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Let C be a conjugacy class of S;, and K an Sj,-field. Let nx ¢ be the smallest prime, which
is ramified or whose Frobenius automorphism Frob, does not belong to C. Under some
technical conjectures, we show that the average of nkg ¢ is a constant. We explicitly
compute the constant. For S3- and Ss-fields, our result is unconditional. Let Nk ¢ be the
smallest prime for which Frob, belongs to C. We obtain the average of Nx ¢ under some
technical conjectures. When C is the union of all the conjugacy classes not contained in

A, and n = 3, 4, our result is unconditional.

1 Introduction

For a fundamental discriminant D, let xp() = (2), and let Np,+1 be the smallest
prime such that xp(p) = %1, resp. Let np 11 be the smallest prime such that xp(p) #
+1, resp. We can interpret Np; (Np,_;) as the smallest prime that splits completely
(inert, resp.) in a quadratic field Q(+v/D). Under the assumption of the Generalized

Riemann Hypothesis (GRH) for L(s, xp), one can show easily that Np +1,np +1 < (log D)?.

Zaepex N1 _
7(X) =

Y her % = 3.67464..., where p runs through primes, and py is the k-th prime. Pollack

Erdos [16] considered the average of those values over a family limx_,
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2 P.J.Choand H. H. Kim

[29] generalized Erdds’ result to all fundamental discriminants:

N 2 2
lim M:Z 4 I Pt2 _ 498004. ..
X000 Y pex | —2q+1, 12+ D)

where p and g denote primes. (In [25], the value 4.98094... is misquoted as 4.98085.)
Pollack [30] also computed the average of the least inert primes over cyclic number fields
of prime degree.

We generalize this problem to the setting of general number fields. We call a
number field K of degree n, an S,-field if its Galois closure K over Q is an S,, Galois
extension. Let LQZ)(X) be the set of S;,-fields K of signature (r, r2) with |dg| < X, where
dg is the discriminant of K.

Let C be a conjugacy class of S,. For an unramified prime p, denote by Frob,, a
Frobenius automorphism of p. Define ng ¢ to be the smallest prime p, which is ramified
in K or for which Frob, ¢ C. Similarly define Nx ¢ to be the smallest prime p such that
Frob, € C. Under GRH, we can show that ng,c, Nk,c < (log |dx|)?. (We have ng ¢, Ngc <
(log |d1§|)2 (cf. [1], [26]), but we have log |d%| < log |dk| (cf. [28, Lemma 3.4]).)

In this paper we consider the average value of ng,¢ and Nk, over LU?(X). First,

we prove the following:

Theorem 1.1. Letn = 3,4,5. When n =5, we assume either the strong Artin conjecture,

or Conjecture 3.2. Then,

1 q(1 —|Cl/ISnl +f(@) ICl/ISnl ( 1 )
e § ( = 2 | | +0 , (LD
L) & "K.C 1+£(q) S 1+f(p) log X

KeLy? (%) a p=<q

where p and g denote primes, and f(p) is a certain function of primes that satisfies

fp) = O(%). See Section 2 for a precise form for each n.

For S3-fields, Martin and Pollack [25] computed (1.1) for C = {1}, [(123)]. The
main key ingredient was counting S3-fields with finitely many local conditions, which
is a recent result of Taniguchi and Thorne [34]. In [10], we were able to count Ss- and
Ss-fields with finitely many local conditions using a result of Belabas, Bhargava, and
Pomerance [2], and a result of Shankar and Tsimerman [33]. In Section 2, we review
counting number fields with finitely many local conditions, which is the main tool for
the proof.

Our key idea is to use the unique quadratic subextension F = Q[+/dg], which we

call the quadratic resolvent. For unconditional bounds on ng ¢, we use the inequality

Downl oaded from https://academ c. oup. com i nrn/ advance-article-abstract/doi/10.1093/i nmrn/rny074/ 4984672
by University of Toronto Library, henryki m@math.toronto.edu
on 25 April 2018



The Average of the Smallest Prime 3

ngc <np1 < Np_; or ngc < ng,_1; < Nr; depending on whether C C A, or C ¢ A,. We
have unconditional bounds of Nr; by Norton [27] and Pollack [31]. We review this in
Section 3.1.

Let xr = X4z, Where dr is the discriminant of F. By using the zero-free region of
L(s, xr), we can get conditional bounds on ng ¢. This is done in Section 3.2. Here we need
to count the number of S;,-fields with the same quadratic resolvent. For S3-fields, Cohen
and Morra [11] found a formula for the number of S;-fields having the same quadratic
resolvent F. However, the dependence on F of the error term is not explicit, which makes
it unsuitable for our purpose. Using a result of Cohen and Thorne [12], we obtain a bound
on the number of S3-fields having the same quadratic resolvent for which the implied
constant is independent of F. But for n > 4, we could not find it in the literature. We
state it as Conjecture 3.2. In Section 4, we establish (4.2) (a general version of (1.1) under
the counting Conjectures (2.1) and (2.2) and Conjecture 3.2.) See Theorem 4.1 and tables
below it for the average values, which were computed by using the computer algebra
system PARI/GP.

In Section 5, for n = 3, 4, 5, we prove (1.1) without Conjecture 3.2. Instead we
use the strong Artin conjecture. Since the strong Artin conjecture is true for n = 3, 4,
Theorem 1.1 is unconditional for n = 3, 4. In this case, we need zero-free regions of
different Artin L-functions for each conjugacy class.

In Martin and Pollack [25, Theorem 4.8], the average of Nkc for Ss3-
fields was studied under GRH. For Nk, we have conditional bounds Nk <«
e"(loglogmff‘)g+€ for some constant ¢ [28, Theorem 1.1] under the zero-free region
lo, 1] x [-(og|dz]?, (Qog|dz)?] of i’?(—(ss)) In Section 6.1, we obtain a better bound
Nkc <€ (Al — a)log |d;<|)ﬁ for some positive constant A. However, we do not have
good unconditional bounds for Nk, as we do for ng ¢. The best bound at the moment is
Ngc < |df<|40 [36]. In Section 6, we compute the average of Nx ¢ under the assumption
that Ng,¢c < IdKI%_G" for some constant 0 < ¢, < 1/2. Tables for the average values of

Nk for S, n =3, 4, 5, are provided.

