
Physics Reports 1110 (2025) 1–56
Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep

Topological foundations of ferroelectricity
Igor A. Lukyanchuk a, Anna G. Razumnaya b, Svitlana Kondovych c,
Yuri A. Tikhonov a, Boris Khesin d, Valerii M. Vinokur e,∗

a Laboratoire de Physique de la Matière Condensée, Université de Picardie Jules Verne, Amiens, 80080, France
b Jozef Stefan Institute, Jamova Cesta 39, Ljubljana, 1000, Slovenia
c Institute for Theoretical Solid State Physics, Leibniz Institute for Solid State and Materials Research Dresden, Helmholtzstr.
20, Dresden, D-01069, Germany
d Department of Mathematics, University of Toronto, 40 St.George Street, Toronto, ON M5S 2E4, Canada
e Terra Quantum AG, Kornhausstraße 25, St. Gallen, CH-9000, Switzerland

a r t i c l e i n f o

Article history:
Received 27 October 2024
Accepted 17 January 2025
Available online xxxx
Editor: N. Nagaosa

Keywords:
Ferroelectrics
Topology
Vortices
Hopfions

a b s t r a c t

The 21st century has witnessed a revolutionary shift in the understanding of properties
of matter driven by the application of topological principles. While the traditional
approach to material science has been focusing on local interactions, topology introduces
a global, non-local description in which the geometry of a material profoundly influences
its properties. Ferroelectric materials, with their spontaneous electric polarization, have
long been essential for understanding fundamental physical phenomena, which have led
to numerous practical applications. Recent discoveries have revealed that nanostructured
ferroelectrics host a wealth of fundamental topological states, which effectively enrich
the landscape of ferroelectric research. This Review explores the topological foundation
of ferroelectricity, rooted in the electrostatic essence of these materials. Drawing upon
the analogy between the hydrodynamics of incompressible fluids and the electrostatics
of polarization fields, we establish a comprehensive framework for classifying the
complex topological states observed in ferroelectrics. We demonstrate that the rich
diversity of polarization structures can be exhaustively described using the advanced
topological approach. By extending fundamental topological concepts such as helicity,
fibration, foliation, and ergodicity, we offer a systematic analysis of the topological
textures in ferroelectrics. This work provides a coherent framework for understanding
and manipulating topological structures in nanostructured ferroelectrics, paving the way
for innovations in materials science and technology.
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1. Introduction

The 21st century inaugurated a revolution in physics launching an entirely new comprehension of matter built on
opology. This development introduced and brought in the concepts of topological states, topological phase transitions,
and resulted in groundbreaking discoveries of topological materials [1–3]. In a contrast to traditional approach to the
escription of matter that has been focusing on local interactions, the understanding of the nature of topological matter
s governed by the global nonlocal fields which implies that the properties of the topological matter are shaped not only
y the internal structure but also by the material’s overall geometry.
Ferroelectrics, a class of materials possessing by spontaneous electric polarization, have been studied for over a century.

hey revealed a remarkable ability to switch polarization under an application of the external electric field. These materials
ave been demonstrated to be of fundamental importance for a wide range of applications, extending from capacitors
o memory devices, thanks to their ability to store and control electric charge. Ferroelectrics exhibit domain structures,
egions where polarization is uniformly aligned and can be reoriented by external fields. This property makes ferroelectrics
 critical material for devices that base their performance on switching electrical states. Remarkably, unlike conventional
ielectrics, the ferroelectrics keep their polarization even in the absence of an external field, a feature that makes them
nvaluable for technologies built on non-volatile memory.

The new era of ferroelectricity [4] was opened by the discovery of a rich variety of topological states in nanostructured
ferroelectric materials. It was recognized that the topological nature of these ferroelectric formations arises from the
nonlocal behavior of polarization fields, which makes ferroelectrics a fertile ground for the emergence of novel topological
effects. In these materials, long-range electrostatic forces dominate, and the complex interplay of bound charges,
stemming from polarization inhomogeneities, can destabilize long-range order. This instability leads to the formation
of intricate and diverse topological states. A good example of these phenomena can be seen in ferroelectric films, where
the bound charges accumulate at the sample surface where polarization lines abruptly terminate. The depolarization field
associated with them creates periodic domain textures, reminiscent of the patterns first described by Landau and Kittel [5]
n magnetic materials and observed further as intricate stripe domains, labyrinths, and domain bubbles [6,7].

The discovered topological states in ferroelectric heterostructures, thin films and superlattices, encompass stable
omain walls [8–12], vortices [13], cylindrical and bubble domains [14], and skyrmions and skyrmion bubbles [15–20],
s well as basal formations like Hopfions [21], target skyrmions [22], merons [23–25], bimerons [22], eclectons [26], and

labyrinthine structures [22,27]. A wealth of exciting topological states was also discovered in other basic ferroelec-
tric nanostructures [15,28], in particular, in nanoparticles [21,29–32], nanodots [16,33–36], and nanorods [37–41]. These
indings have significantly expanded the landscape of ferroelectricity, demonstrating the diversity and complexity of
opological phenomena in nanoscale ferroelectric materials.

There have been excellent reviews that have provided comprehensive pictures of both the experimental and theoretical
progress in the field of ferroelectrics [4,42–51]. These works have systematized the current knowledge by applying basic
topological principles, often adapted from magnetic systems. These reviews have made significant contributions to the
general understanding of topology in ferroelectrics, yet there remains a strong need for a targeted and in-depth description
of the topological phenomena that are specific to ferroelectric systems. This includes addressing the unique electrostatic
characteristics of ferroelectrics and using the advanced theoretical approaches, which our Review will provide.

The primary objective of our Review is to utilize the fundamental concepts of topology specific to ferroelectrics that
emain underexplored. We build upon and further develop a generic topological foundation of ferroelectricity, rooted in
ts electrostatic essence. Leveraging the topological identity between the hydrodynamics of incompressible fluids and
he laws of electrostatics, we apply the fundamental mechanisms of topological hydrodynamics to constructing and
eviewing a coherent theoretical framework for ferroelectrics. This allows us to present a comprehensive classification
f polarization structures in ferroelectrics, demonstrating that their rich diversity can be fully understood through
undamental topological formations, including vortices and Hopfions.

By extending concepts like topological helicity, fibration, foliation, ergodicity, and entanglement which are widely
pplied in differential topology, high-energy physics and magneto-hydrodynamics, but were rarely explored in condensed
atter physics, our Review offers a systematic analysis of topological textures in ferroelectrics. We not only synthesize
xisting knowledge but also highlight emerging experimental systems and potential applications in nanostructured
erroelectrics, such as nanoparticles, nanorods, and composite materials. This comprehensive perspective on the role
f topology in ferroelectrics introduces innovative approaches for interpreting, manipulating, and applying topological
tructures, which are indispensable for advancing theoretical understanding and practical developments in this promising
ield.

The Review is organized as follows.
In Section 2 we present a comprehensive overview of the topological principles commonly employed in condensed

atter physics and discuss how these concepts are adapted to ferroelectricity. We examine the key topological categories,
ncluding manifolds and vector fields, and their singularities. Additionally, we explore the homotopy group approach for
lassifying topological states, using magnetic systems as an example, and explain to what extent this method can be
pplied to polarization fields in ferroelectrics.
In Section 3 the key principles of ferroelectricity are reviewed, starting with the Ginzburg–Landau–Devonshire

theory which is the principal analytical tool for exploring the topology in ferroelectrics. This Section covers the role of
3
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depolarization effects in destabilizing uniform states and in how topological structures like domains form to reduce the
epolarization energy. A comparison between ferroelectricity and magnetism highlights the unique topological challenges
n each system.

Section 4 is central for reviewing the topological foundations of ferroelectricity. The core concept of the topological
approach to polarization dynamics in nanostructured ferroelectrics involves minimizing large depolarization contribu-
tions, which critically influence the stability of polarization structures. A key element of this approach, which is similar to
the approach to the topology of incompressible fluids, is the treatment of ferroelectric polarization as an analogue to the
streamlines of ideal fluid flow where polarization fields are viewed as continuous, non-terminating fluxes. Building on
the theoretical framework of topological hydrodynamics introduced by Vladimir Arnold [52] and applying it to exemplary
ferroelectric nanostructures, the divergenceless nature of polarization fields gives rise to key topological characteristics,
such as handedness, helicity, vibration foliations, and entanglement. These features are fundamental for understanding
the complex polarization formations in nanostructured ferroelectrics, which are crucial in determining their physical
properties.

In Section 5 we further expand the formalism of topological hydrodynamics to explain how the topology of ferroelectric
ystems evolves under specific perturbations, including anisotropic effects, elastic energy, and electrostatic interaction
ith external charges and electrodes. These perturbations drive the system away from the ideal state described by
opological hydrodynamics. The chapter explores Kolmogorov–Arnold–Moser (KAM) theorem asserting that topological
tates of divergence-free vector fields remain structurally intact and topologically stable as long as perturbative forces
emain moderate. This theorem serves as a foundation for analyzing how polarization textures in ferroelectrics persist or
econfigure under varying degrees of external influence.

Section 6 presents methods for quantifying topological states in confined ferroelectrics, particularly within nanostruc-
tured systems. It introduces key numerical parameters, such as swirling, chirality, and topological charges, which are used
to characterize complex polarization phenomena. These quantification tools are crucial for analyzing and understanding
the intricate topological states at the nanoscale. Furthermore, they are essential for applying the topological approach to
ferroelectrics in practical applications, enabling precise control over polarization configurations in advanced ferroelectric
devices.

Section 7 explores the manifestation of topological states in specific ferroelectric nanostructures, illustrating key
concepts of the topological approach to ferroelectrics. We review how the shape and geometries of confined systems
like nanoparticles, nanorods, thin films, heterostructures, and bulk materials influence the formation of topological states
in these systems. Special emphasis is given to the added complexity in multi-connected topologies, which makes a
significant impact on polarization behavior and stability. This section, like the entire Review, does not aim to provide
a comprehensive account of the rapidly advancing achievements in experimental and modeling research on the specific
properties of nanostructured ferroelectrics. A detailed and up-to-date review of the field can be found in the extensive
works cited at the beginning of the Introduction. Our objective here is to highlight key and reliable findings from both
xperimental and theoretical research, using them to illustrate the core principles of the topological description presented
n our Review.

In conclusion, Section 8 summarizes the key findings of the Review and discusses potential applications of the
opological framework in emergent technologies, particularly in nanotechnology and advanced materials science.

Building on the available experimental and theoretical studies, and to present a comprehensive 3D panorama of the
merging states, we complement the existing data by integrating them with phase-field simulations of ferroelectric
ystems, specifically conducted for this Review. Details of these simulations are provided in the Supplemental Material.

2. Principles of topology

2.1. Topological states and spaces

2.1.1. Topological concepts
Topological concepts have been developed to describe and classify the complex structures found in various condensed

matter systems. Historically, the first states treated in terms of topology were structural defects, namely, dislocations in
olids [53] and disclinations and vortices in liquid crystals [54,55] and in multicomponent superfluid 3He [56]. In general,
opological states appear in systems possessing a symmetrical order, which is usually described by the physical quantity
alled the order parameter. The order parameter can be either a real or complex number, a vector, or a tensor of an
arbitrary rank. A remarkable illustration of the application of topological concepts and ideas in condensed matter physics
for the description of spacial structures is presented by exemplary works [57,58] which straightforwardly explore rigorous
opological concepts developed in classical topological textbook [59].

Considerations of topological states are based on the comparison of fundamental spaces, commonly referred to as
anifolds. Fig. 1 illustrates typical manifolds, their interrelations, and the topological properties of the vector fields that

arise on them. In the following sections, we examine in detail the characteristics and structure of these manifolds, as well
as the properties of the vector fields defined on these manifolds.

The first fundamental space that we consider is the order parameter space D, a manifold that parametrizes various
tates of a multi-component order parameter based on specific criteria relevant to the problem. Typically, D forms a subset
4
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Fig. 1. Topological manifolds and vector field singularities. (a) Homotopy group mapping between the coordinate space and order parameter space,
llustrating topological classifications. (b) 1D circle S1 , a closed manifold with no boundary. (c) 2D disk D2 , a manifold with a circular boundary, S1 .
(d) 2D sphere S2 , a closed manifold with no boundary, commonly used to represent the surface of a 3D simply connected object. (e) 3D ball D3 , a
manifold with a spherical boundary S2 , representing confined simply connected topological structures, such as those in ferroelectric nanoparticles.
(f) 2D torus T2 , a closed manifold without boundaries. (g) 3D toroidal shell T , a manifold with two boundaries (inner and outer tori), used to model
films with periodic topological textures. (h) 3D solid torus D2

× S1 , a manifold with a toroidal boundary T2 , representing systems like nanorods
ith periodic topological textures. (i) 2D unstable node Nout , a singular point where the vector field diverges outward the point. The upper sketch
emonstrates the topological characterization of this singularity through the winding of the surrounding vector field. (j) 2D saddle point S, a point
here the vector field both converges and diverges. (k) 2D focus Fin , a point where the vector field spirals inward. (l) 2D center C , a vector field
onfiguration where vectors circulate around a central singular point, forming a vortex. (m) A singularity at the surface where the vector field
erminates, influencing both surface and bulk field configurations. (n) 3D repelling point R, a singularity where the vector field diverges outward
rom a central point. (o) 3D attracting point A, a singularity where the vector field converges inward toward a central point. (p) 3D saddle point type
− , a singularity where the field converges along one direction and diverges along two others. (q) 3D saddle point type S+ , a singularity where the
ield converges along two directions and diverges along one. (r) The topological characterization of singular point S+ . Singular points with converging
nd diverging vector fields are shown in red and blue, respectively. Divergence-free singular points are shown in yellow.

of a larger manifold, encompassing all possible states of the order parameter, with its dimensionality reduced to capture
only the relevant physical or symmetry-related states. In many cases, D represents the space of order parameter states
that share the same or nearly identical energy, such as in ferromagnetic or liquid crystal systems, where the states of
similar energy form continuous families due to rotational or gauge symmetries.

The next space is the coordinate manifold M, a subspace of the system space Rn, in which the order parameter
s defined. Here, n = 1, 2, 3 represents the dimensionality of the space of the system, which could correspond to a
hree-dimensional (3D) space of a bulk crystal or confined particle, a two-dimensional (2D) space of a thin film, or a
ne-dimensional (1D) space of a wire. Within the manifold M, the order parameter is non-uniformly distributed, taking
pecific values which correspond to a point on the order parameter space D.
5
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The classification of topological textures involves mapping the coordinate space M onto the order parameter space
, M → D, as sketched in Fig. 1(a). The homotopy group approach is used to classify these mappings by considering
ow the coordinate space M can wrap around D and by identifying distinct topological configurations that cannot be
ontinuously transformed into one another. For instance, in magnetic systems with vortices or skyrmions, where the
rder parameter is represented by a unit vector, the homotopy group assigns an integer expressing a topological charge
r a set of such integers to describe how many times the coordinate space wraps around the order parameter space.
e introduce these systems as exemplary applications of the homotopy group approach in Section 2.3. The topological

reatment of ferroelectric systems requires an even more advanced method, which explores the order parameter space
for divergenceless fields. This approach, utilizing elements of topological hydrodynamics, will be presented in Section 4
and will be used throughout the most of our Review.

2.1.2. Topological manifolds
The properties of topological manifolds are crucial for understanding the complex interplay between their inherent

structure and the resulting properties of the condensed matter systems, particularly the properties of the polarization
field confined in ferroelectric nanostructures. In this Review, we consider several typical manifolds representing order
parameter spaces, specifically circles S1, disks D2, and spheres S2, as illustrated in panels (b), (c), and (d) of Fig. 1,
espectively.

We also explore the coordinate manifolds, hosting topological states, balls D3, panel (e), tori T2, panel (f), toroidal shells
T , panel (g), solid tori D2

× S1, panel (h), 3D tori T3, and 3D sphere S3. The last two manifolds are not shown in Fig. 1. The
D torus, T3, is the cube with opposite faces joined in pairs, while the 3D sphere, S3, is the ball D3 in which all points of

its boundary, 2D sphere, are glued together. As further discussed in Section 7, the coordinate manifolds D3, D2
× S1, T ,

nd T3 are appropriate coordinate manifolds for describing ferroelectric nanoparticles, nanorods, films, and superlattices,
espectively.

It is important to note that certain nanostructures, which differ geometrically from those shown in Fig. 1, belong to
he same topological classes. This similarity arises because, using continuous deformations, these nanostructures can be
ransformed into one another without compromising their integrity. For example, cylindrical and cubic nanoparticles, as
ell as those of irregular shapes, are topologically equivalent to the three-dimensional ball D3. Here, we outline the key
opological characteristics of these manifolds, that are also summarized in Table 1.

Dimensionality of a manifold refers to the number of independent parameters needed to describe a point within
he manifold, indicating whether the manifold is one-dimensional, 1D, (lines), two-dimensional, 2D, (surfaces), or
three-dimensional, 3D, (volumes).

Boundaries of a manifold are features of those topological manifolds that have borders. The boundaries are themselves
manifolds having the dimensionality which is by 1 (one) lower than the dimensionality of the manifold they bind. The
oundaries play crucial roles in defining the properties of the manifold, particularly in materials where boundary effects
re significant. The boundary of a manifold M is denoted by the symbol ∂M. For example, the boundary of a 2D disk is

a 1D circle, S1 = ∂D2, and the boundary of a 3D ball is the 2D sphere, S2 = ∂D3. The 3D solid torus has a 2D toroidal
oundary, T2 = ∂(D2

× S1), while the 3D toroidal shell T has two boundaries, an internal and an external ones, both of
which are 2D tori T2. Notably, the 1D circle, S1, 2D and 3D spheres, S2 and S3, and 2D and 3D torii, T2 and T3, have no
boundaries. Such manifolds are referred to as closed manifolds. The absence of the boundary is denoted as ∂M = ∅.

An essential property of the manifolds describing nanoparticles is that they are bounded manifolds, meaning they
re confined within a finite region of space. Ferroelectric nanorods, films, and superlattices are examples of unbounded
anifolds, as they extend infinitely in at least one direction. Nevertheless, as we demonstrate in Sections 7.3 and 7.4,
hen the polarization distribution is periodic, their behavior can be effectively mapped onto bounded manifolds.
Connectivity of a manifold describes and refers to how points within the manifold are connected. A simply connected

manifold is the one where any closed loop can be contracted to a single point, indicating no ‘‘holes’’ or ‘‘handles’’.
For example, a two-dimensional sphere, S2, is simply connected. A multiply connected manifold, like a torus T2, has
independent paths or loops that cannot be contracted to a single point without leaving the manifold. The torus is multiply
connected because it has a handle, creating independent loops that cannot be reduced to a point, reflecting its topological
complexity.

The Euler characteristic, χE , of a manifold is an important topological invariant intrinsically linked to its connectivity.
t describes the structure of the manifold, providing a numerical representation of the manifold’s topological complexity,
apturing information about the number of holes, handles, and disconnections. It remains unchanged under deformations
f the manifold that do not involve tearing or cutting. The Euler characteristic of a sufficiently smooth manifold is a
opological invariant that is calculated using triangulation, which is the process of dividing the manifold into simple
elements, such as triangles in the two-dimensional case or tetrahedra in the three-dimensional case. For a smooth two-
dimensional manifold, the Euler characteristic is calculated using the formula χE = V − E + F , where V is the number of
vertices in the triangulation, E is the number of edges, and F is the number of triangles (faces) in the triangulation. For
instance, for a sphere triangulated into 4 triangles (like a tetrahedron), we have V = 4, E = 6, and F = 4. Substituting
into the formula gives χE = 4−6+4 = 2. For a 3D manifold, χE is calculated using volumetric triangulation. The formula
is χE = V − E + F − C , where V is the number of vertices, E is the number of edges, F is the number of triangular faces,
and C is the number of tetrahedral cells.
6
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Table 1
Topological characteristics of typical manifolds M, their mathematical expressions, dimensionality, dim, their boundary,
∂M (where the symbol ∅ denotes closed manifolds with no boundary), genus, g , and ferroelectric nanostructures,
described by these manifolds.
M dim ∂M g χE Nanostructure

Circle S1 1 ∅ 0
Disk D2 2 S1 0 1
Sphere S2 2 ∅ 0 2
Torus T2 =S1×S1 2 ∅ 1 0
Ball D3 3 S2 1 Nanoparticle
Solid torus D2

×S1 3 T2 0 Nanorod
Toroidal shell T 3 2×T2 0 Film
3D Torus T3 =S1×S1×S1 3 ∅ 0 Superlattice
3D Sphere S3 3 ∅ 0

The genus of a 2D surface, in particular of the boundary of a 3D manifold, is a topological property that represents
the number of handles or holes in a manifold. For example, a sphere has a genus g = 0, meaning it has no handles or
holes, while a torus has a genus g = 1, indicating it has one handle. The genus is mathematically related to the Euler
characteristic χE of the surface by the formula χE = 2−2g−b, where b is the number of boundary components in the case
of the surface with boundaries. In this Review, we consider only oriented surfaces in which a consistent direction or normal
vector can be smoothly defined across the entire surface, assigning an ‘‘inside’’ and ‘‘outside’’ directions everywhere.

2.1.3. Vector fields on topological manifolds
Vector order parameters, such as polarization P in ferroelectric materials, and magnetization M in magnetic materials,

re essential for describing phase transitions in these systems. They determine the level of order, symmetry breaking,
and the nature of the phase transition. The introduction of vector order parameters also enables the study of topological
phenomena, such as domain walls, vortices, skyrmions, and Hopfions, particularly in nanostructured materials. In this
and the following sections, we discuss the general structure of the vector fields, V, focusing on how they are described
and decomposed into fundamental components while considering the specific topology of the coordinate manifolds on
which the vector fields are defined, how the singularities and topological states arise in these fields, and how the local,
differential, characteristics of the fields are related to the global, topological, characteristics of the fields and coordinate
manifolds.

Two key differential operations are used to characterize the local inhomogeneities of vector fields: divergence and
curl (or rotor) of the field. The divergence of a vector field, denoted as ∇ · V or divV, is a scalar quantity that measures
the amount of the flux of the field that spreads out from a point or converges toward a point. A positive divergence
ndicates a source, from which the vector field is spreading out, while a negative divergence indicates a sink, where
he field converges. In fluid dynamics, as well as in ferroelectric and magnetic systems, this operation is crucial for
nderstanding the behavior of vector fields in relation to sources and sinks within the system. In nematic liquid

crystals [54], characterized by the unit director field n, representing the orientation of rod-like molecules, the term
ivn corresponds to splay deformation. This deformation occurs when the molecules experience a divergence in their
lignment, causing the angle between adjacent directors to change and the molecules to spread apart from one another.
The curl (or rotor) of a vector field, denoted as ∇ × V, curlV, (or rotV), is a vector quantity that measures the rotation

or circulation of the field around a point. It helps to determine whether, and to what extent, the field exhibits local
twisting. In fluid dynamics, ferroelectric, and magnetic systems, the curl plays a crucial role in describing vortex-like
structures. In nematic liquid crystals, the curl helps distinguish between two fundamental swirling distortions of the rod-
ike molecules: twist distortion, where the molecules rotate around an axis perpendicular to their alignment direction,
and bend distortion, where the vector field characterizing the molecular orientation curves, causing adjacent molecules to
end toward or away from each other. These distortions are characterized by the terms n· [∇ ×n] for twist and n× [∇ ×n]

or bend, respectively.
Curl-free and divergence-free vector fields play a fundamental role in various areas of physics. Curl-free fields, Vd,

characterized by relation ∇ × Vd = 0, can typically be expressed in terms of a scalar potential ϕ, such that Vd = −∇ϕ.
A classic example of a curl-free field is the electrostatic field, which is irrotational because it can be described as the
gradient of an electric potential. The absence of vorticity in curl-free fields is crucial for describing potential flows in fluid
dynamics, where the fluid moves smoothly without forming vortices. Divergence-free fields, Vv , defined by the condition
∇ · Vv = 0, are essential in systems governed by conservation laws, such as the conservation of mass or charge. These
fields are often represented as the curl of a vector potential A, such that Vv = ∇ × A. A well-known example of a
divergence-free field is the solenoidal magnetic field, where the absence of magnetic monopoles ensures that magnetic
field lines form closed loops. Similarly, the condition of incompressibility in fluid dynamics leads to a divergence-free
velocity field, which ensures that the mass of the fluid is conserved as it flows, reflecting the fundamental principle of
mass conservation. As outlined in this Review, the divergence-free component of the polarization vector P is crucial for
understanding the topological states in nanostructured ferroelectrics.
7
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A powerful and widely used method for analyzing vector fields is the Helmholtz decomposition [60]. The Helmholtz
heorem states that any sufficiently smooth vector field can be decomposed into the sum of a curl-free component
nd a divergence-free component, represented as the gradient of a scalar potential and the curl of a vector potential,

respectively:

V = Vd + Vv = −∇ϕ + ∇ × A . (1)

This decomposition is highly useful in physics, particularly in areas such as fluid dynamics and electromagnetism, as it
llows the separation of vector fields into components with distinct physical properties. The curl-free part corresponds
o sources and sinks, while the divergence-free part corresponds to rotational behavior, distinguishing the vortex matter.
This decomposition enables a clear understanding and modeling of complex systems described by the vector fields. The
Helmholtz decomposition of the polarization field P(r) is of great importance in ferroelectrics, as the divergent part of the
olarization field corresponds to the formation of so-called dipole bound charges, which are energetically unfavorable.

That is why, as will be discussed further in Section 3.2, the divergent part of P(r) tends to decrease. The decomposition (1)
allows for the separation of the energetically unfavorable (small) divergent component from the divergence-free curled
component, enabling an analysis of the underlying physical processes governing the polarization behavior in ferroelectric
aterials.
It is important to note that the standard formulation of the Helmholtz theorem typically applies to vector fields that

ither decay rapidly in space or are confined within simply connected manifolds. When dealing with more complex
opologies, such as multiply connected manifolds, the Helmholtz decomposition is generalized into the broader Helmholtz–
odge decomposition [61]. In this extension, an additional component, the harmonic field Vh, is introduced alongside the
asic divergence-free field Vd with non-zero curl and the curl-free field Vv with non-zero divergence. The harmonic field,
hich is simultaneously curl-free and divergence-free, satisfies the conditions ∇ · Vh = 0 and ∇ × Vh = 0. The structure
f Vh strongly depends on the connectivity of the manifold, and its behavior reflects the topological characteristics of the
pace. As an example, in Section 7.3 we will demonstrate the emergence of the harmonic field in ferroelectric nanorods,
hich are described by a doubly connected manifold of a solid torus D2

× S1. This field circulates around the torus and
s both curl-free and divergence-free.

