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. Let V be a vector space and let T" : V' — V be a linear operator.
Suppose that v is a generalized eigenvector with eigenvalue A and choose

m such that (T'— A)™(v) = 0 but (T — X\I)™ !(v) # 0. Prove that
[0.(T = AD)@),++ (T = A" (0)
are linearly independent.

. Let V be a complex vector space and let 7" : V. — V be a linear
operator. Prove that null(T)@®im(T) = V if and only if Ey = K (every
generalized eigenvector with eigenvalue 0 is actually an eigenvector).

. Let T : 'V — V be a linear operator and let p(x) be its minimal
polynomial. Prove that 7' is invertible if and only if x does not divide

p(x).

. Let T : V — V be a linear operator on a complex vector space. Let
n = dim V. We say that V is indecomposable for the action of T" if there
do not exist T-invariant subspaces Wy, W5 such that V = W; & Ws.
Prove that V' is indecomposable if and only if the minimal polynomial
of T'is (x — \)™ for some \ € C.

. Find an operator on a real vector space which is indecomposable, but
whose minimal polynomial is not (x — \)™.

. Let T be a linear operator on a complex vector space. Suppose that
T™ = I for some m. Prove that T is diagonalizable.