Theorem 1.2, Letn =3,4,5. When n =5, we assume the strong Artin conjecture. When

n =4, 5, we assume Conjecture 3.2. Under the assumption that Ng ¢ < |dK|%_€", we have

1 = aUCH/1SuD) 1 1= [C1/ISnl + £ ) 1
3 NK,c—Xq: @ T 1+fp) +O(logX>' 1.2

(r2)
L X
Lol 5 p<q

where p and g denote primes.
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4 P.J. ChoandH. H. Kim

In Section 6.4, we obtain an unconditional result for the average of Nk ¢,, where
Cy is the union of all the conjugacy classes not in A,, since in this case we have a good

unconditional bound. In particular, we have

Theorem 1.3. For S3-fields and C = [(12)], and Ss-fields and C, = [(1234)] U [(12)], we
have an unconditional result for the average of Nk c,. For S3-fields and C = [(12)], the
average value of Nk ¢ is 5.36802.... For Ss-fields and C,, = [(1234)] U [(12)], the average
value of Nk ¢, is 5.821569....

Under the strong Artin conjecture, it is true for Ss-fields: for C,, = [(12)(345)] U
[(12)] U [(1234)], the average value of Nk ¢, is 5.9733589....

In the Appendix, using a result of Cohen and Thorne [13], we count the number
of S4-fields with the given cubic resolvent. In Section 5, this result is used to compute

the average of ng ¢, C = (123) for Ss-fields.

2 Counting Number Fields with Local Conditions

Let K be a Sy,-field for n > 3. Let § = (LCp) be a finite set of local conditions; LCp = Sp ¢

means that p is unramified and the conjugacy class of Frob, is C. Define |Sp¢| =

m for some function f(p), which satisfies f(p) = O(%). There are also several
splitting types of ramified primes, which are denoted by r1,72,...,rw; LCp = Sp,r; means

that p is ramified and its splitting type is rj. We assume that there are positive-valued
functions c;(p), c2(p), ..., cw(p) with Z}”;l ci(p) = f(p) and define |Sy ;| = % Let
181 =TT, 1£Cpl.

Conjecture 2.1. Let L,({Z)(X; S) be the set of S;,-fields K of signature (r}, rp) with |dg| < X

and the local conditions S. Then

L2 (X)] = A(r2)X + 0X"), (2.1)
L5209 = 1S51ax + 0 | (] >VX5 (2.2)
n ’ - 2 p .
peS

for some positive constants A(r2), § < 1 and y, and the implied constant is uniformly

bounded for p and local conditions at p.

This conjecture is true for S3-, S4- and Ss-fields. See below for precise values

of A(rp) for n = 3, 4, 5. For S3-fields, we use a result of Taniguchi and Thorne [34]. Let
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The Average of the Smallest Prime 5

f@ =p'+p % Put

-1 -2

p p
1+f@)' 1+f@)’

|Sp,rj| =

for rj = (121), (1%), respectively. Then

Theorem 2.2. [34] Let Dy = D) =

1 3
12¢(3)7 12£(3) "

1

LY (X, S)| = |SIDp, X + 0 (H p) x3

peS

<l

For Sy-fields, take f(p) = p~! + 2p~2 + p~3. For a conjugacy class C of Sy, let

IC]

S = — .
Sl = 200 7o)
Put

1/2-1/p 1/2-1/p 1/2-1/p* 1/2:1p* 1/p* . 1/p°
1+fp)" 1+f(p)" 1+f " 1+f@)  1+f@)’ 1+f(p)

|Sp,rj| =

for rj = (1211), (122), (121%), (2%), (1%1), (1*), respectively. By using the results of [2], [35],

we showed the following:

Theorem 2.3. [10] Let D; = d; [],(1 +p2-p3-p ™), anddo = j5,d1 = §,and dz = ;.

2
LT (X, 8)| = |SIDy,X + O. (]_[ p) xiii+e
peS

For Ss-fields, take f(p) = p~! + 2p~2 + 2p~2 + p~*. For a conjugacy class C of Ss,

let
S |=—|C|
PET 1200+ F(p)
Put
’s _1/6-1/p 1/2-1/p 1/3-1/p 1/2-1/p* 1/2-1/p* 1/2-1/p* 1/2-1/p*
POIT14+f@) " 1+f@ " 1+f@ " 1+f@ " 1+f®) " 1+f® " 1+f®) '

yp®  yp* o 1pt
1+fp) 1+f®)’ 1+£(®)
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6 P.J.Choand H. H. Kim

for r; = (12111), (1212), (123), (121%1), (221), (1311), (132), (131?), (1*1), (1°), respectively.
By using the result of [33], we showed

Theorem 2.4. [10] Let D; = d; [],(1 +p2—p*—p® anddy,d,d; are ﬁ, ﬁ, and %,

respectively.
(r2) 27€ 199
ILg*" (X, S)| = |SIDr, X + Oc 1_[ p X200 T¢
peS
3 Bounds on ngc

Recall that nk ¢ is the smallest prime, which is ramified in K or for which Frob, does
not belong to C. Now K has the quadratic field F fixed by A,, that is, F = Q[/dg]. Let dr
be the discriminant of F. Then clearly, |dr| < |dk|. By abuse of language, we call such F
the quadratic resolvent of K.

If C C Ay, and Froby, € C, then p splits in F. Hence, ng,c < ng,1.

If C ¢ Ay, and Froby, € C, then p is inert in F. Hence, ng,c < nr,—1.

3.1 Unconditional bounds of ng ¢

By Norton [27], NF,_1 < IdFI‘%ﬁJre Le IdKl‘%ﬁJre- Since np,; < Np,1,
ng,c <e IdFI‘I%/EJre e Idgl‘%/?ﬁ for C C A,,.
By Pollack [31], Np1 <. |dr|3+¢ <. |dx|3+€. Since np_; < Ng,1,
nk.c <e |dplite < |dg| ¥t for C ¢ Ap.

3.2 Conditional bounds of ng ¢

We obtain conditional bounds on nr¢ under the zero-free region of L(s, xr), where
xr(p) = (%). Suppose L(s, xr) is zero-free on [a, 1] x [—(og|dr|)?, (log|dr|)?.
Then by [8],
r xr(p) logp
— (0 xm) = > S 0,
p<(log|dp|)16/1-

for 1 < o < 3/2. Hence, it implies that

1
<
T (l-ao

loglog|dFr| + O(1).

L/
—— (o,
‘ L( XF)
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The Average of the Smallest Prime 7

Now for C C Ay, consider ¢r(s) = ¢(s)L(s, xr). We obtain

1 1 1 v
3 (1+ xr(p)logp _ — 2 (o, xp) + O(1).
p° o—1 L

p

For a while, we assume that ng ¢ > 3. For each prime p < ng ¢, the prime p splits

in the quadratic resolvent F. (i.e., xr(p) = 1 for all p < ng¢.)

