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1. Introduction

This paper is a continuation of [4]. We refer to [4] for unexplained notations: Let K
be a number field of degree d + 1 with discriminant dx and (x(s) be the Dedekind zeta
function of K. Let K be the Galois closure of K over Q. Then we have Cx (s) = ¢(s)L(s, p)
for some d-dimensional complex representation p of the Galois group Gal(f? /Q). In [4],
we showed that under the Artin Conjecture GRH and certain zero density hypothesis,
the upper and lower bounds of — (1 p) are

loglog|dk| + O(logloglog|dk|), —dloglog|di|+ O(logloglog|dk|), resp. (1.1)

We also obtained the first moment of ——/(1 p) for some parametric families.
In this paper, we study the k-th moments of L~ (1 p) and log L(1, p) for each positive
integer k for two kinds of families L(X) of L(s, p).

1 I/ k 1
|L(X)| Z <f(1,p)> L) Z (logL(l,p))k.

L(s,p)eL(X) L(s,p)eL(X)

Thara, Murty and Shimura [11] computed (a, b)-moments of logarithmic derivatives of
Dirichlet L-functions. Namely, for a prime m, let X,,, denote the set of all non-principal
characters x with conductor m, and P(*?)(z) = 29%°. Then

LXl y Z plab) <L(1 X)) (— 1)a+bu(a,b)+0(m€_1),

XEXm

where 1(@?) is a constant which has an explicit eXpI‘ebbiOH
Mourtada and Murty [16] computed moments of £- (1 XD), where xp is a quadratic
character:

* L' g 54
S apex (2 00)) = G +OLXE)

where X > 1,6 = +1 and the asterisk indicates that the sum is over fundamental

<1+%>_1, (1.2)

where Ag(n) is defined by Ax(n) =>_,_, . A(n1)---A(ng) for k>0, and Ag(n) =0
for all n except for Ag(1) = 1.

discriminants D, and

3

= pln

Our basic idea is to use a short sum approximation of —%(1,p) and log L(1, p)
under the assumptions that L(s, p) is entire, and is zero-free in the rectangle [o, 1] x
[—(log N)™, (log N)™], where N is the conductor of p and m(1—241) > 3 (cf. Daileda [7]).
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We use the zero density result of Kowalski-Michel [14] to show that except for O(X 10)
L-functions, every L-function in L(X) has the desired zero-free region. For this, we need
to assume the strong Artin conjecture for p, i.e., p is an automorphic representation of
GL(d) and assume that the L-functions in L(X) are distinct.

The first family we consider is constructed by G-fields. This is done in Section 3. We
say that a degree d + 1 extension K/Q is a Sg41-field over Q if Gal(f(/(@) is isomorphic
to the symmetric group Sgy1. Define

X
Ly2)(X) = {K T < ldx| < XK : Syp1-field of signature (Tl,?"g)}.

Under the counting conjecture (3.2) and the strong Artin conjecture for p, we show that
the k-th moment of this family is a constant and we obtain the asymptotic formula
(Theorem 3.4). Since the counting conjecture is proved for G = Ss3, 54,55 [2,20,18,6]
and the strong Artin conjecture is known for Ss, S4 case, our result is unconditional for
Ss3, S4. In Section 3.2, we recover the main term (1.2) for quadratic fields. In Section 3.3,
we write down an explicit formula for the main term for cubic fields. In Section 3.4, we
give an application of k-th moments to the distribution of —%(1, 0).

The second family is a parametric family defined by a polynomial f(z,t) € Q(¢)[x]
of degree d 4+ 1 in x. Assume that the splitting field FE of f(z,t) over Q(¢) is a regular
Galois extension (i.e., ENQ = Q.). For a specialization ¢t € Z, let K; be the number field
obtained by adjoining a root of f(x,t) to the field of rational numbers. Under several
assumptions, we showed in [4] that there are infinitely many number fields with the
extreme values (1.1) in the family defined by f(z,t), and gave many examples which
satisfy the assumptions. Let

L(X) = {% <t< X|t= sy (mod M), Gal(K,/Q) ~ G},

where sy and M are carefully chosen so that —%(Lp, t) would takes the extreme
value —dloglog |di|+O(logloglog |dk|). We show (Theorem 4.8) under the strong Artin
conjecture for p and a technical assumption that the L-functions in L(X) are distinct,
and the estimate (4.6),

/

1 L k .
IL(X)] > <—f(17p, t)) = d"(loglog X)* + O ((loglogX)k z) _
L(s,p)€EL(X)

In Section 4.3, we give three examples which satisfy the assumptions. So the above holds
unconditionally for these examples. In fact, the above holds unconditionally for all the
examples from [4] except possibly for A4 case.

In Section 5, we obtain the asymptotic formula of the k-th moments of log L(1, p)
(Proposition 5.3) and its distribution.

