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Abstra
t

We survey two problems illustrating geometri
-topologi
al and Hamiltonian meth-

ods in 
uid me
hani
s: energy relaxation of a magneti
 �eld and 
onservation laws

for ideal 
uid motion. More details and results, as well as a guide to the literature

on these topi
s 
an be found in [3℄.

1 Energy relaxation.

The �rst problem we are going to dis
uss is related to topologi
al obstru
tions to energy

relaxation of a magneti
 �eld in a perfe
tly 
ondu
ting medium. A motivation for this

problem is the following model of a star. The magneti
 �eld is supposed to be frozen in

the perfe
tly 
ondu
ting medium (plasma) �lling the star, i.e. the topology of the �eld's

traje
tories does not 
hange under the 
uid 
ow. On the other hand, the magneti
 energy


an and does 
hange, and the 
ondu
ting 
uid keeps moving (due to Maxwell's equations)

until the ex
ess of magneti
 energy over its possible minimum is fully dissipated (this

pro
ess is 
alled \energy relaxation"). It turns out that mutual linking of magneti
 lines

may prevent 
omplete dissipation of the magneti
 energy. The problem is to des
ribe the

energy lower bounds of the magneti
 �eld in terms of topologi
al 
hara
teristi
s of its

traje
tories.

More pre
isely, 
onsider a divergen
e-free (magneti
) ve
tor �eld � in a (simply 
on-

ne
ted) bounded domain M � R

3

tangent to the boundary �M . The energy of the �eld �

is the square of its L

2

-norm, i.e., the integral

E(�) =

Z

M

(�; �) d

3

x:

Let us a
t on the �eld � by a volume-preserving di�eomorphism h. Given divergen
e-free

�eld �, the main problem is to give a good lower bound for the energy inf

h

E(h

�
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Figure 1: C

1

; C

2

are axes of the tubes; Q

1

; Q

2

are the 
orresponding 
uxes.

push-forward �eld h

�

� in terms of topology of the �eld �. (Here we minimize the energy

over the a
tion of all volume-preserving di�eomorphisms h of M .)

1.A. Heli
ity bounds the energy. A topologi
al obstru
tion to the energy

relaxation 
an be seen in the example of a magneti
 �eld 
on�ned to two linked solitori.

Assume that the �eld vanishes outside those tubes and the �eld traje
tories are all 
losed

and oriented along the tube axes inside. To minimize the energy of a ve
tor �eld with


losed orbits by a
ting on the �eld by a volume-preserving di�eomorphism, one has to

shorten the length of most traje
tories. In turn, the shortening of the traje
tories implies

a fattening of the solitori (sin
e the a
ting di�eomorphisms are volume-preserving).

For a linked 
on�guration, as in Fig.1, the solitori prevent ea
h other from endless

fattening and therefore from further shrinking of the orbits. Therefore, heuristi
ally, in the

volume-preserving relaxation pro
ess the magneti
 energy of the �eld supported on a pair

of linked tubes is bounded from below and 
annot attain too small values.

To des
ribe the �rst obstru
tion to the energy minimization we need the following

notion.

De�nition 1.1 [8℄ The heli
ity of the �eld � in the domain M � R

3

is

H(�) =

Z

M

(�; 
url

�1

�) d

3

x;

where ( ; ) is the Eu
lidean inner produ
t, and A = 
url

�1

� is a divergen
e-free ve
tor

potential of the �eld �, i.e., r� A = �; divA = 0.

1.2 Example. Consider a magneti
 (that is, divergen
e-free) �eld � whi
h is identi
ally

zero ex
ept in two narrow linked 
ux tubes whose axes are 
losed 
urves C

1

and C

2

. The

magneti
 
uxes of the �eld in the tubes are Q

1

and Q

2

(Fig.1). Suppose further that there

is no net twist within ea
h tube or, more pre
isely, that the �eld traje
tories foliate ea
h of

the tubes into pairwise unlinked 
ir
les. One 
an show that the heli
ity invariant of su
h

a �eld is given by

H(�) = 2 lk(C

1

; C

2

) �Q

1

�Q

2

;
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where lk(C

1

; C

2

) is the linking number of C

1

and C

2

[8℄. Re
all, that the (Gauss) linking

number lk(C

1

; C

2

) of two oriented 
losed 
urves C

1

; C

2

in R

3

is the signed number of the

interse
tion points of one 
urve with an arbitrary (oriented) surfa
e spanning the other


urve.