Then
21o 1 L
S S8R (o, xp) + 0.
pimmc p o—1 L
By takingo — 1 = logﬁ, we have
1—2e* 1
—1 < loglog|d Oo(1).
n OgnK’C_(l—a) oglog|dFr| + O(1)

Hence,
_16_ _16_
ng,.c < (log|dr|) ™% « (log|dg|) T4,

where A = supkzol_i—e%, which is 0.37... when A = 1.678.... When ng ¢ = 2, it clearly
satisfies the above inequality. Hence, we can remove the assumption ng,¢ > 3.

Now for C ¢ Ay, consider

1 1 1 L
Z (1 — xr(P) logp _ + = (0, xr) + O(1).
p° o—1 L

p

For each prime p < ng,, the prime p is inert in F. (i.e., xg(p) = —1 for all p < ng,c.) We

have the inequality

2logp 1 L

it +—(0, xp) + OQ1).
p c—1 L

p<nk.c

Hence,
16 16
ng,c < (log|dr|) T4 « (log|dg|) T4, (3.1)

(Here we implicitly assume that ng ¢ > 3 and remove the restriction after we obtain the
upper bound.)

Because we lack the GRH, we cannot use the above bound directly. In [7], we
extended the result of Kowalski and Michel [22] to isobaric automorphic representations
of GL(n).
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8 P.J.Choand H. H. Kim

Let n = n; + ng + --- + n,, and let S(X) be a set of isobaric representations = =
71 Br2 8- - -Bry, where each 7; is a cuspidal automorphic representation of GL(n;)/Q and
satisfies the Ramanujan-Petersson conjecture at the finite places. Suppose S(X) satisfies

the following conditions:

(1) There exists e > 0 such that for r = 71 Bnry B --- B 7w € SX),
Cond(my) - -- Cond(my) < X€;

(2) There exists d > 0 such that |S(X)| < X%;

(3) The I'-factors of n; are of the form ]_[Z]:1 I'(s/2 + a) where ay € R;

(4) Given two representations =, 7’ € S(X), for each j, 7; is not equivalent to any

/3 . —
my if nj = ng.

Fora >3/4and T > 2, let
N(r;a,T) = |{p : L(p,7) = 0,Re(p) = a,|Im(p)| < T}|.
Then, clearly N(7;«,T) = N(my; ¢, T) + - - - + N(tp; 0, T).
Theorem 3.1. ([7, Theorem 3.4]) Let S(X) be as above. Then for some B > 0,

Z N(r;o,T) < TBxco(1-)/Qa—1)
TeS(X)

One can choose any ¢y > c;, where ¢, = 5n'e/2 + d with n’ = max{n;}1<i<.

In application of Theorem 3.1 to a family S(X), it is very important to estimate the
size of the set of L-functions L(s, 7) coming from S(X). Our L-functions in consideration
are Artin L-functions associated with S;-fields. To show that they are all distinct,
arithmetic equivalence of number fields is used. Two number fields K and F are
arithmetically equivalent if ¢x(s) = ¢r(s). We say that a number field K is arithmetically
solitary if ¢x(s) = ¢r(s) implies that K and F are conjugate. It is known that S, -fields are
arithmetically solitary [20, Chapter II].

Let

LX)* = {F|F: quadratic field, +dr < X}.

We may treat L(X)* as families of quadratic Dirichlet L-functions L(s, xr). We apply
Theorem 3.1 to L(X)* withd =e =1, T = logX, and q = X. Since distinct fundamental
discriminants give distinct L-functions L(s, xr), IL(X)*| = co X + O(v/X) for some positive

constants c1. For any ¢ > 0, by choosing « close to 1 so that cp(1 — «@)/(20 — 1) < €. Then
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The Average of the Smallest Prime 9

we can show that every L-function in L(X)* is zero-free on [, 1] x [—(log X)?, (log X)?]
except for O(X¢) L-functions. In Section 5, we will apply Theorem 3.1 to various families
of L-functions.

In order to use this result, we need to count the number of S,-fields with the
common quadratic resolvent. Let F be a quadratic field, and let QR, (X, F) be the set
of Sp-fields with the common quadratic resolvent F and the absolute value of the
discriminant bounded by X. Since dx = dpm? for some m € Z%, by the counting
Conjecture (2.1), it is expected that |QR, (X, F)| < (X/|dr|)!/?. For our purpose, a weaker

bound is enough.

Conjecture 3.2. There exist constants a, > 0,0 < 8, < 1/2 such that
1 1
|QR, (X, F)| < X2 (log X)**|dp|"27Fn,

where the implied constant is independent of F.

When n = 3, Cohen and Morra [11] found a formula for the number of S3-fields
having the same quadratic resolvent F. However, in their result, the dependence on F
of the error term is not explicit, which makes it unsuitable for our purpose. We use a

result of Cohen and Thorne [12]: given a quadratic field F, let

1
®p(s) = - + Z m,

KeF(F)

N| =

where dx = dpf(K)?, and F(F) is the set of all cubic fields K with the quadratic resolvent
field F. Let D be a fundamental discriminant, and D* = —3D if 34D, and D* = —% if 3|D.
Define L3(D) = Lp+ U L_27p, where Ly is the set of cubic fields of discriminant N. By
Theorem 2.5 in [12],

|L3(dp)+1]

o)=Y B, @)=Y D,
i=1 n=1

logn
and a;(n) < 22" « 2%elen « n€. Hence, each ®;(s) is absolutely convergent for Re(s) > 1.

We also have ®;(1 +c+it) < ( f((zlfzcc)))z < Ciz with an absolute implied constant. Now we
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10 P.J. Cho and H. H. Kim

apply Perron’s formula to each ®;(s). For ¢ = @,

14c+ix x5
®i(1+c+it)—ds+0 (%),

Y ain) =/

n<x 1+c—ix

with an absolute implied constant. Since ®;(1 + ¢ + it) « (logx)?, the integral is
majorized by x(logx)3. So Y, _, a;(n) < x(logx)3. By [15], [Ln| < IN|3+€. Hence,

|L3(dp)+1] .
K e FOIFE) <xll= Y Y ai(n) <|drl3 x(logx)®.
=1 n<x

Therefore,
(K € F(F) | f(K) < x}| < x(logx)®|dg|37.

Hence, we have proved

Proposition 3.3.
|QR3 (X, F)| < X2 (log X)3|dr| "5,

where the implied constant is independent of F.

Remark 3.4. Martin and Pollack [25] obtained a bound |QR3(X,F)| <. X%+€|dpl_%,

which is enough in computing the average of ng ¢ for S3-fields, but not enough for N ¢.

