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Abstract We prove an equidistribution theorem for a family of holomorphic Siegel cusp forms for GSpy/Q
in various aspects. A main tool is Arthur’s invariant trace formula. While Shin [Automorphic Plancherel
density theorem, Israel J. Math. 192(1) (2012), 83-120] and Shin—Templier [Sato—Tate theorem for
families and low-lying zeros of automorphic L-functions, Invent. Math. 203(1) (2016) 1-177] used
Euler—Poincaré functions at infinity in the formula, we use a pseudo-coefficient of a holomorphic discrete
series to extract holomorphic Siegel cusp forms. Then the non-semisimple contributions arise from the
geometric side, and this provides new second main terms A, B; in Theorem 1.1 which have not been
studied and a mysterious second term B, also appears in the second main term coming from the
semisimple elements. Furthermore our explicit study enables us to treat more general aspects in the
weight. We also give several applications including the vertical Sato—Tate theorem, the unboundedness
of Hecke fields and low-lying zeros for degree 4 spinor L-functions and degree 5 standard L-functions of
holomorphic Siegel cusp forms.
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1. Introduction

Recently equidistribution theorems for a family of automorphic forms or automorphic
representations of a reductive group G over a number field have been studied in various
aspects. The basic conceptual studies have been proposed by Sarnak and Serre in the case
G = GL (cf. [57, 61]) though the case when G has the compact symmetric space has been
studied thoroughly. Since then, the trace formula for G has become one of most powerful
tools to analyze equidistribution theorems related to a distribution of eigenvalues for a
fixed operator acting on a family of automorphic forms for G. After Selberg’s celebrated
work, the trace formula for Hecke operators on the space of automorphic representations
for G whose symmetric space is non-compact, has been developed by many people and
it took much time and several stages to reach the current form which is invariant under
conjugation (see [2] and the references therein), which is called Arthur’s invariant trace
formula.

In [62], Shin made good use of Sauvageot’s important results [59] to show that the
limit of an automorphic counting measure is the Plancherel measure. It implies the
equidistribution of Hecke eigenvalues of automorphic forms on G. His key idea is to
relate the automorphic counting measure with the spectral side of Arthur’s invariant
trace formula and then estimate its geometric side. After that, in [63], he and Templier
tackled a difficult problem of making it explicit to obtain a power-saving error term for the
purpose of an application to low-lying zeros of a family of automorphic L-functions. To do
that, as in [62], they used the geometric expansion of the error term mainly consisting of
global coefficients, invariant distributions, and orbital integrals. Then they estimated each
invariant in a uniform way. One of main difficulties seems to be a uniform boundedness
of the orbital integrals. However, since they chose the Euler—Poincaré function at
infinity, they had only to consider the semisimple contributions in the geometric side.
This would be a usual way to get around the non-semisimple contributions. Their
results are fully general as much as possible within current knowledge under certain
hypotheses such as Langlands functoriality conjecture but they work on all automorphic
forms or automorphic representations which exhaust L-packets of the discrete series
representations at infinity.

It is quite natural to consider the automorphic counting measure on automorphic
representations with a fixed discrete series representation at infinity. In [62] Shin did
not address this problem but he claimed that it may be possible to do so. In this paper
we carry it out, namely, we study equidistributions of Hecke eigenvalues of holomorphic
Siegel modular forms of degree 2, i.e., cuspidal representations which have a holomorphic
discrete series at infinity. The strategy is similar to Shin [62] and Shin—Templier [63], but
in addition to the semisimple contributions, we also have to estimate the non-semisimple
contributions which have not been understood well in general. This makes the situation
more difficult but as a payoff we will be able to observe the meaning of the second
main terms A, By coming from the non-semisimple contribution in comparison with the
spectral side and a mysterious contribution B, also in the second main term from the
semisimple part. Furthermore our results are unconditional in contrary to [63]. To explain
our main results, we fix our notation.
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4 H H. Kim et al.

Let G = GSp, and S’ be a finite set of rational primes. Note that the symbol S will be
used for a finite set of places including oo in §§4 and 5. Let A (respectively A f) be the
ring of (respectively finite) adeles of Q, Qg = Hpes’ Qp, and AS 00 = ]_[;ﬁ,u{oo} Q,.
Let Z be the profinite completion of Z. We denote by @) the unitary dual of
G(Qyg) = HpES’ G(Q)p) equipped with Fell topology. Put Ag e = Zg(R)° ~ R.p. Fix a
Haar measure u5® of G(AS"*) so that ,U,S/’OO(G(’Z\S,)) = 1, and let U be a compact open
subgroup of G(AS>).

Consider the algebraic representation & = & for k = (k1,k2), ki > k> > 3 as in (3.5),
and let Dlhl‘f}z be the holomorphic discrete series of G(R) with the Harish—Chandra
parameter (I1,l) = (k1 — 1, k2 —2), and whose central character equal to xzv on Ag,co-
We choose the test function fg = f¢ fy such that f¢ is a pseudo-coefficient of DhOl Then
we define a measure on @) by

. 1
R0, = Sol(G (@ Ac o\ G A - dimE

< ) 1S WU mesy (1§ U. . D))o . (1.1)
70,e6(Qy)

where §_o £ is a normalized Dirac delta measure supported on n(s), with respect to the
S/s

Plancherel measure ﬁgl, on G/@@) (see (3.12)), and for a given unitary representation
g of G@Qy),

Mousp(9: U & DO = Y magp(mu@® P (fp)  r(mao(fe)). (1.2)
”SH(G(A)) hol
TG gy TOO™ Dl1 I
To state the equidistribution theorem, we need to introduce the Hecke algebra
CX(G(Qg)) which is dense under the map fg — j‘} = [fg/ cmy =ty (fg)] in a
reasonable space F (G/OQ?)) consisting of suitable ﬁgl,—measurable functions on G/OQ?)
(see [62, §2.3] for that space). Put K, = G(Zp). The spherical Hecke algebra H*"(G(Q),))
is defined by the subalgebra consisting of K ,-bi-invariant functions in CZ°(G(Q,)). It is
well known that

HY(G(Q))) = Clhay ap,a5 | a1, 02,03 €Z, a3z > ay > ap > 0]
where hy, 45,4, is the characteristic function of K ,diag(p™“!, p~9, p1=%, p®2~®)K . For
any k € Zxo we denote by H*'(G(Qp))“ the C-span of the functions hg, 4, 4, satisfying
a3 < K.

In this paper, we restrict ourselves to U = K(N) for N € Z~q which is the kernel of the
natural quotient map from G(Z) to G(Z/NZ). Put T'(N) = Sp,(Q)NK(N). Let 8’ = {p}
for p1 N. Let ,L’I[;)I = ﬁpl} Then our main theorem is as follows:

Theorem 1.1. Let {(K(N), &)} be a family of weights and levels so that p{ N, ky > ko >3
and N + ki + ky—>00. For any f € H"(G(Q)))*,

. ~ N ~pl

lim MK(N)’SK’Dlhlo,llz (= p (f)

ki+ky+N—o00
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 5
More precisely, there exist constants a,b,a’ and b’ depending only on G such that
(1) (level aspect) Fix ki, ka. Then for N > p'0¢,
~ ~ .l - -
Ao, (D= (D+A+ 0" eMNNT), A= 0(p eN)N?),

where ¢ stands for Fuler’s phi function:
(2) (weight aspect) Fixz N. Then as ki +ky — 00,

a'k+b'
~ N Apl
o Bi+B:+0 ,
Rion.g o, ) = 5 (F)+ B+ Bt ((kl—kz+1>(k1—1)<k2—2>)

¥ ¥
Bil=O|——————), By=0 .
! ((kl—l)(k2—2)> g ((kl—k2+1>(k1+kz—3>>

Remark 1.2. Here the second main terms A, B| come from non-semisimple contributions
(I2(f) in Propositions 5.2 and 5.3), while By comes from semisimple contributions (I3(f)
in Proposition 5.3).

We explain several applications of Theorem 1.1. First, we consider the vertical
Sato—Tate theorem which is formulated in terms of the classical setting. Let Si(I'(N), x)
be the space of classical holomorphic Siegel cusp forms of level I'(N) with a central
character x : (Z/NZ)*—C* and weight k = (ki, kp), k1 = ka > 3 (see (2.12) of §2.1).
For a prime pt{ N, let T(p") be the Hecke operator with the similitude p" (see §2.2).
Any eigenform with respect to T(p") for any non-negative integer n and any prime
p1{ N is called a Hecke eigen cusp form. Let HEx(I'(N), x) be a basis of Sg(I'(N), x)
consisting of Hecke eigen forms outside N. Let Sg(I'(N), x)™ be the subspace of
Sk(I'(N), x) generated by any Hecke eigen form F outside N so that mr , is tempered
for any ptN. Put HE(I'(N), x)™ = Sk (I'(N), x)™NHEK(T'(N), x). For each p{N,
we fix a square root x(p)'/? in C and we write x(p)~'/? for (x(p)/>)~!. For a
Hecke eigen form F € Si(I'(N), x)™, the Satake parameter of mr,p at pt N is given
by {agp, copaip, dopip, copot1pazp}. Since aépmpazl, = x(p)?, if we let afF,p = agp and
BF,p = agpip, it can be written as {afp, ,Bip}. Then it follows from the temperedness
that if we set
—-1/2 12,

—1)2 12,

arp=arpx ()" +ag x(p) br.p = Brpx(p)"* +B5 L x(p)

then
ar.p, bF,p € [—2, 2]
We introduce a suitable measure
p = fp(. Y)gr (X, y)g, (x. ¥) - uds
on Q:=[-2,21*/6, (the non-trivial element in &, acts by (x, y) — (y,x) on [-2, 217 ),

(p+1)?

(v ) =) (o 35) )

’

fp('xv )’) = <
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ST:M 1_£ 1_y_2
Moo ) 4 4

p+1
(\/ﬁ+ﬁ)2—2<1+%i,/ —{%/1—%).

Note that the denominator of g+ (x, y)g~(x, y) is x2+y2 —xy(p+p ) —4+(p+p~H2.
Let C%,R) be the space of R-valued continuous functions on €. To control
non-tempered part of Si(I'(N)) we need to assume that (N, 11!) =1 which might be
unnecessary. Then we have

g, (x,y) =

Theorem 1.3. Let p{ N, ki > ky >3, and N +ky +ky—> 00 satisfying (N, 11!) = 1. Put
& (x) = dimSg(T'(N), x)™. Then the set

{(ar,p,br,p) € Q| F € HEL(T(N), )™}

is L p-equidistributed in Q, namely, for any f € cO%(Q, R),

1
gm oy Z f(aFvP’ bF>P) = /Q Sx, y)Mp-

lim :
N+ky+kyp—o00 dkmN(X)
PN, (N, 11n=1 % FeHE (I (N),x)m

It follows immediately from this that we obtain a special case of [64, Theorem 6.1].

Corollary 1.4. Let the notations be in Theorem 1.3. Fix a weight k = (k1, k2) with ky >
ko > 3 and a prime p. Then
limsup {[QF : Q] | F € HEx(T'(N), x)'™} = o0

N—oo
PIN, (N,11)=1

where QF is the Hecke field of F in Definition 2.14.

The space Sk(I'(N), x)™ contains endoscopic lifts from elliptic modular forms which
are called Yoshida lifts. The above corollary is still true even if we restrict F to be a
non-endoscopic lift but as mentioned before we set a condition on the level so that N is
coprime to 11! to control the conductor under the functoriality:

Corollary 1.5. Let the notations be as in Theorem 1.3. Then
limsup {[QF : Q]| F € HE(I'(N), O™ 1 non-endoscopic} = oo.

N—o0
PN, (N,11)=1

In the above corollary it is also interesting to remove among HEx(I'(N), x)™ the base
change lift from GL; over a quadratic field of Q and the symmetric cubic lift other than
endoscopic lifts. We treat it in a forthcoming paper.

Next, we consider the distribution of the low-lying zeros of either spinor or standard
L-functions for our family. For simplicity, denote Si(I'(N), 1), HE(I'(N), 1) by Si(N),
HE[(N), respectively. For F € Sg(N) we denote the non-trivial zeros of L(s,mr, %),
% € {Spin, St} by of = %-{-\/—_1)/}7. We do not assume GRH, and hence yr can be a
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 7

complex number. Let ¢ be a Schwartz function which is even and whose transform has
a compact support (so ¢ extends to an entire function). Define

D(rp, ¢, %) = Zfﬁ (;—; log%,N) ,
VF

1
where logcy,ny = mFEHEZ(F(N)) logc(F,*) and c(F,*) stands for the analytic
- k!

conductor (see §8). Then we prove

Theorem 1.6. Let the notations be as in Theorem 1.53. Put dy y = dimSg(N). Let ¢ be a
Schwartz function which is even and whose Fourier transform has a support sufficiently
smaller than (—1,1). Then

1 N 1
(1) i o Y Dl Shin) = 0) + 360) = [ 90WG) @ dx,
W=t BN peHE (N R

where G = SO (even), SO (odd), or O type.
. 1 N 1
(@), Jim o 3 Derg,50 =40~ 54(0) = fR P )W (Sp)(¥) dx,
(N, 11H)=1 =" FeHE(N)
where the corresponding density functions W(G) are

sin 2w x sin 27 x
W(SO(even))(x) =1+ , W(@SO(odd)(x) =1— + 8p(x),
2w x 2w x
1 sin 2w x
W O)x) =1+ 550()6), and W(Sp)(x) =1— T

Remark 1.7. We stated our result only for I'(N) for simplicity. In weight aspect
we expect that our result holds for other congruence subgroups such as I'g(N) =

(25)lc=0w).

Remark 1.8. Kowalski-Saha-Tsimerman [36] (in level one case) and Dickson [18]
considered weighted one-level density of spinor L-functions of scalar-valued Siegel cusp
forms, namely, let F;(N) be a basis of the space of Siegel eigen cusp forms of weight k
with respect to I'g(N). Then

1 A 1
lim  ———— o Nk D(F, ¢, Spin) = $(0) — 5 (0)
N+k— 00 Z OF.N Fe;k:(N) 2
FeFi(N)
= /R ¢ ()W (Sp)(x) dx,
where 3

_ VA@r)HT (k= )Tk = 2)|A(F; E2)?

wF,N,k - ’

vol(To(N)\H)4(F, F)

and F(Z) = ZA(F; T)e? ' TrT2) Qo the symmetry type is Sp. Notice that the

T>0
symmetry type is changed due to the weighted sum.
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Remark 1.9. If we apply the main results in Shin—Templier [63] for G = GSp,, one-level
density is for a family of all cuspidal representations whose infinity types are in the

local L-packet consisting of both holomorphic discrete series D}‘l"}z and the large discrete

series D}?rlg;. Hence their family consists of both holomorphic Siegel cusp forms and

non-holomorphic forms. The global L-packet of a holomorphic Siegel cusp form always
contains a non-holomorphic form. However, there are cuspidal representations with the
large discrete series at the infinity whose global L-packet does not contain any cuspidal
representation with a holomorphic discrete series at infinity.

Let gk(N ) be the set of isomorphic classes of cuspidal representations with the given

infinity type in the local L-packet {Dlhlo}z, Dllfllg:}. Then Shin-Templier showed that

n 1

k,+k2]f1\lf—>oo A7) Z: D, ¢, %) =¢0) £ §¢>(0) = /Rcb(X)W(G)(X)dx,

= 7eSK(N)
where + is according to % = Spin or St, respectively and G is as in Theorem 1.6. The
symmetry type is the same because the L-functions of representations in the same
L-packet remain the same. Also we can see that the contribution from endoscopic
non-holomorphic forms is negligible, and in fact, we expect that it matches with
non-semisimple contributions from the geometric side. We elaborate it more in § 10.

Some experts in the trace formula may be wondering why we did not use the stable
trace formula for proving the main theorem. A reason is that even if we use the stable
trace formula for G = GSp,, we would have to take care of the fundamental lemma
for Hecke elements under several transfers which might be feasible, but this gives
rise to a conditional result in contrast to our main theorem. However, the method of
the stabilization is still important in our proof. In fact, our argument of estimating
non-semisimple terms is essentially the same as the stabilization.

This paper is organized as follows. In §2, we recall the correspondence between
classical holomorphic Siegel cusp forms and their adelic forms and their associated
cuspidal automorphic representations of GSp,. We also recall various subspaces and their
dimensions.

In §3, we give a precise description of the spectral decomposition and residual
spectrum and classification of CAP forms. Even though we consider a pseudo-coefficient
of holomorphic discrete series, there are non-trivial contributions from the residual
spectrum and CAP forms. In §3.2, we quickly recall the classification of the algebraic
representations of GSp,(R) and adjust a central character to match with the holomorphic
discrete series in question. We also define a normalized (automorphic) counting measures
which will be related to the Plancherel measure with error terms. In §4, we estimate
the global coefficients, invariant distributions which are (limit) character formulas of
holomorphic discrete series, and orbital integrals for spherical elements. The geometric
side will be decomposed into seven main terms according to the shape of conjugacy
classes. In §5, by using results in previous section we estimate those seven terms. In
§6, we give a proof of the main theorems. Their interpretation in terms of classical
Siegel modular forms will be given in § 7. In § 8, we review the spinor L-function and the
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 9

standard L-function of automorphic representations for GSp, whose infinite component
is the holomorphic discrete series and estimate the conductor which shows up in the
functional equation. Then using the main theorem, we can estimate the sum of the
coefficients of automorphic L-functions. In §9, we apply results of §8 to obtain the
one-level density result for degree 4 spin L-functions and degree 5 standard L-functions.

In § 10, we compare Shin’s work with ours to explain the meaning of the second main
terms in terms of automorphic representations. An analytic property of an infinite sum
which is necessary in §9 will be proved in the appendix.

2. Preliminaries for holomorphic Siegel modular forms

In this section, we recall holomorphic Siegel modular forms of genus 2. We refer to
[1, 25, 68] for the classical setting and [8] for the adelic setting. First we fix our notations.
For any commutative ring R with a unit, let M, (R) be the algebra consisting of all square
matrices over R with size n and denote by E, (respectively 0,) the identity matrix
(respectively zero matrix). We write diag(ay, ..., a,) € M,(R) for the diagonal matrix
whose entries are ay, ..., a, € R. We also write ' X for the transpose of X € M, (R).

We define the generalized symplectic group by

’X( 02 Ez)X:v(X)( 02 Ez), v(X)eGLl}

G:GSp4:{XeGL4 B o B o

which is a smooth algebraic group scheme over Z. The similitude v defines the character
v: G—>GL; and defines the symplectic group Sp, := Ker(v) which is of rank 2.

Let B be the standard Borel subgroup consisting of upper triangular matrices and T
be the split diagonal torus in B. For i =1, 2, let P; = M;N; be the parabolic subgroup
of G = GSp, defined by

A 0 E, S ab
Ml—{<0 ulA_1>‘AEGL2,u€GL1}_GLQXGLl,Nl—{(O Ez)‘s_<b C)}’

v {5 ) (E )= ()= ()= (L)

t
a

det(g)/t
c d

M, =

teGLy, g:(‘; Z)eGLz

We sometimes use the theory of elliptic modular forms on the upper half-plane H; with
respect to the following congruence subgroups of SLy(Z):

')

T(N) = {g=

g€ SLy(Z) | g = E>, mod N},

= {
ab
. d> € SLy(7)

a—lzczOmodN},

T(N) = {g = (ﬁ Z) € SLy(Z)

czOmodN}.
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10 H H. Kim et al.

2.1. Classical Siegel modular forms

Let Ho ={Z € M(C)| 'Z = Z, Im(Z) > 0} be the Siegel upper half-plane of degree 2.
For a pair of non-negative integers k = (ki, k), k1 = ko > 0, we define the algebraic
representation A¢ of GLy with the highest weight k by

Vi = Symt1 %28, ® det2Sty,
where St; is the standard representatiokn 2f dimension 2 with the basis {ey, e;}. More
explicitly, if R is any ring, then Vi (R) = @2 Rellq_kz_i -eé and for g = <6Cl Z) € GLy(R),
Ak(g) acts on Vi(R) by =
g- e’f‘_kz_i ~eé = det(g)*2 (aey + cer) 27 (bey +der)' .

