(sP ) should satisfy the diﬀerential
equation
dLs
◦ (Ls )−1 = P .
(4.40)
ds
 INT .
We are going to use this equation to deﬁne the element exp(P ) ∈ G
Lemma 4.36 For an integral symbol P , the map P → (Ls )s=1 gives a welldeﬁned map exp : INT → GINT .
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Although this lemma is covered by Proposition 4.33, we prove it in a way
 INT below.
that can be easily adapted to the extended group G
−1
Proof. Fix an integral symbol P = i=−∞ ai (θ)∂ i ∈ INT . Its would-be
exponent
−1

Ls = 1 +
uk (θ; s)∂ k
k=−∞
d
has to satisfy the the diﬀerential equation (4.40) or, equivalently, ds
Ls =
P ◦ Ls . Rewriting the latter equation in terms of the coeﬃcients at ∂ k for
k ≤ −1, we obtain an inﬁnite system of diﬀerential equations in the “triangular
form”
d
uk (θ; s) = Φk (u1 (θ; s), . . . , uk−1 (θ; s)) .
(4.41)
ds
Here Φk is a polynomial in the u1 , . . . , uk−1 and their derivatives with coeﬃd
d
u1 (θ; s) = a1 (θ) and ds
u2 (θ; s) =
cients in C ∞ (S 1 ). (For example, we have ds
a2 (θ)+a1 (θ)u1 (θ; s)+a1 (θ)u1 (θ; s), where u1 := ∂u1 /∂θ, etc.) This system can
be solved uniquely after ﬁxing the initial condition u(θ; 0) = 0, i.e., L0 = 1.
Furthermore, since the functions ai are periodic in θ, so will be the functions

uk . Hence the exponential map is well deﬁned for all P ∈ INT.

Now we are ready to prove
 →G
 INT is well deﬁned and bijective.
Theorem 4.30. The map exp : INT
i
 where P = −1
Proof. Take an element P̃ = λ log ∂ + P ∈ INT,
i=−∞ ai (θ)∂
is an integral symbol from INT. Without loss of generality we set λ = 1. (The
case λ = 0 is covered by Proposition 4.33.) Equation (4.40) now becomes
dL̃s
= (log ∂ + P ) L̃s .
ds

(4.42)

 INT . Then the equation above assumes the
Let us set L̃s = (1 + Qs )∂ s ∈ G
form
dQs
= [log ∂, Qs ] + P ◦ (1 + Qs ) .
(4.43)
ds
Indeed, for the product L̃s+ L̃−1
s we have, after some transformations,


−1
L̃s+ L̃−1
s = (∂ (1 + Qs+ ) − [∂ , Qs+ ]) (1 + Qs )
dQs
(1 + Qs )−1 − [log ∂, Qs ](1 + Qs )−1 + O(2 ) ,
= 1 +  log ∂ + 
ds
&
'
d
2
L̃s L̃−1
as  → 0. On the other hand, this product is equal to 1+ ds
s +O( ),

which leads to the equivalence of equations (4.42) and (4.43).
Equation (4.43) gives rise to a triangular system of ordinary diﬀerential
equations similar to (4.41). Such a system can be solved uniquely, so that the

exponential map is well deﬁned on the whole Lie algebra INT.
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Finally, we have to check that the exponential map is bijective. To do this
 INT , where L̃ = (1 + Q)∂ s
we construct an inverse map to exp. Fix some L̃ ∈ G
−1
i
for an integral symbol Q = i=−∞ ai (θ)∂ . Surjectivity of the exponential
map INT → GINT for the nonextended group (Proposition 4.33) allows us to
ﬁnd some P ∈ INT such that exp(P ) = 1 + Q. Hence we get
L̃ = (1 + Q)∂ s = exp(P ) ◦ exp(s log ∂) .
The Campbell–Hausdorﬀ formula implies that
L̃ = exp(P + s log ∂ + s[P, log ∂]/2 + · · · ) .
So we can deﬁne the inverse of the exponential map by
log(L̃) := P + s log ∂ + s[P, log ∂]/2 + · · · .
Note that each coeﬃcient at every ∂ k in the expression for log(L̃) is a ﬁnite
sum (since the terms in the sum above have decreasing degree due to the

 INT → INT
increasing number of commutators). Therefore, the map log : G


is well deﬁned, which implies that the exponential map exp : INT → GINT is
indeed bijective.


4.6 Poisson Structures on the Group of α-Pseudodiﬀerential
Symbols
 of integral symbols is actually a Lie bialThe fact that the Lie algebra INT
gebra (or a part of a Manin triple) implies that the corresponding Lie group
 INT is a Poisson Lie group:
G
Deﬁnition 4.37 A Poisson Lie group (G, { , }) is a Lie group G equipped
with a Poisson structure { , } such that the multiplication G × G → G and
the inverse mapping G → G− (sending g → g −1 ) are Poisson maps, where
G × G carries the product Poisson structure and G− denotes the Lie group G
equipped with the opposite Poisson structure −{ , }.
Theorem 4.38 For any connected and simply connected Lie group G, there
is a one-to-one correspondence between Lie bialgebra structures on its Lie
algebra g and Poisson Lie group structures on G.
For a proof of this theorem, see, e.g., [349, 242]. The explicit construction
of the Poisson bracket on G from the Lie bialgebra structure on g is as follows.
Regard the Lie bialgebra g as a part g = g− of the Manin triple (ḡ, g+ , g− )
with corresponding Lie groups Ḡ, G+ , and G− . (We write g+ = g∗ and g− = g
in order to distuinguish between the diﬀerent duals involved.) Deﬁne the following Poisson structure on the group G = G− . Let ξ, η ∈ Tg∗ G− be cotangent
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¯ η̄ be arbitrary extensions of ξ and
vectors to G− at a point g ∈ G− and let ξ,
η to cotangent vectors of the group Ḡ ⊃ G− at g. Furthermore, denote by rg∗ ξ¯
and lg∗ ξ¯ the pullbacks of ξ¯ ∈ Tg∗ Ḡ to Te∗ Ḡ = ḡ∗ via, respectively, the right and
left translations. Finally, let ( )+ be the projection of ḡ∗ to g∗+ = g− along g∗−
and deﬁne ( )− analogously. Then the Poisson structure on the group G = G−
is deﬁned by the bivector ﬁeld Π whose value on the covectors ξ and η at the
point g is given by the following formula:
∗
¯ + , r∗ η̄ − (l∗ ξ)
¯
Πg (ξ, η) = (rg∗ ξ)
g
g + , lg η̄ .

(4.44)

Remark 4.39 Note that we do not actually need the existence of Lie groups
Ḡ and G+ corresponding to the Lie algebras ḡ and g+ . For the above construction to work, it suﬃces to know how the Lie group G− acts on the big
Lie algebra ḡ = g+ ⊕ g− . Indeed, for cotangent vectors ξ, η ∈ Tg∗ G− at a point
g ∈ G, let A = rg∗ ξ and B = rg∗ η denote their pullbacks to Te∗ G− = g∗− . Now,
if Ā and B̄ are any liftings of A, B ∈ g∗− = ḡ/g∗+ to ḡ, then formula (4.44) for
the Poisson structure on the group G− can be rewritten in the form
Πg (ξ, η) = (Ā)+ , B̄ − (Ad∗g Ā)+ , Ad∗g B̄ .

(4.45)

This observation allows one to extend this construction to the inﬁnite and g+ = DO,
 while the
dimensional case at hand. Indeed, set g− = INT


group GINT acts on the Lie algebra ψ DS by conjugation. Then formula (4.45)
 INT , which endows it with the structure
deﬁnes a bivector ﬁeld on the group G
of a Poisson Lie group.
 INT carries a natural Poisson structure that
Corollary 4.40 The group G
gives it the structure of a Poisson Lie group.

Our next goal will be to identify
2 this Poisson structure on the group GINT

explicitly. Let us express GINT = α∈R Gα as a union of the “hyperplanes”

α = L | L = ∂ α ◦
G

1+

−1



uk (z)∂

k

!

k=−∞

of symbols of ﬁxed degree α = const.
Deﬁnition 4.41 The quadratic (or second) generalized Gelfand–Dickey
 INT is deﬁned as follows:
Poisson structure { , }GD on the group G
 α are
1. The degree function α is its Casimir function, i.e., the hyperplanes G
Poisson submanifolds for this Poisson structure. In other words, for two
 INT → R, the value of their Poisson bracket {f, g}GD at
functions f, g : G
 INT depends only on the restriction of f
any point L = ∂ α0 (1 + · · · ) ∈ G

and g to the hyperplane Gα0 .
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 α are aﬃne spaces, so one can identify the tangent space to
2. The subsets G
 α of symbols of ﬁxed degree α0 with the set ∂ α0 ◦ INT:
the hyperplane G
0
atangent vector at the symbol L of degree α0 has the form δL = ∂ α0 ◦
−1
k
α0
◦ INT.
k=−∞ uk (z)∂ ∈ ∂
This allows one to identify the corresponding cotangent space with
DO ◦ ∂ −α0 . Any cotangent vector A ∈ DO ◦ ∂ −α0 deﬁnes a linear functional FA on the tangent space ∂ α0 ◦ INT via the following pairing:
FA (δL) := A, δL = tr(A ◦ δL) .
Here the product A ◦ δL is a symbol of integral degree and its trace tr is
well deﬁned.
3. Finally, it is suﬃcient to deﬁne the Poisson bracket on linear functionals,
and
{FA , FB }GD (L) := FB (VA (L)) ,
where VA is the following Hamiltonian mapping FA → VA (L) (from the
cotangent space {A} to the tangent space {δL}):
VA (L) = (L ◦ A)+ ◦ L − L ◦ (A ◦ L)+ .

(4.46)

Here X+ denotes the purely diﬀerential part of a pseudodiﬀerential symbol
X ∈ ψ DS.
Note that in the above formula for the Poisson bracket we regard the
 α in the left-hand side,
functional FB as a linear functional on the space G
0
and as a covector (on the tangent space) at L in the right-hand side. The
bracket of two functionals linear in L may already be quadratic in L.
 α , i.e.,
Exercise 4.42 Show that VA (L) is well deﬁned as a vector ﬁeld on G
0
show that deg VA (L) ≤ α0 − 1 and its degree diﬀers from α0 by an integer.
(Hint: one can rewrite VA (L) in the form
VA (L) = (L ◦ A − (L ◦ A)− ) ◦ L − L ◦ (A ◦ L − (A ◦ L)− )
= −(L ◦ A)− ◦ L + L ◦ (A ◦ L)− ,
where X− = X − X+ stands for the purely integral part of a symbol X.)
Theorem 4.43 ([198, 101]) The Poisson structure of the Poisson Lie group
 INT coincides with the quadratic generalized Gelfand–Dickey structure.
G
We start with the following lemma:
 INT → R, which assigns to a pseudodifLemma 4.44 The function deg : G
 INT , i.e., it Poissonferential symbol its degree, is a Casimir function on G

commutes with all diﬀerentiable functions on GINT .
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Proof. First observe that the pullback of the diﬀerential ddeg from any
=
 INT corresponds to the covector A = (0, 1) ∈ DO
point L to the identity in G

DO ⊕ R·, which is an element of the center of the Lie algebra DO. Extend A

to an element Ā = (0̄, 1, 0) in the center of ψ
DS = ψ DS⊕R·⊕R·log ∂. (Here,
0̄ denotes the extension of 0 ∈ DO to the zero element in ψ DS = DO ⊕ INT.)
Now one can see that the expression
(0̄, 1, 0)+ , (B̄, b, β) − (L−1 ◦ (0̄, 1, 0) ◦ L)+ , L−1 ◦ (B̄, b, β) ◦ L

from equation (4.45) vanishes for all (B̄, b, β) ∈ ψ
DS. Hence, the function deg


is indeed a Casimir function on GINT .
Proof of Theorem 4.43.
Lemma 4.44 implies that the hyperplanes
 INT are Poisson submanifolds, and we can restrict our
deg(L) = const in G
attention to their tangent spaces. Let X and Y be cotangent vectors at L to
the hyperplane α = α0 . Regard X and Y as elements of DO ◦ ∂ −α0 . Let X̄ and
Ȳ denote arbitrary extensions of X and Y to ψ DS ◦ ∂ −α0 . By the deﬁnition
 INT , one can write
of the Poisson bracket on G
∗
∗
∗
∗
X̄)+ , rL
Ȳ  − (Ad∗L (rL
X̄))+ , Ad∗L rL
Ȳ 
ΠL (X, Y ) =(rL
=(L ◦ X̄)+ , L ◦ Ȳ  − (X̄ ◦ L)+ , Ȳ ◦ L
=(L ◦ X̄)+ ◦ L − L ◦ (X̄ ◦ L)+ , Ȳ  ,

which is the quadratic generalized Gelfand–Dickey bracket. (In the calculation
above, we used that right multiplication on vectors becomes left multiplication
on covectors.)


∂0
∂α
α = const
GINT

INT

INT ◦ ∂ α
 INT
G

 INT .
Fig. 4.3. The tangent space to the hyperplane α = const in the group G

Deﬁnition 4.45 The linear (or ﬁrst) generalized Gelfand–Dickey structure
 α with α ∈ Z in the group
can be deﬁned on the “integral” hyperplanes G

GINT by setting
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VA1 (L) := [L, A]+ − [L, A+ ] .

(4.47)

Proposition 4.46 The ﬁrst and the second generalized Gelfand–Dickey
structures are compatible.
Proof. Indeed, from formula (4.46) for VA (L) we obtain
VA (L + λ∂ 0 ) = VA (L) + λVA1 (L) ,
so that VA (L) + λVA1 (L) is the second Gelfand–Dickey structure shifted by
λ∂ 0 . Note that the shift of L by λ∂ 0 makes sense only if L is of integral
degree.


Remark 4.47 The classical deﬁnitions of both the ﬁrst and the second
Gelfand–Dickey (also called Adler–Gelfand–Dickey) structures are usually
given in the case that α is a ﬁxed positive integer n and L is a diﬀerential
operator; cf. [3, 80].
One can see that for the second (quadratic) bracket, the set Ln := {L ∈

Gn | L+ = L} of purely diﬀerential operators is a Poisson submanifold in the
 n of all monic pseudodiﬀerential symbols of the same
Poisson “hyperplane” G
degree n. Indeed, for any diﬀerential operator L = ∂ n + un−1 ∂ n−1 + · · · +
u0 and an arbitrary symbol A from the space DO ◦ ∂ −n , the corresponding
Hamiltonian vector VA (L) = (LA)+ L − L(AL)+ is always a diﬀerential
operator of order n − 1, and hence all Hamiltonian ﬁelds keep the submanifold
Ln of such diﬀerential operators invariant.
The corresponding quadratic Poisson algebras of functions on the sets Ln
(or, more generally, on the hyperplanes deg(L) = n) are also called classical
Wn -algebras.
 INT not only are the
Exercise 4.48 Show that in the Poisson Lie group G
submanifolds Ln of purely diﬀerential operators Poisson, but so are the submanifolds L−1
n of the inverses of diﬀerential operators, as well as the products
L−1
n Lm for any n and m. (Hint: use the properties of a Poisson Lie group that
taking products and inverses are Poisson maps.)
Remark 4.49 Another point to mention is that the linear Gelfand–Dickey
bracket simpliﬁes signiﬁcantly when it is restricted to purely diﬀerential operators. Namely, linear functionals on the spaces Ln are given by pseudodiﬀerential symbols A of degree deg(A) ≤ −1 via the pairing A, L = tr(A◦L). Since
the degree of A is negative, we have A+ = 0, whence the term [L, A+ ] does
not appear in the expression for VA1 (L) above. Thus in this case, the ﬁrst generalized Gelfand–Dickey structure reduces to the usual ﬁrst Gelfand–Dickey
1
(L) := [L, A]+ . Finally, note that the latter Poisson
structure deﬁned as VA
structure is nothing else but the linear Lie–Poisson structure on diﬀerential

4. The Group of Pseudodiﬀerential Symbols

129

operators, regarded as the dual space DO = INT∗ to the Lie algebra INT of
integral symbols [234].
Remark 4.50 Both the ﬁrst and the second Gelfand–Dickey Poisson structures on the spaces Ln can also be obtained by a Hamiltonian reduction from

the dual of the aﬃne Lgl(n)-algebras
in the classical Drinfeld–Sokolov re∗
 becomes the quadratic
duction. The linear Lie–Poisson structure on Lgl(n)
Gelfand–Dickey bracket on Ln after the reduction, while a constant Poisson
∗
 becomes the linear Gelfand–Dickey bracket. We describe
structure on Lgl(n)
this construction in Appendix A.8.
It turns out that this reduction procedure can be extended to the whole
hyperplanes deg(L) = α and can also be deﬁned for an arbitrary complex
degree α; see [191]. The corresponding aﬃne algebra before the reduction is
constructed with the help of the algebra gl(α) for any complex α (“the algebra
of matrices of complex size”) introduced in [116].
 INT
4.7 Integrable Hierarchies on the Poisson Lie Group G
 INT → R
Consider the following family of Hamiltonian functions {Hm } : G
parametrized by an integer parameter m ∈ N: the value of Hm at the
 INT of degree α = 0 is
pseudodiﬀerential symbol L ∈ G
Hm (L) :=

α
tr(Lm/α ) .
m

 INT , since the group
Here any real power of L is a uniquely deﬁned element in G

GINT is quasi-unipotent and the exponential map is one-to-one; see Theorem
4.30 and Section 4.5. One can think of the powers Lm/α as intersections of
the one-parameter subgroup Lt passing through L with the “hyperplanes” of
symbols of integral degree m. Since deg(L) = α, the degree deg(Lm/α ) = m
is an integer, and hence both the corresponding trace tr and the function Hm
are well deﬁned.
Theorem 4.51 ([198, 101]) 1. The Hamiltonian equations corresponding
to the functions Hm are well deﬁned on any hyperplane deg(L) = const =
 INT .
0 in the Poisson Lie group G
2. Each function Hm deﬁnes the following Hamiltonian equation with respect
 INT :
to the (quadratic) Poisson structure on G
∂L
= [(Lm/α )+ , L] ,
∂tm

(4.48)

where (Lm/α )+ denotes the purely diﬀerential part of the symbol Lm/α .
3. All the functions Hm , m = 1, 2, . . . , are ﬁrst integrals for each of these
Hamiltonian equations. Equivalently, these functions Hm are pairwise in
 INT .
involution with respect to the Poisson structure on the group G
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Proof. (1) The ﬂows of the Hamiltonians Hm do not change the degree of
 INT .
symbols, since deg(L) is a Casimir function on G
(2) We prove part 2 for α = 1 (and refer to [198, 101] and the exercise
1
tr(Lm ). To
below for general α). In this case, deg(L) = 1 and Hm (L) = m
write out the Hamiltonian equations we need to ﬁnd the variational derivative
δHm /δL of the Hamiltonian function ﬁrst. By deﬁnition,
 δH


d
(L), δL :=
δL
d
m

Hm (L +  · δL)


1 1
1
m
m
tr((L +  · δL) ) −
tr(L ) = tr(Lm−1 δL) .
= lim
→0 
m
m
=0

Recall that tangent vectors δL to the set of symbols {L | deg(L) = 1} are
symbols of degree 0. Then the cotangent vectors to the same set have the form
DO ◦ ∂ −1 . In particular, we have δHm /δL = (Lm−1 )≥−1 , i.e., the variational
derivative δHm /δL is the part of the symbol Lm−1 in which we keep only
the terms of degree ≥ −1. We can, however, use the whole symbol Lm−1 as
the variational derivative δHm /δL, since other terms do not contribute to the
pairing A, δL = tr(A ◦ δL) between the tangent and cotangent spaces.
Now substitute the value δHm /δL = Lm−1 to the deﬁnition of the
Gelfand–Dickey bracket to ﬁnd the corresponding Hamiltonian ﬁeld:
VδHm /δL (L) = (L ◦ Lm−1 )+ ◦ L − L ◦ (Lm−1 ◦ L)+
= (Lm )+ ◦ L − L ◦ (Lm )+ = [(Lm )+ , L] .
This implies the form of the Hamiltonian equations given in the theorem. The
case of general α is handled similarly by showing that δHm /δL = L(m/α)−1 ,
but requires a bit more work (see below).
(3) The last part now follows directly, since the ﬂow for Hm changes a
symbol into a conjugate one. Thus, the ad-invariant function Hn stays invariant on the ﬂow lines of Hm , so that the commutator {Hm , Hn } vanishes for
all m, n.


Exercise 4.52 Verify the last statement of the theorem above directly by
obtaining zero as a result of the diﬀerentiation:
{Hm , Hn } =

∂Hn
α ∂ tr(Ln/α )
=
.
∂tm
n
∂tm

Exercise 4.53 Prove that for general α = 0 one has δHm /δL = L(m/α)−1 .
(Hint: ﬁrst prove this for integral values of α; then use that the coeﬃcients of
both sides depend rationally on α; see details in [198, 101].)
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Exercise 4.54 Prove that the ﬁrst ﬂow at any hierarchy has the form
∂L
∂L
,
=
∂t1
∂θ
which expresses the fact that the space variable θ can be taken as the ﬁrst
time variable.
Remark 4.55 Equations (4.48) form an inﬁnite sequence of commuting ﬂows
on the coeﬃcients of the symbols L. These ﬂows are deﬁned on the hyperplanes
of symbols of ﬁxed degree α and are universal in the sense that they interpolate
between several well-known hierarchies of integrable Hamiltonian systems.
Here we list a few interesting cases; cf. [372]:
1. On the hyperplane deg(L) = 1 one obtains the so called Kadomtsev–
Petviashvili (KP) hierarchy, which has two equivalent and commonly used
written forms:
∂L
= [(Lm )+ , L] = −[(Lm )− , L] .
∂tm
The compatibility (or zero curvature) equation between the second and
the third ﬂows of this hierarchy,
∂(L3 )+
∂(L2 )+
−
= [(L3 )+ , (L2 )+ ] ,
∂t3
∂t2

(4.49)

leads to the Kadomtsev–Petviashvili equation in the form
(4ut3 − 12uuθ − uθθθ )θ − 3ut2 t2 = 0

(4.50)

on the function u(θ, t2 , t3 ) of two space variables θ = t1 and t2 and one
time variable t3 (see also Exercise 4.56 below). The latter is often regarded
as a two-dimensional version of the KdV equation: the KdV solutions give
rise to the KP solutions independent of the space variable t2 .
2. The restriction of the universal hierarchy to the Poisson submanifolds
Ln := {L | L+ = L , deg(L) = n} of purely diﬀerential operators of
degree n gives the n-KdV hierarchy
∂L
= [(Lm/n )+ , L] ,
∂tm

m = 1, 2, . . . , n − 1, n + 1, n + 2, . . . .

The classical KdV hierarchy corresponds to the case n = 2 and L =
∂ 2 +u(θ). (Notice the familiar form of a Hill’s operator.) The KdV equation
appears for m = 3 as an evolution equation on the potential u(θ).
Another classical case is the Boussinesq equation, which corresponds to
n = 3, m = 2 and arises as a pair of equations on two functions u, v in
the variables θ, t:
uθθ − 2vθ + ut = 0 ,
2uθθθ − 3vθθ + 3vt + 2uuθ = 0 .
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Using cross diﬀerentiation, it is possible to eliminate v and obtain the
equation
(4.51)
3utt + uθθθθ + 2(u2 )θθ = 0 .

3. Consider the space Kn,m := L−1
n Lm of rational pseudodiﬀerential symbols
on the circle, i.e., the space of symbols of the form L−1
1 L2 , where L1 and
L2 are (mutually prime) monic diﬀerential operators of degree n and m
respectively. As we discussed in the preceding section, such spaces are
Poisson submanifolds, and one can restrict to them the Hamiltonian ﬂows.
The restriction of the universal hierarchy to these spaces generates the
rational reductions of the KP hierarchy [217].
4. Consider also pseudodiﬀerential symbols with complex coeﬃcients and
take the Hamiltonians Hm (L) = mi tr(Lm ). Then for m = 2 and L =
∂ + ψ ∗ ∂ −1 ψ, the corresponding Hamiltonian ﬂow generates the nonlinear
Schrödinger equation (NLS) in the form
i

∂ψ
= ψθθ + 2|ψ|2 ψ .
∂t

This equation can also be viewed as a rational KP reduction to the submanifold K1,2 ; see details in [217].
Exercise 4.56 Show that the compatibility equation (4.49) for a symbol L =
∂ + u∂ −1 + v∂ −2 + · · · yields the following system of equations for u and v:

3vt2 + 3uθt2

ut2 = uθθ + 2vθ ,
+ 6uuθ = 3vθθ + 2ut3 + uθθθ .

Use cross diﬀerentiation to eliminate v from the equations above and obtain
the Kadomtsev–Petviashvili equation (4.50) for u.
4.8 Bibliographical Notes
Various structures related to pseudodiﬀerential symbols are described in detail
in the book [80]. The Adler–Gelfand–Dickey brackets were deﬁned in [3, 142].
The Poisson Lie group approach to these structures was presented in [101,
198], where we refer the interested reader for more details on the questions
discussed in this section. The reader can ﬁnd a brief introduction to Poisson
Lie groups in [87, 242, 349], for example.
The Adler–Gelfand–Dickey structures on scalar diﬀerential operators can
be obtained via the Drinfeld–Sokolov reduction from matrix operators; see
[88, 115] and Appendix A.8. This reduction extends to the symbols of all
complex degrees [192]. In the mathematical physics literature, the Gelfand–
Dickey Poisson algebras are called classical W -algebras; see [112, 41, 81]. The
Lie algebra and Poisson Lie group of pseudodiﬀerential symbols have natural
q-analogues, which were described in [313, 314]; see also [131].
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The 2-cocycle on diﬀerential operators on the circle appeared in [179],
while the logarithmic 2-cocycle on the Lie algebra of pseudodiﬀerential symbols on the circle was introduced in [215]. For generalizations of the logarithmic cocycle to symbols on higher-dimensional manifolds see [324, 94]. For
the description of cohomology of Lie algebras of diﬀerential operators and
pseudodiﬀerential symbols see [116, 118, 94]. Representations of the centrally
extended Lie algebra of diﬀerential operators were studied in [180, 130]. The
logarithmic cocycle also appears in the study of the multiplicative anomaly
for determinants of elliptic pseudodiﬀerential operators [211].
One can ﬁnd in [372, 250, 129] more details on the corresponding equations of mathematical physics. For rational reductions of the KP hierarchy we
refer to [217, 102, 186], while higher-dimensional extensions of this hierarchy
are described in [310]. Quantum versions of the corresponding equations are
discussed, for example, in [117].
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5 Double Loop and Elliptic Lie Groups
While loop algebras have the one-dimensional central extension, current algebras on compact manifolds admit inﬁnite-dimensional central extensions once
the manifold dimension is bigger than 1. However, if the manifold M is a twodimensional (Riemann) surface regarded as a complex curve, there is a way
to choose a special and, in many respects, natural ﬁnite-dimensional central
extension for the current algebra on M . While the nonextended algebra itself
is the same for all choices of the complex structure, it is the 2-cocycle on this
current algebra that relies on this choice.
In this section we consider the case of an elliptic curve M = Σ, where
the theory is most complete. The corresponding Lie algebra is often called
the double loop or elliptic Lie algebra. It turns out that many constructions
for the aﬃne algebras have their analogues for the elliptic case. In particular,
the coadjoint orbits of the corresponding elliptic Lie group are classiﬁed by
equivalence classes of holomorphic G-bundles over the elliptic curve.
It turns out that the Calogero–Moser dynamical systems provide a bridge,
or, rather, a ladder that unites the three classes of the Lie algebras: there is a
universal construction of a Hamiltonian reduction on the dual of a Lie algebra,
which for the ﬁnite-dimensional simple Lie algebras, aﬃne Lie algebras, and
elliptic Lie algebras leads to the Calogero–Moser integrable systems with,
respectively, rational, trigonometric, and elliptic potentials.
5.1 Central Extensions of Double Loop Groups
and Their Lie Algebras
Let g be a complex semisimple Lie algebra and G the corresponding simply
connected Lie group. Throughout this section we ﬁx an elliptic curve Σ, i.e.,
a 2-dimensional torus endowed with a complex structure. One can always
represent such a curve as a quotient Σ = C/(Z + τ Z), where τ is a complex
number with Im τ > 0. Fix a holomorphic 1-form dz on Σ, which is canonical
up to a complex factor.

τ
1

0

C/Z

0

1

C/(Z + τ Z)

Fig. 5.1. A cylinder and an elliptic curve as quotients of C.

The double loop algebra gΣ is the Lie algebra of smooth maps from the
torus Σ to the Lie algebra g with the pointwise bracket, gΣ = C ∞ (Σ, g). Note

5. Double Loop and Elliptic Lie Groups

135

that neither the elements nor the commutator of the double loop algebra depends on the complex structure on Σ. However, the complex structure enters
the deﬁnition of the central extension of gΣ .
Deﬁnition 5.1 The elliptic Lie algebra corresponding to the Lie algebra g
and the elliptic curve Σ is the complex one-dimensional central extension
%
gΣ = gΣ ⊕ C
gΣ of the double loop algebra gΣ deﬁned as the vector space %
endowed with the following commutator:


[(X(z, z̄), a) , (Y (z, z̄), b)] = [X(z, z̄), Y (z, z̄)] ,
dz ∧ X, dY  ,
Σ

where  ,  denotes the Killing form on the Lie algebra g.
By decomposing the operator d = ∂ + ∂¯ into its Dolbault components ∂
¯ one can rewrite the cocycle ω Σ that deﬁnes the central extension as
and ∂,
¯ .
dz ∧ X, ∂Y

ω Σ (X, Y ) :=

(5.52)

Σ

Note that the complex structure of the elliptic curve Σ appears only in the
cocycle ω Σ , and conformal equivalence of curves induces the isomorphism of
the elliptic algebras.
The Lie group corresponding to the double loop algebra gΣ is given by the
double loop group GΣ , where G is the simply connected complex Lie group
corresponding to the Lie algebra g. Similarly to the case of the loop group, the
central extension of the double loop algebra gives rise to an extension of the
corresponding group. However, the group extension is now given by means of
a “complex analogue of the circle.” Namely, the elliptic curve Σ itself can be
regarded as such an analogue, while the identiﬁcation Σ = C/(Z + τ Z) gives
it the structure of an abelian group.
Theorem 5.2 The central extension %
gΣ of the Lie algebra gΣ lifts to a central
Σ
%
extension G of the current group GΣ , where the extension is by means of
the elliptic curve Σ itself:
% Σ → GΣ → e .
e→Σ→G
% Σ , called the elliptic Lie group, can be constructed
The central extension G
similarly to the central extension of the loop group LG (see [322, 106]). More
explicit (quotient) constructions either use ingenious generalizations [241] of
the construction of the aﬃne group (see [263]; cf. Section 1.3) or are purely
complex and involve the higher-dimensional residues (see [133]; cf. Chapter
III for more details).
Remark 5.3 In a similar way one can deﬁne the current algebra for any
compact Riemann surface (or complex curve) C of genus κ > 0. Let HC =
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H 0 (C, ΩC1 ) be the vector space of holomorphic diﬀerentials on C, which has
the complex dimension dim(HC ) = κ. Deﬁne a complex κ-dimensional central
extension of the Lie algebra gC by the following 2-cocycle ω C with values in
HC∗ , dual to the space HC of holomorphic diﬀerentials. Namely, set the value
of this cocycle on any holomorphic 1-form α on C to be
ω C (X, Y )(α) :=
C

¯ .
α ∧ X, ∂Y

This central extension lifts to a central extension of the current group GC =
C ∞ (C, G), this time by the Jacobian J(C) of the complex curve C:
% C → GC → e ;
e → J(C) → G
see [106]. If C is an elliptic curve Σ, its Jacobian is given by the curve Σ itself,
and one recovers the central extension of the double loop group described
above.
Remark 5.4 If M is of real dimension 2, but it is not equipped with a
complex structure, or if M is higher-dimensional, then a priori, we do not
have a preferred choice of a ﬁnite-dimensional cocycle. For any compact
M the universal extension of the current algebra is by means of the space
Ω 1 (M )/dΩ 0 (M ) of all 1-forms on M modulo exact 1-forms; see Remark 1.7
in Chapter II. For details, the interested reader is referred to [322, 287, 288],
where one can ﬁnd the study of this extension for a general manifold M ,
including the noncompact case and the case with boundary.
5.2 Coadjoint Orbits
In this section, we study the coadjoint representation of the elliptic Lie group
% Σ for the elliptic curve Σ.
G
Deﬁnition 5.5 The (smooth part of the) dual space (%
gΣ )∗ of the Lie algebra
Σ
Σ
%
g is identiﬁed with the space g ⊕ C via the pairing
(A, a), (X, c) :=

A, Xdz ∧ dz̄ + a · c ,
Σ

where  ,  is the Killing form on the ﬁnite-dimensional Lie algebra g, (X, c) ∈
%
gΣ , and (A, a) ∈ (%
gΣ )∗ = gΣ ⊕ C.
%Σ
Proposition 5.6 In the coadjoint representation of the elliptic Lie group G
Σ
Σ ∗
an element g ∈ G acts on the dual space (%
g ) as follows:
¯ −1 , a) .
g : (A, a) → (Adg (A) + a(∂g)g

5. Double Loop and Elliptic Lie Groups

137

In other words, elements of the dual space (%
gΣ )∗ can be thought of as
¯
∂-connections
{−a∂¯ + A(z, z̄)}, while the group coadjoint action is the gauge
action on these connections, cf. Remark 1.13.
This proposition describes the coadjoint representation of the whole group
% Σ completely, since the center acts trivially in the coadjoint representation.
G
Proof. The proof repeats that for the corresponding statement for the aﬃne
Lie groups.

One of the main features of the centrally extended elliptic Lie algebras
and Lie groups is a nice classiﬁcation of their coadjoint orbits in terms of
holomorphic principal G-bundles over the elliptic curve Σ. To study them we
ﬁrst note that the hyperplanes a = const are invariant under the coadjoint
gΣ )∗ . Fix a nonzero value of a and
action of the group GΣ in the dual space (%
gΣ )∗ .
examine the orbits contained in the corresponding hyperplane Ha ⊂ (%
Theorem 5.7 ([106]) Coadjoint orbits of the group GΣ in the hyperplane
Ha are in one-to-one correspondence with equivalence classes of holomorphic
G-bundles over Σ.
Proof. Given an element (A, a) ∈ (%
gΣ )∗ , we consider the operator D =
a∂¯ −A and associate to it a holomorphic principal G-bundle over Σ as follows.
Consider the partial diﬀerential equation
¯ − Aψ = 0 .
a∂ψ
(Here one can think of A as a g-valued (0, 1)-form, the operator D = a∂¯ −A as
a partial (0, 1)-connection, while ψ is a horizontal section for this connection;
cf. Section III.1.1.) One can ﬁnd an open covering Ui , i ∈ I, of the curve Σ
such that there exist local solutions ψi : Ui → G of this equation. Now deﬁne
transition functions φij : Ui ∩ Uj → G by ϕij = ψi−1 ψj . It is easy to see
that these functions are holomorphic and satisfy ϕij = ϕ−1
ji on Ui ∩ Uj and
ϕij ϕjk ϕki = id on Ui ∩ Uj ∩ Uk . Thus, they can be taken to be the gluing
functions of a holomorphic principal G-bundle P (A) on the curve Σ.
Conversely, for any holomorphic principal G-bundle P on Σ there exists
an operator D = a∂¯ − A such that P = P (A). Indeed, any principal G-bundle
on Σ is topologically trivial, since G is simply connected. When a global
trivialization is chosen, the local holomorphic trivializations over open sets Ui
will be expressed by smooth functions ψi : Ui → G such that the transition
functions ϕij = ψi−1 ψj are holomorphic on Ui ∩ Uj .
Then we have
¯ −1 ψi ) · ψ −1 − ψj · ∂ψ
¯ −1 = ∂ψ
¯ j · ψ −1
¯ i · ψ −1 = ψj · ∂(ψ
∂ψ
i
j
i
j
j
on Ui ∩ Uj . Therefore there exists a g-valued 1-form A on Σ such that A =
¯ i · ψ −1 on Ui for all i ∈ I. Set D = a∂¯ − A. Then the bundle P is deﬁned
a∂ψ
i
as the bundle P (A).
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Finally, two holomorphic principal G-bundles P (A1 ) and P (A2 ) are isomorphic if and only if there exists some g ∈ GΣ such that A2 = gA1 g −1 +
¯ −1 , i.e., if the diﬀerential operators D1 = a∂¯ − A1 and D2 = a∂¯ − A2
a(∂g)g
are related by a gauge transformation: g ◦ D1 = D2 .


Exercise 5.8 Deﬁne an elliptic analogue of the Virasoro algebra, i.e., a central extension of the Lie algebra Vect(0,1) (Σ) of (0, 1)-vector ﬁelds on the
elliptic curve Σ and describe its coadjoint orbits. (Hint: cf. [106].)
In a similar way one can deﬁne an analogue of the Virasoro algebra for a
complex curve C of genus κ > 1, where it is going to be a central extension of
the Lie algebra Vect(0,1) (C) of complex dimension κ; see [106]. This extension
turns out to be universal [380]. One can also deﬁne the elliptic analogues of
the Gelfand–Dickey
brackets on the space of diﬀerential operators of higher
n
order, { k=0 uk (z, z̄)∂¯k | uk ∈ C ∞ (Σ, C)}; see [107].
Remark 5.9 For an arbitrary complex curve (i.e., a compact Riemann sur¯ connections
% C in the module of (0, 1)- (or ∂-)
face) C, the orbits of the group G
have a nice geometric interpretation similar to the one described above [106].
Namely, these orbits can be classiﬁed in terms of equivalence classes of holomorphic principal G-bundles on the complex curve C.
However, for higher-genus curves, the space of such connections is not a
hyperplane in the corresponding dual space of the Lie algebra %
gC . (The identiﬁcation does not work directly, since the holomorphic diﬀerentials deﬁning
the 2-cocycle have zeros on C.) The classiﬁcation of coadjoint orbits of the
% C for C of higher genus is still unknown.
corresponding group G
5.3 Holomorphic Loop Groups and Monodromy
 can be
Recall that coadjoint orbits of a centrally extended loop group LG
classiﬁed in terms of conjugacy classes of the corresponding ﬁnite-dimensional
Lie group G. Namely, the conjugacy class corresponding to a coadjoint orbit
can be interpreted as the monodromy of a (necessarily ﬂat) connection on
the circle. As we shall see in this section, the coadjoint orbits of the centrally
% Σ admit a similar description.
extended double loop group G
Deﬁnition 5.10 Let HoLG denote the group of holomorphic maps from the
cylinder C/Z to a simply connected complex Lie group G with pointwise
multiplication:
HoLG = {g : C/Z → G | g holomorphic } .
The group HoLG is called the holomorphic loop group of G.
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Fix some τ ∈ C. We deﬁne the “τ -twisted” conjugacy classes of the group
HoLG as the orbits of the HoLG-action on itself given by
g(z) : h(z) → hg (z) := g(z)h(z)g(z + τ )−1 .

(5.53)

(These orbits depend only on the coset τ + Z, and below, τ is regarded as an
element of C or C/Z whenever this does not cause ambiguity.)
Remark 5.11 The τ -twisted conjugacy classes of the group HoLG can be
 = HoLG 
seen as “restricted conjugacy classes” of the bigger group HoLG
C/Z. More precisely, the cylinder C/Z acts on the group HoLG through translations of the argument (i.e., by “rotating” the loops, τ : f (z) → f (z + τ )),
 = HoLG  C/Z associated to this
and we form the semidirect product HoLG
 acts on itself by conjugation.
action. The group HoLG
 we have (f, t)(g, τ )(f, t)−1 =
Exercise 5.12 For (f, t) and (g, τ ) ∈ HoLG
(h, τ ), where
h(z) = f (z)g(z + t)f (z + τ )−1
for z ∈ C/Z.
One can see that this action leaves the subset HoLG × τ with ﬁxed τ
 are the HoLGinvariant. The restricted conjugacy classes of the group HoLG
orbits in the “hyperplane” HoLG × τ , where HoLG is viewed as a subgroup

of the larger group HoLG.
For what follows we assume that Im τ > 0. The next theorem can be
thought of as a direct analogue of the corresponding theorem for ordinary
loop groups.
Proposition 5.13 Let Σ = C/(Z + τ Z) be the elliptic curve with an elliptic
parameter τ . For any ﬁxed a = 0 there is a one-to-one correspondence between
% Σ in the hyperplane Ha = {(A, a) | A ∈ gΣ } ⊂
coadjoint orbits of the group G
Σ ∗
(%
g ) and τ -twisted conjugacy classes in the holomorphic loop group HoLG.
Proof. Let A be a smooth function on the torus Σ. Consider the diﬀerential
equation
¯ − Aψ = 0
a∂ψ
(5.54)
with respect to a G-valued function ψ on the cylinder C/Z.
Let ψ0 (z) be a solution of this equation. Then ψ0 (z + τ ) is also a solution,
since the equation is periodic in τ . Therefore, ν0 (z) = ψ0 (z)−1 ψ0 (z + τ ) is also
¯ 0 /∂ z̄ = 0. If
a G-valued function on the cylinder that is holomorphic, since ∂ν
we choose another solution of equation (5.54), say, ψ1 , it will have the form
ψ1 (z) = ψ0 (z)µ(z), where µ is a holomorphic G-valued function on the same
cylinder. Therefore, the function ν1 (z) = ψ1 (z)−1 ψ1 (z + τ ) can be expressed
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as follows: ν1 (z) = µ(z)−1 ν0 (z)µ(z + τ ). This implies that the τ -twisted conjugacy class of the element (ν0 , τ ) is independent of the choice of the solution
ψ0 of equation (5.54). Thus we have associated a twisted conjugacy class of
HoLG to any equation of the form (5.54).
Now we note that diﬀerent equations of this form (5.54) associated to
diﬀerential operators from one coadjoint orbit give the same twisted conjugacy
class in HoLG. Indeed, ﬁx some element g ∈ GΣ and, as before, let ψ0 denote
a solution of (5.54). Then the G-valued function φ = g · ψ0 gives a solution of
the equation
¯ −1 )φ = 0 .
¯ − (gAg −1 + a(∂g)g
a∂φ
Since g is periodic in τ , we obtain
φ(z)−1 φ(z + τ ) = ψ0 (z)−1 g(z)−1 g(z + τ )ψ0 (z + τ ) = ψ0 (z)−1 ψ0 (z + τ ) .
This shows that the restricted conjugacy class of HoLG associated to the
element (A, a) ∈ gΣ ⊕ C with a = 0 is the same as the restricted conjugacy
¯ −1 , a), i.e., one and the same
class associated to the element (gAg −1 + a(∂g)g
%Σ .
class corresponds to a coadjoint orbit of the group G
It remains to show that every conjugacy class in HoLG × τ comes from
a certain equation (5.54). Given an element g ∈ HoLG, we take any smooth
−1
¯
.
map ψ : C/Z → G satisfying g(z) = ψ(z)−1 ψ(z + τ ) and set A := a(∂ψ)ψ
−1
The fact that ψ(z) ψ(z + τ ) is holomorphic implies that A is periodic in τ ,
since
−1
¯
0 = a∂(ψ(z)
ψ(z + τ )) = ψ(z)−1 (−A(z) + A(z + τ ))ψ(z + τ ) .

