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Abstra
t. We survey several results related to topologi
al obstru
tions to

energy relaxation of a magneti
 �eld in a perfe
tly 
ondu
ting medium.
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1. Introdu
tion.

In this expository note we survey several results related to topologi
al ob-

stru
tions to energy relaxation of a magneti
 �eld in a perfe
tly 
ondu
ting

medium. Many more details and results, as well as a guide to the literature

on this topi
 
an be found in [2℄ or [10℄.

A motivation for this problem is the following model of a star. The

magneti
 �eld is supposed to be frozen in the perfe
tly 
ondu
ting medium

(plasma) �lling the star, i.e. the topology of the �eld's traje
tories does not


hange under the 
uid 
ow. On the other hand, the magneti
 energy 
an

and does 
hange, and the 
ondu
ting 
uid keeps moving (due to Maxwell's

equations) until the ex
ess of magneti
 energy over its possible minimum

is fully dissipated (this pro
ess is 
alled \energy relaxation"). It turns out

that mutual linking of magneti
 lines may prevent 
omplete dissipation of

the magneti
 energy. The problem is to des
ribe the energy lower bounds of

the magneti
 �eld in terms of topologi
al 
hara
teristi
s of its traje
tories.

Main problem. Consider a divergen
e-free (magneti
) ve
tor �eld �

in a (simply 
onne
ted) bounded domain M � R

3

. The energy of the �eld

� is the square of its L

2

-norm, i.e., the integral E(�) =

R

M

jj�jj

2

d

3

x. (This

de�nition makes sense for any 
ompa
t Riemannian manifold M , possibly
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with boundary. In this 
ase, jj�jj

2

= (�; �) is the square of the Riemannian

length of a ve
tor, d

3

x is repla
ed by the Riemannian volume form, and

the �eld � is supposed to be tangent to the boundary of M .)

Let us a
t on the �eld � by a volume-preserving di�eomorphism h:

�

h

:= h

�

�. Given divergen
e-free �eld �, the main problem is to give a

good lower bound for the energy inf

h

E(�

h

) in terms of topology of the �eld

�. (Here we minimize the energy over the a
tion of all volume-preserving

di�eomorphisms h of M .)

Example 1.1 A topologi
al obstru
tion to the energy relaxation 
an be

seen in the example of a magneti
 �eld 
on�ned to two linked solitori.

Assume that the �eld vanishes outside those tubes and the �eld traje
tories

are all 
losed and oriented along the tube axes inside.

To minimize the energy of a ve
tor �eld with 
losed orbits by a
ting

on the �eld by a volume-preserving di�eomorphism, one has to shorten the

length of most traje
tories. (Indeed, the orbit periods are preserved un-

der the di�eomorphism a
tion; therefore, a redu
tion of the orbits' lengths

shrinks the velo
ity ve
tors along the orbits.) In turn, the shortening of the

traje
tories implies a fattening of the solitori (sin
e the a
ting di�eomor-

phisms are volume-preserving).

For a linked 
on�guration, as in Fig.1, the solitori prevent ea
h other

from endless fattening and therefore from further shrinking of the orbits.

Therefore, heuristi
ally, in the volume-preserving relaxation pro
ess the

magneti
 energy of the �eld supported on a pair of linked tubes is bounded

from below and 
annot attain too small values.

2. Heli
ity bounds the energy.

To des
ribe the �rst obstru
tion to the energy minimization we need the

following notion.

De�nition 2.1 The heli
ity of the �eld � in the domain M � R

3

is

H(�) =

Z

M

(�; 
url

�1

�) d

3

x;

where ( ; ) is the Eu
lidean inner produ
t, and A = 
url

�1

� is a divergen
e-

free ve
tor potential of the �eld �, i.e., r�A = �; divA = 0.