We identify Vi(R) with RO®Ki kD) " and Ak (g) with the representation matrix of At(g)
with respect to the above basis.
We have the action and the automorphy factor J(y, Z) by

vZ=(AZ+B)(CZ+D)"", J(y,Z)=CZ+D e GL(C), (2.1)

A B
for y = (C D) € GSp,(R)* and Z € H,.

For an integer N > 1, we define a principal congruence subgroup I'(N) to be the group
consisting of the elements g € Sp,(Z) such that g = 1 mod N. For a Vj (C)-valued function
F on Hj, the action of y € GSp4(R)° is defined by

FDIyl := W) I (v, 2 HF(y 2). (2.2)

The algebra of all Sp,(R)-invariant differential operators on Hj is isomorphic to C[£2, A],
the commutative polynomial ring of two variables, where € is the degree 2 Casimir
element, and A is the degree 4 element. (See [34, § 5] for the details and @ = A1, A = A,
in the notation there.) It is easy to see that

QF = 5k = D?+ (ka —2)> =5)F, AF = ((ky — D)(ky — 2))*F, (2.3)

for all Vi(C)-valued holomorphic function F on H; when ki > ko > 0. When (k1, ko) =
(3,3), (3,1), or (0,0), the two eigenvalues are 0 and 4. It is similar for (k;,3) and
(k1, 1). However, if kp > 3, then there is no weight other than (ky, k2) itself with the same
eigenvalues. This observation would be related to the sets in (4.8).

Suppose that k; > 3 and let us introduce the Harish—-Chandra parameter (I1,[>) for
the holomorphic discrete series generated by (non-zero) F of weight (ki, kp). It has the
relation (k1, k) = (I1 + 1,1, +2). Then in terms of the Harish—-Chandra parameter we
rewrite (2.3) as follows:

QF = ﬁ(lfq-l% —5)F, AF = (I1)*F. (2.4)

Let us turn to the general case of ki > kp > 0. For a principal congruence subgroup
I'(N), N > 1, we say that a holomorphic function F : Ho— Vi (C) is a holomorphic
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 11

Siegel modular form of weight (ki, k2) with respect to I'(N) if it satisfies F|[y]x = F for
any y € ['(N). If we further impose the following condition, we call F a holomorphic
Siegel cusp form:

lim F Z)=0 fi €S
Zirglﬂz Iy (2) or any y € Sps(Q)

where 0, stands for the boundary of the Satake compactification of Hy. We denote
by Mi(I'(N)) (respectively Sg(I'(N))) the space of such holomorphic Siegel modular
(respectively cusp) forms. The space Ex(I'(N)) of Eisenstein series is defined by the
orthogonal complement of Si(I'(N)) in M (I'(N)) with respect to Petersson inner product.
Hence we have

Mi(T'(N)) = Sp(T'(N)) @ E(I'(N)).

By Harish-Chandra (see [8, Theorem 1.7]) the space My (I'(N)) is finite-dimensional. We
give an estimation of the dimension of Si(I'(NV)) and of its specific subspace later on.
E, NS
0 Ep
for a given F € My(I'(N)), we have the Fourier expansion

The group I'(N) contains the subgroup consisting of ( >, S =1S € M»(Z). Hence

F(Zy= Y Ape®V-UNID) 7 ¢ g, (2:5)
TeSym?(Z)>o

o IS

where Symz(Z)>0 is the subset of M>(Q) consisting of all symmetric matrices <Z
2

a, b, c € Z, which are semi-positive definite.

2.2. Hecke operators

We define the Hecke operators on My (I'(N)) as in [19]: For any positive integer n coprime
to N, let

E>

An(N) := {g € M4(Z) N GSp,4(Q) ‘ 8§ = (0 v(g)E>

) mod N, v(g) = n}
For m € A,(N), we introduce the action of the Hecke operators on My (I'(N)) by

Ty F(Z) := v(m)*1+k)/2=3 > F(Z)IIvm) ™ aly, (2.6)
a €T (N)\[(N)mI(N)

and for any positive integer n, put

T(n) := Z T,

mel' (N)\Ap(N)

These actions preserve the space Sg (I'(V)). For 11 = diag(1, 1, p, p), t» = diag(1, p, pz, p)

for a prime p, put T; j := Tz;‘ J =12, k€Zso and fix S, |, S, , € Sps(Z) so that
,pi,pi) mod N for each i €

i i

Syl = diag(p~, 1,1, p') mod Nkanlfl 'Séplpi = diag(p~
Z~q. Put Rpi = .5‘171')17,'TpiE4 = p’( 1k = )Spi

7P_

,pi and note that it commutes with any Hecke
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12 H. H. Kim et al.
operator. Then we see that

T(p)=Tip. TP =T 2+Trp+Rp.

T2, —T(pY) — p*Rp = p(Ta,p + (1+ pHRy). .
) :
T3 p = Taiag(1,p2,p*.p2) + (P + Dgiag(p.p. p3. p?)

+(P* = DTgg(p.p2.pi 2y + (0 + P+ P+ DR

The last relation is obtained as follows: First, we note that M € T , if and only if
rp(M) =1, where r,(M) is the rank of M mod p. Then

T3

", = Zt(KMK)KMK,

M

where M runs over all double coset representatives of K\ A #(N)/K, and t(KMK) is the
number of left coset representatives A of 7> ,/K such that A™'M e D.p,ie., rp(A*] M) =
1. Now M runs over the following elements;

diag(1, 1, p*, p*), diag(1, p, p*, p*), diag(1, p?, p*, p?),
: 3 3 : 2 3 2 : 2 2 2 2
diag(p, p, p”, p°), diag(p, p~, p°, p°), diag(p~, p~, p*, p°).

Then we may use the explicit left coset representatives in [51, pp. 189-190].
By [19, (1.15)], we have the following relation:

ZT( " = =0 (()) Py(t) = 1— p*Rpt?,

Qp(t) =1- T(p)r +{T(p)* =T (p>) = pP*Rp}t> — pP’R,T(p)t> + pOR 1.

The finite group Sp4(Z/NZ) =~ Sp,(Z)/ T'(N) acts on M (I'(N)) by F — F|[y]i if we
fix a lift y of y € Spy(Z/NZ). We denote this action by the same notation F|[y]x. This
action does not depend on the choice of lifts of y. The diagonal subgroup of Sp4(Z/NZ) is
isomorphic to (Z/NZ)* x (Z/NZ)* by sending S, p = diag(@a=',b~', a, b) to (a,b) and
it also acts on My (I'(N)), factoring through the action of Sp,(Z/NZ). Then we have the
character decomposition

(2.8)

M(I'(N)) = @ Mi(T'(N), x1, x2)» (2.9)
x1,x2:(Z/NZ)* —Cx
where My (I'(N), x1, x2) ={F € Mg(T'(N)) | Fl[Sa.1le = x1(@)F and F|[Saalk = x2(a) F}.
It is easy to see that the Hecke operators preserve M (I'(N), x1, x2) (cf. [55]). We should
remark that in order that My (I'(N), x1, x2) # 0, the weight (ki, k2) has to satisfy the
parity condition
xa(=1) = (=phth, (2.10)

In particular, if N =1 or 2, then yx, has to be trivial and therefore

ki +k> = 0 mod 2. (2.11)
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 13

Put

Mi(T(N), x) = P MaTW), a0
X1:(Z/NZ)* —C* (2.12)

Sk(T'(N), x) == M(T'(N), x) NSk (T'(N)).
Throughout this paper, we assume this parity condition (2.10) for F. Let
FZy= Y Ap)e®™V=UNRTD ¢y (r(N), x).
TeSym?(Z)>9
be an eigenform for all T(p’), pt N, i € N with eigenvalues Ap(p'), i.ec.,
T(p")F = Ap(p)F.
By (2.8) we have the following relation:
ZAF@ )" QF ‘;((t)) Pp (1) = 1—p"~'x(p)?,
QF,p(t> =1=2r(PT +(r(p) = hr (PP = P x (P}’
— X(P)P"AE(P) + x (p)* pPHe?
where u = ki 4+ ky — 3. Then we define the partial spinor L-function of F by

LN (s, spin, F) := [ ] Qr.p(p™)7".
ptN

(2.13)

Definition 2.14. We define the Hecke field QF of F by
Qr = QG.r(p). Xj(p), j=1.2for pfN and i > 0).

It is well known (cf. [68]) that QF has a finite degree over Q since My(I'(NV)) has
a Q-structure Lg which is preserved by Hecke actions and the Hecke algebra inside
Endg(Lq) is finitely generated.

2.3. Adelic forms

For a positive integer N, let K(N) be the group consisting of the elements g € GSp4(Z)
such that g = E4 mod N. Then we see that I'(NV) = Sp,(Q) N K(N) and v(K(N)) =1+
NZ. Then it follows from the strong approximation theorem for Sp, that

G =[] GQE®TALEKN) = [] G@Zc®)SpsR)dKN)  (2.15)

1<a<N 1<a<N
(a,N)=1 (a,N)=1
where d, is the diagonal matrix such that (d,), = diag(a,a,1,1) if p|N, (d,)p = Es

otherwise.

Similarly, let K>(N) be the groups consisting of the elements g € GSp4(Z) such that g =
diag(1, 1, a,a) mod N for some a € 7. Then K(N) C K2(N), T'(N) = GSp,(Q) N K2(N),
and the similitude map u : Kp(N) — 7 is surjective. Then we have,

G(A) = G@QG®R)TKa2(N).
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14 H H. Kim et al.

Let I = Exv/—1 € Hy and U(2) = Stabgy, &) (/). For any open compact subgroup U of
GSp4(Z) we let Ay (U)° denote the subspace of functions ¢ : GSp4(Q)\GSp4(A)— Vi (C)
such that

(1) ¢(guuse) = Ax(J (oo, DY (g) for all g € G(A), u € U, and us € U(2)AG.00;

(2) for h € G(Ay), the function

&n : Ho—Vi(©), ¢n(Z) = ¢p(gocl) := Ak (J (800: 1)) (hgoo)

is a holomorphic function where Z = gool, goo € Sp4(R) (note that this definition
is independent of the choice of guo);

(3) for g € G(A), / ¢(ng)dn = 0 for any parabolic Q-subgroup R with the
Nr(Q\Ng(A)
Levi decomposition R = MgNg and dn is the Haar measure on Ng(Q)\Ngr(A).
We define similarly Ax(U) by omitting the last condition (3).
Let T'(N), := Sp4(Q) ﬂda_lK(N)da. Note that I'(N), = I'(N) for each a. Then we have
the isomorphism

AKN) > @D MT (N, 6+ @bd)a- (2.16)

1<a<N
(a,N)=1

We also have the isomorphism

AK(N)) ~ @ ST (N~ P STy, (2.17)
1<a<N 1<a<N
(a,N)=1 (a,N)=1

as well (cf. [8] for checking the cuspidality). We should note that it follows from the
condition (1) that

$(8200) = 255D p(g), g€ G(A), 200 € AG oo (2.18)

Similarly, we have the isomorphism
Ai(K2(N)) —> Mi(T(N)). (2.19)

Now given a Siegel modular form F € My(I'(N)), we define the adelization of F (with
respect to K3(N)) to be the unique automorphic form ¢p € .A&(Kz(N))1 such that

BF(800) = Me(J (8oo. 1)) ™' F(gool). (2.20)

Given a cusp form F € M (I'(N)), we obtain ¢r € Ax(K2(N)), and ¢F gives rise to a
cuspidal representation wr. Conversely, given a cuspidal representation 7 of GSp,(A),
every admissible representation of GSp4(Ay) has a vector fixed by Kz(N) for some N
[52, 56]. Hence one can pick a cusp form F € My(I'(N)) using the isomorphism (2.17).
Hence the definition of the adelic form (2.20) is an appropriate one.

IThanks are due to the referee who suggested this definition and the commutative diagram.

Downloaded from https://www.cambridge.org/core. University of Toronto, on 23 Feb 2018 at 14:50:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800004X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800004X
https://www.cambridge.org/core

An equidistribution theorem for holomorphic Siegel modular forms for GSp, 15

Then we have the following commutative diagram:

A (K(N)) —— @ 1<an Mp(T'(N)y)

(a,N)=1

| l

Ar(Ky(N)) —— My (I'(N))
where ¢ is the inclusion, and d is the diagonal embedding. We denote the image of ¢r
under ¢ by ¢ again. Then F(gool) = A (J (8o, I)@F(dugoo) for all a, (a, N) = 1.

Remark 2.1. The principal congruence subgroup K(N) is required to study Sx(I'(N))
by the trace formula on G(A). (See the proof of Proposition 5.2; Shin and Templier
works with K(N), not K2(N) in [63, Lemma 8.4]. An analogous result for K2(N) is not
available at this time.) Therefore, we work with K(N) in adelic situations. However,
as the referee pointed it out, one needs K,(N) to associate a Siegel cusp form to an
automorphic cuspidal representation. Namely, the results in [52] and [56] ensure that
every automorphic cuspidal representation of G(A) includes a vector in the image of the
map d in the commutative diagram.

Now we restrict the isomorphism (2.16) to specific subspaces, using the character
decomposition (2.9). Given two Dirichlet characters y; : (Z/NZ*—C, i=1,2,
associate the characters x/: A?—)(CX via the mnatural map A?—)A?/Qw =
7 —>(Z/NZ)*. Define ¥ : T(A;)—>C* by

X (diag(x, ¥, ¢, d) = xjd ') x5 (@7
Choose F = (F,) from the RHS of (2.16) which satisfies F|[S; lx = (FullSz,zI) =

(2@ Fy) = x2()F and F|[S; 11k = x1i(@) F. If we write g € G(A) as g = rzeoda8ock €
G(A) and take zy € T(Ay), then

dr(gzp) = M(J (8. 1) Fa(gooD) X (2y). (2.21)

Then this gives rise to the isomorphism of the subspaces

A(K(N), 3) — D Me(T(N)a, X1, x2)-

1<a<N
(a,N)=1

The central character of any element in Ai(K(N), ) is given by x> and hence
AKN), D= B P MT(N)a. x1. D).
X €@INTY* (i)

We now study the Hecke operators on A (K(N)) and its relation to classical Hecke
operators. Let ¢ be an element of A (K(N)) and F = (F,) be the corresponding element
of the RHS via the isomorphism (2.16). For any prime pt N and « € G(Q) NT(Q,),
define the Hecke action with respect to «

T (g) == /G<A )([K(N)pOtK(N)p]® Lxvyr)(gr)o(ggr) dgy, (2.22)
;
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16 H H. Kim et al.

where dgy is the Haar measure on G(Ay) so that vol(K) =1. Here K(N), is the
p-component of K(N) and K(N)? is the group consisting of all elements of K(N)
with trivial p-component. Here [K (N),aK (N),] stands for the characteristic function of
K(N)paK(N),. Then by using (2.15) and (2.22), we can easily see that

()~ \HR=I2T F(Z) = v(a) T 14(), (2.23)

where g = rzeo8a8ook as above and Z = gool (cf. [45, §8]). The same formula also holds
for K5(N). From this relation, up to the factor of v(a)*17%2)/2=3 "the isomorphism (2.16)
preserves Hecke eigenforms in both sides.

To end this subsection we give an estimation of the dimension of each space which
immediately follows from [69, 70]:

Proposition 2.2. For any k = (k1,k2), k1 2 ko >3 and N, as N+ k1 +ky — o0,
(1) dimSg(T'(N)) ~ C- Ny — 1) (ky — 2) (k1 — ko + D) (k1 + k2 — 3);
(2) dimAg(K(N))° ~ C-o(N)N'O(ky — 1) (ko — 2) (k1 — ko + D) (k1 + k2 — 3);
(3) dimSg(I'(N), x) ~C- wN(_;\;))(kl — D(ka =2) (k1 —ka + 1) (k1 + k2 = 3);
(4) dimAg(K(N), x)° ~ C- Nk — D) (ky — 2) (k1 — ko + D) (k1 + ko — 3);
where C is a positive constant which is independent of k and N.

Proof. First we assume kp > 5 and treat the cases (1) and (2). Then one can apply

[69, Theorem 3, 4] in case N = 1,2, and [70, Theorem 7.3] in case N >3 for (j, k) =

(k1 —kp, k2). If ky = 3 or 4, the argument in [30, § 5] shows the above dimension formulas is

still validity for k> > 3 up to the difference comes from dim My, —1,1(I'(N)) which occurs in

case ky = 3. By Proposition 3.7 and 3.1, we see that dim My, —1,1(I"(N)) = o(dimS;(I"(N)))

as k1 +k, + N — oco. Hence we have the claim. The second claim follows from (2.17).
For (3), (4), consider a normal subgroup of Sp,(Z) defined by

I'(N) = {y € Sp4(Z) | (y mod N) € (Z/NZ)*Es}.
By [70, Theorem 3.2] the main term contributing to the dimension is
[Sp4(Z) : T"(N)1(k1 — 1) (ko = 2) (k1 — ko + 1) (k1 + k2 = 3)
up to an absolute constant. Hence we have the assertion since
[Spa(Z) : T'(N)] = p(N) "' [Sps(Z) : T(N)]. O

2.4. The infinity component of 7y

Let F be a Hecke eigenform in Si(I'(N)) with the associated cuspidal representation
TF = TF,00 ®®})TL’F’[, of GSp4(A). We assume that k1 > ko > 3. Then np  is a unitary
tempered representation in the discrete spectrum and its minimal K-type is (ki, kp) =
(I + 1,1 +2), where (I1, I) isthe Harish—Chandra parameter in the holomorphic discrete
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 17

series. Under the condition I} > [» > 0, the discrete series with the Harish-Chandra
parameter (I1,lp) is unique up to isomorphism as (g, K)-cohomology where g stands
for the complexification of Lie(Sp4(R)) and K = U(2). Let D}‘l‘fllz be the holomorphic
discrete series of GSp,(R) with Harish-Chandra parameter (I1,/2) as above and its
central character is given by z > z ¥17k2 = z=h=h=3 op AG.co = Rop. If we want to
insist on the minimal K-type (k1, k2) instead of the Harish—Chandra parameter ({1, [3),
the holomorphic discrete series in question would be denoted by Dgf’lkz. Hence we have

~ pyhol
jTF,OO — DZI;IZ'

Note that both of central characters coincide on Ag o because of (2.18).

3. Spectral decomposition and automorphic counting measures

In this section as Shin did in [62], we introduce measures related to several automorphic
forms to look carefully inside the spectral side. This is necessary to extract only
holomorphic forms from Arthur’s trace formula. It will be clear later on. However, in
order to do that, we have to use a single pseudo-coefficient in the trace formula and it
causes defects which never appear in the setting of [62]. Namely, non-semisimple orbit
contributions arise from the geometric side.

Let us first fix a measure on G(A). For any finite prime p, let u, be the Haar measure
on G(Qp) so that u,(G(Zp)) = 1. Let j1oo be the Euler-Poincaré measure (see [62, §2]).

Then the product measure u = H tp on G(A) is compatible with the point counting

JAgeS
measure on G(Q) and the Lebesgue measure on Ag and therefore it defines the quotient

measure 7 on G(Q)Ag,00\G(A) = GQ\G(A)! where G(A)' = {g € G(A) | v(g)la = 1}.
It follows that

G(A) =~ GA) x Agoo, &= (87, 800) > (85 8lV(®)I1 ). V(85)]) (3.1)
and clearly G(A)! D G(Q).

3.1. Spectral decomposition

For a quasi-character y (which is not necessarily unitary) on Ag.o, we define L? :=
L2(G(Q)\G(A), x) as the space of C-valued functions on G(A) which are square integrable
modulo Ag with respect to the measure x, left G(Q)-invariant, and transform
under Ag o by x. Here ‘square integrable modulo Ag o’ means that the integral over
G(Q)\G(A)! is square integrable which makes sense because of (3.1). The regular action
of G(A) decomposes the Hilbert space L%(G(Q)\G(A), x) into the discrete spectrum and
the continuous one. Then

Liie(G@Q\G(A), X) = L, (GQ\G(A), X) @ Lo (GG (A), x).

For % € {disc, cusp, res}, let

L} = LAGQ\G(A), ) = P m.(r),

where m, () is the multiplicity of 7 in Li(G(Q\G(A), X)-
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18 H H. Kim et al.

