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Extreme residues of Dedekind zeta functions
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Abstract

In a family of S, -fields (d = 2, 3, 4), we obtain the conjectured upper and lower bounds
of the residues of Dedekind zeta functions except for a density zero set. For Ss-fields, we
need to assume the strong Artin conjecture. We also show that there exists an infinite family
of number fields with the upper and lower bounds, resp.

1. Introduction

For a quadratic extension K = Q(\/ﬁ) with a fundamental discriminant D,
Res,_1¢x(s) = L(1, xp), where xp = (2) is the quadratic character. In this case, Lit-
tlewood [11] obtained the bound

(1 " o<1>) B < (1, xp) < @+ o(1))e” loglog D)
2 e? loglog | D|

under GRH, where y is the Euler—-Mascheroni constant. Under the same hypothesis, he also
constructed an infinite family of quadratic fields with L(1, xp) = (1 + o(1))e” loglog | D|
and an infinite family of quadratic fields with L(1, xp) < (1 + 0(1))%@@. Later,
Chowla [3] established the latter omega result unconditionally. It has been conjectured that
the true upper and lower bounds are (1 4 o(1))e” loglog |D| and (1 + 0(1))%, resp.
In [12], Montgomery and Vaughan considered the distribution of L(1, xp) via random vari-
ables which take £1 with equal probability. They proposed three conjectures which sup-
port the expected bounds. In [S], some of the conjectures were proved by Granville and
Soundararajan.

For a number field K of degree d+ 1, the lower bound and the upper bound of Res,—; {x (s)
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2 PETER J. CHO AND HENRY H. KiM
under GRH and the strong Artin conjecture for {x (s)/(s) are

(l + 0(1>) _S@ED < Res,ige(s) < @+ o(1)(e” loglog | Dy, (1D
2 e” loglog | Dk
where Dy is the discriminant of a number field K. The proof of (1-1) is given in Section 3
since at least the upper bound is well known but it is hard to find its proof in the literature.
As in the quadratic extension case, we may conjecture that (1 + o(1))(e” loglog | Dg )¢
and (1 + o(1)) % are the true upper and lower bounds, resp. In this paper, we show
that it is the case except for a density zero set in a family of number fields. A number field K
of degree d + 1 is called a S, ;-field if its Galois closure over Q is an S, Galois extension.

For a S;,-field K, we have a decomposition of {x (s):

tk(s) = ¢(s)L(s, p, K/ Q),

where K is the Galois closure of K over Q and p is the standard representation of S, ;. For
simplicity, we denote L(s, p, K/Q) by L(s, p). Hence Res;_;¢x(s) = L(1, p). Then, our
first main theorem is

THEOREM 1-1. Let L(X) be a set of Sy.1-fields with X/2 < |Dg| < X, d+1 = 3,4
and 5. For Ss-fields, we assume the strong Artin conjecture for L(s, p). Then, except for
o _logX
O (Xe ¢ melex 0202106 Xy 16, tions for some constant ¢’ > 0,

d+1
(1+0(1))—§( Sl < L1, p) < (14 0(1)(e” loglog | Dk |)".
e? loglog | Dk|

_ S S—
where o(1) = O ((1oglog\DK|)‘/2)'

Secondly, under the same hypothesis, we construct an infinite family of S, -fields with
extreme residue values.

THEOREM 1-2. Letd + 1 = 3,4, and 5. For d + 1 = 5, we assume the strong Artin

conjecture. Then:
(1) the number of Syy1-fields K of signature (ry, ry) with % < |Dk| < X for which
1
L(1, p) = (¢’ loglog | Dxk N (1 + O | ——m——
(0= (eTloglog [Dic) < " ((1oglog|DK|>1/2>>
is > A(r;) X exp (— log |Sgi1] - 101;% — logloglog X);
(i) the number of Sy1-fields K of signature (ry, ry) with X/2 < |Dg| < X for which

__fd+h L
L, p)= e loglog | Dx| <1 +0 <(loglogX)1/2>>

is > A(r) X exp (— log 'jﬂ:l“ . log’lgogx —logloglog X),

where A(ry) is a constant which occurs in Conjecture 2-1. (Note that Conjecture 2-1 is
proved whend +1 =3,4,5.)