Inhomogeneities in the vector field can give rise to specific points where the field’s amplitude drops to zero. These
oints, known as singularities, are crucial elements that shape the global structure of the field. In the following Section, we
lassify these singularities and explore their connection to the overall topology of the field. Hereafter we move on to the
opological properties of specific vector fields constrained by particular physical conditions. In Section 2.3, we illustrate
he application of the topological homotopy group approach to the description of vector fields with fixed amplitude. This
pproach, widely used in solid-state physics, is commonly applied to vector fields in magnetic materials and nematic
iquid crystals, where the order parameter is a unit vector. Although it can to some extent be applied to ferroelectrics to
describe the qualitative behavior of the polarization vector, it does not fully account for the additional, already mentioned,
opological constraint — the vanishing of the divergence component of the polarization vector field in these materials.
he topological description of divergence-free vector fields goes beyond the usual theories of homotopy groups and
equires more advanced methods. These methods have been developed in topological hydrodynamics, which deals with
divergence-free fluid flows [52]. We will rely on this approach throughout the Review when exploring the topology of
olarization fields in ferroelectrics.

2.2. Singularities of the vector field

2.2.1. Singular points
Singular points are the points where the vector field is either undefined or its value is zero. Singular points serve as

arkers of the vector field, through which the structure of the entire field in the manifold can be understood. Studying
hese points in mathematics is essential for the classification of fields and qualitative analysis of solutions of differential
quations [59,62]. The approach based on the analysis of singularities is widely applied in traditional physics disciplines
uch as fluid dynamics, electromagnetism, and plasma physics [52,63].
In hydrodynamics, singular points correspond to locations of vortices or stagnation points. In electrodynamics, these

oints indicate charge-induced sources or sinks of an electric field. They correspond to the null saddle points in magnetic
ields, crucial in plasma physics and magnetohydrodynamics, particularly in the design and operation of tokamak
evices for fusion research, where they impact plasma confinement and stability. Singularities in the magnetic field
istribution, referred to as Bloch points, have been actively studied in magnetism [64–70]. As magnetic nanotechnology
dvances toward more intricate three-dimensional structures, the importance of these 3D magnetization configurations
 particularly in cylindrical magnetic nanowires, nanoparticles, and thick asymmetric circular dots – is anticipated to
row significantly over time [71–76]. Notably, the dynamics of singular points have been shown to play a crucial role in
witching phenomena and the motion of domain walls in magnetism [77]. Although singular Bloch-like points have been
predicted in ferroelectric systems [78–82], observing them in practice remains challenging due to their extremely small
izes. Here, we outline the fundamental topological properties of singular points in arbitrary vector fields and detail their
pplication to the polarization field in ferroelectrics later in the Review.
8
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Table 2
Properties of the 2D vector field singular points.
Singularity Eigenvalues λ1,2

a Ind2 Description

Nin(Nout ), Stable (unstable)
node

λ1,2 are both negative
(positive) real numbers.

+1 The vector field converges into
(diverges out from) the point.

S, Saddle point λ1,2 are both real numbers
with opposite signs

−1 The vector field has both
attraction and repulsion
directions.

Fin(Fout ), Stable (unstable) focus λ1,2 are complex conjugated
numbers with negative
(positive) real parts

+1 The vector field spirals inward
(outward) towards the point.

C , Center λ1,2 are both imaginary
numbers

+1 The vector field rotates around
the point, forming the vortex

a Either both eigenvalues are real or complex conjugates; λ1λ2 ̸ = 0.

Talking about the entire set of singular points in a vector field, it is important to distinguish non-degenerate
singularities, which serve as the fundamental building blocks of singularities. Mathematically, any complex singularity
can be decomposed into these non-degenerate singular points, as they provide the local structure around which more
intricate singular behaviors can be understood. Below we will assume the singular points to be non-degenerate. Then,
importantly, they are stable under small variations of the field, serving as key elements in topology that significantly
impact the overall field structure. It should also be noted that linear singularities, such as singular lines in the cores of
vortex formations can exist in vector fields. However, these linear singularities are topologically unstable, meaning they
can be transformed into a set of isolated singular points through small variation of the field. What can stabilize them
are specific symmetry requirements of the system or other physical constraints. In Section 4.3.4, we will examine the
ormation of linear vortex-like singularities in ferroelectrics, governed by specific energetic constraints.

2.2.2. Classification of singular points
In differential topology, the properties of a non-degenerate singular point in a vector field Vi are characterized by the

on-degenerate Jacobi matrix of the spatial derivatives of Vi at that point, Jij = ∂jVi [59]. The eigenvalues λi of the Jacobi
matrix characterize the local behavior of the field near this point. The index of the point is determined by the sign of the
determinant:

Indk = sgn det
∂iVj

 = sgn
∏
i

λi, (2)

where the subscript k represents the dimensionality of the space.
When analyzing polarization fields, we are interested in their behavior both on the surface and within the volume of

manifolds of nanostructures. Consequently, we need to classify possible types of singularities in 2D and in 3D coordinate
spaces.

In the 2D case, we focus on the relevant to ferroelectrics configuration, in which the polarization is tangential to the
nanostructure’s surface, see Section 3.2. This reduces the classification to the singular points of a 2D vector field, located
within 2D coordinate plane. The possible 2D singular points, along with their eigenvalues, indices, and properties, are
isted in Table 2. The configurations of the vector field near typical points – unstable node (Nout ), saddle point (S), stable
ocus (Fin), and center (C) – are illustrated in panels (i) through (l) of Fig. 1, respectively.

Singularities on the surface exhibit a dual nature, as depicted in panels (d) and (e) of Fig. 1, where we use the singular
points at the poles of the ball’s surface as an example. On one hand, they can be characterized as singular points of a
2D surface field, as discussed earlier. On the other hand, as shown in Fig. 1(m), they influence the 3D field structure
eneath the surface and can be classified as 3D objects. Historically, David Mermin referred to such surface singularities,
n reference to surface topological defects in superfluid 3He, as boojums [83], a term borrowed from Lewis Carroll’s poem
‘‘The Hunting of the Snark’’. This terminology has also been used to describe surface defects in nematic liquid crystals
[84], but is rarely employed in the context of magnetism or ferroelectrics. The topological interplay between surface and
bulk singularities is discussed further in Section 2.2.4.

Similarly to the 2D case, the classification of 3D singular points is based on analyzing the eigenvalues of the Jacobian
matrix, now consisting of three nonzero values: λ1, λ2, and λ3. The typical singular points – repelling point R, attracting
oint, A, and saddle points, S− and S+ – are summarized in Table 3 and illustrated in panels (n)–(q) of Fig. 1, respectively.
To conclude here, by referencing the given in Tables 2 and 3 eigenvalues, indices, and descriptive behaviors of the

polarization fields near the singular points, it is possible to predict the behavior of polarization vectors around these
points. As we explain in the next Section, this understanding, when aligned with knowledge of the topological structure
of the coordinate manifold, is crucial for decoding complex field behaviors into more comprehensible patterns, thereby
facilitating a deeper insight into the overall polarization dynamics within the nanostructure.
9
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Table 3
Properties of the 3D vector field singular points.
Singularity Eigenvalues λ1,2,3

a Ind3 Description

R, Repelling point Re λ1,2 ≥ 0, λ3 > 0 is real
number

+1 The vector field diverges from
the point. In the specific case
when λ1,2 are both imaginary
numbers, the vector field
diverges along the direction
defined by λ3 and forms the
2D center (vortex) within the
plane, defined by λ1,2 .

A, Attracting point Re λ1,2 ≤ 0, λ3 < 0 is real
number

−1 The vector field converges into
the point. In the specific case
when λ1,2 are both imaginary
numbers, the vector field
converges along the direction
defined by λ3 and forms the
2D center (vortex) within the
plane, defined by λ1,2 .

S+ , Saddle point Re λ1,2 < 0, λ3 > 0 is real
number

+1 The vector field diverges from
a point along the axis defined
by λ3 , while simultaneously
converges to this point across
a perpendicular plane defined
by λ1,2 exhibiting either a 2D
stable node Nin or a stable
focus Fin within this plane.

S− , Saddle point Re λ1,2 > 0, λ3 < 0 is real
number

−1 The vector field converges
towards a point along the axis
defined by λ3 , while
simultaneously diverges from
this point across a
perpendicular plane defined by
λ1,2 , exhibiting either a 2D
unstable node Nout or a
unstable focus Fout within this
plane.

a Either all three eigenvalues are real, or one of them is real and other two are complex conjugates; λ1λ2λ3 ̸ = 0.

2.2.3. Topology of singular points
We provide further details concerning the topological stability of singular points, showing that the field singularity,

characterized by the point’s index, remains unchanged under small field variations. Specifically, using the outlined in
ection 2.1.1 homotopy group approach, we show that the indices of singular points can be determined through the

global field behavior in their vicinity. We consider 2D and 3D cases separately.
The topological characterization of a singular point in the 2D vector field V on a 2D coordinate manifold is illustrated in

Fig. 1(i), with the singular unstable node Nout as an example. We encircle the point Nout with a closed contour l and traverse
it, making a full turn in the coordinate space of the 2D manifold. During this loop, the unit vector of the normalized field,
n = V/V , also completes a full rotation. Topologically, this procedure is described by f1 mapping S1

f1
→ S1 of the coordinate

space S1 of the closed contour l onto the circle manifold S1, representing the space of the tips of the normalized vector
n. The degree of the mapping is determined by the number of full rotations of the vector n around the contour l, and is
given by

deg f1 =
1
2π

∮
L
z · [n × ∂l n] =

1
2π

∮
L

∂ ϕ

∂ l
dl. (3)

Here, the integration is done over the contour l, encircling the singular point, dl is the element of the length of this contour,
is the azimuthal angle of n, and z is the unit vector perpendicular to the 2D plane of the system. Importantly, deg f1 is
n integer that remains constant under small variations of the contour l or minor deformations of the vector field V. This
nvariance guarantees the stability of the singular point, a property known as topological protection.

The topological characterization of singular points in 3D case is similar. We exemplify it for the saddle point of type
S+, as shown in panels (q) and (r) in Fig. 1. Let S2 be a closed sphere centered at S2 that is pierced by the vector field V.
onsider now the map of S2 onto the space of the tips of the normalized vector n = V/V which is now a 2D sphere S2. In

this f mapping, S2
f2
→ S2, each point of S2 has an image on S2 representing the direction of n at the selected point. The
2
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mapping f2 is characterized by the degree of the mapping calculated as

deg f2 =
1
8π

∫
S2

F ds , (4)

where ds is the vector element of the integration surface and F represents the divergence-free vector field given by

Fi = ϵijk n ·

[
∂n
∂xj

×
∂n
∂xk

]
, div F = 0. (5)

This field is commonly known as the topological Sine–Gordon current in field theory [85] and as the gyrovector density
n magnetic literature [86–89]. Here and subsequently, the repeated indices i, j, . . . = 1, 2, 3 (or x, y, z) imply summation
over these indices and ϵijk is the antisymmetric Levi-Civita symbol.

The value of deg f2 for any type of singularity is an integer number, corresponding to the signed number of times
the image of coordinate manifold sphere S2 is wrapped around the vector space sphere S2. Hence it is the topological
characteristic of the singular point that does not depend on the choice of the wrapping surface. The important result of
differential topology, established by Poincaré in 1885 [90] and quantified by Hopf in 1931 [91] using relations (3) and (4)
is that the topological charges of singular points, represented by their mapping degrees, are equal to the indices of their
ingularities (2); specifically, deg fν = Indν+1 with ν = 1, 2. This fundamental result not only reveals the deep connection
between the topological properties of singular points and the differential characteristics of the surrounding vector field
but also enables the global topological exploring of the vector field over the entire coordinate manifold, which will be
considered in the next Section.

2.2.4. Poincaré-Hopf theorem
The Poincaré–Hopf theorem is a fundamental theorem in differential topology that connects the intrinsic topology of

a manifold to the properties of vector fields defined on it. Specifically, it provides a profound relationship between the
number and nature of the singularities of a vector field and the manifold’s topology. This foundational theorem is typically
formulated for closed manifolds — i.e., manifolds without boundary, see Section 2.1.2. It asserts that for a smooth closed
anifold M of dimension ν and a smooth vector field V on M, with a finite number of isolated singular points Vi ∈ M,

he sum of the indices of these singular points is equal to the Euler characteristic of the manifold,∑
i

Indν(Vi) = χE(M). (6)

The closeness of the manifold is a necessary condition, limiting the theorem’s direct application to singularities inside
the bounded volume. However, the theorem remains valuable for the surfaces enveloping these structures, serving as a
useful tool for characterizing 2D surface singularities through microscopy techniques such as PFM, AFM, and SEM.

As an example, we apply the Poincaré–Hopf theorem to the sphere S2, which bounds the ball D3 with S2 = ∂D3, as
llustrated in Fig. 1(d,e). As we already mentioned, we restrict ourselves to the case, relevant to ferroelectrics, when the
vector field V is tangential to the boundary ∂M. According to Table 1, the sphere has an Euler characteristic of χE(S2) = 2.
From the Poincaré–Hopf theorem, it follows that any vector field tangential to the surface of the sphere must exhibit
singularities whose total index sums to 2. For instance, in the meridian vector field distribution shown in Fig. 1(d), two
singular points emerge: a stable node at the south pole Nin, and an unstable node at the north pole Nout, both with an
index of +1, see Table 2. Together, their indices sum to +2, which matches the Euler characteristic of S2. This example
emonstrates the well-known Hairy Ball Theorem, which asserts that no non-vanishing continuous tangential vector field
an exist on a sphere. In other words, it is impossible to ‘comb’ a hairy ball without creating cowlicks, representing the
ingular points in the vector field.
As another example, we consider a 2D torus T2, Fig. 1(f), which has a zero Euler characteristic, χE(T2) = 0, see Table 1.

his implies that the total sum of the vector field indices must also be zero, allowing for the construction of a smooth,
continuous vector field on the torus with no singularities — meaning it is possible to ‘‘comb’’ the vector field on a torus
without creating any discontinuities. An exemplary vector field, circulating smoothly around the toroidal surface without
singular points, is shown in Fig. 1(f). Alternatively, it is possible to create a vector field on the torus that includes several
singular points with a total zero index. For instance, one could have a stable focus, Fin with index +1 and a saddle point S
with index −1, see Table 2, maintaining the required balance. The possibility of the absence of singularities in the vector
ield on the surface of a torus plays a crucial role in understanding the overall structure of the polarization field in confined
erroelectrics, as described by Arnold theorem, which we will discuss in Section 4.3.3.

To explore singularities in the whole 3D structures with boundary, an extension of the Poincaré–Hopf theorem to the
anifold M with boundary ∂M is required, which accounts for both volume singular points, Vi, and surface singular

points, Vsj, simultaneously. For this purpose, we introduce a duplicate manifold M′, aligned with M along their common
boundary ∂M = ∂M′. This creates a unified, boundary-free closed manifold MU = M∪M′. To endow the whole manifold
with a vector field structure we extend the vector field V symmetrically to a field V′ inM′. Then the singular points Vi ∈ M
will double onto V′

i ∈ M′, while singular points Vsj on the boundary will become defined in whole neighborhoods in MU ,
not in half-neighborhoods as before in M. Note that the field VU = V + V′ is continuous within MU , but it may not be
smooth across the boundary ∂M. However, assuming a natural non-degeneracy, it can be smoothed, as outlined in [92].
11
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Since the manifold MU , containing the singular points Vi, V′

i , and Vsi, is now closed, the Poincaré–Hopf theorem can be
pplied. Given that Ind3(Vi) = Ind3(V′

i), we extend the Poincaré–Hopf theorem as follows:

2
∑

i

Ind3(Vi) +

∑
j

Ind3(Vsj) = χE(MU ). (7)

χE(MU ) = 2χE(M) − χE(∂M).

This relation links the indices of internal singular points and surface singular points at the boundary of the manifold to the
uler characteristic of the unified manifold. The value of the Euler characteristic is derived using the inclusion–exclusion
rinciple [93]: χE(M ∪ M′) = χE(M) + χE(M′) − χE(M ∩ M′), with χE(M) = χE(M′), and M ∩ M′

= ∂M.
We now apply the steps described above to a simply connected particle, which is topologically equivalent to a 3-

imensional ball, D3, with its boundary ∂D3
= S2. By doubling the D3 manifold, we obtain a 3D sphere, S3, which is a

losed manifold with no boundary. The Euler characteristic of this manifold is χE(S3) = 2χE(D3)− χE(S2) = 2 · 1− 2 = 0,
as shown in Table 1. Consequently, the sum of the 3D indices of all singular points, both on the surface, counted with
oefficient 1 according to the formula (7), and within the bulk, with coefficient 2, must be zero. As discussed earlier,
he surface of a ball contains singular points with a total 2D index of 2, ensuring the presence of surface singularities.
owever, this constraint provides no further insight into the nature or behavior of singularities beneath the surface unless
he 3D indices of surface singularities, Vsi, are known. These 3D indices are not directly related to their 2D counterparts
nd depend on how the vector field emerging from the interior of M terminates at these points. Consider, for instance,
he previously discussed meridian vector field distribution at the surface of the ball, with two singular points, Nin, and
out located at the south and north poles of the spherical surface respectively, see Fig. 1(d). Suppose that the internal
ector field V enters at the north pole into Nout , and exits at the south pole from Nin, as shown in Fig. 1(e). In the unified
anifold MU , the singular point Nout corresponds to a saddle 3D singularity S− at the north pole with an index of −1,
hile Nin corresponds to a saddle 3D singularity S+ at the south pole with an index of +1, see Table 3 and Fig. 1(p,q). The
alculation shows that, according to the relation (7), the sum of the 3D indices of singular points inside the ball must also
equal zero. Thus, the ball may either not contain any internal singular points at all, or their indices must compensate for
each other. For example, this could be a pair of saddle points like S− and S+, located in the bulk of the ball, with indices
Ind3(S−) = −1 and Ind3(S+) = +1, as shown in Fig. 1(e). Another interesting example occurs in confined 2D circular
geometry when boundary center-type half-vortex singularities annihilate with the bulk center-type vortex singularity, as
considered in magnetic systems in [94].

The application of the Poincaré–Hopf theorem to ferroelectrics presents distinct restrictive characteristics. First, as
t will be discussed in Section 3.2, the polarization vector field, P(r), in ferroelectrics tends to be divergence-free.
his introduces additional constraints on the admittable configurations of singular points, which will be explored in
etail in Section 4.2.1. Notably, divergence-free saddle-type singular points are stable, whereas repelling and attracting

singular points, which generate dipolar bound charges, are energetically unfavorable, unless localized compensating
charges – induced by imperfections – are introduced. This aspect is addressed in Section 5.3.1. Another key constraint
in confined ferroelectrics is the tangential orientation of the polarization vector field at the surface. However, external
charges and electrodes can lead to situations where in certain regions P(r) deviates from this assumed tangential
rientation, adopting either an outward or inward direction. The Poincaré–Hopf theorem permits further generalization
n such cases, as discussed in [95,96]. A similar situation involving a general orientation of the field at the surface was
examined in [84] for droplets of nematic liquid crystals, where a formalism based on relative homotopy groups [97,98]
as applied. Furthermore, the specific symmetry conditions may constrain multiple typical singular points, as described

n Section 2.2.2, to coalesce into composite degenerate singular points. Such situation for manifolds with boundaries was
explored in [99].

2.3. Unit vector fields

2.3.1. Order parameter space
Here, we consider a specific class of vector fields where the vector magnitude is fixed at one. Such descriptions are

common in magnetic systems, where the magnitude of the order parameter is constrained by quantization, carrying
magnetic spin, and in liquid crystals, where the fixed length of the director is provided by the size of the molecules.
In ferroelectrics, the constant polarization assumption is less justified, although it remains useful and widely employed,
for qualitative description of topological states. We discuss another topological constraint in ferroelectrics, based on the
lmost divergence-free nature of polarization fields in Section 4.
Fig. 2 presents examples of applying topological considerations to systems with unit vector order parameters. We

refer here to magnetic systems [100], which have traditionally been used as a reference for the topological description of
erroelectrics [49]. Magnetic ordering is usually characterized by the unit length magnetization vector m(r), |m(r)| = 1,
hat can assume an arbitrary spacial direction in case of weakly anisotropic magnetism. Accordingly, the end of the
ector m sweeps the unit sphere surface, S2, that constitutes the order parameter space D. Two other configurations
or the order parameter space are possible in the case of strong uniaxial anisotropy. In the case where vector m is
riented perpendicularly to the anisotropy axis (i.e., lies in an easy-plane, transversal to the anisotropy direction), the
12
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Fig. 2. Unit vector field topological states and homotopy groups. (a) Different types of vortices with the clockwise, Vcw , counterclockwise, Vccw ,
ncoming, Vin , and outcoming, Vout , distribution of vector order parameter, belonging in the same topological class of vortex states, emerging in 2D
ilms with vector m lying in the film plane. The arrows demonstrate the pathway of continuous transition from Vcw to Vccw through the intermediate
states Vin or Vout by the continuous rotation of unit vectors m. Plus and minus symbols stand for bound electric charges that would have emerged
had we considered ferroelectric order parameter. The scheme in the upper-right corner demonstrates the action of the homotopy group. The unit
circle of the coordinate space, S1 , which is equivalent to the closed contour L embracing the vortex center, maps onto the order parameter space
S1 of the unit vector m, lying in the film plane due to the easy-plane anisotropy. (b) The energy profile, explaining that the switching from the Vcw
to the Vccw vortex occurs more advantageously when staying in the same topological class of vortices and realizes through the intermediate vortex
configurations Vin or Vout (solid red energy line), rather than by passing through the high-symmetry paramagnetic state, P , in case of magnetism
(dashed blue energy line). At the same time, in the ferroelectric system, switching through the paraelectric state is more advantageous than switching
by passing across the charged vortex states V ∗

in or V ∗
out because of the huge electrostatic energy barrier formed by emerging bound charges (dashed

red energy line). (c) Different types of skyrmions, either of Bloch type – with the clockwise, S+
cw , and counterclockwise, S+

ccw , swirling – or of Néel
type, with incoming, S+

in , and outcoming, S+

out , distribution of the vector order parameter, belonging in the same topological class of skyrmion states,
emerging in 2D isotropic films. The arrows demonstrate the pathway of the continuous transition from S+

cw to S+
ccw through the intermediate states

S+

in or S+

out by the continuous rotation of the unit vectors m. Plus and minus symbols stand for bound electric charges that would have emerged had
we considered ferroelectrics instead of magnets. The scheme in the upper-right corner demonstrates the action of the homotopy group. The unit
sphere of the coordinate space, S2 , equivalent to the whole space of the film with a fixed direction of the vector field at infinity, maps onto the
order parameter space S2 of the unit vector m, taking an arbitrary direction. (d) Exemplary illustration of the Bloch meron M+

ccw , and Néel meron
M−

out . (e) The topological Hopfions H−
cw and H−

ccw , emerging in the isotropic bulk systems with vector order parameter. They are described by the
S3 → S2 homotopy group, as shown in the scheme in the upper-right corner. Each point in the order parameter space S2 presenting a particular
direction of m, has a preimage in the form of the whole line in the real space with an equivalent direction of m at infinity. These lines are winded
in the system of concentric tori.

order parameter space is reduced to the circle of the unit radius, S1. Otherwise, when the anisotropy orients m in the
asy-axis direction, parallel to the anisotropy axis, the order parameter space, denoted as Z2, is reduced to the two points,
orresponding to the ‘‘up’’ and ‘‘down’’ directions of m.
To employ the coordinate space of the system, M, we note that conventionally bulk samples are characterized by the

D Euclidean space, R3, whereas thin films and nanowires are described in terms of the 2D and 1D Euclidean spaces
2 and R1, respectively. However, in many cases, one assumes that topological excitations are localized within a certain
egion of space and that the behavior of the order parameter at infinity is uniform. Within the topological approach, such a
ondition is naturally accounted for by an assumption that the infinite points of the corresponding Rn space are adjusted
ogether, forming the n-dimensional sphere Sn. Then, depending on the considered problem, the coordinate space M
ither coincides with Rn or with Sn spaces of the whole system or forms their subspace.

2.3.2. Vortices
Let us consider, as an example, the formation of vortices [7] in a 2D space of a thin film, R2, in the case where the

ector m is restricted to the film plane by the easy-plane anisotropy. The corresponding order parameter space is D = S1.
Fig. 2(a) shows several types of vortices. Together with vortices Vcw with the clockwise (CW) vector order parameter
inding around the vortex center and vortices V with the counterclockwise (CCW) vector order parameter winding
ccw
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around the vortex center, the star-like vortex states Vin with the incoming into the vortex center vector field, and Vout
with the outcoming from the vortex center vector field, also belong in the same class of vortex topological states.

To demonstrate that, we employ the homotopy group topological approach. We encircle the core of the vortex by the
losed contour L ⊂ R2 (exemplified in Fig. 2(a) for the vortex Vccw). Next, we travel around the selected loop performing
an operation that is topologically equivalent to a complete turn along the unit circle which we consider as a coordinate
space M = S1, shown in the upper-right corner of Fig. 2(a). We observe that the order parameter, m, also performs one
omplete turn in the order parameter space D = S1, shown as the second circle in the upper-right corner of Fig. 2(a).
herefore, one assigns the winding number N1 = 1 to the vortex Vccw . In general, the winding number N1 is determined

by the Poincaré–Hopf degree of the mapping S1
f1
→ S1 as N1 = deg f1, using Eq. (3) with m = n.

This winding number expressing the topological charge of the vortex remains the same for any of the vortices presented
n Fig. 2(a) and for any bending of the contour L, encompassing the vortex core. Such a procedure allows assigning these
vortices to the topological class with N1 = 1. One can also imagine other stable topological states defined by the mapping
S1

f1
→ S1 as N1 = deg f1. Those are, for instance, a double-winding vortex with N1 = 2, for which the order parameter

performs two complete turns in the order parameter space S1, anti-vortex with N1 = −1 for which the turning occurs in
he opposite direction, or simply almost-uniform state for which N1 = 0.