We review the residual spectrum of GSpy in [33]:
Li(GQ\G(A), x) = L*(B) ® L*(P)) & L*(Py).
Then

2Py = € J(% 7 ®n>,
(,m)
where 7 runs over cuspidal representations of GL,(Ag) with the trivial central character
such that L(%, ) # 0, and n runs over grossencharacters of Aa such that ngo = x, and
J(3. 7 ®n) is the unique quotient of Ind§ 7| det|'/2 @ 1.
Similarly,
L*(P) =P sa.nen, (3.2)

(n,7)

where 7 runs over non-trivial quadratic characters of AX, and 7 runs over monomial
cuspidal representations of GL2(Ag) such that 7 ~ 7 ® , and nw, = x, and J(1,n®@ )
is the unique quotient of Ind%m Q.

Finally,

L*(B) = J(pg, x(1, 1, ) @ P I (er, x (v, v, ),

where v runs over non-trivial quadratic characters and u?> = x. Here J(pg, x(1, 1, ) is
the unique quotient of Indgx(l, 1, n) ®exp({pp + pp, Hp())), and J(e1, x (v, v, w)) is the
unique quotient of Indgx (v, v, ) ®exp({e1 + pp, Hp())), which is the Langlands quotient
of Ind§ | -|® o', where o = Indjx (v, v, o).

Any local component of a representation in the residue spectrum is known to be
non-tempered (cf. [72]). Recall that D,}(‘f’)lkz is tempered for k; > kp > 3. Therefore,

Homg®) (Djyy,  Lies) = 0.

3.2. Algebraic representations of GSp,(R)

In this section we quickly recall algebraic representations of GSp,(R). This is necessary
to fix the central characters of the representations associated to classical Siegel modular
forms.

Recall G = GSp, and put Go = Sps. Let Tp be the split maximal diagonal torus
of Gop and Ky be the maximal compact subgroup of Go(R). Let & = (&£, V) be an
irreducible algebraic representation of GSp4(R). We have a decomposition Lie(G(R)) =
3@ Lie(Go(R)) where 3~ R is the center of Lie(G(R)). The infinitesimal action of
Lie(G(R)) on V uniquely determines & since there exists a sufficiently small, open
neighborhood of GSp4(R) at the origin in Euclidean topology whose Zariski closure is
GSps(R). It follows from this and the classification of all algebraic representations for Sp,
(cf. [21, §16.2]) that

E~V'Qpup, CEL (3.3)

where v : GSpy—>GL; is the similitude and p, 5 is a unique irreducible algebraic
representation of G(R) with highest weight (a, b) € Z%,a>b>0. It is clear that the
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 19

compact torus U(1) x U(1) in U(2) is Zariski dense in Ty(C) via U(2) ~ K. Hence the
algebraic character of Ty is completely determined by the action of the diagonal compact
torus U(1) x U(1). It follows from this that p, |k, contains Vi, p) (see §2.1 for the
notation). The central character of & is given by diag(z, z, z, z) > z2T@+?) by (3.3).
By Weyl’s dimension formula (see [21, (24.19) in p. 406)),

(a—b+1)(a+b+3)(a+2)(b+1)

dim& =dim p, = g (3.4)
Put & 4.5 = v ® pa,p. We usually consider
&k = &3k-3.k—-3, k= (ki,k2), k1 = ky >3 (3.5)
and then the central character of its dual §kv coincides on Ag, o with one of Dllgf),lkz' Note
that B
. (ki —kp+ Dk + ko —=3)(k1 — D(ka —2) (&1 — €)1 +2)018y 1
dimé = 6 = 6 =4 (DY),

where d(D}(‘?lkz) = (€1 —£2)(€1 + €2)€1¢, is the formal degree of D,t‘:’lkz.

3.3. Special cohomological representation of GSp,(R)

As we will see in § 3.6, the trace of a pseudo-coefficient of a holomorphic discrete series
Dﬂo}z may be non-vanishing for Dl}io}z, wy,, and 1, where 1 is the trivial representation of
G(R), and w; is a certain unitary representation defined as follows: For [ > 2, it is the

induced representation IndSszH%)R) w;, where o is the Langlands quotient of Indi,i‘}]%?j Spa (R)| .

[sgn X Dl+, where D1+ is the holomorphic discrete series of SL,(R) with minimal K-type
l.

By the classification of the residual spectrum, 1 occurs as an infinity component of
residual spectrum from the Borel subgroup:

Homg ) (1, L)¥™) = Homee (1 L(BN* ™M = P C. (3.6)

xe(ZmX

x2=1

One can see easily that there are no cuspidal representations with the infinity
component 1: If F is such a form, then clearly, QF = AF = 0. This is clearly not possible.
(Or one can see from strong approximation theorem that G(Q)G(R) is dense in G(A).
Hence if 1 is the infinity component of an automorphic representation, the automorphic
representation has to be 1.)

The special unitary representation w; occurs as the infinity component of residual
spectrum of Klingen parabolic subgroup, and CAP forms of weight ({41, 1) from the
Klingen parabolic subgroup (Proposition 3.4). It is non-tempered. Hence by (3.2)

Homg ) (@1, Lio)) ¥ = Homg @) (e, L*(P)*™N = @B 71, n@m) k™)
(n,7)
which is related to the space of Klingen Eisenstein series of weight (kq, 1) with /; +1 = k.
Here n runs over the quadratic characters of imaginary quadratic fields, moo|sz,(R) is

isomorphic to DIT EBB;IF, and 7 corresponds to a CM modular form in Sk, (TYH(N)). Since
dim Sk, (TY(N)) = O(k1N3) as ki + N — 00, we have a rough estimation:
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20 H H. Kim et al.

Proposition 3.1. For any ky > ko > 1,

dim @ J(1,n@m) M = 0(kip(N)N?) = O(ki N?) as kj + N — oo.
(n,7)

3.4. Classification of endoscopic forms

In this section we study endoscopic forms in Sg(I'(N)) and give an estimation of
the dimension of the space S{"(I'(N)) generated by such forms. For simplicity we
work on adelic forms instead of classical forms. We also write A{"(K(N))° for the
space generated by Hecke eigen automorphic forms in Ax(K(N))° whose automorphic
representation is endoscopic via the isomorphism (2.17). We freely use the results in
[50]. The endoscopic lift in our situation is a functorial lift from the endoscopic group
H :=GSO(2,2) to GSpy. Note that GSO(2,2) ~ (GLy x GL2)/{(z, zh:zeGLy}, and
GSO4) ~ (D* x D*)/{(z,z~") : z € GL}, where D is a quaternion division algebra.
Hence a cuspidal representation of GSO(2,2) (respectively GSO(4)) can be written as
(71, 2), where my, mp are cuspidal representations of GLy (respectively D*) with the
same central characters. When we lift a pair of elliptic new forms of weights > 2, it is
known that

(1) if the lift factors through GSO(4) via Jacquet—Langlands correspondence, then it
has to be a holomorphic discrete series at infinity; and

(2) if the lift does not factor through GSO(4), then the lift cannot be a holomorphic
discrete series at infinity (it is a large discrete series).

Since we are interested in holomorphic Siegel forms, only the first case can happen.

For any reductive group G over QQ, we denote by IT1(G(A)) the set consisting of the
isomorphism classes of cuspidal automorphic representations of G(A).

Let IT1(z) be the global packet for GSp, constructed from a cuspidal representation t
of H(A) via the theta lift due to Roberts [50]. Put rj = k; +ky—2 and rp = k; —ky +2.
By adjusting the central character, we may assume that any element of I1(7) is realized
in the space L2, (G(Q)\G(A), xev) for & = & . Then we see that

cusp

dim AL (K (N))° = vol(K(N)™" > > mu( (k). m(I) € {0, 1)
Tell(H(A)) Mel(z)

TooiDrl ®D,-2 nw:Dl}cl;)lkz

(3.7)
where 1g vy = charg(y). Note that s - T % 7 (s interchanges the two components) because
of the infinite type and r; # ro. We shall describe the RHS more precisely. For IT € T1(t),
let T1 be the set of every places v of Q so that IT, =~ 0050(4)(1'3L) where GSO(4) ~
(D) x DJ)/Qy for a unique quaternion division field over Q, and 6 is the local theta lift
from GSO(4) to GSp,. Note that 7, is necessarily square integrable. We write T = (7, 72)
for t € I1(H) where each m; is a cuspidal automorphic representation of G Ly (A) such that
wx, = wx,. For such a 7, let T; be the set of all places of Q so that both of my , and w3,
are square integrable.
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By [50, Theorem 8.5] and [24, Theorems 8.1 and 8.2], if m(IT) = 1, then for each IT €
I(t), © = (1, m2), there exists a definite quaternion algebra D over QQ such that 7 is in
the image of Jacquet—Langlands correspondence from GSO(D)(A) and the set of ramified
places of D is given exactly by T1 = T; and

(1) for each v € Tr,
(a) if o/t =, = 12y, then ® (0 o) = 6(0 Mo) is the unique non-generic direct
factor of Ip(z)(1, o/L) where Q(Z) stands for the Klingen parabolic subgroup;
(b) if w1, # 7y, then ®(nf‘v @ngf‘v) = 9(71{%) &ngh is a non-generic
supercuspidal representation.
(2) for each v & Ty, one of m1 , and 72, has to be a principal series representation and
(a) if 7y, is square integrable and mp, = m(x, x/) for unitary characters x, x’
so that Or, = xx', then 6@y, Ko y) = Jpy) (1,0 ® X_l, X) is a non-generic
Langlands quotient of Ip(y)(n],,j@x_], x) where P(Y) stands for the Siegel
parabolic subgroup;

(b) if 7y, =7 (x1, x{) and w2, = 7w (X2, x5) for unitary characters y;, x/ so that
X1X] = x2x5, then 0(y y Rmay) = Ind§ (x5 /x1. x2/ %15 x1)-

In each case the local L-packets are given as follows (see [13, §8] for (1) and [13, §6.6]
for (2)):

(1) (a) {z*, 7"}, where n* (respectively 7 ~) is the unique generic (respectively
non-generic) direct summand of Ig(z)(1, o'y,

(b) {7t :=0(m1,Rm,), 7~ =0, K}

(2) (a) {#t, 7~ :=Jpy)(m s ®x~', x)}, where xt is the unique generic
subrepresentation of Ip(y) (1, ® x50,

(b) {Indg(xé/xl, x2/x1; x1)} (the L-packet is a singleton).

For a principal congruence subgroup K (N) we put K (N) = H(Af)NK(N). For a finite
place v = p, of Q, put Ny, = pgrd”(N). From now suppose that (N, 11!) = 1. Then by
[20, Théorem 3.2.3], (lK(N)Uva_ZlKH(N)U) is a transfer pair for each finite place wv.
We now apply the (endoscopic) local character identities ([13, Proposition 6.9] for the
L-packets in (2) and Proposition 8.2 for the L-packets in (1)) with the transfer pair

Ik vy, » Nv_leH(N)v) for each finite placev, the RHS of (3.7) is bounded by

RHS < vol(K(V)™! > Y mMu(y(Ixw))
Tell(H(A)) Mell(z)
=P O naoenll, DI

< vol(K(N)™ YT 2N (e (en )

Tell(H(A))
Toc’lDrl ®Dr2

& vol(K (N) ' N=2evol(K 7 (N))dimS,, (T'1(N)) x dimS,., (T'1(N))
< (11— D2 — HN*E.

Downloaded from https://www.cambridge.org/core. University of Toronto, on 23 Feb 2018 at 14:50:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800004X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800004X
https://www.cambridge.org/core

22 H. H. Kim et al.
Since dimSF"(T'(N)) = (p(N)_ldim.Ain(K(N))o, we have

Theorem 3.2. Let (N, 111) = 1. Then dimSS(I'(N)) = O((k1 —ky + 1) (ky +k — 3)N®+)
as N + ki +ky — oo. a

3.5. Classification of CAP forms

In this section, we classify CAP forms. We say F is a CAP form associated to a parabolic
subgroup P if wr is a CAP representation associated to P in the sense of [22]. Such a
representation is completely classified by [48, 60, 66].

For holomorphic Siegel modular CAP forms of weight k = (k1, k2), k1 > ky > 1, it turns
out that

(1) in the case when (ki,k2), k» > 2, it has to be a CAP form associated to Siegel
parabolic subgroup and k| = k;

(2) in the case when k» =2, we must have k; =ky =2 and it can be a CAP form
associated to any parabolic subgroup;

(3) in the case when (ki,k2) = (1, 1), it can be a CAP form associated to Borel or
Klingen parabolic subgroup, but not Siegel parabolic subgroup;

(4) in the case when ki > ko =1, it has to be a CAP form associated to Klingen
parabolic subgroup.

In [55], one can see several examples regarding to the second case. In the third case
Weissauer proved that any (Hecke eigen) Siegel modular forms of weight one with respect
to To(N) is CAP (see [75]), but it is still open whether it is also the case for I'(N). In the
case (4), it will be proved in Proposition 3.4 that any (Hecke eigen) Siegel modular forms
of weight (kq, 1) k1 > 3 is always a CAP form associated to Klingen. We expect that it
holds even if k; =2 but in this case we cannot use the geometric argument and thus
we might have to rely on the classification of representations for GSp,. Once Arthur’s
conjectural classification in [6] is completed, then our expectation would be true since it
is known to be non-tempered at infinity by [49].

Consider the first case k; > kp > 2. We first observe that k; = ko by the argument in
[60, p. 225] and hence put k := k1 = k. In this case the central character of 7 should be a
square of a character and by twisting we may assume that it is trivial. Schmidt completely
characterized any holomorphic CAP form associated to P; (see [60, Theorem 3.1]) by
constructing a lift from a cuspidal automorphic representation 7w of PGLy(A). Schmidt’s
construction can be a functorial lift by the local Langlands conjecture established by
[23] (see [60, Remark 3.2-(a)]). To characterize wp by using the completed L-function
(product over all places), we have to carefully look at the behavior at bad places since
weak equivalence does not characterize F except for the case of level one.

Let S,f '(I'(N)) be the space generated by Hecke eigen cusp forms of parallel weight &
which are CAP associated to P;. We now try to estimate the dimension of this space.
Let .A;:l (K (N))° be the space of all Hecke eigen automorphic forms in Ag (K (N))° whose
automorphic representations are CAP associated to P;. To do this we carefully check the
behavior of the levels under the functorial lift constructed by Schmidt. As it is done for
endoscopic lifts we work with adelic forms.
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Since any CAP representation associated to the Siegel parabolic subgroup can be
regarded as a cuspidal representation of PGSp4(A) by [48, Theorem 2.1], we first assume
that any representation in question has the trivial central character.

Let A(w) := A(w, 1) be the global A-packet for PGSp, constructed from a cuspidal
representation 7w of PGL,(A) by Schmidt [60] and Gan [22, § 4.3]; they studied the same
A-packets in conjunction with Waldspurger’s local packers (cf. [60, §3]). We use A(r)
as a tool to describe the dimension of A,fl (K(N), 1)° := A,fl (K(N))°NA(K(N), 1)°. We
do not care whether this packet satisfies desirable properties. Then we see that

dimAL (K (N), 1)° = vol(K(N) ™" )~ > mMu(pgw)).  (3.8)

Tell(PGLy(A)) MeA(r)

too~Dog—2 nm:D?flkz

m(IT) € {0, 1}. We shall study the RHS more precisely. For & € TI(PGL2(A)) let S; be
the set of all places v of Q so that m, is square integrable. By [60, Theorem 3.1], for
each IT € I1(tr) with m(IT) = 1, there exists a subset S C S; such that IT = IT(x @ 7ys)
and (—1)!SI = ¢(1/2, 7) and
(1) if ve¢S, then II, is the unique, non-tempered irreducible quotient
Q- "2y, |-171/2) (see [51, Proposition 5.5.1]) of Ind§ (| -|"/?m, x| -|7'/%) where
P, is the Siegel parabolic subgroup;
(2) if v e S\ {oo}, then I, = SK (r{L) = 0((x)F K St'M)*) is a non-generic (tempered)
supercuspidal representation; and

(3) if v = oo, then My = D]}C‘Ok1

Put U = K(N) (respectively U' = K!(N), the group consisting of elements g € GLg(z)
such that g = E, mod N) and let U, (respectively U!) be the v-component of U
(respectively U 1). Let N, = pSfdv(N) for the prime p, corresponding to v. In the first
case since it is a quotient of Indgl(| A2 % -7V by [11, Corollary 1, p. 16], we have
a rough estimation

Uy
dim(I1,)" < dim (Ind%lq APy ] |“/2>) <ty - ey (1)

where 7, := #(P1(Q,)\G(Q,)/U,) = O(N}) .

In the second case IT, forms a local L-packet {n~ :=TI,, 7" :=0((w, XSt)T)}.
Therefore, one can apply the previous argument in the case of endoscopic lifts. To bound
(3.8) we additionally count admissible representations IT" obtained from IT in IT(z) by
switching the non-generic representation 7~ with the generic representation 7+ at the
finite places v in the case (2). Therefore, we have

RHS = vol(K(N))™' Y > Y. u@(kw))

7ell(PGLy(A)) MeA(r) SCSqx
To0=Do—y MoomDh  e(1/2m)=(-D!S]

< vol(K(N)™ Y > > (k) + (@ (k)
7 ell(PGLy(A)) e A(r) SCSx

too=Dok_2 noo:p;{lflkz e(1/2,m)=(=1)ISI
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24 H H. Kim et al.

< vol(KV)™ Y > ]Gy

Tell(PGLy(A)) SCSq vgS
t00>Dop—p  e(1/2.m)=(-D!SI

< [T 2N, *t(Gro RSO gay,)
veS\{oo}
< vol(K (N)) ™ 12PN N =2yol (K H (N))p(N) ~IN3dim Sy —o (T H(N))
&« kNBTE (3.9)

Summing up we have

Theorem 3.3. Let (N, 11!) = 1. Then as N +k — o0,
dimS;" (I (N)) = O(kN®F9).
Proof. It follows from
dimS;" (N(N)) = O(dimS;" ("(N), D(N)) = O(dimA; (K (N), 1)°) = O*(N*™). O

Next we consider the case k; > 3 and k, = 1. First of all we prove the following:

Proposition 3.4. Letk >3 and N > 1 be integers. Then any Siegel cusp form F of weight
(k, 1) with respect to T'(N) which is a Hecke eigenform is a CAP form associated to the
Klingen parabolic subgroup, and its associated cuspidal representation has the infinity

type wi—1.

Proof. By [49], 7F c|sp,®) has the component which is isomorphic to 1. (In [49], w1

is denoted as L(k — 1, 1).) Since it is the Langlands quotient of Indgt%)msm(ﬂ%)' - |sgn % D,j',

H2((LieSp4(R), K), wi_q ®§&’3)) # 0 by a direct calculation with [9, Proposition 3.1 of
p. 36].

For p { N, let Sat, (7 F) be the set of all Satake parameters of 7r, , which take the values
in GSp, = GSp,(C). By [39, Theorem 7.5-(1)] (actually this case is for k; = 3 but it also
holds from [40, Theorem 24.1] for any k; > 3), wr is weakly equivalent to an induced
representation for the Klingen parabolic P, from a cuspidal representation o of GL2(Ag)

with ocolsr,®) = DIT <) 5:. Hence o is corresponding to an elliptic new form f of weight
k with some level N' such that

1/2 1/2

1 —1/2 -1
o, ,p B,
for all p{N’, where {«ap, B,} is the Satake parameters of s, ,. This means that 7r is

weakly equivalent to Ind%;tﬁ%sm ( Ayl Isgn Xy and hence F is a CAP form associated to

the Klingen parabolic subgroup. O

Sat,,(p) = {p'?ap, p'?Bp, p~

By Proposition 3.4, if F is any Siegel cusp form of weight (k, 1), k > 3 with respect
to I'(N) which is a Hecke eigenform, then g is a CAP representation associated to P
and then it follows from [66] that wr can be obtained by a theta lifting from a Hecke
character for an imaginary quadratic field. In [74], Weissauer computed the dimension
of S3,1)(T'(N)) but his calculation works for any weight (k, 1) with k > 3. (Just replace
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3(K,2,aN;) with §(K, k—1,aN;) in his notation.) Let us use the notations in [74]. The
proof is almost identical with that of [74]. Therefore, we focus only on key points.