We also construct an infinite family of S, -fields with bounded residues.

THEOREM 1-3. Letd + 1 = 3,4, and 5. For d + 1 = 5, we assume the strong Artin
conjecture.
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Extreme residues of Dedekind zeta functions 3
Then the number of Sy4-fields K of signature (ry, ;) with X/2 < |Dg| < X for which

L(1,p) = {5(2)5<1*-0(1», if d is even,

@ F B +0(1), ifd =3 isodd.

is > A(r)) X exp (— log 'Sl"’g“‘ . 1og)§):x — logloglog X) where

C= (1,2)3,4)---(d —1,d), if d is even,
B 1,2)3,4)---(d—4,d —3)d—-2,d —1,d), ifdisodd.

This work is motivated by the work of Lamzouri [9, 10], who constructed primitive char-
acters y with large values of L(1, x). Basically, we follow [5, 9, 10, 12]. The arguments in
[9] are easily extended. However, obtaining an analogue of [9, proposition 2-4] is a main
obstacle to extend his method. It is resolved in Proposition 4-2.

2. Counting number fields with local conditions

Let K be a S;,-field of signature (r, r,) for d + 1 > 3. We assume that we can count
Sa+1-fields with finitely many local conditions. Namely, let S = (£C,) be a finite set of
local conditions: £C, = S, ¢ means that p is unramified and the conjugacy class of Frob,
is C. Define |S, ¢| = m for some positive valued function f(p) which satisfies
f(p) = O(1/p). More explicitly [2], we have f(p) = p~ ' + p2ifd+ 1 =3; f(p) =
p ' 2p P4 plifd+1 =4, f(p) = p ' +2p2+2p 3+ p*ifd+1 = 5. There are also
several splitting types of ramified primes, which are denoted by ry, 7, ..., r,: LC), = S,
means that p is ramified and its splitting type is ;. We assume that there are positive valued
functions ¢;(p), c2(p), ..., cu(p) with 32" ¢;(p) = f(p) and define |S, | = 11"}’8)).
We define the local condition £C, = S, , which means that p is ramified, i.e, r = r; for
some j. Define |S),,| = {22 Let |S| =[], |£C,|.

Let L(X)" be the set of S, -fields K of signature (r, r,) with X/2 < |Dg| < X, and
let L(X; S)™ be the set of S, -fields K of signature (ry, r;) with X/2 < |Dg| < X and the
local conditions S. It is noted that we pick up only one number field K from d + 1 conjugate
number fields.

Then we have:

CONJECTURE 2-1. For some positive constants § < 1 and «,

IL(X)"?| = A(r)X + 0(X"), 21

Lo 9" =Islaex +o | ([Tr) X,

peS

where the implied constant is uniformly bounded for p and local conditions at p, and see
[2] for the precise value of A(ry) whend +1 = 3,4, 5.

It is worth noting here that we can control only all the primes up to clog X, where ¢ <
(1 — 8)/x. If we impose local conditions for all p < ¢’log X with ¢’ > (1 — §)/«, the error
term in Conjecture 2-1 would be larger than the size of L(X)".

Downloaded from https:/www.cambridge.org/core. University of Toronto, on 17 Feb 2017 at 13:51:57, subject to the Cambridge Core terms of use, available at
https:/www.cambridge.org/core/terms. https://doi.org/10.1017/50305004117000019


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004117000019
https:/www.cambridge.org/core

4 PETER J. CHO AND HENRY H. KM

For S3-fields, the conjecture was shown by Taniguchi and Thorne [14]. In [2]! we proved
that Conjecture 2-1 is true for S4 and Ss-fields.