One 
an easily see that the integral is independent of the parti
ular


hoi
e ofA (whi
h is de�ned up to addition of the gradientrf of a harmoni


fun
tion, sin
e M is simply 
onne
ted).
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The word \heli
ity" was 
oined by K. Mo�att in [8℄ and it reveals the

topologi
al meaning of this 
hara
teristi
 of a ve
tor �eld (see [9℄, [10℄ for

the relevant histori
al surveys).

Theorem 2.2 [1℄ For a divergen
e-free ve
tor �eld �,

E(�) � C � jH(�)j;

where C is a positive 
onstant dependent of the shape and size of the 
om-

pa
t domain M .

The proof is a 
omposition of the S
hwarz inequality and the Poin
ar�e

inequality, applied to the potential ve
tor �eld A = 
url

�1

�.

Note that the inverse (nonlo
al) operator 
url

�1

sends the spa
e of

divergen
e-free ve
tor �elds (tangent to the boundary) on a simply 
on-

ne
ted manifold onto itself. This operator is symmetri
, and its spe
trum

a

umulates at zero on both sides. Thus the 
onstant C 
an be taken equal

to the largest absolute value of the operator 
url

�1

eigenvalues. The 
orre-

sponding eigen�eld has the minimal energy within the 
lass of divergen
e-

free �elds obtained from this eigen�eld by the a
tion of volume-preserving

di�eomorphisms. (Example: the Hopf �eld on S

3

.)

The above statement also holds for an arbitrary 
losed three-dimensional

Riemannian manifold if one 
on�nes oneself to divergen
e-free �elds that

are null-homologous, i.e., have a single-valued divergen
e-free potential.

Remark 2.3 Note that one 
an give a metri
-free de�nition of heli
ity as

follows, see [1℄. Let M be a simply 
onne
ted manifold with a volume form

�, and � a divergen
e-free ve
tor �eld on M . The latter means that the

Lie derivative of � along � vanishes: L

�

� = 0, or, whi
h is the same, the

substitution i

�

� =: !

�

of the �eld � to the volume form � is a 
losed 2-form:

d!

�

= 0. On a simply 
onne
ted manifold M the latter means that !

�

is

exa
t: !

�

= d� for some 1-form � (
alled a potential). (If M is not simply


onne
ted, that we have to require that the �eld � is null-homologous, i.e.,

that the 2-form !

�

is exa
t. If M is with boundary, we require that � is

tangent to it.)

De�nition 2.4 (=2.1

0

) The heli
ity H(�) of a null-homologous �eld � on

a three-dimensional manifold M (possibly with boundary) equipped with a

volume element � is the integral of the wedge produ
t of the form !

�

:= i

�

�

and its potential:

H(�) =

Z

M

� ^ d� =

Z

M

d� ^ �; where d� = !

�

:

Exer
ise 2.5 Prove the equivalen
e of De�nitions 2.1 and 2.4 if M is a

domain in R

3

.
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Figure 1. C

1

; C

2

are axes of the tubes; Q

1

; Q

2

are the 
orresponding 
uxes.

An immediate 
onsequen
e of this pure topologi
al (metri
-free) de�ni-

tion is the following

Theorem 2.6 [1℄ The heli
ity H(�) is preserved under the a
tion on � of

a volume-preserving di�eomorphism of M .

In this sense H(�) is a topologi
al invariant: it was de�ned without


oordinates or a 
hoi
e of metri
, and hen
e every volume-preserving dif-

feomorphism 
arries a �eld � into a �eld with the same heli
ity.

3. What is heli
ity?

Example 3.1 (=1.1

0

) To get familiar with heli
ity we �rst 
onsider a

magneti
 (that is, divergen
e-free) �eld � whi
h is identi
ally zero ex
ept

in two narrow linked 
ux tubes whose axes are 
losed 
urves C

1

and C

2

.

The magneti
 
uxes of the �eld in the tubes are Q

1

and Q

2

(Fig.1).

Suppose further that there is no net twist within ea
h tube or, more

pre
isely, that the �eld traje
tories foliate ea
h of the tubes into pairwise

unlinked 
ir
les.