For an imaginary quadratic field K, let Ok be the ring of integers, w(K) the cardinality
of the units in Ok, Dk the fundamental discriminant of K, and 6k the different of K/Q.
Let T = Tk be a positive definite binary quadratic form over Q given by (K, Nk /).
We denote by O(T) (respectively SO(T)) the (respectively special) orthogonal group
associated to T. Fix an additive character ¢ : Q\Ag—C*. For K and ¢ € Q.9 as in
[74, §4] we define the Weil representation wr; = w?t of Sp4(Aq) acting on the Schwartz
space S(Ki) where Kp = K ®g Ag. This action commutes with the action of O(T)(Ag)
on S(Ki) given by

h-¢(X):=¢h™'X), he O(T)(Ag), ¢ € S(K3), X € K3.

For ¢ € S(K‘i) we define the theta kernel by

69,(g. ) =Y wr.()ph™'X).

XeKk?

Let o be a non-trivial automorphic representation o of O(T)(A) which can be realized
as a subrepresentation of the 2-dimensional induced representation Ind?g(;(;&)a from a
character 0 on SO(T)(Aq). Therefore, we view an element of ¢ a function on O(T)(Ag).
Then for an automorphic form f € 7, a left Sp,(Q)-invariant function

09 (g: f) = f 09 (g, WFydh, g € Spy(Ag)
O @\O(T)(Ag)
is called the theta lift of f. When f € ¢ and ¢ € S(Kﬁ) vary, the space of all 9$,z(*; D)

makes up a Sp4(Ag) invariant subspace in the space of automorphic forms on Sp4(Ag).
We denote it by 6(T, t,0).

Lemma 3.5. Assume that o0(z) = (i)k_l, k > 1. It holds that

||
(1) 6(T, t,0) is irreducible.
(2) O(T,t,0) ~0(T',¢',5") if and only if tT and ¢'T" are isomorphic as a quadratic
form over Q and ¢ ~0o'.
(3) When p splits in K, then

Ay o 1 5P2(Qp)
o(T,t, O‘)p ~ InsztQ,,P)mSm(Q,,)GP X 1SL2(QP)~

(4) When p is inert in K, then

0(1)(@y)
0T, 1,5), ~ (S(Kﬁ) ®3*) ’

where K, = K @9 Q, and 6* is the contragredient representation of o. Here the
left hand side is a representation of Spy(Q,) defined through wr, commuting with
the action of O(T)(Q)p).
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(5) if oo is given in Definition 4.12.-i) for 0eo(z) = (|Z—|)k_1, k>1in [[7], then
Z
~\ o~ Sp4(R) +
O(T,t,0)00 = InsztR)ﬂSm(R)' -|sgn > D,

Proof. The claim follows from [74, Lemma 4.1]. For the last claim see p. 623 of [47] and
it claims that 6(T,t,0)c corresponds to a holomorphic Siegel modular form of weight
(k, 1). The representation of Sps(R) generated by such a form is isomorphic to the RHS
of (5) as clarified before. O

For an ideal f C Ok, let Eg s be the units in Og congruent to 1 modulo §. Clearly
|Eg,¢| divides 6. For an integer k > 2 and an ideal § C O, define §(K, k, f) to be 1 if
(EK,f)k = {1} and 0 otherwise. For a fixed K and a positive integer N, put

1\]1 (K) — l—[ pOI‘dp(N).
|N

split in K

For an ideal a C Ok put N(a) = |Ok/al. For K, N, and a, put

p@ N, K):=N@*[[a=NmHNME)?* [] a-p™.

pla PIN1(K)

Then we have the following

Proposition 3.6. For k > 3, the following equality hold:

h(K)

dimMg 1 (T(N)) = ) ———
; w(K)

D> 8(K. k=1, aN{(K))|Ek,an,k)|p(a. N. K) (3.10)
M «a

where K runs over all imaginary quadratic field so that 0[2(|N and M all divisor of N
whose all prime divisors are inert. The last summation Tuns over all ideal a C O dividing
0(K, M, N) where

(K, M, N) := l_[ p2[ordp(NM)/2]—0rdp(M)_

pCck
non-split

Proof. Put K(N) = K(N) ﬁSp4(Z). The space My 1)(T(N)) = Sg.1)(T(N)) & M. 1)
(T(N)X! can be realized by Hom(wr, L2(Spy(Q)\Sps(Ag) XM as seen in §4.9 where
the latter space stands for the space of Klingen Eisenstein series of weight (k, 1) with
respect to I'(N). By the classification for the CAP forms it coincides with

P o .okW,

(K,T,0)

where (K, T,o) runs over all triple defining 6(T,#,0) up to isomorphism according
to Lemma -(2) and o runs over all Hecke characters of weight k — 1 at infinity. By
Lemma -(3), (4), the fixed vectors at each finite place can be computed by using explicit
realization given there (this is done in [74, §5]). Then the argument in [74, § 6] yields the
claim without any change. O
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 27
By using this we have

Proposition 3.7. The notation being as above. Then for any & > 0,
dimSy. 1y (T(N)) = O(N®*%)  as N — oo.

Proof. The trivial bound is w(K) < 6, |Eg ;| < 6. By definition, N1 (K) < DLK and then

[] a-pH< H(l— =

PIN1(K)

If p is inert, N(p) = p?, where p = p is a rational prime. If p is ramified, N (p) = p, where

p =2 Since | —p~2 < 1—p~*, one has

[[e-NoDH<]]a-pH=c@".
pla p
Hence

p@a, N, K) < @) T2N*DN(a)2.
If p is inert and p|N, then 2[ord, (N M) /2] — ordy (M) < ordy (N). If p is ramified, then p|N
and ordy (M) = 0 by definition. Hence

Za<1< k. — (K))|Emmu<)| p(a. N, K) < N*D (Zd )( 2 dz)

d|D% d|N/Dg

_ N
= N4DK402(D%()02<D_

6+e y—2+
K><<N ‘Dt

The sum over M in (3.10) is majorized by d(N). Since h(K) <« D]/ZJr€

dim Sq1)(T(V)) < dim M1y (T(N)) < NHa(N) Y D <« No+e. O
Dg|N

3.6. Automorphic counting measures

Let S’ be a finite set of rational primes. Let & =& be an irreducible algebraic
representation of G(R) with the highest weight (k1, k2) satisfying k; > k> > 3 as in (3.5),
and Dlhl‘?}z be the holomorphic discrete series of G(R) with the Harish—-Chandra parameter
(l1,12) = (k1 — 1, k2 — 2) and whose central character equals xev on Ag,c. Here xgv is the
central character of §¥. We fix a pseudo-coefficient fz € C°(G(R), £Y) (cf. [17], [2, p. 266],
or [3, p. 161]), so that

(oo (f0)) = (=)™ = —1, 7o = D),

where ¢(G(R)) = dim G(R)/A¢.ooU(2) = 3. By [27], we have,

—1, if oo = D},
iflh > 1, t(reo(fe) = 2 (3.11)

0, otherwise;
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28 H H. Kim et al.

: __ pnhol
—1, ifne = Dy,

ifl1 >2and b =1, tr(meo(fe)) =1 1, if Too = oy,

0, otherwise;

: __ phol
-1, lfﬂoo—Dl.,lzv

if (1, ) =2, 1), t@o(fe)) =11, if7e =0y, orl,

0, otherwise.

Let ng, be a given unitary representation of G(Qg). Let §_o be the Dirac delta measure
S/

supported on ng, with respect to the Plancherel measure ﬁgl, on G/GQ?). Then we define
a normalized Dirac delta measure supported on rr(S), by

I —(k1+kp)/2 — -~
50, (fs) = ) Sailv(en] g™ e ™800 (Fs) (3.12)
i

for fy =3 ailG(Zs)a;G(Zgs)] € C°(G(Qg)) with respect to the normalization of
(2.23). The factor eg(o;) is defined by

@) 2, ifv(w) e (Q;,)z, —1 e v(U), and Sp,(Z) N U has non-trivial center,
8S/ Oli =
1, otherwise.

(3.13)
We do not need the property of the Plancherel measure except for the following
Plancherel formula by Harish—Chandra:

o~

~pl
e (fs) = fs(1). (3.14)
For the ab(lei and any compact open subgroup U of G(As/"x’), we define a counting
measure on G(Qg/) by
_ _ 1
Rue.Dll, "= Y0l(G(Q)AG.00\G(A)) - dim &
xS U U, &, D}f}z)Sﬂg”S (3.15)

79 €G(Qg)

where for a given unitary representation ng, of G(Qg), the normalized multiplicity
mcusp(ﬂg/Z U, f&, D}ll(,)}z) is given by

Meusp(m: U, &, D)) = Y meagp@u@S () tr(wo(fe).  (3.16)
nel‘[(G(A))hl
~pho

ﬂs/:ﬂg,,ﬂoo (e

where TI(G(A)) stands for the set of all isomorphism classes of automorphic
representations of G(A).
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 29

Since wj, occurs in both cuspidal spectrum and residual spectrum, we define, for * €

{cusp, res},
- 1 S,00 0
= U U, &, 1)
Fubuon + = GG @ Aa Gy g A M e U onddog
777566(@5')
where
me(w; U, &, o1,) = Z m (S (fy)) - (o (fe), * € {cusp, res}.

7ell(G(A))

T :ns,, Too=wy

Since 1 occurs only in the residual spectrum, we define
1

~ S, 00 0
= E U U, &, DS
U8l = LG @A \GA) - dimg 2 M (T U8 Dong
~70eGQy)
where

Mees(9 Uk D = Y e (S (fu)) - tr(moo (f2)).
7ell(G(A))
nS/:nS,,noozl
If U N Sp4(Z) has a non-trivial center, then it contains — E4. In the case when U contains
—E4 and —1 € v(U), there are two ways to extend a classical form F to an adelic form ¢
of level U. One way is explained in (2.21). Since d = diag(—1, 1,1, —1) € U, v(d) = —1,
we have a holomorphic form F; defined by

Fy(Z):=F{dZ) = F ((_Zl 2 ))
72 —13

Then F; can be also extended to an adelic form of level U. Both of them generate the
same automorphic representation. This explains the meaning of (3.13).

4. Arthur’s invariant trace formula and some calculations

In this section we make use of Arthur’s invariant trace formula, and as in [62, 63], we
relate the Plancherel measure with the spectral expansion of the trace formula. Then
this leads to the calculation of the geometric side. In our setting the pseudo-coefficient is
chosen in a single discrete series. This causes the contribution from unipotent elements.
This contribution should be understood in terms of endoscopic representations which
appear in the spectral side. In general we do not know how to control the unipotent
contribution, but in our case we compute every terms very explicitly. We give several
estimates for invariants which appear in the trace formula.

Recall the notations G, B, T, and M; (j =0, 1,2) given in §2. Set Pp = Band My =T
We denote by Ny the unipotent radical of Py. The Weyl group WOG (= Ng(T)/T) for My
in G is generated by two elements so and s; which satisfies the relations sg = S12 =1 and
50515051 = $1505150. We put 52 = sgs159. Then, we have

WS =1{1, so. s1, $2, 5051, S052, S182, S05152}-
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30 H H. Kim et al.

For so and 52 in WY, their representatives wy, and w,, in G(Q) N K can be chosen as

0100 1000
1000 0001
Yo=1oo001]” " o010
0010 0-100

For all elements s in WOG , we fix their representatives wy by wy,, wy,, and some products
like wy, = wyywy,wy,. We also find

Wo =1, Wl ={1, so}, Wp={l, s}

For s € WOG and H C G, we set sH = wyHw; '. The set of all Levi subgroups containing
My is given by
L={My, M\, siMi, Mz, soM2, G}.

Set

A B
Koo:{(—B A)GG(R)}, K, =G(Z,) (v < 00).

Then K, is a maximal compact subgroup of G(Q,) and K =[], K, is also a maximal
compact subgroup of G(A). We normalize Haar measures dk, on K, as fKU dky, =1. A
Haar measure dk on K is defined by dk =[], dk,. We also choose Haar measures dx, on
Q, as fZU dx, =1 (v < 00) and the Lebesgue measure dxs, on R. A Haar measure dx on
A is defined by dx =[], dx,. For each M in L, we fix Haar measures on Ay (R)? as in
[29, Condition 5.1]. Moreover, we fix a Haar measure on G(A). By the same manner as
in [3, p. 32] we normalize Haar measures on M(A).

4.1. Characters of holomorphic discrete series of Sp,(R)

We recall character formulas for holomorphic discrete series of Sp,(R). These are necessary
to control the geometric side Igeom(f) of Arthur’s invariant trace formula.

Let
cos 6 0 sinf; O

0 cos 6, 0 sinb,
—sin 6 0 cosf; O
0 —sinf, 0 cosbr

14(61,02) = (01,02 € R).

We define a compact Cartan subgroup Ty of Sp4(R) as
Ty = {t4(01,02) | 01,02 € R}.

We write T4reg the subset of regular elements of T4. For each ({1, ») in Z ® Z, a function
Oy, on T, * is defined by
_ei1191+i1292 +ei1291+i1192

(em] _ 6—191)(6592 _ e—iaz)(l _ eiel +i92)(e—i91 _ e—iaz)'

O1,.1, (t4(61, 62)) = (4.1)

Assume that (I1,[y) satisfies I{ > [, > 0. Then, there exists a unique holomorphic
discrete series Dy, 1, of Sp,(R) whose character equals ©y, 5, (cf. [35, Theorem 12.7]).
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 31

The parameter (I1,lp) is called the Harish-Chandra parameter for discrete series
representations.

Throughout this section, we use the Harish—-Chandra parameter (I1,/2) to describe
holomorphic discrete series representation instead of the minimal Kyo-type (k1, k). Since
(k1,k2) = (I1 + 1,1 +2), one can easily convert the results from one to the other.

For a, ay, ap, 6 in R, we set

to(ar, ax) = diag(e™, €™, e, e™?),

e?cosf e%sinf 0 0
f(a.0) = —e?sinf e? cos O 0 0
&= 0 0 e %cosf e “sinf |’
0 0 —e %sinf e “%cosh
et 0 0 o0
1r(a. 0) = 0 cosf O sind

0 0 e% 0
0 —sind 0 cosé

It is known that the group Sp4(R) has the four Cartan subgroups Ty, T1, T2, T4 up to
conjugation, where

To = {to(a1, a2) | a1, a2 € Roo} C Mp(R),
T; ={tj(a,0) |laeR.y, 0 eR}C M;[R) (j=1,2).

Let T;eg denote the set of regular elements of 7;. A character formula of ®;, ;, on Tjreg is
known (cf. [26, 28, 43]). Here we summarize it briefly. For #o(a, a) in Tgeg, we have

(—e~llarl=hlal 4 p=blail=hlaly y son(ajas)

On.to(ar, ) = o s ([ — et ) (o1 — o) (4.2)
if lay| > |az| > 0. For ty(ai, ap) in Tgeg and §; = diag(1, —1, 1, —1), we get
b ,—lilai|—ha I ,—Dlai|=l]a
For t(a, 0) in Tlreg, we have
{—e~hal+i®)=b(al=i) | ,~b(al+i6)=l(al=i0)} » son(q)
On.p(ti(a,0) = (919 — ¢—a—i0)(ga—i0 _ g=a+i0)(] — ¢2a)(g—a—i0 — g—a+i0)’ (4.4)
For #(a, 0) in Tzreg7 we have
On n(ia, 0)) = — L e BT X sgnta) (4.5)

(eie _ efie)(ea _ e*“)(l _ ei0+a)(efa _ efie) :

Since Oy, (=y) = (=D)1*20y, 1, (y) and ©1,1,(87'v8) = O, (¥) (8, ¥ € Spa(R)), the
formulas (4.1)—(4.5) cover all cases for regular semisimple elements in Sp,(R).

A closed subgroup Sp4i (R) of G(R) = GSp,4(R) is defined by
+ oy O Er\, _ 0, E>
SPER) = {g € GLy®) ‘ 8 <—E2 02) g=1 <—E2 02)} :
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Note that an isomorphism G(R) EAG,OOxSpff(R) holds. We write @;‘l‘fllz for the

holomorphic discrete series Dlhlff}z of GR) (I > I > 0). For the algebraic representation
& of G(R) corresponding to (/1,/2), we denote by xg the central character of £. For
8 =diag(1,1,—-1,—-1) € Spf(R), it is obvious that

Spy (R) = Spy(R) U Spy (R)S.
Hence, considering the action of §, one finds

O, (z8) = x: (@) x {01 1, (9) + 61,1, (&)} (2 € AG.cor & € Spa(R)). (4.6)

Lemma 4.1. We get 92?112 (y) = 0 for any regular semisimple element y in Ag.coSps(R)S.

Proof. Let Hj, ;, denote a representation space of Dy, ;,. There exists an anti-holomorphic
discrete series Dy, ;, with the same infinitesimal character as Dy, ;,. The Hilbert space
Hj, 1, is also regarded as a representation space of m, because m can be defined
by Dy, 1,(g8)v = Dy, 1,(8g8)v (v € Hy, 1,). Therefore, the space Hy, 1, @ Hy, 1, becomes a
representation space of D}‘l‘f}z. Namely, we have

DL (&) (w1, v2) = (Diy 1, (R)v1, Dy 1, (8g8)v2), D%, (8) (w1, v2) = (v2, v1)

for each vector (v, v2) in Hj, 1, ® Hj, 1, and each element g € Sp4(R). By an orthonormal
basis {vj}?i] of Hj 1, we can choose an orthonormal basis {(vj,0), (0,v) | j, k=

2,...} of Hy 1, ® Hy, 1, Hence, for any function f in C°(GSp4(R)) whose support
is contained in Ag, o0Sp4(R)$, it follows that

(D1, ()0}, 0), (v, 0)) = (D[, ()0, v), 0, v)) =0 (j.k=1,2,...).

This is obvious if one sees the action of Dlhol (8). Thus, this lemma is proved. O]

Let D™ (y) denote the Weyl denominator of y in M(R) and let W(M, T) denote
the Weyl group with respect to a torus 7T in M over R. For each 0 < j <2, we
set M =M; and T is a torus in M over R such that T(R) =T, U(-~7T;) when j =1
or 2, and TR) = My(R) = Tou (—=Ty) U1 ToU (—81)Ty when j =0. In case of M =G,
there exists a torus T over R such that T(R) = T4. We say that @2‘?112 is stable

for M if |DM()/)|’1/2|DG(J/)|1/2®?]°112()/) on regular elements y of T(R) is a finite,
W (M, T)-invariant linear combination of quasi-characters. This condition is the same

as the assumption for ®(y) in [2, Lemma 4.1 in p. 271].

Lemma 4.2. The character @}‘l(fllz is stable for My, My, M>, and is not stable for G.
Proof. This can be proved by using (4.1)-(4.5), (4.6) and Lemma 4.1. O

4.2. Spectral side

Let & be an irreducible algebraic representation of G(R) with the highest weight (k1, k2)
with k1 > k» > 3, and Dlh"ll denote the holomorphic discrete series representation of G (R)
with the Harish— Chandra parameter (I1,lp) so that the central character is same as &V
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An equidistribution theorem for holomorphic Siegel modular forms for GSp, 33

on Ag,co, Where (I1, 1) = (k1 — 1, kp —2). Choose a test function & in C°(G(Afy)) and
we write f¢ for a pseudo-coefficient of D?l‘f}z. If we set

f=feh (4.7)

then f belongs to the Hecke algebra of K-finite functions in C SO(G(A)I).
By (3.11), for I = (I1, Io), we set

{D,} iflp > 1,
NIE =1{DM, o) iflj>2andh =1, (4.8)

Il

(D[, @2, 1} if (h,1) = (2, D).

They correspond to (1) k; > ka >4, (2) k1 > ko = 3, and (3) k1 = ko = 3, respectively in
terms of the classical weight for Siegel modular forms. Then the spectral side of Arthur’s
invariant trace formula for f is

Ispec(f) = Z Mdise (T (oo (f¢)) tr(mThin (1)) (4-9)

T=Too®Tiin€G(A), Too€T(L,E)

where mgisc(r) denotes the multiplicity of m in the discrete spectrum of
LﬁiSC(G(Q)\G(A), xgv) and the unramified Hecke action inside tr(wq,(h)) is normalized
as (2.22). For the proof of this expansion, we refer to [2, §3]. It is fortunate that
cohomological, non-holomorphic Saito—-Kurokawa representations do not appear in this
case. If f¢ is a pseudo-coefficient of a large discrete series whose parameter satisfies
|l{ —I>| = 1, then it appears on the spectral side.

We are now ready to relate the above measures to the spectral side Igpec(f) and also
to the geometric side in Arthur’s trace formula, as in [62, Proposition 4.2].