Therefore, A is a smooth map from the elliptic curve Σ to the Lie algebra
g, while the conjugacy class corresponding to the coadjoint orbit through
(A, a) ∈ gΣ ⊕ C gives the τ -twisted conjugacy class through the element
g ∈ HoLG. Thus we have established a one-to-one correspondence between
 in HoLG×τ . 
orbits of the action of GΣ in Ha and conjugacy classes of HoLG
Note that the τ -twisted conjugacy class of (ν0 , τ ) plays the role of the
d
ψ−
conjugacy class of monodromy M for an ordinary diﬀerential equation dθ
Aψ = 0 in the orbit classiﬁcation for aﬃne algebras, cf. proof of Theorem
1.15.
Remark 5.14 Above we have identiﬁed (i) the coadjoint orbits in the elliptic
Lie algebras with either (ii) equivalence classes of holomorphic principal Gbundles over the elliptic curve Στ = C/(Z ⊕ τ Z), or (iii) restricted conjugacy
classes of the group HoLG of holomorphic loops lying inside the “hyperplane”
HoLGτ . Below we describe a direct one-to-one correspondence between the
bundles and the holomorphic loops (due to E. Looijenga, cf. [240]).
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Obtain the torus Στ from the annulus {z ∈ C/Z | 0 ≤ Im z ≤ Im τ } by
gluing together the boundary components according to the rule z ↔ z + τ .
In order to deﬁne a holomorphic bundle on the corresponding elliptic curve,
it is enough to present a G-valued holomorphic transition function ϕ(z) in
a neighborhood of the seam Im z = 0. Therefore, one can naturally associate a holomorphic G-bundle to every element (g, τ ) ∈ HoLGτ by setting
ϕ(z) = g(z). Observe that equation (5.53) expresses exactly the fact that the
equivalence class of this bundle does not depend on the choice of the element
inside the conjugacy class, and that diﬀerent conjugacy classes give rise to inequivalent bundles. It remains to make sure that every holomorphic G-bundle
over Στ comes from a certain conjugacy class in HoLGτ . To see this, let us
pick a bundle B over Στ , and pull it back to the cylinder C/Z. The obtained
bundle B̃ is holomorphically trivial (as is every holomorphic principal bundle on the cylinder with a connected structure group). Let us pick a global
holomorphic section χ(z) of B̃. Then χ(z + τ ) is another holomorphic section.
Therefore, g(z) = χ(z)−1 χ(z + τ ) is a holomorphic function. By construction,
the bundle B is associated to the conjugacy class of (g, τ ).
Consider the space S of smooth maps ψ : C/Z → G such that ψ(z)−1 ψ(z +
τ ) is holomorphic. Such maps can be thought of as solutions to all diﬀerential
¯ − Aψ = 0 for some ﬁxed a = 0, as we considered above. Now
equations a ∂ψ
we can put all the considerations from this section into the following unifying
picture:
{Maps ψ : C/Z → G such that ψ(z)−1 ψ(z + τ ) is holomorphic}
π1
{Diﬀerential operators a∂¯ − A}
= Ha ⊂ (ĝΣ )∗
π2

π2

Holomorphic loops HoLG

π1

{Equivalence classes of holomorphic G-bundles on Σ}
The holomorphic loop group HoLG acts on this set S of solutions via right
multiplication and on itself by (twisted) conjugation. On the other hand, the
double loop group GΣ acts on the set of solutions by left multiplication and on
the hyperplane Ha = {(A, a) | A ∈ gΣ } by the coadjoint action. The map π1
denotes factoring out the action of the group HoLG, and π2 denotes factoring
out the action of the double loop group GΣ .
 (in a
Remark 5.15 As we discussed before, the orbits of aﬃne groups LG
given aﬃne hyperplane of the dual space) are labeled by conjugacy classes
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of the corresponding monodromy operator (cf. Section 1.2). In particular,
their codimensions are given by codimensions of the conjugacy classes of the
monodromy in the Lie group G, and hence these codimensions are bounded
above by dim G.
On the other hand, the codimension of orbits in elliptic Lie algebras can
be arbitrarily large, even for G = SL(2, C). For instance, the conjugacy class
of the element
. 
- 2πimz
0
ae
,τ
0
a−1 e−2πimz
in HoLGτ has codimension 2m + 2 if m > 0; see [107].
Remark 5.16 The algebraic version of the above correspondence between all
twisted conjugacy classes and isomorphism classes of holomorphic G-bundles
was presented in [34]. It turns out that for an algebraic group G there is a
natural bijection between “integral” twisted conjugacy classes in the group of
formal loops in G and isomorphism classes of semistable holomorphic principal
G-bundles on Σ.
5.4 Digression: Deﬁnition of the Calogero–Moser Systems
In this section, we take a step aside and describe a family of integrable systems,
the so-called Calogero–Moser systems. We show how these systems can be
obtained by Hamiltonian reduction from cotangent bundles of certain Lie
algebras. It turns out that three diﬀerent types of integrable potentials for
such systems, rational, trigonometric, and elliptic ones, exactly correspond
to the three diﬀerent types of Lie algebras we discussed above: simple ﬁnitedimensional, aﬃne, and elliptic ones, respectively. This beautiful construction
(due to [185, 148]) ties together these three classes of Lie algebras.
Consider a system of n interacting particles on the line that are governed
by the Hamiltonian
1 2 
p +
V (qi − qj ) ,
2 i=1 i i>j
n

H(q1 , . . . , qn , p1 , . . . , pn ) =

(5.55)

where the qi denote the positions of the particles and the pi denote their
momenta. The potential V depends only on the distance qi − qj between the
particles, qi ∈ R.

q1

q2

...

qn−1 qn

Fig. 5.2. n particles on the real line
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Deﬁnition 5.17 The Calogero–Moser systems are Hamiltonian systems of
type (5.55), where the potential is given by one of the functions
(the rational case),
V (ξ) = 
1/ξ 2
2
2
a /sin (aξ)
(b) V (ξ) =
(the trigonometric/hyperbolic cases), and
a2 /sinh2 (aξ)
(the elliptic case) .
(c) V (ξ) = a2 ℘(aξ; τ )
In the elliptic case, τ ∈ C with Im τ > 0 is a ﬁxed parameter that should
be viewed as the modular parameter of the elliptic curve Σ = C/(Z + τ Z).
The Weierstrass ℘-function ℘( · ; τ ) with periods 1 and τ is deﬁned by



1
1
1
−
.
℘(ξ; τ ) = 2 +
ξ
(ξ − m1 − m2 τ )2
(m1 + m2 τ )2
2
(a)

(m1 ,m2 )∈Z
(m1 ,m2 )=(0,0)

The Weierstrass ℘ function is a a meromorphic function on the elliptic curve
Σ = C/(Z + τ Z) with a single pole of order 2 at z = 0.
Note that in the limit a → 0, the trigonometric/hyperbolic Hamiltonian
degenerates to the Hamiltonian of the rational
Calogero–Moser system. Sim√
ilarly, in the limit τ → i∞ with i = −1, the Hamiltonian of the elliptic
Calogero–Moser system degenerates to the hyperbolic case, since the function
2
2
℘(ξ; τ ) reduces to sinhπ2 (πξ) − π3 .
Remark 5.18 The Calogero–Moser systems can be deﬁned for any simple
root system [298]. In particular, the linear functions (qi − qj ) can be viewed as
the roots of the root system An−1 . How the latter can be replaced by another
root system is brieﬂy described in Appendix A.1.
Another direction for generalizations is deﬁning the Ruijsenaars–Schneider
systems, relativistic analogues of the Calogero–Moser systems. In the elliptic
case the Ruijsenaars–Schneider Hamiltonian is
H(p, q) =

n

i=1

cosh(βpi )

3 4

1 − a2 ℘(a(qj − qi ); τ ) .

j, j =i

Analogues of the rational and trigonometric Calogero–Moser systems can be
obtained from this Hamiltonian by degenerations (see Appendix A.10.3).
The Calogero–Moser systems are known to be integrable and can be described within a group-theoretical framework. We start with the rational case.
Theorem 5.19 ([185]) The rational Calogero–Moser system of n particles
can be obtained by a Hamiltonian reduction of a system of free particles related
to the algebra g = su(n). In particular, it is completely integrable.
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Proof. For the simple Lie group G = SU(n) its Lie algebra g = su(n)
consists of traceless skew-Hermitian n × n matrices. Identify the dual space g∗
with g itself using the nondegenerate bilinear form A, B = − tr(AB). This
identiﬁcation gives an isomorphism T ∗ g ∼
= g ⊕ g. The cotangent bundle of any
manifold carries a natural symplectic structure. Using the identiﬁcation of g
with g∗ , the symplectic form ω on T ∗ g is given by
ω ((A1 , B1 ), (A2 , B2 )) = A1 , B2  − A2 , B1 

(5.56)

for a pair of vectors (A1 , B1 ), (A2 , B2 ) at any point (P, Q) ∈ g ⊕ g = T ∗ g.
The group G acts on g by conjugation. The induced action of G on the
cotangent bundle T ∗ g = g⊕g is given by conjugation on each of the summands.
In particular, the symplectic form ω is invariant under the G-action.
Exercise 5.20 Show that the map Φ : g ⊕ g → g given by
Φ (Q, P ) = [Q, P ]
satisﬁes the moment map condition. That is, show that the map Φ is Gequivariant and dΦ, X = ω(ξX , . ) for all X ∈ g, where ξX denotes the
vector ﬁeld on T ∗ g generated by an element X ∈ g. The latter means that ξX
at a point (Q, P ) ∈ g ⊕ g is given by ([X, Q], [X, P ]).
To perform the Hamiltonian reduction for some element µ ∈ g∗ , we consider the manifold Φ−1 (µ)/Gµ , where Gµ denotes the stabilizer subgroup of
µ under the coadjoint representation. Let us ﬁx µ := i(−I + v ⊗ v ∗ ), where
v ∈ Cn is the vector all of whose entries are equal to 1 in the standard basis,
∗ denotes the Hermitian conjugation, and I√denotes the identity matrix (here
and till the end of this section, we set i = −1 to distinguish the imaginary
unit from the index i). Then µ is the matrix with 0’s on the diagonal and i’s
in all other entries. The inverse image of the moment map Φ−1 (µ) is the set
of all (Q, P ) ∈ g ⊕ g such that
[Q, P ] = µ .
Lemma 5.21 Let (Q, P ) be an element of Φ−1 (µ). There is a simultaneous
conjugation of Q and P by an element in Gµ such that Q becomes a diagonal
matrix. Furthermore, for Q = diag(iq1 , . . . , iqn ) one can assume the entries
qj ∈ R to be nonincreasing.
Proof. Since every matrix in SU(n) is diagonalizable, one can choose some
unitary matrix g such that D = gQg −1 is diagonal. Set E = gP g −1 and
w = gv. Then [D, E] = i(I − w ⊗ w∗ ) is a matrix with 0’s on the diagonal
(since D is diagonal). This implies that wj wj∗ = 1, whence wj = eitj for some
tj ∈ R. Hence the product of g and the diagonal matrix with entries e−itj
belongs to the stabilizer of µ. Finally, since multiplying v by a permutation
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matrix does not change it (due to our choice of v), we can arrange the diagonal

entries iqj of Q in such a way that the qj are nonincreasing.
This lemma shows that the reduced space Φ−1 (µ)/Gµ is given by the
solutions of the equation
[Q, P ] = µ
(5.57)
for a ﬁxed µ and unknown Q and P . Here Q ∈ su(n) is a diagonal matrix,
P ∈ su(n) is arbitrary, and µ is the matrix having zeros on the diagonal and
i’s in all oﬀ-diagonal entries. Let ipjk denote the entries of the matrix P , and
let Q be diag(iq1 , . . . , iqn ). Then equation (5.57) translates to pjk = (qj−i
−qk )
for j = k, while pjj ∈ R are arbitrary.
Now consider a system of n particles freely moving over the vector space
of the Lie algebra g. The Hamiltonian of this system is given by its kinetic
energy:
1
H(Q, P ) = − tr(P 2 ) .
2
The function H is invariant under conjugation by elements of SU(n). So it
 on the quotient Φ−1 (µ)/Gµ . The above consideration
descends to a function H
shows that the reduced Hamiltonian is given by

1
1
1 2

H(Q,
P ) = − tr(P 2 ) =
pjj +
.
2
2 j
(qj − qk )2
j>k

This is the Hamiltonian of the rational Calogero–Moser system. First integrals
of this system are given by G-invariant functions tr(P k ) for k = 2, . . . , n on
the Lie algebra g = su(n).


Remark 5.22 When constructing the rational Calogero–Moser system via
the Hamiltonian reduction, we had to solve the moment map equation [Q, P ] =
µ, in which we diagonalized Q and solved for P . We could just as well have
diagonalized the matrix P ﬁrst and then solved for Q. We would have obtained
the same Hamiltonian system with the p and q variables interchanged. This
shows that the rational Calogero–Moser system is self-dual.
However, in general, one can obtain a system in Q diﬀerent from the one
in P . This change of variables is the passage to the dual system. For instance,
the trigonometric Calogero–Moser system turns out to be dual to the rational
Ruijsenaars–Schneider model, while the trigonometric Ruijsenaars–Schneider
model is also self-dual. For more details and facts about dualities in integrable
systems, see [123] and the references therein.
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5.5 The Trigonometric Calogero–Moser System
and Aﬃne Lie Algebras
Now we turn to the trigonometric Calogero–Moser system.
Theorem 5.23 ([148, 185]) The trigonometric Calogero–Moser system of
n particles can be obtained by a Hamiltonian reduction of a system of free
 In particular, it is completely
particles related to the aﬃne algebra Lsu(n).
integrable.
Proof. Let G be the group SU(n) with Lie algebra g = su(n) and let LG
denote the loop group of G, i.e., the group of smooth maps from S 1 = R/Z to
G. Furthermore, let us denote by a∗ the vector space of smooth maps from the
circle to the dual g∗ of the Lie algebra g enlarged by a “cocentral” direction:
a∗ = C ∞ (S 1 , g∗ ) ⊕ R.
The space a∗ should be viewed as the smooth part of the dual of the aﬃne
 = C ∞ (S 1 , g) ⊕ R (hence the star ∗ in the notation). As such, it
Lie algebra Lg
carries a natural action of the loop group LG which comes from the coadjoint
 Namely, an element g ∈ LG
action of the centrally extended loop group LG.
∗
acts on the space a via
g : (Q, a) → (gQg −1 + ag  g −1 , a) ,
where we have identiﬁed the Lie algebra g with its dual g∗ via the Killing
form.
Let a∗∗ denote the distributional (or full) dual of the space a∗ . We present
∗∗
a as a direct sum
a∗∗ = F(S 1 , g) ⊕ R ,
where F(S 1 , g) denotes the space of g-valued distributions on S 1 , and R denotes the “central” direction. Although the space a∗∗ contains the aﬃne Lie

 = C ∞ (S 1 , g) ⊕ R as a subspace, the Lie algebra structure of Lg
algebra Lg
does not extend to a Lie algebra structure on the vector space a∗∗ . Nevertheless, the loop group LG acts naturally on the space a∗∗ via the dual to the
coadjoint representation, and it contains the usual adjoint representation of
the loop group LG on its Lie algebra as a subrepresentation. Explicitly, the
action of LG on a∗∗ is given by


1
tr(P g −1 g  ) dθ .
g : (P, c) → gP g −1 , c −
0

Regard the direct sum a∗ ⊕ a∗∗ as the cotangent bundle of the vector space
a . This allows one to endow a∗ ⊕ a∗∗ with an LG-action and a natural symplectic structure ω, which is invariant under the LG-action. (The symplectic
∗
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structure can be written down explicitly by adapting equation (5.56) to the
current situation.)
It turns out that the action of the loop group LG on the space a∗ ⊕ a∗∗ is
Hamiltonian, i.e., it admits an LG-equivariant moment map Φ : a∗ ⊕ a∗∗ →
(Lg)∗ . However, the moment map takes values not in the smooth part of the
dual of the Lie algebra Lg, but in the distributional dual, i.e., in the space
F(S 1 , g∗ ) of g∗ -valued distributions on S 1 . The analogue of Exercise 5.20 in
this situation is the following
Proposition 5.24 The action of the loop group LG on the space a∗ ⊕ a∗∗ is
Hamiltonian with the moment map given by
Φ ((Q, a), (P, c)) = [Q, P ] − a∂P .
Here, [Q, P ] denotes the pointwise commutator of Q and P , and the derivative
∂P := dP/dθ is understood in the distributional sense.
(Recall that if P has a ﬁnite jump at a point of S 1 , its distributional derivative
∂P acquires a Dirac δ-type singularity at that point.)
Now perform the Hamiltonian reduction. Let us consider the element µ ⊗
δ0 ∈ (Lg)∗ , where µ = i(−I + v ⊗ v ∗ ) is the matrix with 0’s on the diagonal
and i’s for all oﬀ-diagonal entries,
√ and δ0 is the Dirac δ-function centered at
a point θ = 0 ∈ S 1 (again, i = −1). Under the coadjoint action of the group
LG on (Lg)∗ , an element g ∈ LG maps µ ⊗ δ0 to g(0)µg(0)−1 ⊗ δ0 . Note that
the LG-orbit through µ ⊗ δ0 is ﬁnite-dimensional !
Lemma 5.25 Let ((Q, a), (P, c)) be an element in the inverse image Φ−1 (µ ⊗
δ0 ). Then, if a = 0, there is an element g in the stabilizer of µ ⊗ δ0 such
that gQg −1 + ag  g −1 is a diagonal matrix whose entries are constants iqj with
nonincreasing qj ∈ R.
Proof. The assertion that Q is conjugate to a diagonal matrix with nonincreasing diagonal entries follows from the classiﬁcation of the coadjoint orbits
of the smooth loop group LG in Section 1.2. The argument that g can be
chosen in the stabilizer group (LG)µ⊗δ0 is the same as in the proof of Lemma
5.21.

The moment map equation is given by
[Q, P ] − a∂P = µ ⊗ δ0 ,
where Q ∈ su(n) is a diagonal matrix and P ∈ (Lsu(n))∗ is arbitrary. Let iqj
denote the (diagonal) entries of Q, and let ipjk denote the entries of P . In
these coordinates, the moment map equation reads as follows:
pjk (iqj − iqk ) − a∂pjk = δ0

for j = k ,

(5.58)
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and
∂pjj = 0 ,
regarded as equations for distributions pjk on S 1 = R/Z.
Lemma 5.26 For a ﬁxed a = 0, the solutions of equation (5.58) are given by
pjk (θ) =

ebjk θ
a(ebjk − 1)

(5.59)

with bjk := i(qj − qk )/a for j = k, and pjj ∈ R are arbitrary constants.
Proof. Note that away from θ = 0, equation (5.58) is an ordinary linear
diﬀerential equation with constant coeﬃcients. So the solution assumes the
form (5.59). Regarded as a function on the circle, pjk has a ﬁnite jump at θ = 0;
hence its derivative acquires a δ-type singularity. To prove the statement, we
have to evaluate equation (5.58) on a test function f : S 1 → R. This gives
(iqj − iqk )pjk − a∂pjk , f  = (iqj − iqk )
= (iqj − iqk )

pjk (θ)f (θ)dθ − a
S1

S1

pjk (θ)f  (θ)dθ

pjk (θ)f (θ)dθ + a
S1

S1

pjk (θ)f (θ)dθ + af (0)(pjk (1) − pjk (0))

= f (0) =: δ0 , f  ,
where in the second step we used integration by parts and in the last step we
used the fact that pjk is of the form (5.59). In particular, we have pjk (1) −

pjk (0) = 1/a.
Finally, the function H : a∗ ⊕ a∗∗ → R deﬁned by
H ((Q, a), (P, c)) = −

1
2

tr(P 2 ) dθ
S1

is invariant under the action of the group LG on the space a∗ ⊕ a∗∗ . Fixing a
and restricting the function H to the solutions of the moment map equation,
we get
H ((Q, a), (P, c)) =


1
1 2
pjj +
.
2
1
2
2 j
4a sin ( 2a (qj − qk ))
j>k

(5.60)

This is exactly the Hamiltonian function of the trigonometric Calogero–Moser
system. First integrals of this system are given by (the reductions of) Ginvariantk functions on the Lie algebra g, integrated over the circle: Hk (Q, P ) =
tr(P ) dθ, k = 2, . . . , n.

S1
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5.6 The Elliptic Calogero–Moser System and Elliptic Lie Algebras
Finally, we show how the elliptic Calogero–Moser system naturally appears
in the context of elliptic Lie algebras corresponding to SL(n, C).
Theorem 5.27 ([148]) The elliptic Calogero–Moser system of n particles
with the modular parameter τ is obtained by a Hamiltonian reduction of a

system of free particles related to the elliptic algebra sl(n,
C)Σ on the elliptic
curve Σ with the parameter τ . In particular, it is completely integrable.
Proof. Let Σ = C/(Z⊕τ Z) be an elliptic curve and let G = SL(n, C) denote
the special linear group with Lie algebra g = sl(n, C). We denote by b∗ the
space of smooth maps from the curve Σ to the dual g∗ of the Lie algebra g
enlarged by one “cocentral” dimension:
b∗ = C ∞ (Σ, g∗ ) ⊕ C .
The space b∗ can be thought of as the smooth part of the dual space of the
elliptic Lie algebra %
gΣ (see Section 5.2). Hence, it carries the coadjoint action
of the double loop group GΣ , which is given by
¯ −1
g : (Q, a) → gQg −1 + a(∂g)g
for an element g ∈ GΣ . (As before, we identify the Lie algebra g with its dual
via the Killing form.)
Let b∗∗ denote the distributional dual of the space b∗ , i.e., the space of gvalued distributions on the elliptic curve Σ enlarged by the “central” direction:
b∗∗ = F(Σ, g) ⊕ C .
The vector space b∗∗ carries the dual of the coadjoint representation of GΣ ,
which contains the usual adjoint representation of the group GΣ as a subspace.
As in the last section, the action of the group GΣ on the cotangent bundle
∗ ∗
T b = b∗ ⊕ b∗∗ turns out to be Hamiltonian, with the moment map Φ taking
values in the full dual of the current algebra gΣ , i.e., in the space of g∗ -valued
distributions on the curve Σ:
Proposition 5.28 The action of the current group GΣ on the space b∗ ⊕ b∗∗
is Hamiltonian with the moment map given by
¯ .
Φ ((Q, a), (P, c)) = [Q, P ] − a∂P
Here, [Q, P ] denotes the pointwise commutator of Q and P , and the derivative
¯ := ∂P/∂
¯
∂P
z̄ is understood in the distributional sense.
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Remark 5.29 Since we are considering the group G = SL(n, C), we have
to deal with nondiagonalizable matrices: in contrast to the cases of ﬁnitedimensional and aﬃne Lie algebras based on the Lie algebra su(n), it is not
true anymore that in the coadjoint representation of the elliptic Lie algebra
%
gΣ , every element (Q, a) ∈ b∗ with a = 0 is conjugated to a constant diagonal
matrix. However, recall that for ﬁxed a = 0, the set of coadjoint orbits in
the (a = const)-hyperplane in b∗ is in one-to-one correspondence with the
set of equivalence classes of holomorphic SL(n, C)-bundles over the elliptic
curve Σ. We call a holomorphic SL(n, C)-bundle ﬂat and unitary if it admits
a ﬂat connection whose holonomy assumes values in the maximal compact
subgroup SU(n) ⊂ SL(n, C). It is a general fact that almost all holomorphic
SL(n, C)-bundles on the elliptic curve Σ are ﬂat and unitary. To be more
precise, if {Bt }t∈T is a holomorphic family of holomorphic SL(n, C)-bundles
on Σ parametrized by a complex parameter space T , then the subset T0 ⊂ T
of those t for which Bt is ﬂat and unitary is Zariski open in T .
Lemma 5.30 If the element (Q, a) ∈ b∗ corresponds to a ﬂat and unitary
bundle on the elliptic curve Σ, then there exists a gauge transformation g ∈
¯ −1 is a constant diagonal matrix.
GΣ such that gQg −1 + a(∂g)g
Proof. An SL(n, C)-bundle ξ on the elliptic curve Σ = C/(Z ⊕ τ Z) that is
ﬂat and unitary can be deﬁned as a quotient ξ = (SL(n, C) × C)/(Z ⊕ τ Z) as
follows. Fix a ﬂat connection with monodromies t1 , t2 ∈ SU(n) ⊂ SL(n, C).
Such a connection exists by the assumption that the bundle ξ is ﬂat and
unitary. The group Z⊕τ Z acts on SL(n, C)×C via (1, 0) : (h, z) → (t1 h, z+1),
and (0, τ ) : (h, z) → (t2 h, z + τ ). Since the group Z ⊕ τ Z is abelian, the
monodromies t1 =: exp(H1 ) and t2 =: exp(H2 ) have to commute. Hence they
can be diagonalized simultaneously.
The bundle ξ is isomorphic to the bundle ξ = (SL(n, C) × C/Z)/τ Z, where
τ Z acts via τ : (h, z) → (exp(H2 − τ H1 ) h, z + τ ). The isomorphism between
the two bundles is delivered by the map (h, z) → (exp(−zH1 ) h, z). Now,
exp(H2 − τ H1 ) can be viewed as an element of the holomorphic loop group
HoL(SL(n, C)), and ξ is the holomorphic SL(n, C)-bundle on the elliptic curve
Σ that corresponds to the τ -twisted conjugacy class in HoL(SL(n, C)) containing the element exp(H2 − τ H1 ) (see Remark 5.14). So the element (Q, a) ∈ b∗
is gauge-equivalent to (H2 − τ H1 , a) ∈ b∗ , where H2 − τ H1 is a constant
diagonal matrix.

Since the set of all (Q, a) ∈ b∗ corresponding to ﬂat and unitary bundles
is open and invariant under the action of the group GΣ , it makes sense to
restrict the Poisson structure and the Hamiltonian reduction to this subset.
To proceed with the Hamiltonian reduction, we ﬁx the element α⊗δ0 ∈ (gΣ )∗ ,
where α is the matrix with 0’s on the diagonal and 1’s everywhere else, and
δ0 is the Dirac δ-function centered at 0 ∈ Σ.
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Lemma 5.31 Let ((Q, a), (P, c)) be an element in the inverse image Φ−1 (µ ⊗
δ0 ). Then, if a = 0 and the element (Q, a) ∈ b∗ corresponds to a ﬂat and
unitary SL(n, C)-bundle on the curve Σ, there exists an element g in the
¯ −1 is a diagonal matrix whose
stabilizer of α ⊗ δ0 such that gQg −1 + a(∂g)g
entries are constants qj ∈ C.
Proof. The proof of this lemma repeats that of Lemma 5.25, employing
Remark 5.29 and Lemma 5.30.

Now the moment map equation is given by
¯ = α ⊗ δ0 ,
[Q, P ] − a∂P
where Q ∈ sl(n, C) is a diagonal matrix and P ∈ (sl(n, C)Σ )∗ is arbitrary.
Let qj denote the diagonal entries of Q and let pjk denote the entries of P .
Then the moment map equation written in the entries of the matrices P and
Q reads as follows:
¯ jk = δ0
(5.61)
pjk (qj − qk ) − a∂p
for any j and k with j = k, and where the equation is regarded in the sense of
C-valued distributions pjk on the elliptic curve Σ. For pjj the moment map
¯ jj = 0, which shows that pjj are arbitrary complex
equation becomes a∂p
constants. To solve equation (5.61), recall some facts about theta functions
(see, e.g, [230]):
Deﬁnition / Proposition 5.32 Fix some τ ∈ C with Im τ > 0. The theta
function

2
1
θ1,1 (z; τ ) =
e2πin(z+ 2 )+πiτ n
n∈Z+ 12

is a holomorphic function in z ∈ C with a simple zero at z = 0. Furthermore,
the function θ1,1 satisﬁes the identities
θ1,1 (z + 1; τ ) = −θ1,1 (z; τ ) ,
θ1,1 (z + τ ; τ ) = −e−2πiz−πiτ θ1,1 (z; τ ) .
Using the theta function θ1,1 , one can write down solutions for the moment
map equation (5.61):
τ (q −q )

j
k
Lemma 5.33 For τ = τ1 + iτ2 we set bjk = 2 πa
. Then, for ﬁxed a = 0,
the solutions of the moment map equation (5.61) are given by

pjk (z) = eπbjk (z−z̄)/τ2

θ1,1 (z + bjk ; τ )
θ1,1 (z; τ )θ1,1 (bjk ; τ )

for j = k, and pjj ∈ C are arbitrary constants.

(5.62)
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Proof. Using the transformation properties of the theta function θ1,1 , one
checks that the functions pjk are periodic with periods 1 and τ . Furthermore,
the function
θ1,1 (z + bjk ; τ )
ψjk (z) =
θ1,1 (z; τ )θ1,1 (bjk ; τ )
¯
is meromorphic and has a ﬁrst-order pole in z = 0. Therefore, its ∂-derivative
acquires a Dirac δ-type singularity at the point z = 0. Hence, evaluating
equation (5.61) on a test function f : Σ → C proves the assertion.

Finally, write down GΣ -invariant Hamiltonians on the space b∗ ⊕ b∗∗ . The
quadratic one is given by
((Q, a), (P, c)) =

1
2

tr(P 2 ) dz ∧ dz̄ .

(5.63)

Σ

Note that the functions pjk pkj = ψjk (z)ψkj (z) are meromorphic and doubly
periodic in z with periods 1 and τ . They have a second-order pole at z = 0
and zeros at z = ±bjk . This shows that one can express
pjk pkj = λ(℘(bjk ) − ℘(z))
for some constant λ ∈ C. So after rescaling, the Hamiltonian H descends
to the Hamiltonian of the elliptic Calogero–Moser system on the symplectic
quotient.
Similarly to the cases of rational and trigonometric Calogero–Moser systems, ﬁrst integrals of this system can be obtained from G-invariant functions
on the Lie algebra g by integrating them over the elliptic curve:
tr(P k ) dz ∧ dz̄ .

Hk ((Q, a), (P, c)) =
Σ


In this way, three diﬀerent types of integrable potentials of the Calogero–
Moser systems turned out to be related to the “ladder” of the loop algebras: ﬁnite-dimensional (or “0-loop”) algebras, loop algebras, and double loop
algebras [148].
5.7 Bibliographical Notes
The elliptic Lie algebras were introduced in [106]. The equivalence of the bundles and the holomorphic loops discussed in Remark 5.14 is due to Looijenga;
see [106]. The diagram in the same remark was suggested to us by P. Slodowy.
The correspondence between the set of equivalence classes of holomorphic
G-bundles on the elliptic curve Σ and the set of τ -twisted conjugacy classes
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in the holomorphic loop group HoLG can be used to give a simple proof of
Looijenga’s theorem [240] that the (coarse) moduli space of semistable Gbundles on the elliptic curve Σ is a weighted projective space (see [135, 161,
271]). This construction also links the theory of loop groups to singularity
theory [160].
It is also possible to deﬁne elliptic Lie algebras more abstractly, using the
notion of elliptic root systems [334, 8, 315]. The coadjoint orbits of the corresponding Lie groups can be classiﬁed in terms of holomorphic bundles whose
structure groups are nonsimply connected (and possibly even nonconnected),
and in terms of twisted conjugacy classes of nonconnected loop groups [386].
The Krichever–Novikov-type algebras constitute another class of inﬁnitedimensional algebras related to holomorphic G-bundles over Riemann surfaces; see [219, 220, 353]. We discuss them and their relation to the aﬃne and
elliptic algebras in Appendix A.3.
The orbit classiﬁcation for current Lie algebras on higher-dimensional
manifolds (or even on surfaces, where the 2-cocycle does not rely on the choice
of a complex structure) is a diﬃcult problem. Note that having ﬁxed a closed
(n−1)-form deﬁning the 2-cocycle of the current algebra, one can describe the
orbits in terms of the corresponding one-dimensional foliation with a transverse measure on the manifold and a leafwise connection; see [63]. This brings
in coadjoint invariants relying on the dynamical properties and geometry of
this background foliation. In particular, the notion of asymptotic holonomy
naturally appears in the context of coadjoint orbits for current groups on a
two-dimensional torus.
The structure and representations of the current algebra on higherdimensional manifolds with the inﬁnite-dimensional extension are well studied
in the case of toroidal Lie algebras (where M is an n-dimensional torus); see
[40, 43, 276, 277].
There exists an extensive literature on the Calogero–Moser Hamiltonians,
and here we merely mention several papers relevant to our discussion above.
The rational Calogero–Moser systems were introduced by Calogero [66] and
Moser [280], while the trigonometric potentials (the Sutherland model) were
introduced in [361]. The hyperbolic and elliptic potentials were considered
in [67, 68]. Olshanetsky and Perelomov [298] noted that one can replace the
linear functions (qi − qj ) by the roots of an arbitrary root system and proved
the integrability of the corresponding systems in many cases. The integrability
for all root systems was proved in [50, 51]. The Ruijsenaars–Schneider systems
were described in [333].
The construction of the rational Calogero–Moser system from Hamiltonian
reduction from the cotangent bundle of the Lie algebra su(n) appears in [185],
which we follow in Section 5.4. In the sections on trigonometric and elliptic
Calogero–Moser systems we follow the papers [148] and [290]. The latter paper
also describes the integrable systems corresponding to the orbits with ﬁnitely
many δ-functions on the curve. Dualities of various integrable systems are
discussed in [123] and the references therein.

III
Applications of Groups: Topological
and Holomorphic Gauge Theories

1 Holomorphic Bundles and Hitchin Systems
Here we recall some basic notions from the theory of holomorphic vector
bundles. As an application we construct Hitchin systems, which are integrable
systems related to vector bundles on Riemann surfaces.
1.1 Basics on Holomorphic Bundles
Let M be a complex manifold, let E → M be a complex vector bundle on M ,
and denote the set of C ∞ sections of the vector bundle E by Γ (E).
Deﬁnition 1.1 A holomorphic structure on the complex vector bundle E →
M is a covering of open sets {Ui }i∈I of the manifold M together with local
trivializations ϕi : E|Ui → Ui × Cn such that the transition functions
n
n
ϕi ◦ ϕ−1
j : (Ui ∩ Uj ) × C → (Ui ∩ Uj ) × C ,

which commute with the projections to the base, are holomorphic and C-linear
on ﬁbers.
induce the identity on
Remark 1.2 Since the transition functions ϕi ◦ ϕ−1
j
the ﬁrst factor, they give rise to holomorphic maps ϕij : Ui ∩ Uj → GL(n, C).
It is easy to check that the maps ϕij satisfy the cocycle condition:
ϕij ϕji = id
ϕij ϕjk ϕki = id

on Ui ∩ Uj and
on Ui ∩ Uj ∩ Uk .

On the other hand, given an open covering {Ui }i∈I of M together with
a collection of holomorphic maps ϕij : Ui ∩ Uj → GL(n, C) that satisfy the
cocycle condition above, one can deﬁne a holomorphic vector bundle on M
as follows. The total space E of the bundle is the union ∪i∈I Ui × Cn subject
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to the relation (x, v) ∼ (x, ϕij (x)v) whenever x ∈ Ui ∩ Uj . This is a welldeﬁned equivalence relation, since the maps ϕij satisfy the cocycle condition.
The transition functions of this bundle are given by (id |Ui ∩Uj , ϕij ), which are
holomorphic. Hence the bundle is indeed a holomorphic vector bundle on M .
Holomorphic bundles can also be deﬁned by equipping the total space
E with a structure of a complex manifold and requiring the trivializations
ϕi : E|Ui → Ui × Cn to be holomorphic maps of complex manifolds. Such
trivializations are called holomorphic and in their terms the deﬁnition of holomorphic sections is immediate: A local section s of a holomorphic bundle E
over U ⊂ M is called holomorphic if the map s : U → E is a holomorphic
map between two complex manifolds.
Remark 1.3 Recall that on a complex manifold M the complexiﬁed de Rham
¯ where ∂ : Ω p,q →
complex (Ω ∗ , d) splits into the double complex (Ω ∗,∗ , ∂, ∂),
p+1,q
p,q
p,q+1
and ∂¯ : Ω
→ Ω
are the holomorphic and antiholomorphic
Ω
diﬀerentials such that ∂ + ∂¯ = d. In a local coordinate chart (z1 , . . . , zn ), the
forms in Ω p,q can be written as

fi1 ,...,ip ,j1 ,...,jq (z1 , . . . , zn , z̄1 , . . . , z̄n ) dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq .
¯ = 0.
Note that a function f : U → C is holomorphic if ∂f
For any complex vector bundle E on M one deﬁnes the set of E-valued
(p, q)-forms as Ω p,q (E) = Γ (E) ⊗ Ω p,q . Given a holomorphic structure on the
bundle E, the operator ∂¯E : Ω p,q (E) → Ω p,q+1 (E) is uniquely deﬁned by the
properties
¯ )s + f (∂¯E s) for all f ∈ C ∞ (M ) and s ∈ Γ (E);
1. ∂¯E (f s) = (∂f
¯
2. ∂E (s) vanishes on an open U ⊂ M if and only if the section s is holomorphic in U .
Indeed, in any local trivialization (U, ϕU ) of E, the operator ∂¯E can be taken
¯ To see that ∂¯E is independent of the choice
to be the standard diﬀerential ∂.
of local trivialization, consider a diﬀerent trivialization (V, ϕV ). On U ∩ V the
trivializations are related by a holomorphic map ϕU V : U ∩ V → GL(n, C).
¯ U V )s+ϕU V ∂¯E (s) =
The diﬀerential of a section s is given by ∂¯E (ϕU V s) = (∂ϕ
¯
ϕU V ∂E (s), since ϕU V is holomorphic. This shows that the diﬀerential ∂¯E is
indeed well deﬁned.
Thus a holomorphic structure on a complex vector bundle E → M gives
rise to a diﬀerential operator ∂¯E on the set of sections of E, which vanishes on the set of holomorphic sections of the bundle E. On the other
hand, any connection dA on a complex vector bundle E (i.e., any linear map
dA : Ω 0 (E) → Ω 1 (E) that satisﬁes the Leibniz rule dA (f s) = (df )s + f dA (s)
for all sections s and functions f ) splits into partial connections dA = ∂β + ∂¯α
with ∂β : Ω 0 (E) → Ω 1,0 (E) and ∂¯α : Ω 0 (E) → Ω 0,1 (E). Given a connection
dA on the bundle E, it is a natural question to ask whether ∂¯α is integrable,
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i.e., whether it comes from a holomorphic structure on E. To ﬁnd a criterion for the integrability of a partial connection ∂¯α , let us extend ∂¯α to a
map Ω 0,p (E) → Ω 0,p+1 (E). Then, in a local C ∞ -trivialization (U, ϕ), we can
write ∂¯α = ∂¯ + αϕ , where αϕ is a matrix of 1-forms on U . Set Φα = ∂¯α2 ∈
ϕ
ϕ
¯ ϕ
Ω 0,2 (End E). In the local trivialization, we have Φϕ
α = ∂α + α ∧ α . Now
we can state the integrability theorem for partial connections:
Theorem 1.4 A partial connection ∂¯α on a complex vector bundle E → M
is integrable if and only if ∂¯α2 = 0.
Theorem 1.4 is essentially a bundle-valued version of the Nirenberg–Newlander
theorem on the integrability of almost complex structures. The integrability
condition ∂¯α2 = 0 ensures that for the equation ∂¯α s = 0 there locally exists
the maximal possible number of solutions linearly independent over the ring
of holomorphic functions on M . For a proof of Theorem 1.4, see, e.g., [209].
Remark 1.5 Let dA denote a connection in the vector bundle E → M . The
curvature FA of the connection dA is the (End E)-valued 2-form on M deﬁned
by FA = d2A ∈ Ω 2 (End E). If E is a complex vector bundle, the curvature
FA of the connection dA splits into FA = FA2,0 + FA1,1 + FA0,2 . Theorem 1.4
states that the (0, 1)-part of the connection dA on the complex vector bundle
E deﬁnes a holomorphic structure on E if and only if the (0, 2)-part of its
curvature vanishes.
Deﬁnition 1.6 Fix a Hermitian structure on the vector bundle E over M ,
i.e. a Hermitian metric ( , ) on each ﬁber that varies smoothly along the
manifold M . A connection dA on the bundle E is called unitary if it is compatible with the Hermitian metric, i.e., if it satisﬁes
d(s, t) = (dA s, t) + (s, dA t)
for any two sections s, t of the bundle E.
Lemma 1.7 Let ∂¯α be a partial connection on a complex Hermitian vector
bundle E. Then there exists a unique unitary connection dA on the bundle E
such that the (0, 1)-part of dA is given by ∂¯α .
Proof. Let Aϕ be the matrix of 1-forms representing the connection dA in
a unitary trivialization (U, ϕ) of the bundle E. Then the unitarity condition
on the connection dA reads Aϕ = −(Aϕ )∗ . This shows that given a partial
connection ∂¯α with local connection matrix αϕ , one can deﬁne a matrix Aϕ by
Aϕ := αϕ − (αϕ )∗ . This deﬁnes the connection dA globally, and its unitarity
is clear from the construction.

Suppose that a complex Hermitian vector bundle E on the complex compact manifold M admits a holomorphic structure.
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Theorem 1.8 A unitary connection on a Hermitian complex vector bundle
E over M is compatible with a holomorphic structure on E if and only if it
has curvature of type (1, 1). In this case the connection is uniquely determined
by the metric and the holomorphic structure.
Proof. Indeed, deﬁne the holomorphic structure on E by an integrable partial (0, 1)-connection. As we have seen above, this connection uniquely extends
to a unitary connection dA on the vector bundle E, which is now compatible
with both Hermitian and holomorphic structures. Since the curvature FA of
a unitary connection is skew adjoint, we ﬁnd that FA0,2 = (FA2,0 )∗ . On the
other hand, the compatibility of the connection with the holomorphic structure forces FA0,2 = 0, so that the curvature matrix FA has to be a matrix of
(1, 1)-forms.

We now restrict our attention to bundles over Riemann surfaces. Recall
that the degree deg(L) of a line bundle L over a compact Riemann
surface

Σ is deﬁned to be the integral of its ﬁrst Chern class: deg(L) = Σ c1 (L) ∈ Z.
For some facts on Chern classes and the degree, see, e.g., [150]. As an example,
consider a line bundle LP corresponding to a point P ∈ Σ. This bundle is
glued from the trivial bundles over a local coordinate neighborhood U0 of
P and U1 = Σ \ {P }. The bundle LP is deﬁned by means of the transition
function ϕ01 : U0 ∩ U1 → C∗ = GL(1, C) deﬁned as ϕ01 (z) = z, where z in
the left-hand side is a local coordinate around P . Then deg(LP ) = 1.
The following proposition summarizes some important properties of the
degree:
Proposition 1.9 1. For any line bundles L and L̃ over Σ one has
deg(L ⊗ L̃) = deg(L) + deg(L̃).
2. If deg(L) < 0, then the bundle L has no nontrivial holomorphic sections.
For a vector bundle E its rank rank(E) is the dimension of its ﬁbers, and
the degree deg(E) of the bundle E is the degree of its determinant bundle,
i.e., of the highest exterior power of the bundle E. Finally, let us recall the
notion of a stable bundle.
Deﬁnition 1.10 A holomorphic vector bundle E on a Riemann surface is
stable if for any proper subbundle F ⊂ E one has
deg(E)
deg(F )
<
.
rank(F )
rank(E)
The number µ(E) = deg(E)/rank(E) is called the slope of the vector bundle
E. The bundle E is called semistable if the inequality above is not strict:
µ(F ) ≤ µ(E).
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In the sequel, we are going to deal with the space of equivalence classes
of holomorphic bundles. While in general, this is not a nice space, the situation becomes much better under the stability assumption on the bundles: the
space of equivalence classes of stable bundles has the structure of a complex
manifold. For instance, one of the consequences of the stability condition is
the following:
Exercise 1.11 Let E be a stable vector bundle over a Riemann surface. Show
that the only endomorphisms of E are scalars. (Hint: suppose that there is a
nontrivial endomorphism, and apply the stability condition to the image and
kernel subbundles; see details, e.g., in [239].)
Remark 1.12 The condition of stability of a holomorphic vector bundle E
on a higher-dimensional Kähler manifold M nis deﬁned similarly. The degree
of the bundle is now deﬁned by deg(E) = M ω n−1 ∧ c1 (E), where ω is a
Kähler class on M and c1 (E) is the ﬁrst Chern class of the bundle E. So the
degree of the bundle E depends on the choice of the Kähler class ω on M . Furthermore, instead of considering just subbundles of the given vector bundle E,
one considers coherent subsheaves of E.
1.2 Hitchin Systems
In this section we give a short introduction to the Hitchin systems. These
are integrable systems on the cotangent bundle of the moduli space of stable
vector bundle on a Riemann surface of genus κ > 1 [163]. Similarly to the
Calogero–Moser systems, which we have discussed in Section 5.4 of Chapter II,
the Hitchin systems can be deﬁned via symplectic reduction from the action
of an inﬁnite-dimensional Lie group on an aﬃne space.
Throughout this section we ﬁx a compact Riemann surface Σ of genus
κ > 1 and let N denote the space of equivalence classes of stable holomorphic
vector bundles on Σ of a given topological type. That is, we ﬁx a complex
vector bundle E of rank n on the surface Σ and denote by N the set of
equivalence classes of stable holomorphic structures on the bundle E. It is a
classical theorem due to Narasimhan and Seshadri [286] that the set N is in
fact a complex variety, the moduli space of stable holomorphic structures on
the bundle E.
Deﬁnition / Proposition 1.13 Let As denote the set of stable complex
structures in the complex vector bundle E. This set can be identiﬁed with
the set of partial connections ∂¯α in E. The partial connections on a complex
curve are always integrable, and they give rise to stable holomorphic structures
on the bundle E.
The gauge transformation group G(E) of the bundle E is the identity
component of the group of smooth automorphisms of the bundle E. This group
acts on the set As by gauge transformations, and the moduli space of stable
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holomorphic structures on the bundle E can be identiﬁed with the quotient
N = As /G(E).
Remark 1.14 For the bundle E of rank n over a curve of genus κ the moduli
space N has complex dimension n2 (κ−1)+1. This can be computed as follows.
Let Et be a family of holomorphic bundles depending on a parameter t ∈ R
with E0 = E and let ϕij (t) denote the corresponding transition functions.
Then the functions


∂
ϕ
(t)
(t)
ϕ−1
ij
ij
∂t
t=0
on Ui ∩Uj deﬁne a class in the sheaf cohomology group H 1 (Σ, End E). Looking
at all possible families Et through a given holomorphic bundle E, one observes
that the tangent space of N at E can be identiﬁed with the cohomology group
H 1 (Σ, End E). The dimension of H 1 (Σ, End E) can be computed with the
help of the Riemann–Roch theorem:
dim H 0 (Σ, End E) − dim H 1 (Σ, End E) = deg(End E) + rank(End E)(1 − κ) .
Note that deg(End E) = deg(E ∗ ⊗ E) = 0, since the nondegenerate bilinear
form on E ∗ ⊗E delivers a nonzero section of the determinant bundle det(E ∗ ⊗
E). Moreover, the stability of E implies that dim H 0 (Σ, End E) = 1, since this
homology group consists of scalars only (see Exercise 1.11). So we obtain
dim N = n2 (κ − 1) + 1 .
Remark 1.15 The cotangent bundle T ∗ N admits a natural symplectic structure. We are going to describe T ∗ N as a symplectic quotient, from which it
will be apparent how it becomes the phase space of an integrable system.
For this we consider the cotangent bundle T ∗ As to all stable complex
structures on E. It can be identiﬁed with the set of pairs
T ∗ As = {(∂¯α , φ)} ,
where ∂¯α is a point in As and φ is an (End E)-valued (1, 0)-form on the surface
Σ. Indeed, As is an open subset of the aﬃne space of partial connections on
the bundle E. Hence, its tangent space at any point is given by the space
of (End E)-valued (0, 1)-forms on Σ. The pairing between an (End E)-valued
(0, 1)-form α and an (End E)-valued (1, 0)-form φ is given by
tr(α ∧ φ) .