Acknowledgments. We thank the referee for many helpful comments.
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2. Approximation of LT, (1, p) under zero-free region

-1
Let L(s, p) = 302, Ap(n)n™* =1, T, (1 - O‘;—(Sm) . Then we have

d
—=(s,p) ZA a,(p*) = Zaj(p)

Proposition 2.1. Suppose L(s, p) is entire and is zero free in the rectangle [o, 1] X [—x, 2],
and N is the conductor of p. Then

L a,(n)A(n) log N log z + (log z)?
—T(Lp) =) === +0a = : (2:2)
n<x

Proof. By Perron’s formula,

ct+ix
1 r A a,(n)A(n) d(log x)?
27Ti/ L(1+sp) ds = ; n +0 x ’

(o3

. We move the contour to Re(s) = ¢ — 1 and get the residue —<-(1, p)

where ¢ = I
og T’

at s = 0. So, the left hand side is —f(l,p) plus

. it S T B £ c+iz I .
T
— ——(1 — | ds.
o / + / * / ( L(+s’p)s> s
c—ix “T'Hflfiz QT'H71+1‘1

Let Q = [¢FL 2] x [~z, 2] be a rectangular region in the complex plane. Then for s € €,
‘——( )‘ <o log N 4 log(|s] + 1). (See page 236 in [7].) Hence the integral is

log N + log x logNlogx + (log z)? < log N log z + (log x)?

« - 1 a+1 1 a+1 )

and the claim follows. O

a+1)

By setting z = (log N)™ with m(1 — > 3, we have

r a,(n)A(n) 1
7f(l7p): Z n JrO(log]\/')

n<(log N)™

- ¥ MJFOQ). (2.3)

p<(log N)™ p
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Due to lack of GRH, we cannot use the above result directly. In [4], we extended the
zero density result of Kowalski-Michel [14] to isobaric automorphic representations of
GL(n). By applying Theorem 3.4 of [4] to L(X), we can show that every automorphic
L-function in L(X) excluding exceptional O(X'/1%9) L-functions has a zero-free region
[, 1] x [~ (log |dg, )™, (log |dk,|)™], where m(1 — <L) > 3. Let us denote by L(X), the
set of the automorphic L-functions with the zero-free region.

3. Moments of & 7 (1, p) over Sy 1-fields

Let Lg:ﬂ(X) be the set of Syii-fields K of signature (ry,r) with & < |dg| < X.
Let S = (LC,) be a finite set of local conditions, namely, LC), = S, ¢ means that the
conjugacy class of p is C. Let |Sp,c| = % for some function f(p) which satisfies
flp) = O(I—lj). There are also several splitting types of ramified primes, which are denoted

by ri, -+ ,7y. Then LC, = Sp, means that the splitting type of the ramified prime p

is r;. Then there are positive valued functions ¢i(p), c2(p), -, cw(p) with D17, ¢;(p) =
f(p), such that |S, | = = (’Z . Let |S| = H |LC,).
peS
Let ngi(X, S) be the set of Syy1-fields K of signature (rq,72) with 3 < [dk| < X,

and the local condition S.

By abuse of notation, we denote Lqt1(X)" as a set of L-functions L(s, p) for K €
Lg:iz(X ). Here we need care in order to ensure one to one correspondence between two
sets. Two number fields K7 and K3 are said to be arithmetically equivalent if (x, (s) =
Cr,(s). If two number fields K7 and Ks are conjugate, then they are arithmetically
equivalent. The converse is not always true. A number field K is called arithmetically
solitary if Ck,(s) = Ck,(s) implies that K7 and K» are conjugate. It is known that
Say1-fields and A, y;-fields are arithmetically solitary. See [13, Chap. II].

‘We have

Conjecture 3.1.
ILU2)(X)] = A(r2) X + O(X?) (3.2)

LG (X, 8)| = SlA(r)x +0 | ([r) x°
peS

for some positive constant A(rs), § < 1 and 7, and the implied constant is uniformly
bounded for p and local conditions at p.

This conjecture is true when G = Ss3, S4 and S5 [20,2,21,18,6]. We give explicit con-
stants in the case of S3, following Taniguchi and Thorne [20]. Let L(X)* be the set of
cubic fields K with 0 < £dx < X. Then



P.J. Cho, H.H. Kim / Journal of Number Theory 183 (2018) 40-61 45

_A* 4¢(1/3) 5 c
IL(X)*| = PRE X + B* —5F(2/3)3C(5/3)X /6 4 O(XT/0%e),

where AT =1, A~ =3, Bt =1, and B~ = /3. Here, we count only one cubic field from
three conjugate fields. Let T'S,, P.S,, and IN, be the local conditions of p which means
that p is totally split, partially split and inert respectively. Let S = {LC),|i = 1,2,--- ,u}
be a set of local conditions at p;. Then

ke LG, =TS,
TraTe i LG, = PS),
ILCy| = b it LC, = IN,, (3.3)
% if p is partially ramified,
% if p is totally ramified,

and |L(X, 8)*| = |S| &5 X + O(Es(X)), where
XE, if TT“, pf < X 18—,
ES(X) _ ﬁu . 1 Hzl_l p; 8 )
(Hizlp?)X§+€> if X187 < H;‘J=1pfi < X557,

and e; = % for unramified p; and e; = % for ramified p;. For explicit constants A(rs), LC,
in the cases of Sy and Ss, see [6].

For simplicity, we write LE{_H(X) by L(X), and L(s,p) € L((;ﬂ(X) by p € L(X).
Then, we have the following k-th moments theorem.