By abuse of notation, we denote L(X)™ and L(X;S)™ as sets of L-functions
L(s, p, K /Q) = ¢k (s)/¢(s). Here we need care in order to ensure one to one correspond-
ence between two sets. Two number fields K; and K are said to be arithmetically equivalent
if £k, (s) = Ck,(s). If two number fields K, and K, are conjugate, then they are arithmetic-
ally equivalent. The converse is not always true. A number field K is called arithmetically
solitary if ¢k, (s) = Ck,(s) implies that K; and K, are conjugate. It is known that S,,-fields
and A,-fields are arithmetically solitary. See [7, chapter II].

To ease the notations, throughout the article, we denote L(X)", L(s, p, K /Q) by L(X),
L(s, p) resp. if there is no danger of confusion.

3. Formula for L(1, p) under a certain zero-free region

In this paper, we assume the strong Artin conjecture, namely that the Artin L-function
L(s, p) is an automorphic representation of G L. This is true for S;-fields and Ss-fields. It
implies the Artin conjecture, namely, L(s, p) is entire. For this section, we only need the
Artin conjecture. However, in Section 4, we need the strong Artin conjecture in order to use
Kowalski—Michel zero density theorem [8]. We find an expression of L(1, p) as a product
over small primes under the assumption that L(s, p) has a certain zero-free region. Here all
the implicit constants only depend on the degree d of L(s, p).

For Re(s) > 1, L(s, p) has the Euler product:

l a;(p) B
L(s,p>=]'[1'[<1— ) |

S
p i=l1 p

Then, for Re(s) > 1,

o0

log L(s, p) = Z M
n=2

n’logn

where a,(p*) = a;(p)* + -+ + as(p)*. First, we show that when L(s, p) has a certain
zero-free region, the value log L(1, p) is determined by a short sum.

PROPOSITION 3-1. If L(s, p) is entire and is zero-free in the rectangle [a, 1] X [—x, x],
where x = (log N)?, B(1 —a) > 2, and N is the conductor of p, then
A(n)a,(n)

+ O((log N)™). (3-1
nlogn

logL(l,p):Z

n<x

Proof. By Perron’s formula (cf. [13, theorem 4-1-4]), if x is not an integer,

1 [fetix x$ An)a,(n)
_ log L(1 ,0) —ds = et e
270 Jo_ix ogL(l+s.0) s y ng; nlogn

+0 i(f)L A(n)ap(n) n 1’ 1 _

—~\n nlogn X |10g ;|

B [2], we used the Greek letter y in place of k. However, y is taken for the Euler—Mascheroni constant
in this article.
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Extreme residues of Dedekind zeta functions 5

where ¢ = 1/log x. If x is an integer, in the above error term, the sum is over n & x and we
add an error term O (x - )- In any case, we can show the error term is O (logx) by controlling
the terms with x/2 < n < 3x/2 and the other terms separately. See [13, theorem 4-2-9] for
the details.

Now move the contour to Re(s) = o« — 1 + 1/logx. We get the residue log L(1, p) at
s = 0. So the left hand side is log L(1, p) plus

1 oa—1+c—ix a—1+c+ix c+ix xS
—</ +/ +/ >logL(1+s,,0)—ds.
2mi c—ix oa—l4c—ix a—l+4c+ix s

In order to estimate | log L(s, p)| for @ + ¢ < Re(s) < 1 + ¢, we follow [6, lemma 8-1]:
consider the circles with centre 2 + it and radii r = 2 — 0 < R = 2 — «. By the as-
sumption, log L(s, p) is holomorphic inside the larger circle. By Daileda [4, page 222], for
1/2 < Re(s) < 3/2, |L(s, p)| < N:(Is| + 1)2. Hence Relog L(s, p) = log|L(s, p)| <
log N + log(|s| + 1). Clearly, if Re(s) > 3/2, |logL(s, p)] = O(1). By the Borel-
Carathéodory theorem,

R
[log L(s, p)| < max RelogL(z, p) + R

R — r 1z-Q@+in|=R
< (logx)(log N + log(|s| + 1)).