α, φ =

(1.1)

Σ

The form φ is called a Higgs ﬁeld, and the pair (∂¯α , φ) ∈ T ∗ As deﬁnes a Higgs
bundle.
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There exists a natural symplectic structure ω on the cotangent bundle
T ∗ As . The evaluation of the 2-form ω on two tangent vectors (δ1 ∂¯α , δ1 φ) and
(δ2 ∂¯α , δ2 φ) at a point (∂¯α , φ) ∈ T ∗ As is given by

ω(∂¯α ,φ) (δ1 ∂¯α , δ1 φ), (δ2 ∂¯α , δ2 φ) =

tr(δ1 ∂¯α ∧ δ2 φ) −
Σ

tr(δ2 ∂¯α ∧ δ1 φ) .
Σ

The gauge transformation group G(E) of the complex vector bundle E
acts on the space T ∗ As by conjugation: g : φ → gφg −1 and ∂¯α → g ∂¯α g −1 .
The symplectic form ω is invariant under this action.
Exercise 1.16 The (smooth) dual of the Lie algebra of the gauge transformation group G(E) is naturally identiﬁed with the space of (End E)-valued
2-forms on the Riemann surface Σ. Show that the G(E)-action on the space
T ∗ As is Hamiltonian with moment map
Φ : T ∗ As → Ω 2 (Σ, End E)
given by
¯ + [α, φ] .
Φ(∂¯α , φ) = [∂¯α , φ] := ∂φ
Exercise 1.17 Prove that the symplectic quotient Φ−1 (0)/G(E) is naturally
identiﬁed with the cotangent bundle T ∗ N . (Hint: show that if [∂¯α , φ] = 0, then
φ ∈ Tα∗ A vanishes on the tangent space to the G(E)-orbit through ∂¯α ∈ As ,
where the pairing is given by formula (1.1).)
Exercise 1.17 shows that the cotangent bundle T ∗ N can be described as
a symplectic quotient. Our next goal is to deﬁne an integrable system on this
quotient by ﬁnding a set of Poisson commuting Hamiltonians on T ∗ N which
are functionally independent and whose number is equal to dim(N ). Let K
denote the canonical bundle on the Riemann surface Σ, and let T = K −1
be the holomorphic tangent bundle of Σ. Furthermore, ﬁx some j ∈ N and
consider a basis νj,k of H 1 (Σ, K ⊗ T j ). The elements νj,k ∈ H 1 (Σ, K ⊗ T j )
should be thought of as independent holomorphic (1 − j, 1)-diﬀerentials. The
latter means that in some local coordinate z on the complex curve Σ, such
diﬀerentials look like f (z)dz (1−j) dz̄ with a holomorphic function f .
Exercise 1.18 Use the Riemann–Roch theorem as in Remark 1.14 to show
that the dimension of H 1 (Σ, K ⊗ T j ) is equal to (2j − 1)(κ − 1) for j > 1 and
to κ for j = 1. (Hint: the degree of the canonical bundle K is (2κ − 2).)
The (1 − j, 1)-diﬀerentials can be integrated against a (j, 0)-diﬀerential
on the complex curve. For any (End E)-valued (1, 0)-form φ on Σ, the trace
tr(φj ) of φj is a (j, 0)-diﬀerential.
Hence, one can deﬁne functions Hj,k : T ∗ As → C by
Hj,k (∂¯α , φ) =

νj,k tr(φj ) ,
Σ
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where j = 1, . . . , n, k = 1, . . . , κ for j = 1 and k = 1, . . . , (2j − 1)(κ − 1) for
j > 1 (recall that n = rank(E)). The functions Hj,k depend only on φ, so
they Poisson commute on T ∗ As .
Exercise 1.19 Show that the functions Hj,k are gauge invariant. Therefore
they descend to the symplectic quotient and Poisson commute there.
The total number of the functions Hj,k is
κ+

n


(2j − 1)(κ − 1) = n2 (κ − 1) + 1 ,

j=2

which is exactly half the (complex) dimension of T ∗ N . Evidently, the functions
Hj,k are functionally independent. Hence they form an integrable system on
T ∗ N . This integrable system is called the Hitchin system associated to the
Riemann surface Σ and the complex vector bundle E.
1.3 Bibliographical Notes
Holomorphic vector bundles on a Riemann surface were classiﬁed by
Grothendieck [152] for genus κ = 0, Atiyah [25] in the case κ = 1, and
Narasimhan and Seshadri [286] in the case κ > 1. Their results were generalized to the case of principal bundles with any reductive algebraic structure
group over C in [325]. For more details on holomorphic bundles and connections we refer to [84, 171, 209, 297]. More facts on the moduli space of stable
vector bundles on Riemann surfaces can be found in [239, 135, 136], and for
those on complex surfaces, see [170].
The Hitchin systems were introduced in [163] (see also [165]). There is a
close connection between Hitchin systems and the Calogero–Moser systems
that goes beyond the similarity in their construction. In [103, 289] it is shown
that a spin generalization of the elliptic Calogero–Moser system, the elliptic
version of the Gaudin model, and some other systems can be treated as degenerations of Hitchin systems. The geometry and quantization of such systems
are widely discussed in the literature; see, e.g., [169, 104].
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2 Poisson Structures on Moduli Spaces
In this section we give a comparative description of the Poisson structures
on the moduli spaces of ﬂat connections on real surfaces and holomorphic
Poisson structures on the moduli spaces of holomorphic bundles on complex
surfaces, following [194]. Their relation is similar to that of the loop and double
loop groups described in Chapter II. It can be thought of as a “geometric
complexiﬁcation” (cf. [14]), that is, a natural extension of the correspondence
between de Rham and Dolbeault complexes as follows:
d
de Rham complex
locally constant functions or sections
ﬂat connections

↔
↔
↔
↔

∂¯
Dolbeault complex
local holomorphic functions or sections
holomorphic bundles

The key ingredient of this “complexiﬁcation” is the Cauchy–Stokes formula, a complex analogue of the Stokes formula, which we describe below.
While the aﬃne and elliptic Lie groups manifest this correspondence in dimension one (respectively, real and complex), in two dimensions it is provided
by the moduli spaces of ﬂat connections and those of (stable) holomorphic
bundles on surfaces. A somewhat similar picture exists in any dimension (cf.
the discussion of the topological and holomorphic Chern–Simons action functional in 3D in Section 3, or of the 4D Yang–Mills functional in [85]).
2.1 Moduli Spaces of Flat Connections on Riemann Surfaces
Here we describe Poisson structures on the spaces of ﬂat connections on
real surfaces with boundary, which constitute the “real side” in the abovementioned correspondence.
In the real case, G stands for a simply connected simple compact Lie group.
On its Lie algebra g we ﬁx a nondegenerate invariant (Killing) bilinear form,
denoted by X, Y  = tr(XY ). Let Σ be a compact Riemann surface, possibly
with boundary Γ = ∂Σ consisting of several components, Γ = ∪k1 Γj ; see
Figure 2.1.

Γ1

Γn
Fig. 2.1. A Riemann surface with boundary components Γ1 , . . . , Γn .
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Consider a principal G-bundle E over Σ. Note that this bundle is necessarily trivial, since the group G is simply connected. We denote by AΣ the
aﬃne space of all smooth connections on the bundle E. It is convenient to
ﬁx a trivialization of E and identify AΣ with the vector space Ω 1 (Σ, g) of
smooth g-valued 1-forms on the surface Σ:
AΣ = {d + A | A ∈ Ω 1 (Σ, g)} .
Thus the tangent space at any point of AΣ is also identiﬁed with the vector
space Ω 1 (Σ, g).
Deﬁnition 2.1 The space AΣ can be equipped with a natural symplectic
structure
tr(δ1 A ∧ δ2 A) ,
(2.2)
ω(δ1 A, δ2 A) =
Σ

where δ1 A and δ2 A denote tangent vectors of AΣ at the point d + A, which
are g-valued 1-forms on Σ. Here tr(· ∧ ·) denotes the wedge product on Σ and
symmetric pairing in g, thus producing a (real-valued) 2-form on Σ.
Since the principal G-bundle E on the surface Σ is topologically trivial, the gauge group of the bundle E is isomorphic to the current group
GΣ = C ∞ (Σ, G), while its Lie algebra is given by the current algebra
gΣ = C ∞ (Σ, g). The action of the group GΣ on the aﬃne space AΣ of connections is the usual action by gauge transformations:
g : d + A → d + gAg −1 − (dg)g −1 ,
where g ∈ GΣ is a smooth G-valued function on the surface.
Exercise 2.2 Prove that the symplectic structure ω is invariant with respect
to gauge transformations.
The inﬁnitesimal gauge transformations forming the Lie algebra gΣ are
generated on the symplectic manifold AΣ by certain Hamiltonian functions.
Proposition 2.3 (see, e.g., [125]) An inﬁnitesimal gauge transformation
 ∈ gΣ is generated by the Hamiltonian function
tr ((dA + A ∧ A)) −

H (A) =
Σ

tr(A) .

(2.3)

∂Σ

Proof. The Hamiltonian vector ﬁeld X corresponding to any function H
on AΣ is deﬁned by its action on functions f (A) via


δH
δf
∧
tr
LX f = {H, f } =
,
δA δA
Σ
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where the latter expression is the Poisson bracket corresponding to the
symplectic structure on AΣ given by Formula (2.2). In order to determine
the Hamiltonian function H , it suﬃces to consider the coordinate function
f (A) = A:
δH
.
LX A = {H, A} =
δA
Then for the above Hamiltonian H from equation (2.3), we obtain
LX A =

δH
= ∇A  ,
δA

where ∇A  := d − [, A]. That is, LX A is the inﬁnitesimal gauge transformation of A by . Indeed, for F (A) = dA + A ∧ A we have
δF (A) = δ(dA + A ∧ A) = dδA + δA ∧ A + A ∧ δA = δdA + [A, δA],
by keeping only the terms linear in δA. This gives
δH =H (A + δA) − H (A) =

tr(δF ) −
Σ

tr ((δdA + [A, δA])) −

=
Σ

tr(δA)
∂Σ

tr (([, A] − d) ∧ δA) =

=

tr(δA)
∂Σ

Σ

tr (δA ∧ ∇A ) .
Σ

In the second-to-last equality we have used the Stokes formula.



Remark 2.4 In general, the Hamiltonian function H corresponding to a
vector ﬁeld X is deﬁned only up to an additive constant. Thus, the Poisson
bracket of two Hamiltonian functions reproduces the commutation relation in
the gauge algebra gΣ only up to a 2-cocycle:
{H1 , H2 } = H[1 ,2 ] + c(1 , 2 ) .
Proposition 2.5 For the Hamiltonian functions H considered above, the
cocycle c is given by
c(1 , 2 ) =

tr(1 d2 ) .
∂Σ

Proof. Let us calculate {H1 , H2 }. Using the expression δH /δA = d −
[, A], we get
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{H1 , H2 } =

tr ((d1 − [1 , A]) ∧ (d2 − [2 , A]))
Σ

tr(d1 ∧ d2 ) −

=
Σ

tr(d1 ∧ [2 , A]) −
Σ

tr([1 , A] ∧ d2 )
Σ

tr([1 , A] ∧ [2 , A])

+
Σ

tr ([1 , 2 ](dA + A ∧ A)) −

tr(1 d2 ) +

=
∂Σ

Σ

tr([1 , 2 ]A)
∂Σ

tr(1 d2 ) + H[1 ,2 ] .

=
∂Σ

We have used the Stokes formula and the invariance of the Killing form several
times.

Remark 2.6 The cocycle c is an obstruction to the existence of a moment
map for the gauge group action on the space AΣ . Whenever the cocycle c
is nontrivial, in order to deﬁne the corresponding moment map one has to
% Σ , which corresponds to
consider the action of the centrally extended group G
Σ
the extension of the Lie algebra g by this cocycle.
Exercise 2.7 Prove nontriviality of the cocycle c from Proposition 2.5. (Hint:
restrict it to one boundary component and use the nontriviality of the cocycle
deﬁning the universal central extension of the loop algebra Lg; see Section
II.1.1.)
Corollary 2.8 The gauge action of GΣ on AΣ extends to a Hamiltonian
%Σ .
action of the centrally extended group G
Our next goal is to describe explicitly the corresponding moment map
% Σ on the space AΣ . The Lie
of the action of the extended current group G
Σ
algebra %
g of this group is the Lie algebra of gauge transformations centrally
extended by the cocycle c. The inﬁnite-dimensional space %
gΣ is the space of
pairs (, a), where  is a g-valued function on the surface Σ and a is a real
number:
%
gΣ = {(, a) |  ∈ gΣ = C ∞ (Σ, g), a ∈ R} .
gΣ is
Deﬁnition 2.9 The smooth part (%
gΣ )∗ of the dual of the Lie algebra %
the space of triples
(%
gΣ )∗ = {(F, C, λ) | F ∈ Ω 2 (Σ, g), C ∈ Ω 1 (∂Σ, g), λ ∈ R} ,
where F is a g-valued 2-form on Σ, C is a g-valued 1-form on the boundary
of Σ, and λ is a real number.
gΣ )∗ is given by
The nondegenerate pairing between the spaces %
gΣ and (%
tr(F ) −

(F, C, λ), (, a) :=
Σ

tr(C) + aλ .
∂Σ
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% Σ on AΣ generated by
Let us consider the action of the extended group G
% Σ acts trivially. Now we
the gauge action of GΣ . We note that the center of G
can sharpen Corollary 2.8 as follows.
% Σ of gauge transProposition 2.10 ([125]) The centrally extended group G
Σ
formations acts on A in a Hamiltonian way. The moment map for the action
gΣ )∗ , which
of the corresponding gauge algebra %
gΣ is the mapping Φ : AΣ → (%
is given by taking the curvature F (A) = dA + A ∧ A of the connection and by
restricting the connection form to the boundary:
Φ : A → (dA + A ∧ A, A|∂Σ , 1) .
Proof. The Hamiltonian functions H corresponding to inﬁnitesimal gauge
transformations  form the centrally extended algebra %
gΣ ; see Proposition 2.5.
According to Deﬁnition I.5.4 of the moment map, it remains to check that the
Hamiltonian H is equal to the pairing of the element  ∈ gΣ with Φ(A):
H (A) = Φ(A),  .
(Here we take only the nonextended part of Φ(A), i.e., we omit its third component.) But this is exactly the explicit form of H given in Proposition 2.3. 

Deﬁnition 2.11 For any submanifold Γ ⊂ Σ let GΣ
Γ be the group of gauge
transformations on Σ “based on Γ ” :
∞
GΣ
Γ = {g ∈ C (Σ, G) | g|Γ = id ∈ G} .

Denote the corresponding Lie algebra by gΣ
Γ . In this section we always set Γ
to be the boundary of the surface Σ.
A slight modiﬁcation of Proposition 2.10 gives the following corollary.
Σ
Corollary 2.12 For Γ = ∂Σ the group GΣ
in a Hamiltonian
Γ acts on A
way. The moment map ΦΓ for the action of the corresponding Lie algebra gΣ
Γ
∗
is the map AΣ → (gΣ
Γ ) given by the curvature:

ΦΓ : A → dA + A ∧ A .
Note that the group GΣ
Γ is not centrally extended, but we can still think
% Σ (cf. the quotient construction of the
of it as a (normal) subgroup GΣ
Γ ⊂ G

centrally extended group LG in Section II.1.3, where the surface Σ is the unit
disk).
Now we consider the symplectic quotient MΣ,Γ = AΣ //GΣ
Γ of the space
of connections AΣ with respect to the group GΣ
Γ of gauge transformations
equal to the identity on the boundary Γ = ∂Σ. This yields the space
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Σ
Σ
Σ
MΣ,Γ = Φ−1
Γ (0)/GΓ = {d + A ∈ A | F (A) = 0}/GΓ

of ﬂat connections on Σ modulo based gauge transformations from GΣ
Γ.
Remark 2.13 Since MΣ,Γ is deﬁned via Hamiltonian reduction, it inherits
a symplectic structure from the space AΣ . However, the quotient can have
singularities. We shall be concerned only with the nonsingular part of the
moduli space MΣ,Γ .
If Σ has no boundary, we obtain that the moduli space MΣ of ﬂat connections on Σ is a (ﬁnite-dimensional) symplectic manifold; see [28]. A point in
this manifold can be described by holonomies around the handles of the surface modulo conjugation, i.e., by the equivalence class of a G-representation
of the fundamental group of the surface:
MΣ = Rep (π1 (Σ) → G)/G .
If the boundary Γ = ∂Σ of the Riemann surface Σ is nonempty, the moduli
space MΣ,Γ is inﬁnite-dimensional. It can be mapped to certain familiar
Poisson manifolds. Consider the restriction of a connection A ∈ AΣ to any
boundary component Γi of the surface Σ, which is a connection on the curve
gΓi )∗ of the
Γi . This restriction can be viewed as an element in the dual space (%
Γ
i
aﬃne Lie algebra %
g corresponding to the boundary component Γi . In turn,
the space (%
gΓi )∗ is naturally equipped with the linear Lie–Poisson structure
as the dual of a Lie algebra.
To summarize, we obtain the restriction map of two Poisson spaces
3
(%
gΓi )∗ ,
(2.4)
AΣ →
i

where the product ranges over the set of boundary components of Σ. Furthermore, this mapping descends to that of the moduli
3
(%
gΓi )∗ ,
MΣ,Γ →
i

since all connections are ﬂat on the boundary and the group GΣ
Γ acts trivially
on Γ . The relation of the corresponding Poisson structures on MΣ,Γ (where
the structure is, in fact, symplectic) and on (%
gΓi )∗ is given by the following
proposition.
Proposition 2.14 The mapping from the space MΣ,Γ to the coadjoint representation space (%
gΓi )∗ sending a ﬂat connection on the surface Σ to its
restriction to a boundary component Γi is a Poisson mapping.
Proof. This mapping is essentially the moment map for the action of gauge
transformations on the boundary.
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% Σ of centrally
Consider the quotient of the space MΣ,Γ by the whole group G
extended gauge transformations. The latter group acts on MΣ,Γ , since gauge
transformations equal to the identity on the boundary form a normal subgroup
%Σ
GΣ
Γ in the group G of all gauge transformations. The quotient space
%Σ
MΣ = {d + A ∈ AΣ | dA + A ∧ A = 0}/G
is a ﬁnite-dimensional Poisson manifold (with singularities). As before, we
shall be interested only in the nonsingular part of it.
Exercise 2.15 Show that the quotient of any symplectic manifold by a symplectic action of a group is always a Poisson manifold. For a Hamiltonian
action the symplectic leaves in this Poisson manifold are “labeled” by coadjoint orbits in the image of the corresponding moment map. (Hint: this is
a direct generalization of the theorem on the Marsden–Weinstein reduction
discussed in Chapter I.)
5 Γi ∗
g ) to describe the
We can use the above restriction map MΣ,Γ → i (%
symplectic leaves of the Poisson manifold MΣ .
Proposition 2.16 ([125]) The space MΣ of ﬂat G-connections modulo
gauge transformations on a surface Σ with holes inherits a Poisson structure
from the space AΣ of all (smooth) G-connections. The symplectic leaves of
this structure are parametrized by the conjugacy classes of holonomies around
the holes (that is, a symplectic leaf is singled out by ﬁxing the conjugacy class
of the holonomy around each boundary component).
Proof. The symplectic leaves of MΣ are in one-to-one correspondence with
the coadjoint orbits of the (centrally extended) aﬃne Lie algebra %
gΓ on a
circle (or the direct product of several copies of the aﬃne algebras if the
boundary Γ of the surface Σ consists of several components). As we have
seen in Section II.1.2, these coadjoint orbits are parametrized by the conjugacy
classes of holonomies around the circle.


Remark 2.17 The above proposition should not be understood in the sense
that the conjugacy classes of holonomies around the holes can be taken arbitrarily: the holonomies of a ﬂat connection on the surface obey certain relations coming from the fundamental group π1 (Σ). For example, if Σ is a
sphere with n holes then the product of all n holonomies has to be id ∈ G
(provided one has chosen the same base point and a convenient orientation
for all n loops encircling the holes).
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Remark 2.18 A beautiful purely ﬁnite-dimensional description of the Poisson structure on the space MΣ was obtained in [125]. Consider a triangulation
of the surface Σ. Let the graph L be the 1-skeleton of the triangulation; see
Figure 2.2. The space of ﬂat connections on the surface Σ is replaced
by the
5
set AL of graph connections on L. By deﬁnition, the set AL = edges of L G

Fig. 2.2. A surface Σ is “replaced” by the 1-skeleton of its triangulation.

is taken to be the product of G over all edges of the graph L and should
be viewed
5 as the “holonomies along the (oriented) edges.” The gauge group
GL = vertices of L G acts by conjugation at the vertices. The moduli space
MΣ of ﬂat connections is diﬀeomorphic to the quotient ML = AL /GL .
It turns out that one can deﬁne Poisson structures on both AL and GL
such that the action of the group GL on the space AL is Poisson (i.e., the map
GL × AL → AL is a Poisson map with respect to the sum of the two Poisson
structures on GL ×AL ). In particular, the quotient ML = AL /GL is a Poisson
manifold, and one obtains an explicit description of the Poisson structure on
MΣ ; see [125]. (A bit more precisely, a ﬂat graph connection satisﬁes the
condition that the monodromies around all the faces of the triangulation are
equal to id ∈ G. This restriction has to be taken into account when deﬁning
AL . Note that for a surface Σ with at least one hole, one can always choose
a graph with all faces empty. Observe also that for a graph coming from
a triangulation, the orientation of Σ induces a cyclic order of the ends of
edges incident to each vertex.) Although the Poisson structure on AL and GL
depends on some additional choices, the Poisson structure on moduli ML ,
after the reduction, does not.
2.2 Poincaré Residue and the Cauchy–Stokes Formula
In the next section we are going to develop the symplectic geometry related to
holomorphic bundles on complex surfaces in a way analogous the symplectic
geometry of ﬂat connections on real surfaces. For this we need a complex analogue of the Stokes formula, which turns out to be a simple multidimensional
generalization of the Cauchy residue formula.
Let X be a compact complex n-dimensional manifold and γ a meromorphic n-form on X with poles on a smooth complex hypersurface Y ⊂ X. Here
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and below we consider forms with logarithmic singularities only, i.e., forms
with ﬁrst-order poles. Let z : U → C be a function deﬁning Y in a neighborhood U ⊂ X of some point p ∈ Y . Then locally in U the n-form γ can be
decomposed into the sum
γ=

dz
∧α+β ,
z

where α and β are, respectively, holomorphic (n − 1)-form and n-form in U .
Exercise 2.19 Show that the restriction α|Y is a well-deﬁned holomorphic
(n − 1)-form on Y , that is, α|Y is independent of the choice of z. (Hint: use
local coordinates.)
Deﬁnition 2.20 The holomorphic (n − 1)-form α|Y on Y is called the
Poincaré residue of the meromorphic form γ and is denoted by resY γ.
Note that for the case of top-degree meromorphic forms having singularities on smooth divisors, which we consider here, a logarithmic singularity is
the same as a ﬁrst-order pole. In the situation of a nonsmooth divisor of poles
one should keep the formulation “γ with logarithmic singularities.”
Theorem 2.21 (Cauchy–Stokes formula, [151, 133]) Let X, Y , and γ
be as above, and let u be a smooth (n − 1)-form on X. Then the form γ ∧ du
is L1 -integrable on X and
γ ∧ du = 2πi
X

resY γ ∧ u .
Y

Proof. This formula is proved by applying the Stokes formula to reduce the
integral to the tubular neighborhood of Y , and then by using the standard
Cauchy formula in the transversal direction to Y , whence the name.
Let z be a coordinate function locally deﬁning Y . To see that γ ∧ du
is integrable, observe that γ ∧ du grows like 1/|z| as z → 0. Since the real
codimension of Y in X equals 2, the 2n-form γ ∧ du is indeed integrable on
X.
To calculate the integral, choose some tubular neighborhood U of radius
 for the manifold Y (see Figure 2.3). Then by deﬁnition of the improper
integral we have
γ ∧ du := lim
X

→0

γ ∧ du = − lim
X\U

→0

γ ∧ u = lim
∂U

→0

Y

|z|=

γ ∧ u,

where we have used the Stokes theorem to reduce the integral over X \ U to
an integral over its boundary. Note that the boundary ∂(X \ U ) is oriented
by an outer normal, which is an inner normal for the tubular neighborhood:
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∂(X \ U ) = −∂U . This orientation implies the positive (counterclockwise)
orientation of the contour |z| = .
Finally, by decomposing γ = dz
z ∧ α + β and using the Cauchy integral
formula in the z-direction we obtain
lim

→0

Y

|z|=

γ ∧ u = 2πi

α ∧ u = 2πi
Y

resY γ ∧ u ,
Y

while the term involving β ∧ u vanishes as  → 0.



U
Y

X

Fig. 2.3. A tubular neighborhood U of the polar divisor Y ⊂ X.

¯ instead of
Another way to rewrite the Cauchy–Stokes formula is to use ∂u
du:
¯ = 2πi
γ ∧ ∂u
X

resY γ ∧ u ,
Y

since it is only the (0, n − 1)-part of the form u that is essential here.
Remark 2.22 Theorem 2.21 can be extended to the case in which the
meromorphic n-form γ has ﬁrst-order poles on a normal crossing divisor
Y = ∪i Yi ⊂ X. (A normal crossing divisor means that the smooth irreducible
components Yi of Y , each one appearing with multiplicity one, intersect generically.) Analogously to Deﬁnition 2.20, one can deﬁne the residue resYi γ on
each component of Y . The resulting (n − 1)-forms resYi γ are meromorphic on
Yi and have ﬁrst-order poles at the intersections Yi,j = Yi ∩ Yj . One can consider the repeated Poincaré residue of γ at Yi,j . Let zi = 0 and zj = 0 be local
equations in X of the components Yi and Yj respectively. Then representing
dzj
i
γ as γ = dz
zi ∧ zj ∧ α + β, one ﬁnds that


dzi dzj
resi,j γ := resYi,j (resYi γ) = reszj =0 reszi =0
∧
∧ α = α|Yi,j .
zi
zj
Note that the sign of the repeated residue depends on the order in which the
latter was taken:
resi,j γ = − resj,i γ .
We shall denote by res γ the collection of (n − 1)-forms resYi γ, the residues
of γ at the components Yi of the normal crossing divisor Y = div∞ γ.
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Remark 2.23 We also note that for the Cauchy–Stokes formula above, the
polar divisor plays the role of the boundary in the usual Stokes formula. In the
same spirit, the meromorphic n-form can be seen as a “complex analogue” of
an orientation of a real manifold. We will encounter similar analogies between
notions from diﬀerential topology and complex analysis in subsequent sections.
2.3 Moduli Spaces of Holomorphic Bundles
Let S be a compact complex surface (dimC S = 2) and let G be a simply connected complex reductive group (G ⊂ GL(n, C)). In this section, we describe a
Poisson structure on the moduli space of (stable) holomorphic vector bundles
on S with the structure group G.13 This will be done by analogy with our
considerations of the moduli space of ﬂat connections on a Riemann surface in
Section 2.1. The basic idea for this analogy is to replace the “real” notions of
orientation and boundary of a Riemann surface by their “complex analogues”:
a meromorphic 2-form on the surface (thought of as a “complex orientation”
of S) and its divisor of poles (playing the role of the “boundary” of S); see
Remark 2.23.
On the complex surface S we ﬁx some meromorphic 2-form β that has only
poles of the ﬁrst order and whose polar divisor P ⊂ S is a smooth curve in
S. Let us assume additionally that β has no zeros. (The latter corresponds to
the smoothness of a real surface: we will see below that zeros of the 2-form β
on a complex manifold would correspond to singularities of a real manifold).
If it happens that β has neither zeros nor poles (i.e., S is “smooth, oriented,
without boundary”) this means that we are dealing with either a K3 or an
abelian surface S. If the 2-form β is meromorphic, then S is a complex Poisson
surface, since the bivector ﬁeld dual to β deﬁnes a holomorphic Poisson structure on S.
For the meromorphic 2-form β without zeros, its polar divisor P is an
anticanonical divisor on S, and it has to be an elliptic curve or the union of
several nonintersecting elliptic curves. (Indeed, in this case, resP β deﬁnes a
nonvanishing holomorphic 1-form on P .) These elliptic curves can be seen as
the analogues of the circles constituting the boundary components of a smooth
real surface. An example of such is S = CP2 with a smooth cubic P as an
anticanonical divisor. (As a matter of fact, many Fano surfaces admit such a
form β, i.e., fall into this class. The considerations below can also be extended
with minimal changes to the case of a nonsmooth divisor P , in particular,
to P consisting of several components intersecting transversally. Example: for
S = CP2 with β = dx ∧ dy/xy, the divisor P is a union of three CP1 ’s.)
Exercise 2.24 Prove that if a meromorphic form β is nonvanishing, so is its
residue resP β. (Hint: use local coordinates.)
13

As before, when speaking of a moduli space we shall always mean its nonsingular
part. Here under the moduli space we understand a local universal family near a
smooth point.

174

III. Topological and Holomorphic Gauge Theories

Now let E be a smooth G-bundle over the surface S that can be endowed with a holomorphic structure, and let End E be the corresponding bundle of endomorphisms with ﬁber g = Lie(G). Furthermore, let AS
denote the inﬁnite-dimensional aﬃne space of smooth (0, 1)-connections (or
¯
∂-connections)
in E. Finally, let us choose a reference holomorphic structure,
i.e., a (0, 1)-connection ∂¯ 0 such that ∂¯ 02 = 0. Then the space AS can be identiﬁed with the vector space Ω 0,1 (S, End E) of (End E)-valued (0, 1)-forms on
S, i.e.,
AS = {∂¯ 0 + A | A ∈ Ω 0,1 (S, End E)} .
¯ keeping in mind that
In what follows, instead of ∂¯ 0 , we shall write simply ∂,
this corresponds to a reference holomorphic structure in E when it applies to
sections of E or associated bundles.
Deﬁnition 2.25 The aﬃne space AS possesses a natural holomorphic symplectic structure given by
β ∧ tr(δ1 A ∧ δ2 A) ,

ωC (δ1 A, δ2 A) =
S

where β is the meromorphic 2-form of S (i.e., the “complex orientation” on
S), δ1 A and δ2 A are two tangent vectors to the aﬃne space AS at the point
∂¯ + A, and tr(· ∧ ·) stands for the wedge product on S and the nondegenerate
pairing on g.
Recall that a holomorphic symplectic structure on a complex manifold is
deﬁned by a holomorphic closed 2-form on it that is nondegenerate over C.
(Note, for instance, that the 2-form dz ∧ dw deﬁnes a holomorphic symplectic
structure in C2 , but it is not symplectic in R4 C2 as a 2-form over R, since it
is of rank 2.) In the inﬁnite-dimensional context, the nondegeneracy is always
understood as the absence of a tangent vector skew-orthogonal to all others;
see Deﬁnition I.4.4.
Following this deﬁnition, we can appropriately “complexify” the constructions for moduli of ﬂat connections from Section 2.1 step by step. Abusing
notation, let us denote by GS the group of gauge transformations in E, i.e,
the group of automorphisms of the smooth bundle E.
Exercise 2.26 Prove that the symplectic structure ωC is invariant with respect to the gauge transformations
¯ −1 ,
A → gAg −1 − ∂gg
for any g ∈ GS .
The inﬁnitesimal gauge transformations form the Lie algebra gS =
Γ (S, End E), where Γ denotes the space of C ∞ -sections. As before, they are
generated by certain Hamiltonian functions on the symplectic manifold AS .
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Proposition 2.27 An inﬁnitesimal gauge transformation  is generated by
the Hamiltonian function
¯ + A ∧ A)) − 2πi
β ∧ tr((∂A

H (A) =
S

resP β ∧ tr(A) .
P

Proof. The only modiﬁcation in comparison with the proof of Proposition
2.3 is that now we are going to use the Cauchy–Stokes formula instead of the
usual Stokes formula. Indeed, now we have
β ∧ tr ( δF (A)) − 2πi

δH (A) =
S

resP β ∧ tr( δA)
P

β ∧ tr( ∇A δA) − 2πi

=
S

=


β ∧ tr δA ∧ ∇A  .

resP β ∧ tr ( δA)
P

S

¯
¯
Here F (A) := ∂A+A∧A
is the curvature, ∇A  := ∂−[,
A] is the inﬁnitesimal
gauge transformation of a (0, 1)-connection ∂¯ + A by the element  ∈ gS , and
∇A δA = ∂¯ δA − [δA, A].

Similarly, the commutation relations for these Hamiltonians with respect
to the holomorphic Poisson structure induced by ω become centrally extended:
{H1 , H2 } = H[1 ,2 ] + c(1 , 2 ) ,
where c is the following 2-cocycle on the Lie algebra gS :
Proposition 2.28 The value of the cocycle c on a pair of inﬁnitesimal gauge
transformations 1 , 2 ∈ gS is given by
¯ 2) .
resP β ∧ tr(1 ∂

c(1 , 2 ) = 2πi
P

Remark 2.29 Recall that a smooth divisor P must be an elliptic curve (or
a union of such), while the residue resP β is a holomorphic 1-form on P . In
Section II.5 we have used the same cocycle to construct a central extension
%
gP of the double loop group gP . This suggests that the centrally extended
(elliptic) Lie algebra %
gP should play a similar role in the theory of holomorphic
bundles on complex surfaces to that played by the centrally extended loop
algebras (the aﬃne Lie algebras) in the theory of ﬂat connections on Riemann
surfaces.
Let %
gS,β denote the Lie algebra of gauge transformations of the bundle E
over the surface S, which is centrally extended by the cocycle c from Proposi% S,β be the corresponding group. (One can consider any of
tion 2.28, and let G
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the possible central extensions of the group GS : it is only the Lie algebra that
matters here.) The inﬁnite-dimensional space %
gS,β is the space of pairs (, a),
where  is a g-valued function on the surface S and a is a complex number.
Deﬁnition 2.30 The (smooth) dual (%
gS,β )∗ to the algebra %
gS,β is the space
of triples (F, C, λ), where F is an (End E)-valued (0, 2)-form on S, C is an
(End E)-valued (0, 1)-form on the “boundary” P of the surface S (i.e., on the
polar divisor of the 2-form β), and λ is a complex number. The nondegenerate
gS,β )∗ is the following:
pairing  ,  between the spaces %
gS,β and (%
(F, C, λ), (, a) =

β ∧ tr(F ) − 2πi
S

resP β ∧ tr(C) + aλ .
P

% S,β on the aﬃne space AS generated by the
Let us consider the action of G
S
action of G . This is the action by gauge transformations, while the center of
% S,β acts trivially. The following result immediately follows from Proposition
G
2.27, similarly to the “real” case.
% S,β of gauge transProposition 2.31 ([194]) The centrally extended group G
S
formations acts on the aﬃne space A in a Hamiltonian way. The moment
map for the action of the corresponding gauge algebra %
gS,β is the mapping
S
S,β ∗
¯
g ) given by the (0, 2)-curvature and by the restriction of the ∂A → (%
connection to the “boundary”:
¯ + A ∧ A, A|P , 1) .
A → (∂A
As before, let us consider the group GSP of gauge transformations on S
based at the polar divisor P ,
GSP = {g ∈ GS | g|P = id} ,
and denote by gSP the corresponding Lie algebra. The latter can be viewed as
a subalgebra of the centrally extended Lie algebra %
gS,β , since the cocycle c
S
S
is trivial on gP . Accordingly, the group GP can be viewed as a subgroup of
% S,β , and we can restrict the action of
the centrally extended gauge group G
the large group to this subgroup. A slight modiﬁcation of the last proposition
gives the following corollary.
Corollary 2.32 The group GSP of based gauge transformations acts on the
aﬃne space AS in a Hamiltonian way. The moment map ΦP : AS → (gSP )∗
for this action is given by the (0, 2)-curvature:
¯ + A ∧ A.
ΦP : A → ∂A
First consider the (holomorphic) Hamiltonian reduction
S
MS,P = AS //GSP := Φ−1
P (0)/GP
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¯
of the space of ∂-connections
AS with respect to the group GSP . The result
¯
will be the space of integrable ∂-connections
in the bundle E on S modulo
gauge transformations from GSP . Indeed, the set Φ−1
P (0) consists of (0, 1)connections whose (0, 2)-curvature vanishes. Such connections are in one-toone correspondence with holomorphic structures in the complex bundle E.
Thus the holomorphic Hamiltonian reduction leads us to the consideration of the space of all holomorphic structures in the bundle E modulo gauge
equivalences that act as the identity over P . The corresponding quotient space
MS,P , which we consider only locally, near some of its smooth points, is, by
construction, an (inﬁnite-dimensional) symplectic manifold, since it comes
from the Hamiltonian reduction of a symplectic manifold.
Remark 2.33 Before we treat the general case with a nonempty P , let us
look at the particular situation in which the meromorphic form β has no poles,
i.e., it is actually a holomorphic 2-form without zeros. (As we mentioned, this
can happen if the surface S is K3 or abelian.) If P = ∅, the group GSP = GS
is the group of all gauge transformations on S, while (a nonsingular part of)
the quotient MS,P recovers the (ﬁnite-dimensional) moduli space of (stable)
holomorphic G-bundles over S. This way we obtain a “visualization” of the
following theorem of Mukai:
Theorem 2.34 ([283]) Let S be a K3 or abelian surface. Then the moduli
space of stable holomorphic G-bundles over S admits a holomorphic symplectic
structure.
Returning to the case of a nonempty divisor P ⊂ S, consider now the space
of holomorphic structures in a smooth bundle over a complex one-dimensional
manifold by taking P as such a manifold and E|P as the bundle over P :
C := {∂¯ + C | C ∈ Ω 0,1 (P, End E|P )} .
Here ∂¯ is understood as the restriction to P of our reference holomorphic structure. The space C of holomorphic structures in a bundle on an elliptic curve
(or a sum of such spaces if P consists of several disjoint components) is in fact
an aﬃne subspace in a vector space dual to the elliptic Lie algebra ĝP,α . The
latter Lie algebra is deﬁned as the central extension of gP = Γ (P, End E|P )
by the cocycle
¯ 2) ;
α ∧ tr(1 ∂
cα (1 , 2 ) = 2πi
P

cf. Remark 2.29. We set α := resP β, in which case we obtain the elliptic Lie
algebra ĝP,α = ĝS,β /gSP as the corresponding quotient. Consider the linear Lie–
Poisson structure on the dual (ĝP,α )∗ of the elliptic algebra and, consequently,
on its aﬃne subspace C. Recall that the symplectic leaves of this structure (or
coadjoint orbits of the elliptic Lie group) correspond to isomorphism classes of
holomorphic bundles on P ; see Section II.5.2. We have obtained the restriction
map
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gP,α )∗
AS → (%

(respectively, the map to the product of the corresponding dual spaces if P
consists of several connected components), which is Poisson and which factors
gP,α )∗ .
through the symplectic quotient to produce the map MS,P → (%
Proposition 2.35 The mapping from the space MS,P to the coadjoint rep¯
on the surface
resentation space (ĝP,α )∗ , sending an integrable ∂-connection
S to its restriction to the divisor P , is a Poisson mapping.
Proof. This mapping is essentially the moment map for the action of gauge
transformations on the polar divisor P .
In the second step, we consider the quotient of the space MS,P by the
% S,β of centrally extended gauge transformations. The latter
whole group G
group acts on MS,P , since gauge transformations that are equal to the identity
% S,β .
on P form a normal subgroup GSP in G
The quotient space
¯ + A ∧ A = 0}/G
% S,β = {∂¯ + A ∈ AS | ∂A
% S,β
MS := MS,P /G
represents the set of isomorphism classes of holomorphic bundles on S (corresponding to a given underlying topological bundle E). Then, by construction,
the local smooth moduli space MS of holomorphic bundles on S is a ﬁnitedimensional Poisson manifold. Its symplectic leaves are described in terms of
∗
coadjoint orbits in ĝP,α as follows.
Proposition 2.36 (i) [55, 371] The local moduli space MS of holomorphic G-bundles on the Poisson surface S possesses a (holomorphic) Poisson
structure.
(ii) [194] The symplectic leaves of this structure are parametrized by the
moduli of their restrictions to the polar divisor P ⊂ S of the nonvanishing
meromorphic 2-form β on S. (That is, a symplectic leaf is singled out by
ﬁxing the isomorphism class of the restriction to the elliptic curve P , or the
isomorphism classes of restrictions to each curve if P consists of several such
curves.)
Remark 2.37 The above proposition should not be understood in the sense
that the isomorphism classes of bundles on P can be taken arbitrarily. Rather
they have to satisfy certain conditions that come from the fact that they arise
as restrictions of bundles deﬁned over S.
The discussion above applies with minor modiﬁcations to the case in which
the polar divisor P consists of several components intersecting transversally.
% P,α is the extended current group
In the latter case, the corresponding group G
over the (reducible) complex curve P .
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2.4 Bibliographical Notes
The classical reference for the moduli space of ﬂat connections on a Riemann
surface is the paper by Atiyah and Bott [28]. The case of a surface with
boundary was studied in [83, 125]. In our exposition we follow the papers
[125] and [194] for the real and complex sides of the story.
The ﬁnite-dimensional description [125] of the moduli space MΣ with the
help of connections on graphs had various extensions and generalizations (see,
e.g., [10, 184]), and it is related to recent progress in such diverse areas as [6,
71, 105, 121, 122]. For a beautiful introduction and survey of the surrounding
area we refer the reader to [29].
For other ﬁnite-dimensional constructions of the symplectic moduli space
see, e.g., [173, 183]. In [6] this space was studied by introducing the notion of a
group-valued moment map, which proved to be a powerful tool in symplectic
geometry. In Appendix A.10 we discuss torus actions and integrable systems
on such moduli spaces, after [175, 120].
The Cauchy–Stokes formula can be found, in particular, in [151]. The
approach using this formula can also be viewed as parallel to the geometric
complexiﬁcation suggested by Arnold in [14].
The symplectic structure on the moduli space of stable sheaves on a K3
surface or an abelian surface was found by Mukai [283] by algebro-geometric
methods, while the holomorphic Poisson structures were discussed in [55, 371].
The description of the corresponding holomorphic symplectic leaves was
obtained in [194].