Theorem 3.4. Assume (3.2) and the strong Artin conjecture for p. Then

1 r F
pEL(X)
= Z ’Y(Q17~-~7Qu7(Qu+17au+1yeu+1)a---7(Qu+vvau+1ueu+v))

q1;-+5qu+twv
Aytj,€utj, J=1,...,v

1
+O(10gX>’

where q1, -+, Quiv TN over distinct primes and e, j,a,4; run through sets of positive

integers such that u+ ey 1|+ - |€uto| =k, |autj€utj| > 2, 7 =1,...,v. In particular,
fork=1,

1 L (A(p7ual)+f1(paua]-))10gp
. Z)(Lu,p)) -y

U
pru>2 p

f1(p)logp 1
+§p: 5 +O<1ng).
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The precise definition of the function v is given in (3.12). Since (3.2) is valid for
S3,S54,55, and the strong Artin conjecture is valid for S3,S;, we have Theorem 3.4
unconditionally for S3, Sj.

Recall E(X ) at the end of Section 2: the set of L-functions with the desired zero-free
regions. If p € L(X), by (2.3), we have

= 3 W8P | o~ (log X
L - ’
p<z
where C), = O, (1).
If L(s, p) may not have the desired zero-free region, we use the following trivial bound:

Lemma 3.6.

/

|=(1, p)| < x|, if K contains a quadratic subfield
- Lo € .
L (log |dk|)?, if K does not contain a quadratic subfield

Proof. By [19], Lemma 10, if K does not contain a quadratic subfield, L(s, p) does not
have a Siegel zero, i.e., no zero in the region 1 — (16log|dx|)~! < Re(s) < 1. By [12],
page 103, |%(1,p)| L logldr| + 3211 41<1 flg. By [12], page 102, the number of zeros
such that |1 — g| < 1 is O(log|dk|). Hence |%(1,p)| < (log |dg|)?.

If K contains a quadratic subfield F, then any possible Siegel zero of (x(s) is that of
Cr(s). But the Siegel zero § satisfies 5§ < 1 —c(e)|dp| € for any € > 0 (ineffective implied
constant) ([8], page 126). Since |dr| < |dk|, we have |Lf/(1,p)| L ldkglc. O

We note that Sy 1-fields and A4y 1-fields (d+1 > 3) do not contain quadratic subfields.
If K does not contain a quadratic subfield, the sum over the exceptional set is < X To0+€
for any k. When K contains a quadratic subfield, given k, we choose € such that ﬁ +
ke < 1. Then the sum over the exceptional set is < X 00 t*¢. Hence we can replace the

suii ZPEL(X) by Zpez(X)'
3.1. Proof of Theorem 3./

We first show that (3.5) is bounded above by a constant. Consider

(Fan) - Z (5@

1
< ap(p; ogp By

where ¥, = > Cauchy—Schwartz inequality

Yoom)rerr < Y (=) DEe- (3.7)

pEL(X) pEL(X) pEL(X)

¥
[N
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Hence we only need to estimate

T

3oy dellloer) g~ foap)clogp) g ). (39)

pEL(X) \pZlz P1y-sPr P Pr pEL(X)

Now by combining the same primes, we need to consider, for ¢q, - - - , ¢, distinct primes,

S apla)aplan),

pEL(X)

where e; +- - -+¢e, = r. Let N be the number of conjugacy classes of Syy1, w the number
of splitting types of ramified primes. Partition the sum ZpeL(X) into (N + w)* sums,
namely, given (LCY, ..., LCy), where LC; is either Sy, ¢, or S, ,;, we consider the set
of p € L(X) with the local conditions LC; for each i. Note that in each such partition,
as(q1)® -+ - a,(qu)® remains a constant.

Consider the case where all ¢; > 1. Then, in (3.8), we would have X [T, (Zqiga: qi) ,
which is O(X). Now assume that e; = 1 and ¢; is unramified for some i, say i = 1. Fix
the splitting types of g2, - , gy, and let Frob,, runs through the conjugacy classes of G.

Then by (3.2), the sum of such N partitions is

|Cla,(q1) g
Xc: (MA(L@, oy LO)X +O0((q1+ - qu) Xé)) ’

for a constant A(LCs, ..., LC,,). Let x, be the character of p. Then a,(p) = x,(g), where
g = Frob,. By orthogonality of characters, > [Cla,(q1) = 3 cq Xp(9) = 0. Hence the
above sum is O((q1 - - - ¢,)Y X?), and it contributes O(X).

Now we are reduced to the case e = e2 = --- =¢; =1, e;41 > 1,...,e,, > 1, and
q1,- - ,q; are all ramified. Then, the bound

X
q1- -4

S ap(ar)  ap(@)ap(@ien) - ap() <
pEL(X)

implies that the contribution of this case to (3.8) is O(X). Therefore, we have proved
that

Now we obtain the asymptotic formula for (3.5). By (2.3), we have
/

L
_f(l7p) = EP + Cpa

where X, =37, (10g x)m M and C, = O (ﬁ)
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Then

(o) —ear =g (e

By (3.7), it is enough to consider

1 T
1763 > (%), forr=2,4,-,2k—2, and k. (3.9)
pEL(X)
Here
Alny)---A(n,
> ()= ZA %a(nl,...,nﬁ, (3.10)
pEL(X) n;<(log X)™,i=1,---,r
where a(pf, ) = P,epxn @) ap(pfr). Note that |a(pi, ...pr)| <
d"|L(X)].