Importantly, the transformation between the different states of the same topological class can occur via the continuous
eformation of the vector field, conserving the winding number N1. For instance, the transformation from Vcw to Vccw can
e realized through the continuous in-plane rotations of the order parameter vectors by passing through the intermediate
tates Vin of Vout , see Fig. 2(a). In energy terms, this implies that the transformation between the different states of the
ame topology class does not require large energy costs, as illustrated in Fig. 2(b). Thus, the transformation from Vcw
o Vccw may occur going over a small energy barrier stemming from the difference between the gradient energy of the
tates Vcw , Vccw and Vin, Vout (the red solid line) rather than over the barrier (shown by the blue dashed line) arising
due to the formation of a high-symmetry para-phase, P . This ensures the topologically protected stability of the vortex
tate with N1 = 1 since its transformation to the states belonging to another class demands large energy. For example,
ransformation into the uniform state with N1 = 0 would require vortex destruction via the partial or complete melting
f a vortex state into para-state spending the energy necessary to overcome a huge barrier corresponding to condensation
nergy of the ordered state.

2.3.3. Skyrmions
Taking another example, skyrmions [101–108], we consider topological states in thin films, now the case of vanishingly

mall anisotropy, where the order parameter space is a 2D sphere, S2. As a coordinate space, we select the entire film with
he adjusted together infinity points, hence M = S2, assuming that the vector field of the order parameter is uniform
t infinity and has, for instance, the down-directed orientation. The corresponding mapping S2 → S2, classifying the
opological states, skyrmions, indicates how many times, N2, a 2D sphere of the order parameter space is wrapped around
 2D sphere presenting the coordinate space. The topological charge of a skyrmion, referred to as the Pontryagin index
n magnetic and ferroelectric literature [49,100], represents the Poincaré–Hopf degree of the mapping S2

f2
→ S2. It is

alculated using Eq. (4) as N2 = deg f2, with m = n.
For the topological state carrying the topological charge N2 = 1, the orientation of the unit vector m assumes –

one time each – all possible directions when passing the entire plane of the film, providing the one-quanta skyrmion
texture. Typical representatives of the N2 = 1 skyrmions, like Bloch skyrmions with screwed order parameter, S+

cw and
+
ccw (cw and ccw denote the clockwise and counterclockwise swirling of the texture, and the sign, ‘‘+ ’’ or ‘‘−’’ shows
he polarity of the core), and Néel skyrmions, S+

in and S+

out , having the fountain-like overturning order parameter with the
in- and out-of-the-center directed vector field flux, respectively, are shown in Fig. 2(c). Note that the in-plane winding
f skyrmions is uniquely defined by their swirling and polarity. Similar to vortices, the skyrmions belonging to the same
opological class can transform one into another via the continuous deformation of the order parameter requiring low
radient energy costs. In particular, for the skyrmions with N2 = 1, the pathway of the continuous switching between
loch skyrmions of different winding occurs through the intermediate Néel skyrmions S±

in and S±

out . The skyrmion states
ith given N2 are topologically protected because they are separated by essential energy barriers (of the order of the
rdered state condensation energy) from the states with other topological charges, particularly from the uniform state
ith N2 = 0.

2.3.4. Merons
The merons represent another topological state dwelling in 2D systems and having a structure analogous to that of

skyrmions [107,109–113]. Similarly, they can be of the Bloch type, M±
cw and M±

ccw , possessing clockwise or counterclock-
wise swirling, or of the Néel type, M±

in and M±

out . Fig. 2(d) shows the typical representatives, merons M+
ccw and M−

out . The
istinction from skyrmions is that the order parameter vector field in skyrmions at infinity is supposed to be either up or
own-directed with respect to the film, whereas in merons it remains confined within the plane of the film. Accordingly,

the topological structure of merons presents a ‘‘partial-skyrmion’’, specifically ‘‘half-skyrmion’’ structure. It means that
meron’s vector field texture results from the cutting of the inner region of the skyrmion in which the vector sweeps only
the upper half of the S2 sphere in the order parameter space. At its periphery, the vector order parameter lies in the film
plane and makes a full 360◦ turn when going around the meron center. Therefore, merons can also be globally viewed as
vortices in which the order parameter vector escapes from the film plane at the core, avoiding hence the singularity.
14



I.A. Lukyanchuk, A.G. Razumnaya, S. Kondovych et al. Physics Reports 1110 (2025) 1–56

f
r

s
t
m
a
t
f
c
t
d

s

t

o

o
m
p
c
r

Fig. 3. Polarity switching via continuous transformation of topological states in a vortex tube along the nanorod (a). (b) A skyrmion S−
cw nucleates

rom the uniformly polarized state U+ , forming a singular point V. The system transitions through a meron M−
cw and a helical state Hl−cw , ultimately

eaching the oppositely polarized uniform state U− .

2.3.5. Vector field tubes
The topological states of the unit vector field, as described thus far, were confined to a 2D coordinate manifold,

pecifically within a disk or an infinite plane. These textures can also extend into the third dimension, propagating
hrough the thickness of the host material. Structures of this type, hosted skyrmion strings were discovered in magnetic
aterials [67,114–118]. Notably, this extension of 2D topological states into 3D alters their homotopy group classification,
nd these states may lose their topological protection. For instance, a singular vortex in 3D geometry can be continuously
ransformed into a nonsingular field configuration [57,98]. Non-topological factors, such as uniaxial anisotropy resulting
rom the easy-plane crystal anisotropy, specific boundary conditions, or external fields inducing anisotropy in the system,
an still stabilize these vortex-like structures. The vector field tubes reviewed in this article typically manifest along
he axes of nanorods and nanowires, or as cylindrical stripe domains within heterostructures. These configurations are
iscussed in detail in Sections 7.3 and 7.4, respectively.
The topological states, such as vortices, skyrmions, and merons form structural units propagating along the tube, as

hown in Fig. 3(a). Notably, the specific topological state within the tube is predominantly stabilized by energetic factors,
although these states are topologically transformable into one another. Fig. 3(b) illustrates various topological states that
continuously emerge within an exemplary vortex tube hosted by nanorod. We analyze the evolution of these states along
he nanorod, progressing from left to right. Initially, the skyrmion states, denoted as S−

cw , nucleate in the center of the
uniform state U+, emerging from the singular point V, see Section 2.2. In the center of the skyrmion, the direction of
the vector field is opposite to that in the surrounding uniform state. As the skyrmion expands further off-center, it twists
the vector field at the nanorod surface, leading to the formation of a meron configuration, M−

cw . Subsequently, the surface
fields reverse direction, transitioning the system into the uniform state U−, which is opposite to the initial state U+. This
transition occurs through an intermediate helical state, Hl−cw .

2.3.6. Real space Hopfions
Finally, we discuss topological states, Hopfions, that can emerge in the 3D space of the bulk of an isotropic or weakly

anisotropic material with unit vector order parameter, specifically in magnetic systems [107,119–129]. The exemplary
textures of H−

cw and H−
ccw Hopfions are shown in Fig. 2(e). They are classified via the mapping of the real-space manifold

f the entire material volume S3 (we assume the fixed direction of m at the infinity) on the order parameter space of
the unit vector m, S2. The mathematical study of the topological classes corresponding to the mapping S3 → S2, first
undertaken in 1931 by Heinz Hopf [91], again gives the classification according to the topological charges. The realization
f topological states in the considered case is described in terms of the tracelines of vector m which are traces of vector
having the same direction. Each point in the order parameter space S2, presenting a particular direction of m, has a

reimage in the form of the whole traceline in the real space S3. The tracelines densely fill the coordinate space and
onstitute the so-called Hopf fibrations or simply Hopfions. The integer topological charge of Hopfions is given by the
elation [130,131]

N3 = −
1

∫
F · A dV , (8)
(8π )2 S3
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where the vector field F is defined by Eq. (5) with m = n, and A is the vector potential of F, F = ∇ × A. The integration
in Eq. (8) is carried out over the whole volume of the system.

In summary, the considered in this Section mappings of the unit vector field are formally described by homotopy
groups of n-dimensional spheres with n = 1, 2, 3, S1 → S1, S2 → S2, and S3 → S2, also denoted as π1(S1), π2(S2),
nd π3(S2). These groups are all isomorphic to the group Z of integers under addition; the integers correspond to the
opological charges N1, N2 and N3 of the described topological states [59]. Other types of sphere mapping in 1D, 2D, and
3D spaces in the case of the vector order parameter give the trivial homotopy groups, isomorphic to zero. Therefore, the
considered representative cases cover the most typical topological states of the vector field with fixed vector magnitude.

3. Ferroelectrics. Essential concepts

3.1. Ginzburg–Landau–Devonshire approach

In ferroelectrics, the polarization order parameter is the polarization vector P = (P1, P2, P3), describing how charges
ithin the material are displaced relative to their equilibrium positions and align in a specific direction. The polarization
ector P represents the electric dipole moment per unit volume. Formally, it can be expressed as: P = V−1∑ pi, where
i is the dipole moment of an individual ionic charge, and V is the volume over which the dipoles are considered. The
irection of the vector shows where the dipoles are pointing, and the magnitude indicates the degree of dipole alignment.
n the paraelectric high-temperature phase, the order parameter is zero which reflects the absence of electric ordering.
n the ferroelectric phase, which emerges spontaneously below the critical temperature Tc , the order parameter P ̸ = 0
ndicates the onset of spontaneous dipole alignment.

Importantly, even though dipoles are discrete, polarization can be regarded as a continuous vector field. When we
describe polarization in this way, we imply averaging over small volumes of material [132,133]. While larger than
ndividual atoms or molecules, these volumes are still on the scale of several nanometers. This size corresponds to the
oherence length of the ferroelectric material, ξ0, which is the distance over which dipoles within the material remain
nterconnected and their orientations are correlated. At this length scale, microscopic fluctuations are averaged out, and
he material can be described in terms of macroscopic vector fields. In ferroelectrics well below Tc , the coherence length
0 ≃1–2 nm and increases when approaching Tc . It approximately corresponds to the half-width of the domain wall
etween oppositely oriented polarization domains.
The Ginzburg–Landau–Devonshire (GLD) theory of phase transitions is the core approach in ferroelectrics, based on

minimizing the GLD energy in terms of the polarization order parameter P [132–134],

Ff = FP + Fgrad =

∫ (
FP + Fgrad

)
dV . (9)

This energy includes the energy density of the uniform ferroelectric state, FP , and the gradient energy Fgrad ,

FP = ai(T )P2
i + aijP2

i P
2
j + aijkP2

i P
2
j P

2
k , Fgrad =

1
2
Gijkl(∂iPj)(∂kPl) . (10)

The uniform energy, FP , is typically expanded up to the 4th or 6th order in P, where one or several second-order
oefficients ai(T ) become negative below Tc , providing the instability of the system towards the transition to the
ferroelectric state. This state is stabilized by the fourth- and sixth-order coefficients aij and aijk. The gradient energy,
Fgrad, accounts for the energy cost of spatial variations of polarization, related, in particular, to domain formation. This
ontribution is expanded to the second order in polarization gradients.
An important aspect that governs the behavior of ferroelectrics is the coupling of the polarization with physical fields,

electric field E and elastic field presented by the Cauchy stress tensor, σij. These couplings, described by the terms

FPE =

∫
FPE dV , FPE = −PiEi, (11)

FPσ =

∫
FPσ dV , FPσ = −QijklPiPjσkl , (12)

where Qijkl are electrostrictive constants, should be added to the ferroelectric contribution (9) to minimize the energy
f + FPE + FPσ and describe the polarization state.
The variational minimization of the system’s energy is performed under the additional constraints of the mechanical

nd electrostatic constitutive equations. The mechanical stability condition, which equilibrates the elastic forces and the
orces produced by stress-polarization coupling (12), is an elasticity equation,

∂i
(
σij + qijmnPmPn

)
= 0, (13)

where qijmn = CijklQklmn is the product of the elastic stiffness tensor, Cijkl, and electrostrictive constant tensor, Qklmn. We do
ot consider the flexoelectric contribution [135,136] to the elastic energy density, given by Fflexo = f (σ )

ijkl Pi∂jσkl, where f (σ )
ijkl

s the flexoelectric tensor defined in terms of stress variables. The topological consequences of this higher-order stress
ffect can be analyzed later as a perturbation to the main energy functional, as described in Section 5.1.
16



I.A. Lukyanchuk, A.G. Razumnaya, S. Kondovych et al. Physics Reports 1110 (2025) 1–56

p
d
t

w

t
p
f
t
i
T
v

t

t
w
T

o

f
f

Fig. 4. Screening of bound charges in a ferroelectric slab. (a) The bound charges are screened by electrodes. (b) In the absence of the electrodes
the strong depolarization charges emerge at the slab surface. They create the depolarization field E, which destroys the ferroelectric state. (c)
Splitting the sample into alternatively directed soft polarization domains reduces the depolarization energy. The depolarization field, produced by
the alternative bound charges, is localized near the sample surface. (d) Further screening of the depolarization field is ensured by the transverse
polarization component, which provides the soft polarization domains with a vortex structure. A minor part of the polarization flux emerges from
the ferroelectric and is confined near the surface.

The electrostatic Maxwell equations,

div (ε0εbE) = ρb + ρq + ρe , ∇ × E = 0, (14)

where ε0 = 8.85 × 10−12 C V−1m−1 is the vacuum permittivity and εb is the background dielectric constant of the non-
olar ions [137]. This equation relates the electric field, E, to the bound charge density produced by the non-uniform
istribution of polarization dipoles, ρb = −div P, localized charges, ρq, and free conductive charges, ρe. It is convenient
o express the electric field via the electrostatic potential, E = −∇ϕ, and present the electrostatic equations (14) in the
form of a screened Poisson equation,

ε0(εb∇2ϕ − δ−2ϕ) = ∂iPi − ρb, (15)

where we represent the screening effect of free charges in a linearized Debye–Huckel–Thomas–Fermi form, ρe = −ε0δ
−2ϕ,

ith δ being the screening length. Note that the particular symmetrical structure of the tensors coefficients ai, aij, aijk,
Gijkl, Qijkl, and Cijkl depend on the symmetry of materials, while their specific values can be found in standard textbooks,
see, e.g. [134].

3.2. Electrostatics of ferroelectrics

A key aspect in forming non-uniform topological states in ferroelectrics is the counterbalance between the system’s
endency to form a coherent ferroelectric state and the depolarization electrostatic forces destabilizing this state. To
ut this competition on a quantitative basis, we compare two contributions to the energy of the ferroelectric state, the
erroelectric contribution and the depolarization contributions. The first, the favorable ferroelectric energy, FP , represents
he energy gain of the ferroelectric state relative to the paraelectric state. This is the energy of the ferroelectric sample
n which the depolarization field is screened by external short circuited electrodes with potential U = 0, see Fig. 4(a).
he uniform energy of the ferroelectric state, FP , calculated per unit volume, is given by Eq. (10). It is estimated as the
alue opposite to the work done by an external electric field, produced by the electrode voltage U , and applied against

the polarization to restore the paraelectric state: FP ≈ −
∫ P=0
P=P0

P(E)dE ≈ −(Tc/ε0C)P2
0 . Here, P(E) = P0 − ε0χE is the

constitutive relation for a ferroelectric (with E opposite to P), P0 is the spontaneous polarization in the ferroelectric state,
and χ = C/2(Tc −T ) is the Curie–Weiss susceptibility of the uniform ferroelectric with Curie constant C [133]. Well below
he critical temperature Tc , χ ≈ C/2Tc .

The second, depolarization energy contribution, Fdep, represents the energy that destabilizes the ferroelectric state
due to the emergence of the depolarization field Edep, which appears in a ferroelectric with a free surface, Fig. 4(b). The
ermination of polarization at the surface of the sample results in the emergence of the surface bound charge σ0 = P0
hich, in turn, produces the depolarization electric field, oriented oppositely to polarization, Edep = −σ0/ε0εb = −P0/ε0εb.
he associated with Edep depolarization energy,

Fdep =

∫
Fdep dV , Fdep =

1
2
ε0εbE2

dep =
P2
0

2ε0εb
, (16)

is positive. Here, εb represents the background dielectric constant associated with the non-polar ions, typically located
at the A-site of the perovskite lattice in pseudo-cubic oxide ferroelectrics. This constant accounts for the non-polar ions’
contribution to the overall polarizability of the system. Its value should be on the order of the permittivity of the non-polar
xide perovskite and usually is considered to be around εb ≃ 10 [137].
The depolarization energy density, Fdep, is by the factor κ = 2C/εbTc larger than the absolute value of Ff . In the most

unctional oxide ferroelectrics that are displacive ferroelectrics, this factor is especially large [133], for example, κ ≃ 102

or PbTiO , and 0.5 × 102 for BaTiO [138]. It is the substantial predominance of the positive depolarization energy over
3 3
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the negative GLD energy that significantly destabilizes the uniform ferroelectric state and finally results in the strongly
on-uniform state, in which the emerging bound charges and produced by them depolarization fields are reduced due to

the non-uniform polarization field configuration.
The best known example of the formation of the non-uniform state reducing the depolarization energy is the

mergence of the alternatively polarized Landau–Kittel domains in ferroelectric slabs [5,8,139]. Dividing the system into
omains results in the formation of stripe-like surface depolarization charges with alternating signs. Consequently, the
epolarization field is confined to the near-surface layer, significantly reducing the associated depolarization energy. It
as shown [9,140] that in thin ferroelectric films, the electrostatic energy of the Landau–Kittel domains is minimized

even more, if the surface bound charges draw back into the domain volume at points of domain termination. This results
in the gradual profile of the spontaneous out-of-plain polarization inside domains from almost zero at points of domain
termination to almost equilibrium value P0 in the bulk of the domain, see Fig. 4(c). Such polarization profile is referred to as
‘‘soft polarization domains’’ [140,141], to highlight its distinction from the Landau–Kittel domains with flat magnetization
rofile in ferromagnets. This distribution is complemented by the field-induced in-plane polarization component near
he film surface, resulting in the overall polarization texture, looking like the periodic structure of alternatively rotating
ortices, shown in Fig. 4(d) [142].
Though stemming from the same electrostatic principles, the emergence of more intricate topological states neces-

itates an advanced mathematical treatment. The hydrodynamic topological approach developed in this Review offers a
atural framework for considering topological states in ferroelectrics, fundamentally rooted in their electrostatic origin.

3.3. Ferroelectricity versus magnetism

Since ferroelectrics appeared as an electrical duality to ferromagnets, the topological description of their properties
was constructed as a direct extension of the described above methods of the real-space homotopy groups for vector
ields [49]. There are, however, essential differences between magnetic and electric interactions that require constructive
odifications of the traditional real-space vector field topological approach, appropriate for magnetic system. Note, first,

hat the absolute value of the polarization vector P, which is the order parameter in ferroelectrics, is not entirely fixed.
lso, the considerable anisotropy effects lift the degeneracy of the system with respect to rotation of P. This implies that

the standard definition of the order parameter space Sn as a space with |P(r)| = const or, equivalently, as a space of the
nit vector p = P/|P| is not a fully appropriate tool for the description of the topological formations in ferroelectrics.
The use of the 1D and 2D coordinate spaces, R1 and R2, is not completely applicable for the description of such

ferroelectric low-dimensional structures as nanowires and films. This is because in ferroelectrics, the coherence length
0, defining the crossover from the low-D to 3D geometry of the system, is of the order of several nanometers. This is
extremely small compared to coherence lengths of about tens of nanometers in magnetic systems. Consequently, the
ferroelectric nanostructures should be considered as 3D particles, cylinders, and plates, described by the corresponding
3D manifolds M confined by boundaries ∂M, rather than low-D objects, unless their confinement scales are indeed as
small as atoms. Moreover, this confinement results in depolarization effects that play a primary role in the formation of
topological states in ferroelectrics.

The most significant distinction influencing the formation of topological states in ferroelectrics versus magnetic
aterials lies in the difference in magnitudes of the respective depolarization and demagnetization forces. As noted

n the previous Section, the strength of the depolarization effect in ferroelectrics is characterized by a large factor,
= 2C/εbTc ≃ 102. In contrast, the analogous parameter in magnetic materials, derived from Curie susceptibility well
elow the transition temperature, is estimated as χ ≃ nµ0µ

2
B/3kBTc [143], yielding values of only 10−4 to 10−5. Here,

µB represents the Bohr magneton, kB is the Boltzmann constant, n ≃ 27 m−3 is the concentration of magnetic ions,
Tc ≃ 100–1000 K is the Curie temperature, and µ0 is the vacuum permeability. This indicates that demagnetization
forces provide only a minor correction to the energy of the magnetic state. The disparity of over six orders of magnitude
eads to fundamentally different physics governing the topological states in magnetic and ferroelectric materials.

The huge depolarization contribution breaks, for instance, down the topological real-space classification of the states
in ferroelectrics widely used for magnetic systems. Consider, for illustration, vortex topological states in thin films shown
in Fig. 2(a). While two of them, Vcw and Vccw , carry the divergence-free polarization fields, which are not affected by
he depolarization energies, two other, Vin and Vout , do produce bound charges, depicted by plus and minus symbols
n Fig. 2(a). The emergence of bound charges costs enormous depolarization energy, pushing the star-like vortices out
f the topological degeneracy class to which belong the CW- and CCW-rotating vortices. Accordingly, switching vortex
tate from Vcc to Vccw via the continuous rotation of the polarization vector, hence by passing through the intermediate
harged vortices V ∗

in and V ∗
out , shown in Fig. 2(b) by the dashed red line, is much less energetically favorable than the same

witching but occurring via destroying the ferroelectric order parameter and passing through the paraelectric phase, P ,
aving a much weaker energy barrier shown by the dashed blue line in Fig. 2(b).
The more diverse situation arises when considering the skyrmion topological states. Similar to the star-like vortices,

uge bound charges associated with the emergence of Vin and Vout , emerge in the Néel-type skyrmions, Sin and Sout ,
because of the arising divergence of the polarization vector field. Furthermore, the Bloch-type skyrmions, S±

cw and S±
ccw ,

lso produce bound charges at the central and periphery regions of skyrmion where polarization hits the surface of
the film, see Fig. 2(c). This feature discriminates Bloch and Néel skyrmions on the basis of their formation energy costs
18
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unless some special conditions for the charge screening significantly reduce the depolarization effects. Note that skyrmion
ormation in magnetic systems is usually driven by the local asymmetric Dzyaloshinskii–Moriya interaction (DMI). In
erroelectrics, this type of interaction commonly does not exist, and the formation of the topological structures is governed
y the electrostatic confinement phenomena. Let us also note that in magnetism, the magnetostatic interaction can either
nhance or compete with the DMI [144–151]. However, it does not play as decisive a role as in ferroelectrics because it

is significantly weaker.
Another essential difference between ferroelectricity and magnetism lies in the symmetric properties of their vector

order parameters. Polarization in ferroelectrics, arising from ionic displacement, is a polar vector that changes direction
nder mirror reflection. In contrast, magnetization in magnetic materials, originating from spin degrees of freedom, is
n axial vector that retains its direction under mirror reflection. This fundamental distinction significantly influences the
ymmetry and response of these materials to external fields. For example, in magnetic materials, a Néel-type skyrmion
hanges its direction under mirror reflections, making it a chiral object. In contrast, a Néel-type ferroelectric skyrmion is
invariant under mirror transformations. At the same time, Bloch-type skyrmions, both in magnetism and in ferroelectricity,
change their orientations under mirror reflections, hence are chiral.

4. Topological hydrodynamics of ferroelectricity

4.1. Polarization dynamics

4.1.1. Streamline approach
We develop a consistent topological approach to ferroelectrics accounting for the necessity of eliminating the huge

epolarization contribution, which fundamentally determines the topological properties of ferroelectrics. As we have
ointed out above, the depolarization field is produced by the bound charges ρ = −div P, hence the stable state of
he polarization distribution in ferroelectrics tends to be divergence-free. The central point of the topological approach
n ferroelectrics is the consideration of polarization fields satisfying the condition div P = 0. This condition is essentially
ifferent from the constraint of the invariance of the order parameter amplitude, |P(r)| = const, used in the real-space
ector field approach, which does not account for the depolarization energy.
As a consequence of the requirement div P = 0, the polarization field strives to be tangential to the surface of the

sample to avoid the formation of the surface depolarization charges. This discloses the fundamental importance of the
oundary confining the ferroelectric within the finite volume for the topological theory of ferroelectrics. Taking the
oordinate space M of the ferroelectric system as a 3D manifold with boundary ∂M, we face by far more complex
roblem than that in magnetic systems, where the usually considered coordinate spaces are without boundary, i.e., are
ither infinite Rn or closed Sn.
We establish here a description based on the streamlines of the polarization distribution in ferroelectric topological

states. The streamline approach originates from hydrodynamics where streamlines are useful to represent the velocity
field v(r) of ideal fluids [152]. The most important property for our purposes is that, in the case of incompressible fluids
haracterized by the condition div v = 0, the streamlines are typically endless. Each line is either closed or continuously
fills some volume, or goes to infinity in unbounded systems. It could also approach saddle singular points or other
invariants sets and make arbitrary links, see [153–155].

The streamline of a vector field V = (Vx, Vy, Vz), starting from a point r0 = (x0, y0, z0), is defined parametrically via
= r(r0, t) as the solution of the equation

dx
Vx

=
dy
Vy

=
dz
Vz

= dt , (17)

where t is the parametrization variable that traces out the path of the streamline from its initial point r0.
In the case of a stationary steady flow of an ideal fluid, the streamlines present the trajectories of the moving particles

f the fluid. In this case, the vector V represents the velocity vector v, and the parameter t is the time of motion of the
article along the line. In ferroelectrics, the vector V represents the polarization vector P. However, in this case, there is

no actual particle movement. Instead, the parameter t serves as an auxiliary variable, acting as a coordinate along the
polarization streamline. Importantly, the family of appropriately parametrized streamlines r(ri, t) of the polarization field
P(r), where index i enumerates the starting points, fully determines the field P(r). The field vector corresponding to the
point r1 = r(r0, t1) of the line r(r0, t) (and tangential to this line) is determined as P(r1) = (dr(r0, t)/dt)t=t1 .

