Contact Geometry Caleb Jonker

1 Contact Structures

Given any manifold M a dimension k distribution is a subbundle of T'M of dimension k. Contact geometry revolves
around distributions of codimension 1 satisfying a particular nonintegrability condition.To state this condition note
that locally any codimension 1 distribution, £, may be defined as the kernel of a nowhere vanishing 1-form «. This
1-form is unique up to multiplication by some nonvanishing function.

Definition 1. A contact structure on a manifold M is codimension 1 distribution & such that for any locally
defining 1-form «, dale is nondegenerate (yielding symplectic vector spaces pointwise). Any such « is then called
a local contact form.

Proposition 1. A codimension 1 distribution ¢ is a contact structure if and only if a A (da)™ is nonvanishing for
any local defining 1-form «. In particular if « is globally defined then we get a volume form.

Proof. If dal¢ is nondegenerate then at any point p € M, by the normal form for antisymmetric bilinear forms,
T,M = &, @ ker day, = ker o, @ ker dayy,

that is, there exists a basis u,e1,...,en, fi,..., fn for T,M such that u spans ker day, and ey, ..., eq, fi,..., fr form
a symplectic basis for &, = ker ay,. Thus

aA(da) (u,er, ..., eny f1,.-y fn) = a(u)(da)™(e1, ... en, f1,--- fn) £ 0.

On the other hand if o A (da)™ is nonvanishing then in particular (da)™ must be nonvanishing on the kernel of «

so dal¢ is nondegenerate.
O

Example 1. On R?"*! with coordinates (z1,%1,...,%n,Yn,2) the I-form a = dz + Z?:l x;dy; gives a contact
structure. Indeed,

n
do = Z dx; A dy;
j=1
S0
a A (da)™ =nldz Adxy ANdyy A+ ANdxy, Ady, # 0.

There is a Darboux type theorem for contact manifolds showing that any contact form can be written locally
in the above form:

Theorem 1. Given any contact manifold (M, &), near each point there are local coordinates (z1,y1,- .-, Tn, Yn, 2)
on M such that

a= dz—i—ijdyj

j=1
is a local contact form for &.

This can be proved using the same strategy as Darboux’s theorem for symplectic manifolds (see [1] for example)
Alternatively, we will later see that any contact manifold admits an embedding into a symplectic manifold whereby
symplectic form restricts to the derivative of the contact form. The above then becomes a corollary of Darboux’s
theorem.

2 Contact Dynamics

Proposition 2. Given any contact 1-form « there is a unique vector field R,, satisfying

1. tp,da =0,
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2. a(Ry) = 1.
Moreover the flow by this R, preserves a. Such a vector field is called the Reeb vector field associated to a.

Proof. The first condition means that R, is a section of the line bundle ker da while the second condition amounts
to a normalization of Ra.
Now let ¢; be the flow by R,. Then by Cartan’s magic formula

9(610) = 61 (Lr,0) = 6i (drn, 0+ 11 do) = 0.

Thus, ¢fo = pjo = av.
O

Example 2. In our model example R?"*! with 1-form o = dz + 2?21 x;dy; we find that ker do = span(%) so the
Reeb vector field is %.

3 Symplectization and Weinstein’s Conjecture

We would like to put Weinstein’s Conjecture into the proper framework of contact geometry. To do so we will show
that any contact manifold can be taken as the level set of some Hamiltonian on a symplectic manifold. Given a
contact manifold (M2~ ¢), let o be some contact form giving £&. Then consider the manifold M x R and the
closed 2-form w = d(e" @) (where 7 is the coordinate on R). To see that this 2-form is nondegenerate, yielding a
symplectic structure note that

W' = (e7(dT A+ da))" =ne"Tdr Aa A (da)" "t #£0
Furthermore if R, is the Reeb vector field associated to « then
tp,w=c¢" (tg, (dr ANa)+ g, da) = —e"dr

so the restriction of the Hamiltonian vector field of the function H(7) = e” to any of its level sets gives the Reeb
vector field R,.

Now we recall that Weinstein’s conjecture says that if a regular energy level set is of contact type then it contains
a periodic trajectory of the Hamiltonian vector field. Since any contact manifold embeds as such a regular energy
level set Weinstein’s conjecture is really a statement about contact manifolds:

Conjecture 1 (Weinstein, [3]). Given a compact contact manifold M, with a global contact form « there exists a
periodic orbit for the Reeb vector field R,,.

The importance of this conjecture is that it gives a sufficient condition under which the Hamiltonian has periodic
orbits. In particular mechanical hypersurfaces of cotangent bundles, that is, level sets of a Hamiltonian H =T +V
where T is kinetic energy and V is potential energy are of contact type (see [2]).
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