By combining the same prime powers, we can write (3.10) as follows: We write a =
(a1,...,at),e = (e1,...,e:), where a;’s and e;’s are positive integers. Denote |e| = e +
-+ + e and |ae| = aje; + -+ + ares. Let

2 = max{q®,...,q"* },eq® = e1q™ + - -- + eq**, and
q

a,(q,a,e) =a,(q* ) ---a,(qg*)". (3.11)

Then

10gqu+ |eu+J‘
CRUESD D I & H g
q15--39usqu+1;---9utv i=1 j=1 u—i—]
€y tj,Autj,j=1,..., v

'B(qla ey Quiy (QU+1; Ay+1, eu+1>7 seey (Qu+v; Ay v, equ'u));

where g1, - , Gy Tun over distinet primes such that ¢; < (log X)™, i =1, ..., u, qu“+7 <
(logX)™,j = 1,...,v and ey4j,a,4; run through sets of positive integers such that
u+leyt1]| + - leuto] =7, |autjeuti| > 2,5 =1,...,v, and

ﬂ(‘ha o5 Quy (Qu+1vau+1a eu+1)7 ) (Qu+1zaau+va eu—i—v))

= Z ap(Ql) ce ap(Qu)ap(Qu+17 Ay+1, eu+1) e @p(Qu—&-m Aytv;s eu-l—v)-
pEL(X)

Now as before, we partition }_ . ) into (N + w)“* sums. We obtain that
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B(qla voos Quy (QUJrla Ay+1, eu+1)7 ) (qu+v7 Au+us equv))

ST oo | S 1]

P =1 pEL(X)
LCy,...,LCyiy

where the sum Y, is over (N + w)“*? partitions. By (3.2),

u+v
Z 1= H |LCi||L(X)|+O((q1"'qu+v)7X6)'
pEL(X) i=1

LCy 1-~7Lcu+u

The error term contributes O (X°71) to (3.9). Now a,(¢;) and a,(qu+j, 8u+tj, €uts)
remain constants in the partition and depend only on ¢;’s. If g = Froby, then we can
write them as x(¢:), X(qu+j,au+j,€utj), resp. Then

u+v
ZX ql QU>XP(Qu+17au+j>eu+J) ! XP(QU+vaau+j>eu+j) H |LCZ|
=1
ﬁ Z Xp 2;)|C] i - Xp(ai)ci(q:)
GI(1+ f(a:)) 1+ flai)

i=1 =1

H Xp qu-&-j,au-waeu-&-] |C| Z Xp qu+jyau+jaeu+j)cl(qu+j)
|G| + f QU+] 1+ f(QUJrj)

By orthogonality of characters, Y. |C|x,(¢) = 0. Recall that Y.,", ci(q) = f(q).

Xpl4i)C1(qi) ‘h)cl(‘h Xp(Qutj Busj €ut;)ci(quys) Xp(Quij Butj Cuts) L
Here 310y *9376) - 211 T+ aurs) and 2o G Flawr ) eI

dependent of p. We denoted them by f1(q;), f1(Gu+j: Qutj, €ut;) and A(qu+j, Autjs €utj)s
resp. Note that f1(q) = O(%). We showed in [6] that > |C|x,(q)* = |G| for each prime g.
Similarly, >~ |C|x,(¢*) = |G|

Hence
(39) = Z ’7(q17~--aqy«a(Qu+17au+1aeu+l)7~-~7(Qquv;aquvyequv))
Q1 Quto
eu+j7;u+j1j;17---av
+O(Xx0Fe ),
where q1, -+ - , gy, Tun over distinct primes such that ¢; < (log X)™, i =1, ..., u, qu““ <

(logX)™, j=1,...,v, and

’Y(Q17 cey Quy (qu+17 Ay41, eu-i-l)a (X3} (qu+U7 Ayt eu-‘r’u)) (312)
u v .
log g; (log gu+5)'®+]
=11 Tzfl(Qi) 11 W AGutjs Busjs €uts) + f1(qQurj Autjs €usj))
- 4

j=1 u+j
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Therefore, (3.9) is bounded by a constant independent of r and it implies that

eaipd (Lfl“”’)y_w(lxn I

pPEL(X) pPEL(X)

1 1 1 (log p)* log log X
NOte Ehat 37, log x)m 32 € Tog 7 < Tog % 0 2ops (log xym 57— K gy <

onX X This implies that the tail of the convergent infinite series
g

Z ’Y(QIy ceey Quy (Qu-l-lv Ay41, eu—i—l)a seny (Qu-‘rin Ay 4o,y eu-l—'u))v

915+ qutv
€utj,duts, j=1,.

is at most O(log1 ). Hence we proved the theorem.

3.2. Quadratic fields

We can recover the main term for quadratic fields as in (1.2). For simplicity, we
consider only real quadratic fields. Define

X
L(X) = {3 < d < X |d: fundamental discriminant} .

It is well-known that |L(X)| = 322X + O(X'/?). (See Section 4.3.1.)