Theorem 1.3 [2℄ For a divergen
e-free ve
tor �eld �,

E(�) � C � jH(�)j;

where C is a positive 
onstant dependent of the shape and size of the 
ompa
t domain M .

The proof is a 
omposition of the S
hwarz inequality and the Poin
ar�e inequality, ap-

plied to the potential ve
tor �eld A = 
url

�1

�.

1.4 Remark. One 
an give a metri
-free de�nition of heli
ity as follows. Let M be a

simply 
onne
ted manifold with a volume form �, and � a divergen
e-free ve
tor �eld on

M . The latter means that the Lie derivative of � along � vanishes: L

�

� = 0, or, whi
h is

the same, the substitution i

�

� =: !

�

of the �eld � to the volume form � is a 
losed 2-form:

d!

�

= 0. On a simply 
onne
ted manifold M the latter means that !

�

is exa
t: !

�

= d� for

some 1-form � (
alled a potential). (If M is not simply 
onne
ted, that we have to require

that the �eld � is null-homologous, i.e., that the 2-form !

�

is exa
t. If M has boundary,

we require that � is tangent to it.)

De�nition 1.5 [2℄ The heli
ity H(�) of a null-homologous �eld � on a three-dimensional

manifold M (possibly with boundary) equipped with a volume element � is the integral of

the wedge produ
t of the form !

�

:= i

�

� and its potential:

H(�) =

Z

M

d� ^ �; where d� = !

�

:

An immediate 
onsequen
e of this pure topologi
al (metri
-free) de�nition is the fol-

lowing

Theorem 1.6 [2℄ The heli
ity H(�) is preserved under the a
tion on � of a volume-

preserving di�eomorphism of M .

In this sense H(�) is a topologi
al invariant: it was de�ned without 
oordinates or a


hoi
e of metri
, and hen
e every volume-preserving di�eomorphism 
arries a �eld � into

a �eld with the same heli
ity.

1.B. What is heli
ity? V. Arnold proposed the following ergodi
 interpretation

of heli
ity in the general 
ase of any divergen
e-free �eld (when the traje
tories are not

ne
essarily 
losed or 
on�ned to invariant tori) as the average linking number of the �eld's

traje
tories. Let � be a divergen
e-free �eld on M and fg

t

: M ! Mg its phase 
ow. We

will asso
iate to ea
h pair of points in M a number that 
hara
terizes the \asymptoti


linking" of the traje
tories of the 
ow fg

t

g passing through these points. Given any
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Figure 2: The long segments of the traje
tories are 
losed by the \short paths."

two points x

1

; x

2

in M and two large numbers T

1

and T

2

, we 
onsider \long segments"

g

t

x

1

(0 � t � T

1

) and g

t

x

2

(0 � t � T

2

) of the traje
tories of � issuing from x

1

and x

2

.

Close these long pie
es by the shortest geodesi
s between g

T

k

x

k

and x

k

. We obtain two


losed 
urves, �

1

= �

T

1

(x

1

) and �

2

= �

T

2

(x

2

); see Fig.2. Assume that these 
urves do

not interse
t (whi
h is true for almost all pairs x

1

; x

2

and for almost all T

1

; T

2

). Then the

linking number lk

�

(x

1

; x

2

;T

1

; T

2

) := lk(�

1

;�

2

) of the 
urves �

1

and �

2

is well-de�ned.