Remark 3.5. A recent preprint by Pierce, Turnage-Butterbaugh, and Wood [28] gener-
alizes Theorem 3.1. Essentially what they do is to replace the condition (4) with the

following weaker condition [28, (6.6)]: for any i and any 7 € S(X),
[{n' € S(X) | =} is equivalent to m;}| < X* (3.2)

" . n(s
for some positive constant t < d. For K e L (X), write gK—(S) = L(s, xp) [ 1, L(s, Y)va,

where F is the quadratic resolvent of K, and i runs over the irreducible characters of
Sy such that ¥ (1) > 1. When we consider

{z(s)

SX:
0=

IKGL(X)},

Conjecture 3.2 is a refinement of Condition (3.2) when 7; = xF.
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The Average of the Smallest Prime 11
4 Average Value of nx ¢

In this section, we prove Theorem 4.1 (Theorem 1.1) under Conjecture 3.2, and the
counting Conjectures (2.1) and (2.2).

For simplicity of notation, we denote LI (x) by L(X). Take y = 14—;5 log X, where
§ and y are the constants in (2.1) and (2.2). Then

Z ng.c = Z ng.c + Z ng.c.

KeL(X) KeL(X), ng,c<y KeL(X), nxc>y

Here nkg,c = q means that for all primes p < g, Frob, € C and g is ramified or

Froby ¢ C. By the counting conjectures, there are

— |Ci|ﬂ?(|q;r = }:[q icl/}s(;LA(rz)X +0 (XIJZJ)
such number fields in L(X). Hence,
Y ome=Ya ¥
KeL(X), ng,c<y q<y KeL(X),nkc=q
= A(r2)X g q - IICIiIJScr(ll;f(q)) ﬂz 1|C+|/J|CS(Z|> +o(yx")

_ q(1 ~ [CI/ISx| + £ @) 17 1C1/ISal
B A(“)X; e | S

p<q

+0|xY q[]acl/ISah + Qogx)2x 5
q>y p<q

Since
S a[Tacmise = Y a(19) «
q n =29\ s, logx’
q>y pP<q q>y

we have

q(1 —|Cl/1Snl + f(@) IC/ISn| X
Y. nkc=Ar)X) I +0 ( ) :
KeL(X), ng c<y P 1+f(@ pg L Tf® logX

Now we divide the sum }° ;. ng,c into two subsums. Let E(X) be the set

=X, ng,c>y
of Sp,-fields K in L(X) for which the quadratic L-function L(s, xr), where F is the quadratic
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12 P.J. Cho and H. H. Kim

resolvent of K, may not have the desired zero-free region [«, 1] x [—(log X)?, (log X)?]. If
K ¢ E(X), L(s, xr) has no zeros in [«, 1] x [-(log |dr|)?, (log |dF|)?].

Z ng,c = Z ng,c + Z ng,c. (4.1)

KeL(X), nk.c>y ng,c>y, K¢EX) ng,c>y, KeE(X)

To handle the first sum, we use the conditional bound on ng, in Section 3.2.

Z ng,c K (logX)ﬁ Z 1

ng,c>y, K¢EX) ng.c>y

16
< (logxym=a | X [Tacl/isah +X° | [ p
p<y p<y

_16 | | 7(y) 148
< X(logX)@-wa | —— + X7
[Snl

We use the fact that (%)”(W & e_l"g]l% « (logX)~* for any k.

Let's deal with the second sum. From the unconditional bound in Section 3.1,
nkgc < |dp|4%/5+E or |dF|%+e depending on whether C ¢ A, or C ¢ A,. In any case
ngc < |dp|ate. By Conjecture 3.2, we have at most O(X%(logX)“"ldpr%“Lﬁ") S, -fields
with the same quadratic resolvent F. In Section 3.2, we showed that there are at
most X¢ quadratic fields F, which may not have the desired zero-free region. Hence,
|E(X)| < X7+2. Therefore,

Z ng.c < X%+2€X%+e < X%+3€.
nkg,c>y, KeE(X)

Our discussion is summarized as follows:

Theorem 4.1. Let LgZ)(X) be the set of S,-fields K of signature (r;, r2) with |dg| < X.
Assume the counting Conjectures (2.1) and (2.2) and Conjecture 3.2. Let C be a conjugacy

class of Sy, and ng ¢ be the least prime with Frob, ¢ C. Then,

1 q(1 —|C|/ISn| + () IC|/ISn| ( 1 )
- - 2 ( = 2 | | +0 , (4.2)
L) < e 1+f(g o 1+fD) log X

ker™ (x) q p<q

where the sum and the product are over primes.
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The Average of the Smallest Prime 13

For S3-fields, the counting Conjectures (2.1) and (2.2) and Conjecture 3.2 are true.
Hence, the above theorem holds unconditionally. For S4- and Ss-fields, the counting
Conjectures (2.1) and (2.2) are true. Hence, under Conjecture 3.2, Theorem 4.1 holds for
S4- and Ss-fields.

The tables below show average values of ng, for S3-, S4-, and Ss-fields. The

computations are done by PARL

Sk Average of nk ¢
S Average of ng ¢ {1} 2.0036404...
Ss3 Average of ng ¢ {1} 2.0206694... [(12)(34)] 2.0632551...
{1} 2.1211027... [(12)(34)]  2.0691556... [(123)] 2.0891619...
[(12)]  2.6719625... [(1234)]  2.1653006... [(12)(345)]  2.0891619...
[(123)]  2.3192802... [(12)] 2.1653006... (12)] 2.0399630...
[(123)]  2.2516575... [(1234)] 2.1505010...
[(12345)]  2.1120340...

Remark 4.2. From the tables above, we can see that the average value of nk ¢ is close

to 2 and ng ¢ < ng,¢ if |C| < |C|. In fact, it is expected from the formula for the average

1=[C/ISn|+f(2)
1+ (2)

of the number fields. For example, for Ss-fields, the probability for ng ) to be 2 is
0.996396....

value of ng . The probability for ng,c to be 2 is , which happens to most

Remark 4.3. Let L(X)* be the set of real/complex quadratic extension F with +dr < X.
For the sake of completeness, we record the average of ng;. It is easy to check that
the probabilities for a prime p is to ramify, split, or be inert are ﬁ, ﬁ, or ﬁ,
respectively. Hence,

= 2.83264....