The consideration of divergence-free polarization fields in confined ferroelectrics in terms of the topology of their
streamlines is advantageous as compared to the vectors-based technique since it explicitly ensures the divergence-free
character of the polarization field via the requirements that the streamlines are typically continuous, nonterminating,
and localized within a confined volume. This correspondence between polarization fluxes in ferroelectrics and fluid flows
llows for the topological description of polarization states using a generalized hydrodynamic approach. This approach
tudies the dynamics of streamlines and vortex lines by interpreting, as V. Arnold has established [52,156], the dynamic
quations as geodesic flows of right-invariant energy metrics on infinite-dimensional objects, specifically groups of

volume-preserving diffeomorphisms.
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Fig. 5. Topological hydrodynamic approach; panels (b)–(d) show numerical simulations of streamlines. (a) Concept of Bernoulli principle.
(b) Densification of polarization streamlines in a tube with local narrowing. The black arrow shows the magnitude and direction of polarization.
(c) Helical swirling of polarization streamlines in a tube with local broadening. (d) Formation of the doughnut-like stream with a compensating
ounter-directed helical flux at the periphery of the broad part of the tube. (e) Deformation of streamlines of the polarization P(r) under the action
f a volume-preserving diffeomorphism δu(r).

It is important to note that the representation of the polarization distribution in the form of streamlines is continuous,
lthough it is constructed by interpolating discrete polarization dipoles located at the lattice nodes. As mentioned in
ection 3.1, see also [132,133], the transition from a discrete to a continuous representation of the dipolar system is valid
hen the system size and the characteristic size of inhomogeneities exceed the coherence length, typically on the order
f several nanometers. For graphical purposes, we apply smooth interpolation of the polarization lines at smaller scales,
hich enhances the visualization of the polarization field.
As a further generalization, the application of the method of streamlines for ferroelectrics would be interesting

o consider the situation beyond the steady flow approximation and to incorporate the dynamics with the real-
ime parameter t into the formalism. The possibility of describing the motion of domain walls in ferroelectrics using
ydrodynamic methods was proposed in [157,158].

4.1.2. Bernoulli principle
The Bernoulli principle is a foundational principle of hydrodynamics that provides the understanding of fluid flow

behavior and connects fluid mechanics to other areas of physics, making it an essential starting point for grasping basic
and complex fluid dynamics. The Bernoulli principle states that in a steady, incompressible flow of an ideal fluid through
a straight tube with a variable cross-section, an increase in the fluid velocity results in a decrease in its pressure, and
vice versa [152]. To analyze this correspondence, let us consider a uniform ferroelectric polarization flux along an infinite
cylindrical tube of radius R0. This tube contains a narrowed segment, which has a reduced radius R1, with R1 < R0,
see Fig. 5(a). Due to the polarization field’s divergence-free nature, the polarization flux’s value is conserved along the
ylinder. This conservation establishes the relationship between the polarization P0 in the infinite part of the cylinder,
nd the polarization P1 in its narrowed segment, such that πR2

0P0 = πR2
1P1. Notably, the value of the polarization P0 in

he infinite part of a cylinder is equal to its equilibrium value, provided by the solution of the uniform GLD equation,
FP/∂P = 0, and corresponding GLD energy density is equal to its equilibrium value F0 = FP (P0), where FP (P) corresponds
o the uniform part of GLD functional (9). At the same time, P1 = (R0/R1)2P0 is larger than P0, which results in the increase
n the GLD energy density of the ferroelectric in the considered short segment, F1 = FP (P1), above F0. Importantly, this
ut-of-equilibrium state, P1, is not a solution of the GLD equation ∂FP/∂P = 0 which shows that the constraint div P = 0
akes us beyond the class of the equilibrium solutions of this equation.
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We now calculate the system’s reaction to the increase in energy density from F0 to F1 in the segment. To that end, we
onsider the work necessary to narrow this segment from radius R0 to R1, δW = −pe 2πRhδR, where pe is the external
ressure of the compressive force applied to the surface of the segment, see Fig. 5(a). This work is done to change the

internal GLD energy of the segment,

δFP = δ(VFP ) = FPδV + VδFP =

[
FP +

1
2
R
∂FP
∂P

∂P
∂R

]
2πRhδR =

[
FP −

∂FP
∂P

P
]
2πRhδR . (18)

In the last term, the condition ∂P/∂R = −2P/R, which follows from flux conservation, was applied. By equating δW = δFP ,
e obtain pe = (∂FP/∂P) P − FP . Taking into account that, according to the mechanical stability condition, the total

pressure, ptot – which is the sum of the internal elastic pressure, p, and the applied external pressure, pe – should remain
constant along the entire tube, we derive the generalized Bernoulli law,

ptot = p +
∂FP
∂P

P − FP = const . (19)

The relation (19) generalizes the classical Bernoulli equation for inviscid incompressible fluids, p+ 1
2ρv

2
= const, where the

nergy is given by F =
1
2ρv

2 and ρ is the fluid density, to ferroelectrics with a more complex form of the energy density,
P (P). We conclude that variations in the polarization field lead to variations in the internal stress of the medium, which
s of a ponderomotive nature, similar to the ponderomotive stress exerted by internal electric or magnetic fields [132].

Fig. 5(b) shows the simulation of the ferroelectric flux in a long cylindrical ferroelectric with a local narrowing in the
iddle, based on the numerical solution of the Ginzburg–Landau equations described in Section 3.1. The polarization
treamlines become denser in the narrow region of the tube, indicating a polarization amplitude increase, which is
consistent with the flux conservation law. However, in the case of a local thickening of the tube, demonstrated in
Fig. 5(c), the polarization streamlines exhibit an unusual behavior. Instead of uniform sparsifying of the lines with
ecreasing polarization amplitude, as observed in fluids, they swirl into a helical structure, rotating around the tube
xis. Such a configuration is indeed energetically more favorable than the laminar one. In the helical rotating texture, the
olarization vector acquires transversal components enabling it to maintain an amplitude close to the equilibrium value
hile conserving the constancy of the flux.
An interesting situation arises with the further local broadening of the tube above a certain critical radius. Then a new

type of a doughnut-like formation of closed streamlines appears upon approaching the boundary of the thickened segment,
as shown in Fig. 5(d). In the inner part of the doughnut, the polarization lines wind around the doughnut, matching the
elically-screwed lines of the original flow that comes from the regular, non-widened tube part and pierces the doughnut.
n the outer part of the doughnut, they form a compensating counter-directed helical stream, thus, the contribution of
the streamline doughnut to the total flux of the polarization along the tube vanishes. This assists in the invariance of the
lux of the central flow with no substantial perturbation in the wider part of the tube.

Bernoulli equation (19) is valid for a uniform potential flow with no vorticity. The helical screwing and the doughnut-
like wrapping of the polarization flux, presented in Fig. 5(c,d) takes us out of the class of the flows, described by (19).
Describing streams with vorticity in an inviscid incompressible fluid requires the more general stationary Euler equations,
btained by variation of full non-uniform GLD functional Ff (9). In the next Section, we derive the corresponding equation

for the polarization streamlines, which is a core equation of topological hydrodynamics in ferroelectrics.

4.1.3. Euler equation
The derivation of the Euler equation for ferroelectrics is based on the consideration of the mechanical stability of a

on-uniformly distributed polarization field P(r) with divP = 0, shown in Fig. 5(e) by blue streamlines. Our analysis is
ased on the variational approach [52], utilizing the virtual infinitesimal deformation of the ferroelectric material under
he action of a volume-preserving diffeomorphism r → r + δu(r). The small displacement field δu(r), with div(δu) = 0,
is shown in Fig. 5(e) by red streamlines.

Let us consider the elementary volume 1234 that is transformed to 1′2′3′4′ under the perturbation of δu(r). The
ariation of the GLD ferroelectric energy Ff (9), δFf =

∫ (
δFf /δP

)
δP dV (where the integration is done over the volume

1′2′3′4′), is provided by the variation of the polarization texture, δP, under the diffeomorphism δu(r). Specifically, for
point A′, displaced from point A, δP = P′

A′ − PA′ , where PA′ is the original (before diffeomorphism) polarization vector
tarting from A′, and P′

A′ is the polarization vector displaced from A under the action of the diffeomorphism. According
o the formalism of differential geometry [52], the variation of the polarization field, δP(r), is defined by the Lie bracket
{· , ·} of the fields P(r) and δu(r), δP = {P, δu} ≡ ∇ × [P × δu] , and, hence, the energy variation is given by

δFf =

∫
δFf
δP

δPdV =

∫
δFf
δP

{P, δu} dV = −

∫ (
P ×

[
∇ ×

δFf
δP

])
δudV . (20)

In the last step, the integration by parts was used.
The virtual energy variation δFf is to be compared to the virtual work δW = −

∫
∇ptot · δu dV , performed during the

isplacement of the volume 1234, where the pressure p is the total Bernoulli pressure given by Eq. (19), which we
tot
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Fig. 6. Formation of the Hopfion. (a) A uniform distribution of the polarization, P (green lines), in a spherical nanoparticle, blue arrows show the
olarization direction. Positive and negative depolarization charges on the surface induce depolarization electric field, E (red lines). (b) Polarization
ortex. (c) Escape of the polarization vortex into the third dimension. (d) Polarization Hopfion. The yellow points show the singularities of the
olarization field emerging at the North, N , and South, S, poles of the nanoparticle.

refer to as the Bernoulli function ΨB(r). By equating δFf and δW , we obtain the mechanical stability condition for the
polarization distribution:

P ×

(
∇ ×

δFf
δP

)
= ∇ΨB, ΨB = p + P

δFf
δP

− Ff . (21)

This equation is a generalization of the stationary Euler–Lamb equation for fluids [152], which, with the energy density
=

1
2ρv

2, is written as v × (∇ × ρv) = ∇
(
p +

1
2ρv

2
)
. It is also worth noting that Bernoulli equation (19) is a special

case of (21) for a potential polarization distribution, where ∇ ×
(
δFf /δP

)
= 0.

Using the standard relations of vector calculus, and taking into account that divP = 0, the Eq. (21) can be reduced to
the form

(P∇)
δFf
δP

= −∇p, (22)

which is a generalization of the stationary Euler equation for fluids [52,152], (v∇) ρv = −∇p.
The ponderomotive forces, resulting in the Euler equations, are naturally integrated into the mechanical condition of

stability of the polarization field in ferroelectrics, expressed by the elasticity Eq. (13). Introducing the stress tensor of the
olarization field,

Tij(P) = Pi
δFf
δPj

− δijFf , (23)

which is the generalization of the Maxwell stress tensor for electromagnetic fields [132] for the nonlinear polarization
ynamics in ferroelectrics, we extend Eq. (13) as

∂i
(
σij + Tij + qijmnPmPn

)
= 0 . (24)

Then, the generalized Euler–Lamb (21) and Euler Eqs. (22) are recovered in the isotropic case where tensor qijmn has
he symmetric form, qijmn = q1δijδmn + q2(δimδjn + δinδjm), where q1, q2 are the material constants, and the shear stress
s small. Interestingly, the structure of the equations remains unchanged under local rotations of the polarization vector
ield, R̂ijPj. However, in general anisotropic case, the equation of mechanical stability loses its integrability, and the system
ecomes rather complex. Yet, Euler’s approach can be applied within certain limits due to the system’s stability, governed
y the Kolmogorov–Arnold–Moser (KAM) theorem, specifically for divergence-free fields [52,159–161]. The KAM theorem
utlines the conditions under which the topological structure of divergence-free fields persists despite perturbations,

providing a measure of stability to the dynamic system. Section 5.2 explores this in detail, with specific application to
ferroelectric systems. Additionally, it is worth noting that by considering only quadratic terms in polarization for Tij(P)
the ponderomotive and electrostrictive effects can be unified.

4.2. Polarization topological states

4.2.1. Hopfions and vortices
Now we discuss the fundamental topological states of polarization, emerging in a confined nanostructured ferroelectric,

pecifically in a spherical nanoparticle [21]. As we mentioned in Section 3.2, a uniform polarization state is not energeti-
cally favorable because of the formation of surface-bound charges located at the termination points of polarization lines,
see Fig. 6(a). Therefore, we consider the divergence-free polarization fields with the polarization vector tangential to the
surface. The analogy with the hydrodynamics of an ideal fluid, in which the streamlines of the divergence-free velocity
field the v(r) correspond to the streamlines of the divergence-free polarization field P(r), proves to be very useful in this
ontext. To this end, we consider an incompressible, inviscid fluid in motion within a spherical volume. The fluid remains
22
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Fig. 7. Hopfion properties. (a) A straight vortex, the toroidal component of a Hopfion. (b) A doughnut vortex, the poloidal component of a Hopfion.
c) A Hopfion, the combination of the toroidal and poloidal components. (d) Exemplary polarization streamlines belonging in the tori shown in c
that illustrate linking of streamline loops in the Hopfion. (e) Illustration of the topological linking numbers for closed lines, quantifying how many
imes the two lines wind around each other. (f) Illustration of the linking of two entangled streamlines.

in motion as long as its energy is not dissipated. Under these conditions, vortex flow is the most intuitively evident type
of motion. Similarly, a ferroelectric vortex with the polarization vector tangential to the surface is a possible configuration
that maintains the divergence-free character of the polarization field, as illustrated in Fig. 6(b). However, the formation
f a vortex requires additional energy due to the existence of the vortex core, where ferroelectricity is suppressed.
A singularity at the vortex core can be eliminated by allowing the vector field to escape into the third dimension along

he vortex axis, similar to how a fluid might form a helical flow to avoid a singularity. This forms a helical structure of the
vector field, as illustrated in Fig. 6(c). However, this flux encounters the volume boundary, creating bound charges and
n energetically unfavorable depolarization field. Analogous to a fluid spreading out to avoid pressure buildup, directing
he flux into a back-flow over the sphere’s surface keeps the vector field tangential to the surface, thereby eliminating
he undesirable depolarization charges. This described structure, shown in Fig. 6(d), in which only two singular points on
the vector field remain at the poles, is a fundamental topological state that we refer to as hydrodynamic Hopfion.

The concept of Hopfions, or more exactly Hopf fibrations, was first introduced by Heinz Hopf in the field of topology
in 1931 [91] using concepts of the nontrivial homotopy group S3 → S2. Its application Hopfions in hydrodynamics
n terms of streamlines was later developed in the works of Moffatt and Arnold [52,162,163]. The implementation the
mapping S3 → S2 in the case of the ferroelectric nanoparticle will be discussed in Section 4.3.1. Note that despite the
eeming similarity between the real-space magnetic Hopfions, Fig. 2(e), and hydrodynamic Hopfions, Fig. 6(d), – both of
them realize the same nontrivial homotopy group S3 → S2, studied by Hopf – there is an important difference in their
construction. In the former case of magnetic Hopfion, the winding lines are the traces of the unit vector |m| = 1 with the
given direction, whereas in the latter case, these lines are the streamlines tangential to the field vectors.

Fig. 7 displays more details on the properties of Hopfions. As shown in panels (a)–(c), a Hopfion in an axially symmetric
anoparticle can be presented as a combination of two basic topological states: a vortex state, with a straight axis,

coinciding with the vertical nanoparticle axis, see Fig. 7(a), and a doughnut vortex state, with the circular vortex axis
entwining the nanoparticle axis, see Fig. 7(b). In ferroelectric literature, the doughnut vortices are also quoted as electrical
kyrmion bubbles, skyrmion bubbles, polar bubble skyrmions, polar skyrmion bubbles, and torons [164,165]. We prefer
to keep the term doughnut vortex, to avoid confusion with general terminology in which skyrmion is a purely 2D object
whereas a bubble means any type of cylindrical domain or any other topological state formation of cylindrical shape.
Notably, such a configuration was first introduced in the physics of elementary particles by Ia. B. Zel’dovich [166], where
t was termed an anapole following a suggestion by B. L. Ioffe and A. S. Kompaneets.

In spherical coordinates (r, θ , ϕ) the toroidal-poloidal decomposition of the divergence-free vector field of the Hopfion
s [162,167]

P = Ptor + Ppol = αt ηeϕ + αp ∇ ×
(
ζeϕ

)
, (25)

where η = η(r, θ ) and ζ = ζ (r, θ ) are scalar potentials, and αt and αp are the corresponding weights of the toroidal
nd poloidal components. For illustrative purposes, we select a simple form of the η- and ζ -potentials, reproducing

qualitatively the topology of the toroidal and poloidal components of streamlines, maintaining the polarization tangential
o the nanoparticle surface, and enabling analytical calculations as

η = sin
(πr )

sin θ , ζ = R
sin (πr/R)

sin θ . (26)

2R r/R
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In a Hopfion, polarization lines form the upcoming flux in the central region and the compensating down-coming flux
at the periphery, making the total flux equal to zero. Herewith the polarization lines turn out to be wound on a system of
tori concentrically nested around the central ring encircling the vertical nanoparticle axis. The important property of the
polarization vector field of Hopfions is the entanglement of the streamlines. As illustrated in Fig. 7(d), any two streamlines,
inding either around the same torus or around the different tori, are knotted with each other. The situation is different

or the straight and doughnut vortices in which the streamlines form the rings that are not linked. The exemplary types
f knots, having different linking numbers L, quantifying how many times the two lines wind around each other, are
llustrated in Fig. 7(e). The more complex pattern of streamlines’ entanglement is shown in Fig. 7(f). In Section 4.3.2, we
will discuss in detail how the linking of streamlines relates to the topological properties of the polarization field in the
anoparticle.

4.2.2. Handedness and helicity
An important property of Hopfions is their chirality, or handedness, a concept introduced by Lord Kelvin in 1894,

hich is defined as a fundamental asymmetry property describing systems, distinguishable from their mirror images.
he concept of chirality provides a remarkable addition to the foundational pillars of our world that applies to a wide
ultiplicity of sciences ranging from particle physics and life science to the structure of the universe [168–171]. The
hirality of materials has become a key focus in modern materials science, particularly regarding materials that exhibit
exceptional optical, plasmonic, biochemical, and pharmaceutical properties.

The handedness of Hopfions has a topological origin, stemming from the helical structure of the winding lines that
orm them. The Hopfions, H−

cw and H−
ccw , shown in Fig. 2(e), are related to each other via the mirror image symmetry

operation. They give the example of the right-hand and left-hand chiral formations. The concept of topological chirality
in Hopfions brings in far-reaching generalizations to other fields, in particular the description of chiral topological linking
f the streamlines of electromagnetic field in plasma magneto-hydrodynamics and astrophysics [162], and of the fluxes

in streaming fluids [52].
To reiterate, the emergence of topological chirality in ferroelectrics is not related to the underlying crystallographic

roup of the material. Instead, it arises from the long-range electrostatic forces within the confined volume of the
anomaterial. Structurally, handedness is created by the interplay between the central helix-like flux and the opposite
eripheral helix-like flux. Typically, the central part of the Hopfion dominates, determining the overall handedness
f the nanoparticle [21]. We show in Section 4.3.2 on more general basis that the chirality is remarkably realized in

nanostructured ferroelectrics in the form of the linked streamlines.
The topological quantity that characterizes chirality of hydrodynamic Hopfions is helicity [52,162,163],

H = −
1

(8π )2

∫
H

P · A dV = −
1

(8π )2

∫
H

ϵijkAi ∂jAk , (27)

where the integration is carried out over the Hopfion cell H, and A is the vector potential of the divergence-free field
P, P = ∇ × A. This expression does not depend on the specific choice of the vector potential A, which is defined up
to the addition of the gradient of a harmonic function ∇f in a simply connected manifold [52]. The second integral in
27) has a universal metric-independent Chern–Simons form widely used in the field theory [172]. In particular, since
P is frozen into deformations of the metric coordinate space, the helicity is a preserved quantity under the action of a
volume-preserving diffeomorphism of H, see Section 4.1.3 [52]. Note that we apply the hydrodynamic terminology for
elicity H [52], whereas in magnetism, helicity serves as the quantitative parameter that differentiates between Bloch
nd Néel skyrmions [102], see Section 2.3.3.
The helicity defined by expression (27) coincides with the topological charge of magnetic Hopfions (8) (with P = F),

ut it does not necessarily assume only integer values and can be a continuous variable. Its specific value depends on
the degree of the reversal of the polarization vector with respect to the Hopfion axis, which changes when we move
from the core region of the Hopfion to its periphery. It is equal to one (or to minus one) for a complete Hopfion with
180 ◦ polarization turn, and is zero when the Hopfion degenerates into a vortex state with the polarization vector lying in
he equatorial plane. In other cases, it usually takes the intermediate values, being positive for right-hand Hopfions and
egative for left-hand Hopfions.
The helicity of any divergence-free vector field on a three-dimensional simply connected manifold can be considered

as a natural extension of the integral definition of the Hopf invariant. The topological nature of helicity follows from its
conservation under any volume-preserving diffeomorphism of the system, including volume-preserving deformations.

Remarkably, the structural handedness of the polarization field in ferroelectrics can be altered by appropriately
varying the electric fields or circular-polarized light [51,82,173–181]. This unique characteristic sets ferroelectric chiral
ystems apart from materials where chirality is a fixed, inherent property established during synthesis and unchangeable
thereafter. The ability to switch handedness in ferroelectric materials provides unprecedented flexibility and control,
nabling the development of advanced applications in areas such as tunable photonics, adaptive materials, and responsive
iomedical devices. This tunable chirality opens new avenues for research and technology, offering capabilities that usual
hiral materials cannot match.
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Fig. 8. Topological polarization states in PZT nanoparticles. Numerical simulations. (a) Distribution of the polarization vector field at the surface of
a spherical nanoparticle. (b) Polarization vector field at the equatorial cross-cut of the spherical nanoparticle. (c) Polarization streamlines emerging
at the surface of a cubic nanoparticle. (d) Polarization vector field at the corner cut of the cubic nanoparticle. (e) Distribution of the polarization
streamlines in the spherical nanoparticle revealing the topological states, Hopfion (at the center) and vortices (at the poles). (f) Vertical cross-cut of
the spherical nanoparticle, demonstrating the Poincaré map of polarization streamlines. (g) Cross-sectional Poincaré map of the cubic nanoparticle
nd several sets of streamlines emerging in volume and revealing their tori winding structure. (h) Distribution of the electric field in the cubic

nanoparticle is shown by green streamlines. The volume bound charges, ρ, and the surface bound charges, σ , charges are shown by a red–blue color
maps.

4.2.3. Polarization field in nanoparticles
Free-standing ferroelectric nanoparticles appear as a basic setup providing a material ground for the study of the

opology of polarization streamlines in confined systems. Fig. 8 shows the polarization distribution in a spherical
erroelectric nanoparticle with a radius of R = 25 nm and a cubic nanoparticle with dimensions 60 × 60 × 60 nm,
s obtained from phase-field simulations. The PbZr0.6Ti0.4O3 (PZT) compound is chosen as the nanoparticle material
ecause, at this Ti concentration, the compound is near the morphotropic phase boundary, where the polarization vector
s only slightly pinned by crystal anisotropy. When passing through this point, the polarization vector rotates from the
001] crystallographic orientation, corresponding to the tetragonal phase stable at higher Ti concentration, to the [111]
rystallographic orientation, corresponding to the rhombohedral phase stable at lower Ti concentration.
The initial view of the polarization vector distribution, P(r), across the nanoparticle’s surface, as shown in Fig. 8(a),

eveals a configuration that closely resembles a vortex with three-fold symmetry, oriented along the [111] crystallographic
irection. To avoid energetically unfavorable depolarization charges, the polarization vector remains tangential to the
urface, resulting in two singularities at the poles. According to the Poincaré (Hairy Ball) theorem, see Section 2.2.4,
hese singularities are unavoidable, as it is impossible to have a continuous tangential vector field located on a closed
imply connected surface without having some singular points. Upon examining an equatorial cut of the nanoparticle,
he polarization vector distribution suggests the presence of six flux-closure domains, forming the vortex, see Fig. 8(b).
A similar situation occurs in the cubic nanoparticle, where a vortex with a four-fold symmetry axis is observed through
the streamlines emerging at the nanoparticle’s surface, see Fig. 8(c). The corner cross-cut suggests the presence of four
lux-closure domains, forming the vortex, see Fig. 8(d).

However, the more detailed study of the polarization vector field in the spherical nanoparticle in terms of streamlines
emonstrates that in fact, the volume of the nanoparticle splits into three topological states, as shown in Fig. 8(e). The
ajor part of the volume then is occupied by a Hopfion, shown in green, whose structure is similar to that of the model

case discussed in Section 4.2.1, but deformed due to the residual crystal anisotropy. Two small cells in the vicinity of the
oles are hosting the tiny vortices shown in yellow. Fig. 8(f) shows the vertical cut of the spherical nanoparticle, providing

a clear identification of the internal streamline structure. The 2D plane of the cut section, known in mathematics as a
Poincaré section or Poincaré map [182], is transversal to the system’s flow. It shows the streamlines that intersect this
section and tracks the points where these streamlines start and return to the section. The system of nested tori, around
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which the streamlines wind, appears at this intersection as two sets of concentric cross-sectional ellipses. The similar cut
of the cubic particle is shown in Fig. 8(g). The structure of the Poincaré map is now by far more complex. Yet by allowing
part of the streamlines to go outside the intersection while keeping their 3D character, it is immediately evident that the
streamlines preserve their tori-winding configuration.

The polarization configurations, presented above, were calculated for ferroelectric nanoparticles in a vacuum where
he polarization is zero. In this case, the polarization vector field remains tangential to the surface, while any normal-to-
he-surface component of the field would imply a nonzero divergence at the surfaces, which would cost depolarization
energy. However, in the case where the ferroelectric is embedded into the polarizable dielectric medium, the polarization
lux can overflow from the nanoparticle to the space outside, making the nanoparticle surface semi-transparent. We
foresee the possible escape of the polarization lines from the Hopfion-like textures in ferroelectric nanoparticles in the
ase where one puts them into high-ε dielectric media. This flux emergence would help to avoid the pole singularities of
he polarization field. However, this effect is expected to be small. The effects of the polarization field emerging beyond
the ferroelectric nanospecies can also be included into the general topological consideration of Arnold hydrodynamics. In
act, the outcoming polarization streamlines are continuous at the dielectric–ferroelectric interfaces and localized within
he narrow layer close to them. The polarization vanishes as we are moving away from the interface; otherwise, polarizing
he external media would cost substantial energy. Placing the bounding surface slightly outside of the ferroelectric, where
he induced polarization is already zero, we satisfy the condition of the zero tangential polarization.