De�nition 1.7 [2℄ The asymptoti
 linking number of the pair of traje
tories g

t

x

1

and g

t

x

2

(x

1

; x

2

2M) of the �eld � is de�ned as the limit

�

�

(x

1

; x

2

) = lim

T

1

;T

2

!1

lk

�

(x

1

; x

2

;T

1

; T

2

)

T

1

� T

2

;

where T

1

and T

2

are to vary so that �

1

and �

2

do not interse
t.

It turns out that this limit exists (as an element of the spa
e L

1

(M�M) of the Lebesgue-

integrable fun
tions on M �M) and is independent of the system of geodesi
s (i.e., of the

Riemannian metri
), see [12℄.

Theorem 1.8 [2℄ The heli
ity of a divergen
e-free ve
tor �eld � on a simply 
onne
ted

manifold M with a volume element � is equal to the average self-linking of traje
tories of

this �eld, i.e., to the asymptoti
 linking number �

�

(x

1

; x

2

) of traje
tory pairs integrated

over M �M :

H(�) =

Z

M

Z

M

�

�

(x

1

; x

2

) �

1

�

2

:

1.C. Energy estimates. As we have seen above, a nonzero heli
ity (or average

linking of the traje
tories) of a �eld � provides a lower bound for the energy. However,

heuristi
ally, there should be a lower bound for the energy for a �eld whi
h has at least

one linked pair of solitori as in the example above, even if the total heli
ity vanishes. One

of the the best results in this dire
tion is as follows.
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Theorem 1.9 [6℄ Suppose a ve
tor �eld � in R

3

has an invariant torus T forming an

nontrivial knot of type K. Then

E(�) �

�

16

� � Vol(T )

�

1=3

�Q

2

� (2 � genus(K)� 1);

where Q = Flux � is the 
ux of � through a 
rosse
tion of T , Vol(T ) is the volume of the

solid torus, and genus(K) is the genus of the knot K.

Re
all, that for any knot its genus is the minimal number of handles of a spanning

(oriented) surfa
e for this knot. For an unknot the genus is 0, sin
e one 
an take a disk as

a spanning surfa
e. For a nontrivial knot one has genus(K) � 1 and, therefore, the above

energy is bounded away from zero: E(�) > 0.

1.10 Remark.Note that there are no restri
tions on the behavior of the divergen
e-free

�eld inside this invariant torus, and hen
e this result has a wide range of appli
ability. In

parti
ular, it is suÆ
ient for the �eld to have at least one 
losed linked traje
tory of the

ellipti
 type. The latter means that its Poin
ar�e map has two eigenvalues of modulus 1.

Then the KAM theory implies that a generi
 ellipti
 orbit is 
on�ned to a set of nested

invariant tori. Hen
e any su
h orbit ensures that the energy of the 
orresponding �eld has

a non-zero lower bound. The question remains whether the presen
e of any nontrivially

linked 
losed traje
tory (of any type: hyperboli
, non-generi
, et
.) or the presen
e of


haoti
 behavior of traje
tories for a �eld 
ould provide a positive lower bound for the

energy (even if the averaged linking of all traje
tories totals zero) and therefore 
ould

prevent a relaxation of the �eld to arbitrarily small energies.

The rotation �eld in the three-dimensional ball is an example of an opposite type: all its

traje
tories are pairwise unlinked. It was suggested by A. Sakharov and Ya. Zeldovi
h, and

proved by M. Freedman (see [5℄), that this �eld 
an be transformed by a volume-preserving

di�eomorphism to a �eld whose energy is less than any given �.

2 Euler equations and geodesi
s.

2.A. Geodesi
s on Lie groups. In [1℄ V. Arnold suggested a general framework

for the Euler equations on an arbitrary group, whi
h we re
all below. In this framework

the Euler equation des
ribes a geodesi
 
ow with respe
t to a suitable one-sided invariant

Riemannian metri
 on the given group.