180

III. Topological and Holomorphic Gauge Theories

3 Around the Chern–Simons Functional
In this section we move from surfaces to threefolds, along with connections and
bundles on them. By studying the topological Chern–Simons action functional
on the space of connections on a three-dimensional manifold with boundary,
we recover the deﬁnition of the symplectic structure on the moduli space of ﬂat
connections on a compact Riemann surface. Similarly, the holomorphic Chern–
¯
Simons functional on ∂-connections
over three-dimensional Fano manifolds is
related to the holomorphic symplectic structure on the moduli spaces of stable
bundles over K3 or abelian surfaces.
Furthermore, the corresponding path integrals for these Chern–Simons
functionals in the abelian case can be used to deﬁne the Gauss linking number
of oriented curves in three-dimensional space and its holomorphic analogue,
the polar linking number of holomorphic curves.
3.1 A Reminder on the Lagrangian Formalism
A motion of a particle on a manifold can be described by the least action
principle. Consider an action functional
t1

L(q(t), q̇(t), t) dt

S[q] =
t0

deﬁned on the space C[t0 , t1 ] of smooth maps q : [t0 , t1 ] → M of the interval
[t0 , t1 ] to the manifold M . Here L is a (time-dependent) Lagrangian function,
L : T M × R → R, which we assume to depend only on t, q, and its ﬁrst
derivative q̇ := dq/dt.
For a path variation δq one can ﬁnd the corresponding variation of the
action functional, i.e., the linear-in-δq term of the diﬀerence S[q + δq] − S[q]:
t1

δS[q] =
t0

where
E :=

E δq dt + p δq|tt10 ,

∂L(q, q̇, t)
d ∂L(q, q̇, t)
−
∂q
dt
∂ q̇

and
p :=

∂L(q, q̇, t)
.
∂ q̇

(Here and below we
 assume the summation over the coordinates q =
(q 1 , . . . , q d ): pδq := j pj δq j , pj := ∂L(q, q̇, t)/∂ q̇ j , etc.)
Exercise 3.1 Prove the variation formula. (Hint: use integration by parts.)
This way the variation δS can be regarded as a 1-form on the inﬁnitedimensional space C[t0 , t1 ] of “virtual trajectories” of the particle.
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M
q(t)
q1
q0

δq(t)

t0

t1

t

Fig. 3.1. A small variation of the path q(t) with ﬁxed endpoints.

Deﬁnition 3.2 The least action principle states that the actual trajectories
of the particle are the critical points of this action functional: δS[q] = 0.
By conﬁning ourselves to variations with ﬁxed ends, δq(t0 ) = δq(t1 ) = 0,
we come to a necessary condition on the extremals. Namely, actual particle
trajectories satisfy the Euler–Lagrange equation E = 0, i.e.,
∂L(q, q̇, t)
d ∂L(q, q̇, t)
−
= 0.
∂q
dt
∂ q̇
Denote by E[t0 , t1 ] the space of all solutions to the Euler–Lagrange equation,
i.e., the space of such trajectories.
Exercise 3.3 A free particle of mass m moving in the space Rd with a potential energy V : Rd → R has the Lagrangian L(q, q̇, t) = m|q̇|2 /2 − V (q), the
diﬀerence of its kinetic and potential energies. Prove that the Euler–Lagrange
equation for this L gives the Newton equation of motion:
mq̈ = −grad V (q) .
Now we restrict the variation 1-form δS to the space of extremals E[t0 , t1 ],
which is singled out by the Euler–Lagrange equation. On this space of “trajectories with free ends” we obtain
δS = p δq|tt10 = σ1 − σ0 ,

(3.5)

where σi := p δq|ti , i = 0, 1 are the corresponding 1-forms on C[t0 , t1 ]. One
can regard the above as a relation between these three 1-forms: σ0 , σ1 , and
δS, which holds for their restrictions to the space of extremals E[t0 , t1 ].
Now, by applying the exterior diﬀerential δ (on the inﬁnite-dimensional
manifold C[t0 , t1 ]) to both sides of the relation (3.5) above and using δ 2 = 0,
we obtain δσ0 = δσ1 , which holds on E[t0 , t1 ]. This means that the space
E[t0 , t1 ] turns out to be naturally equipped with a closed 2-form ω deﬁned by
ω := δσ0 = δσ1 .
Deﬁnition 3.4 A manifold N equipped with a closed 2-form ω (not necessarily nondegenerate) is called presymplectic.
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Consider the distribution of null-spaces of this 2-form in N .

Exercise 3.5 (i) Assuming that this distribution has constant rank, prove
that it is integrable, i.e., it is tangent to a foliation in N .
(ii) Assuming that this null-foliation is a ﬁbration π : N → N  , prove that
the base of this ﬁbration carries a natural symplectic structure, i.e., (N  , ω  )
is a symplectic manifold such that π ∗ ω  = ω.
The above discussion shows that whenever the space of extremals E[t0 , t1 ]
is a manifold, it is in fact a presymplectic manifold. However, the 2-form ω is
often degenerate. The phase space P of the particle can be described as the
corresponding symplectic manifold. (Here we implicitly assume that various
regularity conditions are satisﬁed to guarantee that both E[t0 , t1 ] and the
phase space are smooth manifolds.)
Exercise 3.6 Check that for the above example of a particle motion in Rd
this deﬁnition of the phase space P coincides with T ∗ Rd equipped with the
natural symplectic structure.
Remark 3.7 [393, 79, 341] The discussed Lagrangian formalism can be generalized to inﬁnite-dimensional target manifolds M or to higher-dimensional
domains instead of the interval [t0 , t1 ]. These are the objects that a ﬁeld theory
deals with. Consider, for example, a local action functional
L(ϕ(x), ∂ϕ(x)) dn x

S[ϕ] =
N

describing a ﬁeld theory on an n-dimensional manifold N with boundary ∂N .
Here x = (x1 , . . . , xn ) are local coordinates on N , ϕ is a map from N to
a target manifold M or a section of some bundle on N , ∂ϕ are the ﬁrst
derivatives of ϕ, while the Lagrangian L can depend on additional structures
on N . As in the one-dimensional situation described above, one can pose a
variational problem δS[ϕ] = 0, which leads to the Euler–Lagrange equations.
Suppose ﬁrst that N = I × Σ, where I is an interval and a manifold Σ
has dimension n − 1. One can consider t ∈ I as the time variable and identify
the ﬁeld theory with an inﬁnite-dimensional classical mechanics, where the
space of maps ϕ : Σ → M plays the role of the target. In particular, one has
a presymplectic manifold of extremals EN and the symplectic phase space P
associated to N (or, rather, to Σ).
Alternatively, one can associate the phase spaces P0 and P1 to the corresponding boundary components ∂N = Σ1 − Σ0 of N , and equip the total
phase space P0 × P1 with the product symplectic structure. There is a natural projection αN of the space EN of extremals into the product P0 × P1 ,
since it “tautologically” projects to each factor: one describes the extremals
via diﬀerent boundary components, taking the orientation of the latter into
account. Then the relation 0 = δ 2 S = δσ1 − δσ0 that held on EN now reads
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that the image αN (EN ) of EN is an isotropic submanifold in the symplectic
manifold P0 × P1 .
Deﬁnition 3.8 A submanifold of a symplectic manifold is isotropic if the
restriction of the symplectic form to this submanifold is zero.
Exercise 3.9 Let f : (N1 , ω1 ) → (N2 , ω2 ) be a diﬀeomorphism between two
symplectic manifolds. Prove that f is a symplectic map, i.e., ω1 = f ∗ ω2 , if and
only if the graph of f is an isotropic submanifold in the symplectic manifold
(N1 × N2 , ω1  ω2 ).
(An isotropic submanifold of maximal possible dimension, which is equal
to half the dimension of the symplectic manifold, is called a Lagrangian submanifold; cf. Section I.4.5. This is the case for the graph of f .)
One can see that the image αN (EN ) is indeed isotropic in P0 ×P1 , since the
2-form δσ1 − δσ0 is exactly the restriction of the product symplectic structure
of P0 × P1 (with diﬀerent orientations of the boundary components) to this
image.
The latter formulation of the presymplectic/isotropic properties of the
space of extremals EN extends naturally to the general case of a manifold
N with boundary consisting of several components Σ1 , . . . , Σk . Associate the
phase space Pj to each component Σj , thinking of a neighborhood of Σj
in N as a product I × Σ. One has the relations δS = σ1 + · · · + σk and
δσ1 + · · · + δσk = 0 on the space of extremals EN , where σj stands for the
contribution of the corresponding boundary component. The latter shows that
the image αN (EN ) under the natural map αN : EN → P1 × · · · × Pk is
isotropic with respect to the product symplectic structure on the phase space
P1 × · · · × Pk . We refer to [341, 79] for more details.
Remark 3.10 The philosophy of holomorphic orientation (see Sections 2.2
and 2.3) can be applied to ﬁeld-theoretic notions in the following way. Suppose
we have an action functional
S[ϕ] =

L(ϕ, ∂ϕ) dn x
M

on smooth ﬁelds ϕ (e.g., functions, connections, etc.) on a real (oriented)
manifold M , and this functional is deﬁned by an n-form L dn x, which depends
on the ﬁelds and their derivatives.
Then one can suggest the following complex analogue SC of the action
functional S for a complex n-dimensional manifold X equipped with a “polar
orientation,” i.e., with a holomorphic or meromorphic n-form µ:
¯ dn x̄ .
µ ∧ L(ϕ, ∂ϕ)

SC [ϕ] :=
X

184

III. Topological and Holomorphic Gauge Theories

Here ϕ stands for smooth ﬁelds on a complex manifold X. Now the (0, n)-form
L dn x̄ is integrated against the holomorphic orientation µ over X.
Furthermore, the interrelation between the extremals of the real functional
S[ϕ] (on smooth ﬁelds) on the real manifold M and the boundary values of
those ﬁelds on ∂M is replaced by the analogous interrelation for the complex
functional SC [ϕ] (still on smooth ﬁelds) on a complex manifold X (equipped
with an n-form µ) and on the polar divisor Y := div∞ µ ⊂ X (equipped with
the residue (n − 1)-form ν := res µ).
The above discussion will allow us to see in the next two sections how
the symplectic structures on the moduli of ﬂat connections and holomorphic
bundles on surfaces arise naturally from the Lagrangian formalism related to
the topological and holomorphic Chern–Simons functionals.
3.2 The Topological Chern–Simons Action Functional
Let N be a real compact oriented three-dimensional manifold with boundary
∂N = Σ. As usual in the “real case,” we take G to be a compact simply

Σ1
Σ2
Σ3
Fig. 3.2. Three-dimensional manifold N with boundary ∂N = Σ1 ∪ Σ2 ∪ Σ3 .

connected simple Lie group with the corresponding Lie algebra g. Denote the
nondegenerate invariant (Killing) bilinear form on g by tr(XY ) := X, Y .
Fix a trivial G-bundle E over N and let A denote the space of connections in
the bundle E. Upon ﬁxing a reference ﬂat connection, we think of A as the
space Ω 1 (N, g).
Deﬁnition 3.11 The topological Chern–Simons action functional is the following real-valued function on the space of connections A:
tr(A ∧ dA) +

CS(A) :=
N

2
3

tr(A ∧ A ∧ A) ,
N

where a connection A ∈ A is understood as a g-valued 1-form on N .
Proposition 3.12 The set of extremals, i.e., solutions of the Euler–Lagrange
equation, for the Chern–Simons functional CS is the space of ﬂat connections
in the G-bundle E over the manifold N .
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Proof. For a small variation δA of a connection A ∈ A the corresponding
variation of the functional is
tr(δA ∧ dA) +

δ CS =
N

tr(A ∧ dδA) + 2
N

d tr(A ∧ δA) + 2

=
N

tr (δA ∧ (dA + A ∧ A))
N

tr(A ∧ δA) + 2

=
∂N

tr(δA ∧ A ∧ A)
N

tr (δA ∧ (dA + A ∧ A)) ,
N

where at the last step we used the Stokes formula.
By imposing the boundary condition δA|∂N = 0 on variations δA, we
obtain the Euler–Lagrange equation
dA + A ∧ A = 0 ,
i.e., the equation of vanishing curvature F (A) = 0 on N . Hence the space of
solutions of this equation is exactly the space of ﬂat connections on the real
threefold N .

The ﬁrst term in
the above calculation of δ CS gives the boundary contribution, the 1-form
σj on the extremals, where the summation is taken over
the boundary components of ∂N . Take N = I × Σ to be a ﬁnite cylinder over
a closed two-dimensional surface Σ. Then the presymplectic structure on the
space of ﬂat connections on N , i.e., on the extremals for our action functional,
is ω = δσ for
tr(a ∧ δa) ,
σ :=
Σ

where a := A|Σ denotes the restriction of a ﬂat connection A from the manifold N to either of its boundary components Σ. (Here we omit the index
j = 0, 1 for σj , since ω = δσ0 = δσ1 .)
Exercise 3.13 Verify that the 2-form ω = δσ is degenerate on the space of
ﬂat connections on the surface Σ exactly along the gauge equivalence classes
of the connections {a}. (Hint: the 2-form δσ = Σ tr(δa ∧ δa) is the restriction
of the canonical 2-form ω from the set of all connections to the subset of ﬂat
connections on Σ; cf. Deﬁnition 2.1.)
Thus the moduli space of ﬂat connections MΣ on the surface Σ appears
as the natural symplectic (or phase) space for this presymplectic space of
ﬂat connections on Σ, and we obtain yet another deﬁnition of the symplectic
structure on MΣ from Section 2.1.
Corollary 3.14 The moduli space MΣ of ﬂat connections on a surface Σ
is naturally symplectic as the phase space for extremals of the Chern–Simons
action functional for connections on the threefold N = I × Σ.
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Remark 3.15 To see why this action functional is called topological we
now check the invariance property of the Chern–Simons action with respect to gauge transformations of the connections. Let M be a compact
 are
three-dimensional manifold without boundary and suppose that A and A
connections in a G-bundle over M that are sent to each other by a gauge
transformation g:
 = gAg −1 − dgg −1 .
A
Then the Chern–Simons actions for them are related as follows:
 = CS(A) +
CS(A)

1
3


tr g −1 dg ∧ g −1 dg ∧ g −1 dg .
M
−1

Recall that the 3-form
tr(g dg)∧3 is the pullback under the map g :
M → G of an integral closed 3-form η on the compact simply connected
simple Lie group G (see Proposition 2.16 in Appendix A.2; cf. Section II.1.3).
Thus the integral of this form depends only on topological properties of the
map g and can be expressed as
1
24π 2

1
24π 2

tr(g −1 dg)∧3 =
M

g∗ η ,
M

which is an integer, since the 3-form η generates H 3 (G, Z). The latter implies
i
CS(A) is gauge invariant:
that the exponential exp 4π
i
 − i CS(A) = 2πi · 1
CS(A)
4π
4π
24π 2

tr(g −1 dg)∧3 ∈ 2πi · Z .
M

Remark 3.16 An interesting integer-valued invariant for a homology
3-sphere M was introduced by Casson and is closely related to the gaugetheoretic constructions above [70]. Roughly speaking, the Casson invariant Cas(M ) is deﬁned as the algebraic number of the conjugacy classes of
irreducible SU(2)-representations of the fundamental group π1 (M ). In other
words, it counts the number of irreducible ﬂat SU(2)-connections on M modulo conjugation. The homology restriction on the threefold M is related to
the fact that if H1 (M ) = 0, then the moduli space of ﬂat connections on M
might not be zero-dimensional, and in particular, it would not consist of a
ﬁnite number of points. The reason for restricting to SU(2) is clariﬁed in the
following exercise.
Exercise 3.17 Show that the only reducible representation ρ : π1 (M ) →
SU(2) is the trivial one. (Hint: Reducible representations of π1 (M ) in SU(2)
are necessarily abelian and hence factor through the homology H1 (M ). This
homology group is trivial for a homology 3-sphere.)
Now consider a Heegaard splitting of M into two handlebodies M =
M1 ∪Σ M2 glued together along their common boundary, an embedded surface Σ ⊂ M . Consider the moduli space MΣ of ﬂat connections in the trivial
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SU(2)-bundle on the surface Σ. Deﬁne two submanifolds L1 and L2 of the
symplectic manifold MΣ as those (equivalence classes of) ﬂat connections on
the surface Σ that extend to M1 and M2 respectively. One can show that these
submanifolds are Lagrangian. Their intersection points L1 ∩ L2 correspond to
ﬂat connections extendable to the whole of M . Thus the Casson invariant is
deﬁned as the intersection number of these submanifolds,
Cas(M ) = #(L1 , L2 ) ,
where we assume that the submanifolds intersect transversally, and exclude
the intersection corresponding to the trivial representation; see details, for
example, in [364].
3.3 The Holomorphic Chern–Simons Action Functional
A complex three-dimensional manifold X equipped with a nowhere vanishing meromorphic 3-form µ can be regarded as a complex analogue of a
real oriented manifold with boundary, following the general philosophy that
we adopted in Sections 2.2 and 2.3. Accordingly, one can complexify the
Lagrangian formalism to this situation. Here we deﬁne a holomorphic analogue
of the Chern–Simons action functional for (X, µ) and relate it to Mukai’s holomorphic symplectic structures on moduli of holomorphic bundles over complex
surfaces, following [195, 85].
Let GC be a complex simple and simply connected Lie group and EC a
complex GC -bundle over the manifold X. As before, let us denote by AX
C the
space of (0, 1)-connections in the bundle EC .
Deﬁnition 3.18 The holomorphic Chern–Simons action functional CSC :
AX
C → C is deﬁned via


2
¯
µ ∧ A ∧ ∂A + A ∧ A ∧ A
CSC (A) :=
3
X
for any (0, 1)-connection A ∈ AX
C thought of as a gC -valued (0, 1)-form on X.
As usual, we assume that the 3-form µ has only ﬁrst-order poles, and hence
the integral above is well deﬁned.
Proposition 3.19 The extremals of the holomorphic Chern–Simons functional are holomorphic structures in the complex bundle EC .
Proof. Indeed, in the same way as in the real case and by using the Cauchy–
Stokes formula we come to the Euler–Lagrange equation
¯ +A∧A=0
∂A
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in the holomorphic setting. Its solutions are (0, 1)-connections A with vanishing (0, 2)-curvature, F 0,2 (A) = 0, and each such connection deﬁnes the

corresponding holomorphic structure in the complex bundle EC .
Consider now the “boundary term” of the variation δ CSC , which now descends to the polar divisor of the meromorphic 3-form µ. Denote this polar
divisor by Y := div∞ µ ⊂ X. Note that the residue ν := resY µ is a nonvanishing 2-form on the divisor Y , since µ itself is nonvanishing (see Exercise
2.19). In particular, the canonical bundle of Y has to be trivial, so that Y is
either a K3 surface or a complex torus.
To deﬁne the presymplectic structure in the real case we considered a
cylinder M = I × Σ over a Riemann surface Σ. Here we look at the complex
analogue of such a cylinder. Namely, let X = CP1 × Y be the product of
CP1 and a K3 surface or abelian surface Y . Suppose that Y is endowed
with a holomorphic (necessarily nonvanishing) 2-form ν, and consider the
meromorphic 3-form µ = (dz/z) ∧ ν on X, where dz/z is a 1-form on the
complex line CP1 . One can see that ν = resz=0 µ = − resz=∞ µ.
Now the variation of the holomorphic Chern–Simons functional satisﬁes
the relation δ CSC = σ0,C + σ∞,C on the space of extremals, which are the
integrable (0, 1)-connections on X, i.e., the connections with vanishing (0, 2)curvature. Here σ0,C and σ∞,C stand for the contributions of the corresponding
components z = 0 and z = ∞ of the polar divisor of µ.
This allows us to introduce the holomorphic presymplectic structure ωC =
δσC on the “boundary values” of the extremals, i.e., on the space of integrable
connections on the surface Y . Explicitly, the holomorphic 1-form σC is
ν ∧ tr(a ∧ δa) ,

σC :=
Y

where a := A|z=0 is the restriction of a (0, 1)-connection A in EC from the
threefold X to the surface Y (understood as one component {z = 0} × Y ⊂ X
of the polar divisor of µ), δa is the corresponding variation of a, and ν =
resz=0 µ is a holomorphic 2-form on Y .
One can show that, similarly to the real case, the presymplectic structure
ωC is degenerate along the orbits of the action of the complex group of gauge
transformations GYC on integrable (0, 1)-connections (i.e., holomorphic structures) in the bundle EC over Y . After taking the quotient with respect to the
group action, we obtain a nondegenerate holomorphic symplectic structure on
the moduli space of (stable) holomorphic bundles on the K3 or abelian surface Y . (Here, as usual, we are concerned with the moduli space only locally
around a smooth point.) Thus the holomorphic Lagrangian formalism gives
an alternative approach to Mukai’s result discussed before:
Theorem 3.20 ([283]) There exists a holomorphic symplectic structure ωC
on the moduli space MY of stable holomorphic GC -bundles over a K3 or
abelian surface Y .
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Remark 3.21 It turns out that there exists a holomorphic analogue of the
Casson invariant for a Calabi–Yau manifold X; see [85, 366]. Instead of a
Heegaard splitting of a real manifold, one considers a degeneration of this CY
manifold to an intersection of two Fano manifolds. The divisor of intersection
is a K3 or abelian surface, and one counts in a special way the holomorphic
bundles over Y extendable to both of these two Fano manifolds.
We also note that the holomorphic Chern–Simons action functional has
more complicated transformation properties with respect to gauge transformations. After a “large” gauge transformation,
the value of the functional

diﬀers by a multiple of the integrals X µ ∧ g ∗ η. The latter can be viewed as
the integrals of the meromorphic 3-form µ over the three-cycles in X that are
Poincaré dual to the 3-form g ∗ η for various maps g : X → GC . The values of
these integrals can form a lattice
 ior even a dense set in C; hence considering
CS(A) does not allow one to extract a
the exponential similar to exp 4π
gauge-invariant quantity in the holomorphic setting.
3.4 A Reminder on Linking Numbers
Let M be a simply connected oriented manifold and let γ1 and γ2 be two
nonintersecting oriented closed curves in M . Pick an oriented surface D1 ⊂ M
(a Seifert surface for the curve γ1 ) such that the curve γ1 is the oriented
boundary of the surface D1 and such that D1 and γ2 intersect transversally.
Deﬁnition 3.22 The linking number lk(γ1 , γ2 ) of the curves γ1 and γ2 is the
intersection number of the surface D1 and the curve γ2 , i.e., the number of
intersections of the curve γ2 with the surface D1 counted with orientation (see
Figure 3.3):
lk(γ1 , γ2 ) = #(D1 , γ2 ).

γ1

γ2

Fig. 3.3. Linking of two oriented curves.

The sign at each intersection point is obtained by forming there a frame from
the orientation frames for D1 and γ2 , and comparing it with the orientation
of the ambient manifold M .
Proposition 3.23 The linking number lk(γ1 , γ2 ) is
(i) independent of the choice of a Seifert surface D1 ,
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(ii) symmetric in γ1 and γ2 ,
(iii) invariant with respect to isotopy of the curves, provided they do not
intersect each other,
(iv) well deﬁned in any (not necessarily simply connected) oriented threedimensional manifold M , provided that both curves γ1 and γ2 are homologous
to 0 in M .
Note that if the manifold M is not simply connected and only one of the
curves is homologous to 0 in M , but the other is not, the linking number
might not be well deﬁned. For instance, take M = T3 and two curves, one of
which is homologous to 0, while the other is a generator in H1 (T3 , Z). Then
by taking diﬀerent Seifert surfaces for the ﬁrst curve one obtains either 0 or
1 for their linking number; see Figure 3.4.

Fig. 3.4. Two Seifert surfaces for the horizontal circle in the cube-torus T3 = R3 /Z3 ,
one “inside” and one “outside,” give linking numbers ±1 and 0, respectively, for the
intersection with the “vertical” cycle.

Exercise 3.24 Prove the above proposition. Furthermore, show also that the
linking number is actually invariant when the curve γ1 changes to a curve (or
a collection of curves) γ
1 homologous to γ1 in the complement M \ γ2 (see
Figure 3.5).

γ2
γ1

γ
1

Fig. 3.5. The homologous curves γ1 and γ
1 have the same linking number with the
curve γ2 .
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Needless to say, the linking number easily generalizes to manifolds of any
dimension n, provided that the linking submanifolds are homologous to zero
and have “linking dimensions”: the sum of their dimensions equals n − 1.
Remark 3.25 There exists the Gauss integral formula for the linking number
of two curves γ1 and γ2 in R3 . Recall it here in a somewhat “symbolic form,”
which we need further.
Let ∆ ⊂ M × M denote the diagonal in M × M and let δ stand for
its Poincaré dual current, a closed 3-form supported on the diagonal, [δ] ∈
H 3 (M × M, R). Then we can write
lk(γ1 , γ2 ) = #(∆ , D1 × γ2 ) =

δ(x, y) ,
x∈D1

(3.6)

y∈γ2

where #(∆ , D1 × γ2 ) is the intersection number of ∆ and D1 × γ2 ⊂ M × M .
One can split the 3-form δ into the homogeneous components
δ = δ 3,0 + δ 2,1 + δ 1,2 + δ 0,3 ,
where δ i,j denotes the component that is an i-form on the ﬁrst factor of
M × M , and a j-form on the second factor. Note that in equation (3.6) we
had to integrate only over the component δ 2,1 , since all the other integrals
vanish. This component is an exact 2-form in x on D1 , which allows us to
apply the Stokes formula:
2,1
d−1
(x, y) .
x δ

δ 2,1 (x, y) =

lk(γ1 , γ2 ) =
x∈D1

y∈γ2

x∈γ1

y∈γ2

2,1
(x, y) on the torus γ1 × γ2 assumes the standard
For R3 the (1, 1)-form d−1
x δ
Gauss form
→ −
→
−−−→ −
1 (x − y, dx, dy)
·
,
−−−→
4π
x − y3

where (·, ·, ·) is the mixed product of three vectors in R3 .
Remark 3.26 In what follows we need a bit of calculus of such δ-type forms.
Let δγ be the Dirac δ-type 2-form supported on a closed oriented curve γ in
a simply connected threefold M . (Alternatively, the curve γ can be regarded
as a de Rham current, a linear functional on 1-forms on M , whose value is
the integral of the 1-form over γ.) The integral of this 2-form δγ over a twodimensional surface counts the intersection number of this surface with the
curve γ. Then by using the decomposition of the diagonal 3-form δ into the
homogeneous components, we can express
δ 2,1 (x, y) ,

δγ (x) =
y∈γ
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where we denote the coordinates on the ﬁrst and the second factors of M × M
by x and y respectively. Choose a surface D ⊂ M whose boundary is γ = ∂D.
Similarly, we can deﬁne the δ-type 1-form supported on the surface D by
δ 1,2 (x, y) .

δD (x) =
y∈D

The relation ∂D = γ is equivalent to the relation between the corresponding
δ-forms: dx δD (x) = δγ (x), due to the Stokes theorem, or more explicitly,
dx (δ 1,2 )(x, y) ,

δγ (x) =
y∈D

where dx denotes the exterior derivative applied to the x-coordinates only.
Finally, if γ1 and γ2 are two nonintersecting curves, we have
lk(γ1 , γ2 ) =

δD1 (x) ∧ δγ2 (x) =

δγ2 (x) =
x∈D1

M

δD1 ∧ dδD2 ,

(3.7)

M

where ∂D2 = γ2 . The latter form suggests a common nature of the linking
number and the A ∧ dA-part of the Chern–Simons functional, which we are
going to study below.
3.5 The Abelian Chern–Simons Path Integral and Linking
Numbers
We start with a reminder on ﬁnite-dimensional Gaussian integrals. Let (x, Qx)
be a symmetric negative-deﬁnite form in the Euclidean Rn . The classical
Gauss integral
exp(−qx2 /2)dx =

(

2π/q

R

has the multidimensional analogue

e

1
2 (x,Qx)

Rn

n

d x=

(2π)n
det(−Q)

 12
.

Now ﬁx a vector J ∈ Rn and consider the integral
ZQ (J) :=

1

e 2 (x,Qx)+(x,J) dn x =
Rn

eSJ (x) dn x
Rn

corresponding to the shift SJ (x) := 12 (x, Qx) + (x, J) of the quadratic form
by a linear term. (The initial integral is ZQ (0).) This integral can easily be
solved by completing the square. Indeed, let x0 be a solution of the equation
Qx0 + J = 0, i.e., x0 = −Q−1 J. Then by introducing a shifted variable
x
 = x − x0 and using the translation invariance of the measure dn x, we obtain

3. Around the Chern–Simons Functional
ZQ (J) =

193

eSJ (x+x0 ) dn x
Rn

!
1
(
x + x0 , Q(
x + x0 )) + (
x + x0 , J) dn x
2
Rn
!
1
1
(
x, Q
x) + (x0 , Qx0 ) + (x0 , J) dn x
=
exp

2
2
Rn

=

exp

1

= eSJ (x0 )
Rn

1

e 2 (x,Qx) dn x
 = e 2 (x0 ,J) ZQ (0) .

Thus, we have
−1
1
1
ZQ (J)
= eSJ (x0 ) = e 2 (x0 ,J) = e− 2 (Q J,J) .
ZQ (0)

(3.8)

Remark 3.27 When the space Rn is replaced by some inﬁnite-dimensional
vector space, the integrals deﬁning ZQ (0) and ZQ (J) usually do not make
sense. However, one can “calculate” their ratio, which often turns out to
be well deﬁned. Note that the second of the equivalent expressions for
the ratio ZQ (J)/ZQ (0) in formula (3.8) has the form exp( 12 (x0 , J)) =
exp(− 12 (x0 , Qx0 )), which allows us to avoid looking for the inverse Q−1 of
the corresponding operator in the inﬁnite-dimensional space.
Consider an application of this idea to the abelian Chern–Simons path
integral. Let A be the space of connections in a U(1)-bundle over a real threedimensional simply connected manifold M without boundary. We can think
of such connections as real-valued 1-forms on M . Denote by CS : A → R
the Chern–Simons action functional on A = Ω 1 (M, R), which now becomes a
quadratic form
A ∧ dA ,

CS(A) =
M

since the group U(1) is abelian and the cubic term A ∧ A ∧ A vanishes. Note
that the kernel of this quadratic form is the space of exact 1-forms dΩ 0 ⊂
Ω 1 (M, R).
Fix some linear functional J on Ω 1 (M, R), i.e., a de Rham current on this
space, and deﬁne
SJ (A) :=

1
2

A ∧ dA +
M

A∧J .
M

for A ∈ Ω 1 (M, R). We also impose the condition dJ = 0, so that the linear
term M A ∧ J is well deﬁned on the quotient Ω 1 (M )/dΩ 0 (M ). Now make
the following “formal” deﬁnition.
Deﬁnition 3.28 The abelian Chern–Simons path integral is the expression
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eSJ (A) DA ,

ZCS (J) :=
Ω 1 /dΩ 0

where DA stands for a translation-invariant measure on the inﬁnitedimensional space Ω 1 (M )/dΩ 0 (M ).
Rather than trying to deﬁne the measure and the path integral precisely,
we are going to see what the above formal manipulations with Gaussian integrals give us in this situation, where, in a sense, the operator Q is replaced by
the outer derivative d. By formula (3.8) for the ratio ZQ (J)/ZQ (0) we obtain

1
ZCS (J)
= eSJ (A0 ) = e 2 M A0 ∧J ,
ZCS (0)

where A0 is a solution of the equation dA0 + J = 0. (Recall that J is a closed
current on a simply connected M , and hence it is exact, i.e., this equation
formally has a solution.)
Now we would like to specify the functional J on 1-forms A ∈ Ω 1 (M, R) to
be the integral of the form over a collection of curves in the simply connected
manifold M . Let γi , i = 1, . . . , k,
be closed oriented nonintersecting curves
in the manifold M . We set J = i qi δγi , where δγi is the δ-type 2-form on
M supported on the curve γi , while qi are real parameters. By applying the
calculus of δ-forms (see Remark 3.26) we obtain that the ratio ZCS (J)/ZCS (0)
assumes the following explicit form:
ZCS (J)
= exp
ZCS (0)
= exp
= exp

= exp
= exp

1
2
1
2
1
2
1
2

A0 ∧ J

1
2

= exp

M

A0 ∧



M

i

−dA0 ∧
M

⎛
⎝

M

1
2

!

i,j

y∈Di

qi

i



M

y∈Di

z∈γj

y∈γi

!
δ 1,2 (x, y)
⎞





M


δ 1,2 (x, y)

qi

!

y∈Di

i

!
δγj (x) ∧ δDi (x) = exp

qi qj

!
δ 2,1 (x, y)

qi

i

δ 2,1 (x, z)⎠ ∧

qj

j



!
dx δ 1,2 (x, y)

qi



A0 ∧

1
2

!
qi qj lk(γj , γi )

i,j

Here we have used the Stokes theorem, as well as the deﬁnition of A0 as a
solution of the equation dA0 + J = 0.
Corollary 3.29 ([340, 318]) For the functional J deﬁned as the integral of
1-forms over a collection of curves in a threefold, the ratio ZCS (J)/ZCS (0)
counts the pairwise linking numbers of these curves.

3. Around the Chern–Simons Functional

195

Note also that above, in the latter sum, we had to assume that i = j, so
that the linking number was deﬁned. The case of self-linking is much more
subtle. It leads to divergences of the path integral and requires some additional
speciﬁcations, such as framing, for its normalization; see [54]. The value ZCS (0)
in the case without any curve corresponds to the Ray–Singer torsion of the
manifold M [340].
The topological Chern–Simons path integral has a holomorphic analogue.
Deﬁnition 3.30 (cf. [390]) For a three-dimensional Calabi–Yau manifold
X with a holomorphic 3-form µ the holomorphic abelian Chern–Simons path
integral is the expression
ZCS (J) :=

eSCJ (A) DA ,
¯ 0,0
Ω 0,1 /∂Ω

where

1
¯ + CJ, A
µ ∧ A ∧ ∂A
2 X
is the quadratic form shifted by the linear functional CJ on the space of
(0, 1)-connections A ∈ Ω 0,1 (X, C).
SCJ (A) :=

Remark 3.31 For a complex curve C ⊂ X equipped with a holomorphic
1-form α deﬁne
 the linear functional on (0, 1)-connections A by assigning
CJC , A := C α ∧ A. Similarly to the topological case, if such a functional
CJ corresponds to a collection of complex curves, the holomorphic abelian
Chern–Simons path integral can be described in terms of the polar linking
number, a holomorphic analogue of the Gauss linking number, which we deﬁne
in Section 4.3. The relation of this functional with the holomorphic analogue
of linking was established in [134, 195, 366].
The abelian theory is a particular case of the general Chern–Simons path
integral. In the topological case we consider a link L = ∪i γi in a compact
real threefold M . Let A be the aﬃne space of all connections in the (trivial)
G-bundle over M for a compact simply connected simple Lie group G. We
identify A with the space Ω 1 (M, g) of 1-forms on M with values in the Lie
algebra g of G. Finally, let GM = C ∞ (M, G) be the group of gauge transformations in the bundle.
Deﬁnition 3.32 The nonabelian Chern–Simons path integral for a link L ⊂
M is the following function of a parameter k:
!

2
exp ik
tr A ∧ dA + A ∧ A ∧ A
ZCS (L; k) =
3
M
A/GM

×

3
γi ⊂L


tr P exp

!
DA,
A
γi
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where P exp is the path-ordered exponential integral of a nonabelian connection A over γi , and DA is an appropriate measure on the moduli space of the
connections A/GM .
Remark 3.33 Witten showed in [389] that for M = S 3 and G = SU(2) this
path integral leads to the Jones polynomial for the link L. Other link or knot
invariants can be obtained by changing the group. Note that they are always
Vassiliev-type invariants of ﬁnite order [35, 36]. There are various ways to give
ZCS (L; k) and the corresponding link invariants rigorous deﬁnitions (see, e.g.,
the combinatorial [327] or probabilistic [5] approaches).
The extension of these results to a holomorphic version of the nonabelian
Chern–Simons path integral is an intriguing open problem. The more complicated gauge transformation property of the holomorphic Chern–Simons action
functional already makes the ﬁrst step, writing out the corresponding path integral for an arbitrary collection of complex curves in a Calabi–Yau threefold,
a serious problem; see some discussion in [391, 134, 366].
3.6 Bibliographical Notes
The Chern–Simons functional was introduced in [72]. For the relation of the
abelian Chern–Simons functional to linking numbers we refer to [340, 318].
The appearance of the Jones polynomial and other knot invariants from the
Chern–Simons functional was discovered by Witten [389]; see more details
in [35, 210]. An excellent account of the relation between this functional to
knot theory is contained in the book by Atiyah [27]. The relation between
the Chern–Simons functional and the Vassiliev knot invariants is described in
[36, 210].
The holomorphic Chern–Simons functional was introduced in [390] and
studied in a number of papers [85, 134, 195, 196, 367]. For a higher-dimensional
version of the Chern–Simons functional and its relation to linking numbers of
several submanifolds see [124].
The classical Lagrangian formalism can be found, for example, in [18]. The
formalism of the Lagrangian ﬁeld theory was described in [393]; see also the
presentations in [79, 341] for more details and examples. For preliminaries on
linking numbers one can look at any book on diﬀerential topology, e.g., [162].
The question of when the space of extremals (more precisely, geodesics on a
manifold) is a smooth manifold by itself is addressed, for example, in [38, 39].
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4 Polar Homology
In the preceding sections we have encountered several analogies between notions from diﬀerential topology and complex algebraic geometry, which we list
in the following “complexiﬁcation table”:
Real
real n-dimensional manifold
orientation of the manifold
manifold’s boundary
orientation of the boundary
manifold’s singularity or inﬁnity
ﬂat connection
aﬃne Lie algebra
topological Chern–Simons functional
Stokes formula
singular homology

Complex
complex n-dimensional manifold
nonvanishing meromorphic n-form
form’s divisor of poles
residue of the form
form’s divisor of zeros
holomorphic bundle
elliptic Lie algebra
holomorphic Chern–Simons functional
Cauchy–Stokes formula
polar homology

The last analogy of this table is the subject of the present section. We begin
with an informal introduction to polar homology, which is followed by the
precise deﬁnition [195, 196]. Then we treat polar analogues of the intersection
and linking numbers, and ﬁnally, we brieﬂy introduce polar homology of aﬃne
curves.
4.1 Introduction to Polar Homology
In this section we discuss the naturality of the correspondence between the
notions of an orientation of a real manifold and a meromorphic form on a
complex manifold. As we show below, this correspondence can be thought
of as an extension of the analogy between de Rham and Dolbeault cochains
( d ↔ ∂¯ ) to an analogy at the level of the corresponding chain complexes.
Consider a compact complex (ambient) manifold X. Let W ⊂ X be a
k-dimensional submanifold equipped with a holomorphic k-form ω. We are
going to regard the top-degree holomorphic form ω on a complex submanifold
as the submanifold’s “holomorphic orientation.”
More generally, assume that the form ω is allowed to have ﬁrst-order poles
on a smooth hypersurface V ⊂ W . A pair (W, ω), which consists of a kdimensional submanifold W equipped with such a meromorphic top-degree
form ω, will be thought of as an analogue of a compact oriented submanifold
with boundary.
In the polar homology theory the pairs (W, ω) will play the role of kchains. The corresponding boundary operator ∂ assumes the form ∂ (W, ω) =
2πi(V, res ω), where V is the polar set of the k-form ω, while res ω is the
Poincaré residue of ω, which is a (k − 1)-form on V . Note that in the situation under consideration, when the polar set V of the form ω is a smooth
(k − 1)-dimensional submanifold in a smooth k-dimensional W , the induced
“orientation” on V is given by a regular (k − 1)-form res ω. This means that
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∂ (V, res ω) = 0, or the boundary of a boundary is zero. The latter is the
source of the identity ∂ 2 = 0, which allows one to deﬁne polar homology
groups HPk (X) = ker ∂/ im ∂.
Example 4.1 To illustrate the identity ∂ 2 = 0 consider the example ω =
dx ∧ dy/xy in C2 . Then we have
res |y=0 res |x=0 ω = res |y=0 dy/y = 1
= − res |x=0 (−dx/x) = − res |x=0 res |y=0 ω .
Thus, the iterated residues diﬀer by the sign corresponding to the order in
which they are taken. Hence, the total second residue on the polar divisor of
the form ω equals 0.
Note that the example of the polar divisor {xy = 0} for the form ω =
dx ∧ dy/xy in C2 should be viewed as a complexiﬁcation of a vertex of a
polygon in R2 . Indeed, the cancellation of the repeated residues on diﬀerent
components of the divisor is mimicking the calculation of the boundary of
a boundary of a polygon: every vertex of the polygon appears twice with
diﬀerent signs as a boundary point of two sides (see Figure 4.1).

y

+ −

dy
y

+ −

0

− dx
x
x

Fig. 4.1. The relation ∂ 2 = 0 in polar homology is a complex analogue of the
relation ∂ 2 = 0 in singular homology: in the boundary of the boundary every vertex
of a polygon appears twice with opposite signs.

Example 4.2 Let us ﬁnd the polar homology groups HPk (Z) of a complex
projective curve Z. In this (and in any) case, all the 0-chains are cycles. Let
(P, a) and (Q, b) be two 0-cycles, where P, Q are points on Z and a, b ∈ C
(see Figure 4.2). These two 0-cycles are polar homologically equivalent if and
only if a = b. Indeed, a = b is necessary and suﬃcient for the existence of
a meromorphic 1-form α on Z such that div∞ α = P + Q and resP α =
2πi a, resQ α = −2πi b. (The sum of all residues of a meromorphic diﬀerential
on a projective curve is zero by the Cauchy residue theorem.) Then, in terms
of the polar chain complex (to be formally deﬁned in the next section) one
can write that (P, a) − (Q, a) = ∂ (Z, α). Thus, HP0 (Z) = C .
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(P, a)
(Q, b)

Z
Fig. 4.2. A complex curve Z with two polar 0-chains.

Polar 1-cycles correspond to all possible holomorphic 1-forms on Z. On
the other hand, there are no 1-boundaries, since there are no polar 2-chains
in Z. Hence HP1 (Z) = C κ , where κ is the genus of the curve Z. The absence
of polar 2-chains in Z also gives HPk (Z) = 0 for k ≥ 2.
Remark 4.3 Polar homology is an analogue of singular homology with coeﬃcients in R. Consider real analogues of complex curves, i.e., real manifolds
whose singular homology groups have the same dimensions over R as the polar
homology groups of complex curves over C. For a curve Z of genus κ its real
analogue is a wedge of κ circles if κ ≥ 1 and a closed interval (i.e., homotopic
to a point) if κ = 0. These manifolds can be drawn as graphs as in Figure 4.3.
We would like to emphasize that CP1 is a complex analogue of a real interval,
while an elliptic curve E is a complex counterpart of a circle in this precise
sense. We exploited this analogy in the previous chapters.
We also note that the number of trivalent points (i.e., points of nonsmoothness) for such graphs is equal to 2κ − 2. This is exactly the number of zeros
of a holomorphic diﬀerential on the curve Z of genus κ. We obtain yet another line in the complexiﬁcation dictionary we started with: the divisor of
zeros of a holomorphic (or meromorphic) volume form on a complex manifold
correspond to nonsmoothness points of real manifolds.
Remark 4.4 There is a natural pairing between polar chains and smooth
diﬀerential forms on a manifold: For a polar k-chain (W, ω) and any (0, k)form u this pairing is given by the integral
ω∧u.

(W, ω) , u =
W

In other words, the polar k-chain (W, ω) deﬁnes a de Rham current on X of
degree (n, n − k), where n = dim X.
This pairing descends to (co)homology classes by virtue of the Cauchy–
Stokes formula. Indeed, recall that for a meromorphic k-form ω on W having
ﬁrst-order poles on a smooth hypersurface V ⊂ W , the Cauchy–Stokes formula
(see Theorem 2.21) states that
ω ∧ ∂¯ v = 2πi
W

res ω ∧ v ,
V
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κ=1

κ=0

#

s

s
"!