Notably, the expulsion of bound charges from the system is not perfect, and the system’s polarization field can maintain
a slight divergence to accommodate the deformed toroidal-winding streamline configuration to the nanoparticle’s
geometry. As shown in Fig. 8(h), the residual volume and surface bound charges, as well as the induced electric
epolarization fields, remain relatively small, as we will discuss in Section 5.3.1. Remarkably, the well-structured patterns

of streamlines observed in ferroelectrics have a profound topological origin, grounded in the core principles of topological
hydrodynamics. These aspects, which are central to understanding the topology of ferroelectrics, are further discussed in
Section 4.3.3.

4.3. Topology of polarization streamlines

4.3.1. Fibration. Homotopy group
In the hydrodynamic topology approach, streamlines are the principal constructive elements that describe the structure

of the divergence-free polarization field. Streamlines indicate the direction of polarization at every point in space and
typically never intersect each other or break off within the ferroelectric volume. They densely fill the space, realizing the
topological concept of space fibration, in which each streamline represents a fiber. By representing the polarization field
s a bundle of fibers, one can apply topological methods to study its properties. Accordingly, different polarization states
re specifically classified by application of the general homotopy group approach, see Section 2.1.1. In this approach,

when applied to streamline fibration, each streamline from the 3D nanoparticle manifold M is mapped onto a point
in the 2D degenerate space manifold D, parametrizing these streamlines, as illustrated in Fig. 9(a). This classification
emains unchanged under small continuous streamline deformation. We consider the application of the homotopy group
approach for the description of the Hopfion state, confined by the simply connected cell within a nanoparticle, which is
the coordinate manifold M, see Fig. 9(b).

The parametrization of the tori-winding streamlines confined into the cell M can be executed using the flat deck D′

located inside M in between the central loop C ′

1, around which all the tori are nested, and the contour C ′

2 embracing the
core of the Hopfion. This deck allows to fully parameterize all the fibers inside M since all the tori-winding streamlines
cross D′. Here, each outcoming line is considered a new one, which terminates when it meets again the deck D′ after one
complete turn around torus. Then we make one-to-one mapping of D′ onto a region D of a unit sphere S2, see Fig. 9(c).
nder the mapping D′

→ D, the external edge C ′

1 of D transforms into an internal single point S in D because it corresponds
to a single streamline in D′. At the same time, the inner contour C ′

2 in D′ transforms into an external contour C2 in D. As a
esult, the degenerate space D is a simply connected surface, containing the image of C ′

1 as an internal point S and bounded
y the contour C2 corresponding to the internal contour C ′

2 of the deck D′. The surface D forms a part of the sphere S2,
where the point S is selected as the south pole and the contour C2 encompasses the sphere above S. The region D, which,
due to the one-to-one D′

→ D correspondence, unambiguously parametrizes the Hopfion streamlines, is useful as the
degenerate space in the homotopy group approach. Then, the mapping M → D defines the homotopy group describing
Hopf fibration in the nanoparticle. Establishing the homotopy group M → D allows us to consider two specific limiting
cases. Note that the surface D is continuously deformable. This corresponds to the continuous deformations of the vector
field conserving the principal constraint div P = 0.

When the surface D shrinks to a single point, in particular to point S, all the preimages of the coordinate space M map
to the same structural unit, a horizontal closed loop corresponding to the vortex structure of the vector field with zero
helicity.

When the surface D expands, extending over the whole sphere S2, and the edges of the contour C2 shrink and map
o the north-pole point N , the order parameter space becomes S2. In the real coordinate space, M, this corresponds to
he situation where all the streamlines at the nanoparticle’s surface have a meridional direction and can be topologically
dentified with each other. We refer to such configuration as to a complete Hopfion. The streamlines of the complete
26
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Fig. 9. Streamline homotopy in ferroelectric nanoparticles. (a) Concept of the homotopy group approach. The polarization field streamlines γa and
b from the 3D nanoparticle manifold M map onto points a and b of the 2D degenerate space manifold D. (b) Cross-section of the nanoparticle
anifold M displaying the polarization vector field streamlines forming the Hopfion (taken from Fig. 8(f)). The rose-pink deck-area D′ is used to

parameterize the streamlines in the cell M. It is embedded in between the central loop C ′

1 , around which all the Hopfion tori are nested, and the
contour C ′

2 , embracing the core of the Hopfion. (c) The order parameter space D of the polarization Hopfion streamlines is shown in rose-pink. It
is constructed by mapping the parametrization of the deck area D′ (panel a) onto the part of the unit sphere S2 . The external contour C ′

1 of D′ is
mapped onto the single point, the south pole S of S2 . The internal contour C ′

2 is mapped onto the closed contour C2 stretching over S2 above S. The
point N is the north pole of S2 .

Hopfions can be expanded to the infinite space, S3, becoming uniformly directed streamlines at infinity. The resulting
omotopy group in this case becomes S3 → S2 and is characterized by the integer helicity (27).
Notably, the polarization distribution in the complete hydrodynamic Hopfion in S3 is related to the real-space Hopfion

of unit-vector |n| = 1, described in Section 2.3.6 via transformation (5) with P = F. This relation shows that the
rder parameter space of the divergence-free field P in a hydrodynamic Hopfion is topologically equivalent to the

order parameter space S2 of the unit vector n in a real-space Hopfion [183]. Therefore, both types of topological states
implement the same homotopy group S3 → S2; that is why the Hopf fibration terminology is equally relevant for both of
them. Furthermore, in the hydrodynamic case, the concept of the Hopf fibration is naturally generalized to the confined
coordinate manifolds, generating, in particular, the considered here M → D homotopy group. We point out here that
the introduced unit gauge vector n is not directly related to the unit vector of the normalized polarization field vector
p = P/|P|, and, therefore, using the latter to determine the Hopf index N3(8) of the polarization field P is not entirely
justified. Furthermore, the transformation (5), well defined for the systems in infinite coordinate spaces, faces the problem
n the case of a confined coordinate space M, where the condition of tangentiality of the polarization field to the manifold
oundary has to be taken into account.

4.3.2. Linking and entanglement of streamlines
The intricate behavior of streamlines in ferroelectrics, shown in Fig. 8, reveals profound topological properties essential

or understanding their dynamics. Even a single Hopfion topological state reveals the entanglement and linking between
treamlines, see Fig. 7(d). In this Section we show that the complexity and linking of the streamlines are not merely
eometric issues; they rather represent fundamental topological characteristics that connect deeply with other properties
ike helicity, energy conservation, and field stability.

Historically, the idea of the intertwined field lines has fascinated scientists since Lord Kelvin’s 19th-century hypothesis
hat atoms might be vortex knots in the ether. While this specific notion has been set aside, the exploration of the
not-like structures in fields has persisted, with the topology becoming a central framework in modern physics systems,

including classical and quantum fluids and superconductors [154,184–191], magnetic and optical fields [192–198], field
heories [120,199,200], in liquid crystals, soft and biological matter [201–206]. These concepts provide powerful tools for
nderstanding the complex behavior of physical fields. For example, in plasma physics, entangled magnetic field lines
nfluence phenomena like solar flares. The study of knots in DNA and polymers, which affects genetic processes and
ellular functionality, also parallels the entangled streamlines in ferroelectrics. Optical vortices in optics, which manipulate
particles and enhance communication systems, showcase the application of knot theory in technology. This suggests a
shared topological nature across different physical domains. As we already discussed, in ferroelectrics, the polarization
field’s streamlines, governed by the condition div P = 0, form continuous paths that may wind around one another in
complex ways, analogous to the behavior of streamlines in fluids or magnetic field lines in plasma.

The fundamental topological characteristic of streamline entanglement is the linking number, a key invariant that
uantifies how these lines are interlinked in 3D space. To define the linking number, we first consider two closed curves,
1(t1) and r2(t2), with initial points r10 = r1(0) and r20 = r2(0), and the same terminal points r1e = r1(T1) = r10 and
r2e = r2(T2) = r20. The parameters t1 and t2 trace out the paths of the curves, as described in Section 4.1.1. They run
rom 0 to T1 for r1(t1) and from 0 to T2 for r2(t2), respectively. The linking number for these curves is an integer that
epresents the number of times one curve winds around the other, with the sign indicating the direction of this winding,
27
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see Fig. 7(e). It is calculated using Gauss’ formula which provides a way to capture the entanglement between two closed
urves,

L =
1
4π

∮
t1

∮
t2

r1 − r2
|r1 − r2|3

· [dr1 × dr2]. (28)

In the topological hydrodynamics, streamlines are not always closed loops; they may instead densely fill a bounded
pace, or go to infinity, forming complex infinite trajectories. Extending the idea of linking to cases where the field lines
re not closed, Arnold introduced the concept of the asymptotic linking. To illustrate this concept of asymptotic linking,
et us consider the initial points r10 and r20 of the trajectories r1(t1) and r2(t2). By connecting these initial points to their
espective terminal points r1e and r2e – reached at t1 = T1 and t2 = T2 (which are not necessarily the same as the initial
oints) – by the segments R1 and R2, we create two closed loops, see Fig. 7(e). These loops may link with each other, and

the corresponding linking number, which is the function of T1 and T2, L = L(T1, T2), provides a measure of the degree of
the entanglement of these trajectories when they get extended through the space. By allowing the terminal parameters
T1 and T2 to approach infinity, we obtain the asymptotic linking number which Arnold defined as:

La = lim
T1,T2→∞

L(T1, T2)
T1T2

. (29)

This quantity captures the long-term behavior of the entanglement between two trajectories as they evolve in length.
The average linking number for a vector field P(r), which represents the number of times that each line, on average,
inds around another, is obtained by averaging the asymptotic linking number over all pairs of streamlines, (r0i, r0j),
arametrized by their starting points. This average quantity, written as

LP =
⟨
La

⟩
(r0i,r0j)

= H, (30)

provides a global measure of the complexity and entanglement of the streamline configuration within the field, offering
insights into the topological self-linking nature of the field itself. The second equality represents a crucial result in
topological hydrodynamics, establishing the equivalence between the average linking number of streamlines and the
helicity (27) of a topological state. According to Arnold helicity theorem, for a divergence-free vector field on a simply
onnected manifold, the average self-linking of the field is equivalent to the helicity of the field.
This theorem underscores the deep connection between the local entanglement of streamlines and the global topolog-

ical invariant of helicity [52,163,207]. The equivalence between these two concepts is based on a fundamental principle
alled Poincaré duality, which connects physical objects of different dimensions in a space, revealing their topological
nterdependence. For instance, in electromagnetism, Gauss and Stokes theorems establish how lower-dimensional entities
uch as charges and currents are related to higher-dimensional quantities like electromagnetic fields and fluxes through
surfaces or loops. In topological hydrodynamics, applying the principle of Poincaré duality allows for the calculation of
ssential global properties, such as field helicity, by analyzing the wrapping and twisting of the field’s streamlines.
As an example of the application of Arnold helicity theorem, in Hopfions that possess distinct helicity, the field lines

re entangled and exhibit non-zero average linking numbers, as illustrated in Fig. 7(d). In contrast, for vortices with no
handedness, the linking numbers are zero, and all the vortex field lines are not linked. The sign of L is different for the
left- and right-handed modifications of the knots of the winding streamlines, as illustrated in Fig. 7(e). This explains –
from another perspective – why helicity is related to handedness.

The conception of entanglement of the streamlines in ferroelectrics is very important from a practical viewpoint. As
e discuss in more detail in Section 6, it allows for the practical finding of the topology of nanostructured ferroelectrics

n a straightforward and constructive experimental way, even in cases where the topological states are imperfect or
ffected by various external perturbations. Furthermore, the phenomena of entanglement and linking between streamlines
n ferroelectric materials showcase complex interactions that resonate with fundamental physics principles seen across
arious scales. This is akin to quantum entanglement, where the state of one particle is inherently connected to another

regardless of distance, highlighting a universal principle spanning quantum and classical fields.
The topological knotting and entanglement of streamlines in ferroelectric nanostructures resemble the dynamic

opologies observed in the cited above physical systems, where field lines are intertwined and knotted. Exploring these
inkages deepens our understanding of phenomena like energy conservation and field stability in ferroelectrics while
nriching theoretical knowledge and inspiring practical innovations in materials engineering. As the research in this area
rogresses, new insights into the topological properties of materials and fields are likely to emerge, offering exciting
ossibilities for both theoretical exploration and practical applications.

4.3.3. Foliation and Arnold theorem
A remarkable aspect of the topological arrangement of streamlines in ferroelectrics, discussed in Section 4.2.3, is their

tendency to lie entirely on closed surfaces, densely covering these surfaces; a phenomenon referred to as foliation in
opology. For example, in the case of a Hopfion hosted by a spherical nanoparticle, the streamlines wind around a family
of nested toroidal surfaces, as shown in Fig. 8(e,f). Another instance is a cubic nanoparticle, where the streamline surface
sheets are observed in the vertical cut depicted in Fig. 8(g). Many of these sheets again exhibit a toroidal-winding or
28



I.A. Lukyanchuk, A.G. Razumnaya, S. Kondovych et al. Physics Reports 1110 (2025) 1–56

F
s
s
a

n

t
m

∇

a
s
f

t
G
t
o
s
g

f

i
a
a
u
o
a

Fig. 10. Illustration of Arnold theorem. (a) Foliation of a topological cell into a set of nested tori around which the polarization streamlines wind. (b)
oliation of a topological cell into a set of concentric cylinders around which the polarization streamlines wind. (c) Cross-section of a nanoparticle,
chematically illustrating the volume partition into cells hosting Hopfions, H , and vortices, V . The cell walls are shown in dark red. The black lines
how the sections of the surface levels of the Bernoulli function, ΨB(r). The streamlines of polarization winding around the surface levels of ΨB(r)
re shown in blue. The singular points of the polarization field are shown in yellow.

vortex-winding origin of the streamlines, although they are more intricate as compared to a single Hopfion in a spherical
anoparticle.
The propensity of streamlines to conform to 2D surfaces, such as nested tori or cylindrical vortex-winding surfaces,

arises from the principles of topological hydrodynamics that define the configuration of polarization fields in these
systems. We delve into the underlying topological principles governing these structures, established by Arnold [52].

First, we explain why the polarization streamlines are confined within 2D surfaces. These surface sheets densely fill
he 3D manifold of a nanoparticle. To this end, we refer to the generalized Euler–Lamb equation (21), which presents a
echanical stability constraint for the divergence of the polarization field. We present this equation in the form

P × G = ∇ΨB, G = ∇ × (δFf /δP), (31)

where ΨB(r) is the scalar Bernoulli function, defined by Eq. (21), and the introduced vector G is divergence-free. It follows
from Eq. (31) that the polarization vector field, P(r), as well as the vector field G(r), are orthogonal to the gradient field

ΨB(r), which, in turn, is orthogonal to the level surfaces of the Bernoulli function ΨB(r). Therefore, both vector fields P(r)
nd G(r) are tangential to the level surfaces of the Bernoulli function ΨB(r), and their streamlines are confined by these
urfaces, quod erat demonstrandum. In other words, the Bernoulli function ΨB(r) is the first integral of the polarization
low defined by the field P(r) in the space of a nanoparticle.

Notably, the foliation of the polarization field in ferroelectrics is a particular case of the Frobenius theorem, which is
foundational in differential topology [208]. For smooth vector fields P(r) and G(r) defined on a smooth 3D manifold M,
his theorem is formulated as follows. Consider the vector field V(r) defined as the Lie commutator of the fields P and
, V = {P,G}. Here, {P,G} = ∇ × [P × G] represents the Lie bracket as defined in Section 4.1.3. If the field V belongs
o the subspace spanned by the fields P and G, that is, if at each point in M it can be expressed as a linear combination
f these fields, V = αP + βG, then there exists a smooth foliation of M, with vector fields P, G, and V tangential to the
heets of this foliation. In our case, as follows from Eq. (31), ∇ × [P × G] = 0, and the fields P(r) and G(r) commute,
iving V(r) = 0, which constitutes the specific condition for the applicability of the Frobenius theorem.
In the next stage, we investigate the topological properties of the foliated surfaces around which the streamlines wrap.

The fundamental theorem, established by Vladimir Arnold in the context of topological hydrodynamics for stationary fluid
lows [52], limits the classes of such surfaces to nested tori and concentric cylinders. Arnold theorem, central to topological
hydrodynamics, states: Assume that the regionM ⊂ R3 is bounded by a compact analytic surface and that the field of velocities
s analytic and is not collinear with its curl everywhere. Then the flow region for a stationary field can be partitioned by an
nalytic submanifold into a finite number of cells, in each of which the flow is constructed in a standard way. Namely, the cells
re of two types: those fibered into tori invariant under the flow, see Fig. 10(a), and those fibered into the surfaces invariant
nder the flow, diffeomorphic to the annulus R1

×S1, see Fig. 10(b). On each of these tori, the flow lines are either periodic
r quasi-periodic, and on annuli all flow lines are periodic. The topological states composed of fibers entwined around the
nnuli are vortices, and the states composed of fibers entwined around the tori are Hopfions.
Arnold’s proof of his theorem is concise and intuitively clear. It is based on the observation that any divergence-free

stationary flow is a critical point of the energy among diffeomorphic or isovorticed fields. This implies Eq. (31), which
means that the polarization field P(r), which is constrained by a similar variational principle, and the corresponding field
G(r), are always tangential to the level sets of the Bernoulli function, ΨB(r). To uniquely determine ΨB(r), these nonsingular
surface layers must either be closed and bounded or unbounded, intersecting the manifold boundary. According to the
Poincaré–Hopf theorem, see Section 2.2.4, the only nonsingular closed-oriented surfaces that admit a non-vanishing
tangential vector field are tori. Another possibility is that the winding surfaces are unbounded. In this case, they intersect
the boundary of the manifold, forming annuli, as illustrated in Fig. 10(b).

The winding of the streamlines of two commuting vector fields P(r) and G(r) onto surface layers, defined by ΨB(r) =

const = ϱ, – where ϱ is the tori parametrization value – may be described in the local coordinates of tori,

P = P (ϱ)e + P (ϱ)e ,
1 ϑ 2 ϕ
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Fig. 11. Coexistence of different topological states in a ferroelectric PZT nanoparticle. Numerical simulations. (a) A vortex (in blue) envelops a Hopfion
(in green). The yellow points indicate the singularities in the polarization field. The yellow lines indicate the linear vortex singularities. The thick
lack arrow indicates the direction of the average polarization flux at the center of Hopfion. (b) A vortex (in red) pierces a Hopfion (in green). Two
dditional local Hopfions (in yellow) emerge at the poles, each enveloped by a vortex. (c) Two Hopfions with the same polarization winding around
he axis but opposite fluxes at the central part. The flux in the red Hopfion is upward, while in the green Hopfion it is downward. The thin black
rrows indicate the polarization direction at the periphery of Hopfions.

G = G1(ϱ)eϑ + G2(ϱ)eϕ ; (32)

here eϑ and eϕ are the unit coordinate vector fields, tangential to the toroidal surface. The vector eϕ encircles the tube of
the torus, while the vector eϑ loops around the torus central hole. The coefficients P1, P2, G1, and G2 remain constant on the
surfaces of the tori. Presentation (32) demonstrates that polarization flux P(r) forms a completely integrable Hamiltonian
ystem with two degrees of freedom.
The implications of Arnold theorem for ferroelectrics are already seen in our model simulations of polarization states in

a PZT spherical nanoparticle, shown in Fig. 8(e,f). The internal space of the nanoparticle is split into three cells. The biggest
entral cell hosts a Hopfion, shown in green, whereas the other two small cells at the nanoparticle poles, shown in yellow,
contain the vortices. Importantly, the Arnold cells, partitioning nanoparticles can be multi-connected spaces. Fig. 11 offers
further examples of Arnold partition of the PZT nanoparticle. These states, prepared under the application of an electric
field, are metastable relative to the central Hopfion state depicted in Fig. 8(e,f). Fig. 11(a) shows the vortex which wraps
round the nested cylindrical surface, depicted in blue. The green color represents the localized toroidal polarization lines

of Hopfion, located inside a cavity at the center of the vortex. In Fig. 11(b) the vortex polarization lines, shown in red,
upture the central Hopfion part, shown in green, pushing it toward the equator. The secondary Hopfion states, shown
by the yellow lines, are formed close to the poles. Two Hopfions with the same winding direction of rotation but with
up- and downcoming fluxes at the central part, coexisting inside the nanoparticle of the irregular shape, are shown in
Fig. 11(c) in red and green respectively.

Note that under certain conditions, the gradient of the Bernoulli function, ΨB, may become zero, leading to the condition
P × G = 0 in Eq. (31). In this case, referred in topological hydrodynamics as to a force-free condition, the previously
discussed arguments regarding streamlines winding along the surface layers of ΨB(r) do not apply any longer. However,
the polarization streamlines may still conserve the toroidal or cylindrical winding. Indeed, in such a situation, the vector
field G becomes collinear with P and can be expressed as G = κP, where κ = κ(r) is a smooth scalar function of the
coordinates. Given the divergence-free nature of both fields P and G, we then have divG = P · ∇κ = 0, which indicates
that P is orthogonal to the vector field ∇κ , and is, therefore, foliated by the level surfaces of the function κ(r), which is
now is the first integral of the polarization flow [52]. Its nonsingular surfaces must again be either a set of nested tori or
ylinders, according to the Poincaré–Hopf theorem as discussed above.
When considering free forces, however, one special case should be distinguished, namely the situation where κ(r) =

const. Then, ∇ × G = κP. In the hydrodynamics of fluids, where P = v and G = ρv, this relation implies that P is
n eigenfield of the curl operator. However, when there is a nonlinear relationship between G and P, this interpretation
o longer holds. Nevertheless, similarly to fluid hydrodynamics, we can conclude that in the case of free forces with
(r) = const, the vector fields exhibit flows without the formation of invariant surfaces, suggesting a more complex
opology of the field. Such fields are called Beltrami fields [153–155]. An interesting example of these fields in fluids is
given by the so-called ABC flow on a 3D torus, expressed as vx = Asin z+Ccos y, vy = Bsin x+Acos z, vz = Csin y+Bcos x,
where A, B, and C are the parametrization constants. The streamlines of these fields exhibit chaotic behavior and draw
special attention in topological hydrodynamics. Identifying the situations where a force-free condition is realized in
ferroelectrics can offer intriguing possibilities for the emergence of novel topological properties.

Our further consideration of the topological states will be fully based on the results of Arnold theorem and its
eneralization. It is important that for our approach, neither the constraint of constancy of the polarization amplitude
or the isotropy of the polarization rotation energy, which have been the shortcomings of the real-space considerations,
re essential. These effects are considered at the further stage and shown to be perturbations that do not change
he topological classification of the topological states. In other words, we follow the general topological approach by
etermining, first, a topological class, the divergence-free polarization fields, and then selecting from those the fields
30
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that minimize the relevant system energies: Ginzburg–Landau free energy (including anisotropic terms), gradient-related
polarization energy, and elastic energy.

4.3.4. Polarization singularities
As discussed in Section 2.2, the distribution of the vector field within a confined space can give rise to singular

oints, either on the surface or within the volume of this space. These singularities are intrinsically connected to the
topology of the manifold describing the space occupied by the system. A key constraint imposed by the divergence-free
nature of the vector field is that the field fluxes entering and exiting at singular points must compensate each other.
Since the polarization field vanishes at a singular point, it can be linearized in its vicinity as Pi = Jijrj, where Jij is the
Jacobi 3 × 3 matrix, and rj is the local coordinates, see Section 2.2.2. The condition div P = 0 acquires then the form
∂iPi = Jii =

∑
i λi = 0, where λi are the eigenvalues of Jij. The sum of the eigenvalues of a nondegenerate 3D matrix

can only be zero if the sign of the real part of at least one eigenvalue differs from the signs of the real parts of the other
eigenvalues. This occurs when the singular points are of saddle type, S− or S+, but not repelling, R, or attracting, A, points.
Furthermore, the Hopf–Poincaré relation (6) for closed manifolds, and the corresponding relation (7) for manifolds with
oundaries, remain valid, provided that only saddle 3D points are considered.
For further specification, we consider a polarization field in a simply connected space of a nanoparticle, which is

topologically equivalent to a ball D3. As we indicated in Section 3.2, this field should be tangential to the spherical
boundary of the ball, S2 = ∂D3. According to the Hairy Ball Theorem, see Section 2.2.4, at least two singular non-degenerate
oints with the total 2D Hopf–Poincaré surface index equal to 2, which is the Euler characteristics of the sphere, χE = 2,

should exist at the surface of the nanoparticle. At the same time, the extension of these points into the nanoparticle
volume beneath the surface S2 provides them with the structure of the 3D singularities, which are of saddle type when
occurring in ferroelectric materials. According to the generalized Hopf–Poincaré theorem (7), the arrangement of these
singular saddle points at the surface predetermines the interior singularities within the particle, which should be also of
the typical saddle type.