More pre
isely, 
onsider a (possibly in�nite-dimensional) Lie group G, whi
h 
an be

thought of as the 
on�guration spa
e of some physi
al system. (Examples from [1℄: SO(3)

for a rigid body or the group SDi�(M) of volume-preserving di�eomorphisms for an ideal


uid �lling a domain M .) The tangent spa
e at the identity of the Lie group G is the


orresponding Lie algebra g. Fix some (positive de�nite) quadrati
 form, the \energy," on

g. We 
onsider right translations of this quadrati
 form to the tangent spa
e at any point

of the group (the \translational symmetry" of the energy). This way the energy de�nes a

right-invariant Riemannian metri
 on the group G. The geodesi
 
ow on G with respe
t

5



e
G

g(t)

Figure 3: The ve
tor � in the Lie algebra g is the velo
ity at the identity e of a geodesi


g(t) on the Lie group G.

to this energy metri
 represents the extremals of the least a
tion prin
iple, i.e., the a
tual

motions of our physi
al system.

1

To des
ribe a geodesi
 on the Lie group with an initial velo
ity v(0) = �, we transport its

velo
ity ve
tor at any moment t to the identity of the group (by using the right translation).

This way we obtain the evolution law for v(t), given by a (non-linear) dynami
al system

dv=dt = F (v) on the Lie algebra g (Fig.3).

De�nition 2.1 The system on the Lie algebra g, des
ribing the evolution of the velo
ity

ve
tor along a geodesi
 in a right-invariant metri
 on the Lie group G, is 
alled the Euler

equation 
orresponding to this metri
 on G.

2.B. Example: 
uid motion. The main example is the Euler equation for

in
ompressible 
uid �lling some domain M in R

n

. The 
uid motion is des
ribed by a

velo
ity �eld v(t; x) and a pressure �eld p(t; x) whi
h satisfy the 
lassi
al Euler equation:

�

t

v + (v � r)v = �rp; (2.1)

where divv = 0 and the �eld v is tangent to the boundary of M .

The 
ow (t; x) ! g(t; x) des
ribing the motion of 
uid parti
les is de�ned by its velo
ity

�eld v(t; x):

�

t

g(t; x) = v(t; g(t; x)); g(0; x) = x:

The 
hain rule immediately gives �

2

tt

g(t; x) = �

t

v + (v � r)v, and hen
e the Euler equation

is equivalent to

�

2

tt

g(t; x) = �(rp)(t; g(t; x));

while the in
ompressibility 
ondition is det(�

x

g(t; x)) = 1. The latter form of the Euler

equation (for a smooth g(t; x)) exa
tly means that it des
ribes a geodesi
 on the set of

volume-preserving di�eomorphisms. Indeed, the a

eleration of the 
ow (�

2

tt

g), being given

by a gradient (�rp), is orthogonal to all divergen
e-free �elds, the tangent spa
e to this

set.

A similar equation des
ribes an ideal in
ompressible 
uid �lling an arbitrary manifold

M equipped with a volume form �. It turns out that the group-geodesi
 point of view,

1

For a rigid body one has to 
onsider left translations, but in our exposition we sti
k to the right-

invariant 
ase in view of its appli
ations to the groups of di�eomorphisms.
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developed in [1℄ is quite fruitful for topologi
al and qualitative understanding of the 
uid

motion, as well as for obtaining various quantitative results related to stability.

As an illustration we 
onsider here the question of �rst integrals of the Euler equation

on manifolds of di�erent dimension.

2.C. Conservation laws in ideal hydrodynami
s. The Euler equation

of an ideal 
uid (2.1) �lling a three-dimensional simply 
onne
ted manifold has the heli
ity

(or Hopf) invariant, dis
ussed in Se
tion 1.A. This invariant des
ribes the mutual linking

of the traje
tories of the vorti
ity �eld 
urlv, and has the form

J(v) = H(
url v) =

Z

R

3

(
url v; v) d

3

x

in the Eu
lidean spa
e R

3

.

For an ideal two-dimensional 
uid one has an in�nite number of 
onserved quantities.