For a fundamental discriminant d with d = 0 (mod 4), 2 is ramified in Q(+/d). Hence,
the local density for a ramified 2 is 1/3. For a fundamental discriminant d with d = 1
(mod 4), 2 is unramified in Q(v/d). If d = 1 (mod 8), x4(2) = (%) = 1. If d = 5 (mod 8),

xd(2) = (%) = —1. Hence, the local densities for a totally split 2 and for an inert 2 are

1 1/2
both 5 = TH1/3"
. -1 . : -1
For an odd prime p, there are 5= non-zero quadratic residues and 5= non-zero

quadratic non-residues. From Section 4.3.1, we can see that the local densities for a

totally split prime p and the local density for an inert prime p are the same, and they
== La—p 2 t.1= 1/2

p 1+1/p

are given by . Hence the local density for a ramified prime

1/p
p is THi/p-

With these local densities, we have

3
L(X,8) = |85 X +O(X"/?).

For K = Q(\d), p = xa = (4), which is completely multiplicative. If |a;e;| is odd,
then ) . x,(q;,a;5,e;)|C| = 0. For a ramified prime p, Xp( ) = X,(p,a,e) = 0. Note that

£ Xo(g,ae)|[C| _  1/2 1/2 1 -1 H th in t .
or even |ae|, >~ Gl0TF @) = T5ip T THip = + ence, the main term in

Theorem 3.4 becomes
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()
1+-)
p

(log q;)!es! 1 2. Ag(n?
Z H Og‘aqjejl J 1+L _ Zl k(n )

2o = a5
e],a] ,] 1,. .,U
\ajej|:even

which is (1.2).
3.8. Cubic fields

For cubic fields, by (3.3),

w 1 w 1
filg) = ngf);ég) gl filg,a,e) = Xola8,0)
=1

~ 1+ f(a)  a+l+qgt

. - . Xp(g,a,€)[C|
It is left to find a simpler expression for A(g,a,e) = > &t o determine the
main term.

First, we consider a totally split prime ¢. In this case a,(¢%) = 2 for any a > 1. Hence,

it contributes ﬁ. For a partially split prime ¢, a,(¢*) = 0 for an odd a and

a,(¢*) = 2 for an even a. For a = (a1, a9, - - , a;), if some of a; is odd, then it gives 0. If
e lel.s _

all of a;’s are even, then it gives (1-5-2241‘4-(;*2) Denote it by ﬁ, where da=0(2)

is 1 if all of a;’s are even and 0 otherwise.

For an inert prime ¢, a,(¢*) = —1 for a = 1,2 (mod 3) and a,(¢*) = 2 for a = 0
(mod 3). For a = (ai,a2,--- ,a¢) and e = (e, ez, - ,€), define Mod;, = {ejla; =
i(mod 3)} for i = 0,1,2. Let [Mod;| = >, cproq, €5- Then this case contributes
2_(_1)|1V10d1|+|Mod2\_2|1\40d0\ !

6(1+q~"+q72) ’
For example, if all a;’s are congruent to 0 modulo 6, then

Xp(g,2.€)|C] 2l
IGI(1+ flq) 1+qt+q?

Hence, we have

u
log g; (10g Gy j) v+l
’y(qlv"'7Qu,Qu+17"'7Qu+v):H : H U+

1+qi+q? L |au+geu+J
olew+il 4 3. olewtsl . Oan,=0(2) +2- (_1)|M0d1|+\Mod2\ . 9| Modo| . 1
6(1+q,!,+aui;) Gurj +1+a,t, )

Define a set By of ordered pairs of positive integers:

cd(n,m)=1, n,m: square-free, <k;
B =4(n,m) e NxN|, & ("7_") n,m: Sq : U.J(nm)_.
if m=1, n is the product of & distinct primes
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where w(t) is the number of prime divisors of {. We need the restriction on n for m =1
due to the condition u + |ey 41|+ -+ + |€utv| = k. Then, we have

Z 7(6117 coey Quis (Qu+1; Ay+1, eu+1>7 ceey (Qu+v; Aytv, equ'u))

qis--5qutv
Autjr€uty, J=1,...,v

= > I,

(n,m)€By pln p+p

| It

m=qi1qz2-qv = 1 9;
Aqq 584y
€q157 18y

1
+7_1>7
¢ +1+4q

where |eg, [ + -+ + |eg,

(2| ail (14 3- Sa, =0 @) +2 (- 1)|Moda|+[Mods| . 9| Modo]
6(1+¢; " +a¢;7)

> 2 for all 3.

=k —v(n) and |ageq,

3.4. Method of moments and distribution of —%(1, )

In this section, we briefly review the method of moments from [10], page 59 or [1,
Lemma 5.1, Lemma 5.7] in order to motivate the study of k-th moments: A distribution
function F' is a real-valued, non-decreasing function such that lim,_,_, F(x) = 0 and
lim, o0 F(z) = 1. Its characteristic function is ¢(t) = [*_e"®dF(z). Let {F,(z)}
be a sequence of distribution functions, and let a,. = lim,, o ffooo x"dF,(z) for each
positive integer 7. Then there exists a subsequence {F, (x)} which converges weakly
to a limiting distribution F(z) for which oy, = [*°_a"dF(z) for each r. In that case,
P(t) =300 ar (lﬁ,) is the characteristic function of F'(x).