Proposition 4.3. Let S be a finite set of finite places of Q. For any compact subgroup U of
G(A%->) and fg = Zaifs’,ai € CP(GQs)), fs.a; = [G(Zs)aiG(Zs)], o € T(Qy),
i

Za‘ Lyeom (fU fs',0: f¢) — Za' Lspec (fU s .0; JE)
"eg(a)T(G(Q)AG.00\G (A)) dim & "eg (@) (G(Q)AG.00\G(A)) dim &
Ry g, ppe, (f)), > 1,
= ﬁU’E&,Dﬁ‘fllz (]/CE/)) + Z ﬁU,SK,wl] ,*(J/CE/): ifl1 >2 andlp =1,

x«€{cusp,res}

ﬁU,g&,D;wﬁulz@))+ﬁy,gk,1<ﬁ/)+ Y RBvgew,+Fs) if () =2, 1),

s€f{cusp,res}

where fy is the characteristic function of U and the factor eg (o) is defined by (3.13).

Proof. The claim follows from the definition and 6 _o (]/‘E/) = //\ ]/‘E/ ds o =
s’ G(Qy) s
(g (fs))- O
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4.3. Geometric side

Fix a finite set S’ of finite places. Let Sy be a finite set of finite places containing S” and put
S = Sp U {oo}. We consider Hecke operators for G(Qg/) while we vary Sg and hence S in the
geometric side of the Arthur’s trace formula. Put ¢(G(R)) = L dim G(R)/KxxAG.co = 3.
Assume that S is sufficiently large. Then, the geometric side of Arthur’s invariant trace
formula is, for f = fzh as in (4.7),

Igeom(f) = ) (@ aman/ao Vo | >, A S Iy S T (v )

geom |WG| s mM\Vs Jg) Iy \VspP),

MeLl 0" yetM@)um.s
(4.10

where (M(Q))pm.s denotes the set of (M, S)-equivalence classes in M(Q) (cf. [3, p. 113]
which turns out to be a finite set, for each M in £ we choose a parabolic subgroup P
such that M is a Levi subgroup of P, and we set

~— —

hp(m) = 8p(m)!/? / h(k~'mnk)ydndk (m € M(Qs,)) (4.11)
Ks, Y Np(Qs,)

(Ks, = HUGSO K, and §p is the modular function of P(A)). Regarding JIC; (y, hp) it follows

from (4.11) that hp(m) = 0 unless k~'m~'ymnk € Supp(h) where m € M(Qs,), k € Ks,,

and n € Np(Qs,). This implies

v(y) € v(Supp(h)). (4.12)

For the definitions of the invariant weighted orbital integral IA?, (v, fe) and the orbital
integral JAA,;’ (v, hp), we refer to [3, §§ 18 and 23]. The factor a™ (S, y) is called the global
coefficient (see [3, §19]). We later give their details for some cases which are necessary
to explain our estimations.

Let Zg denote the center of G. For each element y in G(A), we write {y}g for the
G (Q)-conjugacy class of y. For convenience, we set

10x0 I x 0 vy

0100 0-1-y O
uwin® = o010l @0 =100 7 ol

0001 00 x -1

Umin = Umin(1), 61 = 81(0, 0).

It is clear that all minimal unipotent elements belong to {umin}G. Let y be an element of
G(Q). If y is a semisimple element whose diagonalization is 81, then y is G(Q)-conjugate
to 81. This fact can be proved by using the Galois cohomology.

To study concretely the geometric side, we separate the sum into the following seven
types:

Loeom(f) = Li()+ L)+ L)+ 1(f)+ Is(f) + Is(f) + I7(f)

where
o [1(f): M =G and y € Zg(Q);

o Ir(f): M =G and y € Zg(Q){umin}c;
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o I3(f): M =G and y € Zg(Q){d1}g;

e I4(f): M =G and vy is semisimple and y € Zg(Q)U Zg(Q){d1}g;

e Is(f): M = G and y is not semisimple and y ¢ Zg(Q){tmin}s;

e I5(f): M # G and y is semisimple;

e I7(f): M # G and y is non-semisimple.

The main term will be 1 (f) and the second main term will be I>(f) in general, but also
I3(f) in weight aspect. The terms I4(f), Is(f), I(f) and I7(f) never contribute to both
the main term and the second main term in any aspect. We estimate each terms after

the detailed studies of invariants a™ (S, y), Iﬁ(y, fe), and JAA;()/, hp). Since we clearly
know
n(f)==DICE Y7 vl G@\GA)) [ ().,
2€Z6(Q)
we do not discuss it throughout this section.
If M = G, then Ig(y) = Jg(y) and hg = h. For simplicity, we set

I, fo) = 1S, fo),  Ja(y.h) = IS (v, h).

4.4. Some measures concerning > (f) and I3(f)
We choose some measures on centralizers to calculate explicitly the orbital integrals
JG (Zumin, f&) and Jg (281, fe). The centralizer G, of umin in G is given by

1 % % % 1000
01=x%0 0% 0 %

Gumn =12 0010|0010 €€ 2<%
001 0% 0 %
The centralizer G, of §; satisfies
¥ 0 %0
00 % ~
G =11, 0x0l€ G =1{(g1,8) € GL, x GL; | det(g) = det(g2)}.
00 %

If we want to determine Jg(ZuUmin, fz) and Jg (281, f&) precisely, we should choose
measures on the centralizers. A Haar measure on R.o is chosen by x ldx and a
Haar measure on SL>(R) is fixed by Qn) " 'vdudvdd for ((1) L]’)(g v(,)])(f‘;fnag ;g;%)
On the groups {*E4} and {E4, §}, we take the counting measure. By the
isomorphism G, ., (R) = {£E4} x R.¢ x (R3 x SL>(R)) (respectively Gs, (R) = {E4, 8} %
(R-o x SL2(R) x SL2(R))), we obtain a Haar measure on G, . (R) (respectively Gs, (R)).

To simplify the description for the global coefficient a% (S, umin), we choose measures
on the orbits as below. We define Jg (zumin, f¢) and JG(z2umin, h) as

I Gttmin, f2) = f f F (™ i COR) [ e dlx, (4.13)
R JKeo
) _ —1y—1 -1
JG (zUmin, h) = 1_[ (I-p™) X/ / h(zk™ umin(X)k) |x|s, dk dx. (4.14)
peSo Qs, /K,
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If we choose a suitable Haar measure on G(R), then the integral Jg(zumin) coincides with

the orbital integral of zumin normalized by the above mentioned measure on G, (R).
We may define Jg(z681, h) as
JG(z81,h) = / / / h(zk='81(x, y)k) dk dx dy. (4.15)
Qs, Qs /Ks,

This definition is useful to compute spherical Hecke algebras.

We determine the total contributions Ir(f) and I3(f) up to constant multiples (cf.
Lemmas 4.11, 4.12, 4.13 and 4.14). We do not explicitly calculate the constants, because
it is unnecessary for our main purpose. However, if one wants to know their numerical
values, one can explicitly calculate them by using Lemmas 4.6, 4.7, (4.17), and choosing
some normalizations of measures.

4.5. Estimations and vanishings for I/S (v, fe)
By [4, 5] one knows

: G
I (v, fo) = (=D DS ()|'/> ©1°,, (v)

for any G-regular semisimple element y which is R-elliptic in M. If y is not R-elliptic,
then Ig(y, f&) vanishes. Hence, our remaining work is to study its behaviors at singular
elements.

Lemma 4.4. Let M be a proper Levi subgroup in L. Then, for any M(R)-conjugacy
class y in M(Q), there exists a positive constant c(y) such that the absolute value of
Iﬁ(y, fe) is bounded by c(y) x xe (»)~! x {l1 + }. Furthermore, we have Ig(y, fe)=014f
the semisimple part of y is not R-elliptic in M. In addition, the term I;(f) vanishes.

Proof. By Lemma 4.2 we can apply the same argument as in [2, Proof of Theorem 5.1]
to Igl(y, fe) related to My, My, siM1, My and soM>, because the character satisfies the
same assumption as in [2, Lemma 4.1]. Hence, one can explicitly compute I,ﬁ (y, fe). In
particular, I /S (v, fe) vanishes for all non-semisimple conjugacy classes y. Hence, we get
I;(f)=0. O

A required estimation for Ig(f) can be proved by this lemma (cf. §5). Hence, it is
enough to consider the terms related to M = G, i.e., L(f), 3(f), 14(f), and I5(f).

For each non-semisimple conjugacy class y in G(R), the distribution Jg(y) on
CX(G(R)) is expressed by a linear combination of limits of regular semisimple orbital
integrals (cf. [2, Appendix]), but its coefficients are still unknown in general. Hence, we
should consider them case by case.

Lemma 4.5. Let y be an element in G(Q). We assume that the semisimple part of y is
not in Z(Q) and y does not belong to Zg(Q){51}Gg. Then, there exists a positive constant
c(y) such that the absolute value of Jg(y, fe) is bounded by c(y) % xe WV x{li+h). In
particular, we have Jg(y, fe) = 0 if the semisimple part of y is not R-elliptic in G.

Proof. As for semisimple singular elements, it was done by Langlands using
Harish-Chandra’s limit formula (cf. [37]). In case of SLy(R), one can study the limit
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formula for the unipotent elements in the book [35, §3, Ch. XI]. Hence, one can easily
calculate them (all such explicit calculations were done in [70]). O

Lemma 4.6. If y = 281 (z € Zg(Q)), then there exists a positive constant c(y) such that

J6 (. f) = c(¥) X xe(2) ™' x (=D2LL{1+ (=D =271),

If we choose the Haar measure given in § 4.4 on the centralizer, we have c¢(y) = 2~*x 2.

Proof. This follows from the limit formula for SL>(R) (cf. [35]). O

Now, the remaining conjugacy classes are only unipotent orbits. The group G has the
four unipotent classes; (1) regular, (2) subregular, (3) minimal, (4) unit.

Lemma 4.7. Ify = zumin (z € Zg(Q)), then there exists a positive constant c(y) such that

Iy, fe) = c) x xe@ ™" x (lh =) (i +1o).
If we choose the Haar measure given in § 4.4 on the centralizer, we have c(y) = =231 3.

Proof. This lemma can be proved by the limit formula of [53]. As for a suitable chamber
and the constant ¢(y), we refer to [70, Lemmas 4.9 and 4.11] O

Lemma 4.8. There is only one reqular unipotent G(R)-conjugacy class uwg in G(Q). For
Y = ZUreg (Z € Z(Q)), we find Js(y, f&) = 0.

Proof. This obviously follows from the limit formulas of [10, 53]. O

Lemma 4.9. There are two subregular unipotent G (R)-conjugacy classes usup,1 and tgyp 2
in G(Q). For any z in Zg(Q), we have Jg(zusw, 1, fe) = Jo(2Usup2, f&) = 0.
gi 52 . Let S++ =
diag(1, 1), S+— = diag(1, —1), and S__ =diag(—1, —1). Then, u(S4++), u(S+-), u(S—_-)
are representatives for subregular unipotent orbits of Sp,(R). But, the sum of the orbits
of u(S++) and u(S—_) forms a G(R)-conjugacy class. Then, we denote it by wugp, 1, and
let ugp.2 denote the G(R)-conjugacy class of u(Sy_).

Using the limit formulas [10, 53] and some associated constants [70, Lemma 4.11], one
gets

Proof. For a real symmetric matrix S of degree 2, we set ug,,(S) =

Tspy (2u(S11), fe) = —Jsp, (zu(S—_), fe).

Hence, it follows that Jg(zusub,1, f&) = Jsp, (@u(Syy), fe) + Jsp, (zu(S—-), fe) = 0. Since
fe is cuspidal, we deduce [g [y g fe(zk~'nk)dndk =0 from the Plancherel formula
for M| (R). By normalizing Haar measures on the centralizers, one can see that

JG (zusub,1, f&) + J6 (ZUsub,2, f&) = / / fe(zk™'nk) dn dk = 0.
K /N1 (R)

Hence, we get Jg (zusw,2, fe) = 0. -
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4.6. Global coefficients a“ (S, y)

For details of global coefficients a®(S, y), we refer to [3, §19] and [29]. It is known
that a®(S, 1) = vol(G(Q)\G(A)") holds. For non-trivial unipotent orbits for G, they are
explicitly calculated in [29]. By Lemmas 4.8 and 4.9, we need only an information for
a%(S, umin). Let ¥ be a (G, S)-conjugacy class in G(Q). We shall consider the case y is
not unipotent. We may reduce to the centralizers of the semisimple part y; of y. For each
element y| in G(Q), we denote by G, ¢ the centralizer of y; in G over Q and by G,, the
connected component of 1 in G,, +. (Note that Gy, = Gu,,.+ and Gj, = Gs, 4.) We
set 1(¥s) = Gy, ,+(Q)/ G, (Q). If § is sufficiently large, then we have

a®S. )=l Y (S
{u:ysu~y}
where u runs over G, (Qs)-unipotent orbits in G, (Q) such that ysu are (G, S)-equivalent
to y and we set
1 if y, is Q-elliptic in G,

e%(yy) =
0 otherwise.

Especially, if y is semisimple, then we have
a®(S,y) = 9 17 vol(Gy (NG, (W) (4.16)
Hence, from this and Lemma 4.5, one finds that a needed estimation for I4(f) is obviously
reduced to some known results (cf. Proof of Proposition 5.3). Note that we carefully see
the growth of a% (S, y) with respect to S if y is not semisimple. We also note that
a®(8,zy) = a%(S.y)

holds for any z in Zg(Q).

The following notations are necessary to describe a®(S, y) explicitly. Let E be an
algebraic number field and let x =[], xw be a character on EX\A}E = EX*Roo\A%. We
set

Sg = I_I{w | w is a place of E such that w divides v},

ves
LG, 0 = [] Lews, xw
we&SE
(1 — xw () qu_,‘y)_l if Xw 18 unramiﬁed,
LE,U)(Sa Xw) =

1 if xy is ramified,

where m,, is a prime element of E and ¢, denotes the cardinality of the residue field of
E,. For the trivial representation 1z on E X\A}E, we set

¢p(s) = L5(s, 1p).

We write cg for the residue of {Ifw(s) where Yoo = {w|oo}. We denote ¢g(S) by the
constant term of the Laurent expansion of ;g(s) at s = 1, that is,

—1
CE,SCE

KE(S)= +eg(S)+HGE =1 +---

s—1
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where we set cp s = l_[weSE—Eoo(l —q;l)_l. If E =Q, then we set

L3(s, x) = L{(s, 1), £5() = £5(9),  e(S) = eq(S)

for simplicity. We later use the following estimates.

Lemma 4.10. Let m € N be fized. For any positive real number g, there exists a positive
constant c(e, m, E) such that

DILEA 01" < ce.m Eyx [] p°
X

PESo
where x =[], xw runs over all non-trivial quadratic characters on EX\AE such that xy
is unramified for any w & Sg.
Proof. Let N(x) be the norm of the conductor of x. Then by [73, Lemma 1.4],
N <2 T Nw.

pwi2
weSE—Xoo

where ng =[E:Q]. Now N(py) < p™. Hence N(x) <2%E HpeSO p'E. By [41],

Le(l, ) €g.e exp(C&g"ﬁ)g%) < N(X)g/ for some constants C, €. Here

Ly, 0 =Le(, ) ] Lewdxn™
WESE—Yoo

Hence

[1 ZLewGox)'[<| J] G+ph<e [JTa+p7He

wESE—EOO wESE—Zoo pES()
Now for M =[] ,cs, P:

1 1
log [Ta+p™=>logl+p™H < > -« > = «loglogM.
PESoH PESH PESoH pP<M

Since N(x) <g M"E|

ILS(1, 0)| < 1M N oo M <y M log M

, ex ——)lo / .

L X E €Xp log log M g E.e g

Hence for each m € N,
Y ILE L 0" < MM log M) Y1 = MG (M) (log M)" Kpme ME. O
X d|M

For the G(Qg)-orbit of umin and the chosen measures (4.13) and (4.14), we have

a% (S, umin) = 27 Vol (Mo (Q)\Ma2(A)") £5(2) (4.17)

Downloaded from https://www.cambridge.org/core. University of Toronto, on 23 Feb 2018 at 14:50:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800004X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800004X
https://www.cambridge.org/core

40 H H. Kim et al.

by [29, Theorem 6.1]. Next, we explain a®» (S, u) for non-semisimple and non-unipotent

elements y = y,u, which we call a mixed element. For all mixed elements of G, their global
coefficients were studied in [29, § 3]. We mention only cases required for our estimation.
Furthermore, we choose the same measures as in [29, §3.4] on the unipotent orbits over
Qs. However, we do not explain details for normalizations of measures, because they are
unnecessary for estimations. Namely, the following equalities for the global coefficients
hold under suitable normalizations of measures. By a classification of mixed elements in
[29, §5.3] it is enough to consider the following groups (as the centralizers of semisimple
elements),

G1 ={(g1,82) € GLy x GL3 | det(g1) = det(g2)}(= Gjs,),
G> ={g € Rg/p(GLy) | det(g) € GL1},
G3 ={(x,g) € Rgyo(GL1) x GLy | Ng/g(x) = det(g)}

where E is a quadratic extension of Q and Rg/@ means the restriction of scalars. A
unipotent element in G1(Q) can be written as

con=((19)-41)

For the group G|, representative elements of non-trivial unipotent orbits over Qg are as
follows:

wi (1,0, ui1(0,1), wi(e, 1) (« € Q*/((QF)*NQ™)).

For « in Qx/((Q§)zﬂQX), there exist constants cmin(#1) and creg(u1) (which do not
depend on S) such that

a8, u1(1,0)) = a% (S, u1 (0, 1)) = cmin(u1) x ¢(S),

a% (S, ur(@, 1)) = crgu1) x {c<S>2 +> xs@) L5, x)* ¢, (4.18)
X

where x =[], xv runs over all non-trivial quadratic characters such that x, is unramified
for any v ¢ S, and we set x5 = [[,cg xv (see [29, Example 3.9]). Representative elements
of non-trivial unipotent G, (Qg)-orbits in G,(Q) are

l o
uz(e) = (0 1) (o € E*/(((E5,)*Q5) N EX)).
Then, there exists a constant ¢(uz) (which does not depend on §) such that

a% (S, uz(@)) = cuz) x {cE(S) + Y xsp (@) LE(, x)} (4.19)
X

where x =[], xw runs over all non-trivial quadratic characters such that x| AL = 1 and

Xw is unramified for any w ¢ Sg (see [29, Example 3.8]). Representative elements of
non-trivial unipotent G3(Qg)-orbits in G3(Q) are

u3(@) = (1, ((1) ‘f)) (@ € Q/(Nejo(E3,) NQ¥),
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where Ng,g is the norm of E/Q. Then, there exists a constant c(u3) (which does not
depend on S) such that

a3 (S, uz(@) = c(uz) x {c(S) + xs(@) L5(1, x)} (4.20)

where x is the non-trivial quadratic character on QX\A%2 corresponding to E via the
class field theory (see [29, §3]).

4.7. Explicit calculations for (f)
Recall JG (zumin, f¢) and JG(zumin, h) defined as (4.13) and (4.14).

Lemma 4.11. Let c(zumin) denote the constant given in Lemma 4.7. Then, we have

L) = Y 27 Vol(Ma(@\M2(A)") £(2) X c(zuumin) X xz ()"
z€Z(Q)
x (I =) + 1) x JG (zUmin, h).

In particular, £5(2) is bounded by a positive constant for any S.

Proof. This lemma follows from Lemma 4.7 and (4.17). O

Lemma 4.12. Assume that hg, a)a; 15 the characteristic function of the open compact
set Kpdiag(p™@, p=®@, p=%, p2~3)K, on G(Qp) (a3 = a1 = a2 > 0). If a3 is odd, then
we have JG(ZUmin, hay.ar,a3) = 0. If a3 is even, then we may set a3 =2m and assume
m > aj > a» by the action of WO, and we get

(1—=p™H7" ifaz=2m, ay=ay=m, and |z|, = p™,
JG (ZUmin, hayar,as) = | pB2%2 if a3 =2m, m =a; > az, and |z|, = p",

0 otherwise.
If h, is the characteristic function of {x € K, | x = E4 mod plZp} on G(Qp), then

-2 —o—1  po !
p=(—=p7) ifz=1 mod p'Z,,
J6 @ttmin. hp) = g
otherwise.