Exer
ise 3.2 The heli
ity invariant of su
h a �eld is given by

H(�) = 2 lk(C

1

; C

2

) �Q

1

�Q

2

;

where lk(C

1

; C

2

) is the linking number of C

1

and C

2

.
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Figure 2. The long segments of the traje
tories are 
losed by the \short paths."

Re
all, that the (Gauss) linking number lk(C

1

; C

2

) of two oriented


losed 
urves C

1

; C

2

in R

3

is the signed number of the interse
tion points

of one 
urve with an arbitrary (oriented) surfa
e spanning the other 
urve.

V. Arnold proposed the following ergodi
 interpretation of heli
ity in

the general 
ase of any divergen
e-free �eld (when the traje
tories are not

ne
essarily 
losed or 
on�ned to invariant tori) as the average linking num-

ber of the �eld's traje
tories.

Let � be a divergen
e-free �eld on M and fg

t

: M !Mg its phase 
ow.

We will asso
iate to ea
h pair of points in M a number that 
hara
terizes

the \asymptoti
 linking" of the traje
tories of the 
ow fg

t

g passing through

these points. Given any two points x

1

; x

2

in M and two large numbers T

1

and T

2

, we 
onsider \long segments" g

t

x

1

(0 � t � T

1

) and g

t

x

2

(0 � t � T

2

)

of the traje
tories of � issuing from x

1

and x

2

. Close these long pie
es by

the shortest geodesi
s between g

T

k

x

k

and x

k

. We obtain two 
losed 
urves,

�

1

= �

T

1

(x

1

) and �

2

= �

T

2

(x

2

); see Fig.2. Assume that these 
urves do not

interse
t (whi
h is true for almost all pairs x

1

; x

2

and for almost all T

1

; T

2

).

Then the linking number lk

�

(x

1

; x

2

;T

1

; T

2

) := lk(�

1

;�

2

) of the 
urves �

1

and �

2

is well-de�ned.

De�nition 3.3 [1℄ The asymptoti
 linking number of the pair of traje
to-

ries g

t

x

1

and g

t

x

2

(x

1

; x

2

2M) of the �eld � is de�ned as the limit

�

�

(x

1

; x

2

) = lim

T

1

;T

2

!1

lk

�

(x

1

; x

2

;T

1

; T

2

)

T

1

� T

2

;
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where T

1

and T

2

are to vary so that �

1

and �

2

do not interse
t.

It turns out that this limit exists (as an element of the spa
e L

1

(M�M)

of the Lebesgue-integrable fun
tions on M �M) and is independent of the

system of geodesi
s (i.e., of the Riemannian metri
), see Remark 3.5 below.

Theorem 3.4 [1℄ Heli
ity of a divergen
e-free ve
tor �eld � on a simply


onne
ted manifold M with a volume element � is equal to the average self-

linking of traje
tories of this �eld, i.e., to the asymptoti
 linking number

�

�

(x

1

; x

2

) of traje
tory pairs integrated over M �M :

H(�) =

Z

M

Z

M

�

�

(x

1

; x

2

) �

1

�

2

:

In the 
ase of a manifoldM with boundary, all the ve
tor �elds involved

are supposed to be tangent to the boundary.

Remark 3.5 In the original paper [1℄, instead of segments of shortest

geodesi
s, one 
onsidered systems of \short paths" between every two points

of the manifold, whi
h satisfy some 
onditions to provide the existen
e of

�

�

(x

1

; x

2

) almost everywhere as a pointwise limit as T

1

; T

2

! 1. Su
h

a system of \short paths" would, generally speaking, depend on a ve
tor

�eld. In [13℄ T. Vogel suggested to use the L

1

-
onvergen
e, rather than the

pointwise one, and showed that in the L

1

-
ase it is suÆ
ient to use the

system of shortest geodesi
s for any ve
tor �eld. His approa
h settled in

a universal way the existen
e question for \short paths" systems. It might

also shed some light on the following long-standing problem.