) 242
i Z:I:dp_XiF:il -y q°+2q 1 p
X—oo  |LX)E| —~2q+1 , . 2(0+1)

5 Alternative Proof of Theorem 1.1 without Conjecture 3.2

In this section, we show how we can avoid using Conjecture 3.2, which is necessary to
estimate (4.1). Instead we assume the strong Artin conjecture and use various Artin L-
functions, depending on the conjugacy class. We consider S, -fields for n = 3, 4, 5. Since

the strong Artin conjecture is known for S3- and Ss-fields [6], our result is unconditional
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14 P.J. Cho and H. H. Kim

for S3- and S4-fields. We show, by a case by case analysis on each C,

> =0 (i
nK,C = logx )"

KeL(X), ng,c>y

We still divide it into two subsums

2. mme= ), mect ). mec

KeL(X), nk,c>y ng,c>y, K¢EX) ng,c>y, KeE(X)

However, the exceptional set E(X) will be different for each C, since we consider zero-
free regions of different Artin L-functions. The second sum is estimated by using the
unconditional bounds of nx¢ in Section 3.1. For the first sum, we need conditional
bounds, conditional on zero-free regions of various Artin L-functions. We use the

following formula as in [24]: for a conjugacy class C of S, define, foro > 1,

C _ L ~
Fe(o) = —%Zw(mf(o,w,m@x (5.1)

where ¥ runs over the irreducible characters of S, and L(s,w,I? /Q) is the Artin L-

function attached to the character . By orthogonality of characters,

Felo)=Y_ Z e(pm)logp, (5.2)

P m=1

where for a prime p unramified in K,

1 if (Frobp)™ € C,

0 otherwise.

6(p™) = {

and 0 < 6(p™) < 1 if p ramifies in K.

5.1 Sy-fields

Here, we follow the notations in [14] for characters of S4: x4 is a degree 3 representation,

and x5 = x4 ® x2, where 3 is the sign character.
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The Average of the Smallest Prime 15
5.1.1 Casel.C=[(1234)]
From (5.2),
yhloer 11 L L Y+ Eo ) + 0
=—. — = —=, — —(o, —(o, .
P’ 4 o—1 al\ Tl ionxs
peC
Here
L L x2(p) + xa(p) logp
—L O = T = 3 T o) = —2 ) =B 4 0.
14 peC
Hence, we have
1 logp 1 1 1L
2L o S a1 2@ o0, (5.3)
peC

Since x5 = xa ® x2, the conductor of xs is at most |dx|3. Since x4 is modular [6],
x5 is modular, that is, L(s, xs) is a cuspidal automorphic L-function of GL3/Q. Consider

a family of Artin L-functions:

L(X) = {L(s, x5) | K € L(X)}.

Then all L-functions in L(X) are distinct because L(s, x4)’s are distinct since K is
arithmetically solitary. Hence, the size of L(X) is the same with that of L(X). By applying
Theorem 3.1 to L(X) with T = (log X®)? and « close to 1, every L-function in the family is
zero-free on [, 1] x [-(3log X)?, (31og X)?] except for O(X¢) L-functions.

For a L-function with such a zero-free region,

L/( ) 163
__61 =
L7 =02y

loglogdk + O(1), (5.4)

for 1 <o < 3/2. (See (5.1) in [8]). Plugging (5.4) into (5.3), and taking o = 1 + logﬁ, we

1—2e¢~*
an

logngc < ﬁ loglog|dx| + O(1). Hence,

obtain

48
ng,c < (log|dg|) -4, (5.5)

_9p—A
where A = sup, .o =22
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16 P.J. Cho and H. H. Kim

Let E,;(X) be the set of K € L(X) such that L(s, x5) may not have the desired
zero-free region. Then |E, (X)| < X¢. Then

Z ng,c = Z ng.c + Z ng.c
KeL(X), ng,c>y K¢Ey (X), ng,c>y KeEy; (X), ng,c>y

48
< (logX)T-w4 Z 14+ x1/4+e . xe
KeL(X)'2, ng c>y

< Qogxymem (x (1% H(Y)+X% « =
: |54l logx’

5.1.2 Case 2. C=[(12)(34)]
From (5.2)

yler 1o 1 L2 ok~ E o - E o xs)) +001)
= s\ 0, X2 I 0, X3 I 0, X4 I 0, X5 .

peC
Since
L L logp 5
- ’ _2_ ’ S 5 O 1 = O 1 4
(0, %2) = 270, x3) ;—pa +0(1) = ——= +0(1)
we have
logp 6 1 1 /L L’
Y —=E <. + = (0, xa)+ (0, x5) ) + O1).
P 8 o—1 8\L L

Now consider a family of Artin L-functions:
L'(X) = {L(s, xa) | K € L(X)}.

Since Sy-fields are arithmetically solitary, |L'(X)| = |L(X)|. By applying
Theorem 3.1 to L'(X), we obtain the exceptional set E,, (X), which is the set of K € L(X)
such that L(s, x4) may not have the desired zero-free region. Let E(X) be the union of
E,,(X) and E,,(X). Then if K ¢ E(X), L(s, xa) and L(s, x5) are simultaneously zero-free on
ler, 11 x [—(81og|dk])?, (31log |dk|)?]. So we have

6-3
<
T (1l-a

r L

With this conditional bound, as we did in Case 1, we can show

> mee=0(,
R = logx )"

KeL(X), nk,c>y
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The Average of the Smallest Prime 17
5.1.3 Case 3. C=[(12)]

From (5.2),

logp 1 / !
Z =

. L o+ E oy~ Eiox) ) + 01
_ -~ -=(o, — (0, xa) — — (o, .
Zp T4 o-1 all X2) TR K)o XS

Here

/

L lo gp
——(o,x2) — —(0,x5) > -2 ) —— +0(1).
L L
peC
Hence, we have

logp 1 1 I
—Z _—-j—z- — (0, xa) + O(1).
peC

In Case 2, we showed that every L(s, xa) except for O(X¢) L-functions satisfies

L/
‘——(0 xa)| <

16 -
0 o loglog ldg| + O(1).

From this we have

Z nK,(;:O( X )

logX
KEL(X), nK,C>y

5.1.4 Case4.C=][(123)]

From (5.2),
logp 1 1 1 /L r
) == — >+, x2) — ~ (o, 0(1).
3 o-1 3<L(G x2) = 7 (0, x3) ) +0Q1)
peC
Since
/ 1
I ’ =< Oll
—(0,12) < —— +0(1)
we have,

logp 2 1 1 I
S BE S —— 2 T+ 0.
peC p
Here L(s, x3) = %"’(S), where M is the cubic resolvent of K. Note that M is an
S3-field. Let

Lcr(X) = {L(s, x3) | M: S3-field, |dy| < X]}.