Proof. The first assertion is stated in [7, Theorem 2.4.1]. The second assertion is trivial.
He assumed that the residual characteristic is not 2 in the paper. However, since [7,
Lemma 2.1.1] can be applied for @, one can easily compute the above integral. O

4.8. Explicit calculations for I3(f)
Lemma 4.13. Let ¢(z81) denote the constant given in Lemma 4.6. Then, we have
L(f) = Z vol(Gs5, (Q\Gs, (A1) x e(z81) x Xs(z)_l x (It =) + 1) x J6 (281, h).
2€Z(Q)
Proof. This lemma follows from Lemma 4.6 and (4.16). O
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Lemma 4.14. Assume that JG(z81, h) is defined as (4.15) and hg, 4y.a; 5 the characteristic
function of Kydiag(p™®, p~®2, p@=%, p2~B)K, on G(Qp) (a3 = a; = ax 2 0). If a3 is
odd, then we have JG(281, ha,ay,a;) = 0. If a3 is even, then we may set a3 =2m and
assume m = ai = ap by the action of WOG, and we get

1 ifa3 =2m, ay = ax =m, and |z|, = p",
J6 (281, hayaz,as) = § pB~ =21 —p~2) ifaz=2m, m > a; =a>, and lzl, = p™,
0 otherwise.
Proof. This lemma can be proved by [7, Lemma 2.1.1]. O

4.9. Estimations for I5(f)

From now on, we assume that y € G(Q) is not semisimple and y € Zg(Q){umin}Gg- By
Lemmas 4.5, we may also assume that the y; is R-elliptic in G.

Lemma 4.15. If the centralizer of y is not isomorphic to G, G2, and G3, then we get
Jo(y, fe) =0.

Proof. For unipotent elements y, it was proved in Lemmas 4.8 and 4.9. All mixed
elements in G(Q) are classified in [29, § 5.3]. Using the classification and the limit formula
for SL>(R) (cf. [35]) one can show Jg(y, fe) = 0. O

Lemma 4.16. Let z € Zg(Q). Then, we get
Jo(z61u1(1,0), f&) = Jg(z81u1(0, 1), f¢) = 0.

There exists a constant c(z81u1) such that
Jo @8y (1, 1), fp) = —Jo (@i (1, = 1), fi) = c(z81u1) x xe (@)~ x {(=D2 — (="'},
Proof. This can be proved by the limit formula for SLy(R) (cf. [35]). O

Lemma 4.17. Let z € Zg(Q). The contribution of z81u1(1,0) and z81u1(0, 1) to Is(f) is
zero. For any positive real number €, there exists a constant c(z81u1, €) > 0 such that the
contribution of (G, S)-equivalence classes of elements z8jui(1, @) (a € QX/(Q_?)2 nQ*)
s bounded by

c(@diur, &) x xe (@)~ x Ly v e ) x [T o x [T -p™H72
PESH PESo

Proof. The first assertion obviously follows from Lemma 4.16. By (4.18) and Lemma 4.16,
the contribution equals

Z a%(S, 281(1, @) Jo (2811 (1, @), f&) J (28111 (1, @), h)
aeQ*/(Qg)*NQ*

=2c@u{(=D2 = (=DM L51L 07 Y xs@) o1, ), h)
x @eQ*/(Qg))*NQ*
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where x =[], xo runs over all quadratic characters such that xoo =sgn and x, is
unramified for any v ¢ S. By calculating G5,u4,(1,«), We find that G;s,,,(1,«) is contained
in ZgNp and we may set

1 0 00\ /100y\ /lr 00
L oaloo|loryo]fo1 00
00 bofloorof]oO 10
00 0ab/ \0001/\00O—r1

for each element x in Gs,u,(1,0)(@s,)\ Po(Qs,). Then, we get

12r(1r><b 2y><10)
2 —
x71251M1(1,a)x = 78 00 (1) 01/)\2y aa”b 1

1 0
00 —2r 1

From this, we deduce

Y as@ls@smn| <Y JeGbun(,a), kD)

016(@X/(<@§0)2W@X aGQX/(@§O)2ﬂQX
=4 x H(l—p_l)_zx/ / | h(k™'z81n k) | dn dk
peSo Ksy /No(@s;)
=4x [Ja=p™H2x 1y Gé1. 1,
PESH
Hence, the inequality follows from this estimation and Lemma 4.10. O

Lemma 4.18. Let 6, be a semisimple element in G(Q) such that Gs, = G2 for a quadratic
extension E/Q. Each unipotent element uy(a) in G2(Q) is identified with an element in
G5,(Q) C G(Q). The G(Q)-conjugacy class of S2uz(ct) has an intersection with P1(Q) and
we may assume that 8y belongs to M{(Q) as a representative element of the conjugacy
class. For any positive real number g, there exists a constant c(Suz, &) > 0 such that the
contribution of (G, S)-equivalence classes of elements drur(a) (o € EX/((EgE)Z@@ NE™)
is bounded by

c(8qu. &) X x:(82) " x Ty G lhp ) x [ P x [J=p™H72
PESo PESo

Proof. By [29, §5.3], we may choose the semisimple element &, as

_ hg O2 (01
2= (02 thﬁ)’ "= (ﬁ 0)
for an element B in Q* — (Q*)? and an element z in Zg(Q). In particular, we have

E = Q(/B). If B is negative, then v(8y) is also negative. Hence, by Lemma 4.1, the
contribution vanishes if 8 is negative. We may assume that § is positive, i.e., E is a real
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quadratic field. Then, there exists an element z’ in Zg(R) such that 8, is G(R)-conjugate
to z/81. Thus, it follows from (4.19) and Lemma 4.16 that the contribution equals

Z a®(S, Sruz(@)) Jg (Bauz (@), fz) JG(Sauz(a), h)
UEEX/((ESXE)2Q§)0EX)
= 2c(z8iunN{(=D"2 — (=" Y Ly, x) > X(so)z (@) J6 (Sauz (@), )
X aeEX/((E(XSO)EﬂQ?O)mEX)
where x =[], xw runs over all non-trivial quadratic characters such that x|, =1, xu =

sgn for any w|oo, and x,, is unramified for any w ¢ Sg. Therefore, we finish the proof by
using Lemma 4.10 and an argument similar to the proof of Lemma 4.17. O

Lemma 4.19. Let 83 be a semisimple element in G(Q) such that Gs; = G3 for a quadratic
extension E/Q. Each unipotent element uz(a) in G3(Q) is identified with an element in
G5, (Q) C G(Q). The G(Q)-conjugacy class of s3uz(a) has an intersection with P>(Q)
and we may assume that §3 belongs to M»(Q) as a representative element of the
conjugacy class. There exists a positive constant c(83u3) such that the contribution of
(G, S)-equivalence classes of elements §3uz(a) (a € (@X/(NE/Q(E;E) NQ*) is bounded by

c(83u3) X xe(83) " x Ty 283, lhpy) x [T (1= p~™H7"
PESo

Proof. By [29, §5.3], the semisimple element §3 can be written as

1000
0x 0y
0010
08y 0x

83=1z

for an element z in Zg(Q), an element B in Q% — (Q*)2, and elements x, y in Q such
that x2 — By? = 1. Note that E = Q(/B). If B is positive, then 83 is not R-elliptic in G.
Hence, we have Jg(83u3()) = 0 by Lemma 4.5. So, we assume that 8 is negative, i.e., E
is an imaginary quadratic field. Since u3z(«) is G (R)-conjugate to u3(1) or uz(—1), using
the limit formula for SL,>(R), we have

J6Baus (1), fe) = —Jg(Bzuz(—1), fr) = ¢} x (—e'20 4-¢11?)
for a positive constant c}. Hence, by (4.20), the contribution is equal to
> a%(S, S3u3(@)) Jg (3u3(@), fe) Jo(83u3(e), h)
«eQ* /(NEjg(Ej,)NQ)

=2¢) x (=™ + M) L1, x) > Xs0(@) JG (S3u3 (), h)

0eQ* /(NEQ(Efs,) , )NQ¥)

where x denotes the non-trivial quadratic character on Q*\A! corresponding to E.
We can derive this lemma from this equality and an argument similar to the proof of
Lemma 4.17. O
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5. An estimation of the geometric side

Let us recall our setting. Let S’ be a (non-empty) finite set of finite primes and Sy be a
finite set of finite primes containing S’. We choose Sy sufficiently large so that Arthur’s
geometric expansion works. Put § = SoU {oo0}. For a positive integer N whose prime
divisors do not belong to §’, put fx ) = chargy). When we study the level aspect, we
always choose the level N for the fixed S’ as above. We denote by k = (k1, k») the highest
weight of & = & for k1 > ko > 3 as in §3.2. Let us put

fsra = 1[G(Zs)aG(ZLs)] € CZ(GQs))

for ¢ € T(Q). Note that usually we would choose a from T(Qg), but due to the
comparison with spectral side, intentionally we choose Q-rational elements and clearly
this never changes anything. If v(e) € (Q*)?, then such an « can be uniquely written as

o = (2  Edka, 24 E4 € ZE(Q), ko € (T NSp(Q).

Put

. Ey if v(@) € (@) (5.1)

E4 otherwise.

To prove Theorem 1.1 we have only to check it for

f=rfsh, h= fz{,,K(N)fS’,a( (%) Chark,,) € CX(G(Qsy))

peS\(S'U{v|Noo})

where [y k() stands for the characteristic function of 7, K(N).

Since I; (f) = 0 (see Lemma 4.4), it is unnecessary to consider it. Fix a test function f
as above. Let y be a (M, S)-equivalence class whose contribution to Igeom(f) is not zero.
By (4.12) we see that

v(a) =v(y).
Furthermore its semisimple part y; is R-elliptic in M (cf. Lemmas 4.4 and 4.5). If we set
¥s = 2y ¥1 Where z, € R* >~ Z5(R) and y1 € M(R) with v(y1) € {£1}. Therefore, we have

k1+k2)/2
xe(zy) = Z’;H—kz — Sgn(z)/i1+k2)|v(zy)|I(R1+ 2)/
ky+k —(ky+kp) /2
= sgn(ed )z, [ 2 = sgn(eki ) v (o [T,
This observation will be implicitly used in the proof of Proposition 5.1 below.
Each orbital integral J,{‘f(y, hp) is bounded by that of PGSp,4(Qs) using the projection
G — PGSp,. Therefore, we can use the same arguments as in [62, 63] to estimate it for
any semisimple element y.

Proposition 5.1. Fiz a finite set S and a function fgo=I[GZLs)aG(Zg)] €
CX(G(Qg)). Then, we have

L(f) x vol(K (N) ™' x v(@)|g" 2% = 0((k1 — ko + D (k1 + k2 — 3)p(N)ND),
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B(f) x vol(K (N) ™" x v@) |31 7% = 0kt = D (ko —2)),

(L) + I5()} x vol(K (N) ™! x w(@) g2 = 0kt + k2 - 3),
Is(f) x vol(K (N) ™ x [v(@) |17 = 0((ky + ka — 3)p(N)NT)

for any weight (ki, ky) (ki = ko > 3) and any level N > 0 prime to []
VOl(K (N)™! = [T'(1) : T(N)] = N'OT], y(1 = p~5(1 = p™*).

Proof. If zupi, contributes to Igeom(f), then we have z =z,. Hence, only zgumin
contributes to I(f) and the estimation for I(f) obviously follows from Lemmas 4.11
and 4.12.

By Lemmas 4.5, 4.8, 4.9 and [16, Lemma 5] (also see [62, Lemma 4.3 and line 12 in
p. 100]), there exists a sufficiently large natural number N such that, if N > Ny, then we
have I3(f) = L4(f) = Is(f) = 0 and only the central elements contribute to Is(f). When
N moves between 1 and ]\70, there are finitely many M (Q)-conjugacy classes (M € L)
which contribute to I3(f), I4(f) and I¢(f), and finitely many (G, S)-equivalence classes
which contribute to Is(f) (cf. [62, Proof of Theorem 4.11]). Thus, we get the estimation
for I3(f) by Lemma 4.13 and the estimation for I4(f) + Is(f) by Lemmas 4.5, 4.8, 4.9.
By these facts and Lemma 4.4, the remaining work is to find the growth of Ig(f) with
respect to N. For each proper Levi subgroup M in £ and each element z € Zg(Q), we

pes' P- Note that

have
|J,§,(z, hp)| = (constant) x / fe k() (n) dn < (constant) x N3, (5.2)
nU\N Np (Qu)
since K (N) is a normal subgroup in ]_[v‘ ~ Ky. Hence, this proposition is proved. O
We set

ps =[] p. H"GQs)" =P H"(GQ)".

pes’ pes’
Proposition 5.2. (Level aspect) There exist positive constants a, b, and Ny such that

L(f) x vol(K (N) ™ x v(@)| g 2% = 0(p% (k1 — ko + D (k1 + k2 — 3)p(N)N®)
I6(f) x vol(K (N) ™ x [v(@) ;172 = 0 (p%+? (ky + k2 — 3)9(N)N7)
L(f)=1(f)=Is(f)=1L(f)=0,

for any (ki,k2), N >0, k 21, S, and fg o, which satisfy the conditions k1 > ky > 3,
fs.oa € H"(G(@Qg))*, N is prime to [],cq p, and N = No[],es '™

Proof. According to [63, §8], a faithful algebraic representation E: PGSpy — GL,, is
needed. Here we take the adjoint representation Ad: PGSp, — GL(Lie(Sp,)), i.e., E =
Ad: PGSp, — GLyp. By [63, Lemma 8.4], there exists a natural number Ny such that,
it N> No[],es % then we have I(f) = I4(f) = Is(f) =0, and the contributions of
the non-central elements to Ig(f) are zero. Hence, the estimation for Ig(f) can be proved
by [63, Lemma 2.14] and (5.2). The estimation for Ir(f) follows from Lemmas 4.11
and 4.12. O
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Proposition 5.3. (Weight aspect) Fix a level N > 0. There exist positive constants a’ and
b’ such that

B(f) x vol(K (N) ™' x [u(@) |17 = 0(p5 (ki — ko + D (k1 + k2 — 3))
B x vol(K (N) ™! x @) 272 = 0l (k1 — D (k2 —2)).

() + I6()} x vol(K (N) ™! x w(@) g2 = 0 (p&+ (k) + ko — 3)),
Is(f) x Vol(K(N) ™" x [u(@)[g“ 272 = 0 (pg* ™'tk + k2 = 3))
for any (ki,k2), k =21, §', and fg .o, which satisfy the conditions ky = ky >3, fe.o €
HY(G(Qg))*, and N is prime to I—[pes/ p.

Proof. For each M in L, let Yy denote the set of M(A)-conjugacy classes of
semisimple R-elliptic elements of M(Q) whose contributions to lseom(f) are non-zero.
By [63, Proposition 8.7], one finds |Yy| = O(pg}KJrh‘) where a; and by are certain
positive numbers. Furthermore, there exist positive numbers a; and by such that
aM(S,y) Ju(y, hp) = 0(p§3k+b2) holds for each semisimple R-elliptic element y in Yj;.
This fact is due to [63, Proof of Theorem 9.19]. Hence, the estimation for I4(f) and Is(f)
follows from these results of [63] and Lemmas 4.4 and 4.5.

Here I3(f) is the total contribution of z8; (z € Zg(Q)) and the center z must satisfy
v(a) = z2. Hence, only the G(Q)-conjugacy class of z48; can contribute to 3(f).
Therefore, the estimation for I3(f) is deduced from Lemmas 4.13 and 4.14. By the
same argument, only the G(Q)-conjugacy class of zyumin contributes to I>(f). Hence,
the estimation for I(f) follows from Lemmas 4.11 and 4.12.

Next we shall consider the term Is(f). By Lemma 4.15, it is enough to treat the
(G, §)-conjugacy class y such that G, is isomorphic to Gi, G2, or G3. By Lemmas
4.17, 4.18, 4.19, each the contribution is bounded by the product of a constant,
I pes’ or pIN p¢ and a semisimple R-elliptic orbital integral of hp for a proper standard
parabolic subgroup P. Therefore, we can reduce the estimation for Is(f) to the semisimple
case as above. Hence, the proof is completed. O

Finally we treat I1(f). Suppose y =z, - I4 € Zg(Q). By (4.12) it satisfies

y € Supp(h) = (2, K(N)) x G(Zs)aG(Zs) x  [] K,
peS\S"U{v|N oo}

Further y can happen exactly when v(x) € (Q?,)z. In this case, it follows that

fz4-Eq4 ifN >3
" | £z4 - E4 otherwise,

since § is sufficiently large (see (5.1) for z, € Z(Q)). Furthermore it follows from (4.12)
again that

() = lylf = vy
We define

2 if N=1,2and v(a) € (Qy)*
() =
1 otherwise
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which is nothing but eg () in (3.13) for U = K(N). By Plancherel formula and the limit
formula we have

(—DICE 1 (f) = TGQAG,\G(A) dimE Yy~ “H) . £ o (y)
Y

= G @AG\GA)dimE Y " Iy Iz fo o (lylr) by 2.11))
Y

= ﬁ(G(Q)Ac,oo\G(A))-dimsZﬁ{;l,(fs, ) - v(e) 472

£(@) - TG Q) AG,00\G(A)) -dim& - AN (o) - [v ()| % T2 (5.3)

where fsy/ » (respectively fszﬁ"a) is the translation by |y|r (respectively |z, |r) of fg o and
we used

() = 7ot = [ Gl palen
G@y) G(Qy)
= 11,0 = fyallylz) = fyalziln) = f5,(D) = AT,
Hence we have
@l
£(@) (G (QAG,00\G(A)) - dim &

Note that if v(a) ¢ (Qg(,)z, then both sides of (5.4) are zero giving the trivial identity.
Summing up we have obtained the following results which follow from
Propositions 5.2, 5.3, and (5.4).

= (~DICERD Ty = pU(FE ). (5A)

Theorem 5.4. (Level aspect) Keep the notation as in Proposition 5.2. Then

(@) 55 geom (f) ol _— 5
2@ R QA \GA) dimg ~ 19Usa) TATOWy Te@IN,

where A = O(p'g/q)(N)N’z), (N,ps)=1, and N > NopIOK.

Theorem 5.5. (Weight aspect) Keep the notation as in Proposition 5.3. Then

(@) Lyeom (f)
@) G QAG.o\GA)) - dimé

Al
p(fsf‘ )+ Bi+ B,

pa k+b'
0 > :
" ((kl—kz+1)(k1—1><kz—2>>

P P
where B] = O(W) and B2 = O(W), and (N, pS/) =1.

Remark 5.6. Shin’s condition in the weight aspect in [62] becomes:

k1 — ky—>00, kp—>00.
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Theorem 5.5 can also treat the case where k; — k&, is constant while k> tends to infinity.
This is a new direction of the weight aspect which has not been studied.

Remark 5.7. In Theorem 5.4, if we restrict automorphic forms to those with a fixed
central character x € (me, then we have a better result without ¢(N) on the right
hand side. Accordingly the dimension of Siegel cusp forms with a fixed central character
is smaller by a factor of ¢(N). (See Proposition 2.2.)

6. Proof of the main theorem

In this section we give a proof of Theorem 1.1 in the introduction.

Fix a prime pt{N. Let U = K(N) and S’ ={p}. For any « € Z>o, let f, be the
characteristic function of K ,diag(p™“, p~, p™*, p2™)K,, 0 < ax < az <«.

If ky > ko > 4, it is immediate by Proposition 4.3, Theorems 5.4 and 5.5.

If k; = 3, we need to estimate the traces of Hecke operators on the residual spectrum
and a part of cuspidal space related to non-tempered representations wy, .

If ky > ko = 3, by Propositions 3.1 and 3.7,

Y Bk gw, +(Fp) = (dimE) T (O (P PNTHE) + 0 (p P NTO)).

se{cusp,res}

If ky = kp = 3, by (3.6), Propositions 3.1 and 3.7,

Br .1 (fp) + Z W) &0, .+ (fp)

x€{cusp,res}

= (dim&) " (O (PPN + 0 (PPN + O (p*/ANTIY).

Notice that the above error terms are subsumed in the error terms in Theorems 5.4
and 5.5. Therefore, Theorem 1.1 follows from Proposition 4.3, Theorems 5.4 and 5.5.
This completes a proof of the main theorem.