By taking counting measures, we have the following theorem:

Theorem 3.13. Let L be a family of objects p € L with invariant d, € Z. For each
p € L, we are given a(p) € R. Let L(X) = {p € L|d, < X}. Suppose for each positive
integer k, Wlxﬂ 2 peL(X) a(p)® — r(k) as X — co. Then

. 1
Xlgﬂoo m#{ﬂ € L(X)|a(p) <z} = F(z),

at each point of continuity of F(t), where F(t) is a distribution function whose charac-
teristic function is given by

Oork
n=3 "By

k=0
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By Theorem 3.4,

1 r r
iy 3 (-zen) =

pEL(X)

If r(k) < ckleelogF for some absolute constant ¢ > 1, the corresponding characteristic
function f(t) is convergent for any ¢t. Then

Corollary 3.14. Assume (3.2) and the strong Artin conjecture for p. Assume that r(k) <

ckloglogk for some absolute constant ¢ > 1. Then,

/

i e {pe L0 | - E ) <o = Pl

at each point of continuity of F(t), where F(t) is a distribution function whose charac-
teristic function is given by

ir(—lfzt

k=0
4. Moments of %(1, p) over parametric families
4.1. Regular extensions and their Galois representations

A finite extension E of the rational function field Q(t) is called regular if ENQ = Q.
Suppose f(x,t) € Q(t)[x] is an irreducible polynomial in z of degree d+1 with coefficients
in Q(t), and gives rise to a regular Galois extension over Q(¢) with the Galois group G.
Let K; be a field obtained by adjoining to Q a root of f(x,t) with a specialization t € Z
and let I/(\t be the Galois closure of K; over Q. Let C be any conjugacy class of G. Recall

Theorem 4.1 (Serre [17], Section 4.6). There is a constant ¢y > 0 depending on f(z,t)
such that for any prime p > cy, there is tc € Z so that for any t = tc (mod p), p is
unramified in K./Q, and Frob, € C.

Let L(s,p,t) = >0 Mn,t)n™* = (k,(s)/¢(s) be the Artin L-function attached
to the number field K;. Note that the conductor of L(s,p,t) is |dk,|, and A(p,t) =
N(p,t) — 1, where N(p,t) is the number of distinct solutions of f(x,t) = 0 (mod p).
Hence —1 < A(p,t) < d.

By Theorem 4.1, for any prime p > cy, we can choose an integer s, so that for
any t = s, (mod p), the Frobenius element of p is the identity in G. For X > 0, let

_ _log X —
Y= gbax and M =1]

all ¢y <p <y.Soift=sy (mod M), for all ¢y < p <y, p splits completely in I/(\t, and
Ap,t) = d.

¢;<p<y P- Let sy be an integer such that sy = sp (mod p) for
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Assume that the discriminant of f(x,t) is a polynomial in ¢ of degree D. Then there
is a constant A such that |dg,| < AtP. We define a set L(X) of positive integers:

L(X) = {% <t< X |t=sy (mod M), Gal(k,/Q) ~ G}.

By the construction of L(X), each ¢ in L(X) corresponds to an Artin L-function
L(s, p,t) with A(p,t) = d for ¢y < p < y. By abuse of notation, we denote by L(X), the
set of Artin L-functions L(s, p,t). Now we assume the strong Artin conjecture.

But it is possible that different ¢ € L(X) correspond to the same automorphic
L-function, namely, (k, (s) = Ck,,(s). We assume that it does not happen. See the
discussion at the beginning of Section 3. In section 4.3, we give three parametric poly-
nomials which satisfy these assumptions.

Now we consider the k-th moments

> <LL/(1,p,t)>k.

L(s,p,t)EL(X)

Recall the definition of E(X ) at the end of Section 2: the set of L-functions with the
desired zero-free regions. For those L(s, p,t) which may not have the desired zero-free
region, we use the trivial bound (Lemma 3.6) as in the proof of Theorem 3.4, and we
may replace the sum L(s, p,t) € L(X) by L(s, p,t) € L(X).

For L(s,p,t) € Z(X)7 by applying Proposition 2.1 with z = (log AX?)™ and y =

10553?;(’ we have ((4.4) of [4])

I Ap, 1)1
—f(l,p,t):dloglogX+ Z W—FC}, (4.2)

y<p<z

where C; = O(logloglog X). Here we use the fact that A(p,t) =d forallcy <p<y=

log X
Tog lgogx~ Hence
L k k—1 = B |
(L(lapat)> = dk’(loglogX)k 4 (l;/’) (leglOgX)z <k r Z) (Et)TCZC_T_Z7
=0 r=0
where ¥, =Y _ . W'

Hence, in order to compute the k-th moment, we need to deal with the sum, for each
integer r, 0 < r < k — 1,

> @y (43)

L(s,p,t)€L(X)

By Cauchy—Schwartz inequality,
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1

1
2 2

(43) < >y St

L(s,pt)EL(X) L(s,p,t)EL(X)

Here 35, , e (x) CHF) « |L(X)|(log log log X )2 =i=") Now consider

T

. A(p,t) logp
E(r,X) = Z (3e)" = Z Z — (4.4)
L(s,p,t)€L(X) L(s,p,t)eL(X) \y<p<w
logpy) - - (logp,
SN e D MR CURR )
P1,--,Pr ! " L(s,p,t)€L(X)

If p; = p; for some @ # j, then by the trivial estimate, the contribution of such case
to (4.4) is < |L(X)|(loglog X) 1.