Problem 3.6 [1℄ Is the average self-linking number of a divergen
e-free

ve
tor �eld invariant under the a
tion of homeomorphisms preserving the

measure on the manifold? Here, a measure-preserving homeomorphism is

supposed to transform the 
ow of one smooth divergen
e-free ve
tor �eld

into the 
ow of the other, both �elds having well-de�ned average self-linking

numbers.

The above problem is a 
ounterpart of the homotopy invarian
e of the


lassi
al Hopf invariant for maps � : S

3

! S

2

. The 
lassi
al Hopf invariant

is always an integer, and it is equal to the linking of the preimages of two

generi
 points in S

2

. One 
an also give an integral de�nition of the Hopf

invariant for su
h a map. This invariant is equal to the heli
ity of a ve
tor

�eld tangent to the levels of � (so that all orbits of this �eld are 
losed).

4. Energy estimates.

As we have seen above, a nonzero heli
ity (or average linking of the tra-

je
tories) of a �eld � provides a lower bound for the energy. Note that the
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heuristi
 argument mentioned in the Introdu
tion is more general in the

following sense. It demonstrates that there exists a lower bound for the

energy for a �eld whi
h has at least one linked pair of solitori as in the ex-

ample above. However, the heli
ity of su
h a �eld might turn out to be zero,

if, e.g., it has another (\mirror") pair of solitori linked in the opposite di-

re
tion whi
h makes vanish the total averaged self-linking of traje
tories of

the ve
tor �eld. This shows that one needs a more subtle energy estimates,

where, in parti
ular, the 
ontribution of any nontrivially linked \tube of

traje
tories" into the energy bound 
ould not be 
an
eled out.

Apparently, one of the the best results in this dire
tion is as follows.

Theorem 4.1 [5℄ Suppose a ve
tor �eld � in R

3

has an invariant torus T

forming an nontrivial knot of type K. Then

E(�) �

�

16

� � Vol(T )

�

1=3

�Q

2

� (2 � genus(K)� 1);

where Q = Flux� is the 
ux of � through a 
rosse
tion of T , Vol(T ) is the

volume of the solid torus, and genus(K) is the genus of the knot K.

Re
all, that for any knot its genus is the minimal number of handles of

a spanning (oriented) surfa
e for this knot. For an unknot the genus is 0,

sin
e one 
an take a disk as a spanning surfa
e. For a nontrivial knot one

has genus(K) � 1 and, therefore, the above energy is bounded away from

zero: E(�) > 0.

Remark 4.2 Note that there are no restri
tions on the behavior of the

divergen
e-free �eld inside this invariant torus, and hen
e this result has

a wide range of appli
ability. In parti
ular, it is suÆ
ient for the �eld to

have at least one 
losed linked traje
tory of the ellipti
 type. The latter

means that its Poin
ar�e map has two eigenvalues of modulus 1. Then the

KAM theory implies that a generi
 ellipti
 orbit is 
on�ned to a set of

nested invariant tori. Hen
e any su
h orbit ensures that the energy of the


orresponding �eld has a non-zero lower bound [7℄.

Problem 4.3 The question remains whether the presen
e of any nontriv-

ially linked 
losed traje
tory (of any type: hyperboli
, non-generi
, et
.) or

the presen
e of 
haoti
 behavior of traje
tories for a �eld 
ould provide a

positive lower bound for the energy (even if the averaged linking of all tra-

je
tories totals zero) and therefore 
ould prevent a relaxation of the �eld to

arbitrarily small energies.

Remark 4.4 In [5℄ one 
an �nd an extension of Theorem 4.1 from knots to

links, i.e., expli
it energy estimates for the �elds having nontrivially linked

invariant tubes. The paper also 
ontains many sharper results in terms of
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asymptoti
 
rossing numbers for knots, links, and �eld traje
tories, as well

as in terms of 
onformal modulus of solid tori. (We refer to [5℄ or [2℄ for

ne
essary de�nitions.)