For example, for the standard metri
 in R

2

one has the enstrophy invariants

J

k

(v) =

Z

R

2

(
url v)

k

d

2

x =

Z

R

2

(� )

k

d

2

x; for k = 1; 2; : : : ;

where 
url v =

�v

1

�x

2

�

�v

2

�x

1

is a vorti
ity fun
tion of a 2D 
ow.

It turns out that heli
ity-type integrals do exist for all odd-dimensional ideal 
uid


ows, and so do enstrophy-type integrals for all even-dimensional 
ows. (In a sense, the

situation here is similar to the di
hotomy of 
onta
t and symple
ti
 geometry in odd-

and even-dimensional spa
es.) Let M be a manifold equipped with a volume form � and

Riemannian metri
 (:; :), and we 
onsider the motion of an ideal 
uid �lling M . First,

de�ne the 1-form u as the pointwise inner produ
t with ve
tors of the velo
ity �eld v with

the help of the Riemannian metri
 on the manifold M :

u(�) = (v; �) for all � 2 T

x

M:

Theorem 2.2 ([11℄ for R

n

and [4℄ for anyM) The Euler equation of an ideal in
ompressible


uid on a Riemannian manifold M

n

(possibly with boundary) with a measure form � has

(i) the �rst integral

I(v) =

Z

M

u ^ (du)

m

in the 
ase of an arbitrary odd-dimensional manifold M (n = 2m+ 1); and

(ii) an in�nite number of fun
tionally independent �rst integrals

I

f

(v) =

Z

M

f

�

(du)

m

�

�

�

in the 
ase of an arbitrary even-dimensional manifold M (n = 2m), where the 1-form

u and the ve
tor �eld v are related by means of the metri
 on M , and f : R ! R is an

arbitrary fun
tion of one variable.
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The fra
tion (du)

m

=� for n = 2m is a ratio of two di�erential forms of the highest degree

n. Sin
e the volume form � vanishes nowhere, the ratio is a well-de�ned fun
tion on M

(whi
h may depend on time t). The integral of the fun
tion f evaluated at this ratio gives

a generalized momentum (i.e., a weighted volume between di�erent level hypersurfa
es) of

the fun
tion (du)

m

=�.

2.3 Example. For the standard metri
 in R

n

the integrals assume the following form. Let

v be the velo
ity ve
tor �eld of the 
uid in the domain M � R

n

. De�ne the 
omponents

of the generalized 
url (or vorti
ity 2-form) of v by setting !

ij

:=

�v

i

�x

j

�

�v

j

�x

i

. Then one has

(i) the �rst integral

I(v) =

Z

M

X

(i

1

:::i

2m+1

)

"

i

1

:::i

2m+1

v

i

1

!

i

2

i

3

: : : !

i

2m

i

2m+1

d

n

x

if the dimension n is odd: n = 2m+ 1;

(ii) an in�nite number of independent �rst integrals

I

k

(v) =

Z

M

(det k!

ij

k)

k

d

n

x

if the dimension n is even: n = 2m.

Here det k!

ij

k is the determinant of the skew-symmetri
 matrix k!

ij

k, the summation

in (i) goes over all permutations of the set (1 : : : 2m + 1), and "

i

1

:::i

2m+1

is the Krone
ker

symbol equal to the parity of the permutation (i

1

: : : i

2m+1

). (The momenta I

k


orrespond

to the 
hoi
e f(z) = z

2k

in the theorem above.)

This theorem follows, pra
ti
ally without 
al
ulations, from the de�nition of the 
oad-

joint a
tion of the di�eomorphisms group, when formulated in the invariant and 
oordinate-

free way.

2.D. Hamiltonian framework for the Euler equations. The di�eren-

tial-geometri
 des
ription of the Euler equation as a geodesi
 
ow on a Lie group has a

Hamiltonian reformulation.

Fix the notation E(v) =

1

2

hv;Avi for the energy quadrati
 form on g whi
h we used to

de�ne the Riemannian metri
. Identify the Lie algebra and its dual with the help of this

quadrati
 form. This identi�
ation A : g ! g

�

(
alled the inertia operator) allows one to

rewrite the Euler equation on the dual spa
e g

�

.