+r .
— rllogL(2+ it, p)|

Hence the integral is majorized by x% '(log N)(logx)?. Since B(1 — a) > 2,
x*(log N)(log x)*> < (log N)~'.

Remark 3-2. Assume that L(s, p) satisfies GRH. Take o = 1/2+€? and = 2+ €. Then,
from the above proof, we can see that

logL(l,p)= Y —A(”)a”(”)+0<—1°g1°gN )

§$—(2e24€3)
n<(log N)>+e h 10g h (lOg N) 2
forany e > 0.

Now, using Proposition 3-1, we express L(1, p) as a product over small primes. We omit
p from o; (p) for simplicity.

A(n)a,(n) ok + .. )
2 nlogpn =2 ZZZ (apl) (3-2)

n<x kp <X p<x i=l k<logx
log p

Here

1
D plap™) =—log(l —aip™) + A,

log x
k< log p

where
logx

1 _ logp p er
A —-pF< . )
Al s Z P logx 1—p!

log x
k2 foer

log x

Here p:r = x. Hence

d
B ==Y > logl—aip ) +d) A,

p<x i=l pP<x
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6 PETER J. CHO AND HENRY H. KM

Here

1 log p 2
Al < < .
Zl p|\x10gxp2<;l—p—‘\logx

p<x

Therefore, it is summarized as follows:

PROPOSITION 3-3. If L(s, p) is entire and is zero-free in the rectangle [a, 1] X [—x, x],
where x = (log N)?, B(1 —a) > 2, and N is the conductor of p, then

—1 1
L(1, p) = Hn(l—ap )~ <1+0(10gx>) (3-3)

p<xi=l1

Furthermore, if L(s, p) satisfies GRH, then

j— _ 717
L(1L, p) = l_[ l_[(l @p) (1+ <log10gN))

p<(log N)*te i=1

In order to find the upper and lower bound of L(1, p), we examine the Euler product:
Let C be a conjugacy class of S,y;, and let C be a product of dy, ..., d; cycles, where
di > 1foralliandd, +---+di =d + 1. Then if Frob, € C, (1 — X)]_[:,jzl(l —o;X) =
(I —X%)...(1 — X%). Hence

d
[Jad—ap™H ' =a-pHa—p ™" —p .

Now we use Mertens’ theorem:

[Ja-pH " =e"d+o()logy.

Py
Also [T, (1 = p™)~" = £m)(1 + O(;2)) if n > 2

Hence the upper bound of [, (1 —a; p~")~" is when C = 1, and itis (1 — p~")¢. The

lower bound is when C = (1,---,d + 1), and it is (1 — p~")(1 — p~¥~1)~!. Moreover,
]_[flzl(l — a;p~")7! takes only the values (1 — p=*)™ ... (1 — p~@)~%(1 — p~!)®, where
e, ...,e; = 2,and —d < ap < 1. Here ayp = 1 only when aje; + --- +aqie, = d + 1. We
summarise it as

d
A=pHa-pH' <[ -ap™H' < =pH™ (34)
i=1

We note that (3-4) is true even if p is ramified, i.e., when some of «;’s are zero. Hence
by the above proposition, under GRH and the strong Artin conjecture for L(s, p), for any
€ >0,

¢d+1)
2+ ¢€)e” loglog N

(1+o0(1) < L(1, p) < (e (2 + €) loglog N) (1 4 o(1)).
Since € is arbitrarily small, we have shown

l td+1) d d
(2 +0(1)) T logloa N S log log N < L1, p) < 24 0(1))“(e” loglog N)“.
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Extreme residues of Dedekind zeta functions 7
4. Extreme residue values
4-1. Proof of Theorem 1-1

Let y = ¢y log X with ¢; > 0. Recall that in Proposition 3-1, the conductor of L(s, p) is
|Dk|,and X/2 < |Dg| < X, and x = (log X)? for some .

In this section we show that except for O (Xe Retoe ¥ 08108 16Xy in L(X), the lower bound
and upper bound on L(1, p) are

td+1)

0D oglog D7)

(1 +o(1))(e” loglog |Dg )¢,  resp.