Z is polar smooth (with polar boundary): there exists a
1-form with two simple poles
and without zeros,

Z is polar smooth (without
a polar boundary): there exists a 1-form without zeros
or poles,

dim HP0 (Z) = 1 ,

dim HP0 (Z) = 1 ,

dim HP1 (Z) = 0 .

dim HP1 (Z) = 1 .

r


r

r


r

κ>1

r

p p p

r



r

p p p

r



Z is polar nonsmooth: a
generic holomorphic 1-form
has 2κ − 2 zeros,
dim HP0 (Z) = 1 ,
dim HP1 (Z) = κ .
Fig. 4.3. The real analogue of a smooth projective curve Z of genus κ.

where v is any smooth (0, k − 1)-form on X. Using the deﬁnition of the polar
boundary operator, the latter can be rewritten as
¯ =  ∂(W, ω) , v .
(W, ω) , ∂v
In this way, the Cauchy–Stokes formula deﬁnes the pairing between the polar
homology groups of a complex manifold X and the Dolbeault cohomology
groups H∂0,k
¯ (X).
Remark 4.5 One can deﬁne polar (k, p)-chains as pairs (A, α), where A ⊂
X is a k-dimensional subvariety and α is a meromorphic p-form on A. The
relation ∂ 2 = 0 still holds in this more general setup, and one obtains polar
homology groups HPk,p . Above, we have been considering the groups HPk =
HPk,k . Another interesting case is the case p = 0, in which we consider pairs
(A, a), where a ∈ C. Two pairs (A1 , a1 ) and (A2 , a2 ) are equivalent if there
exists a 1-form α on X that has opposite residues on A1 and A2 .
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We also note that the intuitive deﬁnition of polar homology above has
to be made more precise, since one cannot restrict to the case of smooth
complex submanifolds only: the divisor of poles is already not necessarily
smooth. Instead of considering submanifolds, we will deﬁne polar chains as
smooth varieties along with their maps to our manifold. This is similar to
the deﬁnition of singular homology in topology, where one considers maps of
abstract simplices into a manifold. We give a formal deﬁnition of the polar
homology groups in the next section. Below we recall the construction of the
pushforward of a diﬀerential form, which we need for that deﬁnition.
Deﬁnition 4.6 For a ﬁnite covering f : X → Y and a function u on X one
can deﬁne its pushforward, or the trace, f∗ u as a function on Y whose value at
a point is calculated by summing over the preimages taken with multiplicities.
The operation f∗ can be generalized to p-forms and to the maps f that are
only generically ﬁnite.
Suppose that f : X → Y is a proper, surjective holomorphic mapping
where both X and Y are smooth complex manifolds of the same dimension n.
The pushforward map is a mapping
p
) → Γ (Y, ΩYp ) .
f∗ : Γ (X, ΩX

The pushforward map is also deﬁned for meromorphic forms, f∗ :
Γ (X, Mp ) → Γ (Y, Mp ).
Its construction is as follows. First note that f is generically ﬁnite, i.e.,
there is an analytic hypersurface D ⊂ Y such that f is a ﬁnite unramiﬁed
covering oﬀ this hypersurface D. Hence, for a suﬃciently small open neighborhood U of any point in Y ∗ := Y D, the inverse image f −1 (U ) = U1 · · ·Ud
is a disjoint union of d open sets Uj , such that f |Uj is an isomorphism with
the inverse sj : U → Uj . Given a form ω on X, one deﬁnes its pushforward
f∗ ω := s∗1 ω + · · · + s∗d ω
in U , and therefore in Y ∗ . One can check that the form f∗ ω extends across
the smooth points of D and hence to the whole of the manifold Y , since the
remaining part of D has codimension at least two. The resulting form f∗ ω
is holomorphic (respectively, meromorphic) on Y provided the form ω was
holomorphic (respectively, meromorphic) on X; see details, e.g., in [149].
Furthermore, the operations of pushforward and residue commute:
Proposition 4.7 Let f : X → Y be a proper surjective holomorphic map
between complex manifolds of the same dimension. Let ω be a meromorphic
form on X with only ﬁrst-order poles on a smooth hypersurface V ⊂ X.
Suppose that f (V ) is a smooth hypersurface in Y . Then f∗ ω has ﬁrst-order
poles on f (V ), and
res f∗ ω = f∗ res ω ,
where f : V → f (V ) is the restriction to V of the map f .
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Example 4.8 To visualize how f∗ ω extends across the smooth points of D,
consider the following one-dimensional example. Let f : C → C be deﬁned as
f : x → y = xm . Then any holomorphic 1-form ω = ψ(x)dx has a holomorphic
pushforward 1-form f∗ ω = ϕ(y)dy. Indeed, by deﬁnition of the pushforward,
for any y = 0, we obtain
ϕ(y)dy :=

m


1  xj ψ(xj )
dy ,
m j=1
y
m

ψ(xj ) dx =

j=1

where xj are all mth roots of y, and in the last equality we used the relation
dy/y = m dx/x for y = xm . This form ϕ(y)dy is well deﬁned for y = 0 and we
need to check that ϕ(y) can be extended to y = 0. Expanding ψ into a power
series

al xl ,
ψ(x) =
l≥0

we obtain
ϕ(y) =

m
m
1 
1   l+1
xj ψ(xj ) =
al
xj
my j=1
my
j=1
l≥0


1 
=
akm−1 (my k ) =
akm−1 y k−1 ,
my
k≥1

k≥1

m

where we have used that j=1 xnj = 0, unless n = km. This power expansion
in y proves that ϕ(y) is holomorphic at 0, and hence over C.

4.2 Polar Homology of Projective Varieties
In this section we deal with complex projective varieties, i.e., closed subvarieties of a complex projective space. For a smooth variety X, we denote by
p
ΩX
the sheaf of holomorphic p-forms on X.
The space of polar k-chains for a complex projective variety X of dimension
n is deﬁned as a C-vector space with certain generators and relations.
Deﬁnition 4.9 The space of polar k-chains Ck (X) is a vector space over C
deﬁned as the quotient Ck (X) = Cˆk (X)/Rk , where the vector space Cˆk (X) is
freely generated by the triples (A, f, α) described in (i), (ii), (iii) and Rk is
deﬁned as relations (R1), (R2), (R3) imposed on the triples:
(i) A is a smooth complex projective variety, dim A = k;
(ii) f : A → X is a holomorphic map of projective varieties;
(iii) α is a rational k-form on A with ﬁrst-order poles on V ⊂ A,
k
(V )).
where V is a normal crossing divisor in A, i.e., α ∈ Γ (A, ΩA
The relations are:
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(R1) 
λ(A, f, α) = (A, f, λα) for λ ∈ C .
(R2) i (Ai , fi , αi ) = 0 provided that i fi∗ αi ≡ 0, where dim fi (Ai ) = k
for all i and the pushforwards fi∗ αi are considered on the smooth
part of ∪i fi (Ai ).
(R3) (A, f, α) = 0 if dim f (A) < k.
Remark 4.10 The relation (R3) implies that Ck (X) = 0 for k > dim X. Also
by deﬁnition, Ck (X) = 0 for k < 0.
The relation (R2) in particular represents additivity with respect to α,
that is,
(A, f, α1 ) + (A, f, α2 ) = (A, f, α1 + α2 ).
Here we make no distinction between a triple and its equivalence class. In
particular, if the polar divisor div∞ (α1 + α2 ) is not normal crossing, one can
replace A by an appropriate blowup, by the Hironaka theorem, where the
pullback of α1 + α2 already has a normal crossing polar divisor.
In this way, the relation (R2) allows us to deal with polar chains as pairs
replacing a triple (A, f, α) by a pair (Â, α̂), where Â = f (A) ⊂ X, α̂ is deﬁned
only on the smooth part of Â and α̂ = f∗ α there. Due to the relation (R2),
such a pair (Â, α̂) carries precisely the same information as (A, f, α). (Note,
however, that such pairs cannot be arbitrary. In fact, by the Hironaka theorem
on resolution of singularities, any subvariety Â ⊂ X can be the image of some
regular A, but the form α̂ on the smooth part of Â cannot be arbitrary.)

X

(V, resV α)

f

(A, α)

% α
(A,
%)

Fig. 4.4. A polar chain given by the triple (A, f, α) can be thought of as a pair
(Â, α̂). Here V = div∞ α.

We also note that the consideration of triples (A, f, α) instead of pairs
(Â, α̂), which we used in the introduction, is similar to the deﬁnition of chains
in singular homology theory. Indeed, in topology one considers the mappings
of abstract simplices into the manifold, but one is interested only in the images
of simplices. Here also comes a distinction: in contrast to topological homology,
where in each dimension k one uses all continuous maps of one standard object
(the standard k-simplex or the standard k-cell) to a given topological space,
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in polar homology we deal with complex analytic maps of a large class of
k-dimensional varieties to a given one.
Deﬁnition 4.11 The boundary operator ∂ : Ck (X) → Ck−1 (X) is deﬁned by

(Vi , fi , resVi α) ,
∂(A, f, α) = 2πi
i

where Vi are the components of the polar divisor of α, div∞ α = ∪i Vi , and
the maps fi = f |Vi are restrictions of the map f to each component of the
divisor.
Theorem 4.12 ([195]) The boundary operator ∂ is well deﬁned, i.e., it is
compatible with the relations (R1), (R2), and (R3). Furthermore, ∂ 2 = 0 .
Proof. We have to show that ∂ maps equivalent sums of triples to equivalent
ones. It is trivial with (R1). For (R2) this follows from the commutativity of
taking residue and pushforward.
To prove the compatibility of ∂ with (R3), consider ﬁrst the case of a
polar 1-chain, a complex curve with a meromorphic 1-form, that is mapped
to a point. Then the image of the boundary of this 1-chain is zero. Indeed,
this image must be the same point whose coeﬃcient is equal to the sum of all
residues of the meromorphic 1-form on the curve, i.e., zero. The general case
is similar: the same phenomenon occurs along one of the coordinates. (We
refer the interested reader to [195] for more details.)
As to the second part of the statement, we need to prove ∂ 2 = 0 for
triples (A, f, α) ∈ Ck (X), i.e., for forms α with normal crossing divisors
of poles. The repeated residue at pairwise intersections diﬀers by the sign
according to the order of taking the residues; see Remark 2.22. Thus the
contributions to the repeated residue from diﬀerent components cancel out
(or, equivalently, the residue of a residue is zero).


Deﬁnition 4.13 For a smooth complex n-dimensional projective variety X,
the chain complex
∂

∂

∂

0 → Cn (X) −→ Cn−1 (X) −→ · · · −→ C0 (X) → 0
is called the polar chain complex of X. Its homology groups, HPk (X), k =
0, . . . , n, are called the polar homology groups of X.
We found in Section 4.1 that the polar homology groups of a complex
projective curve Z of genus κ are HP0 (Z) = C and HP1 (Z) = Cκ .
Exercise 4.14 Prove that for any n-dimensional X we have HPn (X) =
n
H 0 (X, ΩX
) and, if X is connected, also HP0 (X) = C .
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Exercise 4.15 Prove the functoriality of polar homology, i.e., that a regular
morphism of projective varieties h : X → Y deﬁnes a homomorphism h∗ :
HPk (X) → HPk (Y ).
After the formal deﬁnitions have been given, we would like to show why
the Dolbeault complex of (0, k)-forms should be related to the polar homology in the same way as the de Rham complex of smooth forms is related to
the singular homology. First we show how the space of polar chains Ck (X)
for a smooth projective variety X can be viewed as a subspace of currents,
functionals on smooth diﬀerential forms on X.
Deﬁnition 4.16 A polar k-chain represented by a triple a = (A, f, α) deﬁnes
the following linear functional on smooth (0, k)-forms. Its value on a smooth
(0, k)-form u on X is given by the pairing
α ∧ f ∗u .

a , u :=

(4.9)

A

The integral is well deﬁned, since the meromorphic k-form α has only ﬁrstorder poles on a normal crossing divisor.
Remark 4.17 It is straightforward to show that the pairing  ,  descends to
the space Ck (X) of equivalence classes of triples, i.e., that it is compatible with
the relations (R1), (R2), (R3) of Deﬁnition 4.9. Indeed, (R1) is obvious, the
compatibility with (R3) is a consequence of the equality f ∗ u = 0 if dim f (A) <
∗
k,
 and the compatibility with (R2) follows from the relation A α ∧ f u =
f α ∧ u if dim f (A) = k, where the last integral is taken over the smooth
f (A) ∗
part of f (A).
Proposition 4.18 The pairing (4.9) deﬁnes the following homomorphism in
(co)homology:
ρ : HPk (X) → H∂n,n−k
,
¯
where n = dim X.
∗
Proof. By Serre duality, ρ is a map HPk (X) → (H∂0,k
¯ (X)) , and it is
¯ or if
suﬃcient to verify that the pairing vanishes if ∂a = 0 and u = ∂v,
¯ = 0 and a = ∂b. This follows immediately from the Cauchy–Stokes formula
∂u
(Theorem 2.21):

¯ = 2πi
α ∧ f ∗ (∂u)
A

¯ = ∂a , u.
that is, a , ∂u

(res α) ∧ f ∗ (u) ,
div∞ α



One can prove that for smooth projective manifolds the homomorphism ρ
is in fact an isomorphism:
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Theorem 4.19 (Polar de Rham Theorem, [197]) For a smooth projecis an isomorphism of the polar
tive manifold X the map ρ : HPk (X) → H∂n,n−k
¯
0,k
homology and Dolbeault cohomology groups. Equivalently, HPk (X) ∼
= H∂¯ (X)
in terms of dual cohomology groups.
Example 4.20 For a complex curve Z of genus κ one has HP0 (Z) ∼
=C∼
=
1,0
κ ∼
∼
(Z)
and
HP
(Z)
C
H
(Z).
H∂1,1
=
= ∂¯
1
¯
Remark 4.21 As we mentioned in the introduction, one could consider more
general polar (k, p)-chains (A, f, α), where α is a meromorphic p-form on A
of not necessarily maximal degree, p  k, that can have only logarithmic singularities on a normal crossing divisor. The requirement of log-singularities is
needed to have a convenient deﬁnition of the residue and hence the boundary
operator ∂. The Cauchy–Stokes formula, the property ∂ 2 = 0, and the definition of the polar homology groups HPk,p (M ) can be carried over to this,
more general, situation.
As a consequence, the natural pairing between polar (k, p)-chains and
smooth (k − p, k)-forms on X gives us the homomorphism
(X) .
ρ : HPk,p (X) → H∂n−k+p,n−k
¯
However, unlike the case p = k, the map ρ is not, in general, an isomorphism
for other values of p, 0  p < k. For instance, in the case of p = 0, the
image consists of algebraic k-cycles (tensored with C), while the full space
H∂n−k,n−k
(X) can be much larger. It would be interesting to ﬁnd an ad¯
justment of the groups HPk,p (M ) to provide the isomorphism and hence to
obtain a description of the chain complex for the Dolbeault cochains in all
dimensions.
4.3 Polar Intersections and Linkings
We start by deﬁning a polar analogue for the topological intersection number.
Recall that in topology one considers a smooth oriented closed manifold M and
two oriented closed submanifolds A, B ⊂ M of complementary dimensions,
i.e., dim A + dim B = dim M . Suppose A and B intersect transversally at a
ﬁnite number of points. Then to each intersection point P one assigns the
local intersection index equal to ±1 by comparing the mutual orientations of
the tangent vector spaces TP A, TP B, and TP M .
Now let X be a complex compact manifold of dimension n equipped with
a nowhere-vanishing holomorphic n-form µ. Such a pair (X, µ) can be thought
of as a polar analogue of an oriented closed manifold. (Recall that if µ were
nonvanishing and meromorphic with ﬁrst-order poles, this would be a polar
analogue of an oriented manifold with boundary, while zeros of the n-form µ
could be regarded as a complex analogue of singularities of a real manifold.)
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Note that the existence of such a form requires the canonical bundle of the
complex manifold X to be trivial, i.e., X can be a Calabi–Yau manifold, an
abelian one, or a product of such.
Deﬁnition 4.22 Consider two polar cycles (A, α) and (B, β) of complementary dimensions that intersect transversally in the polar oriented complex
manifold (X, µ). The polar intersection number of the cycles (A, α) and (B, β)
is given by the following sum over the set of points in A ∩ B:
(A, α) · (B, β) =


P ∈A∩B

α(P ) ∧ β(P )
.
µ(P )

Here α(P ) and β(P ) are understood as exterior forms on TP M = TP A × TP B
obtained by the pullback from the corresponding factors.
Remark 4.23 At every intersection point P , the ratio in the right-hand side
can be regarded as the comparison of the polar orientations of the cycles at
that point with the orientation of the ambient manifold. Note that in the
polar case, the intersection number does not have to be an integer. Rather, it
should be viewed as a function of the “parameters” (A, α), (B, β), and (X, µ).
Remark 4.24 Essentially the same formula deﬁnes the intersection product
of transversal polar cycles when they intersect over a manifold of positive
dimension. Namely, for polar cycles (A, α) and (B, β) of dimensions p and q
such that p + q ≥ n and transversal to each other, their intersection is a polar
(p+q −n)-cycle (C, γ) := (A, α)·(B, β), where C = A∩B and γ := (α ∧ β)/µ.
In this way, one obtains the map
HPp (M ) ⊗ HPq (M ) → HPp+q−n (M ) ,
upon ﬁnding smooth transverse representatives for every pair of homology
classes. This map is well deﬁned, as follows from the polar de Rham theorem;
see [194] for more details.
Exercise 4.25 Check that the (p + q − n)-form γ = (α ∧ β)/µ is indeed well
deﬁned on the complex manifold C. (Hint: this is a problem in linear algebra.)
A similar construction allows one to deﬁne a polar analogue of a linking
number. Recall that the Gauss linking number of two oriented closed curves
in R3 is an integer topological invariant equal to the algebraic number of
crossings of one curve with a two-dimensional oriented surface bounded by
the other curve; see Section 3.4. The linking number is a homology invariant
in the following sense: it does not change if one of the curves is replaced
by a homologically equivalent cycle in the complement to the other curve.
More generally, the linking number can be deﬁned for two oriented closed
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submanifolds of linking dimensions in any oriented (but not necessarily simply
connected) manifold, provided that both submanifolds are homologous to zero.
To deﬁne the polar linking number we will “translate” the classical definition into the polar language. Let (A, α) and (B, β) be two polar smooth
nonintersecting cycles of dimensions p and q in a polar oriented closed nmanifold (M, µ). Suppose that these cycles are polar boundaries (i.e., they
are polar homologous to 0) and are of linking dimensions: p + q = n − 1.
Deﬁnition 4.26 The polar linking number of cycles (A, α) and (B, β) in
(M, µ) is
 α(P ) ∧ σ(P )
,
lkpol ((A, α), (B, β)) :=
µ(P )
P ∈A∩S

where a chain (S, σ) has the polar boundary (B, β) = ∂(S, σ). In other words,
lkpol ((A, α), (B, β)) is the intersection of the polar cycle (A, α) and the polar
chain (S, σ), provided they intersect transversely.
Theorem 4.27 ([195, 196]) The polar linking number lkpol ((A, α), (B, β))
is
(i) well deﬁned, i.e., lkpol does not depend on the choice of the polar chain
(S, σ), provided that ∂(S, σ) = (B, β);
(ii) (anti-)symmetric:
lkpol ((A, α), (B, β)) = (−1)(n−p)(n−q) lkpol ((B, β), (A, α)) ;
(iii) invariant when (A, α) is replaced by a cycle (A , α ) polar homologous
to (A, α) in the complement of B ⊂ X.
Remark 4.28 In particular, for p = q = 1 we have deﬁned a polar linking of
complex curves in a complex threefold, all equipped with volume forms. The
polar linking number is symmetric in this dimension. The simplest curves
that can have nontrivial linking are elliptic curves: the linking number of a
rational curve with any other curve is zero, since any holomorphic diﬀerential
on a rational curve must vanish.
Exactly this polar linking number of complex curves appears from the
holomorphic abelian Chern–Simons path integral, in the same way as the usual
linking number comes out of the topological Chern–Simons path integral (see
Section 3.4 and [134, 195, 366]).
The polar linking number is also closely related to the Weil pairing of functions on a complex curve and to the Parshin symbols, the higher-dimensional
generalizations of the latter; see [309]. One intriguing open question in the
area is to ﬁnd a polar analogue of the self-linking number of a framed knot.
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4.4 Polar Homology for Aﬃne Curves
So far, we have studied polar homology of projective varieties, which play the
role of compact manifolds in usual topology. It is natural to expect that the
role of noncompact manifolds should be played by quasi-projective varieties,
i.e., Zariski open subsets in projective varieties. In this section, following [195],
we indicate how the polar homology theory can be extended to aﬃne curves,
one-dimensional quasi-projective varieties.
Let X be an aﬃne curve and let X̄ be its projective closure, i.e., X is
Zariski open in X̄. Denote by D := X̄  X the compactiﬁcation divisor. We
shall deﬁne the polar chains for the quasi-projective variety X as a certain
subset of polar chains for X̄.
Deﬁnition 4.29 The space Ck (X) of polar k-chains in X is deﬁned as the
subspace in Ck (X̄) such that the corresponding k-forms vanish on D:
Ck (X) = {(A, f, α) ∈ Ck (X̄) | α(x) = 0 for all x ∈ f −1 (D) ⊂ A} .
In particular, for an aﬃne curve X the space C0 (X) of polar 0-chains is
the vector space formed by complex linear combinations of points in X, while
for C1 (X) we consider smooth projective curves A and logarithmic 1-forms α
that vanish at f −1 (D) ⊂ A.
Deﬁnition / Proposition 4.30 For the aﬃne curve X the spaces
Ck (X), k = 0, 1, form a subcomplex in the polar chain complex (C• (X̄), ∂),
which depends only on X and not on the choice of its compactiﬁcation, the
projective curve X̄.
The resulting homology groups of the chain complex (C• (X), ∂) are denoted,
as before, by HPk (X) and are called polar homology groups of X.
Example 4.31 Consider the case X = X̄ \ {P } of a smooth projective curve
of genus κ with one point removed. Then dim HP1 (X) = κ − 1 if κ ≥ 1
and dim HP1 (X) = 0 if κ = 0. Indeed, the space HP1 (X) is the space of
holomorphic 1-forms on X̄ that vanish at P .
To calculate HP0 (X) in the case κ ≥ 1 it is suﬃcient to notice that for any
two points Q1 , Q2 ∈ X̄ \ {P }, the 0-cycle (Q1 , q1 ) + (Q2 , q2 ) is homologically
equivalent to zero if and only if q1 + q2 = 0 (the same condition as in the
case of a nonpunctured curve, which we discussed in the introduction). In the
case of κ = 0 an analogous statement requires three points to be involved
(unlike the case of a nonpunctured projective line): the corresponding 1-form
on CP1 has to have at least one zero, and hence at least three poles. Hence
dim HP0 (X) = 1 if κ ≥ 1 and dim HP0 (X) = 2 if κ = 0.
We collect the results about the curves in Figure 4.5, where we depict
the complex curves by graphs such that polar homology groups of the curves
coincide with singular homology groups of the corresponding graphs.
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This way the divisor of zeros of a meromorphic form becomes a counterpart of punctures (or inﬁnity) in an open real manifold. (Recall that in the
introduction we also observed that the divisor of zeros can also stand for the
points of nonsmoothness. These two points of view are consistent, since one
can “puncture” a closed singular real variety at its singularities and make it
smooth, but open.)

κ=1

κ=0

s

s

dim HP0 (X) = 2 ,

dim HP0 (X) = 1 ,

dim HP1 (X) = 0 .

dim HP1 (X) = 0 .

r


r

r


r

κ>1

r

p p p

r



r

p p p

r



dim HP0 (X) = 1 ,
dim HP1 (X) = κ − 1 .
Fig. 4.5. A smooth projective curve with one point removed, X = X̄  {P }.

Example 4.32 In a similar way, one can deal with the case X = X̄  {P, Q}
of a smooth projective curve with two points removed. We summarize the
results in Figure 4.6. Here, one has to distinguish between the case of generic
points P and Q and the case that P + Q is a special divisor. In the latter case
there exist more 1-diﬀerentials with zeros at P, Q than generically.
The consistency of the deﬁnitions of polar homology in the projective and
quasi-projective cases is provided by the following Mayer–Vietoris sequence:
the corresponding groups behave like ordinary homology groups with respect
to taking unions of Zariski open subsets in the curve X̄.
Theorem 4.33 Let a complex curve X = U1 ∪ U2 (either aﬃne or projective) be the union of two Zariski open subsets U1 and U2 . Then the following
Mayer–Vietoris sequence of chains is exact:
i

σ

0 → Ck (U1 ∩ U2 ) −→ Ck (U1 ) ⊕ Ck (U2 ) −→ Ck (X) → 0.
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Fig. 4.6. A smooth projective curve with two points removed, Z  {P, Q}.

Here the map σ represents the sum of chains,
σ : a ⊕ b → a + b,
and the map i is the embedding of the chain lying in the intersection U1 ∩ U2
as a chain in each subset U1 and U2 :
i : c → (c) ⊕ (−c).
This implies the following exact Mayer–Vietoris sequence in polar homology:
i

· · · → HPk (U1 ∩ U2 ) −→ HPk (U1 ) ⊕ HPk (U2 )
σ

−→ HPk (X) → HPk−1 (U1 ∩ U2 ) → · · ·
Some of the properties of polar homology discussed above can be generalized from aﬃne curves to higher-dimensional quasi-projective varieties, cf.
[195], but most of the main features of the theory remain widely open problems
in the general case.
4.5 Bibliographical Notes
In our exposition we follow the papers [195, 196]. The de Rham-type theorem
for polar homology was proved in [197]. Related results on complex analogues
of intersection and linking numbers can be found in [134] and [85], while the
paper [26] was a motivation for considering the holomorphic linkings of this
type.
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The deﬁnition of polar chains and the boundary operator has similar features with Abel’s theorem [149] and with Ishida’s complexes for toric varieties
[296].
For a thorough treatment of logarithmic forms see [78], while for multidimensional residues we refer the reader to the detailed monograph [369]; see
also [150].
The term “polar homology” was coined in [195], and it originated from
consideration of polar divisors of diﬀerential forms. One may think that the
launch of the Antarctica Journal of Mathematics in 2004, soon after the appearance of the polar theory, was not a simple coincidence.

Appendices

A.1 Root Systems
1.1 Finite Root Systems
Let V be a ﬁnite-dimensional real vector space and let ( , ) be a positive
deﬁnite symmetric bilinear form on V . For an element α ∈ V we denote by
rα the reﬂection in the hyperplane orthogonal to α:
rα (β) = β −

2(β, α)
α
(α, α)

for any point β ∈ V .
Deﬁnition 1.1 A subset R of V is called a (ﬁnite) root system if the following
axioms are satisﬁed:
(R1a) The set R is ﬁnite and it spans the vector space V .
(R1b) 0 ∈ R .
(R2) For any α ∈ R the reﬂection rα maps the set R to itself.
(R3) If α, β ∈ R, then 2(β, α)/(α, α) ∈ Z.
(R4) If α ∈ R, then 2α ∈ R.14
The elements of a root system R are called roots. Two root systems R and R
are called isomorphic if there exists an isomorphism ϕ of the corresponding
vector spaces V and V  mapping R to R and such that
(ϕ(β), ϕ(α))/(ϕ(α), ϕ(α)) = (β, α)/(α, α)
for all α , β ∈ R.
14

Sometimes this is called a reduced root system, as opposed to a nonreduced one,
for which the axiom (R4) is dropped.

214

Appendices

Deﬁnition 1.2 A root system R is called irreducible if it cannot be decomposed into two nonempty subsets R1 and R2 such that R1 is orthogonal to
R2 and R = R1 ∪ R2 .
Axioms (R2) and (R3) restrict the relative lengths of and the angles between the roots. For example, in an irreducible root system, only roots of
two diﬀerent lengths can occur, and they are called the short and long roots
respectively. Irreducible root systems can be classiﬁed. There are four inﬁnite
series (the root systems of types An , Bn , Cn , Dn ) and ﬁve exceptional root
systems (the root systems of types E6 , E7 , E8 , F4 , and G2 ). Here the index
denotes the dimension of the ambient vector space V . Figure 1.1 shows all
two-dimensional root systems (note that the root system of type A1 ×A1 is
not irreducible).

A1 ×A1

A2

B2 ∼
= C2

G2

Fig. 1.1. The two-dimensional root systems.

Deﬁnition 1.3 Let R ⊂ V be a root system. The subgroup W ⊂ GL(V )
generated by the reﬂections rα for all α ∈ R is called the Weyl group of the
root system R.
Deﬁnition 1.4 A subset Π ⊂ R of a root system R ⊂ V is called a basis of
R if Π is a basis
of the vector space V and if every element β ∈ R can be
expressed as β = α∈Π mα α such that either all mα are nonnegative integers
or all mα are nonpositive integers.
Proposition 1.5 Every root system has a basis. For a given root system R,
the Weyl group of R permutes the set of all bases of R.
After having ﬁxed a basis Π of the root system
R, we can decompose R into

R = R+ ∪ R− , where R+ = {β ∈ R | β = α∈Π mα α with mα ≥ 0} is the set
of positive roots of R and R− = −R+ is the set of negative roots of R.
Example 1.6 Let V = {x = (x1 , . . . , xn+1 ) ∈ Rn+1 | x1 + · · · + xn+1 = 0}
with the inner product induced from the standard inner product on Rn+1 .
Then the set
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R = {x ∈ Zn+1 | x ∈ V and (x, x) = 2}

is a root system of type An . The Weyl group of this root system is given by
the symmetric group Sn+1 , which acts on the entries of the vectors in V by
permutation. A basis of R is given by the set Π = {e1 − e2 , e2 − e3 , . . . , en−1 −
en }, where the vector ei = (0, . . . , 0, 1, 0, . . . , 0) has 1 at the ith entry and 0’s
everywhere else.
1.2 Semisimple Complex Lie Algebras
Here we shall brieﬂy indicate how the ﬁnite root systems appear in the theory
of semisimple Lie algebras.
Deﬁnition 1.7 A nonabelian Lie algebra g is called simple if it does not
have any nonzero ideals other than g itself. A ﬁnite-dimensional semisimple
Lie algebra g is a direct sum of nonabelian simple Lie algebras; cf. Deﬁnition
I.1.31.
Let g be a complex ﬁnite-dimensional semisimple Lie algebra, and let h ⊂ g
be its Cartan subalgebra, that is, a maximal abelian subalgebra all of whose
elements are diagonalizable by the adjoint action. Such subalgebras exist for
dimensional reasons. Since the elements of h commute, one can diagonalize
their adjoint action on g simultaneously. The latter allows one to write
6
gα
(1.10)
g=
α∈h∗

with
gα = {X ∈ g | [H, X] = α(H)X for all H ∈ h} .
One can show that g0 = h and that for α = 0, each nonzero gα is onedimensional. The set R of all α ∈ h∗ with α = 0 and gα = {0} is called the
root system of the Lie algebra g. Hence, decomposition (1.10) is, in fact, as
follows:
6
gα .
(1.11)
g=h⊕
α∈R

It is called the root space decomposition of the semisimple Lie algebra g.
Example 1.8 For the Lie algebra sl(2, C) the root space decomposition is as
follows:
sl(2, C) = e ⊕ h ⊕ f .
Here the Cartan subalgebra h = h is one-dimensional, and the two roots
corresponding to the subspaces e and f  are opposite in sign: [h, e] = 2h =
−[h, f ] and [e, f ] = h.
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It turns out that the root system R is a ﬁnite root system in the sense of
Deﬁnition 1.1. Furthermore, the root system R of the Lie algebra g determines
the semisimple Lie algebra g up to an isomorphism: given a root system R,
one can construct a ﬁnite-dimensional complex semisimple Lie algebra g with
this root system. Finally, the Lie algebra g is simple exactly if its root system
is irreducible. So there is a one-to-one correspondence between complex ﬁnitedimensional simple Lie algebras and irreducible root systems of types An , Bn ,
Cn , Dn , E6 , E7 , E8 , F4 , and G2 .
Example 1.9 Consider the Lie algebra g = sl(n + 1, C) with the Cartan
subalgebra of diagonal matrices. For i = j we deﬁne αij ∈ h∗ by
αij (diag(q1 , . . . , qn )) = qi − qj . Furthermore, let gαij denote the subspace
spanned by the matrix with 1 at the (i, j)th entry and 0’s everywhere else.
Then the root space decomposition of the Lie algebra sl(n + 1, C) is given by
6
sl(n + 1, C) = h ⊕
gαij ,
αij ∈R

where the root system R is of type An .
The root system of type Bn corresponds to the Lie algebra so(2n + 1, C),
the root system Cn is related to the Lie algebra sp(2n, C), while Dn corresponds to the algebra so(2n, C).
1.3 Aﬃne and Elliptic Root Systems
Let V be a real ﬁnite-dimensional vector space with a positive semideﬁnite
symmetric bilinear form ( , ) and let α ∈ V be a vector for which (α, α) = 0.
Similarly to the positive deﬁnite case, the reﬂection rα can be deﬁned via
rα (β) := β −

2(α, β)
α.
(α, α)

Deﬁnition 1.10 A subset R ⊂ V is called an extended root system if R
satisﬁes the following axioms:

(ER1a) The additive subgroup Q(R) = α∈R Zα is a full lattice in V .
(ER1b) (α, α) = 0 for all α ∈ R .
(ER2) For any α ∈ R the reﬂection rα maps the set R to itself.
(ER3) If α, β ∈ R, then 2(β, α)/(α, α) ∈ Z.
(ER4) If α ∈ R, then 2α ∈ R.
An extended root system R is called irreducible if it cannot be decomposed
into two nonempty subsets R1 and R2 such that (R1 , R2 ) = 0.
Axiom (ER1) means that the set Q(R) is the Z-span of an R-basis of V ,
being an analogue of axiom (R1). For ﬁnite root systems, the fact that the
set Q(R) is a lattice in V is Proposition 1.5. Note, however, that unless the
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bilinear form on V is positive deﬁnite, the extended aﬃne root systems are
never ﬁnite.
Let R be an extended root system. The dimension of the radical
V0 = {v ∈ V | (v, w) = 0 for all w ∈ V }
is called the nullity of the root system R. It turns out that the extended root
systems of nullity 0 are exactly the ﬁnite root systems. Other extended root
systems playing a role in this book are those of nullity 1 and 2.
Deﬁnition 1.11 An irreducible extended root system of nullity 1 is called an
aﬃne root system. An extended root system of nullity 2 is called an elliptic
root system.
Remark 1.12 We note that no isotropic roots are allowed in R. Our deﬁnition of extended root systems is taken from [334]. In the literature there exists
another deﬁnition for extended root systems that includes isotropic roots (see,
e.g., [8]), which is shown to be equivalent to the one above; see [30].
The Weyl groups for aﬃne and elliptic root systems are deﬁned in the
same way as the Weyl groups for ﬁnite root systems.
Taking the quotient of an aﬃne root system by the radical of the bilinear
form gives a (possibly nonreduced) ﬁnite root system. Hence, one can attempt
to classify aﬃne root systems in terms of the underlying ﬁnite root systems.
(1)
(1)
The full list of irreducible aﬃne root systems up to isomorphism is An , Bn ,
(1)
(1)
(1)
(1)
(1)
(1)
(1)
(2)
(2)
(2)
(2)
(2)
(3)
Cn , Dn , E6 , E7 , E8 , F4 , G2 , A2n+1 , A2n , Dn , E6 , E7 , D4 . (Here,
the notation for the root systems is the same as in [178].) The root systems of
(1)
(r)
type Xn are called untwisted aﬃne root systems; the systems of type Xn
with r > 1 are called twisted aﬃne root systems.
Example 1.13 The untwisted aﬃne root systems can be easily constructed
from the corresponding ﬁnite root systems: Let R ⊂ V be a ﬁnite root system
of type Xn (for example, the root system of type An from Example 1.6).
Extend the bilinear form ( , ) trivially from V to the space V = V ⊕ R. Then
the set
 = {(α, n) ∈ V | α ∈ R and n ∈ Z}
R
(1)

is an aﬃne root system of type Xn . The construction of the twisted aﬃne
root systems is more complicated (see, e.g., [178]).
In the theory of loop groups and aﬃne Lie algebras, the aﬃne root systems
play a role similar to that of the ﬁnite root systems in the theory of compact
Lie groups and semisimple Lie algebras.
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Example 1.14 Let g be the Lie algebra sl(n + 1, C) and let h ⊂ g denote the
Cartan subalgebra of diagonal matrices. Consider the corresponding aﬃne Lie
$ (or, rather, (Lg)
$ pol ) whose underlying vector space is given by
algebra Lg
$ = g ⊗ C[z, z −1 ] ⊕ Cω ⊕ Cd ;
Lg
$ is given by
cf. Remark II.1.14. The Lie bracket on Lg
[ω, X(z)] = [ω, d] = 0,
and
1
[X(z), Y (z)] = [X, Y ](z) +
2πi

[d, X(z)] = z


d
X(z),
dz



d
X(z), Y (z) dz
dz
|z|=1


·ω.

Here [X, Y ](z) denotes the pointwise commutator of X and Y , and  ,  is the
normalized Killing form on g. Now set 
h := h⊕Cω ⊕Cd and choose an element
δ ∈ (h⊕Cω ⊕Cd)∗ dual to the basis element d, i.e., such that δ(d) = 1, δ(ω) =
 = {α + mδ | α ∈ R, m ∈ Z} is
0 and δ(X) = 0 for all X ∈ h. Then the set R
(1)
$ In order to write out
an aﬃne root system of type An for the Lie algebra Lg.
$
a root space decomposition for this Lie algebra Lg, it is convenient to use the
notion of an extended root system that includes isotropic roots; see details in
[178, 8].
Remark 1.15 The elliptic root systems can be classiﬁed in a way similar to
aﬃne root systems in terms of the underlying ﬁnite root systems (see [8], [334])
and they play a similar role in the theory of double loop algebras (elliptic or
extended aﬃne algebras) and double loop groups. Namely, consider the space

V := V ⊕ R ⊕ R with the bilinear form ( , ) extended trivially and a ﬁnite
root system R ⊂ V . Then the set


R
= {(α, n, m) ∈ V | α ∈ R and n, m ∈ Z}
(1,1)

is an elliptic root system, usually denoted by Xn

.

Exercise 1.16 Find a root space decomposition of the sl(2, C)-elliptic Lie
algebra introduced in Deﬁnition II.5.1 of Chapter II.
1.4 Root Systems and Calogero–Moser Hamiltonians
In Section II.5.4 we considered a system of n interacting particles moving on
the real line and governed by the Hamiltonian function
1 2 
p +
U (qi − qj ) ,
2 i=1 i i>j
n

H(q1 , . . . , qn , p1 , . . . , pn ) =

(1.12)
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where the coordinates qi denote the positions of the particles and pi denote
their momenta. We looked at the potentials of the form U (ξ) = 1/ξ 2 (the
rational potential), U (ξ) = 1/ sin2 ξ or U (ξ) = 1/ sinh2 ξ (the trigonometric/hyperbolic potential), and, ﬁnally, the elliptic potentials U (ξ) = ℘(ξ; τ ),
where ℘( . , τ ) denotes the Weierstrass ℘-function with the periods 1 and τ .
It has been observed in [298] that the Hamiltonian (1.12) can be generalized to the Hamiltonian
1
1
m|α| U (α(q)) ,
(1.13)
H(q, p) = (p, p) +
2
2
α∈R

where R ⊂ V is any ﬁnite root system in the vector space V with inner
product ( , ), and m|α| is a constant that depends only on the length of the
root α. The momentum vector p is an element of the vector space V , and the
position q is an element of the dual space V ∗ . The Hamiltonian systems (1.13)
are integrable for any ﬁnite irreducible root system R [298, 50].
Here we would like to stress the fact that the three types of Hamiltonians
(rational, trigonometric, and elliptic) are naturally related to the three types
of root systems (ﬁnite, aﬃne, and elliptic) considered in this section. Indeed,
consider, for instance, the elliptic case. Let R ⊂ V be an elliptic root system,
and let V ∗ denote the dual space of the ﬁnite-dimensional vector space V . The
radical V0 of the bilinear form ( , ) has dim V0 = 2 in the elliptic case. Upon
choosing a decomposition V ∗ = h ⊕ V0∗ one can denote elements of the space
V ∗ by triples (q, a, b), where q ∈ h and (a, b) ∈ V0∗ . Now we can write down
the potential on h corresponding to the elliptic root system R as follows:


1
1
1
−
(1.14)
U (q) =
2
(α(q, 1, τ ))2
(α(0, 1, τ ))2
α∈R

for some ﬁxed τ ∈ C with Im τ > 0. Note that for the root system of type
(1,1)
An−1 from Example 1.15, the potential U deﬁned by the expression (1.14) can
be rewritten via the Weierstrass ℘-function and coincides with the potential
of the standard elliptic Calogero–Moser system. Using the classiﬁcation of
irreducible elliptic root systems, one shows that the potential (1.14) deﬁnes a
holomorphic function on the complexiﬁed vector space h ⊗ C. It is known for
many elliptic root systems (and, apparently, is the case for all of them) that
the corresponding Hamiltonian systems are integrable [51].
(1)

Exercise 1.17 Write down the potential U for the aﬃne root system An−1
and verify that it coincides with the potential of the trigonometric Calogero–
Moser system.
More facts on root systems can be found in [56] and [168]. The latter is
also a good reference for ﬁnite-dimensional semisimple complex Lie algebras.
For the aﬃne root systems and Lie algebras we refer the reader to [178], while
the extended root systems of higher nullity (and, in particular, the elliptic
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ones), along with the corresponding Lie algebras, have been studied in [8] and
[334].
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A.2 Compact Lie Groups
In this appendix we recall some basic facts from the theory of compact Lie
groups (see, e.g., [60] for more details and references). Throughout this section,
G denotes a ﬁnite-dimensional compact connected Lie group with the Lie
algebra g. The compact Lie groups that are abelian are the easiest ones to
describe. Indeed, any n-dimensional compact connected abelian Lie group is
isomorphic to the torus T = Rn /Zn . The other extreme is formed by simple
Lie groups.
2.1 The Structure of Compact Groups
Deﬁnition 2.1 A compact connected Lie group G is called semisimple if its
center is ﬁnite. The group G (of dim > 1) is called simple if it does not have
any nontrivial normal connected subgroups.
Recall that any Lie group G acts on its Lie algebra by the adjoint representation. If the group G is compact there exists a negative deﬁnite invariant
symmetric bilinear form on the Lie algebra g. This form is, in general, not
unique.
Deﬁnition / Proposition 2.2 If the compact Lie group G is simple, there
exists a unique (up to a scalar factor) symmetric and negative deﬁnite invariant bilinear form on its Lie algebra g, called the Killing form.
Remark 2.3 For a ﬁnite-dimensional Lie algebra g, the Killing form is deﬁned as X, Y  := tr(adX ◦ adY ). The Cartan criterion states that the Killing
form is nondegenerate exactly when the Lie algebra g is semisimple. If g is
simple then any invariant symmetric bilinear form on g is a scalar multiple of
the Killing form. Furthermore, the Lie algebra g corresponds to a compact Lie
group exactly if the Killing form X, Y  := tr(adX ◦ adY ) is negative deﬁnite.
For matrix Lie algebras this form is a multiple of the trace form tr(XY ). For
most purposes in this book we use the trace version of the form. Often it is
convenient to change the sign and think of the positive deﬁnite Killing form
(see, for example, the discussion of roots in Appendix A.1, where the Killing
form is used to measure length of the roots).
Example 2.4 The group SU(n) is simple. Its center is isomorphic to the
cyclic group Z/nZ. The Killing form X, Y  := tr(adX ◦ adY ) on the Lie
algebra su(n) is given by the trace: X, Y  = − tr(XY ).
The importance of simple compact groups is clear from the following structure theorem.
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Theorem 2.5 Let G be a compact connected Lie group. Then G is isomorphic
to an “almost direct product”
G∼
= (G1 × · · · × Gk × T ) /Z ,
where the Gi are simply connected simple Lie groups, T is a compact connected
abelian Lie group (i.e., a torus), and Z is a ﬁnite subgroup of the center of
G1 × · · · × Gk × T . In particular, every simply connected compact Lie group
is a direct product of simply connected simple Lie groups.
An important role in the theory of compact Lie groups is played by certain
abelian subgroups: a maximal torus of the compact connected Lie group G is
a maximal connected abelian subgroup T ⊂ G. For dimensional reasons, maximal tori exist. Furthermore, one can show that every element of a compact
connected Lie group G is contained in some maximal torus of G.
Theorem 2.6 Any two maximal tori of a compact connected Lie group G are
conjugate in G. In particular, every element of the group G is conjugate to an
element inside a ﬁxed maximal torus T ⊂ G.
The exponential map for compact tori is surjective. Together with Theorem
2.6 this observation implies the following corollary.
Corollary 2.7 For any compact connected Lie group G the exponential map
exp : g → G is surjective.
Deﬁnition / Proposition 2.8 Let T ⊂ G be a maximal torus, and denote
by N (T ) its normalizer in G, i.e., the elements of G that conjugate T to itself.
Then the group W (T ) = N (T )/T is a ﬁnite group, called the Weyl group of
G with respect to T .
Theorem 2.9 Let T ⊂ G be a maximal torus of G. Then two elements t, t ∈
T are conjugate under G if and only if they are conjugate under W (T ). In
particular, the set of conjugacy classes of a compact connected Lie group G
can be identiﬁed with the set T /W (T ).
The quotient T /W (T ) is called the fundamental alcove of the group G.
Example 2.10 A maximal torus T of the group G = SU(n) is given by the
set of diagonal matrices. So in this case, Theorem 2.6 is merely a reformulation
of the fact that every element of the group SU(n) is diagonalizable. The Weyl
group W (T ) of SU(n) is isomorphic to the symmetric group Sn , which acts
on the torus T by permuting the elements on the diagonal. Thus, deﬁning
set of conjugacy classes T /Sn
t := diag(e2πia1 , . . . , e2πian ), we can identify the 
with the set {(a1 , . . . , an ) ∈ Rn | a1 ≥ · · · ≥ an ,
ai = 0 and a1 − an ≤ 1}.
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Our next goal is to describe the fundamental group of the compact Lie
group G. In view of Theorem 2.5, it is enough to consider the case of a semisimple group G. First we sidestep slightly and introduce the root lattice of G.
Let us ﬁx a maximal torus T ⊂ G, and denote its Lie algebra by h; cf. Appendix A.1. (The latter is called a Cartan subalgebra of the Lie algebra g.) Recall
that the group G acts on its Lie algebra g and hence on the complexiﬁcation
g ⊗ C by the adjoint action. Since the maximal torus T ⊂ G is an abelian
group, we can simultaneously diagonalize its action on the complexiﬁed Lie
algebra g ⊗ C. This allows one to decompose the vector space g ⊗ C into
6
gα ,
g⊗C=
α∈h∗

where gα denotes the space
gα = {X ∈ g ⊗ C | [H, X] = α(H)X for all H ∈ h} .
Here the nonzero elements 0 = α ∈ h∗ of the dual Cartan subalgebra h for
which gα = {0} are called the roots of the Lie algebra g (or of the corresponding Lie group G). We denote the set of roots of the group G by R. The set R
spans a subspace of the dual space h∗ .
Example 2.11 The compact group G = SU(2) has the Lie algebra of skewHermitian matrices g = su(2). The complexiﬁcation of the latter is the Lie
algebra g ⊗ C = sl(2, C) with the decomposition sl(2, C) = e ⊕ h ⊕ f . It
has two opposite roots; see Example A.1.8.
Proposition 2.12 If the group G is semisimple, the set R spans the whole
of the Cartan dual h∗ , and R is a ﬁnite root system in the sense of Deﬁnition
A.1.1. Furthermore, in this case, the Weyl group W (T ) is isomorphic to the
Weyl group of the root system R.
Consider the roots of a semisimple group G, which span the space h∗ .
Denote by Q∨ ⊂ h the co-root lattice, i.e., the set
Q∨ = {β ∈ h | β, α ∈ Z for all α ∈ R} .
Furthermore, let I ⊂ h denote the kernel of the exponential map exp : h → T .
This is a lattice in the vector space h. The co-root lattice Q∨ is a subset of
the lattice I, and we have the following theorem.
Theorem 2.13 Suppose the compact Lie group G is semisimple. Then the
fundamental group π1 (G) is isomorphic to I/Q∨ .
Theorem 2.14 (Hopf ) The de Rham cohomology H ∗ (G, R) of a compact
semisimple Lie group G is isomorphic to the de Rham cohomology of a product
of odd-dimensional spheres. In particular, if the group G is simple we have
H 2 (G, R) = 0 and H 3 (G, R) = R.
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Note also that for a simply connected Lie group G we always have
H 1 (G, R) = 0.
Remark 2.15 The de Rham cohomology of the compact Lie group G is isomorphic to the Lie algebra cohomology of the Lie algebra g with values in the
trivial module. Actually, the Lie algebra cohomology can be deﬁned as the
cohomology of the complex of left-invariant diﬀerential forms on the corresponding group G. Note that cohomology classes of the compact group G can
be represented by left-invariant forms by averaging over the group any closed
form from a given cohomology class. We note also that any ﬁnite-dimensional
Lie group can be contracted to (and consequently it has the same cohomology
as) its maximal compact subgroup.
2.2 A Cohomology Generator for a Simple Compact Group
In Section II.1.3, the cohomology space H 3 (G, Z) for a simple compact Lie
group G played an important role. We used an explicit form of the generator
of H 3 (G, Z), which we recall below.
Proposition 2.16 Suppose G is a simple compact simply connected Lie
group. Then the integral cohomology H 3 (G, Z) is generated by the following
left-invariant closed 3-form η:
η=