By arithmetically solitary property, |L¢cr(X)| is the same as the number of S3-fields for
which |dy| < X. By applying Theorem 3.1 to L¢r(X) with T = (log X)?, we can see that
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18 P.J. Cho and H. H. Kim

every L(s, x3) in L¢gr(X) except for O(X€) L-functions satisfies

L/( ) < 253 1oglog dxl + O1)
LG,X3 e gloglak '
and with this bound, we have ng ¢ « (log |dK|)(lflg>A, where A = sup; . l_g—f_k = 0.10...

when A = 2.29....

Let E,, (X) be the set of K € L(X) such that L(s, x3) may not have the desired zero-
free region. Note that there are at most O(X %“) Ss-fields in L(X) that have the common
cubic resolvent M. (See the Appendix.) Hence, |E,, (X)| < X<X2€, Then

Z ng.c = Z ng.c + Z ng,c

KeL(X), ng,c>y K¢Ey, (X), ng,c>y KeEy, (X), nk.c>y

16 X
< (QogX)m™od 31XV xe X1 — o( > .
logX
KeL(X), ng,c>y

5.1.5 Caseb.C= {1}

In [8], we showed that if L(s, xa) = ¢x(s)/{(s) is entire and zero-free on [«, 1] x
1—%e*)‘

[—(og|dx|)?, (log |dk|)?], then nge < (log|dK|)<1*1§>A, where A = sup;.o —— = 0.5...

when A = 0.96... (there is a typographical error in [8, Theorem 1.1]). Since every field K
in L(X) except for O(X¢) fields has such upper bound,

Z n =0 X
Ke= logx )’

KeL(X), ngxc>y

5.2 Sx-fields

We assume the strong Artin conjecture for Ss fields, and follow notations in [14] for
characters of Ss. Then L(s, x3) = ¢x(s)/¢(s), and L(s, x5) = ¢g(s)/¢(s), where H is the

sextic resolvent of K. For the sign character x»,

Xa=Xx3® X2, X6 =X5® x2, and x7 = A’xs.

Then, the conductor of L(s, x4) is bounded by |dx||dk|* = |dk|®. The conductor of
L(s, xs) is |dg| = (16|dg|)®. (See page 76 in [3].) The conductor of L(s, x¢) is bounded
by |dx|ldx|® < 2'%|dg|8. The conductor of L(s, x7) is bounded by |dx|’. ([4]; G. Henniart

. . .. . . 3
noted in a private communication that it can be improved to |dk|2.)
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The Average of the Smallest Prime 19

5.2.1 Casel.C=[(12345)]
From (5.2),

yoeer 11 L Y-S+ L)+ o)
= 5 o I o, X2 I 0, X3 I 0, X4 I O, X7 .

pet p° -1 5
Since
L L logp L 1
_(UrX3)+_(olX4) 52 _+0(1)r __(UrXZ)S +O(1)/
L L o L -1
peC
we have

/

< _Lr +0(1
<--— —-E(S,X7) (D).

Define L;(X) = {L(s, x7) | K € L(X)}. We show that every L-function in LX) is
distinct.

Lemma 5.1. Let L(s, x7) = L(s, X7,I?/Q) and L(s, x5) = L(s, Xé,f{\//Q). Suppose L(s, x7) =
L(s, x3). Then K and K’ are conjugate.

Proof. Recall the following from [5]: x3 = As(o), the Asai lift of o, where o is a degree 2
representation of As over F = Q[v/dkl. Let 7= be the cuspidal representation of GLy/F
corresponding to o, and let IT be the cuspidal representation of GL4/Q corresponding to
x3 by the strong Artin conjecture. Then A2TT ~ I2(Sym?7).

Let 7/, I1' be defined by K'. Suppose L(s, [T, A?) = L(s, [T/, A%). Then L(s, Sym?(w)) =
L(s,Sym? (). By Ramakrishnan [32], 7’ ~ 7 ® x for a quadratic character of F. Then
by Krishnamurthy [23], As(w) =~ As(z’). Hence, IT =~ II'. Therefore, L(s, x3,K/Q) =
L(s, x3,K’/Q). Since K is arithmetically solitary, K and K’ are conjugate. |

Hence, |L;(X)| = |L(X)|. By applying Theorem 3.1 to L; (X) with T = (log X”)?, we
can show that every L(s, x7) in L; (X) except for O(X¢) L-function satisfies

6-28
1-a)

=<

L =
‘_E(UIX%K/@) loglog |dk |+ O(1).

Hence,

> mee=0(j,
R = logx )"

KeL(X), nk,c>y
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20 P.J. Cho and H. H. Kim

5.2.2 Case 2. C=[(1234)]
From (5.2),

1 11 r r L
P i <—f(o,xz) + 70 xs) = f(a,xa)> +0(1).

peC
Since
lo
(a xz>+—<a ) <2y 8P
peC
we have
logp 1 1 1 L
D R A
peC
Define Ly(X) = {L(s, x5) | K € L(X)}. We show that every L-function in Ly(X) is

distinct.

Lemma 5.2. Let L(s, x5) = L(s, X5,I?/Q) and L(s, x5) = L(s, xg,ff’/Q). Suppose L(s, x5) =
L(s, x5). Then K and K’ are conjugate.

Proof. It is easy to see (cf. [17, p. 28]) A%x5 = x3 ® x2 ® A?x3. Now let x4, x; be defined
by K’, and suppose x5 = xi. Then A?ys > A?x.. Hence, x3 ® x2 ® A2x3 = x5 ® x5 ® A% x5
By strong multiplicity one, A%x3 ~ AZ x5 Hence, by Lemma 5.1, x3 =~ x3. |

Since L(s, x5)'s in Ly(X) are all distinct, we can conclude that |L2(X)| = |L(X)|. By
applying Theorem 3.1 to Ly(X) with T = (log(16X)*)?, we proceed as in Case 1.

5.2.3 Case 3. C = [(12)(345)]
From (5.2),

yoleer 1 1 L Tt T - Lo+ Zo, e ) o)
= I o, X2 J 0, X3 I 0, X4 J 0, X5 I 0, X6 .

peC
Since
/ /
lo
S R <o X+ =0, x5 <33 2P,
peC
we have

lzlogp<1 1 1 L/( ) lL’( )
p° "6 o—1 6 L ML 7
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The Average of the Smallest Prime 21

Since xg = x5 ® x2 and L-functions L(s, x5) are all distinct, L(s, xg) are also all
distinct. Since the dimensions of x4 and xg are different, the isobaric sums x4 B xg
coming from L(X) satisfy the conditions for Theorem 3.1. Apply Theorem 3.1 to L3(X) =
{L(s, xa)L(s, x6) | K € L(X)}, and we proceed as in Case 1.