Now we assume that p; # p; for each i # j. To deal with this case, recall the following
[4]: Suppose f(z,t) gives rise to a regular Galois extension over Q(¢). For a fixed prime p,
consider the equation f(z,t) =0 (mod p). Let A; , be the number of ¢ (mod p) such that
A(p,t) =i, i.e., f(x,t) =0 (mod p) has i+ 1 roots. Then we have Z?;El A, =p+0(1),
where O(1) is bounded by D, the degree of discriminant of f(x,t). We proved in [4, (5.2)],

d

> Ay, = O(yp). (4.5)

i=—1

Now define Q; = {3 <t < X |t € L(X) and t =i (mod p; - - p,)} and write L(X) =

Ui Q-
Let R be a subset of {0,1,2,--- ,p1p2---p, — 1} for which k € R if and only if at least

one of p1,pa, -+, p, is ramified for t € Q. Note that |R| < D". Now we assume
L(X L(X
1Qi| = Cproop, IE(X)] +0< | E(X)] 1) for i ¢ R, (4.6)
D1 DPr p1---pr(log X)2

where ¢p,...p, is a constant close to 1, independent of ¢. We give in Section 4.3 several
examples which satisfy (4.6). Then we have

Proposition 4.7. Assume the estimate (/.0). For distinct r primes p; with y < p; < x,
i=1,---,7,

LI, L)

A1, t) - Apr, t) K T
S

L(s,p,t)€L(X)

)

where the implied constant is independent of p1,--- , pr.
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Note that in [4], we showed Proposition 4.7 for a single prime p.
Proof. Since |L(X)| = |L(X)|+ O(X'/190) it is enough to show that

LX), LX)
B (log X)}

> Apnt) At <
L(s,p,t)eEL(X)

If k € R,

IL(X)|
P1-Pr

ST ApLt) A )| < d

L(s,p,t)EQk

+0(1).

If k ¢ R, p; is unramified for all ¢t € Qy, and \(p;,t) = j(k;) for a unique j(k;). In that

case,

. . L(X L(X
ST AL A t) = (k1) (k) ey, | (“)| +O( |L( 1)|X 1) .
L(s.p,t)€Qx P1--Pr p1---pr(log X)2
Hence

oD At Apet) = Gk 5k Q4

k¢R L(s,p,t)€EQk k¢R
L(X L(X
= Cpy--p, LX)l (k1) J(kr)"’O( Lt )|1>
pieProh (log X))z
r d
L(X L(X
= cpl"'pT ‘ ( )| Z ZAivpu + O ( | ( )|1 ) *
P o \ S (log X)2
By (4.5),

LOT LX)

Ap1,t) - Apr, t) < T
Z (P, 1) (pr.1) p1-Pr (logX)2

L(s,p,t)EL(X)

By Proposition 4.7 and (4.4) we have
E(r,X) < |L(X)|(loglog X)" .
We summarize our discussion as

Theorem 4.8. Assume the strong Artin conjecture for L(s,p,t), and the L-functions in
L(X) are distinct. Assume the estimate (4.6). Then
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/

1 L k B
L(s,p,t)EL(X)

4.2. Families with different moments

In the previous sections, we chose the trivial conjugacy class [e] so that A(p,t) = d for
¢y < p < y. But for any conjugacy class C' of G, by Theorem 4.1, there is a constant cs
depending on f such that we can choose, for any prime p > cy, an integer %, ¢ so that for
any t = i, ¢ (mod p), Frob, belongs to C. Let iy, be an integer such that iyrc = ip.c
(mod p) for all ¢y < p <y. Soif t = ip,c (mod M), for all ¢; < p <y, Frob, belongs
to C and A(p,t) = x(C), where x is the trace of the representation p.

As we did before, we define a set L(X) given by

L(X) = {% <t<X|t=ipyc (mod M), Gal(K,/Q) ~ G} .

Then the k-th moment of —%(1,,0, t) is

’ k
|L(%X)| Z _Lf(l’p’ t)> = x(C)*(loglog X)* + O ((loglogX)k_%> .
peL(X)

4.8. Examples

We recall concrete examples from [4,5].

4.8.1. Quadratic fields

Consider K; = Q[v/#] for t square free and ¢ = 1 (mod 4). For M = 4]]3<p<, P, We
define

X
L(X) = {? <t < X| t square-free and t = sp; (mod M)}

For t € L(X), since the conductor for L(s, p,t) is t, all L-functions in L(X) is distinct.
In this case,

X
Q; = {5 <t < X| t square-free, t = sp; (mod M), t =1 (modplpg'upr)}.