As an example, we consider a Hopfion embedded into a spherical nanoparticle D3, confined by the spherical boundary
2

= ∂D3, as shown in Fig. 6(d). The polarization streamlines, which wind around a series of nested tori to form the
opfion, contain no singularities on these tori. Polarization zeros can occur only at the singular points of the Bernoulli
unction, located at the North (N) and South (S) poles of the sphere, marked by the yellow points in Fig. 6(d). If viewed from
the surface, these singular points correspond to the stable and unstable foci, Fout and Fin, of the surface vector field, see
Fig. 1(k). Both have a two-dimensional index equal to one, see Table 2; their sum corresponds to the Euler characteristic
of the sphere χE = 2. However, the 3D volume structure of these points contains both incoming and outgoing field lines.
t the North pole, the polarization streamline originating from the interior terminates as it approaches zero from below,

while a set of streamlines radiates outward from this zero point along the surface of the sphere. The structure of the
vector field near this point is similar to that of the S− point at the North pole of the sphere D3 shown in Fig. 1(e), and
its 3D surface index is Ind3(N) = −1, as discussed in Section 2.2.4. Similarly, the 3D index of the singularity at the South
ole is Ind3(S) = +1. Since the total 3D index of the surface points vanishes, Ind3(N) + Ind3(S) = 0, according to the
eneralized Hopf–Poincaré theorem (7), the total index of the singularities inside the sphere, counted with a coefficient

of 2 in Eq. (7), must also sum to zero. This implies that either no singularities exist within the ball, as in the case of a
ingle Hopfion, or any occurring singularities must compensate each other, appearing as saddle points of types S− and S+

n equal numbers.
Fig. 11(c) presents a different configuration, where two Hopfions with opposite polarities coexist inside a spherical

anoparticle. In this configuration, both surface singularities at the poles are unstable foci, Fout , and their combined
D surface index remains equal to two. From the perspective of 3D volume classification, both points correspond to
addle points of type S+, resulting in a total 3D index of +2. According to the generalized Hopf–Poincaré theorem (7), the
ompensating total index of singular points in the volume must be −1. This is realized by the central saddle point of type
− with Ind3(S−) = −1, located, as shown in Fig. 11(c), at the junction of two Hopfions.
Another example is a vortex state inside D3, as shown in Fig. 6(b). Although this state is not topologically stable within

a manifold of 3D vector fields, see Section 2.3.5, it can still be energetically favored by interactions within the system,
uch as crystal anisotropy. The core singularity of the vortex is a line that begins and ends at terminal points, located
ither on the surface of the particle or at the boundaries of the cells separating different topological states. Fig. 8(e,f)
hows the formation of small vortices (depicted in yellow) from the polar point-like singularities of the single-state
opfion (Fig. 6(d)). The vortices push the Hopfion (shown in green) toward the interior of the nanoparticle in these

regions. Notably, the length of the vortex stays restricted since it is constrained by the linearly increasing energy of the
core. A similar process has been discussed in nematic liquid crystals, where a surface singularity, known as a boojum,
detaches from the surface and penetrates a short distance into the sample while remaining bound to the surface by a
linear singularity, the disclination [84]. More examples of vortices with endpoints and their coexistence with Hopfion
states in ferroelectric nanoparticles are shown in Fig. 11(a,b). The emergence of the Bloch-like singularities at the vortex
ndpoints in core–shell BaTiO3/SrTiO3 nanoparticles and their manipulation by electric field was studied in [79]. The
opological features of vortices with endpoints have been also extensively discussed in relation to vortices in magnetic
ystems and linear topological defects in superfluid 3He [97,98]. Vortices with endpoints can be included in the general
opf–Poincaré classification of vector field singularities if the terminal points of the vortex are merged into a single point,
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Table 4
Uniform polarization FP , gradient Fgrad , elastic Felast , and depolarization Fdep contributions to the total
energy Ftot , of the uniform and Hopfion states in a PbZr0.6Ti0.4O3 nanoparticle of radius R = 10 nm at
room temperature. The expressed in units of 10−18J energies are found according to the full energy
functional minimization as described in the Supplemental Material.

FP Fgrad Felast Fdep F tot

Uniform −34.64 0 −4.28 4540.14 4501.22
Hopfion −15.49 4.79 −10.22 0.011 −20.91

effectively shortening the vortex line and treating it as a unified singular point of the vector field. In a different case of
 looped vortex with no endpoints, such as a doughnut-shaped vortex, see Fig. 7(b), the vortex core singularity can be
asily eliminated by introducing a toroidal component of the polarization field, and thus does not contribute to the overall

topological index of the system.
On a global scale, the nanoparticle’s space, according to Arnold theorem, is divided into multiple cells, each containing

either a Hopfion or a vortex, see Section 4.3.3. As previously indicated, the singular points of the vector field, particularly
hose of the Hopfion vector field, must lie on the boundaries of the cells separating the neighbor topological states, see
Fig. 10(c). An especially interesting situation occurs at points where three or more cell boundaries intersect. These points
are classified as either saddle points or degenerate points of the Bernoulli function, in accordance with Morse theory
in differential topology [59]. These points cannot be nondegenerate maxima or minima because the nearby levels of the
Bernoulli function, as stated by Arnold theorem, must form tori or cylinders, while nondegenerate extrema would imply
the presence of topological spheres. At the same time, these points are also singularities of the polarization field, tangential
to the level lines of the Bernoulli function. This reveals a profound topological connection between these two types of
singularities, reflecting their intertwined structure in the overall topological landscape.

5. Extensions of topological hydrodynamics in ferroelectrics

5.1. Perturbative approach

In Section 4 we have provided a hydrodynamic approach for the description of topological properties of nanostructured
ferroelectrics based on the selection of specific low-energy polarization states P(r) in which the strong depolarization
ffects, arising from the emerging bound charges ρ = −div P, are essentially reduced. The key aspect of our approach is

focusing on a subset of integrable polarization fields that satisfy the condition div P = 0 and wind around nested tori or
cylinders.

We discuss now the extent of the effectiveness of the imposed constraints. We employ the standard approach in physics
xploring first the major effect, which, in our case, is the impact of the depolarization fields, and then taking into account

the effects bringing in certain necessary corrections. We, thus, first find the divergence-free fields corresponding to the
geometry of the problem and then consider the interplay of other energies, like polarization energy, gradient energy, and
anisotropic elastic energy that define the resulting state of the system.

The material-specific functionals presented in Section 3.1 and in Supplemental Material, which account for the multi-
omponent nature of the order parameter, are used to investigate the impact of the perturbations. We analyze the stable
opfion topological state that emerges in a PbZr0.6Ti0.4O3 nanoparticle with a radius of R = 10 nm at room temperature. In

Table 4, we present the relevant contributions to the total energy, Ftot , including the uniform polarization energy, FP , and
gradient energy, Fgrad, as described by Eqs. (9),(10). Additionally, we provide the elastic energy, Felast = (1/2)

∫
FelastdV =

(1/2)
∫
SijklσijσkldV , – here, Sijkl = C−1

ijkl is the elastic compliance tensor – and the depolarization energy, Fdep, from Eq. (16).
In the same table, we also present the corresponding energy values for the unstable uniform states. As explained above,
the positive depolarization energy of the uniform state exceeds by two orders of magnitude the negative polarization
energy, making the uniform state highly unstable with respect to swirling to the almost divergence-free polarization
texture. In the final Hopfion state, the unfavorable for ferroelectrics depolarization energy, Fdep, almost vanishes, whereas
the beneficial negative sum, FP + Felast , increases only slightly. Importantly, the positive gradient energy is concentrated
in the region of the pole singularities, giving a small contribution ∼ ξ0/R. Nevertheless, together with the polarization
energy and elastic energy, the magnitude of which is also smaller than FP , it plays the decisive role in defining which of
the almost divergence-free swirled states is the most stable one.

In fact, we construct the perturbation approach with respect to the small parameter κ−1
= εpTc/2C ≃ 10−2 or even

less, in which the states with div P = 0 correspond to the zero-order approximation. The next-order corrections will
slightly modify the spatial distribution P(r), resulting, in particular, in the emergence of the small bound charges. However,
such corrections will not change the overall structure of the described topological states.

Analysis of the experimental data from [209] provides a quantitative estimate of the magnitude of the depolarization
ffects emerging in the vortex phase realized in a PbTiO3/SrTiO3 superlattice. We compare the experimentally measured
haracteristic value of an internal electric field in the vortex phase, Ei ≃ 2 MV/cm, with the characteristic value of the
epolarization field that would exist in the uniformly-polarized slab, E = −P /(ε ε ) ≃ 80 MV/cm, where P ≃ −70
dep 0 0 b 0
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µC/cm2. Notably, the value of Ei is 40 times smaller than Edep; this indicates that the bound charges inducing the field Ei
re smaller than the bound charges expected for the uniformly polarized ferroelectric over approximately the same factor.
nfortunately, experimentally available data do not enable access to the bound charges, in particular, to the surface bound
harges related to the normal polarization component. Notably, the piezoresponse force microscopy (PFM) measures the
verage values within the finite penetration depth-thick, about 30nm [210], layer, which is larger than the characteristic
oherence length ξ0, constituting several nanometers. From the instrumental perspective, it is important to have the
possibility of extracting these data from direct measurements.

Another factor that perturbs the polarization streamlines of the divergence-free polarization field is the electric charges,
which are either externally introduced into the system or inherent to the considered ferroelectric material. The emergence
of volume and surface charges, either of intrinsic, external, or electrode-induced origin, breaks down the condition for
he field to be divergence-free. However, in realistic systems where the charge concentration is not extensively high, this
reakdown only slightly changes the texture of the polarization field, and is, hence, a perturbation.
In this Section, we explore the stability of polarization topological states under various perturbations, including crystal

lattice anisotropy and electrostatic forces, based on the fundamental theorem of Kolmogorov, Arnold, and Moser. This
heorem, applicable to integrable systems and commonly referred to as the KAM theorem, underpins our analysis. It
helps to explain why the orbits of planets in the Solar System remain stable over billions of years despite strong and
complex gravitational interactions between them. According to the KAM theorem, in ferroelectrics, small disturbances do
not affect the topological tori winding states but can lead to reconfiguration of polarization streamlines.

5.2. Ergodicity, anisotropy, and the KAM theorem

In Section 4.2.1 we demonstrated that in small nanoparticles, the polarization streamlines form highly structured
atterns by winding around nested tori or cylinders. The line localization is a notable outcome of the properties of

integrable dynamical equations, specifically Euler-type equations that describe the mechanical stability of polarization
streamlines, see Section 4.1.3. Such type of integrability results in very broad implications in physics, including the
onstruction of devices like tokamaks and stellarators that explore this toroidal arrangement of magnetic fields and
henomena of celestial mechanics [211,212]. The property of localization of a streamline in the specific part of the space,

often referred to as non-ergodicity, presents significant interest in studying stochastic systems.
Ergodicity, in its most general sense, describes the ability of a physical system to explore all possible states over time,

nsuring the equivalence of time and statistical averages. This principle is widely applied in statistical physics to describe
he dynamics of thermodynamic systems and phase transitions. In the context of streamlines of the vector field [52],
rgodicity takes on specific characteristics. While the concept of the stable distribution of field lines typically refers to
heir tendency to settle into energy-minimizing spatial configurations, ergodicity introduces a temporal aspect, in a sense
f the time-like streamline parametrization introduced in Section 4.1.1, which suggests that streamlines can transition

through various configurations, exploring all possible points at the system manifold. Streamline ergodicity, though not
yet widely applied in ferroelectrics, plays a crucial role in understanding non-uniform polarization states in ferroelectrics,
including complex topological structures. It offers insights into how these states transition under external fields and helps
explain the dynamic behavior of systems such as relaxors [213,214], where polarization fluctuations and chaotic states are
rominent. Thermodynamics and topological transitions in ferroelectrics are closely tied to ergodicity. The phase transition
etween different non-ergodic topological states can proceed either smoothly through the formation of intermediate
rgodic configurations or abruptly, involving a complete reconstruction of the host cells, as demonstrated, for example,
n Fig. 11(a,b).

The non-ergodicity of field lines in a closed space means that the field lines do not pass through all accessible regions
of the space uniformly. Instead, they may concentrate in certain regions, winding, for instance, quasi-periodically around
he invariant tori, retrace the same paths, and fail to entirely cover certain parts of the space. Furthermore, it appears
hat even under perturbations, many of the quasi-periodic winding trajectories do persist, implying that the system still
etains a certain degree of regularity and non-ergodicity. This property has been mathematically formulated and proved
y Kolmogorov, Arnold, and Moser and is known as the KAM theorem [215,216]. The KAM theorem asserts that in a fully
ntegrable system, regular, quasi-periodic trajectories wind on the set of invariant tori. When small perturbations are
pplied to such a system, most of these invariant tori remain intact, preserving the regular quasi-periodic structure of
rajectories. Only significant perturbation can break out the tori winding. Applying a version of the KAM theory adapted
or the divergence-free vector fields [52,159–161] to ferroelectrics, one explains how the observed periodic invariant tori
tructure of polarization persists under divergence-free perturbations, even in the case of a small diffusion of numerical
iscosity of the system. When these perturbations become significant, the invariant tori winding may break down.
The emergence of crystal anisotropy causes an essential perturbation in ferroelectrics. As we discussed in Section 4.1.3,

he full account of the anisotropic terms in the elastic stability conditions (23) may disturb its Euler structure, hence
ntegrability. However, at a numerical level, we do not observe a significant anisotropic perturbation of the streamline tori-
winding foliation in small, 50–60 nm size, nanoparticles, as shown in Fig. 8, which indicates that anisotropic perturbations
re too weak to destroy the invariant tori in nanosized systems. At the same time, the anisotropy-caused breakdown of the
egular tori winding is clearly seen in bigger particles of radius R = 100 nm, see Fig. 12. The side-view of the nanoparticle
shows now the more irregular texture of polarization streamlines, see Fig. 12(a), with a proliferation of surface singular
33
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Fig. 12. Ergodicity of streamlines in a big PZT nanoparticle. Numerical simulations. (a) Side-view of the irregular pattern of the streamlines. Surface
singular points are shown in yellow. (b) Poincaré map of streamlines at the vertical cross-cut of the nanoparticle. (c) One single streamline passes
through the entire volume of the nanoparticle.

points, shown in yellow. The toroidal winding pattern completely disappears from the cross-cut Poincaré map, Fig. 12(b).
Furthermore, tracing only one streamline reveals that it displays a rather chaotic behavior, see Fig. 12(c). The line tends
o pass through all regions accessible for the nanoparticle without favoring any specific part. We conclude here with
he observation that as the size of the particle increases, the anisotropy influence becomes significant, leading to the
destruction of the invariant tori, predicted by the KAM theorem. In particular, the anisotropy causes the field lines to
deflect in one direction and then encounter anisotropy of another orientation. This can lead to a uniform distribution of
lines across the entire space and indicates the possible ergodicity of the system. Further, in Section 5.3.1, we provide more
examples of the destruction of regular tori by the introduction of electrical charges into the system.

5.3. Electric charges in ferroelectrics

5.3.1. Residual bound charges
As we previously discussed in Section 4.2.3, the geometry of a nanoparticle can disrupt the ideal divergence-free nature

f the polarization distribution. This disruption leads to the formation of residual bound charges and the corresponding
epolarization field. Fig. 8(h) illustrates the residual electric field and charge distribution within a cubic ferroelectric

nanoparticle, arising due to the geometry-induced perturbations of the polarization field. In Fig. 8(h), the red and blue
regions represent the volume and surface charges within and on the nanoparticle, respectively. The red regions correspond
to positive charges, while the blue regions indicate negative charges. These charges generate the residual depolarization
ields, which are illustrated by the green streamlines in Fig. 8(h). It is noteworthy that the densities of the emergent
volume and surface charges, with typical values of ρ ≃ 107 C m−3 and σ ≃ 10−2 C m−2, as well as the typical values of
the depolarization fields, Edep ≃ 2 × 102 kV cm−1, are approximately two orders of magnitude smaller than what would
be expected if the polarization exhibited a unscreened divergence.

In the case of strong anisotropy in the sample, whether of natural or strain-induced origin, substantial bound charges
an be restored, manifesting as either head-to-head or tail-to-tail charged domain walls [11], distributed depolarization
harges in soft Kittel domains [140], or polar topological defects [217], particularly when the anisotropic energy becomes
omparable to the screened electrostatic energy. The situation may change even more in an atomically thin ferroelectric
ayer. As the thickness of the ferroelectric layer becomes smaller than the coherence length, the creation of a non-
uniform texture requires considerable gradient energy. Essentially, the sizes of the vortex domains may not fit within the
ferroelectric film thickness. In such cases, a monodomain state can become more favorable, especially if the depolarization
field is further screened by conducting electrodes [218]. A similar transition from a multidomain to a monodomain state
as been predicted for ferroelectric/dielectric superlattices with an atomically small period [219]. Notably, due to image

forces, the electrostatics of a ferroelectric film confined between two non-perfect electrodes is equivalent to that of a
periodically repeating heterostructure.

5.3.2. Intrinsic free charges
Next, we describe the effects of electric screening caused by the presence of semiconducting or impurity-induced

ree charges within ferroelectric materials. The concentration of these free charges is quantified by the Debye–Huckel or
homas–Fermi screening length, δ, see Eq. (15). For typical charge concentrations ranging from 1018 to 1014 cm−3, the
creening length δ typically varies between 5 to 20 nm. In nanostructured ferroelectrics, this range is insufficient to fully
creen the depolarization fields or destroy the topological states. However, at higher concentrations of free charges, the
opological states may be disrupted, leading to the untwining of polarization streamlines into a uniformly polarized state.

Panels (a)–(d) in Fig. 13 illustrate the impact of intrinsic free charges on the Hopfion topological state confined within
 PZT nanoparticle with a radius of R = 25 nm. For typical PZT materials, where the screening length is approximately
=80–100 nm [220,221], the screening has a minimal impact on the Hopfion texture. However, at a higher density of free
34
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Fig. 13. Effect of electrical charges on topological states in a ferroelectric PZT nanoparticle. Numerical simulations. (a) Slight distortion of the tori
exture caused by moderate screening with screening length δ = 20 nm. The red points depict the spots where polarization lines thrust the surface
f the nanoparticle. (b) Poincaré cross-section of the nanoparticle demonstrating the details of the tori distortion at δ = 20 nm. The concentric nested
ori sections transform into the snail-like convolving configuration, visualized by the yellow spiral line. The polarization lines creep from torus to
orus. (c) Breakdown of the toroidal structure at stronger screening with δ = 5 nm. (d) Poincaré cross-section of the nanoparticle at δ = 20 nm
demonstrating the tearing of the torus and formation of the helicoidal structure. (e) Emergence of the positive and negative localized electric charges
0 = ±1.7× 10−17C, shown by small red and blue spheres, perturbs and starts to disturb the tori winding of the streamlines, while certain toroidal
onfigurations are still conserved; the exemplary torus is shown in blue. (f) Increasing the localized charges to 4.5Q0 destroy the tori winding. The
olarization lines are still swirled, forming the helical structure. (g) Stronger localized charges with magnitude 16Q0 polarize the nanoparticle, forming
he dipolar pattern of streamlines. (h) Application of the PFM tip to the nanoparticle surface creates the mixed structure of the helical polarization
lux and polarization lines winding around the linked tori, shown in blue and red.

charges, reducing the screening length to around δ ≃ 20 nm, the polarization lines still maintain their winding texture,
although the volume and surface charges begin to disrupt the condition for the field to be divergence-free. This disruption
llows the polarization lines to thrust through the nanoparticle’s surface, causing a slight distortion of the fibered nested
ori structure, according to the KAM theorem. The polarization lines may then convolve or untwine along spiral-like paths,
ransitioning from torus to torus and forming a snail-like Poincaré map, as shown in Fig. 13(a,b).

As the density of free charges increases further, resulting in a screening length of δ ≲ 5 nm, Hopfions become increas-
ingly disrupted, and helicoidal textures begin to emerge within the nanoparticle. Achieving a complete unwinding of the
olarization lines into a monodomain structure requires an extremely high concentration of free carriers, comparable to
heir concentration in a good metal, where δ <0.05 nm, see Fig. 13(c,d).

5.3.3. Localized remanent charges
Another important issue is the emergence of localized charges due to impurities, ion vacancies, or surface-

reconstruction defects. These impurities can also serve as sources of free charges. Recent work [164] has identified several
actors that contribute to the presence of remnant-bound charges at interfaces or within the material’s interior. These
actors include (i) epitaxial strains, which can induce stress in the material, leading to the alignment of dipoles in specific
rientations; (ii) the interplay of different structural phases, which can affect the arrangement of charges and dipoles,
ontributing to the persistence of remnant-bound charges; (iii) the chemical composition of ferroelectric materials, such
s PbTiO3 or Ti-rich PZT solid solutions, which favors the tetragonal orientation of dipoles; and (iv) partial screening of
ound charges or the influence of a symmetry-breaking electric field (e.g., built-in bias), which can promote Ising-like
ymmetry, where dipoles are constrained to point ‘‘up’’ or ‘‘down’’, hindering the complete rotation of interfacial dipoles.
To minimize electrostatic energy, polarization dipoles tend to align in ways that counterbalance the electric fields gen-

erated by these charges. This alignment naturally introduces sources and sinks into the consideration of the divergence-
ree polarization field. While a small concentration of localized charges may not significantly disrupt the long-range
olarization topological states, a high concentration of such charges has the potential to destabilize this ordering and
ignificantly alter the topological landscape.
Fig. 13(e–g) demonstrates how the tori winding topological structure of polarization streamlines inside of a spherical

ZT nanoparticle evolves and breaks down upon the emergence of the localized remanent charges. The testing positive and
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negative charges, depicted as red and blue spheres respectively, are introduced into the system, and their value decreases
from panel (e) to panel (g). These charges influence the polarization vector field, leading to changes in the structure and
intensity of the field lines. When the value of the charges is not too large, as shown in Fig. 13(e), only a portion of the
tori is disrupted. The constituent lines that form the tori are torn apart, with their ends being drawn toward the charges.
These lines now begin at the positive charge and terminate at the negative charge, thus forming bound charges at their
endpoints that effectively screen the remaining localized charges. Another part of the winded tori, for instance, the torus
shown in blue, is not broken but is only slightly distorted, indicating the system’s robustness at this configuration, in
accordance with the KAM theorem.

As the charge magnitude increases, as shown in Fig. 13(f), the charges destroy the tori winding and cause the lines
o be more tightly packed at the charged endpoints. The formed by divP bound charges are more effective in screening
he remanent localized charges, leading to a more complex and tightly-knit swirled polarization field structure around
he charges. Fig. 13(g) shows that the further increase of the magnitude of the introduced charges results in a profound
econstruction of the polarization vector field. The nanoparticle becomes fully polarized by the introduced local charges
nd the polarization streamlines align to form a dipolar-like pattern.
A key new circumstance is that the polarization field, P(r), contains not only a divergence-free part but also a

harge-related divergent, curl-free component, enabling Helmholtz–Hopf decomposition as described in Section 2.1.3.
his divergent component is characterized by streamlines that originate from negative charges and terminate at positive
harges. Consequently, in addition to the non-divergent saddle singular points of types S+ and S−, as indicated in Table 3,
he singular points of repelling, R, and attractive, A, type, corresponding to negative and positive bound charges, emerge
in the divergent component of polarization. These surface-located and volume-located singularities correspond to the
espective surface charges, see Fig. 13(e–g), and volume charges, see Fig. 13(a,c). Importantly, the indices of all singular
points in the system remain connected by the generalized Poincaré–Hopf theorem (7).

5.3.4. Screening electrodes
While it might seem that the screening of the emergent depolarization field by short-circuited electrodes would destroy

non-uniform polarization states, a more realistic scenario, where electrode-induced screening is imperfect, reveals that
topological states can persist even in systems with highly conductive electrodes. The study [10] demonstrated that partial
screening by electrodes, quantified by an effective screening parameter β , allows topological states to exist near β ≃ 90%,
with complete screening characterized by β = 100%. Furthermore, the structure of the emerging topological states can
be tuned by varying the screening parameter β .

The impact of surface-deposited electrodes on the periodic vortex-domain structure in compressively strained fer-
roelectric films was also explored in [222]. It was shown that for non-ideal electrode materials, the emergence of a
onodomain state is unlikely. The realistic metallic properties of electrodes are typically characterized by the Thomas–
ermi screening length δ. Energetic considerations presented in [222] demonstrate that even for very small values of δ

on the order of an Ångström, which is typical for good metals, the domain structure remains stable. In addition, it may
lso be stabilized by imperfections at the electrode–ferroelectric junction, which is typically sandwiched by a dielectric
tomically-thin dead layer present in real systems. Similarly, feasible semiconducting charges within ferroelectric materi-
ls are generally insufficient to fully screen the depolarization fields and do not significantly alter the periodic polarization
ortices.
Notably, the interaction of charges within a few-nanometer-thick dielectric or ferroelectric film sandwiched between

two metallic or semiconducting electrodes is governed by quasi-2D electrostatics. Specifically, the 3D Coulomb electro-
static potential, which decays as ϕ3D ∝ 1/r , evolves into a logarithmic potential ϕ2D ∝ ln(r/Λ) for r < Λ, transitioning
to an exponentially-decaying potential ϕ2D ∝ exp(−r/Λ) for r > Λ, where the screening length Λ is determined by the
material properties and system geometry [223].

Recent simulations have demonstrated the potential for the existence of Bloch-type skyrmions, which produce
substantial bound charges, ≃ 0.6e/uc, in ultra-thin films of PbZr0.4Ti0.6O3 with approximately β = 90% screening
f polarization-induced surface charges, similar to the effect of electrodes [82]. Furthermore, residual bound charges,

albeit of lesser magnitude, ≃ 0.45e/uc, have been observed in simulations of a ferroelectric PbTiO3 layer sandwiched
between realistic electrodes with β = 80% screening, as well as in PbTiO3/SrTiO3 multilayers [217]. These charges were
ssociated with the vector field of topologically protected states, dipolar waves, and disclination patterns. All these
ystems with partial screening are of significant interest as they offer the potential to observe a crossover from topological
hydrodynamics to a topological vector field approach by varying the screening parameters.

Utilizing external biased electrodes offers a powerful method for the efficient manipulation of topological states within
ferroelectric nanostructures. Fig. 13(h) demonstrates the result of the application of a 10 V bias, using, say, the aside PFM
ip, to a spherical PZT nanoparticle, while the bottom point of the nanoparticle is grounded. These two localized electrodes
reate small surface regions on the nanoparticle where the polarization streamlines can enter and exit. The presence
f surface sources and sinks of polarization, as depicted in Fig. 13(h), generates a helical arrangement of polarization

streamlines that carry the polarization flux between these singular points. Yet, despite the disturbance caused by the
lectrodes, the Hopfion topological states remain partially preserved. Two toroidal structures, depicted in blue and red in

Fig. 13(h), not only survive but also become entangled due to the interlinking of the streamlines.
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5.4. About terminology

Discovery of the topological structures in ferroelectrics, like any great discovery in science, follows an internal logic
of epistemology. Unequivocally, we are now passing the period of the observation and obtaining the empirical evidence
f a multitude of topological formations, sometimes looking as objects having essentially different characteristics and

aspects. While an initial empirical taxonomy is helpful in identifying the objects, it has certain limitations complicating
urther research progress. Usually, limitations are based on the subjective characteristics of the appearance of the objects
and, sometimes, on the straightforward transferring of concepts from the other branches of knowledge. The intrinsic
subjectivity of such a transferring may lead to the multiplication of the terminological entities without the proper
ecessity1 and to attribute to the objects the properties that they do not necessarily possess. For instance, as we
escribed in Section 3.3, the formal transposition of skyrmion terminology from magnetism to ferroelectricity immediately

raises questions about the electrostatic stability of ferroelectric skyrmions (a concern less relevant in magnetism), about
hether their topological description via the homotopy groups formalism is similar (actually not), and about the intrinsic
echanisms of their formation (which would replace the Dzyaloshinskii–Moriya interaction mechanisms in magnetism).
The subjectivity in the appellation ‘‘by similarity’’ results in a seeming richness of the taxonomy, causing, however,

difficulties in understanding. For instance, the same vortex state with the circular vortex axis entwining into a ring
ppears under a multitude of names brought by different authors. Namely, it is called central domain, bubble domain,
lectrical skyrmion bubble, skyrmion bubble, polar bubble skyrmion, polar skyrmion bubble [164], toron, [165] etc. In

our description of topological states in ferroelectrics, we prefer to use the approach of the hydrodynamic topology.
The topological classification, which is indeed more concise than a broad spectrum of the suggested empirical names,
is a rigorous approach, based on the mathematical theorems that we provide in Section 4.3.3, within the limits of its
pplicability (Section 5). Namely, this approach allows us to consider all examples of the polarization distribution in
onfined ferroelectrics from a unique topological viewpoint. Furthermore, the calculated vector fields in ferroelectric
anoparticles and nanodots (Section 7.2), as well as the reconstruction of the experimentally obtained polarization vector

fields of vortex stripe domains and vortex bubbles (Section 7.4), show that most probably they do have the Hopfion-like
r vortex-like configurations.

