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Versal deformations of intersections of invariant
submanifolds of dynamical systems

B.A. Khesin

On the boundary of the space of Morse-Smale systems there are systems with non-transversal
intersection of the incoming and outgoing invariant manifolds. In this note we study the structure of
bifurcation diagrams in the space of* systems in a neighbourhood of a system with such a non-
transversal intersection. It is shown that this diagram contains as fragments the standard bifurcation
sets of V-versal deformations of germs of maps from R” to R™.

The author expresses his acknowledgement to V.I. Arnol’d for posing this problem and useful
discussions.

Definition. By an embedded pair we mean a smooth multigerm (fy, f2): (Rk, 0; R’, 0) — (R", 0)
with derivatives of maximal rank, that is, rkdf, | ¢ = k, tkdf, | ¢ = 1 (here and in what follows,
k, | < n). Two embedded pairs are equivalent if there exist germs of diffeomorphisms

hy:(R¥, 0) > (R¥, 0), iyt (R, 0) ~ (R, 0), g: (R, 0) > (R™, 0), such that go (£}, f2) =

= (f1°hy, f2°h3). A deformation of an embedded pair (the multigerm of the map (R*, 0; R, 0) x
x (R¥, 0) — (R, 0) at a point of the direct product of the inverse image space with the parameter
space) is said to be versal if any deformation is equivalent to that induced from it.

We associate with an embedded pair the germ of the map @ : (RE, 0} — (R"=! ()in the
following way. Let ® be an arbitrary germ (R®, 0) - (R"-!, 0) for which zero is a regular value and
the inverse image of zero is the germ of a smooth surface f2(RI). The germ of ¢ is the restriction of
@ to the first surface of the pair: ¢ == @ |} fa(RRy* The construction of the germ ¢, corresponding

to the deformation of an embedded pair is similar.

We recall that two germs « and & : (RS, 0) — (R?, 0) are said to be V-equivalent if there exist
germs A : (RS, 0) — (R%, 0) and M : (R, 0) - GL(R?) such that @(x) = M(x)a(1(x)). A V-versal
deformation is defined correspondingly (see {1]).

Theorem. The following statements are equivalent:

a) the deformation of an embedded pair is versal,

b) there exists a system of coordinates in a neighbourhood of the origin of R™ that is smoothly
dependent on the parameter € and in which the image of (f1, fs)e is given by the equations

H(RE) = {z; =0,k + 1 < j < n},
R = {z; = 0,1 < j <<k — i1, (@papancin - » o Tn) = Uel@p a1mgs - + +» TR)}
for some i, where ug is @ V-versal deformation of the map uy : (R, 0)—> (R7-(k*D+i  ();

) the germ @ corresponding to the deformation of an embedded pair is a V-versal deformation of
the germ of ¢.

Proof. Let T'y, I'y be the tangent planes to fl(Rk), f2(R1) at the zero value of the parameter, and let
i = dim(I'y N I'3). Then the equivalence a) « b) is a consequence of the implicit function theorem,
which enables us to select directions xy, . . ., zp_; in T'y/(T'y N Tp) and p 41, « - -, Ty 45 in
/(T N T2) along which no bifurcation occurs, and the theorem that states that ¥, the class of the
germ §: R’ — R = R™/(I'; + I'y) (here T'| + Iy is the linear span of the vectors in T'y and I'p). is
defined by the equivalence class of the embedded pair of germs of i-dimensional submanifolds of the
direct product R* x R™: (horizontal plane, graph of g) (see [2]). The equivalence b) « ¢) follows
from the fact that 1k ¢ = k¥ —i and in the coordinate system b) the map @ has the form

Qelrrs « + oy Tp) = (X1, - - -+ Thogs Ne(Thj 41, .+ - -, X)), that is, the versality of @¢ is equivalent
to that of u,.

Corollary 1 (see [3]). The normal form of a simple tangency (a non-degenerate tangency by a surface
with the condition dim T'y+dim I'y > n, dim(I'y + 'y) = n— 1) is @ combination of this theorem and
the Morse lemma: in the canonical coordinates of part b), the function

uplz) = = Thoist . .. & 2k,
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Corollary 2. Suppose that a vector field on a manifold has a non-transversally intersecting pair of
invariant submanifolds, and that it has a finite-dimensional versal deformation. Then the bifurcation
diagram (BD) of this deformation (the set of values of the parameter corresponding to the fields that
are not Morse-Smale systems (see [4]) contains as a fragment the cylinder over the bifurcation
diagram of the V-versal deformation corresponding to a singularity of ¢.

By the bifurcation diagram of the deformation of a germ (RS, 0) — (R%, 0) we mean the set of
values of the parameter corresponding to the maps with critical value 0 (for s > ), or maps with non-
empty inverse image of the origin (for s < ¢).

In fact, intersecting invariant manifolds of a vector field have an entire intersection trajectory; the
restriction of manifolds to a transversal to this trajectory at any point reduces the problem on non-
transversal intersections of invariant surfaces to the description of the mutual disposition of their
traces as given by the theorem. The above definition of the diagram of the germ of ¢, corresponds
exactly to the definition of the diagram of the deformation of an embedded pair as the sets of values
of the parameter corresponding to the non-transverse intersections of the surfaces of the pair.

Examples. First we consider germs ¢ : (RS, 0) = (R?, 0) subject to the condition s > ¢. In this case,
the V-simple germs are described by the real variant of the Giusti list (see [1]). For the case of one,
two, and three parameters, one encounters only singularities of functions of types 44, 4, A3 and
their trivial extensions. (The germ ¢ with singularity 4 u can be represented in some coordinate
system in the form

@x) = (z1, . . -, T4q, x;"‘”, iy ... E 2d))
The singularity 4 corresponds to a simple tangency (see Corollary 1), the diagrams for Ay and A3 are
a semicubical parabola and a swallow-tail (and cylinders over them). Starting with four parameters,
apart from the singularity A4 singularities of the functions D,i occur for s > ¢ (the series
. — - 2 2
Dy:9@ = (r1, - .. zpo, 7V & malir 2 2bie = .0+ 2Y),

while for s = ¢ there are singularities of maps of type I %2 (having normal form

2 2
Q) =210 -« oy Tyogy Tyg, Ty, T;_ g = 2Y))
The traces of the BD of the singularities [ é" o and 7 E 2on three-dimensional sections of general

position are depicted in Fig. 1a and 1b respectively. On passing through the deformable singularities,
the cross sections are diffeomorphic to.a “purse” and a “pyramid” (see [1]), and are then converted
into mirror images of the manifolds depicted in Fig. 1a and 1b.

Fig. 1

When there is tangency of surfaces of dimensions k and ! (k+! > n, here kK =5, [ = n—1t) there occur
singularities of the functions if dim(I'y N T3) = k+I-n+1 (here it is necessary that k+1!> n for
D). Singularities of type J occur for k+! = n and dim(T'y N T'p) = 2.

Now let s < ¢. In this case surfaces of dimensions s and n— ¢ are transversal only if they are non-
intersecting. It is easy to see that the BD (the values of the parameter for which the inverse image of
the origin for @ is non-empty) is a plane of codimension —s. In this plane there are the values of
the parameter for which the surfaces not only intersect but also touch one another and hence there
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exists a natural stratification in this plane (according to the. degree of tangency), which is the same as
for the case s = ¢ considered above.
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