7. Applications

7.1. The classical formulation

In this subsection we reformulate Theorem 1.1 in terms of classical Siegel modular forms.
As we see later, this will be used in the study of Hecke fields and low-lying zeros.

Let x : (Z/NZ)*—>C* be a Dirichlet character. Fix a square root x(p)!/? for each
fixed pt N. We write x(P)? = (x (/. Put Vion = Sk(T'(N)) or Sg(I'(N), x) for
ki > ko > 3. Let us recall the Hecke operators T,, or T(p') on Vi,ny for m € A,(N)
and p{ N. We normalize them as T, = T, /v(m)*1+2=3/2 on §(I'(N)) and T'(p') =
T(pH)/(p*i+k2=3/2y (p)1/2)i on S (T (N), x). Put dy y = dimg Vi y. Clearly if m = p* Es,
then

1 3
——tr(p™ T g, |V = 1.
dK’N (p P E4| k,N)

Then by Theorem 1.1, we have the following theorem:

Downloaded from https://www.cambridge.org/core. University of Toronto, on 23 Feb 2018 at 14:50:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800004X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800004X
https://www.cambridge.org/core

50 H H. Kim et al.

Theorem 7.1. There exist absolute constants ay, by, a}, by such that for a prime pt N
and m = diag(p"!, p"2, p~H1tK pT2 Yy uy, k€ 7o satisfying 0 <up <up <k and
m ¢ Zg(Q),
(1) (Level aspect)
1
(T} Viw) = A+ 0 INT, A= 0(pT N7, N > pl.

k,N B
(2) (Weight aspect)
pai/(-i-b’l
(ki —ka+ 1) (k1 — (k2 —2)

B o p—K/2 5 0 p—K/2
T Nk —Dke-2 ) T T\ —k+ Dk + k2 —3)

Proof. Since v(m) = p*, by (2.23) the classical Hecke operator T, is interpreted as the
action of

1
d—tr(T,:,|Vk,N)=Bl+BZ+O< ) (k1 +kp — 00),
k,N

f=rfeane P Km T KD | Q) charg,
teS\{v|pNoo}

on the spectral side. Then the LHS of the main theorem is exactly ﬁtr(T,ka, N)-
Notice that )

. (dimé&)@(N) . dimé
dimSg (I'(N)) ~ —————, dimSy(I'(N), ) ~ —————.
MmN~ ey - IS0~ R vy
Then multiplying the RHS of the equations in Theorems 5.4 and 5.5 by p~ (/2%
Remark 5.7 implies the result. O

Remark 7.2. The weight aspect depends on how we increase the weight. For instance, if
k1 = kp goes to infinity, then B, becomes the second main term and Bj is subsumed into
the error term. On the other hand, if k; is fixed and k| goes to infinity, then B; becomes
the second main term and B, is subsumed into the error term. This aspect would be a
new case which has not been studied before.

7.2. The vertical Sato—Tate theorem; Proof of Theorem 1.3

Let K be the maximal open compact subgroup of G(Q,) = GSp4(Q,). Let us first recall
the Plancherel measure /’IE;,I for the unitary dual of G(Qp). For our purpose it suffices
to consider its restriction to the unramified tempered classes (%Q\,,)l;’ P with a fixed

unitary central character x : Q;—>(Cl. We denote it by ﬁgl,’;emp. Then by [63, Lemma
3.2], we have a natural bijection

G@p, " = 10.717/6; (7.1)
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which is in fact a topological isomorphism. By [63, Proposition 3.3], for a usual parameter
(61, 62) of [0, 71?/S,, we have

4
~pl,temp (p+1)
Wpy (01,02) = W
(1 — 2V=101) (1 — 2V=102) (] — oV=1O1+02)) (] — oV=101—02)y 2 v dd
a _pflezﬁel)(l _ pflezﬁez)(l _pfle\/jl(91+92))(] _pfleﬁ(elfez)) Lav2.
Note that lim ﬁl;l’{emp = 13T By transforming (1, 6,) into (x, y) = (2cos 6y, 2cos ),
p—oo’ P

one has the measure p, on Q = [-2, 2]%/6, in the introduction.

By Stone-Weierstrass theorem, the natural map H"/(G(Q,)) — CSO(G(@I,))—>CO
(2, R) has the dense image where the second map is given by the restriction of the
correspondence f — f to Q via (7.1).

Now apply Theorem 7.1 with m = p. Then Theorem 1.3 follows from Theorem 1.1.

7.3. Hecke fields; Proof of Corollary 1.4 and 1.5

We first prove Corollary 1.4. Fix a weight k = (k{, k) with k; > k» > 3 and a prime
p. Suppose [QF :Q] is bounded for any F € HE(I'(N), x)™, p{N. Let Ap(p) =
ar,p+br p be the Hecke eigenvalue of T(p). By the Ramanujan bound (proved by
Laumon—Weissauer [39, 40, 74]) we have

lo(Oup(p))] < aptithe=3/2

for any o € Aut(C). It follows from this with the integrality of A (p) (cf. [68, Lemma 2.1])
that there are only finitely many possibilities of Ag(p) when F varies since the weight
(k1, kp) and p are fixed. Here we also used the assumption that [Qr : Q] is bounded. Let
Al, ..., Ar be such possible algebraic numbers for Ag(p). Then the set

{(ar,p,brp) € Q| F € HE((T(N), )™}

-
lies in the union U{(x, V) € Q| x4y =xr;p %1tk2=3I/2y of hypersurfaces which has the
Lebesgue measurle lzero in Q. This contradicts to Theorem 1.3. Hence Corollary 1.4 is
proved.

To prove Corollary 1.5, we need to estimate the dimension of the endoscopic lifts to
Sk(I'(N)). It matches the contribution of the second main term of the geometric side.
(See the second term of the right hand side in Theorem 1.1.) Let Si(I'(N))*" be the
subspace of Si(I'(N))™ generated by Hecke eigenform F such that 7f is endoscopic. By
Theorem 3.2, we see that

dim S (T'(N))<"

= _ _ —1 A7—2+€ _
Gimsp(vy) = (=D =2)TINT, as ki o+ N = oo, (N 1) =1,

Corollary 1.5 now follows from this with Theorem 1.3.
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8. Properties of L-functions of Siegel cusp forms on GSp,

Put Sg(N) = S (I'(N), 1) and HE(N) = HE(I'(N), 1) as in the introduction. Given a
Siegel cusp form F € HE(N), let nr be the associated cuspidal representation of GSp,(A).
Throughout this section, we assume that the central character of mp is trivial and the
level of F satisfies (N, 11!) = 1 due to [20] to control the conductor under the functorial
lift from the endoscopic subgroup of GSp,. The result of [20] can be also applied to other
groups to study asymptotic behaviors of such lifts. See [44] for U(3).

8.1. Degree 4 spinor L-functions

Let us first assume that wr is a CAP representation. Since kp > 3, by the classification
of CAP representations, we must have k :=k; = k; > 3 and it is associated to Siegel
parabolic subgroup. As seen in § 3.5, if (N, 11!) = 1 there exists a newform f with trivial
central character in Spr_>(I''(N)) so that 7f is defined by my and a subset S of S(7y).
Let us use the notations for Waldspurger’s A-packets in §3.5 describing np. By [60,
Remark 3.2] with the local Langlands correspondence for GSp, [23] we define the spinor
L-function for such 7¢ by

L(s,F, Spin) := L(s, ws)L(s, ms)

whose local factor coincides with the one defined by the local L-parameter. (See [60,
Proposition 1.1] for L(s, ws).) We define the conductor ¢(F) of L(s,wF, Spin) to be
q(ms)q(ms), where g(my), g(mws) are conductors of L(s, s), L(s, ms), respectively. Since
q(mws) =[[,es Pv, we have q(F)|N3.

Next we assume that p is endoscopic. As seen in § 3.4 it can be obtained by a theta lift
from H(A) where H = GSO(4) or H = GSO(2,2). We may put np = 0(1) = ®/,6,(ty) for
some cuspidal representation of T = ®/ 7, on H(A). Since 7 is non-generic, only the case
H = GSO(4) happens. Let (71, m2) be a pair of two cuspidal automorphic representations
of GLy(A) with the same central character obtained from t via Jacquet—Langlands
correspondence. As seen before, by [20, Théoréme 3.2.3], it turns out that m; has a
fixed vector under the action of K'(N) under the assumption (N, 11!) = 1. We define the
spinor L-function

L(s, F, Spin) := L(s, 7).

The conductor g(F) of L(s, wF, Spin) is defined to be the product of the local conductors.
According to the construction of the theta lifting given in § 3.4 we can describe the local
L-parameters as follows. Let us follow the notation there. We see that except for the case
of (1)-(a), L(s, p, Spin), = L(s, 71,p)L(s, 72, ), and q(F)|N*.

In the case of (1)-(a) (when w1, ~ 12 ), TF,p = Ioz)(1, 71]]’5‘7). The local L-parameter
op : Wo,—>GSpy(C) is given in [24, §13] where Wg, stands for the Weil group at
p- Indeed it is given by p, = pp(m1,p) @ pp(m1,p) Where p,(my,,) the local Langlands
parameter of my ,. Therefore, L(s, wF, Spin), := L(s, pp) = L(s, 71 p)L(s, 1 p). In this
case the (local) conductor of p, is less than ord,(N?); in the case of (1)-(b), 7, , =~
9(711{ é X 712{ ’I;). According to the definition given in [24, § 13], the L-parameter is given by
Pop = pp(1,p) ® pp(m2,p). Therefore, L(s, wp, Spin), = L(s, 1,,)L(s, m2,p). In this case
the (local) conductor of p), is less than ord, (N*); in the case of (2)-(a), 7F,, = Ipy) (1., ®
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x~ 1, x) where m1,p is a discrete series and 5 , = w(x, x'). As seen before, [24, § 13] shows
that the L-parameter is given by p, = p,(1,,) @ pp(x") ® pp(x) where p,(x) is the local
Langlands parameter for the character x given by the local class field theory. Therefore,
L(s,mp, Spin), = L(s, m1,,)L(s, m2,p). In this case the (local) conductor of p, is less than
0rd,,(N4); in the case of (2)-(b), similarly we have L(s, wr, Spin), = L(s, m1,p)L(s, w2, p)
and the (local) conductor of p,, is less than ord,(N%).

Finally we assume that 7 is neither CAP nor endoscopic. Since F has a cohomological
weight, by [74], mr is weakly equivalent to a unique globally generic cuspidal
representation 7w of GSp4(A) so that {7mF o, 7o} makes up an L-packet of IT(GSps(R)).
Note that the uniqueness follows from [31] once it does exist. Since F is non-endoscopic,
the ¢-adic Galois representation associated to F is irreducible by Chebotarev density
theorem and [12], and then we have pp ¢ ~ pr ¢ where pr ¢ and py ¢ are the corresponding
£-adic Galois representations of Gg attached to mp, m respectively. By the construction
of m = ®/pn,, in the proof of Theorem 4 in [74], & has a K(N, M)-vector for some integer
M > 0, where K(N, M) = K(N)N HU|M I, and I, is the Iwahori subgroup at v. On the
other hand pr ¢ is unramified outside N and so is pr ¢. Therefore, one can conclude M =1
and as a result 7 has a K(N)-fixed vector. Then we define the spinor L-function of mg
by

L(s, wF, Spin) := L(s, 7, Spin)

where the RHS is defined by using Novodvorsky L-function (see [67]). We define the
conductor g(F) of L(s,wF,Spin) to be the conductor g(w) of L(s, w, Spin). For each
prime p {1 N, we may write

L(s, mp. Spin), " = (1 — g p ™) (1 — cgperi p ) (1 — ctgperap p~*) (1 = ctgpet1 porap p ),
AE(P) = aop + aopat p + o paap + copat ptap = Ap(p)p~ K12,
We note that ip(p?) = Ap(p?)p~kithtd) L p-1,
Since the central character is trivial, one has a relation a(z)pal po2p = 1. Let Tr(s) =

n’SﬂF(%) and I'c(s) =2Q27)°I'(s). Then we have

Lemma 8.1. Let A(s, 7, Spin) = ¢(F)*/*Tc(s + “H2=3)re (s + L=ty 1 (5, 7, Spin).
Then
A(s, wp, Spin) = e(mp)A(1 —s, TF, Spin),

where e(r) € {£1} and N < q¢(F) < N*.

Proof. Since the functional equation is well known, we prove only the bound on the
conductor g(F). When n is either CAP or endoscopic, it was proved above. Otherwise,
let 7’ = ®},7r1/, of GL4(A) be the strong transfer of 7. The conductor g(F) can be written
in terms of the local conductor of 7’. By [65, Proposition 1] (see also the last few lines
of its proof) which is still true for not only supercuspidal representations but also square
integrable representations, the depth is preserved under the above transfer. For a prime
p such that wr , is square integrable, we have

ord,(q(F)) = c(np,p) = c(n;,) = 4(depth(n;,) + 1) = 4(depth(rr,,) + 1)
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where we applied [38, Proposition 2.2] (respectively Main Theorem of [65]) to get the third
(respectively the second) equality. By definition of depth, ng(N) # 0 implies depth(rr),) <
ord,(N) — 1. This gives ord,(q(F)) < 4-ord,(N) provided if nf , is square integrable or
unramified. In the remaining cases we can directly compute the conductor by using the
[51, Table A.9] under the condition né((N) #0. O

Let
L Nt
—— (5,7, Spin) = 3 | A(myap(mn™,

n=1

where A(n) is the von Mangoldt function, and if pt N,

ar(p?) = aff, + (@opa1p)? + (@opazp)? + (aoper1 prap)?.

For each m € T(Q) we normalize the Hecke operator T, so that T, := Ty v(m)~kitka=3)/2

and accordingly T'(p") = T(p")p~"*1+tk2=3)/2 For a Hecke eigen form F, we denote by
Mg (respectively A%(p")) the Hecke eigenvalue of F for T, (respectively Ty.(p")). By
using the relations (2.7) it is easy to see that

ar(p) = Mp(p),
PH =+ ,—(p—Dry, — -1 1+i
ar\p) = App =P F.p » 7))

where t; = diag(1, 1, p, p) and t, = diag(1, p, p*, p). To apply Theorem 7.1 we have to
express these values in terms of linear combinations of the eigenvalues for the Hecke
operators which take the shape of T, as in Theorem 7.1. Then we find the corresponding
operators

T/(P) = Tl/l’
T'(p%) = Th=2pT, = 2p™ +p (P’ Ty,
respectively. Note that p3 T1/9 £, acts on Sk(I'(N)) as the identity map. Therefore, we have

Proposition 8.2. Assume (N,11l)=1. Let p4N. Pul k = (k1,k2), ki > ks >3 and
dy,n :=dim Sy (N). There exist absolute constants a,a)), b, by, ¢}, c5, vi, v}, wy, wj such

that
(1) (a) (level aspect) Fix ki, ka. Then for N > p'0,
1
— 0 —1/2N—2 0 U]N—3 ’
e Y. ar(p)=0(p )+ O0(p"' N7

FeHE(N)

(b) (weight aspect) Fiz N. Then as ki +ky — o0,

Y arp) =Bi+B +0< P )
- ar(p) = b1 2 s
T (ki — ko + Dkt — Dk2 —2)

pl2 p12
Bl=0O|—————————], By=0 .
(k1 = D) (k2 —2) (k1 —ky+ Dk + k2 —3)
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(2) (a) (level aspect) Fiz ki, ka. Then for N > p'°,

1 1 1
— > ar(phH = - (1 - ;) (1 + ?> +0 ((@p™? +afp'HN2)

d
kN peHE, (N)

+O0(p“'N73).
(b) (weight aspect) Fiz N. Then as kj + kp — o0,

) 1 1
> ar(p )=—(1——> (1+—2)+BI+BZ
p p

d
kN peHE, (V)

P
0 9
i ((kl—kz+1)<k1—1)<kz—2))

71/2b//+ 1/2b// 71/20//_{_ 1/20”
B1:0<p 1P ) gL 9P D )

(k1 =1 (k2 —2) (k1 —ka+ 1) (k1 + k2 —3)
Proof. The claim follows from Theorem 7.1. O

8.2. Degree 5 standard L-functions

Let us first recall the standard L-function for mp = ®/pnF,,,. Let © =mFlsp, be the
restriction of 7F to Spy(A), and I1 be the transfer of T corresponding to wz|sp,(c), where
w2 : GSp4(C) — GL5(C) is the homomorphism attached to the second fundamental
weight. Note that if ¢ : GSp,(C) = GL4(C), A 01 = wr @ 1. Therefore, A2r = [TH 1, and
L(s,tp,St) = L(s, T, St) = L(s, IT). We define the conductor g(F, St) to be the conductor
of L(s, 7, St). For any unramified prime p t N,

L(s,mr, S0, = (1= p) (1 —a1,p )1 —azpp™ )1 —ap) p~ )1 —az p™).

Lemma 8.3. Let A(s, wr, St) = g(F, St*/’Tr(s)T'c(s +k; — De(s +ky —2)L(s, r, St).
Then

A(s, g, St) = €(p, SHA(l —s, TR, St),
where € (g, St) € {£1}, and N < q(F, St) < N28.

(Henniart noted in a private communication that we would have g¢(F,St) <
(N4)3/2 — N6)

Proof. We bound the conductor g (F, St) since others are well known. By Lemma 8.1 we
know that ¢(F) < N*. Let 7/ be the strong transfer of 7 to GL4(A). Then the global
conductor g(x’) coincides with g(F). Then the conductor is roughly estimated by the
main theorem of [11] as follows:

g(F,St) < q(r’ @'y < N*Z4D = N28,

This gives us the claim. O
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Let
o
L(s,p, SO =Y pup(mn~.
n=1
Then if p{ N,
pE(p) =1+, +az,+ap) +ay), Ap(p)?=2p(p)—p~' = pr(p)+1.
Let

S0 = Y A,

n=1
where if pt{N, bp(pd):1+afp+agp+al_pd+a2_;. Note that aF(pz):)JF(p)z—
br(p) =1 =1 (p?) +p~', and

br(p) = ur(p) = p~'Np, +p 7 (8.1)
By using the relations (2.7), we see that
/ 2 4/ 4
G Fn)™ = rdiagt, 200 TP H DAe giag(p,p, 3, %)

+(p* - DAY diag(p.p2. 030 T P+ p+p+ph.
Therefore,

br(p®) = br(p)* —2ar(p*) —2bp(p) —2
= (PNpy, + P D> =20 () +p~ ) = 2ap(p*) —2
= PPWp )P +2p Wy — 20, = 2ap (PP + pt—2p7! =2

247 2 / 2,.2 /
=7/ )LF,diag(Lpz,p“,pz)_l_p (p+I)AF,diag(p,p,p3,p3)+p (p _I)AF,diag(p,pZ,p’z,pz)

_ 1 1
+ (2p 1_ 2))“/FJ2 -2 <A./F,’t12 — (p — 1))“/F,t2 — (1 — ;) (1 + ?>>

—1—-p 4 pT+2pt,

= P M giag(1.p2.pt p2y T PT(PH DA 5+ P2 (P = DA

F.,diag(p,p,p3.p F.diag(p. p%.p3.p?)
+2p+pT =D, 20 o+ 1=3pT +2pT = pT 4 2p7 (82)
L

where 1] = diag(1, 1, p, p) and 1, = diag(1, p, p%, p). To obtain an estimation for the
average of bp(p?), according to (8.2), we apply Theorem 7.1 to )JF diag(1, p2. pt p?)’
2y AF s and )»F’tlz.

/ /
)”F,diag(p,p,p3,p3)’ )”F,diag(p,pzﬁp
Remark 8.4. We can see easily that L(s, IT, /\2) = L(s, m, Symz). Under the Langlands
functoriality conjecture, we expect Sym?(7) to be an automorphic representation of
GL. Since L(s,m, A%) has a pole at s = 1, L(s, w, Sym?) has no pole at s = 1. Let
L(s, m, Sym®) = Y02 hgya (mn ™. Then Ag o (p) = Ar(p?) = Np(pH) +p .