6. Quantification of topological states

6.1. Numerical indicators

Characterizing the topological states in confined ferroelectrics necessitates numerical indicators that enable the
uantification of properties such as the degree of emergent polarization swirling and chirality within the system. The
wirling of polarization can be characterized locally by the vorticity of the field, ω, and globally by the parameter Ω ,
hich represents the integral of the vorticity over the entire volume V of the coordinate manifold space M of the system.

These parameters are expressed as follows [162]:

Ω =

∫
M

ω dV , ω = ∇ × P . (33)

Nonzero Ω indicates the presence of vortices. Note that we apply the hydrodynamic terminology for vorticity ω [152],
hile in magnetism, vorticity refers to the winding number N1 [102], see Section 2.3.2.
Notably, the sign of the vorticity does not necessarily reflect the direction of the rotation, clockwise (CW), or

counterclockwise (CCW). To illustrate this, let us consider a polarization vortex confined in a cylinder of radius R and
length L with an exemplary radial dependence of the polarization P(ρ) = P(ρ) eϕ in cylindrical coordinates ρ and ϕ.
he ferroelectric cylinder is surrounded by the dielectric material with zero spontaneous polarization, resulting in the
uppression of the polarization amplitude in the vicinity of the cylinder surface, and hence in the non-monotonous
ehavior of P(ρ) through the whole vortex. Then, the radial distribution of the vortex polarization in the near-surface
egion, P(ρ) ≃ (P(R) + C1(R − ρ)) eϕ , provides the vorticity ω = −C1 ez with the sign opposite to that realized in the
ortex core, where P(ρ) ≃ C0ρ eϕ and ω = C0 ez . Here, the magnitude of the vortex polarization at the surface, P(R), and
umerical coefficients, C0 and C1, are either all positive, in the case of the CCW vortices, or all negative, in the case of the
C vortices. As an example, the decrease of the order parameter far from the vortex core can be facilitated by the elastic
oupling of the polarization with crystal lattice [41].
In general, the swirling parameter of the whole system, Ω , is equal to zero. According to the Stokes theorem, Eq. (33)

transforms to polarization circulation around a remote circular contour C , encircling the cylinder and lying far away in
the dielectric region, Ω = ezL

∮
C Pdl, which vanishes because of the suppression of the polarization in the external

dielectric media. Here, dl is the differential length along C . The equality to zero of the swirling parameter implies that
ithin the vortex area, having the definite direction of the polarization rotation, CW or CCW, the sign of the vorticity is

1 The maxim ‘‘Entia non sunt multiplicanda praeter necessitatem’’, which serves as the cornerstone of modern research methodology, is attributed
to the 14th-century friar William of Ockham. However, the origins of this statement are more ambiguous [224].
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not homogeneously defined. Namely, the vorticity of the vortex core region is compensated by the vorticity of the outer
region, having the opposite sign.

The vortex structure can also be characterized by the toroidal, T, and hypertoroidal, G, moments [225], that we define
as the integrals of the corresponding toroidal, T, and hypertoroidal, G, moment densities

T =

∫
M

T dV , T =
1
2
r × (P − P) , (34)

G =

∫
M

G dV , G =
1
4
r ×

(
r × (P − P)

)
. (35)

To reflect the absence of the depolarization field in the confined system, we have to put the condition P = 0 for the
verage polarization. Unlike the swirling parameter Ω , the signs of toroidal and hypertoroidal moments discriminate
etween CW and CCW rotation of the polarization vector.
Note, however, that none of the described indicators can be used for the detection of the handedness of the system

since the mirror images of the corresponding expressions can be overimposed onto the originals after the proper turn. In
principle, the handedness of topological states can be quantified by the chirality, X , as an integral of the corresponding
chirality density,

X =

∫
M

χ dV , χ = P · (∇ × P) . (36)

The introduced scalar indicator, chirality, has, however, the same shortcoming as vorticity Ω . While being capable of
etecting the presence of the chirality itself, it cannot unambiguously determine the sign of the handedness because the
ifferential vorticity density ∇ × P does not univocally determine the direction of rotation of the polarization vector. Let
s consider, for instance, a right-handed helicoidal structure formed by the bounded CCW vortex, nucleating within the
niformly polarized state, P = Pzez + P(ρ)eϕ , where the uniform z-directed component of polarization, Pz = const and
he perpendicular vortex component, P(ρ), vanishes at the vortex core and also at the infinity, as we described above. The
otal chirality can be calculated using again the Stokes theorem, X = LPz

∮
C P dl. Then, similar to the swirling parameter,

he total chirality vanishes for the remote enough contour C , not allowing to determine the handedness of the system.

6.2. Topological charges

Other types of parameters quantifying the properties of the topological states are the so-called topological charges
or topological indices, characterized by their invariance with respect to small continuous deformation of the system, in
articular with respect to the volume-preserving diffeomorphisms, keeping the divergence-free character of the vector
ields.

It is of fundamental importance in ferroelectrics to utilize another characteristic value, the vector potential A of the
divergence-free polarization vector field, introduced in Section 4.2.2. Defining A in an analogy with electromagnetism, via

= ∇×A, we straightforwardly obtain div P = 0. Note that in a particular case of the uniform distribution of polarization,
he vector potential can be presented as A = (1/2) [r × P] that coincides with the density of the toroidal moment, Eq. (34).
For the axisymmetric Hopfion, described by Eqs. (25),(26) the vector potential is

A = αt ξer + αp ζeϕ , (37)

where the function ξ is calculated from η = −r−1∂ ξ /∂ θ , and for the particular choice of η and ζ (26) is given by

ξ = r sin
(πr
2R

)
cos θ . (38)

The use of the vector potential A allows for the introduction of another topological characteristic, helicity H, determined
y Eq. (27) in Section 4.2.2. This topological characteristic, emerging also in topological hydrodynamics and electromag-

netism, changes sign when transitioning from a left-handed to a right-handed coordinate system. Consequently, like
chirality, X , specifies the handedness of the system. In the particular case of the axisymmetric Hopfion (25), the calculation
f helicity is simplified to [226]

H = 2αpαt

∫
M

ζ η dV . (39)

In Section 4.3.2, a deep internal connection between the system’s helicity and the linking number of the streamlines,
LP, was described. Identifying the linking number from experimental data or simulation results appears to be a promising
approach. Furthermore, measurements of LP in simulation experiments could be technically simpler than measuring H.
his parameter may serve as an independent numerical characteristic of the system’s complexity, manifesting even in
ases where charges or electrodes disrupt the internal topological states of the system, see Section 5.3.1.
Recall that, as previously noted in Section 4.2.2, in this Review, we adhere to the hydrodynamic definition of helicity,

s defined by equation (27), that differs from the helicity in magnetism. However, even in hydrodynamics, sometimes
another definition of helicity, coinciding with the introduced in Eq. (36) chirality parameter, is used for characterization
38
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Table 5
Parameters quantifying the swirling and handedness of the
model Hopfion.
Swirling parameter Ω = 8.38αtR2 ez
Toroidal moment T = 0.96αtR4 ez
Hypertoroidal moment G = 1.19αpR5 ez
Chirality X = 43.72αpαtR2

Helicity H = 4.09αpαtR4

of the handedness of ferroelectric topological states, see, e.g., [227]. An ambiguity in the definition of H appears due to
the existence of two different approaches in hydrodynamics. In one approach, the velocity field of the liquid, v(r), is used
s a principal vector field, characterizing the system. Then, the helicity, defined as H =

∫
M v · A dV , where the vector

otential A, coming from the relation v = ∇ × A, characterizes the average linking number of the streamlines of the
field v(r) [52]. In another approach, it is the vorticity field, ω = ∇ × v, that is considered as a principal vector field. The
corresponding helicity, defined as H =

∫
M ω · v dV , characterizes the average linking number of the vortex tubes, formed

by the streamlines of the field ω(r) [162]. We follow the first approach taking into account that this is the polarization
vector field P(r) in ferroelectricity which is an analog of the divergence-free velocity field v(r) in hydrodynamics. Then, the
elicity defined by Eq. (27) provides a distinct topological characterization of the handedness and the linking number of

the streamlines of the field P(r). Another definition of helicity operates with the streamlines of the vorticity field ω = ∇×P
which do not have a clear physical meaning and, hence, cannot be used for judging about the total handedness of the
ystem, as we have already discussed above.
Although, as discussed in Section 3.3, the coordinate space of nanostructured ferroelectrics is a 3D space, certain

polarization textures – such as vortex-like, skyrmion-like, or meron-like structures – can, to some extent, be qualitatively
characterized using the real-space winding numbers, described in Section 2.3, typically applied in magnetism to states,
confined in 2D spaces. In particular, the vortex winding number, N1, see Section 2.3.2, can be used to describe the swirling
f the polarization vector within the system. For coreless topological states, such as skyrmion- or meron-like tubes

displayed in Fig. 3, the appropriate winding number is the Pontryagin index N2, see Section 2.3.3. It was successfully used
n [17] to test the behavior of the vector field in the cross-sectional areas of the chiral bubbles, called polar skyrmions.
However, unlike 2D magnetic skyrmions, N2 may take arbitrary values when the direction of P at the tube’s periphery is
not fixed.

6.3. Application of quantification parameters

The parameters represented above well describe the variance of the properties of the polarization field in nanostruc-
tured systems and are widely used to treat the experimental and simulation data. Yet, for the most efficient use of these
parameters, one has to set up their respective areas and conditions of applicability. To illustrate this, we consider the
model Hopfion, in which the distributions of polarization and vector potential are given by Eqs. (25),(26), and (37),(38)
respectively. The quantitative parameters are calculated using the corresponding Eqs. (33)–(36), and (27). The results are
iven in Table 5.
As follows from Table 5, the swirling parameter and toroidal moment are sensitive to the toroidal component of the

opfion, i.e., they are effective for straight vortices where αp = 0, αt ̸ = 0 and vanish for the doughnut vortices where
p ̸ = 0, αt = 0. The hypertoroidal moment, in contrast, is sensitive to the poloidal component, hence to the emergence
f doughnut vortices. Note that neither toroidal nor hypertoroidal moments can be used to discriminate between the
hiral and achiral states since they remain non-zero in the states with no handedness, straight vortices and doughnut
ortices, respectively. The handedness is characterized by the chirality and helicity parameters that are both non-zero
n the chiral state, where both αt , αp ̸ = 0, and vanish in the achiral state of the straight or doughnut vortex where
ne of the components, αt or αp, is equal to zero. Note, however, that although the indicated parameters can be used
or the characterization of particular properties of the polarization distribution, their full relevance realizes when one
oes associate the measurable physical parameter with them. For instance, having similar integral expressions in Table 5,
he chirality and helicity may be very different in terms of the distribution of their densities over the sample volume.
Which precisely parameter becomes most significant depends on the concrete realization of the experiment that reveals
handedness, for instance, on the type of the chiral fields testing the handedness [228].

7. From theory and simulations to experiment

7.1. Topology of nanostructured ferroelectrics

This Section focuses on the manifestation of topological states in specific ferroelectric nanostructures, using selected
materials and configurations to bring the conceptual understanding of the topology in ferroelectrics to life. We explore
ow these states arise in confined geometries such as nanoparticles, nanorods, thin films, heterostructures, and certain

bulk systems. A key objective is to investigate how shape and geometry influence the formation of topological states,
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with particular emphasis on the distinct characteristics associated with topological connectivity of the system coordinate
anifolds, see Section 2.1. We demonstrate that, unlike the simply connected spaces of nanoparticles, multi-connected

topologies – typically realized in nanorods and heterostructures – introduce additional complexity in the behavior of
olarization fields, significantly affecting the stability and transitions in these topological states.
We begin by examining ferroelectric nanoparticles and nanodots, where confinement leads to the emergence of vortex

nd Hopfion states. We then move to nanorods, where the combination of axial symmetry and multi-connected space
results in more complex topological configurations. The discussion continues with topological states in thin films and
heterostructures, highlighting the influence of periodic boundary conditions and multi-connectivity on the emergence
of topological states. Finally, we address bulk systems and composites, where the distribution of the polarization flux
throughout the volume leads to even more intricate topological states.

In this Section, we do not aim at providing a comprehensive review of experimental and modeled materials or the
exhausting covering of the rapidly developing field of ferroelectric nanostructures. We illustrate fundamental topological
phenomena in ferroelectrics, described in previous Sections, using selected experimental materials as examples. For
readers seeking a detailed description of the experimental state-of-the-art, we highly recommend the nice reviews
mentioned in the Introduction, Section 1.

7.2. Nanoparticles and nanodots

7.2.1. Simply connected nanostructures
Ferroelectric free-standing nanoparticles and substrate-deposited nanodots were among the first systems that were

tilized to investigate polarization behavior in confined geometries. The term nanoparticles is generally used to refer to
small particles with various shapes, typically ranging in size from 1 to 100 nm, and can be free-standing or embedded in
a matrix. The term nanodots is usually employed to describe the specifically disk-shaped or dot-like nanostructures that
are typically deposited on a substrate. All these nanoparticle-based systems are described by simply connected coordinate
manifolds, which ensures reliable ways to analyze and understand their topological structures building on the topological
approaches outlined in Sections 4 and 5. These systems offer a rich platform for studying the emergence of topological
states, characterized by the non-uniform distribution of the polarization field.

7.2.2. Nanoparticles
An efficient exploration of topological states in ferroelectric nanoparticles has begun with simulations that demon-

trated the existence of vortex states in disk-shaped nanoparticles of PbZr0.5Ti0.5O3 [37], see Fig. 14(a). This finding marked
 significant step forward, although early experimental observations of size effects on thermodynamic properties of

ferroelectric nanoparticles were initially interpreted in terms of a uniform state [229–231]. Subsequent developments
n simulation works revealed the inherently inhomogeneous vortex states in cubic nanoparticles of PbZr0.4Ti0.6O3 [33],
pherical nanoparticles of PbTiO3 and BaTiO3 [30,79], cylindrical nanoparticles of PbTiO3 [32,41], and vortex domain
tates in ferroelectric nanodiscs of TGS and PbTiO3 [32,34]. The topological states with doughnut vortex configurations
f polarization vector, in which the vortex axis is bent into a torus, were discovered in rectangular nanoparticles of
bTiO3 [29], see Fig. 14(b), and in BiFeO3/BaTiO3 core–shell nanoparticles [165].
These two types of polarization vector winding, the straight vortex winding and toroidal-vortex one, represent

he particular configurations of a more general Hopfion texture, where the polarization streamlines realize the helical
indings around a set of nested tori as was discussed in Section 4.2.1. This Hopfion texture was simulated in spherical

nanoparticles of PbZr0.6Ti0.4O3, in which the closeness to the morphotropic phase boundary reduces the polarization
anisotropy [21]. In this compound, used in Sections 4 and 5 as a model exemplary system for describing topological
tates in ferroelectrics, the main part of the volume is occupied by a Hopfion state, slightly deformed by residual crystal
nisotropy, while two smaller regions near the poles contain vortex states.
Furthermore, as demonstrated in Section 4.3.3, the internal cells inside the nanoparticle, which host either vortices

r Hopfions, can assume different vortex/Hopfion configurations with approximately the same energy but separated
by energy barriers. Transitions between these configurations occur through the reconnection of streamlines, implying a
topological phase transition that can be induced by an electric field, elastic deformation, or other external driving forces.
A diverse range of topological structures, including vortices, antivortices, hedgehogs, antihedgehogs, and skyrmions, was
simulated in conical BaTiO3 nanoparticles embedded in an SrTiO3 matrix [26]. They were collectively referred to as a
opological eclecton, which aligns with the broader concept of confinement-induced topological states varying with the
anoparticle geometry. The observed mixture of elementary topological states suggests the need for further analysis of

streamline configurations and their decomposition on vortices and Hopfions, based on the general Arnold theorem.
The topological states in ferroelectric nanoparticles were observed in the work [31], which demonstrated the presence

of a polarization vortex state in BaTiO3 nanoparticles using Bragg coherent diffractive imaging, see Fig. 14(c). Another
ignificant progress was recently achieved by the 3D reconstruction of polarization topology in BaTiO3 nanoparticles using
nnular dark-field scanning transmission electron microscopy (ADF-STEM) [232]. The multiple vortex arrangement was
emonstrated through the analysis of the set of sliced polarization maps of Ti atomic displacements, see Fig. 14(d). This
ork confirmed the initial prediction of the emergence of the vortex matter in confined ferroelectric nanoparticles [37].
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Fig. 14. Ferroelectric nanoparticles and nanodots. (a) Simulations of local dipoles distribution in a disk-shape nanoparticle of PbZr0.5Ti0.5O3 . From
ef. [37]. (b) Simulations of a doughnut vortex in a cubic nanodot of PbTiO3 . From Ref. [29]. (c) Experimental observation of a three-dimensional
anodomain in a BaTiO3 spherical nanoparticle. Color map shows x, y, and z components of polarization. From Ref. [31]. (d) Sliced map showing the
n-plane distribution of Ti atomic displacements in a BaTiO3 nanoparticle. The counterclockwise vortices are marked with blue circular arrows. From
ef. [232]. (e) Experimental PFM analysis of the vector field distribution in a cylindrical nanodot of BiFeO3 , top view. Color vector maps on the right

show the reconstructed 2D polarization vector texture. From Ref. [35]. (f) Topological state in a cylindrical nanodot of PbTiO3: vertical cross-section
view (top left) and top view (bottom left). The right panels demonstrate the field-tuned polarization distribution at the bottom cross-section of the
anodot. From Ref. [16].

The identification of the vortex-like topological states was facilitated by using the unit vector field topological charges,
described in Section 2.3.

The obtained experimental results call for the extension of methodologies of the identification and 3D visualization
f polarization topological states in nanoparticles. Although the application of numerical indicators characterizing certain
eatures of the polarization vector field serves as a good tool for the initial recognition of the topological states, as we
lready discussed in Section 6, they do not necessarily capture all essential features. For instance, the calculation of the
on-zero vorticity winding number, N1 = deg f1, Eq. (3), does not necessarily recognize the presence of the singular vortex
nside the integration contour. A meron, see Fig. 2(d), and a helical flux of the vector field, see Fig. 5(d), may give the same
alue N1. The calculation of the toroidal and hypertoroidal moments allows for the identification of the swirling of the
olarization field but, at the same time, it does not recognize the chiral states, in particular, those related to the formation
f Hopfions. Furthermore, the topological charge N3 of the homotopy group S3 → S2 in real vector space, given by Eq. (8),

does not necessarily detect the ferroelectric Hopfion. In this respect, the described helicity parameter H defined by Eq. (27)
is more useful. However, the calculation of H requires knowledge of the vector potential A of the polarization field, which
is related to the polarization via P = ∇ ×A. This requires a complex numerical procedure. Finally, it should be noted that
characteristics such as the toroidal and hypertoroidal moments, as well as helicity, provide integral characteristics of a
nanoparticle but do not allow for a detailed analysis of the local polarization configurations within nanoparticles.

For identifying internal topological formations, it would be useful to visualize the polarization field, reconstructed from
experimental data, using streamlines. As we discussed in this Review, this is a powerful tool for representing polarization
fields in ferroelectrics. It may happen, however, that the structure of nanoparticles is not ideal. For example, nanoparticles
may contain internal localized charges, or free semiconducting charges, or be in contact with the external charged or
conducting nanospecies. Although these effects would perturb the polarization field distribution, as we discussed in
Section 5.3.1, small perturbations can be addressed by applying the Helmholtz–Hodge decomposition, as described in
Section 2.1.3, to the polarization field, separating it into divergence-free and curl-free components. Topological analysis
hould be performed on the divergence-free component, while the curl-free component can be used to identify the
ocations of internal charges. Additionally, regions where the polarization leaks from the nanoparticle may indicate the
resence of external electrodes or charges.
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7.2.3. Nanodots
The precise control over the positions of nanodots and the distances between them allows to use the efficient

dvanced microscopy-based characterization techniques for the study of the polarization distribution hosted by nanodots.
 significant advancement in the study of topological polarization states in high-density arrays of BiFeO3 ferroelectric
anodots, with lateral sizes around 60 nm, has been achieved using the advanced technique of vector piezoresponse force
icroscopy (PFM) imaging [35,36], see Fig. 14(e), left part. The processing of the PFM images enabled the discovery of for-

mation of different types of polarization arrangements, including center-convergent, center-divergent, and double-center
domains, as illustrated in the right part of Fig. 14(e).

Unfortunately, the existing PFM images treatment makes visible only the averaged near-surface distribution of the
polarization. To reconstruct the full three-dimensional polarization distribution within the nanodots, the more detailed
analysis is necessary. To develop such an analysis it is useful to compare the existing experimental material with
the phase-field simulations, which were performed in disk-shaped nanodots of PbTiO3 deposited on a conducting
substrate [16]. Chiral bubbles were shown to emerge under appropriate compressive misfit strain, um ≃ −0.002, with
a nanodot diameter of 40 nm and a thickness of 20 nm. The left part of Fig. 14(f) presents the top- and vertical cut views
of the polarization distribution. These structures were termed ‘‘skyrmions’’ based on their polarization distribution at the
bottom horizontal cross-sections. However, they actually represent the 3D structure of a half-Hopfion, which transforms
into a complete chiral Hopfion due to the mirror boundary condition at the conducting substrate plane. Notably, a broader
range of possible topological states, driven by the electric field, was discovered in this system, exhibiting textures similar
to those observed experimentally in [35,36].

7.3. Nanorods and nanowires

Nanorods and nanowires, long cylindrical nanoparticles with cross-sections on the order of tens of nanometers,
epresent another family of nanostructured ferroelectrics [235]. Synthesized already in the 90’s [236], they remain
nderexplored compared to other nanostructured ferroelectrics, especially regarding polarization distribution. Theoretical
onsiderations indicate that there are two possible principal directions of polarization promoted by the axial symmetry
of the nanorods, namely, either along or perpendicular to their axis. Similarly to magnetism, we refer to the first case as
an easy-axis symmetry and to the second one as an easy-plane symmetry. The realization of either possibility depends
on the polarization anisotropic energy induced by the surface tension [231,237] or external uniaxial tension [40].

Fig. 15(a) illustrates the diverse polarization states that emerge in ferroelectric nanorods under varying applied
ensions. The tensile tension along the nanotube axis induces an easy-axis anisotropy causing the polarization to elongate
niformly along the entire length of the nanorod, resulting in a uniform c-phase. In contrast, compressive tension orients
he polarization perpendicular to the nanotube axis. However, this orientation leads to polarization impinging on the
anorod walls, generating energetically costly bound charges and the associated depolarization fields. To avoid the
ormation of the bound charges, polarization may swirl into a vortex, coaxial with the nanorod axis [38], forming the
ortex v-phase. Both phases, c and v, are achiral. However, at certain tensions, the intermediate state between the c- and
-phases in which the polarization is inclined with respect to the nanorod axis is also possible. Similar to the vortex case,
o avoid the emergence of bound charges at the boundary, the polarization rotates around the nanotube axis, forming the
elical chiral h-phase [40].
In theoretical considerations, the nanotube is assumed to be infinitely long, leading to a polarization distribution

hat typically appears either uniform or periodic along its length. This scenario can be described using the concept of
dentifying and matching certain cylindrical cross-sections of the nanotube where the polarization distribution is identical,
as illustrated in Fig. 15(b). The resulting configuration is equivalent to a solid torus, as depicted in Fig. 15(c). Such mapping
is useful for applying the topological formalism described in this Review. Since the full toroidal space is bounded, the
onfined space topological hydrodynamics is fully applicable. Indeed, in accordance with Arnold theorem, the streamlines
f the uniform c-phase are now winding around cylinders, coaxial to the solid torus axis, whereas the streamlines of the
-phase and h-phase realize the tori winding around the toroidal body of the mapped nanorod.
Importantly, unlike the simply connected space of nanoparticles, the solid torus is a doubly connected manifold which

means that not every closed contour inside the solid torus, for instance, the circles surrounding the solid torus hole, can
be continuously contracted to a point. On such types of manifolds, the Helmholtz–Hopf decomposition, see Section 2.1.3,
llows for the existence of a special class of harmonic vector fields that are simultaneously divergence-free and curl-free.
n example of such a field is the toroidal distribution of polarization, see the top panel of Fig. 15(c), in which P ∼ r−1eϑ .