5.2.4 Case4.C=(12)(34)
From (5.2),

logp 1 1 1 /L L L L
> == ——(F (@, x2) + =0, x5) + = (0, x6) — 2 (0, x7) | + O(D).
8 o L L L

= -1 8\L
Since
/ I
L logp L 1
—(o,x7) <2 —— +0(1), ——(0,x2) = + O(1),
L bt L o—1
we have

lo 1 1 1 /L L
E;' p%,p 1 U_I—E(I(U,XS)‘Fz(U:XB))-

Define L4(X) = {L(s, x6) | K € L(X)}. Then every L-function in Ls(X) is distinct, and
|L4(X)| = |L(X)|. Applying Theorem 3.1 to La(X), every L-function L(s, xs) in Ls(X) except
for O(X¢) has the desired zero-free region. Hence, together with Ly(X) in Case 2, we see
that L(s, x5) and L(s, x¢) are simultaneously zero-free in the desired region except for

O(X¢) fields. Then we proceed as in Case 1.

5.2.5 Caseb5.C=[(12)].
We use the L-function L(s, x3):

Z X3 (p) 108P

v o1
~Z () = o).

Note that x3(p) = 2 if Frob, € C, and 1 + x3(p) > 1. Then,

3 ) 1°gp ——(a) % 0,69 + 0.

p<ngk.c

By applying Theorem 3.1 to the set Ls(X) = {L(s, x3) | K € L(X)}, we see that every L(s, x3)
in L5(X) except for O(X¢) L-function satisfies

/

64
_E(U'Xs) < 1 loglog|dk| + O(1).
—
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22 P.J.Cho and H. H. Kim

64 Y
, we have nx ¢ < (log |dx|) ™%, where A = sup, ., 2-3¢"

Z ngc =0 X
KC="\logx )"

KeL(X), ng,c>y

Hence, by takingo —1 =
We obtain

A
logng,c

5.2.6 Case6.C=[(123)]

Since x3(p) = 1 if Frob, € C, we can use L(s, x3). This case is similar to the case C = (12).

5.2.7 Case?7.C=1{1}

Since x3(p) = 4 if Frob, € C, we can use L(s, x3). This case is similar to the case C = (12).

5.3 S3-fields

For the sake of completeness, we include the case of S3. Here, we follow the notations in

[14] for characters of Ss.

5.3.1 Casel.C=][(123)]
From (5.2),

logp 1 1 1 /L L

E = — 5| =0, x2) — —(0,x3) | + O(1).
p° 3 o—-1 3\L L

peC

Then
/
Z logp<g. 1 1 L

— - —(o, o(1).
S35 1t3 1@+ 0m

p<nK,C

Lk (s)
HOM

L-function of GL2/Q. This case is similar to S, C = (1234).

Since L(s, x3) = L(s, x3) is modular, i.e., L(s, x3) is a cuspidal automorphic

5.3.2 Case2.C=[(12)]
From (5.2),

lo 1 1 1L

S 8P _ . + 5 (0, x2) + O0(1).
p° 2 o—-1 2 L

peC

This case was done in Section 3.2.

5.3.3 Case 3.C = {1}
This case is similar to S4, C = {1}.

We summarize our discussions as

Theorem 5.3. Theorem 1.1 holds unconditionally for S3- and S,-fields. Under the

strong Artin conjecture, Theorem 1.1 holds for Ss-fields.
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The Average of the Smallest Prime 23

Remark 5.1. The above method can be generalized to S,-fields and a special conjugacy

class: Let K be an Sp-field, and let L(s, x) = gf((s“;). Let C be a conjugacy class of S,

such that x(C) > 1. Then under the counting conjectures (2.1)-(2.2) and the strong Artin

conjecture for L(s, x), we have

1 (1= [C1/ISpl +£(@) 17 IC1/ISnl 1
2 "K'C_; 1+f@ H1+f(p)+0<logX>'

(r2)
L0l S p<q

6 Average Value of Nk ¢

In this section, we compute the average of N c.

6.1 Conditional bounds of Nk ¢

S
For Nk ¢, we have conditional bounds Nx¢ < eclloglogldxD3™ £o1 some constant ¢ by
[28, Theorem 1.1] under the zero-free region [, 1] x [—(log |d§|)2, (log |df<|)2]. We obtain

a better bound.

Proposition 1.20. Let C be any conjugacy class. We assume that for all nontrivial
irreducible character v, the strong Artin conjecture holds for L(s,¢¥) = L(s,lp,I?/Q)
and it is zero-free in [, 1] x [—(log|d§|)2,(log|d§|)2]. Then there exists an absolute
constant A and a prime p such that Frob, € C, and p « (A(1 — a)logldl?l)ﬁ. Hence,
Nic < (A1 —a)log|dgTe.

Proof. We follow [26, p. 140] and the proof of [9, Proposition 4.2]: For 1 < x < y,
s—1

-1\ 2
k(s x,y) = (’%’fl) , consider

1
— Fe(s)k(s,x,y) ds,
271 (2)

where F¢(s) is in (5.1). Then, its inverse Mellin transform is given by

0 ifu>y?,
-1 y2 . 2
7 1 ulogi- ifxy<u<y?,
k(U,X,Y) - — k(S,X,y)u_sds = g u y y
2
@ ullogt ifx* <u<xy,
0 if u < x2.
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By (5.2), it is

X lo
> 10gp~k(p,x,y)+0< gylgx)

logx
FrobpeC &

On the other hand, by moving contours to the left, it is
1 (10g y) ZwoZk(pw X7,
|G| x IGI

where py runs over all zeros of L(s, ¢). In the proof of [9, Proposition 4.2], we showed
that, for N = |[d3|,

k(oy, x,y) < x2(logN)? + x20-9(1 — )~ logN,

when L(s, l/f,I?/(@) has the above zero-free region in the proposition.
Let’s assume that Frob, ¢ C for all primes p < y?. Then, we obtain that

logy log ¥

xlogx °x’

2
(log }X{) <« x21=9(1 — ) llogN + x %(logN)? +

For Bwith B(1 —«a)logN > 1, take x = (B3(1 —a) logN)%(l_"‘r1 andy = Bz1-0'y,
Then y < x°/? and logy/logx < log(y/x) for such y and x. With our choice of x and y,

for sufficiently large B, it is easy to show that the above inequality is not consistent. W

Remark 6.2. The proposition also implies the conditional bounds (3.1): ngc¢ <«
1
(logldg|)T=.

6.2 Unconditional bounds of Nx ¢

We do not have good unconditional bounds on Nk ¢. Currently the best bound is Ng ¢ <«
|dz [0 [36].