1
tr(g −1 dg)∧3 .
24π 2

Proof. We use the fact that H3 (G, Z) is generated by embeddings of SU(2)
into G corresponding to the roots of G (see, e.g., [52]). Furthermore, for the
long roots, the Killing form of G restricts to the Killing form on SU(2), so
it suﬃces to prove the proposition for SU(2). The generator of H3 (SU(2), Z)
is given by the group SU(2) itself. Hence we just have to integrate the form
η over SU(2) and verify that the result is equal to 1. Let us parametrize the
group SU(2) by matrices


a b
−b̄ ā
with
a = cos θ · eiφ

and

b = sin θ · eiψ ,

where the parameters φ, ψ assume values in [0, 2π), and θ assumes values
in [0, π/2]. Then a (lengthy) calculation shows that in these coordinates, the
3-form η becomes
1
η=
sin(2θ)dθ ∧ dφ ∧ dψ .
4π 2

Integrating this over the range of our coordinates, we obtain SU(2) η = 1 . 
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A.3 Krichever–Novikov Algebras
The Krichever–Novikov algebras are inﬁnite-dimensional Lie algebras generalizing the Virasoro algebra and aﬃne Lie algebras to higher-genus Riemann
surfaces. The coadjoint orbits of the aﬃne Krichever–Novikov algebras are
related to holomorphic vector bundles on Riemann surfaces and have a description somewhat similar to the coadjoint orbits of the elliptic Lie groups
from Section II.5.2. The place of the Krichever–Novikov algebras among other
algebras discussed above is shown in the table at the end of this appendix.
In a sense, they provide an (almost) graded version of aﬃne and Virasoro
algebras on graphs in the same way as the aﬃne/Virasoro algebras on C∗ are
graded versions of the corresponding algebras on S 1 .
3.1 Holomorphic Vector Fields on C∗ and the Virasoro Algebra
To get started, recall the graded version of the deﬁnition of the Virasoro
algebra, which is the universal central extension of the Lie algebra of vector
ﬁelds on the circle. We restrict our attention to the algebra Vectpol (S 1 ) of
polynomial vector ﬁelds on S 1 , which form a dense subset in the space of all
smooth vector ﬁelds on S 1 . A basis of this space is given by the set {Ln =
d
}n∈Z with the commutation relations
ieinθ dθ
[Ln , Lm ] = (m − n)Ln+m .
This shows that the Lie algebra of polynomial vector ﬁelds on the circle is a
Z-graded Lie algebra, i.e., it admits a decomposition
6
Vn with [Vn , Vm ] ⊂ Vn+m .
Vectpol =
n∈Z

Furthermore, its unique central extension is given by the Gelfand–Fuchs 2cocycle


d
d
1
f  (θ)g  (θ)dθ ;
ω f ,g
=
dθ dθ
2πi S 1
see Section II.2.1. In the basis Ln the cocycle ω reads
ω(Ln , Lm ) = δn,−m n3 .
Identify the Lie algebra Vectpol (S 1 ) with the Lie algebra L of holomorphic
vector ﬁelds on C∗ that have at most ﬁnite-order poles at 0 and ∞. A standard
d
}n∈Z with the Lie
basis for the latter Lie algebra is given by {en = z n+1 dz
bracket [en , em ] = (m − n)en+m , so that this algebra is indeed isomorphic
to the algebra of polynomial vector ﬁelds on the circle. One can view C∗
as the Riemann sphere CP1 with two points removed. Thus the Lie algebra
Vectpol of polynomial vector ﬁelds on C∗ can be viewed as the Lie algebra
of meromorphic vector ﬁelds on CP1 that are holomorphic outside the points
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0 and ∞. Krichever and Novikov [219, 220] studied the corresponding Lie
algebra of meromorphic vector ﬁelds on a higher-genus Riemann surface Σ
that are holomorphic outside two ﬁxed points P, Q ∈ Σ. As we shall see, many
basic properties of the Virasoro algebra carry over to these more general Lie
algebras.
3.2 Deﬁnition of the Krichever–Novikov Algebras
and Almost Grading
Now we consider a compact Riemann surface Σ of genus κ ≥ 2. Let K be
the canonical bundle of Σ and let T := K ∗ denote the holomorphic tangent
bundle of Σ. The sections of T are holomorphic vector ﬁelds on the surface
Σ, while the sections of the line bundle K are holomorphic diﬀerentials, i.e.,
holomorphic 1-forms on Σ. It is known that the degree of the holomorphic
tangent bundle is deg(T ) = −2κ+2, so that for κ ≥ 2 there are no holomorphic
vector ﬁelds on the surface Σ.
Deﬁnition 3.1 Let P , Q ∈ Σ be two points in general position15 on the
surface Σ. The Krichever–Novikov algebra L is the Lie algebra of meromorphic vector ﬁelds on the surface Σ that are holomorphic outside the points
P, Q ∈ Σ.
The Lie algebra L admits an almost grading, which generalizes the Zgrading of the Lie algebra of polynomial vector ﬁelds on S 1 . (This and many
other results for the Krichever–Novikov algebras generalize to the case of more
than two points, as well as to genus κ = 1; see, e.g., [337, 354] and references
therein.)
Deﬁnition 3.2 A Lie algebra
g is called almost graded if it admits a direct
7
sum decomposition g = n∈Z gn with ﬁnite-dimensional spaces gn and there
exists a constant N ∈ N such that
[gn , gm ] ⊂

n+m+N
6

gl

for all n , m ∈ Z .

l=n+m−N

To introduce an almost graded structure on the Lie algebra L, we set
κ0 = 3κ/2 and J = Z + κ/2 (i.e., J = Z if the genus κ of the surface is even
and J = Z + 1/2 if κ is odd). For any j ∈ J consider the line bundle
15

This is a technical condition that is used in the proof of Proposition 3.3: By “general position,” we mean that the points P, Q should not be 2-Weierstrass points.
A point P ∈ Σ is a 2-Weierstrass point if there exists a quadratic diﬀerential (i.e.,
a section of K ⊗2 ) with a zero of order ≥ 3κ − 3 at the point P . It is known that
there are only ﬁnitely many 2-Weierstrass points on a compact Riemann surface
of genus κ ≥ 2.
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0 −1
0 −1
⊗ Lj+κ
,
Mj = T ⊗ L−j+κ
P
Q

where LP denotes the line bundle on Σ corresponding to the point P ∈ Σ.
(Such a bundle is glued from the trivial bundles over a neighborhood U0 of
the point P and over U1 = Σ \ {P }. Then the bundle LP is deﬁned by the
transition function g01 = z, where z is a local coordinate around P in U0 .)
Since the degree of the holomorphic tangent bundle T of the surface Σ is
deg(T ) = −2κ + 2, we obtain deg(Mj ) = κ for each j ∈ J.
Proposition 3.3 For each j ∈ J the space of holomorphic sections of the
bundle Mj is one-dimensional, i.e., dim H 0 (Σ, Mj ) = 1.
The proof of this proposition is based on a repeated application of the
Riemann–Roch theorem and it uses the fact that the points P and Q are
in general position; see [219] or [336].
A holomorphic section of the line bundles Mj corresponds to a meromorphic vector ﬁeld ej on the surface Σ with a zero of order at least j − κ0 + 1
at the point P and a pole of order at most j + κ0 − 1 at the point Q. (As
usual, a pole of negative order is a zero and vice versa.) In a local coordinate
z around the point P , such a vector ﬁeld can be written as
ej = aj z j−κ0 +1

d
+ terms of higher order in z .
dz

(3.15)

Similarly, in a local coordinate w around Q, the vector ﬁeld ej can be written
as
d
+ terms of higher order in w .
(3.16)
ej = bj w−j−κ0 +1
dw
Fixing aj = 1 determines the section ej uniquely.
Theorem 3.4 ([219]) The meromorphic vector ﬁelds ej with j ∈ J form a
basis of the Lie algebra L. In this basis, the Lie bracket is given by
[ei , ej ] =

i+j+κ
0

cki,j ek

(3.17)

k=i+j−κ0

for some cki,j ∈ C. In particular, the Krichever–Novikov algebra L is almost
graded.
Proof. We ﬁrst prove that the vector ﬁelds ej form a basis of the Lie algebra
L. From formulas (3.15), (3.16) we note that the ﬁeld ej is holomorphic at the
point P if j ≥ κ0 − 1 and it is holomorphic at the point Q if j ≤ −κ0 + 1. Now
let v be an arbitrary meromorphic vector ﬁeld with poles only at the points P
and Q. By adding a linear combination of ej with j ≥ κ0 − 1 we can achieve
that the pole of v at the point Q has order ≤ 3κ − 3 without changing the pole
at P . Similarly, by adding multiples of the ﬁelds ej with j ≤ κ0 + 1 we can
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achieve that the pole of v at the point P has order ≤ 3κ − 3 without changing
the pole at Q. Finally, by adding multiples of the ﬁelds ej with |j| ≤ κ0 ,
we can remove the pole of the ﬁeld v at P , so that the order of the pole at
Q is still of order ≤ 3κ − 3. But then v has to vanish identically. Indeed,
otherwise we set n to be the order of the pole of the ﬁeld v at Q and note that
n ≤ 3κ − 3. We also have n = 0, since for κ > 1 any nonzero meromorphic
vector ﬁeld on Σ has at least one pole. So v cannot be a nonzero multiple
of en−κ0 +1 , which has a pole at P . Finally, multiplying the vector ﬁeld v by
and LnQ , we obtain from it a holomorphic
holomorphic sections of L−n+3κ−2
P
−n+3κ−2
section v of Mn−κ0 +1 = T ⊗ LP
⊗ LnQ . But this is a contradiction to
0
dim H (Σ, Mj ) = 1 for all j ∈ J. This shows that the vector ﬁeld v can be
written as a linear combination of the vector ﬁelds ej .
To verify equation (3.17) for the commutator of two vector ﬁelds ei and ej ,
we calculate their commutator locally at the point P . Using equation (3.15),
we get
[ei , ej ] = (j − i)z (i+j−κ0 )−κ0 +1

d
+ terms of higher order in z ,
dz

so that the commutator has to be a linear combination of ek with k ≥ i+j−κ0 .
Similarly, at the point Q we get
[ei , ej ] = bi bj (j − i)w(−i−j−κ0 )−κ0 +1

d
+ terms of higher order in w .
dw

Hence, the ﬁelds ek appearing in the commutator all have the indices k ≤

i + j + κ0 , which proves the theorem.

3.3 Central Extensions
To deﬁne central extensions of the Krichever–Novikov algebras L, we note that
although there are several possible central extensions of them, essentially, just
one of them behaves nicely with respect to the almost grading of L. First we
recall the notion of a projective connection.
Deﬁnition 3.5 Let (Uα , zα ) be a covering of the Riemann surface Σ by holomorphic coordinate charts with transition functions zβ = ϕβα zα on Uα ∩ Uβ .
A system of local holomorphic (meromorphic) functions Rα : Uα → C is called
a holomorphic (meromorphic) projective connection if it transforms according
to the rule
(3.18)
Rβ (zβ )(ϕβα )2 = Rα (zα ) + S(ϕβα ) ,
where S(ϕ) denotes the Schwarzian derivative
 2
3 ϕ
ϕ
S(ϕ) =  −
.
ϕ
2 ϕ
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It is a classical result that on any compact Riemann surface there exists
a holomorphic projective connection (see more detail in, e.g., [155]). Furthermore, equation (3.18) implies that the diﬀerence of two holomorphic projective
connections is a quadratic diﬀerential.
Now deﬁne central extensions of the Krichever–Novikov algebra as follows.
Fix a projective connection R on the Riemann surface Σ, and let C be any
diﬀerentiable contour on Σ.
Exercise 3.6 Show that the map


1 
1
(g f − f  g) − R · (g  f − f  g) dz
γC (f, g) =
2πi C 2

(3.19)

deﬁnes a 2-cocycle on the Lie algebra L. Prove that the cohomology class
of the 2-cocycle γC does not depend on the projective connection R. (Hint:
use the fact that the diﬀerence of two projective connections is a quadratic
diﬀerential.)
It can be shown that every 2-cocycle of the Krichever–Novikov algebra L
is cohomologous to a linear combination of the ones deﬁned in Exercise 3.6
(see [379, 381] for the case of continuous cocycles and [359] for the general
algebraic case). In general, these cocycles are not consistent with the almost
grading of the Lie algebra L. However, among them there are local cocycles,
which respect the almost grading of L in the following sense.
7
Deﬁnition 3.7 Let g =
n∈Z gn be an almost graded Lie algebra. A 2cocycle γ on g is called local if there exist numbers N1 , N2 ∈ Z such that for
all n, m ∈ Z, γ(gn , gm ) = 0 implies N1 ≤ n + m ≤ N2 .
Exercise 3.8 Verify that given a local 2-cocycle on an almost graded Lie
algebra g, the corresponding central extension %
g = g ⊕ C deﬁned by the local
2-cocycle has an almost graded structure for deg%g (x, a) := degg (x).
Thus for local 2-cocycles the almost graded structure can be carried over
to the central extension. Krichever and Novikov showed that there exists a
unique local 2-cocycle on the Lie algebra L. In order to construct it and the corresponding central extension L̂, recall one more fact about diﬀerential forms
on Riemann surfaces (see [336]):
Proposition 3.9 On any compact Riemann surface Σ with two marked
points P, Q ∈ Σ, there exists a meromorphic 1-form α that has ﬁrst-order
poles at the points P, Q, and whose residues at these points are resP (α) = −1
and resQ (α) = +1. Furthermore, the requirement of pure imaginary periods
for the form α over all the homology cycles of Σ ﬁxes this form uniquely.
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Now ﬁx a point z0 ∈ Σ diﬀerent from P and Q. Then we can deﬁne a
function r on Σ by
 z 
r(z) := Re
α .
(3.20)
z0

The function r is well deﬁned (since the periods of α are purely imaginary),
and its level sets
Cτ := {p ∈ Σ | r(p) = τ }
for τ ∈ R deﬁne a (singular) foliation of the surface Σ \ {P , Q}.
Theorem 3.10 ([219]) Fix a regular value τ of the function r. Then the
corresponding 2-cocycle γCτ on the Krichever–Novikov algebra L is local. Furthermore, every local 2-cocycle on L is cohomologous to a scalar multiple of
the cocycle γCτ .
Remark 3.11 For τ >> 0 suﬃciently large, the contour Cτ is a simple contour around the point P . One can consider the homomorphism of L to the
algebra of smooth vector ﬁelds on S 1 ≈ Cτ . This map is injective and the
image is dense [219]. One can see that the cocycle γCτ descends to (a cocycle cohomologous to) the Gelfand–Fuchs cocycle on smooth vector ﬁelds on
S 1 . Since the latter cocycle is nontrivial, this implies the nontriviality of the
central extension L̂.
Note that nontrivial nonlocal 2-cocycles may correspond to trivial 2cocycles in the image under this homomorphism, and hence they might not
be reducible to the ones for smooth ﬁelds (cf. the table at the end of this
appendix).

Q

P
Cτ

Fig. 3.1. Level sets Cτ of the function r(z) deﬁne a foliation of the surface Σ. As
τ → ∞ the curves Cτ become simple contours around P .

Remark 3.12 In a similar way one can deﬁne Krichever–Novikov-type algebras of diﬀerential operators and pseudodiﬀerential symbols on a Riemann
surface [86]. Instead of ﬁxing a projective structure, it is convenient to consider a reference meromorphic vector ﬁeld v on a surface Σ. Let Dv stand
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for the Lie derivative along the ﬁeld v. In a neighborhood of the point P we
expand meromorphic pseudodiﬀerential symbols on Σ into a power series in
Dv , similar to the case of symbols on the circle; cf. Section II.4. The coeﬃcient
at Dv−1 can be understood as a meromorphic 1-form on Σ, and let TrP be the
residue of this 1-form at the point P . Then there is a nontrivial 2-cocycle on
meromorphic pseudodiﬀerential symbols deﬁned by
cP (A, B) = TrP ([log Dv , A] ◦ B]) ,
similarly to the circle case. In particular, one recovers the 2-cocycle (3.19) of
the Krichever–Novikov algebra L of meromorphic vector ﬁelds on Σ. These
algebras of meromorphic diﬀerential operators and pseudodiﬀerential symbols
also have an analogue of the almost grading property of L.
3.4 Aﬃne Krichever–Novikov Algebras, Coadjoint Orbits, and
Holomorphic Bundles
To describe the aﬃne algebras of Krichever–Novikov-type we ﬁx a compact
Riemann surface Σ with two marked points P, Q ∈ Σ. Let F denote the
associative algebra of meromorphic functions on Σ that can have poles only at
the points P and Q. Furthermore, ﬁx a ﬁnite-dimensional complex semisimple
Lie algebra g. The Krichever–Novikov current algebra is deﬁned as the Lie
algebra of g-valued meromorphic functions on Σ:
KN := g ⊗ F .
One can show that the Lie algebra KN admits an almost grading and there
exists a unique local 2-cocycle on the Lie algebra KN given by
aff
(X, Y ) =
γC
τ

1
2πi

tr(XdY ) ,
Cτ

where the contour Cτ is a level set of the function r deﬁned by formula (3.20).
 is the central extension of the curThe aﬃne Krichever–Novikov algebra KN
aff
. As a vector space it
rent algebra KN deﬁned by means of the 2-cocycle γC
τ
is given by
 = g ⊗ F ⊕ C.
KN
Denote by Ω the space of meromorphic 1-forms on the surface Σ that can
have poles only at the points P and Q. The pairing F × Ω → C between the
functions and the forms is given by
f, ω =

1
2πi

fω ,
Cτ

where f ∈ F and ω ∈ Ω. It turns out to be well deﬁned (i.e., independent of τ )
and nondegenerate. This allows one to view the space g ⊗ Ω ⊕ C of g-valued
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∗

 reg of
1-forms on Σ enlarged by a cocentral direction as a “regular part” KN
 = g ⊗ F ⊕ C. Here the
the dual of the aﬃne Krichever–Novikov algebra KN
∗


pairing between KN and KN reg = g ⊗ Ω ⊕ C is given by the natural pairing
(X, c), (A, a) =

1
2πi

tr(XA) + c · a ,
Cτ

for X ∈ g ⊗ F and A ∈ g ⊗ Ω.
Let G denote the complex ﬁnite-dimensional simply connected Lie group
corresponding to the Lie algebra g. We denote by GΣ\{P,Q} the group of maps
from the Riemann surface Σ to G that are holomorphic outside the points
∗
 reg =
P and Q. The group GΣ\{P,Q} transforms elements of the space KN
g ⊗ Ω ⊕ C by means of the gauge transformations
g : (A, a) → (gAg −1 + a(dg)g −1 , a) .
However, the space g⊗Ω ⊕C is not invariant under this action. Deﬁne an orbit
∗

of the group GΣ\{P,Q} in the space KN
reg = g ⊗ Ω ⊕ C to be the intersection
∗
Σ\{P,Q}
 ; see [353]. Equivalently,
of a “true” orbit of G
with the space KN
reg

∗


one could consider the subgroup of G
that leaves the space KN
reg
invariant. In any case, these orbits are the analogues of the coadjoint orbits of
the centrally extended loop groups that we studied in Section II.1.2. Let [Cτ ]
denote the homotopy class of the level curve Cτ ⊂ Σ \ {P, Q} for τ >> 0.
Σ\{P,Q}

Theorem 3.13 ([353, 354]) Generic orbits of the group GΣ\{P,Q} inside a
∗

ﬁxed aﬃne hyperplane a = const = 0 in KN
reg are in one-to-one correspondence with equivalence classes of representations ψ : π1 (Σ \ {P, Q}) → G of
the fundamental group of the punctured surface Σ \ {P, Q} such that ψ([Cτ ])
is a semisimple (i.e., diagonalizable) element of the group G.
For the proof in one direction, one associates to an element (A, a) ∈ g ⊗ Ω ⊕ C
the monodromy group of the connection A meromorphic on the Riemann surface Σ and holomorphic on Σ \ {P, Q}. In the other direction, one has to
check that any monodromy representation indeed comes from such a connection. This is where the assumption on the semisimplicity of ψ([Cτ ]) comes
into play.
Theorem 3.13 links the theory of aﬃne Krichever–Novikov algebras to
the theory of holomorphic G-bundles (or moduli of ﬂat connections) on the
Riemann surface Σ, where a similar correspondence of symplectic leaves and
monodromy groups arises; see [354] and the references therein for more detail.
Remark 3.14 To visualize the role of the Krichever–Novikov-type algebras
among other algebras discussed in the book, we will allow nonlocal 2-cocycles.
They can be deﬁned as cocycles γC associated to arbitrary contours C on the
Riemann surface Σ, not necessarily from the Cτ family. Independent cycles
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in H1 (Σ \ {P, Q}) lead to independent 2-cocycles γC . Note that all cycles Cτ
deﬁne a one-dimensional subspace in the homology group H1 (Σ \ {P, Q}).
While the aﬃne/Virasoro algebras on C∗ are graded versions of the corresponding smooth aﬃne/Virasoro algebras on S 1 , the Krichever–Novikov type
algebras provide an almost graded version of aﬃne and Virasoro algebras on
arbitrary graphs on Riemann surfaces. Diﬀerent cycles in the graphs deﬁne
non-cohomologous 2-cocycles of the corresponding current algebras on those
graphs, similar to diﬀerent 2-cocycles γC .
In this way, both the aﬃne/Virasoro and the Krichever–Novikov-type algebras are Lie algebras of currents or vector ﬁelds on one-dimensional objects
(either in the smooth or in the (almost) graded versions). These objects correspond to the R-part in our complexiﬁcation table (see Section III.4), since
these currents depend on one variable (either real or complex). Meanwhile,
the C-part of the table corresponds to the Etingof–Frenkel-type algebras on
an elliptic curve or on complex curves of higher genus. Here an elliptic curve is
a complexiﬁcation of a circle, while arbitrary complex curves of higher genus
can be regarded as complexiﬁcations of graphs. In the Etingof–Frenkel algebras their elements, i.e., currents, depend on two independent variables. This
discussion is summarized in the following table:
“Real” (almost)
graded version
Graded aﬃne algebras
on C∗ = CP1 \ {P, Q}
Krichever–Novikov current
algebras on Riemann
surfaces Σ \ {P1 , . . . , Pn }

Real smooth
Complex smooth
version
version
Smooth aﬃne Etingof–Frenkel algebras
algebras on S 1
on elliptic curves E
Smooth aﬃne
Etingof–Frenkel
algebras
algebras
on graphs Γ
on complex curves C

The aﬃne algebras on graphs and their relation to the Etingof–Frenkel
algebras on curves of higher genus seem to be very interesting objects of
study, where still most of the work is yet to be done.
For more facts on Krichever–Novikov algebras and the proofs of the theorems in this section we refer to the original papers by Krichever and Novikov
[219, 220], the works [336, 337, 353, 354, 379], and the references therein.
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A.4 Kähler Structures on the Virasoro and Loop Group
Coadjoint Orbits
4.1 The Kähler Geometry of the Homogeneous Space Diﬀ(S 1 )/S 1
Symplectic Structures
Consider the group Diﬀ(S 1 ) of orientation-preserving diﬀeomorphisms of the
circle S 1 , and identify S 1 with the subgroup of rigid rotations Rot(S 1 ). In
this section we study geometric structures on the quotient
S = Diﬀ(S 1 )/S 1
that are invariant under the natural (left) action of the group Diﬀ(S 1 ) on S.
The invariant structures are determined by their values at the point e ∈ S.
The tangent space at this point can be identiﬁed with the space of vector ﬁelds
on S 1 with zero mean:
!
Te S ∼
ξ(θ) dθ = 0 .
= Vect0 (S 1 ) = ξ(θ)∂θ ∈ Vect(S 1 )
S1
∂
(As usual, we denote a coordinate on S 1 by θ and ∂θ stands for ∂θ
.) Regard
the vector ﬁeld ξ as an element of the complexiﬁed tangent space Te S ⊗ C
and expand ξ into the Fourier series

ξn Ln ,
ξ=
n=0

where {Ln }n∈Z denotes the standard basis of VectC (S 1 ), i.e., Ln = ieinθ ∂θ .
The real Lie algebra Vect(S 1 ) ⊂ VectC (S 1 ) is singled out by the relations
−ξ¯n = ξ−n .
Any invariant symplectic structure on the space S is also determined by
its values at e ∈ S. In particular, it is deﬁned by a continuous 2-cocycle ω on
the Lie algebra VectC (S 1 ) that is invariant under rotations. More generally,
invariant closed 2-forms on coadjoint orbits of a Lie group are related to 2cocycles on the corresponding Lie algebra in the following way.
Exercise 4.1 Let G be a Lie group with Lie algebra g, and O ⊂ g∗ is a group
coadjoint orbit. Given a point a ∈ O of the orbit, show that G-invariant closed
2-forms ω on the orbit O are in one-to-one correspondence with 2-cocycles on
the Lie algebra g that vanish on the stabilizer of the point a. (Hint: Identify
the tangent space Ta O for a ∈ O with a quotient of g. Use this to lift the
G-invariant 2-form ω on O to a bilinear form on g. The closedness of ω on O
is equivalent to the cocycle identity of this bilinear form on g.)
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In the case of the algebra Vect(S 1 ), the proof of Proposition II.2.3 shows
that any invariant 2-cocycle has the form
ωα,β (Lm , Ln ) := (αm3 + βm)δm,−n
for some constants α, β ∈ R.
Exercise 4.2 Show that the 2-cocycle ωα,β is nondegenerate on Vect0 (S 1 )
provided that either α = 0 and β = 0, or −β/α = k 2 for some k ∈ N.
As we have seen in the proof of Proposition II.2.3, the cocycle ω0,β is exact,
i.e., it is a coboundary. So to describe nontrivial 2-cocycles we can assume that
α = 0, and that −β/α is not an integer square.
The two-parameter family of symplectic structures on the space S deﬁned
by the 2-forms ωα,β has a natural interpretation in terms of coadjoint orbits of
the Virasoro–Bott group. Indeed, the Virasoro–Bott coadjoint orbit containing
the point (p(dθ)2 , a) ∈ vir∗ is isomorphic to Diﬀ(S 1 )/S 1 if 0 < 4p/a is not an
integer square; see Section II.2.2. (If 4p/a = n2 for some n ∈ Z, the stabilizer of
the point (p(dθ)2 , a) is a three-dimensional subgroup of Diﬀ(S 1 ).) One can see
that the two-parameter family of symplectic structures on the space S comes
from the identiﬁcation of S with any coadjoint orbit from the two-parameter
family of those in the Virasoro–Bott group. The natural symplectic structure
of the coadjoint orbit through the point (p(dθ)2 , a) ∈ vir∗ with a = 0 and
0 < 4p/a = n2 has two parameters: p and a.
The Complex Structure
A Diﬀ(S 1 )-invariant almost complex structure on the space S = Diﬀ(S 1 )/S 1
is given by an S 1 -invariant automorphism Ie of the tangent space Te S ∼
=
Vect0 (S 1 ) such that Ie2 = − id. Such an automorphism can be described using
the Fourier expansion of an element ξ ∈ Vect0 (S 1 ): for

ξn Ln
ξ=
n=0

we set
Ie (ξ) = −i


n>0

ξn Ln + i



ξn Ln .

n<0

Exercise 4.3 Show that the almost complex structure I on the space S is
compatible with the symplectic structure ωα,β in the sense that ωα,β is Iinvariant, i.e., ωα,β (Ie ξ, Ie η) = ωα,β (ξ, η) at e ∈ S, and the symmetric bilinear
form gα,β deﬁned on the tangent space Te S by gα,β (ξ, η) := ωα,β (ξ, Ie η) is
positive deﬁnite.
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One can easily see that the almost complex structure I on the space S is
“formally integrable”: the bracket of two vector ﬁelds in the +i, respectively
−i, eigenspace of the automorphism I is again in the +i, respectively −i,
eigenspace [57]. In principle, this does not guarantee the existence of a complex
structure in the inﬁnite-dimensional context, since here the ﬁnite-dimensional
Newlander–Nirenberg theorem does not work. The following theorem of Kirillov shows that the complex structure does exist in this inﬁnite-dimensional
case.
Theorem 4.4 ([204]) There is a complex structure on the space S =
Diﬀ(S 1 )/S 1 invariant with respect to the Diﬀ(S 1 )-action.
Sketch of proof. To show that the almost complex structure on S is, in
fact, integrable, one can give a diﬀerent realization of the space S in terms
of univalent functions on the unit disk. Namely, let D ⊂ C be the unit disk,
and set F to be the space of holomorphic univalent functions on D that are
continuous up to the boundary and normalized by the conditions at the origin:
F = {f : D →C | f holomorphic and continuous up to the boundary,
f (0) = 0, f  (0) = 1, and f (z1 ) = f (z2 ) whenever z1 = z2 } .
This is an inﬁnite-dimensional complex manifold. By expanding f in a series
f (z) = z + c2 z 2 + c3 z 3 + · · ·
one obtains a natural coordinate system on the space F. De Brange’s theorem
(formerly the Bieberbach conjecture, [212]) implies that |ck | < k, so that F
can be regarded as an inﬁnite-dimensional analogue of a bounded domain in
Cn , see [204].
The identiﬁcation of F with the quotient S = Diﬀ(S 1 )/S 1 is implemented
by means of the following geometric realization. Identify F with the space
K of all simple contours around the origin that have conformal radius 1 with
respect to the origin. Namely, a univalent function f ∈ F uniquely determines
such a contour as the image f (S 1 ) of the boundary S 1 = ∂D. Conversely, for
any such contour K ∈ K there is a function fK mapping its interior to the
unit disk (the Riemann mapping theorem), which can be normalized so that
fK ∈ F.
To see how one can associate a coset from Diﬀ(S 1 )/S 1 to a function fK ,
consider a function gK mapping the exterior of the unit disk D to the exterior
of the contour K and normalized by the condition gK (∞) = ∞. This function
is deﬁned modulo the rotation change of the variable z → eiα z. Then the map
−1
◦ gK deﬁnes a diﬀeomorphism of the unit circle S 1 = ∂D modulo
φK = fK
rotations, i.e., an element of S = Diﬀ(S 1 )/S 1 .
This map is a bijection, and the deﬁnition of the inverse map from S to F is
as follows. Given a circle diﬀeomorphism φ ∈ Diﬀ(S 1 ) construct a 2-sphere Sφ2
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by glueing together the boundaries of the two unit disks D− and D+ according to that diﬀeomorphism. There is a unique complex structure on Sφ2 that
coincides with the standard ones on D− and D+ . Since all complex structures
on S 2 are equivalent, there exists a holomorphic map F : Sφ2 → S 2 = CP1
that can be normalized by the conditions F (0) = 0, F  (0) = 1, F (∞) = ∞. In
turn, the map F can be thought of as a pair of functions F = (f, g) deﬁned
on D− and D+ (here 0 ∈ D− and ∞ ∈ D+ ), and one can see that f ∈ F. The
corresponding contour K ∈ K is the image of the unit circle f (S 1 ).
The group Diﬀ(S 1 ) acts on the space of contours and hence on the space F
by holomorphic transformations, and the stabilizer of the function f (z) = z
under this action is given by the group of rigid rotations S 1 = Rot(S 1 ) ⊂
Diﬀ(S 1 ). This identiﬁcation F ∼
=S ∼
= K ﬁxes the complex structure on the

space S invariant with respect to the Diﬀ(S 1 )-action.
The following theorem details and summarizes this section.
Theorem 4.5 ([204, 208]) The space S = Diﬀ(S 1 )/S 1 is a Kähler Fréchet
manifold with a two-parameter family of Diﬀ(S 1 )-invariant Kähler metrics
gα,β . These Kähler metrics originate from one invariant complex structure
and a two-parameter family of invariant symplectic structures on S.
Note that the Virasoro group can be viewed as a holomorphic C∗ -bundle
over S [236].
4.2 The Action of Diﬀ(S 1 ) and Kähler Geometry on the Based
Loop Spaces
Symplectic Structures
Let G be a simple compact simply connected Lie group with the Lie algebra
g. The loop group of G is the group LG = C ∞ (S 1 , G) of smooth maps from
the circle S 1 to G. The based loop group ΩG is the subgroup
ΩG = {g ∈ LG | g(0) = e}
for a ﬁxed point 0 ∈ S 1 . As a manifold, ΩG can be identiﬁed with the quotient
LG/G, where G is thought of as the subgroup in LG consisting of constant
loops in G. Note, however, that this identiﬁcation is not canonical, since G is
not a normal subgroup in LG.
An LG-invariant closed 2-form on the space ΩG is determined by its values
on the tangent space Te ΩG ∼
= Lg/g or, equivalently, by a G-invariant 2-cocycle
ω on the Lie algebra Lg that also satisﬁes g ⊂ ker ω. Proposition II.1.6 shows
that any continuous G-invariant 2-cocycle on Lg has the form
X(θ), Y  (θ) dθ ,

ω(X, Y ) =
S1
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where  ,  is an invariant inner product on the Lie algebra g. Also, ω satisﬁes
the condition g ⊂ ker ω, since it vanishes on constant loops. The fact that the
2-form ω is nondegenerate, i.e., it deﬁnes a symplectic structure on ΩG, is
equivalent to the nondegeneracy of the inner product  , .
For a simple Lie group G there is the Killing form, the unique (up to a
scalar factor) invariant inner product on g. Hence, in this case there exists
a one-parameter family of LG-invariant symplectic forms on the space ΩG.
This family appears naturally from the identiﬁcation of the quotient LG/G
with the coadjoint orbits of the aﬃne (i.e., centrally extended loop) group
 that contain the points (0, a) ∈ (Lg)
 ∗ : the parameter in this family is the
LG
cocentral value a = 0; see Section II.1.2.
Exercise 4.6 The group Diﬀ(S 1 ) acts on the space LG/G by symplectomorphisms. (Hint: the cocycle ω, and hence the corresponding symplectic
structure, is invariant with respect to reparametrizations of S 1 .)
Complex Structures
Any LG-invariant almost complex structure on the based loop group ΩG
is given by ﬁxing an automorphism Je of the tangent space Te ΩG such that
(Je )2 = −1. In the complexiﬁcation TeC ΩG consider the set of Laurent polynomials (without the constant term) with values in the complexiﬁed Lie algebra
gC :

Xn z n .
X(z) =
n=0

Now we deﬁne an LG-invariant almost complex structure J 0 on ΩG by assigning its value on such polynomials to be


Xn z n + i
Xn z n
Je0 X(z) = −i
n>0

n<0

and extending it to an automorphism of Te ΩG by continuity.
One can see that this almost complex structure is integrable by identifying
the based loop group ΩG with the quotient LGC /L+ GC . Here, LGC denotes
the group of smooth maps from the circle S 1 to the complexiﬁed Lie group GC ,
and L+ GC denotes the subgroup of those maps that extend to holomorphic
maps from the unit disk D, the interior of the circle, to the group GC . To obtain
this identiﬁcation one employs the fact that any loop h ∈ LGC can be uniquely
factorized into a product h = hb · h+ with hb ∈ ΩG and h+ ∈ L+ GC ; see
[322]. Therefore the quotient LGC /L+ GC carries an LGC -invariant complex
structure that coincides with Je0 at the identity.
A diﬀeomorphism ϕ ∈ Diﬀ(S 1 ) sends the complex structure J 0 to J =
ϕ∗ ◦ J 0 ◦ ϕ−1
∗ , where ϕ∗ denotes the action of the diﬀeomorphism ϕ on the
corresponding tangent space.
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0
Proposition 4.7 The complex structure J = ϕ∗ ◦ J 0 ◦ ϕ−1
∗ coincides with J
if and only if the diﬀeomorphism ϕ ∈ Diﬀ(S 1 ) is a rotation.

Sketch of proof. Evidently, if ϕ is a rotation, then J = J 0 . Conversely,
assume that J = J 0 . Recall that the complex structure J 0 on ΩG is deﬁned by
means of the identiﬁcation of the latter with the quotient ΩG = LGC /L+ GC .
Then the action of the diﬀeomorphism ϕ preserves the representation of ΩG =
LGC /L+ GC as a quotient, i.e., it sends the subgroup L+ GC into itself.
C
C
C
Denote by L−
1 G the subset of LG consisting of loops in G that extend
to holomorphic maps h from the exterior of the unit disk to GC and that
are normalized by the condition h(∞) = id ∈ GC . The multiplication map
C
+ C
C
C
L−
1 G ×L G → LG is a diﬀeomorphism to a dense subset of LG ; see [322,
Section 8.6] One can show that in order to preserve the complex structure on
C
+ C
ΩG, the diﬀeomorphism ϕ has to preserve both L−
1 G and L G . This implies
that the circle diﬀeomorphism ϕ extends to both a conformal automorphism of
the unit disk D and to a conformal automorphism of the exterior of the disk D
ﬁxing ∞; cf. the proof of Theorem 4.4 above. Such a conformal automorphism
of the Riemann sphere has to be a rotation, and so is ϕ itself.

The complex structures J = ϕ∗ ◦ J 0 ◦ ϕ−1
obtained from the complex
∗
structure J 0 by the action of the diﬀeomorphism group Diﬀ(S 1 ) are called
admissible complex structures on ΩG. By construction of J 0 , all admissible
complex structures are LG-invariant. From the proposition above, we directly
obtain the following result:
Corollary 4.8 ([57, 312]) Admissible complex structures on the based loop
group ΩG are parametrized by the points of the inﬁnite-dimensional manifold
S = Diﬀ(S 1 )/S 1 .
Finally, one can verify that the complex structure J 0 is compatible with
the symplectic structure ω in the sense that ω(J 0 X, J 0 Y ) = ω(X, Y ), while
g 0 (X, Y ) := ω(X, J 0 Y ) is a positive deﬁnite quadratic form. Hence, g 0 deﬁnes
an LG-invariant Kähler metric on ΩG. In view of the invariance of the symplectic form ω under the action of the group Diﬀ(S 1 ), the complex structures
0
J = ϕ∗ ◦ J 0 ◦ ϕ−1
∗ obtained from J are also compatible with the symplectic
form ω and thus give rise to a family of LG-invariant Kähler metrics g on ΩG
parametrized by the points of S = Diﬀ+ (S 1 )/S 1 .
This description of Kähler metrics exhibits a kind of reciprocity between
the homogeneous spaces LG/G and Diﬀ+ (S 1 )/S 1 . More details, the formulas
for the corresponding curvature tensor, and further applications of the above
can be found in [204, 208, 350].
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A.5 Diﬀeomorphism Groups and Optimal Mass
Transport
In this appendix we consider the Riemannian geometry of the group of all
diﬀeomorphisms of a compact manifold. This large group, being equipped with
a certain L2 -type metric, can be viewed as a unifying framework for problems
of Euler hydrodynamics on the group of volume-preserving diﬀeomorphisms
on the one hand and problems related to optimal mass transportation on
densities on this manifold on the other hand.
5.1 The Inviscid Burgers Equation as a Geodesic Equation
on the Diﬀeomorphism Group
Let M be a compact n-dimensional Riemannian manifold with metric ( , ).
Consider the group Diﬀ(M ) of smooth diﬀeomorphisms of M along with its
subgroup SDiﬀ(M ) of diﬀeomorphisms preserving the (Riemannian) volume
form µ (as before, we conﬁne ourselves to the connected component of the
identity diﬀeomorphism). For a curve {η(t) | t ∈ [0, a]} in Diﬀ(M ) its L2 energy is given by
E({η}) =

1
2

a

η̇(t), η̇(t)Diﬀ dt ,
0

where the (weak) Riemannian metric at each point η ∈ Diﬀ(M ) of the diffeomorphism group is deﬁned in the following straightforward way: given
X, Y ∈ Vect(M ), the inner product of two vectors X ◦ η, Y ◦ η ∈ Tη Diﬀ(M ) is
X ◦ η, Y ◦ ηDiﬀ =

(X ◦ η(x), Y ◦ η(x)) µ(x).