One should mention, that in 
ertain 
ases one 
an give somewhat better

estimates by assuming more from the ve
tor �eld. In parti
ular, following [6℄

we suppose that a ve
tor �eld � not only has an invariant torus 
on�ning

a knot (or a link) K but it is strongly modeled on K, 
f. Example 3.1.

The latter means that a tubular neighborhood T of K 
an be identi�ed

in a volume-preserving way with (possibly, several 
opies of) the produ
t

D

2

�S

1

of the disk and 
ir
le, and this identi�
ation 
an be 
arried in su
h

a way that the �eld be
omes �=��, i.e., 
onstant and oriented along the


ir
les S

1

in the produ
t.

Theorem 4.5 [6℄ The energy of a ve
tor �eld � strongly modeled on a

nontrivial knot (or on a nontrivial inde
omposable link) K in R

3

satis�es

the inequality

E(�) >

�

q

6=125=�

2

�

4=3

� Vol(T )

5=3

� 0:00624 �Vol(T )

5=3

:

where Vol(T ) is the volume of the neighborhood, where we modeled the �eld.

Note that for a �eld, strongly modeled in a tube T , the 
ux Q is propor-

tional to the area of the 
rosse
tion of T , and hen
e to its volume Vol(T ),

sin
e the length of S

1

is �xed. This shows 
onsisten
y of Theorems 4.1 and

4.5: both right-hand-sides have the order of Vol(T )

2

=Vol(T )

1=3

= Vol(T )

5=3

:

Remark 4.6 The rotation �eld in the three-dimensional ball is an exam-

ple of an opposite type: all its traje
tories are pairwise unlinked. It was

suggested by A. Sakharov and Ya. Zeldovi
h, and proved by M. Freed-

man (see [4℄), that this �eld 
an be transformed by a volume-preserving

di�eomorphism to a �eld whose energy is less than any given �.

The idea of Freedman's proof is to split the ball into two parts. By

stret
hing the main part of the ball into a long snake and putting it ba
k,

one shrinks most of the �eld's orbits, and hen
e makes the 
orresponding

energy arbitrarily small. After that one 
ontrols the energy gain on the

small part, needed to make the �rst operation smooth. A very similar idea

works in Shnirelman's proof of the �niteness of the diameter of the group of

volume-preserving di�eomorphisms of a three-dimensional 
ube (see [11℄).

It also 
onsists of two steps: the �rst one is a 
ombinatorial problem for

small 
ubes (quite di�erent from the above), while the se
ond step is a
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(very similar to Freedman's) 
ontrol of the stret
hing in the layer between

the small 
ubes.

A re
ent very powerful te
hniques of generalized 
ows and their approx-

imations by the regular 
ows provided a natural framework for existen
e

theorems in ideal hydrodynami
s, as well as they allowed one to give a

mu
h simpler estimates for the diameter and other geometri
 
hara
teris-

ti
s of the group of volume-preserving di�eomorphisms [3℄, [12℄. The notion

of a generalized 
ow (or, a polymorphism) means that every 
uid parti-


le does not ne
essarily have a unique position at any moment, but moves

simultaneously to every other point of the media with 
ertain probability.

Problem 4.7 It would be very interesting to apply the te
hniques of gen-

eralized 
ows to energy estimates dis
ussed above.

A dream would be to de�ne an a
tion of a \volume-preserving polymor-

phism" on a divergen
e-free ve
tor �eld and to estimate the minimal energy

of its image under the a
tion of all su
h polymorphisms. Then one 
ould

hope to use an approximation-type theorem for polymorphisms to show

that the energy in�mum of a ve
tor �eld a
ted upon by di�eomorphisms


oin
ides with the energy minimum for the a
tion of polymorphisms.
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