We apply Kowalski—Michel zero density theorem [8] to the family L(X). Then except
for O <(10g X)ﬂBX(%“)%) L-functions, every L-function L(s, p) in L(X) is zero-free on

[a, 1] x [—(log X)?, (log X)#] with B(1 — ) > 2. Here B is a constant depending on the
family L(X). We refer to [1] for the details.

Since except for O ((log X)PBX(5+D 21;—”]) L-functions, the L-functions in L(X) have the
desired zero-free region, we apply Proposition 3-3 to the L-functions in L(X) to obtain

¢ L 1
L(l,p):l_[l_[(l—otip h 1(1+0<10gx>>.

p<xi=Il
Since
1 1 2
2 P’ gZF S ylogy’
y<p<x p>y

we can show

[ li[(l—oe,»p_l)_lzexp(z @)(HO( : ))

y<p<x i=I1 y<p<x legy
We prove
PROPOSITION 4-1. Let v = cjlogX with ¢, > 0. Then except for

s logX
—¢' 18X 160 10glog X . . . .
O(Xe € lelex 08883 [ _functions in L(X) for some constant ¢ > 0, L-functions in

L(X) satisfy

1
= (loglog X)'/2”

Z ap(p)

y<p<x P

1)

Hence, for L-functions which have the desired zero-free region and satisfy (4-1),

d
~ T S
LA, p)=][]T(0—ap™) (1 + (1oglog|DK|)1/2)'

psy i=1

This and (3-4) imply immediately Theorem 1-1.
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8 PETER J. CHO AND HENRY H. KIM
In order to prove Proposition 4-1, we follow the idea in [9]. Namely we prove

log
log log X

PROPOSITION 4-2. Let y = cjlogX andr < ¢
and c¢,. Then,

for some positive constants c,

2 2r
Z Z aﬂ(p) < 22r71(de)2r (27’)‘ 2 X
p rt (ylogy)

L(s,p)eL(X) \y<p<x

with an absolute implied constant, where N, is the number of splitting types in S, -fields.

By Stirling’s formula,

22r—1 (de)Zr

@r)! 2% (cher
<
rl (ylogy)” ylogy
Here N1 = 3, N2 = 5, N3 = 11, N4 =17 (Cf [2])

) for some constant c.

Proof. By the multinomial formula, the left hand side is

2r

O IF) D e D e L
r T Iy u .

Lis,p)eL(X) u=1 —~ e lilenn e Pr - Du

where Z( )r means that the sum is over the ordered u-tuples (ry, ..., r,,) of positive integers
such that ry +--- 4+ r, = 2r, and Z(z) means the sum over the u-tuples (py, ..., p,) of
distinct primes such that y < p; < x for each i. Each ordered u-tuple (ry, ..., r,) gives a
composition of 2r. Here a composition means an ordered partition.

Write

M @r)! 1 @ 1 , p
(42) = ZE;,N i | X ap e anp)

.......... Pu Py " Du L(s,p)eL(X)

We will show that for any composition ry +r, + - -+ +r, = 2r,

2! 1 ) 1 . .
1o Iyt e Z ap(pl)l"'ap(pu)“
ah Tz 12 oo Py Pu L(s,p)eL(X)
o 2nr)! 22
<@ANYTXEE “3)
r! (ylogy)"

Since the number of compositions of 2r is 2"~ it implies that
,, (2r)1 2%
rl (ylogy)

First, we consider compositions with 7; > 2 for all i. Then by using the trivial bound,

2 1
T a oL, a " Tu
Zpl ~~~~~ Pu p T Z p(P1) o (Pu)

" Pu L(s,p)eL(X)

1 1 22r logy\ ™
cax( Y L) (T L) <arx ( ).
< 2 pf) ( 2 pu“) (ylogy) \ 'y

y<pi<x y<pu<x

(4-2) < 271 (dN,)
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Extreme residues of Dedekind zeta functions 9