(5.21)

M

This metric is right-invariant when restricted to the subgroup SDiﬀ(M ) of
volume-preserving diﬀeomorphisms, although it is not right-invariant on the
whole group Diﬀ(M ). (Indeed, the change of variables in the integral (5.21)
would give the Jacobian det[∂η/∂x] as an extra factor, which, however, is
identically equal to 1 for a volume-preserving map η ∈ SDiﬀ(M ).) Note that
for a ﬂat manifold M this metric is a ﬂat metric on Diﬀ(M ): a neighborhood
of the identity id ∈ Diﬀ(M ) with the metric  , Diﬀ is isometric to a neighborhood in the pre-Hilbert space of smooth “vector-functions” η : M → M
with the L2 inner product  , L2 (M ) .
Recall that the Euler equation ∂t u + (u, ∇) u = −∇p on a divergence-free
ﬁeld u on M describes the motion of an ideal incompressible ﬂuid ﬁlling M .
It corresponds to the equation of the geodesic ﬂow of the right-invariant L2
metric on the group SDiﬀ(M ); see [12] and Section II.3.
Deﬁne the (inviscid) Burgers equation as the evolution equation
∂t u + (u, ∇) u = 0

(5.22)
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for a vector ﬁeld u on M , where (u, ∇)u stands for the covariant derivative
∇u u on M . (This equation is often also called the Hopf equation or compressible Euler equation.) Consider the ﬂow (t, x) → η(t, x) corresponding to this
velocity ﬁeld:
η(0, x) = x.
∂t η(t, x) = u(t, η(t, x)),
(Here we use the notation ∂t η(t, x) for the time derivative η̇ to emphasize the
dependence of η on both t and x.)
Proposition 5.1 ([96, 303]) (1) Solutions of the Burgers equation are timedependent vector ﬁelds on M that describe the following ﬂows of ﬂuid particles:
each particle moves with constant velocity (deﬁned by the initial condition)
along a geodesic in M .
(2) Geodesics in the group Diﬀ(M ) with respect to the L2 -metric (5.21)
correspond to solutions of the Burgers equation. Geodesics in Diﬀ(M ) normal
to the submanifold SDiﬀ(M ) have potential initial conditions.
Proof. We ﬁrst assume for simplicity that M is equipped with a ﬂat metric.
Then the geodesics in Diﬀ(M ) are given by the equation η̈(t) = 0, which
describes ﬂows of particles moving with constant velocity along their own
geodesics, “straight lines,” in M . This follows from the “ﬂatness” of the L2 metric (5.21). Indeed, consider a one-parameter variation ηs (t) of a curve
{η(t)} with ﬁxed ends for all s. Let w(t) := ∂s ηs (t)|s=0 be the variation
vector ﬁeld along the curve η(t), and w(0) = w(a) = 0. Then the geodesic
condition on η(t), i.e., vanishing of the variation ∂s E(ηs ) = 0 at s = 0, gives
a

∂s η̇s (t), η̇s (t)L2 (M ) dt

0=
0

s=0

a

a

ẇ(t), η̇(t)L2 (M ) dt = −

=
0

w(t), η̈(t)L2 (M ) dt .
0

This implies η̈(t) = 0 and proves (1) in the ﬂat case.
In order to see that the corresponding velocity ﬁeld u for the geodesic
{η(t) | ∂t2 η = 0} satisﬁes the Burgers equation, we apply the chain rule to the
deﬁnition ∂t η(t, x) = u(t, η(t, x)). This immediately gives

∂t2 η = ∂t u(t, η(t, x)) = (∂t u + ∂x u · ∂t η)(t, η(t, x)) = ∂t u + (u, ∇) u (t, η(t, x)),
and hence the geodesic condition d2 η/dt2 (t, x) = 0 is equivalent to the Burgers
equation on M :
∂t u + (u, ∇)u = 0 .
(One can compare the latter to the Euler equation on the subgroup
SDiﬀ(M ) ⊂ Diﬀ(M ), where the acceleration ∂t2 η is L2 -orthogonal to the set
SDiﬀ(M ) and hence is given by a gradient ﬁeld, cf. Section II.3.2.)
In the general case, any Riemannian metric on M induces a unique Levi¯ on Diﬀ(M ), which is determined pointwise by the
Civita L2 -connection ∇
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Riemannian connection ∇ on the manifold M itself (see for example [96] or
[267]). Then the same chain rule leads to the Burgers equation (5.22) on
velocity u with (u, ∇)u := ∇u u. The latter is equivalent to the Riemannian
¯ η̇ η̇ = 0. The ﬂow
version of freely ﬂying non-interacting particles in M : ∇
corresponding to the Burgers solution with the initial ﬁeld v(x) on M has the
form x → expM (t · v(x)), where expM stands for the Riemannian exponential
map on the manifold M . This is a family of diﬀeomorphisms (parametrized by
time t) in which each point moves along its own geodesic on M with constant
velocity.
Finally, observe that the tangent space to the subgroup SDiﬀ(M ) at the
identity consists of divergence-free vector ﬁelds, and hence the space of normals is given by the gradients of all smooth functions on M . Thus horizontal
geodesics are the ones whose initial velocities are gradient ﬁelds u|t=0 = ∇φ;
see Figure 5.1.


Remark 5.2 For a smooth initial velocity ﬁeld u|t=0 = v, the family x →
exp(t · v(x)) consists of diﬀeomorphisms for small t, but at some moment
particles can start colliding with each other. This moment corresponds to
formation of a shock wave on M , and from this moment on, the map from
initial to ﬁnal positions of the particles ceases to be a diﬀeomorphism. In
other words, the group Diﬀ(M ) is incomplete in the L2 -metric (5.21) and the
corresponding geodesics “reach the boundary of the group” Diﬀ(M ) in ﬁnite
time.
One can show that the shock wave formation for the Burgers equation
with potential initial condition u|t=0 = ∇φ corresponds to the ﬁrst focal
point in the direction ∇φ, which is normal to the set SDiﬀ(M ) regarded as a
Riemannian submanifold of Diﬀ(M ); see [193] and Figure 5.1. Recall that a
focal point of a submanifold S in a Riemannian manifold N in the direction
ν normal to S is the point of intersection of normals to S that are inﬁnitely
close to ν.
Example 5.3 The Burgers equation on the line assumes the form ∂t u+uu =
0, where u := ∂x u. Faster particles start passing slower ones, and one can
see that the shock wave solutions of the Burgers equation ﬁrst arise from
inﬂection points of the initial velocity proﬁle of u|t=0 (i.e., from the points
corresponding to u |t=0 = 0).
In higher dimensions the shock waves ﬁrst arise from the special points of
the initial potential u|t=0 = ∇φ, which are singularities of type A3 modulo
certain linear and quadratic terms in local orthogonal coordinate charts; see
[46]. The list of initial singularities, possible bifurcations of the shock waves,
and other related questions for the inviscid Burgers equations can be found
in [21, 22, 137].
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SDiﬀ(M )

∇φ

η(0)

η(t1 )
η(t)

Diﬀ(M )

¼

¹

γ(t)
Dens(M )

Fig. 5.1. Diﬀeomorphism group Diﬀ(M ) projects to the space of densities Dens(M )
with the ﬁber SDiﬀ(M ); normals to SDiﬀ(M ) are horizontal geodesics η(t), and focal
points along them correspond to conjugate points along geodesics γ(t) in Dens(M ).

Remark 5.4 While ﬁrst conjugate points along horizontal geodesics in
Diﬀ(M ) naturally correspond to shock waves of the Burgers equation, the
problem of description of conjugate points along vertical geodesics, i.e., geodesics in SDiﬀ(M ), was posed by Arnold back in the 1960s in the paper [12]
on the geometry of the Euler equation. It is shown in [97] that for a compact surface M without boundary the exponential map of the L2 -metric on
SDiﬀ(M ) is a nonlinear Fredholm map of index zero. In particular, this implies that conjugate points are isolated and of ﬁnite multiplicity along ﬁnite
geodesic segments. In other words, in this case the Riemannian exponential map on SDiﬀ(M ) has the same structure of singularities as that on a
ﬁnite-dimensional manifold. For a three-dimensional M the situation changes
drastically: the set of conjugate points is not discrete. In particular, conjugate
points cluster to the ﬁrst one, while the exponential operator is not Fredholm,
since its range is not closed [97, 323]. This is yet another manifestation of the
diﬀerence between the geometries of the groups of volume-preserving diﬀeomorphisms in the two- and three-dimensional cases; cf. Section II.3.6.
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5.2 Metric on the Space of Densities and the Otto Calculus
The diﬀerential geometry of diﬀeomorphism groups is closely related to the
theory of optimal mass transport, and in particular, to the problem of moving
one mass (or density) to another while minimizing a certain cost. In this
section we discuss the relation of metric properties of the diﬀeomorphism
group and the space of densities.
Let µ be a smooth reference volume form (or density) on M of unit total
mass, and consider the projection π : Diﬀ(M ) → Dens(M ) of diﬀeomorphisms
onto the space Dens(M ) of (normalized) smooth densities on M . The diﬀeomorphism group Diﬀ(M ) is ﬁbered over Dens(M ) by means of this projection
π as follows: the ﬁber over a volume form ν consists of all diﬀeomorphisms
η that push µ to ν, η∗ µ = ν. In other words, two diﬀeomorphisms η1 and η2
belong to the same ﬁber if and only if η1 = η2 ◦ ϕ for some diﬀeomorphism ϕ
preserving the volume form µ. Diﬀeomorphisms from Diﬀ(M ) act transitively
on smooth densities, according to the Moser theorem [279].
Remark 5.5 Note that this projection π can be extended to more general
(nonsmooth) maps and densities by tracing how they transport the density
µ. More precisely, let µ and ν be two Borel measures of total volume 1 on a
compact Riemannian manifold M (or, more generally, on a complete metric
space) that are absolutely continuous with respect to the Lebesgue measure,
and let dist(x, y) be the distance function on M . Consider the following optimal mass transport problem: Find a Borel map η : M → M that pushes the
2
measure2 µ forward to ν and attains the minimum of the L -cost functional
dist
(x,
η(x))µ
among
all
such
maps.
The
minimal
cost
of transport deM
ﬁnes a metric (often called the Kantorovich or Wasserstein metric) Dist on
densities:
!
dist2 (x, η(x))µ | η∗ µ = ν .
(5.23)
Dist2 (µ, ν) := inf
η

M

It turns out that this mass transport problem admits a unique solution
(deﬁned up to measure-zero sets), called the optimal map η̄ (see [58] for M =
Rn and [256] for any compact connected Riemannian manifold M without
boundary). Furthermore, there exists a 1-parameter family of Borel maps η(t)
joining the identity map η(0) = id with the optimal map η(1) = η̄ such that
η(t) pushes µ to η(t)∗ µ in an optimal way for every t. Such a 1-parameter
family of measures η(t)∗ µ describes a geodesic between µ and ν in the space
of densities with respect to the metric Dist; see [374] for details.
In what follows we consider a formal version of this problem, focusing on
smooth densities. One can see that the Kantorovich metric Dist is formally
generated by the (weak) Riemannian metric on the space Dens of smooth
densities. Thus both Diﬀ and Dens can be regarded as inﬁnite-dimensional
Riemannian manifolds.
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Proposition 5.6 ([303]) The bundle map π : Diﬀ(M ) → Dens(M ) is a
Riemannian submersion of the metric  , Diﬀ on the diﬀeomorphism group
Diﬀ(M ) to the metric Dist on the density space Dens(M ). The horizontal
(i.e., normal to ﬁbers) spaces in the bundle Diﬀ(M ) → Dens(M ) are righttranslated gradient ﬁelds.
Recall that for two Riemannian manifolds P and B a submersion π :
P → B is a mapping onto B that has maximal rank and preserves lengths
of horizontal tangent vectors to P ; see, e.g., [302]. For a bundle P → B this
means that on P there is a distribution of horizontal spaces that are orthogonal
to ﬁbers and projected isometrically to the tangent spaces to B.
Proof. Recall the Hodge decomposition Vect = SVect ⊕L2 Grad for vector
ﬁelds on M : any vector ﬁeld v decomposes uniquely into the sum v = ξ + ∇p
of a divergence-free
ﬁeld ξ and a gradient ﬁeld ∇p, which are L2 -orthogonal

to each other: M (ξ, ∇p) µ = 0; cf. Section II.3.16
For the ﬁbration π : Diﬀ(M ) → Dens(M ) the ﬁber passing through the
identity diﬀeomorphism id ∈ Diﬀ(M ) is the subgroup SDiﬀ(M ), preserving
the reference density µ itself. Thus the vertical tangent space at the identity
coincides with SVect(M ), while the horizontal space is Grad. The L2 -metric
on Grad projects isometrically to the tangent space to the base Dens at the
point µ.
Other ﬁbers of Diﬀ(M ) → Dens(M ) are right cosets for the subgroup
SDiﬀ(M ) in the group Diﬀ(M ). One can think of this ﬁbration as an
SDiﬀ(M )-principal bundle over Dens(M ), where volume-preserving diﬀeomorphisms from SDiﬀ(M ) act on all diﬀeomorphisms by right translations
Rϕ : η → η ◦ ϕ for ϕ ∈ SDiﬀ(M ) and η ∈ Diﬀ(M ). This induces the SDiﬀaction on the corresponding tangent spaces. The metric (5.21) is invariant
with respect to this action of SDiﬀ(M ).
Now the proposition follows from the Hodge decomposition above, which
is right-translated from id to any other point η of the diﬀeomorphism group
Diﬀ(M ). The vertical space (tangent to a ﬁber) at a point η ∈ Diﬀ(M ) consists
of divergence-free vector ﬁelds right-translated by the diﬀeomorphism η,
Vertη = {X ◦ η | X ∈ SVect(M )} ,
while the horizontal space is given by the translated gradient ﬁelds,
Horη = {(∇p) ◦ η | p ∈ C ∞ (M, R)}.
The L2 -type metric  , Diﬀ on horizontal spaces for diﬀerent points of the
same ﬁber projects isometrically to one and the same metric on the base, due
to the SDiﬀ-invariance of the metric.

16

More generally, one can consider the volume form µ not related to the Riemannian
metric ( , ). The L2 -orthogonality still holds for µ-divergence-free ﬁelds and
gradients with respect to this metric.
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One of the main properties of a Riemannian submersion is the following
feature of geodesics:
Corollary 5.7 Any geodesic initially tangent to a horizontal space on the
full diﬀeomorphism group Diﬀ(M ) remains horizontal, i.e., tangent to the
gradient distribution Horη on this group. There is a one-to-one correspondence
between geodesics on the base Dens(M ) starting at the density µ and horizontal
geodesics in Diﬀ(M ) starting at the identity diﬀeomorphism id.
Remark 5.8 In PDE terms, the horizontality of a geodesic means that any
solution of the Burgers equation with a potential initial condition u = ∇φ
remains potential for all times. The corresponding potential φ satisﬁes the
Hamilton–Jacobi equation ∂t φ + (∇φ, ∇φ)/2 = 0 on M ; see [303].
Thus horizontal geodesics in Diﬀ(M ), i.e., potential solutions of the Burgers equation, move the densities in Dens(M ) in the fastest way. This statement
is very natural geometrically: to obtain the fastest projection to the base, i.e.,
to move densities most eﬀectively, one has to mod out the “volume-preserving”
parts of the diﬀeomorphisms (since they are not moving the density, but preserve it), and use only their “gradient parts.”
Remark 5.9 Consider the ﬂow η(t) : x → expM (t · ∇φ(x)) corresponding
to the potential Burgers solution with a given smooth potential φ. As we
mentioned, the solution remains smooth for some time, and the appearance
of a shock wave corresponds to the ﬁrst moment at which the solution is
nonsmooth. For M = Rn the map x → expM (t · ∇φ(x)) has the form x →
x + t · ∇φ(x) = ∇(x2 /2 + t · φ(x)), and the loss of the map’s smoothness
corresponds to the loss of convexity of the potential f (x) := x2 /2 + t · φ(x).
On any M this loss of smoothness occurs when the potential −t φ ceases to
be c-concave, which is an analogous notion for manifolds. (A function ψ on a
manifold M is c-concave if (ψ c )c = ψ, where ψ c (y) := inf{c(x, y) − ψ(x) | x ∈
M } for the square distance function c(x, y) = dist2 (x, y)/2 on M .) As long
as the potential remains c-concave, the curve {η(t)} is the shortest curve
in Diﬀ(M ) joining its endpoints, while its projection to Dens(M ) gives the
shortest curve joining the corresponding densities. This description is based
on the following theorem on polar decomposition: every diﬀeomorphism η ∈
Diﬀ(M ) has a unique decomposition η = gr ◦ ϕ into a “gradient map” gr(x) :=
expM (∇φ(x)) for a c-concave potential −φ and a volume-preserving map ϕ
of M ; see [61, 256].
We return to the problem of ﬁnding optimal maps for moving the density
µ(x) to any other density ν(y) = h(y)µ(y), where h is a function on M . The
Jacobian of a map η that sends µ to ν = η∗ µ satisﬁes the relation
h(η(x)) · det[∂η/∂x] = 1 .
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The polar decomposition theorem implies that in Rn the optimal map is the
gradient η = ∇f of a convex potential f , and the above relation assumes the
form of the Monge–Ampère equation on the potential:
det(Hess f (x)) =

1
,
h(∇f (x))

where Hess f := ∂(∇f )/∂x is the Hessian matrix of the function f . For a
manifold M the potential for the optimal map expM (∇φ) also satisﬁes the
Monge–Ampère-like equation
det

" ∂ exp (∇φ) #
1
M
=
,
∂x
h(expM (∇φ(x)))

where expM is the Riemannian exponential on the manifold M and −φ is a
c-concave potential. We refer to the books [374, 375] and papers [58, 256, 303]
for a comprehensive discussion of optimal transport.

5.3 The Hamiltonian Framework of the Riemannian Submersion
The Riemannian submersion property for the ﬁbration Diﬀ(M ) → Dens(M )
can be put in the framework of symplectic reduction, discussed in Section I.5;
see [235]. Recall the following general construction in symplectic geometry.
Let π : P → B be a principal bundle with the structure group G.
Lemma 5.10 (see, e.g., [23]) The symplectic reduction of the cotangent
bundle T ∗ P over the G-action gives the cotangent bundle T ∗ B = T ∗ P//G.
Proof. The moment map Φ : T ∗ P → g∗ associated with this action takes
T ∗ P to the dual of the Lie algebra g of the group G. For the G-action on T ∗ P
the moment map Φ is the projection of any cotangent space Ta∗ P to cotangent
space Ta∗ F ≈ g∗ for the ﬁber F through a point a ∈ P . The preimage Φ−1 (0)
of the zero value is the subbundle of T ∗ P consisting of covectors vanishing on
ﬁbers. Such covectors are naturally identiﬁed with covectors on the base B.
Thus factoring out the G-action, which moves the point a over the ﬁber F ,

we obtain the bundle T ∗ B.
Suppose now that P is equipped with a G-invariant Riemannian metric
 , P . Then it induces the metric  , B on the base B.
Lemma 5.11 The Riemannian submersion of P (P,  , P ) to the base B,
equipped with the metrics  , P and  , B respectively, is the result of the
symplectic reduction with respect to the G-action.
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Proof. Indeed, the metric  , P gives a natural identiﬁcation T ∗ P ≈ T P of
the tangent and cotangent bundles for P , and the “projected metric” is equivalent to a similar identiﬁcation for the base manifold B. In the presence of the
metric in P , the preimage Φ−1 (0) is identiﬁed with the subbundle of horizontal
spaces in T P : the zero value of the moment map stands for the orthogonality to the vertical (i.e., tangent to the ﬁbers) spaces. Hence the symplectic

quotient Φ−1 (0)/G can be identiﬁed with the tangent bundle T B.
Let H P : T ∗ P → R be a Hamiltonian function invariant under the Gaction on the cotangent bundle of the total space P . The restriction of this
function to the horizontal bundle (Φ−1 (0) ⊂ T ∗ P ) is also G-invariant, and
hence descends to a function H B : T ∗ B → R on the quotient, the cotangent bundle of the base B. One has the following reduction of Hamiltonian
dynamics:
Proposition 5.12 ([23]) The Hamiltonian ﬂow of the function H P preserves the preimage Φ−1 (0); i.e., trajectories with horizontal initial conditions
stay horizontal. Furthermore, the Hamiltonian ﬂow of the function H P on the
cotangent bundle T ∗ P of the total space descends to the Hamiltonian ﬂow of
the function H B on the cotangent bundle T ∗ B of the base.
Apply the above consideration to our setting, in which P = Diﬀ(M ),
G = SDiﬀ(M ), and B = Dens(M ). The above lemmas give a Hamiltonian
meaning to Proposition 5.6 on Riemannian submersion.
Now we would like to describe the geodesics on the spaces Diﬀ(M )
and Dens(M ). Recall that one of possible deﬁnitions of geodesics in any
Riemannian manifold M is that they are projections to M of trajectories
of the Hamiltonian ﬂow on T ∗ M , whose Hamiltonian function is the “kinetic
energy” K M (p, q) := (p, p)/2 given by this Riemannian metric. In the same
way, geodesics on Diﬀ(M ) and Dens(M ) are obtained by considering the corresponding Hamiltonians for the metric  , Diﬀ and metric Dist, respectively.
It will be convenient for us to identify the tangent and cotangent spaces
for the manifold M , as well as those for the group Diﬀ(M ), using the
corresponding metrics on them. Consider also a more general Hamiltonian
function H M on the (co)tangent bundle T M of the manifold M . The averaged Hamiltonian function is the function H Diﬀ on the (co)tangent bundle
T Diﬀ(M ) of the diﬀeomorphism group Diﬀ(M ) obtained by averaging the
corresponding Hamiltonian H M over M in the following way: its value at a
point X ◦ η ∈ Tη Diﬀ(M ) is
H Diﬀ (X ◦ η) :=

H M (X ◦ η(x)) µ(x)
M

for a vector ﬁeld X ∈ Vect(M ) and a diﬀeomorphism η ∈ Diﬀ(M ). For instance, the energy Hamiltonian K Diﬀ (X ◦η) := 12 X ◦η, X ◦ηDiﬀ on T Diﬀ(M )
is the averaging of the “kinetic energy” Hamiltonian K M deﬁned on T M .

A.5. Diﬀeomorphism Groups and Optimal Mass Transport

249

Consider the Hamiltonian ﬂows for the Hamiltonian functions H M and
H Diﬀ on the (co)tangent bundles T M and T Diﬀ(M ), respectively, relative to
the standard symplectic structures on the bundles.
Theorem 5.13 ([235]) Each Hamiltonian trajectory for the averaged Hamiltonian functions H Diﬀ on T Diﬀ(M ) describes such a ﬂow on the tangent
bundle T M in which every tangent vector to M moves along its own H M Hamiltonian trajectory in T M .
This theorem has the following simple geometric meaning for the energy
Hamiltonians K Diﬀ and K M . It implies that all geodesics on the diﬀeomorphism group Diﬀ(M ) (described by the Burgers equation; see Proposition 5.1)
starting at the identity id with the initial velocity X ∈ Vect(M ) are the ﬂows
that move each particle x on the manifold M along the geodesic with the
initial direction X(x). Such a geodesic is well deﬁned on the diﬀeomorphism
group Diﬀ(M ) as long as the particles do not collide.
Furthermore, Proposition 5.12 implies that a geodesic on Diﬀ(M ) with
potential initial condition will stay potential (cf. Corollary 5.7). Finally, since
the metric on Diﬀ(M ) is SDiﬀ-invariant, so is the energy Hamiltonian K Diﬀ ,
and hence it descends to the energy Hamiltonian on T Dens(M ). The latter
describes the geodesics on the density space Dens(M ) with respect to the metric Dist. This way one recovers the geodesic properties of the group Diﬀ(M )
discussed above.
Remark 5.14 For a more general Hamiltonian H M on the tangent bundle T M , each particle x ∈ M with an initial velocity X(x) will be moving
along its characteristic, which is the projection to M of the corresponding
Hamiltonian trajectory in the tangent bundle T M . This description for more
general Hamiltonians allows one to extend the above description of geodesics
to other situations, and in particular, to the case of nonholonomic distributions
(i.e., to sub-Riemannian, or Carnot–Carathéodory, spaces); see [9, 188, 235].
Note that the above Hamiltonian framework is also valid for more general
cost functions c : M × M → R, which can replace dist2 in the mass transport
problem (5.23).
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A.6 Metrics and Diameters of the Group of Hamiltonian
Diﬀeomorphisms
6.1 The Hofer Metric and Bi-invariant Pseudometrics
on the Group of Hamiltonian Diﬀeomorphisms
Let M be a symplectic manifold of dimension 2n with a symplectic form ω.
Consider the space F(M ) of Hamiltonian functions on M normalized in the
following way. For a closed manifold M we deﬁne F(M ) as the space of smooth
functions with zero mean with respect to the canonical volume form ω n . For
an open M , the space F(M ) consists of all smooth functions with compact
support. In either case, F(M ) is a Lie algebra with respect to the Poisson
bracket related to ω or, equivalently, the Lie algebra of the corresponding
Hamiltonian vector ﬁelds on M . (Notethat this algebra can be endowed with
an invariant inner product H, K := M HK ω n , where H, K ∈ F(M ).)
Consider the corresponding group Hamc (M ) of all compactly supported
Hamiltonian diﬀeomorphisms of M , which are time-one maps of timedependent Hamiltonian ﬁelds with Hamiltonian functions from F(M ). In
Sections II.3.6 and II.6.2 we saw that the inﬁnite-dimensional group Ham(M ),
as well as Hamc (M ), admits left-invariant lp -metrics, which depend on the
choice of a Riemannian metric on the manifold M . It turns out that the
group Hamc (M ) does in fact admit a bi-invariant metric, which depends only
on the symplectic structure on M .
Deﬁnition 6.1 Set the energy of a Hamiltonian diﬀeomorphism ϕ ∈
Hamc (M ) to be


E(ϕ) := inf sup H(x, t) − inf H(x, t) ,
H

x,t

x,t

where (x, t) ∈ M × [0, 1] and H runs over the set of all compactly supported
time-dependent Hamiltonian functions H : M ×[0, 1] → R whose Hamiltonian
vector ﬁeld has the given diﬀeomorphism ϕ as the time-one map. The Hofer
metric deﬁnes the distance on the group Hamc (M ) as
ρE (ψ, ϕ) = E(ψϕ−1 )
for any two compactly supported Hamiltonian diﬀeomorphisms ψ and ϕ.
Exercise 6.2 Verify that
E(ϕ) = E(ϕ−1 ) = E(ψϕψ −1 )

and

E(ψϕ) ≤ E(ψ) + E(ϕ) ,

so that ρE (ψ, ϕ) is a pseudometric, i.e., it is symmetric, bi-invariant, and
satisﬁes the triangle inequality.
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The following theorem is due to Hofer [166] in the case of R2n with the
standard symplectic form and to Lalonde–McDuﬀ [227] in the case of general
symplectic manifolds.
Theorem 6.3 The pseudometric ρE is a genuine bi-invariant metric on the
group Hamc (M ). That is, in addition to nonnegativity, symmetry, and the
triangle inequality, the relation ρE (ψ, ϕ) = 0 implies ψ = ϕ.
Remark 6.4 One can deﬁne the lp -length of a curve in the group Hamc (M )
for any Lp -norm on the space F(M ). Given the Hamiltonian function Ht of
a path ϕt in Hamc (M ), we set
1

Ht Lp dt .

lp (ϕt ) =
0

The length functional lp generates a bi-invariant pseudometric ρp on the group
Hamc (M ). It is shown in [98] that the pseudometric ρp is not a metric for any
p < ∞. However, for p = ∞ one can show that ρ∞ is indeed a metric, and it
is equivalent to Hofer’s metric ρE .
One of the key ingredients in the proofs of these statements is the notion
of a displacement energy and its estimates. The displacement energy eρ (S)
of a subset S ⊂ M is the (pseudo-) distance in Hamc (M ) from the identity
diﬀeomorphism to the set of all Hamiltonian diﬀeomorphisms that push S
away from itself:
eρ (S) := inf{ρ(id, ϕ) | ϕ ∈ Hamc (M )

such that

ϕ(S) ∩ S = ∅} .

Theorem 6.5 ([98]) If ρ is a bi-invariant nondegenerate metric on the group
Hamc (M ), then the displacement energy eρ (S) is positive for any open bounded
set S.
On the other hand, for the metric ρp with any p < ∞ one can show that
the displacement energy of an embedded ball B ⊂ M is zero. Indeed, suppose
that the Hamiltonian ﬂow gtH with the (compactly supported) Hamiltonian
H
(B) ∩ B = ∅. Introfunction H : M × [0, 1] → R pushes B from itself: gt=1
duce the new Hamiltonian function K(·, t) by cutting oﬀ H(·, t) outside a
neighborhood Ut ⊂ M of the moving boundary gtH (∂B). The ﬂows of K and
K
(B) ∩ B = ∅. Now we note
H coincide on (∂B)t for any t, and hence gt=1
p
that for any p < ∞, the L -norm of K(·, t) can be made arbitrarily small for
all t ∈ [0, 1] by choosing a suﬃciently narrow neighborhood Ut , and hence
K
) can likewise be made arbitrarily small. The latter implies that
ρp (id, gt=1
eρp (B) = 0 for p < ∞. Summarizing, in the Lp -norm one can push the ball
from itself with arbitrarily small energy, but one must pay for this by fast
rotation near the boundary (∂B)t . This fast rotation comes from the steep
(skew-)gradients of the cutoﬀ function K(·, t).
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Of course, this consideration is not applicable to Hofer’s (p = ∞) case,
since the L∞ -norm of K(·, t) does not depend on the area of Ut . (See more
details on the material of this section in [317].)
As to the diameter results in Hofer’s metric, we just mention that for a
symplectic manifold M with boundary, the group Ham∂ (M ) of Hamiltonian
diﬀeomorphisms of M that are stationary on the boundary ∂M has inﬁnite
diameter. The case of the two-sphere was settled by Polterovich [316]: the
group Ham(S 2 ) also has inﬁnite diameter in Hofer’s metric.
6.2 The Inﬁnite L2 -Diameter of the Group of Hamiltonian
Diﬀeomorphisms
In this section we prove a simpliﬁed version of Theorem II.3.46 of Eliashberg
and Ratiu on the inﬁnite diameter of the group of Hamiltonian diﬀeomorphisms in a right-invariant metric.
Let B 2n ⊂ R2n be the 2n-dimensional unit ball with the standard symplectic form ω = dx ∧ dy. Denote by Ham∂ (B 2n ) the group of its Hamiltonian
diﬀeomorphisms that are the identity when restricted to the boundary ∂B 2n .
Theorem 6.6 ([99]) The L2 -diameter of the group Ham∂ (B 2n ) of Hamiltonian diﬀeomorphisms that are stationary on the boundary ∂B 2n is inﬁnite.
To prove this theorem we ﬁrst need to deﬁne the Calabi invariant for such
Hamiltonian diﬀeomorphisms. Fix some 1-form α such that ω = dα.
Deﬁnition / Proposition 6.7 Given a 1-form α on B 2n and a Hamiltonian
diﬀeomorphism ϕ ∈ Ham∂ (B 2n ), there exists a unique function h : B 2n → R
vanishing with its gradient on ∂B 2n such that dh = ϕ∗ α − α.
The Calabi invariant of a Hamiltonian diﬀeomorphism ϕ ∈ Ham∂ (B 2n ) is
deﬁned by
1
h ωn .
Cal(ϕ) :=
n + 1 B 2n
It does not depend on the choice of α satisfying ω = dα.
Proof. First, we prove the existence of the function h. To this end, observe
that the 1-form ϕ∗ α − α is closed. Indeed, we have
d(ϕ∗ α − α) = ϕ∗ dα − dα = ϕ∗ ω − ω = 0 ,
since ϕ preserves the symplectic form ω. The closed 1-form ϕ∗ α − α must
be exact in the ball B 2n . So there exists a function h on B 2n such that
dh = ϕ∗ α − α. The fact that ϕ restricted to the boundary of B 2n is the
identity gives the condition ∇h|∂B 2n = 0. The condition h|∂B 2n = 0 ﬁxes h
uniquely.
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To see that the Calabi invariant is indeed independent of the choice of the
1-form α, suppose that we have another 1-form α
 = α + df . Then we obtain

h = h + (ϕ∗ f − f ), and the required independence follows from
(ϕ∗ f )ω n =
B 2n

f ωn ,
B 2n



which holds since ϕ preserves ω.

Remark 6.8 The Calabi invariant Cal : Ham∂ (B 2n ) → R is a homomorphism. Indeed, if ϕ = ϕ2 ◦ ϕ1 , then we have
dh = ϕ∗ α − α = ϕ∗2 (ϕ∗1 α) − ϕ∗2 α + ϕ∗2 α − α = ϕ∗2 dh1 + dh2 ,
so that we obtain
hω n =
B 2n

h1 ω n +
B 2n

h2 ω n .
B 2n

There is an alternative deﬁnition of the Calabi invariant Cal(ϕ): Let
{ϕt | 0 ≤ t ≤ T } be a path in Ham∂ (B 2n ) connecting ϕ0 = id, and ϕT = ϕ.
This path may be regarded as the ﬂow of a time-dependent Hamiltonian vector
ﬁeld on B 2n . We denote by Ht : B 2n × [0, T ] → R the Hamiltonian function of
this vector ﬁeld at time t normalized by the condition that it vanish on ∂B 2n
along with its diﬀerential.
H

t
B 2n

Fig. 6.1. Graph of the function Ht : B 2n × [0, T ] → R.

Theorem 6.9 The Calabi invariant of a Hamiltonian diﬀeomorphism ϕ of
B 2n is equal to the total integral of the Hamiltonian function Ht :

T 
n
Ht ω dt .
Cal(ϕ) =
0

B 2n

In particular, this integral does not depend on the choice of the connecting
path ϕt , i.e., on the choice of the Hamiltonian Ht , provided that the time-one
map ϕT = ϕ is ﬁxed.
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Proof. Let ϕt be a path in Ham(B 2n ) such that ϕ0 = id and ϕT = ϕ. For
each t ∈ [0, T ], denote by ht the corresponding function from Proposition 6.7.
We have to show that

T 
n
n
hT ω = (n + 1)
Ht ω dt .
(6.24)
B 2n

B 2n

0

Due to the homomorphism property of the Calabi invariant, it is enough to
prove this equality for an inﬁnitesimally short time T . That is, it suﬃces to
show that the derivatives of both sides with respect to t at t = 0 coincide. We
therefore need to prove the following identity:


d
ht ω n = (n + 1)
H0 ω n .
dt
t=0
2n
2n
B
B
d
Let ξ be the Hamiltonian vector ﬁeld ξ = dt
|t=0 ϕt . Then, by the deﬁnition
of the function ht in Proposition 6.7, we get


d
ht = Lξ α ,
(6.25)
d
dt t=0

where Lξ α denotes the Lie derivative of the 1-form α with respect to the
vector ﬁeld ξ. Now apply Cartan’s formula to obtain
Lξ α = dιξ α + ιξ dα = d(ιξ α + H0 ) ,

(6.26)

since H0 is the Hamiltonian function corresponding to the vector ﬁeld ξ, i.e.,
dH0 = ιξ ω = ιξ dα. Equations (6.25) and (6.26) allow one to reconstruct
d
dt |t=0 ht :
d
|t=0 ht = ιξ α + H0 .
dt
(As a matter of fact, the above formulas allow one to ﬁnd the derivative up
to an additive constant. The vanishing boundary conditions for ht , ξ, and Ht
force this constant to be 0.) Then Theorem 6.9 would follow from the following
lemma.
Lemma 6.10
(ιξ α) ω n = n
B 2n

H0 ω n .
B 2n

Proof of Lemma. We have
α ∧ ιξ (ω n )

(ιξ α) ω n =
B 2n

B 2n

α ∧ ιξ ω ∧ ω n−1 = n

=n
B 2n

α ∧ dH0 ∧ ω n−1
B 2n

H0 dα ∧ ω n−1 − n

=n
B 2n

α ∧ H0 ∧ ω n−1 = n
∂B 2n

H0 ω n ,
B 2n

A.6. The Group of Hamiltonian Diﬀeomorphisms

255

where in the second-to-last equality we used the Stokes formula. The boundary
term vanishes due to the boundary conditions on the function H0 . This ends
the proof of Lemma 6.10.

Now Theorem 6.9 follows from


d
ht ω n =
(ιξ α + H0 ) ω n = (n + 1)
dt
t=0
2n
2n
B
B

H0 ω n .
B 2n



Finally, we are ready to complete the proof of Theorem 6.6 for the group
of Hamiltonian diﬀeomorphisms on M = B 2n that are stationary on the
boundary ∂B 2n .
Proof of Theorem 6.6. Let µ = ω n be the volume form corresponding to
the standard symplectic structure on R2n . The L2 -length of a path ϕt joining
the identity ϕ0 = id and an arbitrary Hamiltonian diﬀeomorphism ϕ1 = ϕ is
given by
1

2 {ϕt } =

1

∂t ϕt L2 (B 2n ) dt =

0

0

∇Ht (ϕt )L2 (B 2n ) dt

1

=
0

∇Ht L2 (B 2n ) dt ,

where the last equality holds since ϕt preserves µ. Now the estimate follows
from the Poincaré and Schwarz inequalities:
1

2 {ϕt } =
0

≥c2

1

∇Ht L2 (B 2n ) dt ≥ c1
Ht L2 (B 2n ) dt ≥ c2
0


1
Ht µ dt = c2 Cal(ϕ) .
0

1

Ht L1 (B 2n ) dt
0

B 2n

Finally, since Cal : Ham∂ (B 2n ) → R is a nontrivial homomorphism, one can
ﬁnd a Hamiltonian diﬀeomorphism of B 2n with an arbitrarily large value of
the Calabi invariant. (For instance, one can take a multiple of the hill function
shown in Figure II.3.6.)
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A.7 Semidirect Extensions of the Diﬀeomorphism
Group and Gas Dynamics
In this appendix we obtain the equations of motion of a barotropic ﬂuid as
the Hamiltonian equations on the dual Lie algebra to the semidirect product
group G = Diﬀ(M )  C ∞ (M ). Although we keep the consideration below in
the form of a sequence of exercises, it furnishes the necessary details for the
outline in Section II.3.4; see also [253, 24, 90].
Let M be a compact Riemannian manifold. Recall that the group multiplication in the semidirect product Diﬀ(M )  C ∞ (M ) is given by
(ϕ, f ) · (ψ, g) = (ϕ ◦ ψ, ϕ∗ g + f ) ,
where a pair (ϕ, f ) consists of a diﬀeomorphism ϕ and a smooth function f on
the manifold M , and ϕ∗ g = g ◦ ϕ−1 denotes the pushforward of the function
g by the diﬀeomorphism ϕ; see Figure II.3.2. The corresponding Lie algebra
is the semidirect product Vect(M )  C ∞ (M ), which is Vect(M ) ⊕ C ∞ (M ) as
a vector space.
Exercise 7.1 Show that the adjoint representation of the group Diﬀ(M ) 
C ∞ (M ) on its Lie algebra Vect(M )  C ∞ (M ) is given by
Ad(ϕ,f ) (ξ, a) = (ϕ∗ ξ, Lξ f + ϕ∗ a) .
Obtain from this formula that the inﬁnitesimal adjoint action of the Lie algebra of Diﬀ(M )  C ∞ (M ) on Vect(M )  C ∞ (M ) is given by
ad(v,b) (ξ, a) = (−Lv ξ, Lξ b − Lv a) ,

(7.27)

where Lv ξ denotes the usual bracket of two vector ﬁelds v and ξ on the
manifold M .
Exercise 7.2 Show that the smooth part of the dual to the space Vect(M ) ⊕
C ∞ (M ) can be identiﬁed with the space (Ω 1 (M ) ⊗C ∞ (M ) Ω n (M )) ⊕ Ω n (M )
via the pairing
(ιξ α) · µ +

(ξ, a), (α ⊗ µ, ν) =
M

aν .
M

To shorten the notation we denote the latter space by (Ω 1 ⊗ Ω n ⊕ Ω n )(M ).
Exercise 7.3 Verify that the coadjoint action of the group Diﬀ(M )C ∞ (M )
on the space (Ω 1 ⊗ Ω n ⊕ Ω n )(M ) is given by
Ad∗(ϕ,f )−1 (α ⊗ η, ν) = (ϕ∗ α ⊗ ϕ∗ η + ϕ∗ df ⊗ ϕ∗ ν, ϕ∗ ν) .

(7.28)

Hint: Recall that the coadjoint action of the group Diﬀ(M )  C ∞ (M ) on
(Ω 1 ⊗ Ω n ⊕ Ω n )(M ) is deﬁned by
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(ξ, a), Ad∗(ϕ,f )−1 (α ⊗ µ, ν) = Ad(ϕ,f ) (ξ, a), (α ⊗ µ, ν) .
Use equation (7.28) to derive the following equation for the coadjoint action
of the Lie algebra of Diﬀ(M )  C ∞ (M ) on (Ω 1 ⊗ Ω n ⊕ Ω n )(M ):
ad∗(v,b) (α ⊗ µ, ν) = − ( (Lv α) ⊗ µ + α ⊗ Lv µ + db ⊗ ν, Lv ν) .
Alternatively, one can use equation (7.27) and the relation
−ad∗(v,b) (α ⊗ µ, ν), (ξ, a) = (α ⊗ µ, ν), ad(v,b) (ξ, a) .
Remark 7.4 The above explicit expression for Ad∗ helps in ﬁnding certain
Casimir functions for this group. Note that the ratio α ⊗ µ/ν has the “dimension” of a 1-form. One can see that the Ad∗(ϕ,f )−1 -action on the pair (α ⊗ µ, ν)
“changes the coordinates” by the diﬀeomorphism ϕ in this ratio 1-form modulo the diﬀerential of a function. This allows one to write out Casimir functions
for the coadjoint action of the group Diﬀ(M )  C ∞ (M ) similar to the ones
for SDiﬀ(M ); cf. Proposition II.3.9 and see [307, 187].
Now we are in a position to write down the Euler equation on the group
Diﬀ(M )  C ∞ (M ). Recall that M is a Riemannian manifold with a Riemannian metric ( , ). Fix a volume form µ on M (not necessarily related to the
metric). Finally, recall that in the equations of motion of a barotropic ﬂuid
on M we need to specify a function h : C ∞ (M ) → C ∞ (M ) relating density ρ
to the pressure p = h(ρ).
 : Vect(M ) ⊕ C ∞ (M ) → R by
Deﬁne a Hamiltonian H


1

H(ξ, ρ) :=
(ξ, ξ)ρ + ρΦ(ρ) µ ,
2
M
where Φ(ρ) is a function satisfying ρ2 Φ (ρ) = h(ρ).
In order to write down the corresponding Euler equation we need to lift
this Hamiltonian to the dual of the Lie algebra. Let us ﬁx a (nonlinear!) inertia
operator A from the Lie algebra Vect(M )  C ∞ (M ) to its dual (Ω 1 ⊗ Ω n ⊕
Ω n )(M ) via
A(ξ, ρ) = (ξ  ⊗ ρµ, ρµ) ,
where ξ  is the 1-form on M that is obtained from the vector ﬁeld ξ by “raising
the indices” ξ  = (ξ, . ) with the help of the Riemannian metric.
Remark 7.5 From now on we restrict our attention to the (open) subset
of the space Vect(M ) ⊕ C ∞ (M ) consisting of pairs (ξ, ρ) such that ρ > 0
everywhere. The reason is that the inertia operator A restricted to this set
is bijective: given any pair (α ⊗ ν, θ) with θ = ρµ, we can write (α ⊗ ν, θ) =
(β ⊗ ρµ, ρµ) for some 1-form β provided that ρ is nonzero. This is consistent
with the physical interpretation of ρ as the density of a ﬂuid, which should be
nowhere zero.
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 via the inertia operator A, we get a
By pulling back the Hamiltonian H
Hamiltonian function H on the image of A in (Ω 1 ⊗ Ω n ⊕ Ω n )(M ). Explicitly
it is given by
1
(α, α)θ +
ρΦ(ρ)θ ,
H(α ⊗ θ, θ) =
M 2
M
where ρ ∈ C ∞ (M ) is chosen such that θ = ρµ.
Now let m = (α ⊗ θ, θ) be a point in (Ω 1 ⊗ Ω n ⊕ Ω n )(M ). Then the variational derivative δH/δm of H at the point m is an element of the (smooth)
dual of (Ω 1 ⊗ Ω n ⊕ Ω n )(M ) and hence of the space Vect(M ) ⊕ C ∞ (M ).
δH
of H at the point m =
Exercise 7.6 Show that the variational derivative δm
(α ⊗ θ, θ) is given by


δH
 1

= α , (α, α) + ρΦ (ρ) + Φ(ρ) ,
δm
2

where α denotes the vector ﬁeld on the manifold M obtained from the 1-form
α by “lowering the indexes” with the help of the metric on M : α = (α, . ).
As before, the function ρ is such that θ = ρµ.
Hint: Use the deﬁnition of δH/δm evaluated on a tangent vector v at the
point m as the directional derivative:
0
/
d
δH
,v =
H(m + tv) .
δm
dt t=0
Show that the directional derivative of H at the point m = (α ⊗ θ, θ) in the
direction (β ⊗ θ, 0) is given by
d
dt

t=0

H((α + tβ) ⊗ θ, θ) = (α , 0), (β ⊗ θ, θ) .