It turns out that the Euler equation on g

�

is Hamiltonian with respe
t to the natural

Lie{Poisson stru
ture on the dual spa
e [1℄. Moreover, the 
orresponding Hamiltonian

fun
tion is minus the energy quadrati
 form lifted from the Lie algebra to its dual spa
e

by the same identi�
ation: �H(m) = �

1

2

hA

�1

m;mi, where m = Av. Here we are going

to take it as the de�nition of the Euler equation on the dual spa
e g

�

. (The minus is

related to the 
onsideration of a right-invariant metri
 on the group. It 
hanges to plus for

left-invariant metri
s.)

De�nition 2.4 (see, e.g., [3℄) The Euler equation on g

�

, 
orresponding to the right-

invariant metri
 E(m) =

1

2

hAv; vi on the group, is given by the following expli
it formula:

dm

dt

= �ad

�

A

�1

m

m;

8



as an evolution of a point m 2 g

�

.

2.5 Remark. For the ideal 
uid the Lie algebra g = SVe
t(M) 
onsists of divergen
e-

free ve
tor �eld in M . The 
orresponding dual spa
e g

�

= 


1

(M)=


0

(M) is the spa
e of


osets of 1-forms on M modulo exa
t 1-forms. The group 
oadjoint a
tion is the 
hange of


oordinates in the 1-form, while the 
orresponding Lie algebra a
tion is the Lie derivative

along a ve
tor �eld. The Euler equation (2.4) on the dual spa
e has the form

�

t

[u℄ = �L

v

[u℄;

where [u℄ 2 


1

(M)=


0

(M) stands for a 
oset of 1-forms and the ve
tor �eld v is related

with a 1-form u by means of a Riemannian metri
 on M . The latter equation for a 
oset [u℄


an be rewritten as an equation for a representative 1-form modulo a fun
tion di�erential

dp:

�

t

u+ L

v

u = �dp;

where one 
an re
ognize the elements of the Euler equation (2.1) for an ideal 
uid.

The invarian
e of the integrals in Theorem 2.2 essentially follows from their 
oordinate-

free de�nition. The latter means that the integrals are invariant with respe
t to 
oordinate


hanges, and hen
e, are invariants of the 
orresponding Euler equations.

2.E. Geodesi
 des
ription for various equations. A similar Arnold-

type des
ription as the geodesi
 
ow on a Lie group 
an be given to a variety of 
onservative

dynami
al systems in mathemati
al physi
s. Below we list several examples of su
h systems

to emphasize the range of appli
ations of this approa
h. (This list is by no means 
omplete.

There are plenty of other interesting systems, e.g., super-equations or gas dynami
s.) The


hoi
e of a groupG (
olumn 1) and an energy metri
E (
olumn 2) de�nes the 
orresponding

Euler equations (
olumn 3).

Group Metri
 Equation

SO(3) < !;A! > Euler top

SO(3)

_

+R

3

quadrati
 forms Kir
hho� equations for a body in a 
uid

SO(n) Manakov

0

s metri
s n�dimensional top

Di�(S

1

) L

2

Hopf (or; invis
id Burgers) equation

Virasoro L

2

KdV equation

Virasoro H

1

Camassa� Holm equation

Virasoro

_

H

1

Hunter� Saxton (or Dym) equation

SDi�(M) L

2

Euler ideal 
uid

SDi�(M)

_

+SVe
t(M) L

2

Magnetohydrodynami
s

Maps(S

1

; SO(3)) H

�1

Landau � Lifs
hits equation

Note that in some 
ases these systems turn out to be not only Hamiltonian, but also

bihamiltonian, and the geodesi
 des
ription helps in des
ribing the 
orresponding Poisson

pairs (this is the 
ase, e.g., for the systems related to the Virasoro group, see [10, 7℄). More

detailed des
riptions and referen
es 
an be found in the book [3℄.
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