Hence (4-3) is proved once we show that for any ry, ..., r, such that r; 4+ --- +r, = 2r,
and r; > 2 for all i
1 1 " 1
ogy < -,
ulr!---r,! v r!
or equivalently
| r—u
() . (4-4)
ulry!---r,! log y
Sincer; > 2foralli =1,2,...,u,wehaveu < r.Since y = ¢y log X and r < Czlolgﬁ)gx’
r < y/log y for sufficiently small ¢,. Then
7! r! 3 y \
—— < —=r(r=1D...r—u+1) <r*g .
ulry!---r,! " u! log y
Next, suppose r; = 1 for some i. We may assume thatry+- - -+r, + 1,1 +---+r, =2r,
rn=--=r,=1landr,; >1,...,r, > 1. First, we need a technical combinatorial
lemma.
LEMMA 4-3. Let r;’s be as above. Then
1 1 u log y)” 1
1 -y (logy) <L @5
ul ! ool y (logy) o or!
Proof. First, we assume that m is even. Then since 7,41, ..., 7, = 2, and ryp 1+ - -+r, =

2r —m, by (4-4),

(2r;m)! _ y (r—m/2)—(u—m) _ y r+m/2—u
(u—m)rpi!...r!  \logy = \logy '

Hence
1 _ (M _ m)‘ y r+m/2—u
Pt ...r! - (r —m/2)! \logy '
So
1 1 y* (logy)
ul rlrl. ool o y™t (log y)H
_w—mt 1 y O\t (logyy
S uw! (r—m/2)! \logy ym+r (log y)H
< (u —m)! 1 1

u! (r —m/2)! (ylog y)"/?
Since r < y and @ <1,

r! (u —m)!

r—2

< (ylogy)™2.

This implies
(u —m)! 1 1 1
u  (r—m/2)! (ylogy)m2 = rl’

Hence we have (4-5).
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10 PETER J. CHO AND HENRY H. KM

When m is odd, we consider a composition of 2r — m + 3 of the form:

! / ! /
Pl = Tl Fpyr = Fing2s oo s Iy =1y, and r, ;= 3.

With this composition, by (4-4),

(2r7£n+3)! B (2r7;n+3)! << y )r+m/2+1/2—u
< .

(u—m~+ Dyt or3 (u—m+ Dl oot ! log y

As we did for the case of even m, since r < y and W < 1, we have

r! u—-—m+1D! 1
<

~(ylogy)"T log y.
= 2=5)1 " c(logy) = logy

This implies (4-5).

Recall that we are treating a composition ry +7r, + --- +r, = 2r withry = r, = ---

=r,, = 1. Consider

Do ()" a,(pa)™. (4-6)

L(s,p)eL(X)

Let N be the number of conjugacy classes of G. Recall that there are w ramified split-
ting types so that N; = N + w. Partition the sum ) peL(x) Into N sums, namely, given
(81, ..., Su), where §; is either Sy, ¢ or S, ,, we consider the set of p € L(X) with the
local conditions S; for each i. Note that in each such partition, a,(p1)" - - - a,(p,)™ remains
a constant.

Suppose one of p, ..., p,, is unramified, say p;. Consider N (N +w)“~! such partitions in
(4-6). Fix the splitting types of p», ..., p, and let Frob,, runs through the conjugacy classes
of G. Let L(X; pa, ..., p,) be the set of p € L(X) with the fixed splitting types. Then the
sum of such N partitions is

D oa(pay,(p)--a,(p)t YL
C

PEL(X,p2y-cs Pu)

By (2-D),

|C| PR
E l=———  A(py, ., p)X+ O e p)EXY,
GIa+ £ (o) (P2, s DX+ OUp1---p)X°)

for some constant A(p,, ..., p,). Let x, be the character of p. Then a,(p) = x,(g), where
g = Frob,. By orthogonality of characters, } . |Cla,(p1) = }_,.; x,(g) = 0. Hence the
above sum is O (N (p; - - - p,)* X?). By the trivial bound, |a,(p,) - - - a,(p,)™| < d*. Hence
the contribution from these partitions to (4-3) is