Since p; >y for j=1,---,r, (p1p2---pr, M) = 1. If i # 0 (mod p;) for all j, then by
[7], p. 248, we have

@l =5 TTa a5 | TTa s | + o)

2 , y
q|M j=1
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LX),

o(x?),
P1-Ppr ( )

= Cpl"'pr

where ¢p,...p, = H§:1(1 - pj_2)*1, which is independent of 4. Since p; < (log X)™, it
follows that X1/? <« m_ﬂ}%% and (4.6) is verified.

4.8.2. Ay quintic fields
Consider the polynomial f(z,t) = 2° +5(5t — 1)z — 4(5t2 — 1), where 5t% — 1 is square
free. Here the discriminant of f(x,t) is disc(f(x,t)) = 2855¢2(5¢2 — 1)%.
Let
X 2 .
L(X)= 5 < t < X | 5t° — 1 square-free, t even, t = ip; (mod M) ;.
In [4], we showed that the splitting field of f(x,t) over Q(t) is an As regular extension

and L(s,p,t) is a cuspidal automorphic L-functions of GLs/Q. Also it is shown that
L(s, p,t)’s are distinct. Here

X
Qi = {3 <t < X| 5t* — 1 square-free, t even,
t = sy (mod M), t =4 (mod p1~~~pr)}.

Let R be the set of solutions ¢ (mod p; - - p,) for disc(f(x,t)) = 0 (mod py - - p,).
Since p; >y for j=1,---,r, (p1p2---pr, M) =1. For i ¢ R, by [9], we have

or=T1 (= (0 () o) 3 (- (0= ())) 5

j=1
+ O(X?/3log X)
L(X
= CplmpTM 4 O(X2/3 log X),
pP1--Pr

-1
where cp,...p, = H;:1 (1 — (1 + (%))pJQ) , which is independent of 4. Since p; <

(log X)™, it follows that X?/3log X < %, and (4.6) is verified.

4.8.8. S5 quintic fields

In [5], we considered a parametric polynomial f(z,t) = % + tx + t such that
disc(f(x,t)) = t*(256t + 3125). We showed that the splitting field of f(x,t) over Q(t) is
a regular S5 extension. Let

X
L(X)= {E <t < X | tsquare-free, t =1 (mod 5), t = ips (mod M)}
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The congruence condition t = 1 (mod 5) is required to show that L(s, p, t) is a cuspidal
automorphic L-function of GL,/Q using a result of Calegari [3]. We showed that all
L(s, p,t)’s are distinct, and (4.6) can be verified as in the case of quadratic fields.

Remark 4.9. Theorem 4.8 is valid for all the examples in [4] except possibly for Ay
examples.

5. Moments of log L(1, p)

Suppose L(s, p) is entire and is zero free in the rectangle [, 1] X [—xz,z], and N is the
conductor of p. Then as in (2.3), we have

An)a,(n log N log 2 + (log z)?
log L(1,p) = Y w+0< xlf%f Y (5.1)

2<n<x

This implies the following approximation of log L(1, p) as a sum over a short interval:

logL(L,p)= Y. L@+Oa(1), m(10‘"2”>>3. (5.2)

p<(log N)™ b

For those L(s, p) which may not have the desired zero-free region, we use an uncon-
ditional bound given by Louboutin [15]: L(1, p) < (log |dx]|)?.
Applying (5.2) to L(s, p,t) € L(X) in Section 4.1, we have

log L(1, p,t) = dlogloglog X + Z ap_(m + O(loglogloglog X).

y<p<(log X)™

As we did in section 4, we can show that the k-th moment for this family is

1
Y. (logL(1,p,1)" = d*(logloglog X)* + O((logloglog X)*~/2).
| ( )| L(s,p,t)eL(X)

For G441-fields, we can show as in Sections 3,

S (logL(1,p)* = O().

pEL(X)

LX)

In order to obtain the asymptotic formula, we use (5.1). Write

A(n)a,(n
log L(1,p) =%, +C,, X,= Z %7
n<(log X)™ &

and C, = O (;1y ). Then
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S (oLt = Y ) Y Z( )
pEL(X) pEL(X) pEL(X) =0

As before, we can show

Proposition 5.3. Let L(X) be the set of Sqi1-fields as in Section 3. Let f1(q), f1(q,a,e),
and A(q,a,e) be as in Theorem 3.4. Then

Z logL(1,p) = > A(p, u, 1)u4};f1 q,u,1) Z <10g1X>.

| ( pEL (X) P, u>2 P
Fora=(ay,...,at) and e = (eq,...,et), define a® = af'as? - --a;*. Then,
i Y (ogz(1,p)
[L(X)] ’
pEL(X)

: Cutj |autjeutsl
q1s--qutv =1 % j=1 au-‘,—j u+j
€utj,Butjs J=1,..,0

1
O(logX>’

where g1, , Qutv are as in Theorem 3.4.

Z ﬁ f1 (QZ) ﬁ (A(qu+ja Aytjs eu+]) + f1 (Qu+J7 Ayt equj))

‘We write

Corollary 5.4. Assume (3.2) and the strong Artin conjecture for p. Assume that 7(k) <
ckloglogk for some absolute constant ¢ > 1. Then,

. 1 .
Xlgnoo m#{ﬂ € L(X) [ log L(1, p) < z} = F(x),

at each point of continuity of F(t), where F(t) is a distribution function whose charac-

teristic function is given by

*31

i k

k=0
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