Recall that Si(N) = S (I'(N), 1) and HE (N) = HE (I'(N), 1). Then by Theorem 7.1

we have the following:
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Proposition 8.5. Let p{ N. Put k = (ki, k2) and di, y := dim Sg(N). There exist absolute
constants vy, vy, wi, wy such that

(1) (a) (level aspect) Fix ki, k. Then for N >3 p3°,

T D brp)=p 0N+ 0N,
KN FeHE, (N)

(b) (weight aspect) Fix N. Then as kj + ky — oo,

1 pUi
— > bF(P)=P_2+B1+Bz+0( )
WN iy (k1 —ky + 1) (ky — D(k2 —2)

B=o—2 " P B,=0 P
T k- De-2 ) TPT N ki—k+ Dk +ka—-3))

(2) (a) (level aspect) Fix ki, k. Then for N > p'°,

=

1 _ _ _ _
—— D br(pH) =1-3p7 +2p7 = pT 4 2p”
KN FeHE, (N)

+ 0P falp HONH+O0(p' N73).

(b) (weight aspect) Fiz N. Then as ki + ko — oo,

1 _ _ _ _
T Z bp(pz):1—3p T12p 2—p 3+2p *4 B +B;
kN peHE(N)

+0 P ,
(ki —k2+ Dk = Dk2 = 2)
2 —1 2 -1
P fe (™ P s (Y
Bl=O\—"—F"-—=], B2=0 ,
: <(k1—1><k2—2>> ’ <(k1—k2+1)(k1+k2—3))

where fa(X), fg,(X), f,(X) are the polynomials over Q of the degree 4 in X whose
coefficients are independent of p, ki, k2, and N.

9. One-level density

We follow the exposition in [14]. Katz and Sarnak [32] proposed a conjecture on low-lying
zeros of L-functions in natural families §, which says that the distributions of the
low-lying zeros of L-functions in a family § is predicted by a symmetry group G(§)
attached to §. See [58] for a refined formulation: For a given entire L-function L(s, ),
we denote the non-trivial zeros of L(s, w) by %+ Vj V/—1. Since we do not assume GRH
for L(s, ), y; can be a complex number. Let ¢ (x) be a Schwartz function which is even
and whose Fourier transform

qg(y) = /‘00 ¢(x)672”xy\/jdx
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has a compact support. We define
Vi
Der.¢) =Y ¢ (55 logex)
Vi

where ¢, is the analytic conductor of L(s, 7).

Let §(X) be the set of L-functions in § such that X < ¢; < 2X. The one-level density
conjecture says that, for a Schwartz ¢ (x) which is even and whose Fourier transform <;3(y)
is compactly supported,

oo
tim s Y D)= [ seoWG@)ax
X—o00 #S(X) TEFX) o0
where W(G(J)) is the one-level density function. There are five possible symmetry type
of families of L-functions: U, SO(even), SO(odd), O, and Sp. The corresponding density
functions W(G) are as in Theorem 1.6 [32].

By Plancherel’s formula (and because ¢ is even),

f ¢>(x)W(G)(x)dx=/ AW (G)(x) dx.

It is useful to record that
W(U)(x) = 8o(x),  W(SO(even))(x) = 8o(x) + 3 x1-1.1(x).  W(O)(x) = So(x) + 5
W (SO(0dd)) (x) = 80(x) — x(—1.1)(x) + 1, W(SP)(x) = So(x) — % x(—1,11(x).
We study one-level density of the family HE (N). Here we can assume that F € HE(N)
is not a CAP form. If F is a CAP form, |ar(p)| < 4p'/? and |ar(p?)| < 4p in (9.2) and

(9.3). Hence if the support of ¢ is smaller than (—1, 1), then the sum over p is O(N).
But the dimension of the space of CAP forms is O(N’1€). Hence it is negligible.

9.1. Degree 4 spinor L-functions

We denote the non-trivial zeros of L(s, wF, Spin) by o = % 4+ +/—1yr. We do not assume
GRH, and hence yr can be a complex number. Let ¢ be a Schwartz function which is
even and whose Fourier transform has a compact support. Define

DGer. ¢. Spim) = Y ¢ (3= logepw )
YF

1
where logcy vy = — Z logc(F, Spin) for k = (k1,k2), and c(F, Spin) = (k; +
kN peHE (N

k2)?(ky — kp 4 1)2q(F) is the analytic conductor (cf. [14]).

Proposition 9.1. Assume (N, 11!) = 1. Let ¢ be a Schwartz function which is even and
whose Fourier transform has a support sufficiently smaller than (—1, 1).

1 A 1
—— Z D(ﬂF7¢,Spin)=¢(0)+§¢(O)=/R¢(X)W(G)(X)dx,

1m
ki+ky+N d
TR CN peHEL(N)
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where G = SO(even), SO(odd), or O type. More precisely, let vi, wi, v}, w] be as in
Proposition 8.2.

(1) (level aspect) Fix ki,ky. Then for ¢ whose Fourier transform é has support in

(—u,u), where u = min{ﬁ, 4i %}, as N — oo,

wy’

1 in) = $(0) + - 1
i I, P =60+ 300140 ().

d
kN peHE, (V)

(2) (weight aspect) Fiz N. Then for ¢ whose Fourier transform ¢ has support in

(—u, u), where u = mln{Zv g 2w =1, as k1 +ky — o0,

1 A 1 1
—_— D , @, Spin) = ¢(0) + =¢(0) + O .
i Fe%(m (TF, ¢, Spin) = $(0) + 2 (0) (log((kl— o +2)k1k2))

Proof. For G(s) = ¢((s — %);‘fj}i), by Cauchy’s theorem,

A (s, F, Spi
2G(s) (s, mF p.1n)
2r/—1 J(2) A(s, F, Spin)

D(xr, ¢, Spin) = ) G(or) =
YF

‘We have
A (s, T, Spin) 1 ki+ky—3 ki —ky+1
At e F LI B L
AG.rp. Spm) 2 0dE) TV st TSt T
B i A(m)ag (n)

ns
n=1

where ¥ (s) = 11:28

The contribution coming from the logarithmic derivative of L(s, wr, Spin) is

1 o A(n)ag(n)
P (2)2G(s) (—Z—ns )d

n=1

o0 1 s
- longNX;A(n)ap(n) n\/_ ((s—§>2n\/—_l>n

n

2
log ¢k, v

|
WK

An)ar(n) foo ¢(y)e—y(271logn/logck_N)J?ldy

3
Il
-

2
log ¢k, v

WK

A(n)ap(n)A< logn >
‘ Jn logeen /)

n
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The contribution of the constant term A = 1 logq(F) is

1 1 F I
— | 26(s)Ads = °gq< )/ (Ogc“’y> dy

2mi )
1()gq gq

210gck N

For the Gamma factors’ contribution, we use, for a,t € R, a > 0, (cf. [14])
r’ r’ r’
G +iv/=1) + - tv—1) = 2F(a) +0@t%a™?).
For o > }‘, l%(oc + JT) =loga + O(1). Hence the Gamma factors contribute

2log(ky +kp) +2log(ky — ko +1) ~ 1
gt g 0 +0——).
log ¢, v log” ¢k, n

It is shown in [15] that the prime powers p!, I > 3 from (9.1), contribute O(M)' If
7 satisfies the Ramanujan conjecture, |ar(n)| < 4, and it is obvious. Hence
1 ~
o D , ¢, Spin) = ¢(0
i Fef%(m (7, ¢, Spin) = $(0)
2 ar(p)logp~( logp
~ (log cg n)di v Z Z Jr ? log cx, N
LNIBLN FeHE (N) P ’
2 ar(p?)logp~( 2lo 1
- _ 3 ZF(P) gpd)(l gp)+0<l )
(log ck, N)dk, N FelERN) 7 P 0g Ck,N 0g Ck, N
Let ar(p) = ar(p*) + 1. We note, from the prime number theorem,
~( 21 21 * [ 2logt 2logt 1
Z¢( ng> 0gp :/ ¢< o8 ) o8 dn(t)+0( )
> logcr,n ) plogern 2 logck,n /) tloger v log ¢k, v
1 1
= -¢0)+0 .
2 log i, v
Hence
1 . ~ 1
— Y D(rr,¢,Spin) = $(0) + 5¢(0)
di.N FeHEL(N) 2
_ 2 DS ar(p) 10gp < log p ) 9.2)
(log ¢k, n)di, N FeHERN) log ¢k, v
2 a lo 21o 1
(og ek NN . fir ) 55 08 Ck, N 08 Ck, N

Now we exchange the two sums. If p { N, use Proposition 8.2. If p|N, since |ar(p)| <
p'27 V17 and |ap(p?)| < p' =17 (Note that the Ramanujan bound in [42] is valid also for
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2
ramified primes.), by the trivial bound, pr % < w(N) and ZP‘N M <

w(N). Hence if the support of ¢ is (—u, u) for an appropriate u < 1,

1 : ~ 1 (N)
— > D(n'p,q),Spln):¢(O)+5¢(0)+0< )

di.N FeHEL(N) log kv

The well-known bound w(N) < % implies our result. O

Remark 9.2. Since the support of ¢ is smaller than (—1, 1), we cannot distinguish the
symmetry type among SO(even), SO(odd), or O type. In order to distinguish them,
we need to compute the n-level density (cf. [15]). We show in an upcoming paper that
when the root number €(r) = 1, the symmetry type is SO(even); when the root number
e(wr) = —1, the symmetry type is SO(odd).

9.2. Degree 5 standard L-functions

As in the degree 4 spin L-function case, denote the non-trivial zeros of L(s, mf, St) by
oF = %—i—\/—_lyF. We do not assume GRH, and hence yr can be a complex number.
Let ¢ be a Schwartz function which is even and whose Fourier transform has a compact
support. Define

DGrr. @S0 =Y ¢ (2= logcran).
YF

where logcg sy = dﬁ > Feng vy 10gc(F. S, and c(F,St) = (kika)*q(F. St) is the
analytic conductor.
As in the degree 4 spinor L-function case, we can show that

| ~
— D(mr. .50 = ¢0) — 56(0)

d
kN peHE (N

2 b 1 ~ 1

(log ¢k, s1,N)di, N FeHELN) P P log ¢k st,n

2 b logp~( 2lo 1
i, oy 2 ) ()0
g Ck,st,N)Ak,N FeHEL(N) P p g Ck,st,N g Ck,st,N

where l;p(p) =br(p?) —1. (If mF satisfies the Ramanujan conjecture, then |bF (pHl <
and we can show easily that the prime powers p’, [ > 3, contribute to O(IOg o ) In the
appendix, we show it without any assumptions.)

By interchanging two sums and using Proposition 8.5 as in §9.1, we see that if the
support of ¢ is (—u, u) for an appropriate u < 1,

1 ~ 1
— ) D(np,¢,so=¢(0)—5¢(0>+0(

d
kN penE N

w(N) >

log cks1,n

Hence we have proved
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Proposition 9.3. Let ¢ be a Schwartz function which is even and which its Fourier
transform has a support sufficiently smaller than (—1, 1).

. 1 N 1
lim —— ) Dr¢,5)=90)— 60 = f ¢ (X)W (Sp)(x) dx.
R

ki+kr+N—o0 d,
1 kN peHE, (V)

More precisely, let vi, wi, v}, w] be as in Proposition 8.5.

(1) (level aspect) Fixz ki,ky. Then for ¢ whose Fourier transform é has support in
il, %}, as N — 00,

: 3
(—u,u), where u = min{zg=7, =

1 A 1
—— ). D@r,¢,50=00)-¢0)+0 (
k,N

KN e fimL (V) log log N)

(2) (weight aspect) Fiz N. Then for ¢ whose Fourier transform é has support in
(—u,u), where u = min{ﬁ, 217,1, %}, as k1 +ky — oo,

R 1 1
Z D(zp, ¢, St) =¢(0)_§¢(0)+0 (log((kl ) '

di.N FEeHE,(N) — k2 +2)kikz)

10. Stable vs unstable pseudo-coefficients

In this section we compare Shin’s results [62] with ours. This would explain how using
a single pseudo-coefficient violates a symmetry, and how the defect corresponds to the
non-semisimple contributions on the geometric side and non-holomorphic endoscopic lifts
on the spectral side.

Let (I1,1p) = (k1 — 1,k —2) be the Harish—Chandra parameter and let Dllffie be the

large discrete series of G(R) = GSp,(R) so that {Dlhlo}z, D}?Ilg:} makes up an L-packet of

[T(G®R)) (see [71, §2.3] for Dl]?’rlg; and [46] for an interpretation as C* classical forms).

Note that irreducible components of D}‘I‘f}2| Spy(R) and D}?’rlgﬂsm(m) form an L-packet of
[1(Sp4(R)) which consists of four elements.

Let Si(N) be the set introduced in Remark 1.9.

Suppose m € Sg(N) is not a CAP form, and non-endoscopic. Let m = m ® ms. By

Laumon [39, 40] and Weissauer [74], if oo =~ D;ll‘)}27 there exists a cuspidal representation

r_ / ;) ~ plarge ’ ~ . ’
n'=n,, ®n; such that wl, >~ Dy ", Ty, X Tfp for any unramified p and 7', has a

non-zero K»(N)-fixed vector. The converse is also true, namely for cuspidal representation

. large . . .
7 with e > Dll,i , there exists a cuspidal representation 7’ = 7/, ® JT} such that 7wl ~

D}‘l"}z, 7[} » = Tfp for any unramified p and 7[} has a non-zero K;(N)-fixed vector.

Now suppose 7 is endoscopic and my =~ Dgo}z. Then by Roberts [50], there exists

a cuspidal representation 7’ = ml, ® 7 such that 75, =~ D;?Iie and wy ~ g, (Here ~

means weak equivalence, and in fact equivalent outside the ramification of r.)

. . . large . . .
However, if 7 is endoscopic and mo 2 Dy lgz , there does not necessarily exist a cuspidal

. 1
representation 7’ such that 7/, ~ D% and /. ~ 7 7. (For example, we cannot construct
00 Il f : ’
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a holomorphic Siegel cusp form from a pair of two elliptic cusp forms of level one, but
we can construct a cuspidal representation with the infinity type Dl1 ¢ of level one.)
Therefore, holomorphic Siegel cusp forms always appear in pairs with cuspidal
representations with the infinity type D, arge , but there are cuspidal representations with
the infinity type Dl lz which do not appear in pairs. Let SK(N yemlarge he the subset
of SK(N ) consisting of IT such that IT is endoscopic and Il is isomorphic to the large

discrete series Dlal lge Then the same argument in §3.4 works for the theta lift from

GSO(2,2) to GSpy and we have
dim S (N)*™138¢ — O ((ky — ky + 1) (k1 +ka —3)N®F€),  as kj + ko + N — oc.
Therefore,
dim Sy (N)°nlaree
dim S (N)

which might be related to the second main term A, B; of Theorem 1.1.
For % € {hol, large} and each Dl"‘lql27 we choose a pseudo-coefficient fg; € CX(G[R)).

Put ftOt = fg hol . e large, where we may call it ‘stable’ pseudo-coefficient. (This is called

Euler— Po1ncare function in [62].) Note that if we work on Spy, we would consider =

=0tk — Dk —2)'N72%9), ask;+kr+ N — oo,

fhol + flarge fantl large fanti-hol
As Shin [62] d1d by using ftOt in the Arthur—Selberg trace formula, we can avoid the

non-semisimple contributions. However the trace tr( fs"[) collects various automorphic
forms both holomorphic cusp forms and non-holomorphic cusp forms. On the other hand
in this paper we used a single pseudo-coefficient fg:’l to collect only holomorphic cusp
forms. Such a pseudo-coefficient might be called ‘unstable’. Thereby we had to calculate
non-semisimple contributions whose behaviors have not been understood well.

Let fishin be the measure for U = K(N) introduced in [62]. As in § 3.6, we can define, by

using a pseudo-coeflicient of Dlarge (cf. [71, §2.3]), the counting measure ,u KON g, DI on
B

Sk (N)emlarge We also define the counting measure ,u for CAP forms associated

to Pj.
It is not difficult to estimate non-holomorphic residual spectrum part as in §3. Then
we would have the following: for any f = fs in Proposition 5.1, the difference

—~ =~ AP —~ =~ .
Mshin () — (MK(N) &, Dh01 (f) KI(N),gk,D}“’l (f)) ZL(N) £ Dlla_rg];e (f) + (remainder)
&2 SR

K(N) & D}“lollz

would be

(1) (level aspect) A + O(pa"+b<p(N)N_3), as N — o00;

a'k+b'
Py

(k1 —ky+ D) (k1 — 1) (k2 —2)

where A, By, By are the second main terms in Theorem 1.1. Note also that the remainder
in RHS comes from CAP representations and residual spectrum, and it would be
subsumed into the error term.

(2) (weight aspect) By + By + O( ), as kj +ky — o0;
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Hence we expect that the second terms A, By correspond to Si(I'(N yerlarge  However,
Bj is still mysterious and it seems interesting to figure out what kind of representations
contribute to B,. We confirm the above speculation elsewhere.
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We also discussed at KIAS in June 2015 and University of Toronto in September 2015.
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Appendix.

In this appendix, we estimate the sum in (10.5) without any assumptions, namely,
Z Z |bF(P )| log p
pli2 ’
p I3

converges if F is not a CAP form. In [63], it was proved under the Langlands functoriality
for all L-group homomorphism r : *G —> GL,4(C) (Hypothesis 10.1). (Note that in [63],
the sum in question is (12.21). It follows from (12.13). It is where the functoriality is
needed.) In fact, it was also proved in [15, p. 7867] that the functoriality of the exterior
square for GLs implies the convergence of the sum.

Recall the bound on the Satake parameters [42]: Let m be a cuspidal representation of
GL,, and let {a1(p), ..., a,(p)} be Satake parameters. Then |o; (p)| < pl/z_l/(mz“).

Hence |br(p!)| < 5p!/271/26. So

ZZ |bF(Pl)/|210gl7 <<Zlogp2(17 1/26)1 <<Z gp = 0(1).

p =52 1>52
Hence it is enough to prove that for each I > 3, the series ) » W@ﬂ# converges.
Recall the classification of spherical generic unitary representations of GSp4(Q,):
(1) L(u1, pn2,n); i1, 42, n are unitary characters;
(2) LO0Pu, vPu=' v=Pn); u, n are unitary characters and u? # 1 and 0 < B < %;
(3) LA, u, v™P/2n); u # 1, v are unitary characters and 0 < g < 1;
(4) LA, vP2p, v=B1+PD/2p). 11y are unitary characters and x2 =1 and 0 < B <
B <1, Bi+pB <1
Hence Satake parameters of I1,, are of the form
(1) S : l,alp,azp,al_;,oz;;, where |a;p| = 1;
(2) $2:1, pﬂap, pﬂalj], p_ﬂotp, p_ﬂaljl, where || = 1;
(3) S3:1,pP, p7P ap, ;1, where |ap| = 1;
4:papapapawerea:.
S]ﬁlpﬁzp —Bi —B2 here |o,| = 1

Downloaded from https://www.cambridge.org/core. University of Toronto, on 23 Feb 2018 at 14:50:08, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S147474801800004X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S147474801800004X
https://www.cambridge.org/core

An equidistribution theorem for holomorphic Siegel modular forms for GSp, 65

/
Clearly, 3 s, ”’F(”p,# converges.

For $,, note that
br(pD] = 11+ (" + p™P) (), + o, <2p¥ +3,
and |ar(p)| = |p? + p~P +ap +a, | > pf —3. Hence

br(ph)] < lar(p)|' < lag(p)?pt=2/2-=D/17,

Therefore,

Ibr(p)llog p lar(p)|?
Z pl/z < Z p1+(1—2)/17'
peSy p

Since L(s, w x ) converges absolutely for Re(s) > 1, the above series converges.
For S3, note that

L+ pP + p7 P lapl+ o, | < 1+ pP + p~P +ap +a, D +6.

Hence |br(pH)| < 1br(p)|' < |bp(p)|? pl=2/2-0=2/26 5o

Ibr(p)llog p Ibr(p)|?
Z pz/z < Z

1+(1 2)/26
PES3
Since L(s, IT x IT) converges absolutely for Re(s) > 1, the above series converges.
For S4, note that

L+ pPr 4 p=Pr g pPr 4 p=P2 < |1+p’310tp+p’32051,+p_’3105;1 +p_ﬁ2a;1|+6.

Hence |br(p))| < |br(p)|', and it is similar to S» case.
The above proof shows also that Hypothesis H in [54] for L(s, 7r, St) is satisfied,
namely, for each [ > 2,

Ibr(ph)I?(log p)?
pl

converges.
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