(27‘)' 1 @ Kk—1 k—1 K—Tmy1 K—Ty

<1\]d2r)(‘S pl_ pm pm+1 pu

ril-or, ul —pi...p

xew AT 3 ) (o)

1 y<pi<x i=m+1 \y<pi<x

@l 1 x <Nd2’X5(2r)! X
rleor u! (logx)t r! (logx)"

< Nd2r X(S merrfu (lOg y)ufr

2r)!
< NerXSQ(IOg X)ul(ﬁ-kr.
r.
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Extreme residues of Dedekind zeta functions 11

Here we used Lemma 4-3 for the second last inequality. Hence the contribution from the
cases when one of py, ..., p,, is unramified, is

2r)! 2r)!
< (N + w)"der‘Sg(log X)“htr < erderag(log X)2rp+D
r!

If we choose ¢, sufficiently small, for example, taking ¢; = X°%(log X)>rF+1 <

m’
X(‘ log\),. This verifies (4-3).
Now suppose that py, ..., p,, are all ramified. Then by (2-1), the number of elements in
the set of p € L(X) with the local condition S, , fori =1,...,m,is

- f(Pz K yo
1‘[1+f( SACDX 4 0((pr-- pu) X°),

Note that 1{5};)) < 1/p. By the trivial bound, a,(p)" ---a,(p,)" < d" < d* . Hence

the main term contributes to (4-3)

78 Wt ! ” T S\ T -,
EL e (2 (2 )
» Y (ogy)
7 (log y)*”
By Lemma 4-3, (4-3) is verified in this case.
The contribution of the error term O ((p; - - - pm)“ X?) to (4-3) is similar to the case when
p1 1s unramified.

i=1

< Xd¥27 (ylogy) " =—

log X

Now take y = cilog X, and r = ¢y Then from Proposition 4-2, the number of
oglog X *
a,(p) 1 :
p € L(X) such that |) yep<x —p | > Toglogm2> 1S
< Xefc/ lolgﬂli—gx logloglog X , (47)

for some ¢’ > 0. This proves Proposition 4-1.

4.2, Infinite family of number fields with extreme residues

Let C be a conjugacy class of S;11, and S = (S, ¢) ,<y be the set of local conditions such
that for every prime p < y, Frob, € C. We denote L(X, S) by L(X, S). Conjecture 2-1
says that

[C]

Y
LX.S)|=Am)Xx [« _ 4 o ( >X5
IL(X,8)| = A(r) pl;[y1+f(p)+ [1r

Py

The main term is

(4-8)

X S, log X
A(rz)@exp (—logl ar1|  log >

|IC] loglogX

This is larger than (4-7). Also we may assume that almost all L-functions in L(X, ) have
the desired zero-free region of the form in Proposition 3-3. Hence, by Proposition 4-1, except
O (X e raioex ol0gloE X fio]qq.

d 1
L(1, p) = (I—o;pH™! (1+0<—,>>.
g ﬂ 1:! up (loglog | Dy |*

FrobpeC
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12 PETER J. CHO AND HENRY H. KM

By taking C = 1, we obtain an infinite family of number fields with the upper bound. On
the other hand, by taking C = (1, --- , d 4+ 1), we obtain an infinite family of number fields
with the lower bound. This proves Theorem 1-2.

In a similar way, for each 0 < i < d, d — i even, we can construct an infinite family of
number fields with the residue

£(2)% " (loglog [ Dk ) (1 + o(1)),
In particular we obtain an infinite family of number fields with bounded residues by taking

4.2 @E 4 d-1,d), if d is even,
B 1,2)(3,4)---(d—4,d —3)d—-2,d —1,d), ifdisodd,

for which

()71 + o(1)), if d is even,

Res;_ =L 1, = d-3
eSs—1Ck (5) (1, p) {§(2)2§(3)(1+0(1)), if d > 31is odd,

and it proves Theorem 1-3.
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