We have the following bound on dg by [28, Lemma 3.4]: ¢;|dg|™ V' < |dp| <
cz|dK|n7! for some constants ci, c2. Hence, log|dz| =< log|dk]|. (In Section 5, we showed
|dz| < |dk|*" for some a, for n < 5 by case by case analysis, using the conductor-
discriminant formula, log |dz| = Zw ¥ (1)log Ay, where Ay is the conductor of L(s, ¥).)

We make the following conjecture:
. 1
Conjecture 6.3. Ng¢ < |dg|2~" for some constant 0 < €, < 1/2.
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Remark 6.4. The referee brought to our attention a recent result of Ge, Milinovich,

and Pollack [18]. They show in our notations that under subconvexity bounds of {z(s),
1

p(s) < |s|A|df<|4_9 for Re(s) = % one has Nz » < |df{|%‘29+e for C = {1}. By using the
well known fact that p splits completely in K if and only if p splits completely in K
(cf. [19]), we have Nz . = Nkc. Since |dg| < |dK|n7!, we have Nkx¢ < |dK|nT!_"!9+€. In
particular, when n = 3, we have 6 = @ [18, Example 1]. Hence, Nx ¢ < |d1<|%_ﬁJré for
C={1}.

6.3 Proof of Theorem 1.2

Since the idea of proof is similar to the case of nx ¢, we omit some details. Consider

Z Nk.c = Z Nk.c + Z Nk.c.

KeL(X) KeL(X), Ng,c<y KeL(X), Ngc>y

Here Nk ¢ = q means that for all primes p < g, Frob, ¢ C and Froby € C. By the

counting conjectures, there are

IC1/1Snl I 1 —|Cl/ISnl +f(P)

1435
) i fp Arax+Oo(x).

p<4q

such number fields in L(X). Hence,

Z Nk,c = Zq Z 1

KeL(X), Ng c<y g<y KeL(X),Ng,c=q
qUCI/ISn) [ L= ICSul +1®) | (5 1am
=A(r)X 0 X%
X e LT (5
g(C/ISn) 1 1= IC1/ISnl +£(P) < X )
=A X 0] .
XL s i O\ ogx

In order to estimate the second sum } xc;x), g o~y Nk,c, we divide the sum into

two subsums:

Z Ng,c = Z Ng.c+ Z Ng.c, (6.1)

KeL(X), Nk,c>y Nk, c>y, K¢EX) Nk, c>y, KeEX)

where E(X) is the union of Ey (X), and Ey (X) is the exceptional set in which L(s, ¢) may

not have the desired zero-free region in [«, 1] x [-(log|dz|)?, (log |dz|)?].
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We proceed as in ng ¢ case; the first sum is estimated by using conditional
bounds in Section 6.1. For the second sum, } y, .. xepix) Nxc < X2~ |E(X)|. Hence,
we need to estimate |E(X)|. We consider case by case, using the same notations as in
Section 5:

n = 3: We can show |E,,(X)| € X7, and |E,,(X)| < X2+ien,

n = 4: We showed that |E,,(X)|, |Ex(X)] < X, and |E,,(X)| < Xitien, By
Conjecture (3.2), |E,,(X)| K X2t26n,

n = 5: We showed that |E,;(X)| <« X* fori=3, ..., 7. By Conjecture 3.2, |[E,, (X)| <
Xitien

Hence, we have proved Theorem 1.2.

The tables below show average values of Ng ¢ for S3-, S4-, and Ss-fields. The

computations are done by PARI. The average values of Nx ¢ for S3 are given in [25].

Sy Average of Nk ¢
Sy Average of Nk ¢ {1} 716.34521...
Ss  Average of N {1} 108.71075... [(12)(34)] 29.19651...
{1} 19.79522... [(12)(34)]  28.96178... [(123)] 20.75158...
[(12)] 5.36802... [(1234)] 12.69279... [(12)(345)]  20.75158...
[(123)] 8.54472... [(12)] 12.69279... [(12)] A7.44681...
[(123)] 9.098479... [(1234)] 12.88664...
[(12345)] 16.72312...

6.4 Unconditional result on N ¢,

Let C, be the union of all the conjugacy classes not contained in A, and Nk, be the
smallest prime for which Frob, € Cy. Then we have an unconditional bound for Nx c,:
Since dx = drm? for some integer m, if Frob, € Cy, then p is inert in F. (i.e., (%F) =
(%K) = —1.) Conversely, if p is inert in F and p 1 dk (i.e., (%K) = —1), then Frob, is in Cy.
Hence, Nk ¢, is the smallest prime such that (%K) = —1. Hence, by Norton [27],

e
Nk, < |dg|*+e .
(Norton's result is valid for imprimitive characters.)
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Hence, combining with the conditional bound in Section 6.1, we have the

following:

Theorem 6.5. Assume the counting conjectures (2.1)-(2.2). Assume the strong Artin

conjecture. Then

1 5+ 1
2 Nee= Z:1+f<q)l_[1+f(p> <1ogx>'

(r2)
|y " (X)) KeL(nrz)(X) pP<q

Since the assumptions in Theorem 6.5 hold for S3- and S;-fields, we have
Theorem 1.3.

7 Appendix: S;-fields with the Same Cubic Resolvent

Given a noncyclic cubic field M, let

Dp(s) =1+ Z f(K)S

KeF (M)

where dx = dyf(K)?, and F(M) is the set of all S4-fields K with the cubic resolvent field
M. Let £L(M,n?) be the set of quartic fields whose cubic resolvents are isomorphic to
M and whose discriminants are n?dys, and L:-(M, 64) the subset of £(M, 64), where 2 is
totally ramified. Define £Lo(M) = L(M, 1)U L(M,4) U L(M, 16) U L (M, 64). By Kliiners [21],
L@, )| < (n?|da]) 2+, hence |Lo(M)| < |dar| 7+

By Theorem 1.4 in Cohen and Thorne [13],

|L2MD)+1]

ou= Y b, dio =y A

ns
i=1 n=1

logn
and q;(n) < 3™ « 3Telgn « n¢. We also have

_ , t1+c)\® 1
O;(1+c+1it) K <m> < g

By applying Perron’s formula to each ®;(s) fori = 1,2,...,|L2(]M) + 1|, we can
obtain that

(K € F(M) | f(K) < x}| < x(logx)*|da|? .

Hence, we have proved the following:
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Proposition 7.1. Let CR4(X, M) be the set of Ss-fields K with the given cubic resolvent
M and |dkg| < X. Then

ICR4(X, M)| < X7 (log X)*|du |,

where the implied constant is independent of M.
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