Similarly, the directional derivative of H in the θ-direction is given by
/&
0
'
d
1
H((α⊗(θ+tφ), (θ+tφ)) =
0, (α, α) + ρΦ (ρ) + Φ(ρ) , (α ⊗ φ, φ) .
dt t=0
2
Finally, we are in a position to ﬁnd explicitly the Euler equation
ṁ = − ad∗δH m ,
δm

corresponding to the negative of the above Hamiltonian H on the dual to the
Lie algebra Vect(M )  C ∞ (M ).
Exercise 7.7 Verify that the Euler equation corresponding to the Hamiltonian −H is the Euler equation of a barotropic (compressible) ﬂuid

ρ ∂t ξ = −ρ (ξ, ∇)ξ − ∇h(ρ) ,
(7.29)
∂t ρ + div(ρ ξ) = 0 .
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Find the equations of gas dynamics corresponding to h(ρ) = const · ρa .
Hint: Use the fact that our choice of Φ : C ∞ (M ) → C ∞ (M ) satisﬁes
ρ2 Φ (ρ) = h(ρ). This implies
ρ d(ρΦ (ρ) + Φ(ρ)) = d h(ρ) .
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A.8 The Drinfeld–Sokolov Reduction
Here we show that the quadratic (or second) Adler–Gelfand–Dickey Poisson
structure on the space of smooth nth-order diﬀerential operators on the circle,
which appeared in Section II.4.6 from the Poisson Lie group of pseudodiﬀerential symbols, can also be obtained by a Hamiltonian reduction from the dual
n . (To simplify notation we use Lgln for Lgl(n) in
of the aﬃne Lie algebra Lgl
this appendix.)
8.1 The Drinfeld–Sokolov Construction
n can be identiﬁed
Recall that the (smooth) dual of the aﬃne Lie algebra Lgl
with the space of ﬁrst-order diﬀerential operators {−a∂ + A | A ∈ Lgln , a ∈
R}; see Section II.1.2. (Here ∂ stands for d/dθ for a ﬁxed parameter θ on the
circle.) In this identiﬁcation, the coadjoint action of the group LGLn on the
operator −a∂ + A is simply the gauge action on diﬀerential operators:
g : −a∂ + A → −a∂ + gAg −1 + ag  g −1 .
For the rest of this section we consider the (a = −1)-hyperplane.
Let N− ⊂ LGLn be the subgroup of LGLn consisting of loops with values in the lower triangular matrices with 1’s on the diagonal. Denote by
n− ⊂ Lgln its Lie algebra of loops assuming values in strictly lower triangular matrices. Note that n− can also be regarded as a Lie subalgebra
 of the aﬃne Lie algebra. (Indeed, the restriction of the 2-cocycle
n− ⊂ Lgl
n
ω(X, Y ) = S 1 tr(X(θ)Y  (θ)) dθ deﬁning the aﬃne algebra vanishes if both X
and Y are lower triangular, i.e., belong to n− .)
The (smooth) dual space n∗− can be thought of as the space n+ of loops in
strictly upper triangular matrices with the nondegenerate pairing
X, Y  =

tr(X(θ)Y (θ)) dθ
S1

between n− and n+ .
∗
n .
Consider the aﬃne hyperplane {∂ +A | A ∈ Lgln } in the dual space Lgl
 n , acts on this
The group N− , as a subgroup of the extended loop group LGL
hyperplane by the coadjoint action.
Lemma 8.1 The action of the group N− on the aﬃne hyperplane {∂+A | A ∈
Lgln } is Hamiltonian with the moment map Φ : {∂ + A | A ∈ Lgln } → n+
given by the natural projection of a matrix A to its strictly upper triangular
part (which is an element of n+ ).
Proof. This is a manifestation of a general fact: For a Lie subalgebra n ⊂ g,
the natural projection of the dual spaces g∗ → n∗ is the moment map for the
coadjoint action of the corresponding group N on g∗ .
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Now we can perform the Hamiltonian reduction: Let Λ ∈ n∗− = n+ be the
matrix with −1’s on the superdiagonal and zeros everywhere else:
⎞
⎛
0 −1 0
0
⎟
⎜ .. .. ..
⎟
⎜
. . .
⎟
⎜
⎜
.
.
.. .. 0 ⎟
Λ := ⎜
⎟.
⎟
⎜
⎟
⎜
..
⎝
. −1⎠
0
0
The inverse image of Λ under the moment map Φ is the set of diﬀerential
operators Φ−1 (Λ) = {∂ + B + Λ}, where B runs over all loops in nonstrictly
lower triangular matrices:
⎧
⎞⎫
⎛
∗ −1 0
0 ⎪
⎪
⎪
⎪
⎪
⎪
⎟⎪
⎜ .. .. ..
⎪
⎪
⎪
⎟⎪
⎜
⎪
.
.
.
⎪
⎬
⎟⎪
⎜
⎨
⎟
⎜
−1
.
.
.. .. 0 ⎟ .
Φ (Λ) = ∂ + ⎜
⎟⎪
⎜
⎪
⎪
⎪
⎟⎪
⎜
⎪
.
⎪
.
⎪
⎪
⎠⎪
⎝
.
⎪
⎪
−1
⎪
⎪
⎭
⎩
∗
∗
Proposition 8.2 (i) The matrix Λ is ﬁxed under the (conjugation) action of
the group N− on the dual n∗− = n+ . Hence the inverse image Φ−1 (Λ) is a
union of N− -orbits.
(ii) In every N− -orbit in Φ−1 (Λ) there is a unique element ∂ + R, where
the matrix R is of the form
⎞
⎛
0 −1 0
0
⎟
⎜ .. .. ..
⎟
⎜
. . .
⎟
⎜
⎟
.
.
.
(8.30)
R=⎜
.. .. 0 ⎟
⎜ ..
⎟
⎜
⎝ 0 ...
0 −1 ⎠
u0 u1 · · · · · · un−1
for some u0 , . . . , un−1 ∈ C ∞ (S 1 ).
Proposition 8.2 shows that the quotient Φ−1 (Λ)/N− can be regarded as the
set Ln of smooth monic nth-order diﬀerential operators on S 1 by identifying
the diﬀerential operator ∂ + R with the nth-order diﬀerential operator
L = ∂ n + un−1 ∂ n−1 + · · · + u0 .
Namely, given an nth-order diﬀerential operator L as above, the ordinary
diﬀerential equation
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of order n is equivalent to the system of ﬁrst-order diﬀerential equations
∂Ψ + RΨ = 0 ,
where R is the matrix of type (8.30) and Ψ is a vector-solution, Ψ =
(ψ0 , . . . , ψn−1 )t . The equivalence of the two equations comes from setting
ψ0 := ψ. Then the ﬁrst n − 1 equations of the system imply ψ1 :=
ψ  , . . . , ψn−1 := ψ (n−1) , while the last equation of the system reads ψ (n) +
un−1 ψ (n−1) + · · · + u0 ψ = 0, i.e., Lψ = 0.
Return to the whole aﬃne space {∂ + A | A ∈ Lgln } of all matrix diﬀerential operators, regarded as a hyperplane in the smooth dual of the aﬃne
n . It carries a natural Poisson structure, which is the linear
Lie algebra Lgl
∗
n , restricted to this hyperplane. This
Lie–Poisson structure on the dual Lgl
linear Poisson structure produces a certain Poisson structure on the symplectic quotient Φ−1 (Λ)/N− as a result of the Hamiltonian reduction; see Section
I.5. The theorem of Drinfeld and Sokolov states that this Poisson structure
coincides with the quadratic Gelfand–Dickey Poisson structure on the space
Ln = {L} of (monic) nth-order diﬀerential operators L:
Theorem 8.3 (Drinfeld–Sokolov [88]) The Poisson structure on the quotient Φ−1 (Λ)/N− coincides with the quadratic (or second) Gelfand–Dickey
structure on the space Ln of smooth monic nth-order diﬀerential operators on
the circle.
We refer to the original paper [88] or to the book [80] for a proof by direct
calculation. Below we shall prove this fact using ideas from the Poisson Lie
groups combined with the approach in [115].
Remark 8.4 The linear (or ﬁrst) Gelfand–Dickey structure can also be obtained by the Hamiltonian reduction from the smooth dual of the aﬃne Lie
n . Just as the quadratic Gelfand–Dickey structure is obtained from
algebra Lgl
∗
n , the linear Gelfand–
the reduction of the linear Lie–Poisson structure on Lgl
∗
n . Details
Dickey structure comes from a constant Poisson structure on Lgl
on how to choose the freezing point and to perform the reduction can be
found, for example, in [88, 31]. The Drinfeld–Sokolov reduction has also been
generalized to pseudodiﬀerential symbols of arbitrary complex degree α ∈ C
in [191]. In this case, the matrix algebra gln is replaced by the “Lie algebra
of matrices of complex size α × α,” which was introduced by Feigin in [116].
A q-analogue of the universal Drinfeld–Sokolov reduction for complex degrees
is described in [314]. There is also a version of the Drinfeld–Sokolov reduction
associated to any simple subalgebra of gln [88].

A.8. The Drinfeld–Sokolov Reduction

263

8.2 The Kupershmidt–Wilson Theorem and the Proofs
We start with the proof for the explicit identiﬁcation Ln
the result of the Drinfeld–Sokolov Hamiltonian reduction.

Φ−1 (Λ)/N− for

Proof of Proposition 8.2. (i) To show that the point Λ ∈ n+ = n∗− is
a one-point N− -coadjoint orbit, we note that the corresponding Lie algebra
action on this point vanishes. Indeed, this action by an element N− ∈ n− is
the projection of [N− , ∂ + Λ] to n+ , i.e., taking the upper triangular part of
the commutator, while for a lower triangular current N− this commutator is
always zero above the diagonal.
(ii) Let ∂ + C be an element of the preimage Φ−1 (Λ) for Λ as above, i.e.,
the current C has the form B +Λ, where B ∈ Lgln is a loop in lower triangular
matrices (including the diagonal). To the system of diﬀerential equations
∂Ψ + CΨ = 0
with Ψ = (ψ0 , . . . , ψn−1 )t we associate the following nth-order diﬀerential
equation LC ψ = 0 for ψ = ψ0 . This system has the form
ψi +

i


ci,j ψj = ψi+1 for i = 0, . . . , n − 2 ,

(8.31)

j=0

ψn−1
+

n−1


cn−1,j ψj = 0 .

(8.32)

j=0

By expressing in succession all the ψi in terms of ψ0 , the last relation leads
to the equation LC ψ0 = 0. Note that diﬀerent matrix operators ∂ + C can
correspond to one and the same nth-order operator LC .
 that
First we show that two matrix diﬀerential operators ∂ + C and ∂ + C
−1
lie in the same N− -orbit in Φ (Λ) give rise to the same nth-order diﬀerential
operator: LC = LC . Indeed, such matrix operators are gauge equivalent with
the help of a lower triangular transformation g ∈ N− , and hence their vectorsolutions are related by Ψ = gΨ . Since g has 1’s on the diagonal, the ﬁrst
coordinate ψ0 of the vector-solution Ψ , which deﬁnes the nth-order diﬀerential
equation, does not change: ψ0 = ψ0 . Now it is enough to note that two monic
nth-order diﬀerential operators with the same solution sets coincide, since ψ0
was an arbitrary solution of LC ψ0 = 0.
In the other direction we have to show that if the nth-order diﬀerential
operators LC and LC coincide, then there exists a gauge transformation g ∈
 i.e., such that C̃ = gCg −1 − g  g −1 . To this end,
N− that sends ∂ + C to ∂ + C,
let Ψ be a vector-solution of ∂Ψ + CΨ = 0 and let Ψ be a vector-solution of
 Ψ = 0. Since the corresponding nth-order equations LC ψ = L  ψ = 0
∂ Ψ + C
C
coincide, we can assume that ψ0 = ψ0 . Now, comparing the vector-solutions
Ψ and Ψ entry by entry and using the triangular form of the corresponding
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equations (8.31) they satisfy, we ﬁnd that the transformation from Ψ to Ψ
is also lower triangular with 1’s on the diagonal: Ψ = gΨ for g ∈ N− . This
 lie in the same N− -orbit in Φ−1 (Λ).

implies that ∂ + C and ∂ + C
Before proving the Drinfeld–Sokolov theorem we are going to derive the
“multiplicative” property of the quadratic Gelfand–Dickey bracket known as
the Kupershmidt–Wilson theorem.
For this purpose, consider the space of the ﬁrst-order scalar diﬀerential
operators L1 := {L = ∂ + v | v ∈ C ∞ (S 1 )}. We deﬁne the following constant
Poisson bracket on the space of such operators (and discuss the origin for this
Poisson structure a little later). Namely, if F (v) and G(v) are two functionals
on the space L1 , their Poisson bracket is


δF δG
dθ ,
{F, G}(v) :=
δv
S 1 δv
where δF /δv is the variational derivative of F . This bracket is a constant
Poisson bracket on L1 (cf. Deﬁnition I.4.20): the corresponding contraction
of the variational derivatives does not depend on v itself. The Hamiltonian

vector ﬁeld on L1 corresponding to a linear functional Ff (v) := f · v dθ
assumes the value Vf (L) := −f  at L = ∂ + v.
Consider now the product L1 × · · · × L1 → Ln of several ﬁrst-order diﬀerential operators to obtain one nth-order diﬀerential operator:
((∂ + vn−1 ), . . . , (∂ + v0 )) → L = (∂ + vn−1 ) ◦ · · · ◦ (∂ + v0 )
= ∂ n + un−1 ∂ n−1 + · · · + u0 .
Deﬁnition 8.5 The map {vi } → {uj } given by the product of diﬀerential
operators L1 × · · · × L1 → Ln is called the Miura transformation.
Theorem 8.6 (Kupershmidt–Wilson [226]) The Miura transformation
sends the constant Poisson bracket on the product L1 × · · · × L1 of ﬁrstorder operators to the quadratic Gelfand–Dickey bracket on the space Ln of
nth-order diﬀerential operators.
Proof. Recall that both the spaces L1 and Ln are Poisson submanifolds in
 INT of pseudodiﬀerential symbols. In turn, the group
the Poisson Lie group G
multiplication on any Poisson Lie group maps the Poisson structure on the
square of this group to the Poisson structure of this group itself. For the group
 INT this implies that the Gelfand–Dickey bracket restricted to (several copies
G
of) the Poisson submanifolds L1 is mapped by the group product, which is the
multiplication of diﬀerential operators, to the Gelfand–Dickey bracket on Ln .
Now the theorem follows from the observation that the quadratic Gelfand–
Dickey structure restricted to the ﬁrst-order operators L1 drastically simpliﬁes
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and becomes exactly the constant Poisson bracket discussed above. In order
to see the latter we consider a cotangent vector X = ∂ −1 a to the space of
ﬁrst-order diﬀerential operators L = ∂ + v. Then the corresponding Gelfand–
Dickey Hamiltonian ﬁeld VX2 (L) is given by
VX2 (L) = (L ◦ X)+ ◦ L − L ◦ (X ◦ L)+ = −a ,
which is exactly the Hamiltonian ﬁeld in the constant Poisson bracket
above.


Remark 8.7 The Hamiltonian property of the Miura map is important in
integrable systems. For instance, for n = 2 and L = ∂ 2 + u = (∂ − v)(∂ + v)
the Miura map gives u = v  − v 2 . If the function u satisﬁes the KdV equation
ut = −3uu − (1/2)u , then the function v satisﬁes the so called modiﬁed
KdV (or m-KdV) equation vt = 3v 2 v  − (1/2)v  .
Now we are ready to prove the Drinfeld–Sokolov reduction theorem.
Proof of Theorem 8.3. We would
like to show that the linear Lie–
∗
n to the quadratic Poisson structure on
Poisson structure descends from Lgl
the quotient of Φ−1 (Λ) over the N− -action:
Φ−1 (Λ)/N−

{∂ + R} = Ln .

For this purpose we take an auxiliary step: we ﬁrst restrict the linear Poisson
∗
n not to Φ−1 (Λ), but to a certain subspace, and after that
bracket from Lgl
we take the quotient from this subspace to {∂ + R}.
This auxiliary (aﬃne) subspace {∂ + P } ⊂ Φ−1 (Λ) consists of all currents
P of the form
⎛
⎞
v0 −1 0
0
⎜ .. .. ..
⎟
⎜0 . . .
⎟
⎜
⎟
⎜ .. .. ..
⎟
(8.33)
P =⎜
⎟.
.
.
.
0
⎜
⎟
⎜
⎟
.
.
. . . . −1 ⎠
⎝
0
0 vn−1
This subspace has the “same functional dimension” as Ln . (Note, however,
that this subspace is not a section for the ﬁbration Φ−1 (Λ) → Ln given by the
N− -action: diﬀerent operators ∂ + P can belong to the same N− -orbit and
then correspond to the same diﬀerential operator ∂ + R, as we discuss below.)
∗
n to this subThe restriction of the linear Lie–Poisson structure from Lgl
space can be found explicitly.
∗

n reExercise 8.8 Verify that the linear Lie–Poisson structure from Lgl
stricted to the subspace {∂ + P } gives the constant Poisson structure on the
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coeﬃcients {vj } discussed above. (Hint: the Lie–Poisson bracket on this subspace is equivalent to the Lie structure on the centrally extended subalgebra
of loops in diagonal matrices under the identiﬁcation we considered. The only
nontrivial term in the commutator between such “diagonal currents” comes
from the 2-cocycle. Finally, the aﬃne 2-cocycle restricted to the diagonal
part



can be thought of as the sum of several Lgl1 -cocycles c(a, b) = S 1 (a · b ) dθ.
The latter Lie algebra is an inﬁnite-dimensional Heisenberg algebra, and it
corresponds to the constant Poisson bracket discussed above; see details in
[115].)
Now we note that this subspace {∂ + P } can be rewritten as the space
of nth-order diﬀerential operators {L} expressed as products of ﬁrst-order
operators
L = (∂ + vn−1 ) ◦ · · · ◦ (∂ + v0 ) .
Indeed, the system of ﬁrst-order diﬀerential equations (∂ + P )Ψ = 0 for a
vector-solution Ψ = (ψ0 , . . . , ψn−1 )t is equivalent to the scalar diﬀerential
equation Lψ = 0 under an identiﬁcation similar to the one above. Namely,
we set ψ0 := ψ, which forces ψ1 := (∂ + v0 )ψ0 , ψ2 := (∂ + v1 )ψ1 etc., while
(∂ + vn−1 )ψn−1 = 0.
Thus the passage to the quotient {∂ + P } → {∂ + R} = Ln is the Miura
transform, and the Kupershmidt–Wilson theorem completes the proof: the
constant Poisson bracket on {∂ + P } becomes the quadratic Gelfand–Dickey

bracket on Ln = Φ−1 (Λ)/N− .
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A.9 The Lie Algebra gl∞
In this section we introduce yet another Lie algebra, gl∞ , along with its central
% ∞ , which connects some of the algebras we encountered throughextension gl
% ∞ contains as subalgeout the book. In particular, the extended Lie algebra gl
 of diﬀerential
bras the Virasoro algebra, the centrally extended Lie algebra DO

operators on the circle, and the aﬃne Lie algebras Lgln for all n ∈ N.
9.1 The Lie Algebra gl∞ and Its Subalgebras
Deﬁnition 9.1 The space gl∞ consists of doubly inﬁnite matrices that can
have nonzero entries only inside a strip of ﬁnite width around the main
diagonal:
gl∞ = {A = (aij )i,j∈Z | ∃ N such that aij = 0 for all i, j with |i − j| > N } .
The multiplication of two such matrices is well deﬁned,
 since for the product
C = AB of two matrices A, B ∈ gl∞ , the sum cij = k aik bkj is ﬁnite. The
Lie algebra gl∞ is the above space equipped with the Lie bracket [A, B] =
AB − BA.
This large Lie algebra has many interesting subalgebras.
Example 9.2 (Diﬀerential operators on the circle) Consider the space
C[z, z −1 ] of Laurent polynomials with coeﬃcients in C. This space can be
identiﬁed with the space of vectors X = (xi )i∈Z of inﬁnite length with only
ﬁnitely many nonzero entries. The Lie algebra gl∞ acts naturally on the latter
d
space by left multiplication. In this identiﬁcation, the derivative operator z dz
is identiﬁed with the diagonal matrix D = (dij ), where dii = i for all i ∈ Z,
and dij = 0 for all i = j. Furthermore, the operator Z of multiplication by
the monomial z on C[z, z −1 ] is given by the shift matrix, which has ones on
the superdiagonal and zeros everywhere else: Z = (aij ) with ai i+1 = 1 and
aij = 0 for all i, j with j = i + 1. Similarly, the operator Z −1 is given by the
matrix that has ones on the subdiagonal and zeros everywhere else.
The subspace in gl∞ generated by sums and compositions of the operators
D and Z realizes the Lie algebra of polynomial diﬀerential operators on the
circle as a subalgebra of gl∞ . (We restrict our attention to diﬀerential operators whose coeﬃcients are Laurent polynomials, instead of smooth functions
on the circle, in order to avoid convergence issues.) As before, one can use the
d
with the usual derivative operator
map z → eiθ to identify the operator iz dz
∂θ on the circle.
Note that the above embedding of diﬀerential operators to gl∞ does not
extend to an embedding of (polynomial) pseudodiﬀerential symbols. Indeed,
in the identiﬁcation described above, the inverse ∂θ−1 of the derivative operator
∂θ cannot be realized inside gl∞ : the matrix D = (dij ) with dii = i has a zero
row and is not invertible.
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d
Fig. 9.1. Matrices in gl∞ , the operator D realizing z dz
, and the operator Z for
multiplying by z.

Example 9.3 (Loop algebras inside gln ) Fix some integer n ∈ N. We call
an element A = (aij )i,j∈Z ∈ gl∞ periodic of order n if ai+n,j+n = ai,j for
all i, j ∈ Z. The subalgebra of all periodic elements of order n can be identiﬁed with the algebra gln ⊗ C[z, z −1 ] of polynomial loops in gln . Indeed, a
periodic matrix A of order n is completely determined by ﬁxing the n rows
(aij )0≤i<n,j∈Z . Associate to the periodic matrix A the sequence of n × n matrices Ak , k ∈ Z, by Ak := (aij ), where 0 ≤ i < n and kn ≤ j < (k + 1)n. Note
that only a ﬁnite number of the matrices
 Ak can be nonzero. We identify such
a sequence with the Laurent series k Ak z k . This gives a bijection between
the set of periodic matrices of order n in gl∞ and polynomial loop algebra
(Lgln )pol = gln ⊗ C[z, z −1 ].
Exercise 9.4 Show that the bijection between the set of periodic matrices of
order n in gl∞ and the loop algebra (Lgln )pol described above deﬁnes a Lie
algebra isomorphism.
9.2 The Central Extension of gl∞
Let J be the diagonal matrix deﬁned by jii = −1 if i ≥ 0, and jii = 1 if i < 0.
Exercise 9.5 Given two elements A, B ∈ gl∞ , show that the matrix C :=
[J, A]B has only ﬁnitely many nonzero entries on the diagonal. (Hint: see
Figure 9.2.)

A

[J, A]

Fig. 9.2. For every matrix A ∈ gl∞ , the commutation with J “cuts out” the upper
left and lower right quadrants of A and multiplies the oﬀ-diagonal elements by ±2.
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% ∞ of the Lie algebra gl∞ is deﬁned
Deﬁnition 9.6 The central extension gl
by the 2-cocycle
1
(9.34)
(A, B) = tr([J, A], B) .
2
This cocycle has appeared in a series of papers [75] related to soliton
equations and related algebraic constructions, and it is often referred to as
the Japanese cocycle.
Proposition 9.7 (i) When restricted to the Lie subalgebra DO ⊂ gl∞ of
polynomial diﬀerential operators, the cocycle  is cohomologous to (a multiple
of ) the Kac–Peterson 2-cocycle. In particular, restricted to the Lie algebra of
vector ﬁelds on the circle,  is cohomologous to (a multiple of ) the Gelfand–
Fuchs 2-cocycle.
(ii) Restricted to the subalgebra (Lgln )pol ⊂ gl∞ , the cocycle  coincides
n )pol .
with the cocycle deﬁning the aﬃne Lie algebra (Lgl
% ∞ is a nontrivial
In particular, the 2-cocycle  is nontrivial on gl∞ , and gl
central extension of the latter algebra.
Exercise 9.8 Give a proof of Proposition 9.7. (Hint: For part (i) it is enough
d
,
to prove the assertion for vector ﬁelds. Show that in the basis Ln = z n+1 dz
the cocycle  has the explicit form
(Ln , Lm ) = δn,−m

n


i(i − 1) .

i=1

For part (ii) start with the case of gl1 , i.e., with ordinary Laurent polynomials.
The general case is similar.)

Corollary 9.9 The Virasoro algebra, the centrally extended Lie algebra DO,
 )pol , are Lie subalgebras of gl
% .
as well as all the aﬃne Lie algebras (Lgl
n
∞

Remark 9.10 There is a generalization of gl∞ in which the strip can be
unbounded downward: one requires only that aij = 0 for all i, j satisfying
j − i > N , rather than |i − j| > N . The multiplication, the Lie bracket, and
the 2-cocycle are still well deﬁned on the space of such matrices.
9.3 q-Diﬀerence Operators and gl∞
Other interesting subalgebras of gl∞ are the algebras of q-versions of diﬀerential operators and pseudodiﬀerential symbols. Consider the “shift operator”
Dq on the space C[z, z −1 ] of Laurent polynomials: Dq f (z) := f (qz). Note that
the ﬁnite diﬀerence operator
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∂q :=

Dq − 1
q−1

becomes the derivative operator z∂z in the limit q → 1, since (f (qz)−f (z)/(q−
1) → zf  (z). Thus the operator (Dq − 1)/(q − 1) (or the operator Dq itself)
can be regarded as a quantum version of the derivative operator. The operator
Dq also satisﬁes the q-analogue of the Leibniz rule Dq ◦ f = (Dq f )Dq , similar
to that for the derivative.
one can deﬁne the algebras of q-diﬀerence
noperators DOq :=
Now
n
{ 0 uk (z)Dqk } and q-diﬀerence symbols ψ DSq := { −∞ uk (z)Dqk }. (One
usually assumes that q is not a root of unity, i.e., q n = 1 for any n, to avoid
extra relations of (Dqn = 1)-type.)
Furthermore, one can deﬁne the notion of log Dq for the algebra of qdiﬀerence symbols, and it turns out to have a very simple meaning. Since Dq
is a shift operator, one can think of it as the exponent of the derivative operator
Dq = exp(q · z∂z ); cf. Section II.4.2. Then log Dq is the derivative operator
q · z∂z itself! Note that the derivative z∂z does not belong to the algebra of
q-diﬀerence symbols, and it deﬁnes an outer derivation of the algebra ψ DSq .
One can proceed by deﬁning the corresponding 2-cocycles, constructing the
Lie group of fractional q-diﬀerence symbols, and the corresponding integrable
systems; see [190, 313].

The trace on q-diﬀerence symbols is deﬁned by Trq ( uk (z)Dqk ) := tr(u0 ),
where tr(u0 ) is the constant term in the Laurent polynomial u0 (z), i.e., its
coeﬃcient at z 0 . It is an algebraic trace, since it satisﬁes Trq [A, B] = 0,
similar to the trace on pseudodiﬀerential symbols. One should note, however,
that the subalgebras of positive and negative powers of Dq are not isotropic
with respect to the quadratic form related to this trace on ψ DSq , and thus
they do not form a Manin triple. Although the corresponding Lie group is not
a Poisson Lie group, it can still be equipped with a natural Poisson structure
[313, 314].
Finally, we note that the algebras DOq and ψ DSq act on the space of
Laurent polynomials C[z, z −1 ], and hence their action can be deﬁned by inﬁnite matrices. One can easily see that the generators of ψ DSq are described by
matrices “of ﬁnite width,” i.e., they belong to gl∞ . This gives an embedding
of ψ DSq as a subalgebra of gl∞ ; see, e.g., [180].
% ∞ by means
Remark 9.11 The Lie algebra gl∞ and its central extension gl
of the cocycle  have a long history and have been used to study the KdV
equation, the KP hierarchy, and other integrable hierarchies (see, e.g., [372,
181] and references therein).
Among various relations between gl∞ and other algebras, including ψ DSq ,
it is worth mentioning that the algebra ψ DSq is also isomorphic to the socalled noncommutative torus: the associative algebra generated by two unitary
operators U1 and U2 satisfying the relations U2 U1 = qU1 U2 for q = eih ; see
[147, 180].
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Another interesting version of this algebra is known as the sine algebra
[111, 146, 147]. One can also think of it as an algebra with continuous root
systems, as was deﬁned in [335]. Finally, the limit of the structure constants
of the sine algebra gives those of the Lie algebra SVect(T 2 ) of divergencefree vector ﬁelds on the two-dimensional torus [320, 49]. In this way, the
algebra gl∞ provides a link to a number of the inﬁnite-dimensional Lie algebras
considered in this book. We also refer the interested reader to [118] for many
other related constructions.
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A.10 Torus Actions on the Moduli Space of Flat
Connections
Let G be a compact or complex simple Lie group. In this appendix we discuss
a torus action on the moduli space of ﬂat connections on the trivial G-bundle
over a Riemann surface Σ. We start with constructing a natural set of Poisson
commuting functions on the moduli space of ﬂat connections, and then turn
to the case of G = SU(2), where this set of commuting functions gives rise
to integrable systems on the symplectic leaves of the moduli space [175]. This
action allows one to study the symplectic geometry of the leaves. Finally, following [120, 125], we consider the moduli space of ﬂat SL(n, C)-connections on
the one-holed torus and show that the rational Ruijsenaars–Schneider system
lives on a holomorphic symplectic leaf of this moduli space.
10.1 Commuting Functions on the Moduli Space
Let Σ be a compact Riemann surface of genus κ with d boundary components.
Here we assume that G is a simply connected simple Lie group with the Lie
algebra g. Denote by
AΣ = {d + A | A ∈ Ω 1 (Σ, g)}
the aﬃne space of connections in the trivial G-bundle over the surface Σ. We
have seen in Section III.2.1 that the space AΣ is an inﬁnite-dimensional sym% Σ of)
plectic manifold with a Hamiltonian action of (the central extention G
the group GΣ = C ∞ (Σ, G) of gauge transformations. The moment map of this
action is given by the curvature together with the restriction of the connection
to the boundary ∂Σ (see Proposition III.2.10 for the exact formulation). The
corresponding symplectic quotient is the moduli space
%Σ
MΣ = AΣ
ﬂat /G
of ﬂat connections on Σ. This is a ﬁnite-dimensional, possibly singular, Poisson manifold. The symplectic leaves of MΣ are parametrized by ﬁxing the
conjugacy classes of the holonomies around the boundary circles of the surface
Σ. (More precisely, in Section III.2.1 we considered the case of a compact Lie
group G. But all we really need in the constructions is a nondegenerate invariant bilinear form on the Lie algebra g. In particular, we can take G to be any
semisimple Lie group, in which case MΣ denotes the space of representations
Rep(π1 (Σ) → G) modulo conjugation.)
A natural class of functions on the moduli space MΣ can be constructed as
follows. Let f : G → C be a conjugation-invariant function on the group, and
let Γ be a simple curve in Σ. Associate to them the function fΓ : MΣ → C
by assigning to (the equivalence class of) a ﬂat connection A on Σ the value
of f on the holonomy of A around the curve Γ :
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fΓ ([A]) = f (holΓ (A)) .
Goldman gave a formula for the Poisson bracket {fΓ1 , gΓ2 } in terms of the
intersection number of the curves Γ1 and Γ2 ; see [145]. Here we need only the
following special case.
Proposition 10.1 (i) Let Γ1 and Γ2 be two simple disjoint curves on the
surface Σ. Then for any two conjugation-invariant functions f and g on the
group G, we have
{fΓ1 , gΓ2 } = 0 .
(ii) For any simple closed curve Γ and any two conjugation-invariant functions f and g on the group G, we have
{fΓ , gΓ } = 0 .
A trinion (or a pair of pants) is a Riemann surface of genus 0 with three
boundary components. Recall that the genus of the Riemann surface Σ is
denoted by κ, and the number of boundary components is d. From now on we
assume that d ≥ 1 if κ = 1, and d ≥ 3 if κ = 0. In these cases the Riemann
surface Σ has a trinion decomposition into 2κ − 2 + d trinions; see Figure 10.1.

Fig. 10.1. A trinion decomposition of a Riemann surface with boundary.

This can be achieved by cutting Σ along 3κ − 3 + d disjoint curves. On
the other hand, the number of independent conjugation-invariant functions
on the group G is equal to its rank rk(G), i.e., to the dimension of a maximal
torus T ⊂ G. Hence, the trinion decomposition of the surface Σ provides us
with (3κ − 3 + d) · rk(G) independent Poisson-commuting functions on the
moduli space MΣ . For a closed surface Σ (i.e., for d = 0), the moduli space
MΣ is symplectic of dimension (2κ − 2) · dim(G). The above functions fΓ
form an integrable system on the moduli space MΣ whenever the number
of independent functions is equal to half the dimension of MΣ , which for a
closed surface happens exactly if dim(G)/ rk(G) = 3. For simple groups this
occurs only for G = SU(2).
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10.2 The Case of SU(2)
Deﬁne a maximal torus T of the group SU(2) as the set of diagonal matrices
; iθ
<
e
0
∼
T =
= S1 .
0 e−iθ
Each element of SU(2) is conjugate to an element of the torus T . Furthermore,
the matrices diag(eiθ , e−iθ ) and diag(e−iθ , eiθ ) are conjugate to each other,
so that a conjugacy class of SU(2) is completely determined by the trace
tr(diag(eiθ , e−iθ )) = 2 cos θ. The centralizers of the corresponding conjugacy
classes are given by the torus T if θ ∈ πZ. Otherwise, the centralizer is the
whole group SU(2).
Recall that for a surface Σ with boundary a symplectic leaf in the moduli
space MΣ is singled out by ﬁxing conjugacy classes of the holonomies around
the boundary components of Σ.
Proposition
10.2 Let θ1 , . . . , θd ∈ [0, π] be such that for all j ∈ {±1}, we

have
j θj = 0 mod 2π. Then the symplectic leaf deﬁned by the conjugacy
classes of the diagonal matrices diag(eiθj , e−iθj ), j = 1, . . . , d, is a smooth
symplectic manifold of dimension 6κ − 6 + 2d.
Let Γ1 , . . . , Γ3κ−3+d denote curves cutting the surface Σ into a trinion
decomposition and denote by Γ1 . . . , Γd the boundary circles of the surface Σ.
Let φj be the functions on the moduli space MΣ deﬁned by


1
tr(holΓj (A)) ,
φj ([A]) := cos−1
2
and similarly for φk and Γk . By Proposition 10.1, the functions φj and φk all
Poisson commute. Consider the map
Φ = (φ1 , . . . , φ3κ−3+d , φ1 , . . . , φd ) : MΣ → R3κ−3+2d .
Jeﬀrey and Weitsman showed that the restriction of the map Φ to the open
and dense subset
◦

MΣ :=

3κ−3+d
=
j=1

φ−1
j (0, π) ∩

d
=

φ−1
k (0, π) ⊂ MΣ

k=1

is the moment map of the Hamiltonian action of a (3κ − 3 + d)-dimensional
torus [174]. This action is given by the twist ﬂows deﬁned as follows.
Denote by Pl , l = 1, . . . , 2κ − 2 + d, the trinions in the above trinion
decomposition of the surface Σ with the cutting curves Γj and boundary
curves Γk .
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Deﬁnition 10.3 A connection A ∈ AΣ is said to be adapted to the trinion
decomposition if around each Γj , there exists a tubular neighborhood Γj ×
[−1, 1] such that A|Γj ×[−1,1] can be written as
A|Γj ×[−1,1] = Xj dθj ,
where Xj is an element of the Lie algebra h = Lie(T ), and dθj is the coordinate
1-form on the circle Γj . Furthermore, we require the existence of a (semi-)
neighborhood Γk × [−1, 0] of each of the boundary circles such that
k dθk
A|Γk ×[−1,0] = X
k and dθk as above.
with X
Exercise 10.4 Show that every ﬂat connection A ∈ AΣ
ﬂat is gauge-equivalent
to a connection adapted to the trinion decomposition.
To deﬁne an action of the torus T 3κ−3+2d ∼
= R3κ−3+2d /Z3κ−3+2d on the
moduli space MΣ we ﬁx an element
t := (t1 , . . . , t3κ−3+d , 
t1 , . . . , 
td ) ∈ T 3κ−3+2d
and take an element
(ψ1 , . . . , ψ2κ−2+d ) ∈

2κ−2+d
3

GPl

l=1

in the product of the corresponding current groups, such that the restrictions
of ψl to diﬀerent (semi-) neighborhoods of Γj and Γk are given by
ψl |Γj ×[0,1] = tj ,

ψl |Γj ×[−1,0] = id,

and

ψl |Γk ×[−1,0] = 
tk

whenever any of the semi-neighborhoods Γj ×[0, 1], Γj ×[−1, 0], and Γk ×[−1, 0]
belongs to the pair of pants Pl . Such an element (ψ1 , . . . , ψ2κ−2+d ) acts on
the set of connections that are adapted to the trinion decomposition by the
gauge action on each piece Pl :
A|Pl → Ā|Pl := ψl · A|Pl · ψl−1 − dψl · ψl−1 .
Indeed, the gauge transformation ψl does not change A|Pl in a neighborhood
of the boundary of the trinion Pl , so that all Ā|Pl ﬁt together to form a
connection Ā on the surface Σ. This action descends to an action of the
element t ∈ T 3κ−3+2d on the moduli space MΣ , since any two choices of
(ψ1 , . . . , ψ2κ−2+d ) for the same t diﬀer by an element of the current group GΣ .
The action of the torus T 3κ−3+2d preserves the holonomies of the connection
A around the circles Γj and Γk , and hence preserves the ﬁbers of the map Φ.
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Proposition 10.5 ([174]) The action of the torus T 3κ−3+2d on the open
◦

subset MΣ is Hamiltonian with the moment map

1
π Φ.

Example 10.6 For one trinion the image of the moment map Φ is as follows.
Let Σ be a trinion, i.e., a sphere with three holes (κ = 0, d = 3), and let Γ1 ,
Γ2 , and Γ3 denote the boundary circles of Σ. For a connection A we denote
by Mk := holΓk (A), k = 1, 2, 3, the corresponding holonomies around the
boundary components. The relation of the fundamental group of the trinion
implies that these holonomies satisfy the condition M1 · M2 · M3 = id. As one
can check, the latter implies that the functions θk := cos−1 ( 12 tr(Mk )) have to
satisfy the inequalities
θ1 + θ2 − θ3 ≥ 0 ,
θ1 − θ2 + θ3 ≥ 0 ,
−θ1 + θ2 + θ3 ≥ 0 ,
θ1 + θ2 + θ3 ≤ 2π ,
and these are the only restrictions on their possible values. Thus the image of
the moment map Φ is the tetrahedron inscribed in the cube [0, π]3 ; see Figure
10.2.
θ3

π

θ2

π

θ1

Fig. 10.2. The moment polytope of the sphere with three holes is a tetrahedron
inscribed in the cube.

The general case follows from Example 10.6 by gluing the trinions:
Theorem 10.7 ([174]) The closure of the image of the moment map
◦

Φ : MΣ → R3κ−3+2d
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is given by the product of the tetrahedra corresponding to the trinion decomposition of the surface Σ, where one identiﬁes the coordinates corresponding
to the glued boundary components of the trinions.
Remark 10.8 In order to obtain the moment map image of a particular
symplectic leaf of the moduli space MΣ , one has to intersect the moment
polytope of MΣ with the hyperplanes deﬁned by ﬁxing the holonomies around
the boundary components of the surface Σ. This was used in [175] to compute
the symplectic volume of the regular symplectic leaves of the moduli space
MΣ .
Note also that the above torus action is deﬁned on a dense open part of
the moduli space and this construction provides us with an integrable system
there.
10.3 SL(n, C) and the Rational Ruijsenaars–Schneider System
Now we consider the case of a torus Σ with one hole (i.e., κ = 1, d = 1),
and the group G = SL(n, C). There are n − 1 independent invariant functions on SL(n, C) given by tr(P m ) for 1 ≤ m ≤ n − 1. So Goldman’s result
(Proposition 10.1) provides us with n − 1 Poisson-commuting functions on
each symplectic leaf of the moduli space MΣ . This construction gives rise to
an integrable system on a holomorphic symplectic leaf of complex dimension
2(n − 1), provided that the functions are independent on that leaf.

Γ2

Γ1
Fig. 10.3. A torus with one hole and generators of its fundamental group.

Theorem 10.9 ([120, 125]) The corresponding Hamiltonian system is the
rational Ruijsenaars–Schneider system deﬁned below.
To sketch the derivation of this system we ﬁx two curves Γ1 and Γ2 on the
surface Σ generating its fundamental group (see Figure 10.3). Let A be a ﬂat
connection on Σ, and denote by P = holΓ1 (A) the holonomy of A around the
curve Γ1 , and by Q = holΓ2 (A) the holonomy of the connection A around the
curve Γ2 . Then the symplectic leaf of the moduli space MΣ determined by
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forcing the holonomy of the connection A around the boundary of Σ to lie in
the conjugacy class CX of an a priori ﬁxed matrix X in SL(n, C) is given by
−1 −1
MX
P ∈ CX }/ SL(n, C) ,
Σ = {P, Q ∈ SL(n, C) | QP Q

where SL(n, C) acts on pairs (P, Q) by simultaneous conjugation.
A symplectic leaf of complex dimension 2(n − 1) is given by ﬁxing the
matrix X = diag(a, . . . , a, b), where a is any (nonzero) complex number, and
b = a−n+1 . Indeed, a necessary condition for QP Q−1 P −1 to be an element of
the conjugacy class CX is that
rk(QP Q−1 − aP ) ≤ 1 .
In particular, all 2 × 2 minors of QP Q−1 − aP have to vanish. In a basis where
Q is a diagonal matrix Q = diag(q1 , . . . , qn ), we have
(QP Q−1 − aP )ij = qi qj−1 pij − apij .
Now by using the vanishing condition for the 2 × 2 minors of the matrix
QP Q−1 − aP , we obtain
√
pii pjj (1 − a)
.
pij =
qi qj−1 − a
This shows that the symplectic leaf MX
Σ is 2(n − 1)-dimensional: it is ﬁxed by
the parameters (p11 , . . . , pnn , q1 , . . . , qn ) subject to the conditions det P = 1
and det Q = 1.
In the new coordinates qi and si , where
⎛
si := pii a(n−1)/2 ⎝

3
j, j =i

⎞ 12

(qj − qi )(qi − qj ) ⎠
,
(qj − aqi )(qi − aqj )

the Poisson brackets assume the form
{qi , qj } =0 ,
{si , sj } =0 ,
{qi , sj } =δij pi sj ;
see [120]. The functions si are independent and give rise to an integrable
system on the symplectic leaf MX
Σ.
Finally, consider the Hamiltonian function H(P, Q) = tr(P + P −1 ) on the
moduli space MX
Σ . In terms of the variables qi and si it has the following
explicit form:

H(s, q) =


i

⎛
(si + s−1
i )a

n−1
2

⎝

3
k, k=i

⎞ 12
(qk − qi )(qi − qk ) ⎠
,
(qk − aqi )(qi − aqk )
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where a is a parameter. This is the Hamiltonian of the rational Ruijsenaars–
Schneider system [333, 332].
Note that the Hamiltonian H(P, Q) = tr(P + P −1 ) can be regarded as
a group version of the Hamiltonian that appeared in the construction of the
rational Calogero–Moser system by symplectic reduction (see Section II.5.4).
Indeed, by considering matrices P = id +P close to the identity in SL(n, C)
one can view the Hamiltonian H(P, Q) = tr(P + P −1 ) as a deformation of the
Calogero–Moser Hamiltonian tr(P2 ) + const.
Deﬁnition 10.10 The elliptic Ruijsenaars–Schneider system has the
Hamiltonian
⎛
⎞ 12
3

cosh(βpi ) ⎝
(1 − a2 ℘(a(qi − qk ); τ ))⎠ ,
H(p, q) =
i

k, k=i

which is a relativistic version of the elliptic Calogero–Moser Hamiltonian
function.
Exercise 10.11 Derive the rational and trigonometric versions of the
Ruijsenaars–Schneider Hamiltonian from the elliptic one by taking appropriate limits of the elliptic parameter τ . Compare the rational limit with the
Hamiltonian above for si = exp(βpi ). (Hint: see [332].)
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12. Arnold, V.I., Sur la géométrie diﬀérentielle des groupes de Lie de dimension
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61. Brüchert, G., Trace class elements and cross sections in Kac-Moody groups,
Canad. J. Math. 50 (1998), 972-1006.
62. Brylinski, J.-L., Loop spaces, characteristic classes and geometric quantization,
Progress in Math.: Birkhäuser 107 1993, 300pp.
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Cauchy–Stokes formula, 171
central extension
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diﬀeomorphism, 108, 250
equation, 29
function, 27, 41

Index
averaged, 248
hierarchy, 37
reduction, see Marsden–Weinstein
reduction
vector ﬁeld, 27
Hasimoto transformation, 104
Heisenberg
algebra, 23
inﬁnite-dimensional, 23, 115, 266
group, 26
magnetic chain, 34, 103
helicity, 94
Hermitian structure, 157
Higgs bundle, 160
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Lenard–Magri scheme, 37, 85
Lie algebra, 9
abstract, 15
aﬃne, 48
almost graded, 226
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elliptic, 135, 149
graded, 225
of diﬀerential operators, 112
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logarithm of the derivative operator,
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doubly extended, 55
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quadratic diﬀerential, 70
representation
adjoint, 18
coadjoint, 20
of a Lie group, 17
Riemann–Roch theorem, 160
root, 213, 223
space decomposition, 215
system
aﬃne, 217
elliptic, 217
extended, 216
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