Here, eϑ is the unit vector that loops around the central axis of the solid torus, and r is the distance from this axis.
Furthermore, multiply connected manifolds extend the applicability of Arnold theorem beyond the simply connected

nanoparticles and suggest the emergence of more complex topological states. A very interesting configuration was
discovered already in the first simulation of the polarization in rectangular nanorods of PbZr0.5Ti0.5O3 [37]. This state
resents the system of coupled vortices elongated along the axis z of the nanorod with the square cross-section x-y, as

shown in Fig. 15(d). The edges of the vortices on the x-plane go through the centers of the vortices in the y-plane; two
sets of vortices are therefore interconnected like links in a chain. The topological mapping of this structure onto a solid
orus with a square cross-section reveals the intricate interweaving of four helical streams, which pierce the solid torus
n both the radial and axial directions, see Fig. 15(e).
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Fig. 15. Ferroelectric nanorods. (a) Simulated strain-driven topological states in a cylindrical nanorod of PbTiO3 . The right panel shows the uniform
-phase, vortex v-phase, and helical h-phase. The total view of a nanorod hosting h-phase is shown on the left. From Ref. [40]. (b) Matching

the equivalent cylindrical cross-sections of a nanotube for topological identification of the emerging phases. (c) Polarization states in the full
oroidal manifolds, topologically equivalent to emerging polarization phases in infinite nanotubes. (d) Simulation of local dipoles distribution in
a rectangular nanorod of PbZr0.5Ti0.5O3 . From Ref. [37]. (e) Mapping the polarization states shown in the previous panel (d) onto a full toroidal
anifold. (f) Simulation of a multi-vortex structure in BaTiO3 nanowires. The color map visualizes domains with different vortex configurations.
he right panel shows the horizontal polarization distribution, featuring two vortices at the top face of the nanowire. From Ref. [233]. (g) Simulated

helical polarization vortex in nanowires composed of alternating BaTiO3 and BaZr0.05Ti0.95O3 cylinders. From Ref. [234]. (h) The terminal part of a
bTiO3 nanorod demonstrating the domain segregation of the c-phase due to depolarization effects is shown on the right. From Ref. [41].

Other complex topological structures that can appear in ferroelectric nanorods have been discussed. In works [15,238],
hiral skyrmion-like tubes were revealed in nanocomposites composed of periodic square arrays of BaTiO3 nanowires
mbedded within matrices of Ba0.15Sr0.85TiO3 solid solution. It was demonstrated that BaTiO3 nanowires can host multiple
oupled vortices [233], see Fig. 15(f). This finding confirmed earlier predictions of multi-vortex states in nanorods with
asy-plane anisotropy [38]. Textures where the core of the h-phase helically rotates around the nanorod axis were discov-
red in nanorods composed of alternating BaTiO3 and BaZr0.05Ti0.95O3 cylinders [234], see Fig. 15(g). Another interesting

and still underexplored aspect is the structure of chiral domain walls that can arise when helical polarization segments
with opposite helicities meet in nanorods, as suggested in magnetic nanotubes [239]. The complete understanding of
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Fig. 16. Ferroelectric heterostructures. (a) The side view of the polarization domains (blue arrows) and depolarization fields (red arrows) in
ferroelectric layers in a ferroelectric/dielectric superlattice in weak-coupling and in strong-coupling regimes. The smooth distribution of the
spontaneous polarization is demonstrated by varying the color intensity. From Ref. [9,219]. (b) First-principle simulations of polarization stripe vortices
in strained films of PbZr0.5Ti0.5O3 . From Ref. [10]. (c) First-principle simulations of polarization bubbles in strained films of PbZr0.5Ti0.5O3 . From
ef. [10]. (d) The periodic unit cell of the vortex or bubble array and the procedure of adjusting the opposite edges together to make a toroidal shell.

(e) Toroidal shell, with the finite-thickness surface, T , topologically equivalent to the periodic unit cell in the ferroelectric layer. A bubble preserves
its Hopfion structure, and a vortex assumes a toroidal winding around a toroidal shell. (f) Experimentally observed vortices in a SrTiO3/PbTiO3
(STO/PTO) superlattice (left) and their phase-field simulation (right). From Ref. [13]. (g) Observation of the ordered structure of polarization bubbles
n a STO/PTO superlattice. From Ref. [17]. (h) Simulated bubble array in a STO/PTO superlattice revealing the tori winding polarization structure. The
lack arrows indicate the polarization direction in the core of the bubble and outside the bubble. From Ref. [18].

the topology of these structures needs further analysis using the mapping on the full toroidal manifold reflecting the
connectivity of topological states in the system.

Note, finally, that chiral states can arise at the ends of nanorods hosting the uniform c-phase. The emergence of
he depolarization fields at the terminal points at the tops and bottoms of the nanorods leads to the swirling of the
olarization at the terminal regions and to the formation of the chiral domains, shown in Fig. 15(h) [41]. The effect of

the emergence of specific terminal chiral polarization domains, referred to as flexons, can also be associated with the
intervening flexoelectric effect [39].

7.4. Heterostructures

7.4.1. From domains to vortex matter
Over the past two decades, research on ferroelectric systems has primarily concentrated on ferroelectric thin films

nd ferroelectric/dielectric superlattices, both of which are commonly referred to as heterostructures. The discovery
of the polarization domains in ferroelectric heterostructures [8,9,140,219], see Fig. 16(a), remarkably confirmed the
pplicability of the seminal concept of the Landau–Kittel domain formation [5,139] to ferroelectrics [8,140], resulting
rom the minimization of the depolarization energy. Atomistic simulations demonstrated that domains in ferroelectrics
ave the structure of either alternatively rotating vortex stripes, directed along the ferroelectric layers, see Fig. 16(b), or

polarization bubbles, Fig. 16(c). The existence of topological states in ferroelectric heterostructures in the form of periodic
vortex arrays and periodically arranged polarization bubbles was experimentally confirmed a decade later and has become
a central focus in the research of ferroelectric nanostructures. A comprehensive list of reviews on this exciting topic is
given in the Introduction, Section 1.

Here we explore the key topological characteristics of vortex matter in ferroelectric heterostructures, focusing on the
pecific topological properties of the manifolds associated with these structures and highlighting the unique features
elevant to each particular type of topological state. The methods of topological hydrodynamics are used for the
escription. Notably, the close hydrodynamic analogy of the observed polarization patterns is a self-organizing nonlinear
onvection pattern emerging in a liquid heated from the bottom, known as Bénard cells [240]. Each cell is a ‘‘vortex-like’’
ormation with rotating convection: the convection fluxes go up at cells’ bothers and fall through to the bottom at the
ell centers. Similar to ferroelectric vortices, the cells may be arranged in stripes, bubbles, or disordered labyrinths.
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7.4.2. Topological manifolds of heterostructures
We characterize now the topological features of the coordinate space manifolds, corresponding to ferroelectric het-

erostructures. We start with ferroelectric films, by noting that they differ from nanoparticles by the type of confinement.
While particles are confined in all three spatial directions, films are confined in the dimension perpendicular to the film
and extend to infinity in two others. This change in confinement dimensionality extends the original assumption of the
bounding of the system space which we apply to nanoparticles.

To realize this extension, note that most of the observed topological states form periodic structures, allowing us to
adjust the boundaries of the periodically repeating rectangular unit cell, see Fig. 16(d). This maps the system onto a
toroidal shell, T , having a structure of torus with the finite-thickness surface corresponding to the thickness of the film,
see Fig. 16(e). In other words, the system becomes topologically equivalent to a bounded nanoparticle shaped like a
toroidal shell, where topological states can have two orientations: longitudinal and transversal. The axis of these states
either loops around the hole of the torus, corresponding to stripe vortex domains, or pierces through the toroidal shell,
corresponding to vortex bubbles, as illustrated in Fig. 16(e). In both scenarios, these states are structured as nested toroidal
urfaces, around which polarization lines wind, representing unique toroidal or cylindrical winding topological states.
Turning now to ferroelectric/dielectric superlattices, we note that in these structures, the polarization field of the

periodic ferroelectric domains may slightly extend into the adjacent dielectric layers. This phenomenon appears as the
ringing of the polar vortices beyond the boundaries of the ferroelectric layer. Such spreading of the polarization field
educes the gradient energy of confined vortices, shifting the polarization surface singularities to the points where the
nterfaces of two oppositely winding vortices meet the ferroelectric surface. However, the additional polarization of the
ielectric space costs substantial energy. Accordingly, the value of the emerging flux is small and does not exceed 8%–10%
f the total flux confined inside the ferroelectric layer. Nevertheless, the interaction between polarization fluxes emerging
rom adjacent ferroelectric layers separated by a dielectric layer can lead to the coupling of domain polarization structures
ithin these layers. The strength of this coupling is determined by the degree of the flux overlap.
Two different regimes of coupling of the domain structures are depicted in Fig. 16(a), [219]. In a weak coupling regime,

ealized typically in cases where the characteristic period of the domain structure is smaller than the thickness of the
dielectric layer, each ferroelectric layer can be considered as a practically independent ferroelectric film. In the opposite
limit of the strong coupling, the emerging polarization structures in adjusting ferroelectric layers interact more noticeably
with each other. This regime is realized when the thickness of the ferroelectric/dielectric layers becomes comparable to
or smaller than the period of the polarization domain structure. In such a strong coupling regime, the polarization fluxes
of domains not only escape from the original ferroelectric layer but also enter the next ferroelectric layer, propagating
from one layer to another. Furthermore, the coherent polarization periodicity in the third, out-of-plane direction, may
appear, and when the coupling becomes dominating, the system may recover the uniform polarization distribution. These
structures predicted in [219] where then simulated in [241,242].

The established periodicity in all three directions is described by the 3D elementary cell with periodic boundary
onditions. Topologically it corresponds to the 3D toroidal manifold, T3, obtained by the adjustment of the opposite faces
f this cell, see Section 2.1.2. This manifold serves as an effective manifold for analyzing the emergent topological states

in strongly coupled ferroelectric superlattices.

7.4.3. Vortex arrays
The polarization stripe domains in ferroelectric heterostructures have the structure of arrays of periodically arranged

ortices with alternating clockwise (CW) and counterclockwise (CCW) polarization rotations, with each pair of vortices
orming one unit cell. They can have either a singular structure of their cores, as was originally observed in [13], see
Fig. 16(f), or have the polarization component tangential to the core, allowing to avoid the singularity and providing the
ortex with the helical chiral structure. Experiments show that the direction of this tangential component in the core can
ither alternatively vary from vortex to vortex [227] or maintain the same direction for all vortices [175]. Accordingly, after

topological mapping of the two-vortex unit cell onto the toroidal shall manifold of the system, T , the CC and CCW rotating
ortex pairs enclose into two longitudinal tori with central axes forming concentric circles, each with oppositely oriented
oloidal polarization winding around these central axes. One of these tori is shown in Fig. 16(e). The necessarily pairwise
mergence of the polarization-winding tori inside the toroidal shell is the direct consequence of the multi-connectivity

of the coordinate space of the system, ensuring the continuity of the vector field through the whole multiply connected
manifold.

7.4.4. Skyrmion bubbles
A periodic system of cylindrical polarization bubbles was first experimentally observed in [17,18], see Fig. 16(g), and

Fig. 16(h) for corresponding simulations. As shown in Fig. 16(h), the polarization within the central core part of the
bubble domains is oriented in the upward out-of-plane direction, while the polarization between the bubbles is directed
downward. Inside the bubbles, the simulated polarization streamlines wind around nested tori. This indicates that the
polarization bubble possesses the structure of a complete Hopfion, as described in Section 4.2.1. Notably, in the horizontal
ross-sections of a bubble, the polarization makes a 180 ◦ U-turn when going from its axis to the periphery similar to
what happens in 2D skyrmions. Accordingly, these bubbles were called ‘‘skyrmions’’ or ‘‘skyrmion bubbles’’.
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All skyrmion bubbles in such a configuration are identical implying that an elementary cell of the periodic lattice of
the bubbles contains only one item per unit cell. This corresponds to a single transversal Hopfion in the toroidal shell
after mapping the unit cell to T , see Fig. 16(e). However, the state formed by such a configuration may not be the most
table state because the surface bound charges produced by the downcoming polarization flux, located in the inter-bubble
pace, substantially exceeds the surface bound charges produced by the oppositely oriented polarization flux, located in
he bubble cores, see Fig. 16(h). This results in the uncompensated depolarization fields in the ferroelectric layer, hence
n the large depolarization energy.

The reduction of depolarization energy, resulting from an excess of surface bound charges in the inter-bubble space,
ay be achieved by densifying the bubble array. This densifying can be, in turn, accomplished by packing bubbles with
lternating CW and CCW vorticity. Notably, in this case, the polarization vector does not realize a full U-turn when
ransitioning from one Hopfion to another, resulting in their incompleteness. This imposes certain conditions on matching
he polarization vector fields created by the neighboring bubbles. In this case, the 2D projection of the polarization field
or the entire system resembles the texture of a periodic array of merons, referred to as meron bubbles in experimental
orks [23–25].

7.4.5. Meron bubbles
Fig. 17(a) displays the 4D STEM observation of a periodic array of meron bubbles appearing in a strain-free STO/PTO

uperlattice, obtained in experiments conducted at temperature T = 298 K [25]. The enlarged image of the in-plane
mapping of the polarization field is shown in Fig. 17(b). The reconstructed distribution of the polarization vector field, as
hown in Fig. 17(c), identifies the observed structure as an array of the bubbles with alternative CW and CCW rotations
and upcoming flux at the cores of the bubbles. Notably, this flux is compensated by the downward flux at the interstitial
sites of the bubble lattice, where the polarization of the in-plane component exhibits an antivortex structure.

It is important that the vector field configuration in Fig. 17(c) presents the 2D projection of the STEM image on the
orizontal plane of the ferroelectric layer. The reconstruction of the 3D structure of the polarization vector field, achieved
hrough the phase-field simulation, reveals a significantly more complex structure. As shown in Fig. 17(d), the streamlines
f the reconstructed polarization have the Hopfion structure characterized by their toroidal winding. In such a structure,
he polarization streamlines are localized within a single Hopfion and do not jump to its neighbors, as shown in Fig. 17(e).
Fig. 17(f) demonstrates the image of the vector field resulting from the averaging of the reconstructed 3D vector over the
ilm thickness. It assumes the structure of an array composed of CW and CCW merons with upward polarization at the
ores, closely resembling the experimental observation shown in panels (a)–(c) of Fig. 17.
Fig. 17(g) displays another arrangement of CCW and CW skyrmion bubbles, possible but not yet observed experi-

entally. This configuration differs from the previous ones by the polarity of the bubble cores. The upward polarization
lux in CCW bubbles spreads over to adjacent CW bubbles, merging into downward polarization fluxes in their cores.
hen, this flux completes a circuit by reconnecting to the upward flux at the bottom of the bubble. Meanwhile, the
nterstitial sites of the bubble lattice remain flux-neutral. Such sharing of polarization flux between the bubbles links
hem into a coherent collective array through the interconnected polarization field lines, as shown in Fig. 17(h). Notably,
he interlinked polarization bubbles shown in Fig. 17(g) cannot be described as a single Hopfion located within a simply
connected coordinate topological manifold. Similar to the chain-linked topological states in nanorods, shown in Fig. 15(d),
here is a need to extend Arnold theorem to accommodate the polarization topological states within the multi-connected
manifold of toroidal shell, shown in Fig. 16(e). From an experimental perspective, identifying the interlinked meron
bubbles can be achieved using the image of the vector field averaged over the film thickness, as shown in Fig. 17(i).
his is particularly relevant for the 3D reconstruction of polarization fields from STEM or PFM data.

7.4.6. Labyrinths
Fig. 17(g) presents an experimental STEM image of the polarization bubble array obtained in the same system as

he system shown in Fig. 17(a), but at temperature T = 373 K [25]. Here, in addition to the regular bubble structure,
xemplified by the yellow square, one observes also the disordered pattern of the bubbles, exemplified by the blue square
nd referred to as a labyrinth structure. The similar disordered labyrinth-like texture of the polarization bubbles was

characterized in [22] as a self-patterned domain structure harboring concave and convex disclinations, saddle defects,
eron-antimeron pairs, bimerons, skyrmions, target skyrmions, and dislocations.
Yet the phase-field modeling of this structure, displayed in Fig. 17(k,l), shows that the polarization texture extended

o the 3D volume of the ferroelectric layer can be decomposed into an array of Hopfion cells. Furthermore, despite
he seemingly chaotic structure of the polarization vector field, the repartition of the system into the cells implies the
nonergodicity of the system, as described in Section 5.2. It is likely that structural transitions between different regular
polarization configurations, such as between regular vortex arrays and regular skyrmion/meron bubble arrays, occur
through such an intermediate labyrinth state. This transition happens via the rearrangement of topological cells and the
Hopfions within these cells.
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Fig. 17. Meron bubbles and labyrinths in ferroelectric heterostructures. (a) The experimental observation of a regular array of meron bubbles in
 strain-free STO/PTO superlattice. From Ref. [25]. (b) Enlarged in-plane polarization mapping of the yellow box region in panel a. From Ref. [25].
c) Schematic presentation of the distribution of the polarization vector field in the meron bubble array, shown in panels a and b. Dots within
circles represent polarization fluxes pointing out of the page, while crosses within circles indicate fluxes pointing into the page. From Ref. [25].
d) Cross-cut view of the phase-field reconstruction of polarization structure in a periodic cell of the dense array of the polarization bubbles with
he same core polarity, demonstrating the torus-winding of the polarization streamlines. The black arrows show the direction of the polarization
ector field. The color corresponds to the value of the Pz component. (e) Families of streamlines, depicted in red and green, wind around nested tori
ets that are localized within one of the bubbles in the meron bubble array, as shown in panel d. (f) The thickness-averaged vector field shown in
anel d demonstrates similarity to the experimental observations presented in panel c. (g) Cross-sectional view of the polarization structure in the
eriodic cell of a dense array of bubbles with alternating core polarities, demonstrating the coupling of bubbles through the overflow of polarization
treamlines. (h) Exemplary red and green streamlines migrating from one bubble to another in the bubble array, shown in panel g. (i) Thickness
verage of the shown in the panel g vector field. (j) The labyrinth-like disordered array of polarization bubbles (blue square) and regular array of
kyrmion bubbles (yellow square), observed in a strain-free STO/PTO superlattice. From Ref. [25]. (k) Corner-cut view of the same system demonstrates
hat the actual polarization texture consists of an array of tori-winding cells, with exemplary Hopfions highlighted in green. (l) Thickness average of
the vector field shown in panel k demonstrates a similarity to the experimental observation presented in panel j.

7.5. Bulk

As discussed in the previous sections, the confinement of ferroelectric materials is a crucial factor for the formation
f polarization topological states. Topological states can also emerge in bulk systems under specific conditions where the
ystem imposes certain geometrical constraints or non-uniformities. In this Section, we explore such examples of bulk
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systems in which the interplay between geometry, internal structuring of the material, and depolarization effects leads
o intricate topological phenomena.

Nanocomposite ferroelectrics, in which ferroelectric nanoparticles are embedded within a matrix of other materials, are
of significant interest for various applications due to their unique properties. The influence of nanoparticle confinement on
the emergence of topological polarization states is strongly affected by the nanoparticles packing density, as illustrated
in Fig. 18(a). As a representative example, we consider inclusions of spherical nanoparticles of PbZr0.4Ti0.4O3, of radius

= 25 nm, embedded into a matrix of dielectric material with ε ≃10. In this configuration, the polarization field confined
ithin each nanoparticle can transfer between adjacent nanoparticles through ‘‘hot spots’’ at their junctions, forming chiral
elical streams. The topological states within these nanoparticles resemble those observed in isolated nanoparticles with
xternal electrodes or external sources of charge, see Section 5.3.4.
Phase-field simulations of such structures [21] reveal that topological states hosted by the network of connected

spherical nanoparticles are highly sensitive to the degree of densification. The left panel of Fig. 18(b) illustrates the
configuration of streamlines in adjacent nanoparticles under moderate densification conditions. In this scenario, only a
portion of the helical polarization streamlines passes through the interfacial apertures. The resulting helical vortex either
ierces or surrounds a localized Hopfion. Therefore, within each nanoparticle, the polarization texture splits into two
istinct chiral topological states: a localized Hopfion, which does not contribute to flux transfer between nanoparticles,

and a flux-transferring helical vortex that traverses the nanoparticle and connects with other nanoparticles via the hot
spots. In contrast, when nanoparticles are densely packed, all polarization field lines form helices that flow through the
contact areas between nanoparticles, as depicted in the right panel of Fig. 18(b).

A similar configuration of inter-communication between nanoparticles by virtue of the helically screwed streamlines
as studied in [243], see Fig. 18(c). The remarkable feature of such systems is that depending on the strength of

electrostatic interaction between nanoparticles, the topological states emerging in individual nanoparticles get combined
into the complex global topological network of the polarization streamlines. Furthermore, these states can be switched by
external fields either on the individual or on the collective level, offering a platform for the perspective of optoelectronic
and computing devices.

An interesting situation arises in the bulk of disordered ferroelectric materials where the structural or compositional
disorder is coupled with the polar degrees of freedom. Then, in order to avoid the formation of depolarization charges,
the non-uniform polarization field swirls into the bubble configurations, either vortices or Hopfions. Such self-confined
bubble-like features with multiple polar topologies were recently observed in bulk Bi0.5Na0.5TiO3 relaxor-ferroelectric,
aving chemically-driven disorder morphology [19], see Fig. 18(d). Fig. 18(e) presents the simulation of polarization
istribution in PbZr0.6Ti0.4O3 ferroelectrics, in which the spatially non-uniform Gaussian distribution of critical temper-
ture mimics the structural disorder, and shows the highly entangled structure of the streamlines which tangle into

toroidal knots, forming the Hopfion tori winding streamlines configurations. Understanding the topology of disordered
ferroelectrics as a composition of the Hopfion topological states is important not only because it holds high potential for
applications but since it posits a deep fundamental appeal. This concept offers ways of targeted manipulation of space-
disordered chirality by operating individual Hopfions, thus enabling the groundbreaking technology of neuromorphic
nano-optoelectronics. On the other hand, it sheds light on the seminal problem of the physics of ferroelectric relaxors.

Topological consideration of the highly branched polarization fluxes in bulk ferroelectrics has been recently employed
in the uniaxial ferroelectric lead germanate, Pb5Ge3O11 (PGO), to explain the puzzling phenomenon of experimentally
observed head-to-head and tail-to-tail meetings of oppositely oriented polarization domains [80]. Such a configuration is
well known to lead to uncompensated bound charges at the domain wall surface, resulting in the emergence of strong
depolarization fields that can destroy ferroelectricity [8,222]. However, comparing the polarization structures of meeting
ppositely oriented domains with the encounter of fluid streams, where instead of colliding they bifurcate and freely

separate, provides a simple and intuitively clear solution to this paradox using the approach of topological hydrodynamics.
n this configuration, as shown in Fig. 18(f), the polarization vector field remains divergence-free, and bound charges do
not emerge. Importantly, the V-point of domain bifurcation corresponds to the singular saddle point of the polarization
vector field, P(r), described in Section 2.2.2. The topological stability of this point secures the topological stability of
he entire system involving intersecting fluxes. The presence of this singular saddle point at the interface between
encountering domains has been confirmed [80] both by the numerical simulation of the domain wall, see Fig. 18(g),
and experimentally, Fig. 18(h).

To conclude here, the topological methods covering the intricate interplay between geometry, internal structuring, and
dynamics play an exclusively important role in exploiting the unique properties of confined and bulk ferroelectrics.

8. Conclusion

Thanks to recent theoretical predictions and experimental discoveries of novel exotic polarization nanostructures in
erroelectrics, the investigation of ferroelectrics has become a fast-growing direction of physics. The interest is motivated
ot only by an intellectual appeal of the involved fundamental problems but also by the high potential that this field
olds for key modern technologies, especially nanoelectronics. At the same time, the fast development of the field may
esult in the natural flip side of the coin, which is the use of different approaches to the same physical phenomena that
ometimes may demonstrate seeming contradictions because of utilizing different terms. For instance, the interpretation
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Fig. 18. Polarization structures in composites and disordered bulk ferroelectrics. (a) Dilute composite of isolated nanoparticles in a capacitor and
sintered composite of contacting nanoparticles. (b) (Left part) Field lines’ flow between moderately densified nanoparticles of PbZr0.6Ti0.4O3 with radius
R = 25 nm, contacted along the [111] direction. The densification degree is characterized by the thickness of the connecting neck 2h = 0.4 nm. The
elocalized helical lines flowing between the particles are embraced by the localized lines forming the toroidal Hopfion-like states. (Right part) In a
omposite of strongly densified nanoparticles of the same size and material but with the thickness of the connecting neck 2h = 2 nm, all the field
ines form delocalized helices flowing across the entire composite. From Ref. [21]. (c) Polarization distribution in ferroelectric nanostructures formed in
he face-centered cubic nanoporous SrTiO3 . From Ref. [243]. (d) Atomically resolved contrast-inverted STEM ABF image of bulk Bi0.5Na0.5TiO3 sample
ith ferroelectric bubbles. The δTi−O displacement vector maps overlaid on their corresponding polarization intensity; the displacement vectors are

ndicated as colored arrows according to their rotation angles, and the polarization intensity is indicated by bright–dark contrast. From Ref. [19].
e) Simulation of the polarization distribution in PbZr0.6Ti0.4O3 ferroelectrics where the space non-uniform Gaussian distribution of critical temperature
imics structural disorder. (f) Visualization of the complex network of polarization lines formed by the counter-flowing polarization fluxes in uniaxial

ferroelectric crystal Pb5Ge3O11 (PGO), corresponding to the ‘‘up’’ and ‘‘down’’ polarization domains, encountering and diverging at the singular saddle
point V. (h) The simulated domain wall between the ‘‘up’’ and ‘‘down’’ polarization domains in PGO. (g) 3D domain wall reconstruction obtained
from PFM tomography in PGO. The color scale represents the height along the crystal axis. Panels (f)–(g) are adopted from Ref. [80].

of the observed polarization states may be based on the surface-imaging experiments, in which the effects of the 3D
onfinement are difficult to realize because of insufficient development of analytical topological methods.
Our Review addresses this issue and proposes a general topological approach to the physics of ferroelectrics. Based

n the in-depth review of the state-of-the-art experimental and modeling results and building on their synergy with a
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pioneering mathematical discipline, topological hydrodynamics, we reveal that the emerging structures in ferroelectrics
are the embodiments and manifestations of the fundamental topological hydrodynamics formations, like vortices and
opfions. The discovered principles pave the way for further developing a quantitative description of ferroelectrics

by exploring the crossroads of advanced mathematical branches such as Lie groups, knot theory, stability theory,
theory of volume-preserving diffeomorphisms, systems integrability, geometric inequalities, and symplectic geometry.
The topological hydrodynamic approach enables a profound understanding of the functional properties of ferroelectrics,
especially, those related to the dynamics and plasticity of polarization fluxes that are of prime importance for emergent
applications, including neuromorphic and multilevel-logics computing and ultrafast terahertz communications.
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